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Symplectic embeddings of 4-dim
ellipsoids into cubes

DaviD FRENKEL AND DOROTHEE MULLER

Recently, McDuff and Schlenk determined in [MS| the function
cgp(a) whose value at a is the infimum of the size of a 4-ball
into which the ellipsoid E(1, a) symplectically embeds (here, a > 1
is the ratio of the area of the large axis to that of the smaller
axis of the ellipsoid). In this paper we look at embeddings into
four-dimensional cubes instead, and determine the function cgc(a)
whose value at a is the infimum of the size of a 4-cube C*(A) =
D?(A) x D?(A) into which the ellipsoid E(1,a) symplectically
embeds (where D?(A) denotes the disc in R? of area A). As in
the case of embeddings into balls, the structure of the graph of
cpc(a) is very rich: for a less than the square o2 of the silver ratio
o =1+ /2, the function cgc(a) turns out to be piecewise linear,
with an infinite staircase converging to (02,+/02/2). This stair-
case is determined by Pell numbers. On the interval [02, 73%], the
function cpc(a) coincides with the volume constraint /5 except
on seven disjoint intervals, where c is piecewise linear. Finally, for
a > T35, the functions cgc(a) and /% are equal.

For the proof, we first translate the embedding problem F(1,a)
< C*(A) to a certain ball packing problem of the ball B4(2A).
This embedding problem is then solved by adapting the method
from [MS], which finds all exceptional spheres in blow-ups of the
complex projective plane that provide an embedding obstruction.

We also prove that the ellipsoid E(1,a) symplectically embeds
into the cube C*(A) if and only if E(1,a) symplectically embeds
into the ellipsoid E(A,2A). Our embedding function cgc(a) thus
also describes the smallest dilate of E(1,2) into which E(1, a) sym-
plectically embeds.
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1. Introduction
1.1. Statement of the result

Let (R*,w) be the Euclidean 4-dimensional space endowed with the canon-
ical symplectic form w = dxy A dy; + dwy A dys. Any open subset of R* is
also endowed with w. Simple examples are the symplectic cylinders Z(a) :=
D?*(a) x R? (where D?(a) is the open disc of area a), the open symplectic
ellipsoids

2 2 2 2
E(al,a2) = {(9517211,552;92) eR': 7r(a:1 +y1) + W(x2+y2) < 1},

ay a2

and the open polydiscs P (aj,as) := D? (a1) x D? (az). We denote the open
ball E(a,a) (of radius v/a/7) by B(a) and the open cube P(a,a) by C(a).
Since D?(a) is symplectomorphic to an open square, D?(a) x D?(a) is indeed
symplectomorphic to a cube.

Given two open subsets U and V, we say that a smooth embedding
p: U=V is a symplectic embedding if ¢ preserves w, that is, if p*w = w.
In the sequel, we will write ¢: U < V for such an embedding. Since sym-
plectic embeddings are volume preserving, a necessary condition for the exis-
tence of a symplectic embedding U < V' is, of course, Vol(U) < Vol(V'), where
Vol(U) := % /; y w A w. For volume preserving embeddings, this is the only con-
dition (see e.g. [S1]). For symplectic embeddings, however, the situation is
very different, as was detected by Gromov in [G]. Among many other things,
he proved

Example 1.1. (Gromov’s nonsqueezing Theorem) There exists a symplectic
embedding of the ball B(a) into the cylinder Z(A) if and only if a < A.

Notice that the volume of the cylinder Z(A) is infinite, and that for any a
the ball B(a) embeds by a linear volume preserving embedding into Z(A).
Similarly, we also have

Example 1.2. There exists a symplectic embedding of the ball B(a) into
the cube C'(A) if and only if a < A.

The above results show that symplectic embeddings are much more special
and in some sense “more rigid” than volume preserving embeddings. A next
step was to understand this rigidity better. One way of doing this is to fix a
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domain V C R* of finite volume, and to try to determine for each k € N the
k-th packing number

pe(V) = sup{kw : |_|B(a) < V}.

k

Here, | |, B(a) is the disjoint union of k equal balls B(a). It follows from
Darboux’s Theorem that always pi(V) > 0. If px(V) =1, one says that V/
admits a full packing by k balls, and if pg(V) < 1, one says that there is
a packing obstruction. Again, it is known that if we would consider volume
preserving embeddings instead, then all packing numbers would always be 1.

In important work by Gromov [G], McDuff-Polterovich [MP], and
Biran [B1] all the packing numbers of the 4-ball B and the 4-cube C' were
determined. The result for C is

E 1 2 3 4 5 6 7 >8
1 2 8 9 48 224
e 3 1 3 5 15 3 %95 |1

This result shows that, while there is symplectic rigidity for many small k&,
there is no rigidity at all for large k.

In order to better understand these numbers, we look at a problem that
interpolates the above problem of packing by k equal balls. For 0 < a; <
asy, consider the ellipsoid F (a1, as) defined above, and look for the smallest
cube C(A) into which E (ay,a) symplectically embeds. Since E(ay,as) <
C(A) if and only if E(Aa1, Aag) <> C(MA), we can always assume that a; = 1,
and therefore study the embedding capacity function

cpela) == inf{A c E(1,a) < C’(A)}

on the interval [1,00[. It is clear that ¢ is a continuous and nondecreasing
function. Since symplectic embeddings are volume preserving and the volumes
of E(1,a) and C(A) are 1a and A? respectively, we must have the lower bound

% < c(a).

It is not hard to see that ||, B(1) < E(1, k). Therefore, | |, B(1) <> C/(A)
whenever E(1,k) < C(A). In [M2], McDuff has shown that the converse is
also true! Our ellipsoid embedding problem therefore indeed interpolates the
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problem of packing by k equal balls, and we get

_ Vol(E(LK) %
PO = el (€ lewoth) ~ (enc(0)

First upper estimates for the function cgc(a) were obtained in Chapter 4.4
of [S2] by explicit embeddings of ellipsoids into a cube. These upper esti-
mates also suggested that symplectic rigidity for the problem E(1, a) S (A)
should disappear for large a.

In this paper, we completely determine the function c(a) := cgc(a). In
order to state our main theorem, we introduce two sequences of integers: the
Pell numbers P, and the half companion Pell numbers H,, which are defined
by the recurrence relations

P=0, P=1, PFP,=2P, 1+ PF, o,
Hy=1, Hy=1, H,=2H, 1+ Hy 2.

ThUS, P2:2, P3:5, P4:12, P5:29,... and f[2:37 f]g,:’?7 H4:17,
Hjs =41,.... The two sequences (an),,5q and (8,),,>, are then defined by

2P?
o #ﬁ“ if n is even, . HIZZZ if n is even,
n = 9 = p
angl if n is odd; ;:2 if n is odd.
The first terms in these sequences are
9 50 17
Oé0:2<ﬁ():3<051:§<ﬁ1:5<a2:§<52:§<'”.

More generally, for all n > 0,
< ay < By < oppr < Pagr <

and both sequences converge to 0 = 3 + 2v/2 = 5.83, which is the square of
the silver ration o := 1 + /2.
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Theorem 1.3. (i) On the interval [1,0?],

1 ifa€l,2],
1 .

C(CL) — \/Ea 'LfCL € [anaﬂn]a
Qp41

92 Zfa‘ € [671704714-1] )

for alln =0 (see Figure .

(ii) On the interval [02,75;] we have c(a) = \/g except on seven disjoint

intervals, where c is piecewise linear (see Figure .

(ili) For a > 755 we have c(a) = /4.

The proof of (i) is given in Corollary a more detailed statement as
well as the proof of (ii) are given in Theorem while the proof of (iii) is
given in Lemma [£.1] and Proposition [7.7]

A similar result has been previously obtained by McDuff-Schlenk in [MS]
for the embedding problem E(1,a) < B(A). These two results show that the
structure of symplectic rigidity can be very rich.

For further results on packings of various symplectic manifolds by balls
and ellipsoids we refer to [B2], [BuH1], [BuH2|, [BuP], [LMS] and [O].

1.2. Relations to ECH-capacities

There is a more combinatorial (but non-explicit) way of describing the embed-
ding function cgc(a). Indeed, in [H1], Hutchings used his embedded contact
homology to construct for each domain U C R* a sequence of symplectic
capacities ¢k (U), which for the ellipsoid E(a,b) and the polydisc P(a,b)
are as follows.

Form the sequence Ng(a, b) by arranging all numbers of the form ma + nb
with m,n > 0, in nondecreasing order (with multiplicities). Then for k£ > 0,
the k-th ECH-capacity c§cy (E(a,b)) is the (k + 1)-th entry of Ng(a,b). For
instance, cgom (E(1,1)) =40,1,1,2,2,2,3,3,3,3,4,...}.

Moreover, for polydiscs,

o (P(a,b)) = min{am+bn : mneN; (m+1)(n+1) > k+1}.

There exists a canonical way to decompose an ellipsoid F(a,b) with 7
rational into a finite disjoint union of balls B(a, b) := U; B (w;) with weights w;
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Figure 1.2: The graph of ¢ on the interval [02,755].
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related to the continued fraction expansion of ¢. We shall explain this decom-
position in more detail and prove the following proposition in the next section.

Proposition 1.4. Let a,b,c,d > 0 with § rational. Then there exists a sym-
plectic embedding E(a,b) — P(c,d) if and only if there exists a symplectic
embedding

B(a,b)| |B(c)| |B(d) — B(c+d).

Hutchings showed in Corollary 11 of [H2] how Proposition implies
that ECH-capacities form a complete set of invariants for the problem of
symplectically embedding an ellipsoid into a polydisc:

Corollary 1.5. There exists a symplectic embedding E(a,b) — P(c,d) if
and only if oy (E(a, b)) < ey (Ple,d)) for all k > 0.
It seems to be hard to derive Theorem [I.3] from Corollary [I.5] or vice-versa.

As a further corollary we obtain

Corollary 1.6. The ellipsoid E(1,a) symplectically embeds into the cube
C(A) if and only if E(1,a) symplectically embeds into the ellipsoid E(A,2A).

Proof By Corollary -, (1, a) symplectically embeds into C'(A) if and only
if Koy (B(1,a)) < oy (C(A)) for all k£ > 0. By McDuff’s proof of the Hofer
Conjecture [M3], E(1,a) symplectically embeds into E(A,2A) if and only if
Koy (B(1,a)) < by (E(A,2A)) for all k> 0. The corollary now follows
from the remark on page 8098 in [H2|, that says that for all £ > 0

(1.1) cbon (E(1,2)) = chon (C(1)).
For the easy proof, we refer to Section O

Remark 1.7. Recall that the ECH-capacities of B(1) and C'(1) (or E(1,2))

are

CECH (B(l)) — (OX].7 1X27 2><3) 3><4’ 4><5’ 5><67 6><7, 7><87 8X9, 9><107 . ) ;
CECH (C(l)) —_ (0><17 1><17 2><2’3><2’ 4><3’ 5><37 6><47 7><47 8><57 9><5’ N ) )

One sees that the sequence cpopm (C(1)) is obtained from cgom (B(1)) by
some sort of doubling. This is reminiscent to the doubling in the definition of
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the Pell numbers: The Fibonacci and Pell numbers are defined recursively by
Fn+1:Fn+Fn71; Pn+1:2Pn+Pn717

and while the Fibonacci numbers determine the infinite stairs of the function
cep(a) for a < 7 (with 7 the golden ratio, see [MS]), the Pell numbers deter-
mine the infinite stairs of the function cgc(a) for a < 0. This reminiscence
may, however, be a coincidence. Indeed, for the ellipsoid E(1, 3) the sequence

CECH (E(l, 3) — (0><1, 1><1’ 2><1’ 3><274X27 5X2,6X3, 7><3’ 8><37 9><4’ . )

is obtained from cgop(B(1)) by some sort of trippling, but the beginning
of the function describing the embedding problem E(1,a) <> E(A,3A) seems
not to be given in terms of numbers defined by G, 11 = 3G, + G,,_1.

Acknowledgments. We wish to sincerely thank Felix Schlenk for his pre-
cious help and encouragement during the whole project and Régis Straub-
haar for his help with all the computer issues. The present work is part of
the author’s activities within CAST, a Research Network Program of the
European Science Foundation.

2. Proof of Proposition and equalities ((1.1))

In Section we explain the canonical decomposition of E(1,a) with a € Q
into a disjoint union of balls. We then prove Proposition [[.4] in Sections [2.2]

and and in Section we prove equalities (|1.1)).

2.1. Decomposing an ellipsoid into a disjoint union of balls

In [M2], McDuff showed the following theorem.

Theorem 2.1. (McDuff [M2]) Let a,b > 0 be two rational numbers. Then,
there exists a finite sequence (wy, ..., wyr) of rational numbers such that the
closed ellipsoid E(a,b) symplectically embeds into the ball B(A) if and only
if the disjoint union of balls U; B (w;) symplectically embed into B(A).

The disjoint union L; B (w;) is then denoted by B(a, b). Following [MS], we
will now explain one way to compute the weights w1, ..., wys in this decom-
position. Notice that in [M2], the weights of the balls B (w;) are defined in
a slightly different way. The proof that these weights agree with the weight
expansion of a defined now can be found in the Appendix of [MS].



774 D. Frenkel and D. Miller

Definition 2.2. Let a = £ > 1 be a rational number written in lowest terms.
The weight ezpansion of a is the finite sequence w(a) := (wy, ..., wys) defined
recursively by

e w; =1, and wy, = wypeq > 0 for all n;

o if w; > w;y1 =+ = w, (where we set wp := a), then

v — W, if wigr 4+ wpp1 = (n— i+ Dwipr < wy,
il w; — (n —i)w;y1  otherwise;

e the sequence stops at w, if the above formula gives w,; = 0.

Remark 2.3. If we regard this weight expansion as consisting of N + 1
blocks on which the w; are constant, that is

_ _ xlo ,.xl XN
w(a)=(1,...,1,21,...,2Z1,. .., TN,..., TN) = (1 Oty ),
———

lo I In

thenxzy =a—1Ilp < 1,andif weset xg = 1,thenforall2 <i¢ < N, z; = x;_9 —
l;_17;_1. Moreover, the lengths of the blocks give the continued fraction of a
since

1
a=1ly+ 1 ZZ[lo;ll,...,lN}.
ht 71—
lg + ———
4 ZL
N
Example 2.4. The weight expansion of % is (1*2, g, %XS, %XZ). The con-

tinued fraction expansion of 29—5 is thus [2;1, 3, 2]. Notice that we also have

25 7\? 2\? 1\?

=214 = 3() 2() :

9 * <9> N 9 M 9
This is no accident and is best explained geometrically as in Figure [2.1] The
general result is stated in the next lemma.

Lemma 2.5. (McDuff-Schlenk [MS], Lemma 1.2.6) Let a =
nal number with p, q relatively prime, and let w := w(a) = (w
weight expansion. Then

> 1 be a ratio-
.,wyy) be its

Hoar

(1) Wym = %7'

(i) Y w? = (w,w) = a;
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222 }f

Figure 2.1: The weight expansion of 2—95.

(iif) Ywi=a+1-1.
2.2. Representations of balls and polydiscs

In the proof of Proposition [1.4] we shall use certain ways of representing open
and closed balls and open polydiscs. Recall that B(a) is the open ball in R*
of capacity a = 7r?, and that P(a,b) = D?(a) x D?*(b), where D?(a) is the
open disc in R? of area a.

2.2.1. Representations as products. Denote by O(a,b) the open square
10,a[ x ]0,b] in R?. Since D?*(a) is symplectomorphic to the open square
10, a] x ]0, 1[, the polydisc P(a,b) is symplectomorphic to

O(a,b) x O(1,1) € R*(z) x R*(y).
Next, consider the simplex
A(a) = {(3317302) € RQ(m) 0< 2,20 11 F 20 < a}.
Then B(a) is symplectomorphic to the product
Aa) x O(1,1) € R%(x) x R*(y),

see [T] and Remark 9.3.1 of [S2].

2.2.2. Representations by the Delzant polytope. As before, denote
by wgr the Study-Fubini form on the complex projective plane CP?, nor-
malized by [op wsp = 1. We write CP?(a) for (CP?, awgsp). Its affine part
CP?\ CP! is symplectomorphic to the open ball B(a). (Indeed, for a = T,

the embedding
z=(z1,22) — {21 t29i4/1— \z|2]

is symplectic.)
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€2

-

a A C

X

1

Figure 2.2: Closed balls in CP?(a) and the moment image of P(c, d).

The image of the moment map of the usual T?-action on CP?(a) is the
closed triangle m. For b < a, the preimage of W C m is symplecto-
morphic to B(b). By precomposing the torus action with suitable linear torus
automorphisms, one sees that also the closed triangles based at the other two
corners of /A(a) correspond to closed balls in CP%(a). We refer to [K] for
details.

The image of the moment map of the usual T?-action on C? maps the

polydisc P(c,d) to the rectangle [0, c[ x [0, d] C R?(z).

2.3. Proof of Proposition [1.4]
Let now a,b,c,d > 0 with § rational. We need to show that
E(a,b) < P(c,d) <= B(a,b)UB(c)UB(d) < B(c+d).
“—": By decomposing E(a,b) into balls as before, we find that B(a,b) <
P(c,d), (see also [M2]). Fix ¢ > 0. Then also (1 —&)B(a,b) < P(c,d). Now
represent the open balls B(c), B(d), B(c+d) and the polydisc as in Sec-
tion [2.2.1] above. We then read off from Figure 2:3] that
(1 —¢)B(a,b) U B(c)UB(d) < Blc+d).

This holds for every € > 0. In view of [MI] we then also find a symplectic
embedding B(a,b) U B(c) U B(d) < B(c+ d).
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Figure 2.3: (1 —¢)B(a,b) U B(c) U B(d) < B(c+d).

“e=7: Assume now that B(a,b) U B(c) U B(d) <> B(c+ d). Fix e > 0.
Then

(1—¢)B(a,b) UB(c—e)UB(d—¢) < CP?*(c+d).

According to [MI], the space of symplectic embeddings of B(c — &)U B(d —
g) into CP?(c+d) is connected. Any such isotopy extends to an ambient
symplectic isotopy of CP%(c + d). In view of this and by Section we can
thus assume that the balls B(c — ¢) and B(d — ¢) lie in CP?(c + d) as shown
in Figure 2.4

The image of the balls (1 — &)B(a,b) must then lie over the gray shaded
closed region. However, since the balls B(c — €) and B(d — ) are closed, the
image of (1 — €)B(a, b) cannot touch the upper horizontal or the right vertical
boundary of the gray shaded region. Moreover, according to Remark 2.1.E
of [MP] we can assume that this image lies in the affine part of CP%(c + d),
i.e., the image of the balls (1 —¢)B(a,b) lies over the gray shaded region
deprived from the dark segment, and hence, by Section , in Plc+e,d+
¢). We may suppose from the start that ¢,d > 1. Then P(c+e,d+¢) C (1 +
£)P(c, d). We have thus found a symplectic embedding (1 — £)B(a,b) < (1 +
£)P(c,d). It is shown in Theorem 1.5 of [M2] that then also (1 — &)E(a,b) <>
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T2 4

c+d

d+e

¢ c+e c+d 1
Figure 2.4: How B(c — ) and B(d — ¢) lie in CP?(c + d).
(14 ¢)P(c,d). Hence

E(a,b) < P(c,d).

It now follows again from [M2] that E(a,b) <> P(c,d). (To be precise, [M2]
considers embeddings of ellipsoids into open balls; however, the same argu-
ments work for embeddings of ellipsoids into polydiscs.) U

2.4. Proof of equalities (1.1
Lemma 2.6. Forall k >0,
chon (B(1,2)) = chon (C(1)).

Proof. We will prove that c§cy (E(1,2)) and ckpy (C(1)) are both equal to
the unique integer d such that

rleaale sl
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For ¢k (E(1,2)), this follows from the fact that the number
j:t{(m,n) e N2 :m+2n<d}

of pairs of nonnegative integers (m,n) such that m + 2n < d is equal to

L%J [%W This, in turn, can easily be deduced from the identities

ﬁ{(m,n)6N§:m+2n:2l}:ﬁ{(m,n)ENgzm+2n:2l+1}:l+1.
On the other hand, we have
o (C() = choy (P(1L,1))=min{m+n:(m+1)(n+1)>k+1}.

Fix a nonnegative integer k. Let mg,ng € Ny be two nonnegative integers
such that

mo+ng=min{m+n:(m+1)(n+1)>k+1}.

Without loss of generality, mg > ng. Moreover, we can always take mg, ng such
that mo — ng € {0, 1}. Indeed, assume that mo = ng + ¢ with ¢ > 2. Then for
my = mo — 1 and n{, = ng + 1, we get

(mg + 1) (ng + 1) = mg (ng + 2) = (ng + ¢) (no + 2) = ng + (¢ + 2)ng + 2¢
>nd+(c+2mng+c+1=(ng+c+1)(ng+1)

Thus (m(, ng) also realizes the minimum. Now, if mg + ng is even, then mg =
no and we have to show that

{27710 + 1J ’72777,0 +1
2 2

-‘—mg(m(ﬁ-l)gk
2m0+2J {2m0+2"

1)? =

< (mo+1) { 9 9
The first inequality follows from the minimality of mg + ng while the second
one follows from the fact that (mg+ 1) (ng+ 1) > k + 1. The case mgy + ny
odd is treated similarly. O
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3. Reduction to a constraint function given by exceptional
spheres

In this section we explain how the function ¢(a) can be described by the

a
2

spheres in blow-ups of CP?. Since the function c is continuous, it suffices to
determine c for each rational a > 1. The starting point is the following lemma,
which is a special case of Proposition

volume constraint and the constraints coming from certain exceptional

Lemma 3.1. Let a > 1 be a rational number with weight expansion w(a) =
(wy,...,wp) and A > 0. Then the ellipsoid E(1,a) embeds symplectically
into the cube C(A) if and only if there is a symplectic embedding

B(A) U B(A) L; B (w;) < B(2A).

With this lemma, we have converted the problem of embedding an ellip-
soid into a cube to the problem of embedding a disjoint union of balls into a
ball. In [MP], the problem of embedding k disjoint balls into a ball was reduced
to the question of understanding the symplectic cone of the k-fold blow-up X}
of CP? Let L := [CP'] € Hy(Xy,Z) be the class of a line, let Fy, ..., E) €
Hj (Xk,Z) be the homology classes of the exceptional divisors, and denote by
le1,...,ex € H? (X}, Z) their Poincaré duals. Let —K := 3L — 3" E; be the
anti-canonical divisor of Xy, and define the corresponding symplectic cone
Cr (X)) C H? (Xy,Z) as the set of classes represented by symplectic forms w
with first Chern class ¢; (M,w) = —K.

Theorem 3.2. (McDuff-Polterovich [MP]) The union U B (w;) embeds
into the ball B(u) or into CP%(p) if and only if ul — 3" wse; € Cr (Xk).

To understand Ck (Xj), we define as in [MS] the following set & C
Hy (Xg).

Definition 3.3. & is the set consisting of (0; —1,0,...,0) and of all tuples
(d;m) = (d;mq,...,my) with d >0 and my > -+ > my > 0 such that the
class g,y = dL — Y m;E; € Hy (X)) is represented in X}, by a symplecti-
cally embedded sphere of self-intersection —1.

We will often write £ instead of & if there is no danger of confusion. We
then have the following description of Cx (Xk).
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Proposition 3.4. (Li-Li [LiLi], Li-Liu [LiLiu])
Cr (Xx) = {a € H*(X):a* >0, a(E) > 0,VE ¢ Ek}.

In order to give a characterization of the set &, we need the following
definition as in [MS].

Definition 3.5. A tuple (d;m) := (d;mq,...my) is said to be ordered if
the m; are in nonincreasing order. The Cremona transform of an ordered
tuple (d;m) is

(2d — my —mg —mg;d — mg — ms,d —my —mg,d —my —ma, My, ..., M)

A Cremona move of a tuple (d;m) is the composition of the Cremona trans-
form of (d;m) with any permutation of the new obtained vector m.

Proposition 3.6. (McDuff-Schlenk [MS|, Proposition 1.2.12 and Remark
3.3.1)

(i) All (d;m) € & satisfy the two Diophantine equations
> mi=3d-1,
S m?—d 1.

(i) For all distinct (d;m), (d';m’) € & we have
Zmim; <dd.

(iii) A tuple (d;m) belongs to & if and only if (d;m) satisfies the Diophan-
tine equations in (i) and (d;m) can be reduced to (0;—1,0,...,0) by
repeated Cremona moves.

Remark 3.7. Working directly with Lemma [3.I] Theorem [3.2] and Propo-
sition we find, as in [MS], that the only constraints for an embedding
E(1,a) < C(A) are A > \/g and, for each class (d;m) € &,

(3.1) 2Ad > (my+mg) A+ ((ms,...,mk), w(a)).

One can start from here and use Proposition [3.6] to prove Theorem [I.3] The
analysis becomes, however, rather awkward, since the unknown A appears on

both sides of (3.1)).



782 D. Frenkel and D. Miller

To improve the situation, we shall apply a base change of Hs (X}), and
express the elements of £ in a new basis. Consider the product S? x S?
(whose affine part is a cube), and form the M-fold (topological) blow-up
X (5% x S?). A basis of Hy (Xpr (S? x §?)) is given by Si, Sa, Fi, ..., Fu,
where S := [S? x {point}], Sy := [{point} x S?] and Fi,...,Fy are the
classes of the exceptional divisors.

Notice that there is a diffeomorphism o: Xy (5% x S?) — Xpr41 (CP?)
such that the induced map in homology is

oo Hy(Xor (2% 8%)  —  Hy(Xpes (CP?))
Sl — L — E1
82 — L _E2
£ —s  L— Ei—E,
F; L — Eiy1.

The existence of such a ¢ is clear from a moment map picture such as Fig-
ure 2.4 above. With respect to the new basis S, Sa, Fi, ..., Far we write an
element of Hy (X (S? x S%)) as (d,e;mq, ..., mar). Then

ou(d,e;m) = (d4+e—my;d—my,e —my,ma,...,mpr) .

In the new basis, the constraint given by a class in £ can be written in a more
useful form:

Proposition 3.8. (i) All(d,e;m) € Ey satisfy the two Diophantine equa-
tions

> mi=2(d+e) -1,
me = 2de + 1.
(ii) For all distinct (d,e;m), (d',e';m') € Enr, we have
> mimi < de' + de.
(iii) A tuple (d,e;m) belongs to Enr if and only if (d,e;m) satisfies the Dio-

phantine equations of (i) and its image under ¢, can be reduced to
(0; —1,0,...,0) by repeated Cremona moves.

Proof. Let E € €. The two identities in Proposition [3.6/(i) correspond to
c(F)=1and EF-E=—1. For E=d5S, +eSy;—) m;F; these identities
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become
c(B)=2d+2e—Y m;=1,
E-E=-=Y m;+2de=—1,

proving (i). Assertion (ii) of Proposition |3.6|corresponds to positivity of inter-
section of .J-holomorphic spheres representing £, E' € £. For distinct elements
E = (d,e;m) and E' = (d',¢’;m') in € we thus have

E-E =de +ed —> mm} >0,

proving (ii). Assertion (iii) holds since ¢, is a base change. O

In the sequel, given two vectors m and w of length M, we will denote by
(m,w) = "M, myw; the Buclidean scalar product in RM. Notice that we will
also use this notation for vectors m and w of different lengths, meaning the
Euclidean scalar product of the two vectors after adding enough zeros at the
end of the shorter one.

Proposition 3.9. Let a > 1 be a rational number with weight expansion
w(a) = (w1, ...,wy). For (d,e;m) € &, define the constraint

(m, w(a))

pu(d, e;m)(a) == dtc

Then
a
= sw { |t udemio}.
(d,e;m)e€ 2
Proof. By Lemma m E(1,a) < C(A) if and only if
B(A) U B(A) U; B (w;) < B(2A).

By Theorem this is true if and only if

M
(3.2) (214) l—Ae; — Aegy — ZwieHQ € Ck.

i=1
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Denote by s1, So, f1,. .., fa the Poincaré duals of Sy, So, Fi, ..., Fys. The base
change in cohomology is then

o' H?*(Xm+1 (CP?))  —  H?(Xm (5% x 5?))
l — s1+s2—f1
e1 — so—f1
es — st —h
€; — fi—l-

In this new basis of H? (X (5% x S?)), therefore becomes

M
(3.3) Asy + Asy — Zw,’fi_u € Ck.
=1

In view of Proposition [3.4] E . translates to the conditions that for all F :=
(d,e;m) € &, we have 2A? — > w? > 0 and

Asi(E) + Aso(E szfz (d+e)A— Zmzwl > 0.

Recall from Lemma 2.5)(ii) that 3 w? = a. We conclude that E(1,a) < C/(A)
if and only if A > /5 and for all (d,e;m) € £

s S maw;  (myw(a)) .

d+e  d+e

This proves the proposition. O

Remark 3.10. By the symmetry between d and e in the formula for u(d, e;
m)(a), we can assume that all elements (d,e;m) € £ have d > e. We will use
this convention throughout the paper.

The rest of this paper is devoted to the analysis of the constraints given
in Proposition This analysis follows the one in [MS]. However, several
modifications are necessary.

4. Basic observations

Lemma 4.1. Foralla > 8, c(a) = /5.
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Proof. For all (d,e;m) € &, we have by definition of 4 and Proposition [3.8(i)

(myw(a))y S m; 2(d+e)—1 a
; = < = 2<,/=
(d, e;m) (a) d+e d+e d+e = 2
for all @ > 8. Therefore, by Proposition cla) = \/g for all @ > 8. O

Lemma 4.2. The function ¢ has the following scaling property: for all X > 1,

c(Aa)
Aa

Proof. By definition of ¢, E(1,a) < C (¢(a) + ) for all & > 0. Since E(1,a)
symplectically embeds into C'(A) if and only if E(\, Aa) symplectically embeds
into C(AA), this is equivalent to E(\, Aa) < C' (Ae(a) + ¢) for all e > 0. Since
E(1,Xa) C E(\ Aa) when X\ > 1, this implies that

E(1,)a) < C (Ae(a) +¢)
for all e > 0. Thus

c(Aa) = inf { A B(1,0a) <5 C(4)} < Ac(a) = MCSLX

as claimed. O

Lemma 4.3. For M < 7, the sets Ep are finite and the only elements are

(0,0; 1), (1,0;1), (1,1;1%3), (2,1;1%%),
(2,2;2,175) ) (3, 1;1%7),  (3,2;2%2,1%%), (3,3;2%41%3)
(4,3;2%¢1),  (4,4;3,2%9).

Proof. By Proposition [3.8|(i), we have for a class (d,e;m) € & with m =
(m17 s 7m/€)7

2
(2(d+e)—1)* = (im) < k‘zk:mf = k(2de + 1),

i=1

which is equivalent to

4(d? + ) + 8de — A(d + ) + 1 < 2kde + k,
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and to

1

k —
d?+e? de+d+e+T

Now, if £ < 7, then

3 3 3 3
2 2, 2
d? + 2 de+d+e+2 Z(d —&-e)—i—d—&-e—i—i,

using the fact that 2de < d? + e2. This last inequality is equivalent to
d* —4d +e* —4e <6

and finally to

(d=2)*+ (e —2)* < 14,
which shows that d, e < 5. This shows that the sets £y, are finite for M < 7.
To find the list of classes given above, it suffices to compute the solutions to
the Diophantine equations of Proposition [3.§|(i) having /(m) < 7 and d, e < 5,
and to show that they reduce to (0,—1) by Cremona moves, which is the
case. ]

Definition 4.4. A class (d,e;m) € £ is said to be obstructive if there exists
a rational number a > 1 such that u(d,e;m)(a) > /5.

Lemma 4.5. Let (d,e;m) € € be an obstructive class. Then either e = d, or
e=d-—1.

Proof. Suppose by contradiction that there exists a class (d, e;m) € £ obstruc-
tive at some point a > 1 such that d = e + k with k£ > 2. Then, using Propo-

sition [3.§|(i) and Lemma [2.5](ii), we obtain
ST < bt cime) = e Dol _ ATy

~X

d+e d+e — d+e
CV2(e+k)e+1a  Vaer +4ke+2y/a _ Vvie? + dke + k2\/a
N 2e + k B V2(2e + k) V2(2e + k)

_ \/5
=3
which is a contradiction. O

Remark 4.6. This lemma will be very useful in the sequel, because whenever
we will have to prove some properties of obstructive classes, it will be sufficient
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to prove them for classes of the form (d, d; m) or (d + %, d— %; m) only. Since
this will happen many times, we will not explicitly refer to this lemma each
time.

Definition 4.7. We define the error vector of a class (d,e;m) at a point a
as the vector € := ¢ ((d, e;m), a) defined by the equation

d+e
m=——w(a) +¢.

Lemma 4.8. Leta =2 > 1 be a rational number with weight expansion w(a)
and let (d,e;m) € E. Then

(i) pld,e;m)(a) < ZEE

pld dm)(@) < 1+ /3 and p(d+ 3.d— him)(a) < \/T+ 3,

(i) w(d,e;m)(a) > \/g if and only if (¢,w(a)) > 0,

(iti) If p(d,d;m)(a) > \/g (resp. p(d+ %, d — 3;m)(a) > \/g), then (e,e) <
1 (resp. {(g,¢) < %),

(iv) =X, e = % (y(a) - %) +1, where y(a) := a + 1 — 2/2a.

Ve I particular,

Proof. (i) By Cauchy-Schwarz inequality, Proposition (1) and Lemma

we have
(d+ e)pu(d, & m)(a) = (m, w(@)) < lImll w(a)]] = v2de + Tv/a.

In the case of a class (d,d;m) we find that

V2E 1 1ja  [od2+1 \/E i \/E
d,d; < = Z /1 =
p(d, d;m)(a) 2d 2 V2= V' taz\a

and in the case of a class (d+ §,d — 3;m) that

it Loy < IR [T
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(ii) Since

wla) w()) = (m,w(@) = T Jul)?

) — <d+e>\/f

we see that (g,w(a)) > 0 if and only if p(d, e;m)(a) = <mdi(€a)> > f
(iii) For a class (d,d;m),

2d* +1 = (m,m) = <\/§dw(a) +e, \/de(a) + 5>

2
:2d2+\/€d< (a),e) + (g,€)
shows that if ju(d, d;m)(a) > |/, then by (ii) (¢,€) < 1. Similarly, for a class
<d+ %7d_ %7m)7

_.|_

(. u(a)) = (m -
— {m, w(a

Lo+ 22 @), 2) + (e, o)

2 Va

shows that if pu(d + 3,d — 3;m)(a) > /%, then (e,¢) < 3.
(iv) By Proposition [3.8)(i) and Lemma 2.5 we see that

2d% +

M

_d+e
R R
@0 -1=3m = >
Thus
—f:e _dxe (a+1-2v2a) _dte
P " V2a w2a ’
from which the result follows. g
Corollary 4.9. Suppose that c(a \[ for some rational a = 1. Then

(i) There exist classes (d,e;m), (d',e';m') € € (possibly equal) and € > 0
such that

[ udem)  fzela—ca,
D)= o) e loatel
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(ii) The set of classes (d,e;m) € € such that u(d, e;m)(a) = c(a) is finite.

(iii) For each of the intervals of (i), there exist rational coefficients o, B = 0
such that ¢(z) = a + fz.

Proof. Since c(a) > /%, there exists D € N such that c(a) > /1 + ﬁ\/g
Since ¢ is continuous, there exists € > 0 such that c¢(z) > /1 + ﬁ\/% for

all z € |a —e,a+ ¢[. Now, if u(d,e;m)(z) > /1 + ﬁ\/g, the inequalities of
Lemma (1) imply that d < D. There are thus only finitely many classes

with p(d, e;m)(z) > /1 + ﬁ\/g, and for all z € Ja—e,a+¢], ¢(z) is the
supremum of u(d,e;m)(z) taken over finitely many classes. This proves (i)
and (ii). To prove (iii), notice first that the constraints p(d, e; m) are piecewise
linear functions. Indeed, let w(a) = (w1(a), wa(a),...) be the weight expan-
sion of a, where the w; are seen as functions of a. Then the w; are piecewise
linear functions and so is u(d, e;m) = <ZZ’:§>. We can thus write ¢(z) = a + 82
for z belonging to one of the intervals of (i). Now, since ¢ is nondecreasing,

B8 > 0, and by the scaling property of Lemma [4.2] a > 0. O

Definition 4.10. A class (d,e;m) € £ is called perfect if there exists b > 1
and k > 0 such that m = kw(b), that is, such that the vector m is a multiple
of the weight expansion of b.

Lemma 4.11. Let (d,e;m) € € be a perfect class for some b > 1 withd = e
ord=-e+1. Then c(b) = u(d,e;m)(b) > \/g and (d,e;m) is the only class
such that pu(d, e;m)(b) = c(b).

Proof. We first treat the case d = e. Let (d,d;m) € £ be a perfect class: m =
xw(b) for some b > 1. By Proposition [3.8)(i),

2d* < 2d* 4+ 1 = (m,m) = &* (w(b), w(b)) = K*b,

from which we deduce that d < m\/g . Then

() = 0D K ﬁ

This shows that (d,d;m) is obstructive at b. But then (d,d;m) is the only
obstructive class at b. Indeed, if (d’, ¢’;m’) € £ is a class different of (d, d;m),
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by positivity of intersections (Proposition [3.8](ii)),

=Y _mymj < d(d +¢€).

Thus
Lw(®d)  d(m/ wb) d b
d. e - m)(b :<m7w< < ) _¢ ’2
uld',esm)(0) d+¢e m(m’,w(b)> PR
Consider now a class of the form (d + 1,d — 1;m). By Proposition ( ), we
have

1
2d* < 2d* + 5= (m,m) = &% (w(b), w(b)) = kb,

and thus d < /-i\/; as in the case of a class (d,d; m). The rest of the proof is

then identical. O

Definition 4.12. Define the length of a vector m, denoted by I(m), as the
number of positive entries in m, and denote by I(a) the length of the weight
expansion w(a) of a.

Lemma 4.13. Let (d,e;m) € € be an obstructive class. Let I be a mazximal

nonempty open interval on which p(d,e;m)(a) > (/5. Then there exists a

unique ag € I such that I (ag) = l(m). Moreover for all a € I, l(a) > 1 (ap).

Proof. Let us first prove that for all a € I, [(a) > I(m). If I(a) < I(m), then,
by Proposition [3.§)(i),

l(a)

Z m? < 2de + 1.

i=1
Thus
la) 12 T
w(d,e;m)(a) = <mcé i(:» < \/Zz—ildnrjw(a) (\j/i\/’ \/*

and so a ¢ I. Let us now prove the existence of an ag with I (ag) = l(m).
Let w(a) = (w1(a),wa(a),...) be the weight expansion of a, where the w;
are again seen as functions of a. The w; are piecewise linear functions and
are linear on intervals that do not contain elements ' with [ (a’) < i. Hence
if all @ € I would have [(a) > I(m), then the {(m) first w; would be linear,
and p(d,e;m) also. But this is impossible since

% is concave. Thus there

exists ag € I with [ (ag) = I(m). The proof of uniqueness of aq follows from
the fact that if a < b and [(a) = [(b), then there exists ¢ € Ja, b[ such that
l(c) <l(a). O
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Lemma 4.14. Let (d,e;m) € € be such that p(d,e;m)(a) > \/g Let J =
{k,...,k+s—1} be a block of s > 2 consecutive integers such that the w;(a)
are equal for all i € J. Then we have the three following possibilities

1. My =+ = Mpps—1
2. mk_]-:mk+1:"':mk+sfl
3. mp == M2 = Mpys—1 + 1.

Moreover, there is at most one block of length s > 2 where the m; are not all

equal, and if such a block J exists, then ) ;¢ ; e2 > 321.

The proof is similar to the proof of Lemma 2.1.7 in [MS].

Corollary 4.15. If a class of the form (d + %, d— %,m) is obstructive, then
the m; are constant on each block.

Proof. Suppose there exists a block J of length s > 2 on which the w;(a) are
not all equal. Then by Lemma Siese2 > =1 > 1 which contradicts

S

Lemma (iii), which states that Y e? < 1. O

Lemma 4.16. Let (d,e;m) € € be an obstructive class at some rational a >
1 with l(a) = 1(m). Let wgi1, ..., wkts be a block which is not the first block

of w(a).

(i) If the block is not the last one, then

‘mk — (mk+1 + -+ mk+5+1)| <Vs+ 2.
If the block is the last one, then
|mk — (mk+1 + - +mk+s)’ <+vs—+1.
(i) It is always the case that
M
mg — Z m; < VM —k+1.
i=k+1

The proof is similar to the one of Lemma 2.1.8 in [MS].
Proposition 4.17. Let (d,e;m) € € be an obstructive class at a point a =:

£ € Q written in lowest terms with l(a) = I(m). Let my be the last nonzero
entry of the vector m and let I be the maximal open interval containing a such



792 D. Frenkel and D. Miller

a

that pu(d, e;m)(a) > (/5. Then there exist integers A < p and B < (my + 1)q
such that

A+ Bz if z<a,z €1,
(A4+mup) + (B —muq)z ifz>a,z€l.

(d+e)uld, e;m)(2) = {
Again, the proof is similar to the one of Proposition 2.3.2 in [MS].

5. The interval [1, o?]

The goal of this section is to prove part (i) of Theorem

5.1. Preliminaries

Let us first recall that the Pell numbers P, and the half companion Pell
numbers H, are defined by the recurrence relations

P[):O, P1:1, PTLZQPTL—1+PTL—27
Hoy=1, Hy=1, Hp,=2H, 1+ Hy 2,

respectively. It is then easy to see that
H,=P,+P,_1.

Using this, we define the sequence (ay),,5 by

2P2
#ﬂ = Pn if n is even,
— Hn dn
an, i
Tl Pro ey s odd.
2P gn

Set W (a) = qnw (). Then, define W’ («v,) as the tuple obtained from
W (ay,) by adding an extra 1 at the end. Define the classes E (o) by

(Pn+1Hn7 Pn-‘rlHn; W/ (an)) if nis even,

FE(a,) =
(@) {(PanH,PanH;W’(an)) if n is odd.
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For instance,

E (ag) = (1,1;1°%),

E(ar) = (3,324, 19)

E (a2) = (15,15;9*%,5,4,1°%)

E(as) = (85,85;5()X5,397 11736, 5, 1”’) .

Moreover, we define the sequence (5n)n>o by

H
Hntz _ Po if n is even,
o H, Gn
Ba=1 m
n+2 Pn . .
= — if n is odd.
P, n

Set W (B,) = qnw (B,). Then the classes E (3,,) are defined by

1 1
. 3 (ot Hosa) 7 (Hoo Hoo) s W (ﬁn)> if n is even,

EBn) =1 /1 1 1
7 (Put Pusa) & 5,5 (Pt Paa) - (ﬁn)) if n is odd.

For instance,

B = (1117,
E(f) = (2.,1),

E () = (5,5:3%,2,1%),
E () = (9,85"7,4,1°4).

Theorem 5.1. Foralln >0, E(ay),E(Bn) € €

The proof that F («y,) € £ is given in the next subsection, while the proof
that E (8,) € € is given in Corollary Theorem implies part (i) of
Theorem

Corollary 5.2. On the interval [1,0?],

1 if a €]1,2],
1 .
c(a) _ \/E a Zfa € [anaﬁn} )
On41

if a € [Bn, any1],

foralln > 0.
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Proof. Since for all n > 0, E'(3,) is a perfect class, we know by Lemma
that ¢ (8,) = p(E (Br)) (5r). Hence

¢(Bn) = |5

for all n > 0. Indeed, for n even, we compute

c (ﬁn) — Hn <w (ﬁn) , W (/Bn)> _ 2Hn5n _ 2Hn+2
Hn+2 + Hn Hn+2 + Hn Hn+2 + Hn
_ 2(Pn+2+Pn+1) _ 2(Pn-i-2"|'Pn+1) _ Hn+2
P+ P+ P+ Pyt 4P, 11 2P
_ Qn41
= 5
and for n odd,
Poio+ P, Poio+ P, P2+ P,
_ Proia Py Popa fann
i (P2 —P)+ P, Po+ P, H, 2

an

Furthermore, ¢ (o) = for all n > 0. Indeed, for n even, we have

2
Hio, Hnan Py o,

E (o)) ( = ==
pE ) o) = op T 2P H, V2

Thus for all (d,e;m) € € distinct from E (a,), we get by Proposition [3.8](ii)
that

PoyiHy(d+ e) = (m, W' (o)) > Hy (m,w (o))

and hence
(m, w (an)> Pn+1Hn Pn+1 Qip,
d M n = g = = _—
/’L( 76,m)(0[) d+6 H72L Hn 2
Next, for n odd, we have
2P2an PnOén Hn+1 (679
E n n = = = -
p(E (an)) (an) = 55 ... I, 2P, 5

Thus for all (d,e;m) € £ distinct from FE (o), we get

PoHypi(d+€) = (m, W' (an)) > 2P2 (m,w (o))
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and hence

<m7 w (aﬂ)> < Pan—H Hn+1 %

d N n) — NS = = .
IU’( 76,m)(0{) d+€ 2P7% 2Pn 2

Thus, by Proposition we have ¢ (ay,) = /% for all n > 0 as required.

Qn+1

5= for a € [B,, anq1]. More-

Since ¢ is nondecreasing, we get that c¢(a) =
over, we have that for all n > 0

c(B) _ clan)

Bn Qp
Indeed, for n even,
C(ﬁn) o 0%2+1 . Hn . % . C(an)
Br Bn 2Pn+1 Oy, Op ’

and for n odd,

C(ﬂn)_\/%_ P, %:c(an)

ﬁn ﬁn Hn+1 Qn COn
Hence, by the scaling property of Lemma [4.2] the function ¢ has to be linear
on [y, B,] and thus ¢(a) = \/217a for a € [an, B)- O

5.2. The classes E (a,,) belong to £

Lemma 5.3. The classes E (o) satisfy the Diophantine conditions of Propo-

sition [3.8(i).

Proof. We will prove this separately for n even and odd. In both cases, we
will use Lemma 2.5 and the relation

—P22m + 2P, Poyp—1 + P22m—1 =1
which can be easily deduced from the following identity

P2m7k = (_1)k+1 (PkHQm - HkP2m> 5
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given in Corollary [6.8|(v). For n = 2m, we obtain

_ H2 1 _ H2 2P22m+1 1 1 1
> mi=H3,> wi+1=Hj, . Tl )t
=2(2P, + P2m—1)2 + (Pom + sz—l)2
=9P2 +10Ps, Pyt +3P2,
= 8P, + 12Ps Pom 1 + 4P,y — (— 3, + 2Pom P + P,y )
= 4Py 1 Hom — 1 =2(d + ) — 1;

> m? —HQme +1=Hj, +1
HQm

Moreover, for n = 2m — 1,

> omi=2P;, Y wi+1=2P (2%%1 +1-— 2P§1m1> +1
= (P, + P2m—1)2 +2P}
=Py, + 2Py, Poy 1 +3P5
= 4Py Pom 1 + 4P,y — (=P + 2Pom Po 1 + P,y
= 4Py, 1 Hop —1=2(d+e) — 1;

Hm
> omI=4Py, > wl+1=4P; 12P; +1

m—1
=2P; H3 +1=2de+1.
This proves the lemma. O

We will now prove separately for n even and n odd that the classes E (o)
reduce to (0; —1) by standard Cremona moves.

5.2.1. The classes E (a2,) reduce to (0; —1). One readily checks that
the classes F (agp,) reduce to (0;—1) for m =0,1,2. In the following, we
reduce the classes E (agy,) for m > 3.

Lemma 5.4. The continued fraction expansion of cam s

[5: {1,417 1,1,8,1, {4,137
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Moreover, with u; := (2H; — Pj) Hom + H;j Pop,,

E (a2m) = <P2m+1H2m; P2m+1H2m;

1 x5 1 x4 1 x4
<2U2m> ,U2m—17(2U2m—2) yeee, U3, (2U2> )

1 1 X3
uy, Hop, + §P2m7 <2P2m> s Poy—1,

1 x4 1 x4
— Py s Por—3,..., | =P Pl
(2 2 2> 2 3 <2 2) 1 >

Proof. Since (a,) is an increasing sequence converging to 02 < 6 and ay =
% > 5, the first term of W' () is

(Q2m)><5 = <H22m> @ = (;U2m> X5.

To determine the next terms, we will first prove that for all k > 1, uor11 >
%qu > Uop_1. Indeed

Uok+1 = (2Hop+1 — Pog+1) Hom + Hop1 Pom
= (4Po + Pog—1) Hom + (2Hop + Hop—1) Pory

1 1
> <P2k + P2k—1) Hop + =Hop Py

2 2
1 1
=3 (2Ho, — Por) Hopmy + §H2kp2m
1
=—-u
5 U2k

5 1
= (sz—1 + §P2k—2 + sz-s) Hop, + <H2k—1 + 2H2k—2> P,

> (Pog—1 + 2Po—2) Hopm + Hop—1Pop,
= (2Hak—1 — Por—1) Hom + Hop—1 Popy

= U2k—1-
The second term of W' (agy,) is

2P, 1 —5Ha, =3P5, — 2Py, Poy1 — 3P5, 4
= (2Ham-1 — Pom—1) Hom + Ham—1Pom,

= U2m-1 < §U2m~
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Now for all £ > 1, we have

1
Ugg41 — 4 (2U2k> = (2Hop41 — Pory1 — 4Hop + 2Poy) Hop,
+ (Hags+1 — 2Hop) Por,

1
= (2Hok—1 — Pag—1) Hom + Hop—1Poyy, = ugj—1 < o U2ks

1

1
U2k — Uzk—1 = <H2k - §P2k — 2Ho_1 + P2k:—1> Ho,,

1
+ (2H2k — H2k—1> Py,

1 1 1
=5 (2Hk—2 — Pop—2) Hom, + §H2k72p2m = 5Uzk—2
< U2k—1-

Thus the first terms of W’ (aa,) are

1 x5 1 x4 1 X4
(2u2m) 7u2m—17(2u2m—2) yee-, U3, <2u2> , UL

The next terms are Hap, + 5 Pam, (%Pgm)xg , Py, 1. Indeed

1 1
5“2_7//1:H2m+§P2m<H2m+P2m:ul;

1 1 1
Uy — (HQm + 2P2m) = §P2m < Hopy + §P2m;

1 1 1
Hopo + =Poyy — 3| =FPom | = Por—1 < = Por,.
om + 512 <2 2 ) am—1 < 572
Notice that for all £ > 1,
1
Pry1 > §Pk > Py,

and thus

1 1 1 1

Py —4 §P2k = Py_1 < §P2k§ §P2k — Py = §P2k72 < Pop—1.

This proves that the last terms of W’ (agy,) are

1 x4 1 x4
<2P2m—2> ;P2m—37---7 <2P2> 7P1717

with the last 1 added by definition of W' (agy,).
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Let us introduce now some notations in order to simplify the expressions
of the classes.

Definition 5.5. Set

. 1 x4 o 1 X4
Ayt = zuok s Uk—1, (PorHom) ™, | Sugk—2 S UK—35 - -+

2 2
1 x4 1 1 x3
(2u2) ;u17H2m+ §P2m; (2P2m> 7P2m—1> )
1 x4 1 x4
By = ((2P2m—2> s Pom—3, ..., (2P2m—2k+2) s Pom—ok+1,

1 x8 X2 1 x® X2
§P2m—2k (Pom—ok—1)"" 5.0, §P2 ()71
VZH = <P2k+1H2m + H2kP2m; A?a BIT) :

Thus A} has the structure {4, 1,2, {4, l}x(k_l) 1,3, 1} and B} has the struc-
ture {{4, 1}X(k71) {8, Q}X(mfk) , 1} . We use here the convention that if & = m,
B has the structure {{4, 1}X(m71) , 1} and that if £ = 1, B} has the struc-
ture {{8, 9} (m=1) 1}.

The structure of the reduction process of a class E (ag,,) will be the
following. First, we compute in Lemmathat the image of E (ag,,) under ¢,
is V™ = (Popyiy Hom + Hom Por; AT, B™). Then, we reduce V;™ in Lemmal5.8]
and Lemma t0 V7 := ((Ham; Hom = 5 Pom, (5Pom) ™, (Pom1)*, BY) in
4(m — 2) + 8 Cremona moves. Finally, we show in Lemmas and [p.11] that
V™ reduces to (0; —1) in 5(m — 2) + 8 moves.

Remark 5.6. Since the Cremona transform of a class (d;m) only modifies
the first 3 entries of the vector m, we will write some of the first entries of
the classes and will abbreviate the other terms by (k). It is important to
notice that the terms denoted by (%) will always be left invariant during the
reduction process. Then, each time after applying the Cremona transform,
we will reorder the entries of m. We will not always reorder the entries in
decreasing order, but this will have no consequence on the reduction because
we will reorder them in a way such that the first 3 entries of the vector m will
always be the 3 biggest entries in decreasing order. We will write down each
step of the reduction, that is the class obtained after applying the Cremona
transform and reordering. But sometimes when the reordering will not be
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obvious, we will write the intermediate step before reordering and denote by
— the Cremona transform of a class and by ~» the reordering of a class. We
will freely use the three relations

Pnzzpn—1+Pn—2; Hn:Pn"_Pn—h
Pot, = (=1)* ! (PeHom — HiPom) -
Lemma 5.7. The image of E (aam) by ps« is the class

i (B (02m)) = (Pomg1Hom + How Por; AT, Byy) = Vit

m

Proof. The first terms of E («ap,) are (Pam+1Hom, Pamt1Hom; %Ugm, (x)). Since
%Ugm = H22m, we get
9 9 X2
o (B (o)) = ( 2Pamir Hom — H3 (Pomi Hom — H3,,) " (%)
= <P2m+lH2m + Hom Pom; (szHzm)X2 ) (*)) :
After reordering this class, we see that we indeed obtain V" as required. [J

Lemma 5.8. For all 3 <k <m, V|[" reduces to V|| in 4 Cremona moves.

Proof. We have
Vi = (Paps Hom + Hox Pom; § (2Hor = Pay) Hom + ot Pam) ™
(2Hoy—1 — Pap—1) Ham + Hog—1 Pam, (PaxHom) ™, (*)) —
( (—Hap, + L Poy,) Hom + L Hop Py (Hop—1 Ho )™
2 ((2Hok — Pai) Hom + HorPom) , (2Hog—1 — Pag—1) Hom+
+H2k—1P2m7(P2kH2m)X2,(*)) ~

( (—Hak + 5 Pai) Hom + 5 Hop Pam; 5 ((2Hak — Pai) Ham + HopPam)
(2Hak—1 — Pag—1) Hapm + Hog—1Pom, (Pog Hom) ™,
(H2k—lH2m)X3 ) (*)) -
(%PQkHQm + 5 Hok—2Pom; (2Hok — 5 Por) Hom + 5 Hop—2Pom, Por—2Hom,
Poj—1 Hop, — Hog—1 Pagmy Poy Hopm, (Hag—1 Hapm) ™ (*)) ~
(%P%HQm + 3 Ho—2 Py Poy Hop, (Hap—1 Hom)*?,
(2Hoy, — 2 Pot,) Hom + 3 Hok—2Pom, Pak—2Hom, Pam—(2k-1) (*)) —
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(2P2k:—1H2m + Hop—2Po; (2Hak — 2 Poy) Hom + 3 Hop—2Pom,

2
(_%PZk—QHZm + %H%_szm)x s Hop—1 Hom,
(2Hok — 5 Por) Hom + 5 Hok—2Popy, Pak—oHom,

Py (2k-1), (*)) ~
(2P2k71H2m + Hog—oPom; Hop—1Hap,

((2Hak — 5 Pag) gfzm + %sz—zpzm)xz y Pop_oHoyp,

X
(%Pm—(zk—z)) s Pom—(2k—1)5 (*)) -
2
(P2k71H2m + Hok—2Po; Pog—oHop, (— 5 Por—2Hopm + %[{21%21327;@)X ;
X2
Pop 2 Hop, (%P2m7(2k72)) s Pom—(2k-1) (*)) ~
<2 (1 x4

(PQkleQm + Hop—oPopn; (Pog—2Hom) ™" (§P2m—(2k—2)) :

Pom—(2k-1), (*))

Now, after reordering this last class, we obtain V", as required. U

Lemma 5.9. V" reduces in 8§ Cremona moves to the class
m 1 1 X3 <2 m
V"= | Hom; Hom — §P2m7 §P2m (Pom—1)”" B

Proof. We have
Vi = (29Hapm + 17Poyn; (11 Hom + 3 Poyn) ", OHop + 7Pom,
(12H00)” , (2Hom + $Pom) " Hom + Pan, Hom + 3 o, (+) )
(25H2m + Y0Py 11 Hop, + Y Py, OHop + TPop, (12Hyp )2
(7Hom)*® , (2Hom + 3Po) ", Hom + Pam, Ho + 1 Popn, (*));
(18H2m + 3 Py 12Hop, (THopm ) 4Hop + 3 Poyy (2Ham + 3 Po) ™"
2Hopm, Hom + Pom, Hom + 3 Pom, Pam -3, (+) )
(10H2m + 3Pay; THap, (4Hop + 3Po) ™ | (2Hap + 3 Pyn) ™"
2Houm, Hom + Pom, Hom + 5 P, (3 Pom—2) “2 . Pam—3, (*)),
(5H2m + 3Pyp; (2Hom + 2 Pom) ", (2Hopn) %, Hop + Pom,
Hop, + 5 Pom, (%P2m72)><2 s Pom—3, (*)),
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(uﬁm+ggmﬂﬂﬁm+ggmxﬂbmﬁﬂfgn+RmJﬁm+%gm,
(Hzm)xg ) (%sz—Q) « s Pom—3, (*)>7

(2Hzm + 3 Pomi Hom + Poms Hom + £ Pams 3 Pom, (Ham) ™
(%PQm—Z) A s Poy—3, (*))7

<2H2m; (Hom)™® , Ham — & Poy Pom1, (%P2m72)><4 s Pom—3, (*))7

(HQm; Hopy — %sz, Popy—1, (%PQm—Q)X4 s Poyn—3, (*))

After reordering this last class, we obtain V™ as required. O
Lemma 5.10. For all m >3, V™ reduces in 5 Cremona moves to V™1,
Proof. We have

Vm = (Hzm; Hyp — P2m, (2P2 ) X3 ; (P2m71)X2 , (%P2m72)X8 ; (*)) ;
Hapy — P2m7 2P2m7 (PZm 1) ( P2m—2)X8 ) (*)) ;
5P Pacr, (5Pam—2) ™ L (+) ) :
Pomn—1; Pon—1 — %sz—m (%PQm—Z)X7 ) (*)) ;
Pop1 — %PmeQ; Hop—o, (%P2m72)><5 ) (*)) ;
(Hzm—z; Hop o — %sz—z, (%PZm—Z)XS ) (*)) .

After reordering this class, we obtain V7! as required. 0

/N7 N7 N N

Lemma 5.11. V? reduces in 8 Cremona moves to (0; —1).

Proof. We have

V2 = (17;11,6%3,5%2 1¥11) ;
(11;6,5%3,1%11) ;
(6:5,1%12) ;
(5:4,1¥10) ;
(4;3,178);
(3;2,1%6);
(2,1°9);
(1;19);
(

1
1;1
0:—1). 0

X
X
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5.2.2. The classes FE (a2m—1) reduce to (0; —1). One readily checks
that the classes E (aom—1) reduce to (0; —1) for m = 1, 2. In the following, we
reduce the classes F (ag;,—1) for m > 3.

Lemma 5.12. The continued fraction expansion of aopy,_1 1S
[5: {1,410 1,3,1,1, {4,137 1]

Moreover, if vj := (2H; + P;) Hap — H;j Poyy, then

E (Oézm—l) = <P2m—1H2m7 Py 1Hop;

1 X5 1 x4 1 x4
<2U2m2> » U2m—3, (2v2m4> y ey U3, <2U2> )

1 X3 1
o, (Hzm _ 2P2m) 5P Pan,

1 x4 1 x4
—Poy— s Po—s3,..., | =P , P11,
(2 2 2) 2 3 <2 2) 1 >

Proof. The first terms of W’ (agp,—1) are (%’Uzm_g)X5 since §vam—o = 2P5, 4

and 5 < agm_1 < 6 for m > 2. Before determining the next terms, we prove
that for all k > 1, vopi1 > %ng > vgp_1. Indeed

Vo1 = (Hopt1 + Pogt1) Pomn + (2Hog 41 + Pags1) Pom—1
= (5Poy + 2Pok—1) Poyy, + (8 Pk + 3Pok—1) Pom—1

)
)
1
> (P% + §P2k 1) Py, + ( Poi, + Py, 1) P

= — (Hok + Por) Pory (2H2k+P2k)P2m—1

5 7
= PQk 1+ Poy— 2) Py, + (3P2k1 + 2P2k2+P2k3) Py

> (2P2k 1+ Por—2) Poyy + (3Pag—1 + 2Paj_2) Pay1
= (Hok—1 + Por—1) Pory + (2Hop—1 + Por—1) Por—1

= U2k—1-
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So the next term of W’ (agm—1) is H3,, — 5 (2P3,,_1) = vam_3 < %vzm_g. More-
over, for all k > 1,

1
Vop1 — 4 (27)%) (2Hok41 + Popy1 — 4Hop, — 2Poy) Hop,
— (Hoky1 — 2Hoy) Popn
1
= (2Hok—1 + Por—1) Hom — Hop—1Po, = Vg1 < S V2k3
1
U2k ~ U2k Hop, + P2k —2Hgp—1 — Poj— 1) Hyyp,

( Hop — Hop 1> Pom
1

1
(2H2k 2+ Pog—2) Hopy — *H2k 2 Por, = SV2k—2

< V2g—1-

This proves that the first terms of W’ (agy,—1) are

1 x5 1 x4 1 x4
(202m2) , U2m—3, <2U2m4> 7.'.7713,(2?12) , U1-

X3 .
The next three terms are (Hay, — %sz) , %sz, Ps,,,—1 since

1 1
S22~ V1= Hop, — §P2m < 3Hopm — Poy, = v1;

1 1 1
3 (Hap — >Pom ) = = Po < Hom — = Po;
U 3(2 22) 22<2 512

1 1 1
Hom — = Pom — = Pomn = Pom1 < = Pop.
2 9 2 9 2 2 1 2 2

Since the last terms are the same as those of W’ (aap,), the lemma is proved.

g

Let us introduce again some notations.

Definition 5.13. Set

R 1 x4 9 1 x4
At = ((20%2) ,Vok—3, (Hop—1Hom — Hop—1Pom) ™", (20%4) ;

1 x4 1 x3 1
U2k—5, - - 5 (2712> , V1, (Hzm - 2P2m> P2m, P
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R 1 X4 1 x4
B = (2P2m—2> 7P2m—37~~~7<2p2m—2k+2) s Pom—ok41,

1 X8 o 1 X8 o
§P2m—2k (Pom—2k-1)"" .., §P2 (P71,

Vkm = (P2kH2m + H2k—1p2m;AZL7§IT> .

Note that B is actually equal to the vector B} that we used in the reduction
of the classes E (aap,). Here, A" has the structure

41,2, {4,114 3.1,1]
and BJ" has the structure
[{4, 1Bl rg gy x(m=k) 1} :
We use again the convention that if k=m, B™ has the structure [{4, 1} m=1)
1} and that if k = 1, BJ* has the structure [{87 2}X(m71) , 1].
Lemma 5.14. The image of E (aam—1) by ¢« is the class
s (B (a2 1)) = (Pom Hop — Hom 1 Pas Ay, B ) = V2.

Proof. The first terms of E (ag,—1) are

1
<P2m1H2ma Poy_1Hopy; 5V2m=2; (*)) :

Since 1vom_o = 2P, _;, we get

9 9 X2
i (E (agm-1)) = | 2Pam—1Hom — 2P5,,_1; (P2m—1H2m - 2Pmel) (%)
= <P2mH2m — Hop1 Po;

(H2m—1H2m - H2m—1P2m)><2 ) (*))

After reordering, this last class is (PQmHQm — Hopp1Poyy; /1%7 Eﬂ}) = VHT as
required. O

Lemma 5.15. Forall3 <k < m, Vkm reduces to Vk’ﬁl in 4 Cremona moves.
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Proof. We have
Vir = <P2kH2m — Hop—1Pom; 3 ((2Hak—2 + Poj—2) Hop — Hop—oPo)**
(2H2p—3 + Pop—3) Hom — Hop—3Pom,,
(Hap—y Hom — Hop—1 Popn) ™%, (*)) —
( (Hok—2 + § Pak—2) Hom — (3 Hak—2 + 4Pak—2) Po;
(2Pok o Hom — 2Poy_oPom)
5 ((2Hop—2 + Pag—2) Hop — Hop—2Pay,)
(2Hak—3 + Pap—3) Hop, — Hop—3Pom,
(Hop—y Hapy — Hop 1 Pop) ™, (*)) ~
( (Hok—2 + 5 Pak—2) Hom — (3 Hok—2 + 4Pok—2) Po;
3 ((2Hok—2 + Pap—2) Hop — Hop—2Poy,)
(2Hoy—3 + Paj—3) Hap — Hop—3Pom, (Hop—1 Hom — Hop 1 Poy)™
(2Pok—9Hap — 2Paj—2Poy)™ (*)) —
( (Hop—2 + %sz—z) Hom — (§Hok—2 + 4Pak—2) Pa;
(Ha—2 — 5 Par—2) Hom — 5 Hok—2Pom, Hag—3Ham — Hojp—3Pom,
Pop_1Hop — Hop 1 Pon, Hop 1 Hapy — Hop 1 Pop,
(2Pak_oHom — 2Poy_oPom) (*)) ~
( (Hok—2 + 2 Pap—2) Hom — (3 Hok—2 + 4Pok—2) Po;

Hop—1Hop — Hop—1 Popn, (2Pog—2Hop, — 2P2k—2p2m)xg ;
(Hok—2 — 5 Par—2) Hom — 5 Hok—2Pom, Hag—3Ham — Hojp—3Pam,

Por—(2k-1)5 (*)) -
(PZk—lHZm — 2Psj—2Pom; (Hop—2 — 5 Por—2) Hom — 5 Hop—2Pom,

2
(=2 Po—oHop + 3 Hop—oPo) ™", 2Poy—2Hom — 2Paj—2 Pom,
(Hak—2 — 5 Par—2) Hom — 5 Hok—2Pom, Hag—3Ham — Hop—3Pom,

P2m7(2k71)7 (*)) ~
(PZk—lHZm — 2P0 Poy; 2Pog o Hoyy — 2Pop_o Popy,
2
((Hap—z — %P%_QQ) Hom — Hop—2Pan) ™", Hop—3 Ho — Hop—3 Pam,
X
(%sz—(zk—2)> s Pomn—(2k-1)5 (*)) —
(P2k:—2H2m — Hop_3Poy; Hop—3Hoyy — Hop—3 P,
2
(_%PZk—QHZm —1—2%lT‘[2k—2sz)X s Hop—3Hom — Hop—3Pom,
X
(%sz—(zk—2)> s Pom—(2k—1)5 (*)) ~
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(PZk:—QHZm — Hop—3Po; (Hop—3Hopm — Hop3Pom) ™%,
1 x4
(§P2m—(2k—2)> s Pom—(26—1), (*))

Now, after reordering this last class, we obtain V™, as required.

Lemma 5.16. ‘72’” reduces in 5 Cremona moves to the class

VM= <H2m - %sz; %PZma (Pom—1)"?, Bi”) :
Proof. We have
Vg = (12Hom — TPon; (4Hapm — 3 Pom) ", 38Hom — Po,
(THap = TPo)* , (Hom — 3Pam) ™" (+));
(12H2m — 19 Py 4Ho,, — 3 Popy, 3Hop, — Pa, (THam — TPa) 2,
(4Han — 4P2yn)? , (Ham — $Pa) > . (#);
(10H2m — Y Py THom — TPom, (4Hap, — 4Poy)**  2Hyp, — & Py,
(Hom — %sz)xs s Pam—1, Pom—3, (*))7
(5H2m — APyy; AHyy, — 4Py, (2Hom — 3Po)™® | (Haom — $Pop)?
Pom—1, (%sz—Q)XQ s Pom—3, (*))7
(2Ham = Pom; (Hom = 3 Pon) (P 1), (3Pom2) ", Poms, () );
(HQm — 5 Pom; (Hom — %PQm)XS , (Pan1)?, (%P2m72)><4 s Pom—3, (*))
After reordering this last class, we obtain V™ as required.
Lemma 5.17. For allm > 3, V™ reduces in 5 Cremona moves to V™1,
Proof. We have
Vm = (HZm - %sz; %sz, (P2m—1)><3 ) (%sz—2)X8 ) (*)) ;
(%sz; Py, 1, (%PQm—2)X9 ) (*)) ;
(P2m71; Pan1 — 5 Poms, (%sz—2)X7 ; (*)) ;
(P2m71 — 2 Pym_2; Hopo, (%PmeQ)XE) ; (*)) ;
(

Hom—2; Hop—s — 5 Paa, (%PQm—2>X3 ; (*)) ;
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(Hom—2 — 3 Pom—2; 3 Po—2, Poy—3, (%)) .

After reordering this class, we obtain V=1 as required. 0
Lemma 5.18. V2 reduces in 7 Cremona moves to (0; —1).

Proof. We have
V2 = (11;675><3, 1><11) :
(6;5,1¥12) ;
5;4,1x10)
4;3,178);

no
—_
X
at
~—

(
(
(3;2,1%%);
(2
(1;
(

07 _1) O

6. The interval [o2, 6]
In this section we prove that c¢(a) = “f on the interval [0, 6], which is a part
of Theorem Notice that the class (2,2;2, 1X5) gives the constraint QTH
n [02,6]. If thus suffices to show that no class gives a stronger constraint.
We begin by showing this on the interval [5 13,6] and will then spend some
efforts to extend it to [02, 6].

Proposition 6.1. Fora € [512,6], we have c(a) = %5

Proof. Write a =5+ x € [512,6[. Then w(a) = (1*°,z,wr,...,wa). Since

T > }g, 1 —x < §, thus at least the first nine of the weights wz, ... wys are
equal. Then, by Corollary 1.2.4 in [MS], the M — 6 balls of weights wz, ..., was
fully fill the ball of weight A, where a = 5 + 2 4+ A%. Thus to prove that c¢(a) =

etl on [02,6], it suffices to check that the seven balls of weights 1*°, x, A

embed into the cube C I\/EW), or in other words, that the finite number
of classes of &y with M < 7 don’t give any embedding constraint stronger
than “TH for these seven balls.
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This is clear for the classes belonging to £y with M < 6. The strongest
constraint of & comes from the class (4, 3;2%% 1) for which

10+2x+)\

i (4,32°6,1) (5+2) = -

Notice that 104222 < GHIFL ¢ and only if A < 252, Recall that a = 5+ =
5+ 2% + A2, whence \? = 2 — 22. Since z — 22 < (QTTI)Q for x € [12,1]. Thus

13
the class (4,3;2%% 1) indeed gives no stronger constraint than M Finally,
by continuity of ¢, ¢(6) = &2 = Z. O

Proposition 6.2. Let (d,e;m) € & be a class such that p(d, e;m)(a) > 4 >
\/g for some a € [02,6]. Then

(i) d < mfora class oftheform (d,d;m) andd<\/a2LT+f0ra
class of the form (d+ §,d — 3;m).

(ii) Moreover, if we denote /\2 =1-M &2 (respectively \? :=
M. e2) for a class of the form (d,d;m) (respectively for a class of
the form (d+ 3,d — 3;m)), then \* > d2\/gy(a).

Proof. (i) Let us first prove this for a class of the form (d, d; m). By Lemmal[4.§]

(i), we have
a+1 /

(a+1)2 - 1
8a 2d2

Thus

and so
2
Va2 —6a+1

Similarly, for a class of the form (d + %, d— %; m), we have

a+1 1 1 1 \/E
d+=,d— = <AL+ —4 /=,

vV 2a
Va2 —6a+1

and thus

d <
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(ii) For a class of the form (d, d;m), we have by Proposition [3.§|(i),

2d*> + 1 = (m,m) = <\/§dw(a) + ¢, @w(a) + 5>

Va Va
= 2d* + 2\/\[? (w(a),e) + (g,¢e).

Thus
1 /a
(6.1) (wla),e) =1~ (=€) 500/ 5

On the other hand

U <ttt = ) -

a 1
=13 + 20 (e,w(a)).

Thus

(e, w(a)) >2d(“11 _ ;) :%d (a+1-2v2a).

=y(a)
Inserting (6.1]) in this inequality, we get

X 9>ﬂl()
2d\ 2 ~ Y\

2
2> dz\/;y(a).

Similarly, for a class (d + %, d— %; m), we have

and finally

2 1 o 2V2d
2d +§—2d + T (w(a),e) + (e, ¢),
w0 1 1 Ja
(w(a), e) = <2 e, €>>2d\/;
T

The rest of the proof is then identical to the case of a class (d, d;m).

O
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Notice that the continued fraction of 0 = 3 4+ 2v/21is [5;1,4, 1,4, ...]. We will
now define the so called convergents ¢, of 0% and some other numbers ()
and v (j) which will play a crucial role in the proof of Theorem

Definition 6.3. For all k,j > 1, set

Cop1 = :5;{1,4}”’“*1),1} - [5;{1,4}*““*2),1,5] ,
Cop 1= '5;{1,4}”1,

uk(j) = [5; {14y ¢ 15,5

or(i) =[5 41,40 1]

Lemma 6.4. For all k,j > 1, we have the following relations written in
lowest terms
2 o2 _ Doy

(i) cop—1 = 5 ,  Cop = )
5 Poy, Pojtq

3 o 5 (jPorsa + Popyo)
(ll) U (]) - 1 /- )
5 (JPoks2 + Por)

33 Potr2 + Pajsa
53 Po + Pop—1

(iif) ve () =

Proof. We use the fact that if [ag;aq,...,apn] is a continued fraction and
Z—: .= lag; a1, . .., ag] is its k-th convergent written in lowest terms, then for
any real number z,

) TPk + Pr—1
[a07a17 cee 7ak7$] =
Tqk + qr—1

written in lowest terms.

(i) We argue by induction on k. Assertion (i) is clear for k = 1. Assume
it holds for k — 1. Then

1 1

7P + Pokr1 5Pkt
1 - 1 )
5Pok—2 + Pog—1 5 Pog

Cof—1 = [5; {1,4}”’“*1) , 1} =

and
Cop = |:5 {1 4}><k':| _ P2k+1 + 2P2k;+2 _ P2k+3 '
7 7 P2k—1 + 2P2k P2k+1

The proofs of (ii) and (iii) are then straightforward. O
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Corollary 6.5. We have
(i) ca<eg< - <ep < -<0o?<--<copp1 <+ <c3<ecy,

(11) Copt1 < - < uk(2) < uk(l) = Uk<6) < Uk(7) < - < Cof—1-

Proof. (i) It is a property of convergents that the even convergents (respec-
tively odd convergents) of a real number a form an increasing sequence
(respectively decreasing sequence) converging to a.

(ii) This follows from Lemma and the identity Pogy1Por—1 — P53 =1
for all £k > 1. O

Lemma 6.6. To prove that a quadratic identity of the form

Q(s) == Z a;j Ps1iPsij + Z bjPosyj+ (=1)°c=0

1,520 j=20

holds for all s > 0, it suffices to check it for three distinct values of s. More-
over, if ) is homogeneous and linear (that is, ¢ =0 and a;; =0 for all i,7),
it suffices to check it for two distinct values of s.

Proof. The proof is similar to the proof of Proposition 3.2.3 in [MS]. The only
part of the proof which is slightly different is the proof of their Lemma 3.2.2,
which we have adapted in the following Lemma [6.7] O

Lemma 6.7. For all i > 0, there exists a finite number of rational coeffi-
cients a;j, ¢; such that the identity

Py i Py = ZaijPQSJrj + (_1)Sci

Jj=0
holds for all s = 0. Moreover, ¢; = — ;5 aij P;.
Proof. In view of the relation
(6.2) P, =2P;_1+ P2

it suffices to prove it for two distinct values of 7. We claim that for ¢ = 0 and
t = 2 we have the following relations for all s > 0:

(6.3) 4P? = Pygy1 — Pos — (—1)%,
8P, 190Ps = Posi1 + Pasp3 — 6(—1)°,
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To prove this, we use the two well-known identities for Pell numbers,

(6.5) P} = Py Pooy — (1),
(6.6) Py =P} + P ..

We start w1th 1 = 0. The relation is true for s = 0. Now, if s > 1, apply-

ing ) to gives

8P? = P2 +2P? + P2, —2(—1).

Using again , we get
(6.7) 6P2= P%L, + P2, —2(—1)° =4P? 4+ 4P,P,_; +2P2 | — 2(—1)".
Finally, applying once more , we obtain

2P = 2P,y (2Ps + Ps_1) — 2(—1)° = 2P, 1 Py — 2(—1)°,

which is true by (6.5]).
For i = 2, applying (6.5) to the LHS of (6.4]), and to the RHS, we
obtain

8P+1+8( )S+1:PS2+2+2P82+1+P52_6(_1)S,

which is equivalent to
6P = Py + P —2(=1)"",

which is true by (6.7).
Finally, we easily check that the formula for ¢y and ¢; holds. O

Corollary 6.8. Forall k,j > 1, we have:
(i) If we abbreviate u := uy(j) =: £, then ¢* (u? — 6u+ 1) = j + 65 + 1,
(i) If vi=vy(j) = £, then ¢* (V2 —6v + 1) = j2 — 45 — 4

(iii) If we denote B L= ug(2), then p* —6pg + ¢*> — 16 = 1,
and if% = uk(3), then p* — 6pq + ¢*> — 12 = 16,

(iv) If we denote % := v1(6), then 5p? — 30pq + 5q* — 32 = 8,
and if £ = vy(7), then 3p? — 18pq + 3¢% — 28 = 23.

(V) Pong = (=1 (PyHap — HyPopy) for allm >0 and k <
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Proof. By Lemma [6.6] we only have to check the first four identities for three
values of k. It is easy to see that they are true for k = 1,2,3. Similarly, it
suffices to check the last identity for three even and three odd values. O

Lemma 6.9. Set ¢(a) := T and ¢(a) = \/g Then

4
(1) ¢ (ur(j+ 1)) > ¢ (ur(j)) for all k,j > 1,
(ii) ¢ (vk(j)) > ¢ (ve(7 + 1)) forallk > 1,5 > 6.

Proof. (i) Abbreviate u := ug(j 4+ 1) and v’ := u(j). Due to Corollary [6.8(i)
we have
i+ 1)24+6(+1)+1
2o Ut +Q2(J+ )AL o1

We have to prove that “TH > \/% which is equivalent to

uQ—I—QU—i—l>8u/7

which becomes
(G+124+6(j+1)+1

e + 8u > 8u/,
and finally
(6.8) 8(u —u)g® < (j+1)2+6(j+1)+1.
By Lemma [6.4](ii)
o — 3 (G Pora + Pory2) 5 (U + 1) Posa + Pory2)

5 (jPaky2 + Par) 3 (7 + 1) Posa + Pay)
(4 1) Py — (j + 1) PorxPorya + jPoryaPor — jP3 o
((J + 1) Pagya + Pog) (j Parr2 + Poy)
P35 — PoPaiya

((j + 1) Pogro + Por) (j Poks2 + Por)
4

((j + 1) Pogyo + Por) (§ Poks2 + Por)

since P22k+2 — Py Py g =4forallk > 1by Lemma Inserting this in

gives

8((j + 1)Pogsa + Por)

. <G+D2+6(j+1)+1,
JPogy2 + Poy G+ G+
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since 2 = § ((j + 1) Pag+2 + Py;,)?. This inequality is now true for all k, j > 1
since the left hand side is smaller than 16, and the right hand side is bigger
than 17.

(ii) Abbreviate v := vy(j) and v’ := vg(j + 1). Due to Corollary [6.8](ii),
we have

‘2 .
— 45 —4
v? = % + 6v — 1.
We have to prove that “%1 > 1/%’ which is equivalent to
v+ 2041> 8,

which becomes

.2 o 4 s 4
% +8v > 8/,
q
and finally
(6.9) 8(v —v)g® < j* —4j — 4.
By Lemma [6.4](iii)
oy — 30Pokt2 + Pogr1 507 + 1) Porga + P

57 Pog + Pay—1 5(j 4+ 1)Pay, + Py
_ JPok1Popyar + (J + 1) Pop Pogy1r — jPor Pogy1 — (J + 1) Pop—1 Pog g2
- 2 (35Pak + Pok—1) (5(j + 1) Pog + Pag—1)
Pop Popy1 — Pog—1Poky2
2 (%]‘P% + P%—l) (%(J + 1) Por + P%—1)
—1
(3Pok + Por—1) (5( + 1) Pog, + Pog—1)

since Poy Pogt1 — Pok—1Pory2 = —2 for all k > 1 by Lemma[6.6] Inserting this

into gives

8 (35 P2k + Pai—1)
50 + 1) Po + Poy

<j*—4j—4,

since ¢% = (%ngk + ng_l)Q. This inequality is now true for all k > 1,7 > 6
since the left hand side is negative, and the right hand side is positive. ([

Definition 6.10. A point a € [02,6] is said to be regular if for all (d, e;m) €

& such that I(m) = l(a), it holds that u(d, e;m)(a) < “+L.
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Proposition 6.11. Assume that the points

Cop—1 forallk > 1
ug(j) forallk >1,5>2,
vi(g) forallk >1,7>6

are reqular. Then c(a) = “F1 on [02,6].

Proof. Assume by contradiction that c¢(ag) > “OH for some ag € [0, 6]. Since
forall a € |o2,6], we have ¢(a) > 4% > \/%, the function ¢(a) is piecewise lin-
ear on |02, 6] by Corollary Let S C o2, 6[ be the set of non-smooth points
of ¢ on Jo?,6[. Decompose this set as S = S, US_, where S} (respectively
S_) consists of the points s € S near which ¢ is concave (respectively convex).
Since ¢(s) > SH for all for all s € Sy, the biggest point of S is in S_ because
cla) =« for aelb 13,6] by Proposition ﬂ And since ¢ (0?) = "211, it
follows that the set S, is non-empty. Let so = max Sy. Then sy € |02, 6[. By
Corollary [1.9)(i) there exists (d,e;m) € € and & > 0 such that

(6.10) c(z) = p(d, esm)(2)

on [sg, so + [. Abbreviate zi(2):=p(d, e;m)(z). Then, p(so)=c(so) > 2 >
%0 Let I be the maximal open interval containing sp on which pu(z) >

2
% for all z € I. By Lemma [4.13} there exists a unique s’ € I with I(m) =
I(s"), and I(m) < I(z) for all other z € I. Moreover, by Proposition the

constraint p(z) is given by two linear functions on I:

(2) = a+ Bz if2<s,2€1,
e = o + Bz ifz>¢,2€l

Thus, s’ is the only non-smooth point of g on I. But since sg € Sy and
i< ¢, 8o is also a non-smooth point of u, and so s’ = sg. Now, since ¢ is
nondecreasing and by , we see that 5’ > 0.

Let k > 1 be such that sg € [cor+1, Cok—1]. Since cor41 and cop—1 are regu-
lar by assumption, we have sg € |cogi1, cax—1]. Notice that ug(j) — cops+1 and
vg(J) — car—1 as j — oo. Let u_,uy be the two points from the sequence

Copy1 < - < uk(2) < uk(l) = Uk(6) < Uk('?) < -0 < Cok—1

of Corollary - ii) such that sp € [u_,uy]. Since u_ and u, are regular by
assumption, we must have sp € Ju_ u+[ But then Lemma - shows that

fu(so) > ol > U=t — o (u_) > ¢ (uy) = /% . And since 8 > 0, we find
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that yu(uy) = p(so) > /%, and thus uy € I, and so [ (uy) > I (sp). But, for
all z € Ju_,uy[ we have I(z) > [ (u—) and [(z) > [ (uy). In particular, [ (sg) >

[ (u4), which is a contradiction. O
Lemma 6.12. The points ug(j) with k > 1,5 > 2 are reqular.

Proof. Abbreviate u := ug(j) =: g. Let us first prove that a class of the form
(d+ 3,d — 5;m) with {(m) = [(u) cannot give an obstruction bigger than “+1.
Suppose by contradiction that there is such a class (d + %,d— %,m) By

Proposition [6.2](i) and Corollary [6.8](i),

\/§d< 2 B 2
wWu gVur—6u+1  \2+6j+1

which is smaller than 1 for all j > 2. Since I[(m) = l(u), m; > 1 for all 7. Thus
2 2
2 - V2d . 2 .

2>(1-Y2) s(1- ——2 ) = ().

2 ‘7< q\/17> ‘7< \/]2+6j+1> b)
Now, since s(j) is increasing for j > 2 and s(2) > 1, we have p(d+ 3,d —
3:m)(u) < \/g < by Lemma (iii). The lemma is thus proven for a

class of the form (d+ §,d — 3;m).

Let us now prove it for a class of the form (d,d;m). Suppose that there

exists a class (d,d;m) € € with I(m) = [(u) such that p(d,d;m)(u) > “+L.

By Proposition [6.2)(i) and Corollary [6.8|(i),

ﬂd< 22 22
@Wu o gVur—6u+1  \2+6j+1

which is smaller than 1 for all j > 2. Since I(m) = [(u), m; > 1 for all i. Thus

oo [, V2T 2v2  \*
Zei}‘]<1_q\/ﬂ> >]<1—\/m> =:5(j)-

Now, since s(j) is increasing for j > 2 and s(4) > 1, we have pu(d, d;m)(u) <
\/g < “H by Lemma (iii). So the lemma is proven for j > 4.
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It remains to show the lemma for j = 2,3. By Proposition (ii),

2
Ze? =1-X<1-d*/~yu).
u

O—Ze + A% — (1—6;) +d2\/3y(u)—1
(2 2 VR _.
—@%+¢;A0d kg1 @),

To obtain a contradiction, we need to show that f(d) > 0 for all d > 1. Since
y(u) > 0 for u > o2, it is sufficient to show that the discriminant of f(d) is
negative, that is:

Thus

q*u q*u u

8- n(”+ %w0<a

which is equivalent to

20~ Du< (G- 1)y 5+ 1)

q

P

Taking squares and using u = £, we get

(6.11) 0< =277 +pg ((G—1** =60 = )?pa+ (G — 1)’ —8j(j — 1)) -
For j = 2, this gives
0< =8+ pq (p* — 6pg +¢* - 16),

and this 1nequahty is true since pg > 26 and p? — 6pg + ¢*> — 16 = 1 by Corol-
lary- (iii). For j = 3, we get

0< -9+ pg (2])2 — 12pq + 2¢* — 24) ,

and this inequality is also true since pg > 57 and 2p? — 12pq + 2¢* — 24 = 32
by Corollary 6.8 - (iii). This concludes the proof. O

Lemma 6.13. The points vi(j) with k > 1,5 > 6 are regular.
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Proof. Abbreviate v := v (j) =: g Let us first prove that a class of the form

(d+ 3,d — 4;m) with I(m) = [(v) cannot give an obstruction blgger than “4L.

Suppose by contradiction that there is such a class (d + 2,d 2, m). By
Proposition [6.2](i) and Corollary [6.8](ii),

\/§d< 2 B 2
wWu g/ —6v+1 52 —4j—4

which is smaller than 1 for all j > 6. Since {(m) = [(v), m; > 1 for all 7. Thus

- Jad\? 5 2_. .
Zei (1_M> >j<1—\/m> =:5(4).

Now, since s(j) is increasing for j > 6 and s(6) > 1, we have p(d+ 3,d —

3:m)(v) < \/g <l by Lemma (111). The lemma is thus proven for a
class of the form (d+ §,d — ;m).

Let us now prove the lemma for a class of the form (d, d; m). Suppose that
there exists a class (d,d;m) € € with [(m) = [(v) such that u(d,d;m)(v) >

v+l By Proposition ( ) and Corollary (ii),
V2d _ 22 O 2V2
wWu VP —6v+1 2 —45—4

which is smaller than 1 for all j > 6. Since I[(m) = l(u), m; > 1 for all 7. Thus

2 2
2d 2v/2
Yeizj L > j 1—# =:5(j).
qv/u Vit —4j—4

Now, since s(j) is increasing for j > 6 and s(8) > 1, we have u(d,d;m)(v) <
\/g < 4l by Lemma (iii). So the lemma is proven for j > 8.

It remains to show it for j = 6,7. If j = 6, the same arguments as in the

P

proof of Lemma in the cases j = 2,3 show that a point v (6) =: Eis
regular if (6.11]) is satisfied for j = 6, that is if and only if

~72+ pg (25p2 — 150pq + 25¢* — 160) :

This mequahty 1s true since pq > 287 and 25p — 150pq + 25q — 160 =40 by

Corollary (iv). Similarly, a point vg(7) =: q is regular 1f is satisfied
for j = 7, that is if and only if



820 D. Frenkel and D. Miller

0< —98+ pg (36p2 — 216pq + 36¢° — 336) ,

which is true since pg > 376 and 36p> — 216pq + 36¢*> — 336 = 276 by Corol-
lary (iv). This completes the proof. O

Definition 6.14. Define for k£ > 1 and ¢ > 0 the points

bii) = vk(2 + 20) = [5:{1,4) %D 1,24 2]
In particular, for all k=1, uk(1) = vx(6) = be(2). Let £ := by(i) written in
lowest terms. We will now associate to every by (i) a class E (bg(i)) € € for
which we will prove that it gives the constraint at by(z). We distinguish the

cases ¢ even and 7 odd.
If i = 24, set

mi(2]) == qu (bk(25))
but with the last block (1X(4j+2)) being replaced by the block
(j 1,7, 1X(2j+1)) ’
and dg(27) := q%@j) = 1(p+ q). Then define the class
E (b (27)) = (dr(27), di(27); mi(27)) -
Ifi=25+1, set
my(2) + 1) == qu (bx(27 + 1))

but with the last block (1X<4f+4>) being replaced by the block
((] + 1))(27 1><(2j+2)) ,
and d(2j + 1) := q% = 1(p+ q). Then define the class
. , 1 , 1 ,
B(0u(2i + 1) i= (du(2i+ 1)+ 30de(2j + 1) = gima(2 +1) ).

We will now prove that the classes E (bg(i)) belong to £.

Lemma 6.15. Forallk > 1,i > 0 the classes E (by(i)) satisfy the Diophan-
tine conditions of Proposition [3.8(i).



Symplectic embeddings of 4-dim ellipsoids into cubes 821

Proof. We first treat the case i=2j. Abbreviate b:=bg(2j)=:2, m:=my(2)),
w:=w (bg(27)) and d := dj(2j). By Lemma [2.5/(iii),

1+0

1
my = wy = b—|—1—>:4<)—1:4d—1,
Zl: ! qzl: 1= ( p 9=
which proves that the first equation holds. For the second equation, we have
d_mi=¢’ (Zw?> — 2 =14 (j+1)* + % = ¢®b+ 257 = pqg + 2;°.
1 1
On the other hand,

14 b)? 1
2d2+1:2<q2(1+6)>+1:8(p+q)2+1.

By Lemma it suffices that this equals pq + 252 for three small values of j,
which is the case.

Similarly in the case i = 2j + 1, abbreviate b := bg(2j + 1) =: g, m =
me(27 + 1), w:=w (b(25 + 1)) and d := di(25 + 1). We then have

1 1+5b
mp = wy = b—|—1—>:4<)—1:4d—1.
Sm=aSu=a(o+1- ) =1(e7
For the second equation we have

> omi=¢ (Zw12> —2j = 2+2(j +1)* = ¢*b+2j° +2j = pg + 2j° +2j.
l l

On the other hand,

1 (1+0b)? 11 1
2d%* + ~ =2 ¢ - == 2,
3 (q 16 >+2 P+ a)+3

Now use again Lemma to check that this equals pq + 2j2 + 25 for all
j=0. O

Lemma 6.16. The classes E (bi(27)) reduce to (0;—1) for allk > 1,7 > 0.

Proof. The proof is by induction over k. For the initial step & = 1, we have

bi(2)) = 25T = 2, qu (bi(2))) = (47 +3)"5,4j + 2,114+ and dy(2))
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= 7j + 5. Thus
E (b1(25) = (75 + 5,7 +5; (4 +83)%,4j +2,j + 1,5, ¥

We now show that this class reduces to (0; —1).

(7 +5,7) + 5 (45 +3)%, 45 + 2,5 + 1,5, 1XE+D) 125

(10]+7 (47 +3)*4, 45 +2, (35 +2)*%, 5 + 1,4, 1X(2J+1>)

(8]+5 45+ 3,45 + 2, (35 +2)*2, (25 + 1)* ,j+1,j,1X<2ﬂ‘+1>);

(55 3185 +2, (2 + 1), (j + 1)%2, 72, 1X@+D)

(35 +2:2) + 1, +1)%%,j*2,1XC+D)

(2] + 155+ 1,573, 1X(21+1))
¢

j+1:4, 1><(23+2)>

This class reduces to (0;—1) in j + 1 steps since a class of the type
(s +1;8,1%) for s > 1,t > 2 reduces to (5; s—1, 1X(t*2)) by a standard Cre-
mona move.

We turn now to the general case. We will freely use the definitions of the
Pell numbers P,, and the Half companion Pell numbers H,, given in Defini-
tion and the fact that for all n > 0, H, = P,, + P,,_1. Suppose that the
class E (br—1(27)) reduces to (0; —1) and let us show that the class E (bx(27))
also reduces to (0; —1). We have

27 P, H.

b(2f) = 22 T2
27 Py, + Hoy,

dk(2]> = jH2k+1 + P2k+1~

The first terms of the class E (bx(2j)) are
(jHQk-',-l + Pair1, jHops1 + Pongrs (25 Por + Haw)® 45 Pyt + Hap1,
(2) Pok—2 + Hop—2)" ,4j Pop—s + 2Ha_s3, (*)) :
where (x) stands for all the next terms. The image of F (bx(2j)) under ¢, is
(2jP2k+1 + Hoks15 (2 Pk + Ho) " 4§ Pog—1 + 2Hy—1, (jHor + Par)
(2) Pok—2 + Hop—2)" 4§ Pop—s + 2Ha s, (*)) ~

To finish the proof, we will show that ¢, (E (bx(27))) reduces to the class
©x (E (bp—1(27))) in four steps.
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(2jP2k+1 + Hopi1; (25 Pog + Hop)* 45 Pop 1 + 2Hop 1,
(jHor + Por)™? , (2j Pog—o + Hop—2)** 4 Poy_3 + 2Hop_3, (*)) ;

(QJ (H2k + P2k71) +3Hop—1 + 2Pog—1;2j Por + Hop,4j Pog—1 + 2Hop—1,
(jHap + Por)™? , (2) Pog—1 + Hap1)™® (2 Pa—o + Hop_2)**,
47 Poy_3 + 2Hop,_3, (*));

(j (3Hak, — 2Pay) + 2Hop 1 + Poj_1; jHop + Pay, (2j Pog—1 + Hop1)™?,
GHop_1 + Pog_1, (2§ Pop—2 + Hop—2)",4j Pop_3 + 2Hoy,_s3,
JHop—o + Pop_o, (*)>,

(jHQk + Poy; 2§ Pog—1 4 Hop—1, (jHok—1 + Pop—1)",
(2j Pog—o + Hop—2)** 4 Poy_s + 2Hop_3, jHop_o + Poj_o, (*));

(2jP2k—1 + Hop_1; (2§ Pag—o + Hop—2)™ " ,4j Pop_3 + 2Hoy,_s,
(jHok—2 + P2k—2)><2 ; (*))

It is important to note that (x) was left invariant during the whole reduc-
tion process. So the last class is precisely . (E (bp—1(27)))- O

Lemma 6.17. The classes E (bi(25 + 1)) reduce to (0;—1) for all k >1
ji>o0.

Proof. The proof is again by induction over k. For k = 1, we have that b;(25 +

1) = BED 2 gy (b(2) + 1) = (45 +5), 45 +4, W), dy (25 + 1)

=7j + L. Thus

B (ba(2] 1)) = (75 9,7 8 (4] +5), 4 +4,(j + 1)*, 1)
We show now that this class reduces to (0; —1).

(75 49,75 + 8 (47 +5)%, 45 + 4, (j + 1)2,1XC+D) 2,

(1o]+2 (47 4 5)4 45 +4,3] +4,3j + 3, (j + 1)2, 1X<2j+2>);

(85 +9:4) + 5,45 +4,3) +4,3j +3,(2) + 2%, (j + 1)2, 14D

(5J +5;35 +3,(25 +2)73, (5 +1)*3, 4, 1X<2j+2>) ;

(

8+ 352 +2,(j +1)*4,j, 1X@72)
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(27 +2; (5 +1)73, 5, 1¥@i+2 )

(] +1; 7, 1><(2j+2)> )

As seen before, this class reduces to (0; —1) in j + 1 steps.

We turn now to the general case. Suppose that the class E (by_1(2j + 1))

reduces to (0; —1) and let us show that the class F (bx(2j + 1)) also reduces
to (0; —1). We have

be(2) +1) = 2§ Pojio + Popys
K 27 Poy, + Popy1

. . 1
di(2j +1) = jHopqr1 + §H2k+2-

The first terms of the class E (bg(2j + 1)) are
(jH2k+1 + 3 Hopyo + 1, i Hopr + S Hongo — 35 (25 Pog, + Pag1)™
4jPo—1 + 2Pok, (2 Po—2 + Po—1) " , 45 Poj—5 + 2Py, (*)) .
The image of E (bx(2j + 1)) under ¢, is
<2jP2k+1 + Pogr2; (25 Py, + Pojy1) ™ 45 Pog—1 + 2Py,
jHok + 5 Hoky1 + 5, jHo + 5 Hopsr — 5, (2 Pak—2 + Par—1
4j Po—3 + 2Py, (*)),
To finish the proof, we will show that ¢, (E (bg(2j 4+ 1))) reduces to the
vector ¢, (E (bg—1(27 +1))) in four steps.
<2jP2k+1 + Popyo; (2§ Pog + Popsr)* 45 Pog—1 + 2Py,
jHok + 5 Hoky1 + 5, jHor + 5 Hopsr — 5, (2 Pak—2 + Pag—1
4j Po—3 + 2Py, (*))7

)

)><4

)

(j (2P, + 4Pok—1) + (Pogt1 + 2Pay) ; 2§ Pog, + Pogt1, 45 Pog—1 + 2Pay,,
jHok + 3 Hops1 + 3, jHop + S Hopr — 3, (25 Pog—1 + Po)?,
(2j Pog—2 + Pap—1)** , 45 Pag_3 + 2Poj_o, (*))?

(j (Pak + 3Poy—1) + (3 Pokt1 + 3 Por, — 3) 5 jHor + 5 Hops1 — 3,
(2 Pag—1 + Pai)™® | jHop—1 + S Hop — &, (2 Pog—a + Po—1) ™"
45 Pojo_3 + 2Poj—9, jHop—2 + 5 Hap—1 — 3, (*))»
‘ . . 2
(JHQk + A Hop1 — 3325 Poj1 + Pog, (jHopo1 + S Hop — 3)77,
(2§ Pag—2 + Po—1)™* ,4j Pog—3 + 2Poj—o, j Hop—o + sHop1 — 3, (*));
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(2jP2k;—1 — Poy; (25 Pak—g + Par—1)** ,4j Po_3 + 2Poy o,
jHop—2 + 5Hop—1 + 5, jHok— + 3 Hop—1 — 3, (*))

Since (%) was left invariant during the whole reduction process, the last
class is precisely ¢, (E (bp—1(27 + 1))). O

Proposition 6.18. For all k > 1,i > 0, we have E (bi(7)) € £.

Proof. We have to show that the classes E (bi(7)) satisfy the Diophantine
conditions of Proposition 3.8 which we have done in Lemma and that

they reduce to (0; —1) by Cremona moves, which we have done for i even in
Lemma and for 7 odd in Lemma [6.17} The proof is thus complete. [

Corollary 6.19. For all n >0, the classes E(B,) of Theorem belong
to £.

Proof. Notice that by Lemma [6.4] for all £ > 0,

be(0) = ve(2) = Porto + Py _ Hopyo _
g i Poi, + Py Hyy,

2P P P
be(1) = vp(4) = 2k+2 + gt 2k+3

62]{37

2P + Po—1 Popya

= BQk—H-

Hence by Definition we see that for all k£ > 0, E (by(0)) = E (Sar) and
E (bk(1)) = E (Sak+1)- Thus all the classes F (3,) belong indeed to £. O

Corollary 6.20. c(bg(i)) = W forallk =1 and i > 2.

Proof. Since by(i) € |62,6[, we can write them as bg(i) = 5+ where z €
[0,1]. Now, (2,2;2,1%%) € &, thus

_6—|—$ bk(i)-i-l

1 (2.22,1°) (b)) = = 1

, _ Ny _ be(i)+1
So ¢ (br(i)) > (2,2:2,17°%) (by(3)) = %G+,
Let us show the converse inequality. Abbreviate b := by (i) =: 2 in lowest
terms, d := d (i) and m := my(i). Then

w(BO) @) = ) _ fao®hu®) 2 \/g s

since b > o2. Now if (d',¢/;m’) € £ is a class different from E(b), we have by
Proposition [3.8)(ii) that (m,m’) < d(d' + ¢'). Using the definitions of d and
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m and the fact that m is written in decreasing order, we get

1+b
qT(d, + 6,) 2 q (w(b), m/> )
thus
(m',w(b)) _b+1
M(dlv 6/; m/)(b) d/ + 6/ 4 :
The proof is complete. O

Theorem 6.21. c(a) = % on [0?,6].

Proof. By Proposition it suffices to show that the points cgp_1 for all

k=1, ug(j) forall k > 1,7 > 2, and vi(j) for all k > 1,7 > 6 are regular. By

Lemma and Lemma the points ug(j) and vk (j) are regular. More-

over, for all k> 1, vg(j) — car—1. But by Corollary [6.20] ¢ (vy(2 + 2i)) =
j—00

c(bg(i)) = W@+ o0 § > 2. So, by continuity of ¢, we get that c(cop—1) =

1
M, and the points co,_1 are thus regular. This completes the proof. [

1
7. The interval [6, 8]
7.1. Preliminaries
We will use the fact that if [lo; [y, ..., Iy] is a continued fraction of a rational
number % and Z—: = [lo; by, ..., lg] is its k-th convergent written in lowest

terms, then for any real number z,

TPk + Dk—1
[lo;lla"'7lkax]: )
Tqk + Qk—1

written in lowest terms. In particular, ¢z = lgqr—1 + qx—2. It is then easy to
see that if L := )", [;, then

(7.1) q=qn = L.

Recall also that we defined the error vector of a class (d,e;m) at a point a
as the vector € := ¢ ((d, e;m), a) defined by the equation

_d+e
V2

m w(a) +e.
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Now set then M :=[(a) = L+ I,

=3¢,

i>lo

and

Then by Lemma 3, o < 1 for a class of the form (d,d;m) and o < § for a
class of the form (d+ §,d — 3;m).

Lemma 7.1. Let (d,e;m) € E be a class such that there exists a =: % €
o2, 8[ with l(a) = I(m) and

p(d,e;m)(a) > /3.

Assume that y(a) :=a+1—22a > %, and set vy = E . Then

qV2a
(1) |Z€l’ <V UL?
(ii) If var < 1, then |3 &i| < V'L,
(iii) If vy < 3, then vpyy > 3 L and o’ 1 fvy < 2, then 0! < %,
(iv) Set d := y(a) - 6 > 0. Then for both types of classes (d,d;m) and (d +

%,d— %,m) we have

Ja Ja Vi (o
1< 55 (VoL =1) < 55 (Ve —1) < m(aw 1)

If vpr < 1, o can be replaced by o

Proof. The proofs of (i), (ii) and (iii) are the same as in the proof of
Lemma 5.1.2 in [MS]. To prove (iv), we notice first that > e; < 0. Indeed,
by Lemma 4, M e = fl/ﬂ (y( ) — ) + 1. Since y(a) > % by assump-
tion, we obfain the desired inequality.

Then, using (7.1) and (i), we find

\/@2\/0L>Ci/_;e(y(a)(1]>+1—d\/_g>65+1—5qu+1>5qu
a

Thus
Vi< ov
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Va

d< ==
V26

(VoL -1) <

Vva

(-

27

Ja
V26

g

1) <

(5o

61)@1

m), we get

1).

If vy < 1, the same arguments go through, when replacing o by o¢’.

7.2. The interval [6, 7]

We start by stating a more precise version of part (ii) of Theorem [1.3]

Theorem 7.2. On the interval [02,75], c(a

7732

)=

2

\/E except on the seven dis-

joint intervals Ju,, vy[ given in the following table. For each of these intervals,
there exist a class (d,e;m) € € and a mtz’onal number x € |ug, v, | with l(x) =

[(m) such that c( )=
uld, e m)(z) =

table below as well as the values of ¢(x

w(d, e;

m)(z) =

d+e

) and

Y

(A+ Bz) on [ug, x|, and c(z) =
d+e (A" + B'z) on [x,v,]. We list all these informations in the

x (d, e;m) (A, B) | (A, B | c(z) | clz)= \/; S
6 (2,2;2,1°9) (1,1) | (7,0) u 1.75 1.73
61 | (28,28;166,3,2%6) | (6,15) | (92,1) | ST | 1.752551 | 1.752549
63| (14,14;8%6,2,1%) | (6,7) | (43,1) | 282 | 1.75595 | 1.75594
65 | (11,10;6%6,17) (6,5) | (37,0) | & 1.762 1.761
63 (7,7;4%6,1%3) (6,3) | (25,0) | = 1.79 1.78
65 (9,9;5%6,3,2) (0,5) | (26,1) | & 1.81 1.80
7 (4,4;3,279) (1,2) | (15,0) | 2 | 188 1.87

z Uy Uy = Vg vy =

6 0% =3+42V2 5.83 61 =2 6.13

6% | 2= (347 + 28V151) | 6.142842 | 4 (173 — 706) | 6.142872

64| 2(11+4v7) | 616657 | 153 — 14V/110 | 6.16676

61 | 5 (107+7v201) | 6.19 2738 6.21

61| 3(314+7vi3) | 62488 625 6.38

63 2 6.48 55 — 9v/29 6.53

7 L (7+4v3) 6.96 7L =2 7.03
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Lemma 7.3. The classes (d,e;m) € € such that u(d, e;m) (6%) > % and

I(m) =1(63) for some k=1,...,8 are given in the following table.

(d,e;m)
(28,28;16%6, 3,2%6)
(196, 196; 112%5 111, 16*7)
(14,14;8%6,2,1%5)
(84,84; 485, 47,8%9)
(11,10;6%5,1%%)
(28,28;16%5, 15, 4%4)
(7’ 7; 4><6’ 1><3)
(9,9;5%¢3,2)
(4,4;3,2%9)

N | W [k [t | O | || =

—_

Proof. In the case k = 1, since 6% =7, we only have to check which elements
of the finite set &7 are obstructive at 7. It turns out that the only obstructive
one is (4,4;3,2%9).

Let us now treat the cases k = 2,...,8. Suppose that there is a class of
the form (d, d; m) which is obstructive at some 6. Since [ (67) =6+ k, by
Lemma [£14] the vector m has to be of one of the five forms

(a><67 bxk) , (a + 1’ CLX5, bxk) , (a><57 a— 17 bxk) ,
(a><67b + be(k—l)) : (axﬁjbx(k—l)’b _ 1) .

Define ¢, and &, by

2d
a=—+4+¢, and b= L—Feb.
/67 ky/6%
If m=(a*5b*%), then |a— kb|=|e, — kep| < |ea| + k|ep|- Since by
Lemma(iii), Se? <1, we find |g,| + k |ep] < VE + 1, and thus |a — kb| <
[\/kz +1-— 11. Hence

{0, +1} if ke {2,3},

SF:a_kbe{ {0,£1,42)  ifke{4,...,8).
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The Diophantine equations of Proposition (1) then become

4d = 6a + kb + 1,
24 = 6a® + kb® — 1.

Thus (6a 4+ kb+1)* =8 (6a* 4+ kb? — 1). Replacing a by kb+ s, we can solve
this equation in b for the values of k£ and s given above. We find three solutions
to the equation with b > 1, namely when (k, s, b) is equal to (3,0,3), (3,1,1)
or (3,—1,5). This leads to the vectors (16, 16;9%5,3%3), (7,7;4%¢ 1*3) and
(25, 25; 1476, 5%3)  respectively. Since only (7, 7; 4%, 1*3) reduces to (0; —1, 0,
...,0) by Cremona moves, this is the only class of the form (d,d;a*5,b*F)
potentially obstructive at some 6%, and it indeed is obstructive at 6%.

In the case where m = (a + 1,a*%, b**), 0 = k [ey|* < L. Thus, |a — kb| <

leal + K lenl <14 %, and thus

o {0, +1} ithe{2,...,5},
s kbe{{o,ﬂ,ﬂ} it ke {6,...,8).

From the Diophantine equations we obtain
(6a+ kb +2)* =8 (602 + 2a + kb?) .

Replacing a by kb -+ s, we obtain no solutions with b > 1 for the accepted
values of k and s.
As in the previous case, when m = (a*%,a — 1, ka), we have

0,£1 ifke{2,...,5},
si=a—kbe { %0,11,}12} it ke }6,...,8{.
The Diophantine equations become (6a + kb)* = 8 (6a® — 2a + kb?), which
yields four solutions with b > 1, namely the tuples (k, s,b) equal to (2,1, 1),
(4,0,4), (6,0,8) and (7,0, 16) which give the vectors (5, 5; 3%%,2,1%2), (28, 28;
16%5,15,4%4), (84, 84;48%% 47,8%6) and (196, 196; 112%% 111,16*7), respec-
tively. These vectors all reduce to (0;—1,0,...,0) by Cremona moves, but
the first one is not obstructive at 6%. So we add only the three last vectors
to our table.
For the case m = (a*%, b+ 1,6 1) notice that if ¢ € R and k € N are

such that (k — 1)e* + (£ + 1) < 1, thene € [—2,0]. Thus, [(k — 1)e + (¢ + 1)
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= |ke + 1] < 1. Since 0 > 51, we get

la—kb—1l=1]a— (b+1)— (k—1)b| = |ea — (s + 1) — (k — 1)&p]
<lea| F(k—Dep+ep+1] <1 +1=2.

Thus
s:=a—kb—1¢€{0,£1,£2}.

The Diophantine equations become (6a 4 kb + 2)* =8 (6a® + kb? + 2b), which
when we replace a by kb+ s+ 1 gives the three tuples of solutions (k,s,b)
equal to (2,0,2), (6,1,6) and (7,1, 2), which yields the vectors (9,9;5%5,3,2),
(14,14;8%5,2,1%5) and, again, (28,28;16%6,3,2%°), respectively. All three
vectors reduce to (0; —1,0, ..., 0) by Cremona moves, and they are obstructive
at 6% for k = 2,6, 7 respectively.

For the case m = (aXG, p(k=1) 1) we find similarly as in the previous
case that

s:=a—kb+1¢€{0,£1,+2}.

The Diophantine equations become (6a + kb)* = 8 (6a* + kb? — 2b), which
when we replace a by kb+ s — 1 gives as only solution with b > 2 the tuple
(k,s,b) = (2,0, 3). This gives again the vector (9,9;5%%,3,2).

The last case we have to treat is the case of an obstructive class of the
form (d + %7 d— %; m). By Corollary m the only possibility for m is to be
of the form (a*5,b*%). We saw earlier that in this case we have

{0,£1} if ke {2,3},

Sz_a_kbe{ {0,£1,4£2)  ifke{4,...,8).

Now the Diophantine equations are

4d = 6a + kb + 1,

1

2d* = 6a® + kb* — 3
This leads to the equation § (6a + kb + 3)? — 3 (6a+ kb+3) +1 = 6a> + kb>.
When replacing a by kb + s, we obtain as only solution with b > 1 the tuple
(5,1,1) which gives the vector (11,10;6%5,1%%). This vector reduces to (0;
—1,0,...,0) by Cremona moves and is obstructive at 6%. (]

Lemma 7.4. The classes given in Lemma([7.3 are the only obstructive classes
on the interval [6%, 7].
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Proof. We claim that it suffices to prove that for all a € [6%, 7], there is no
other class (d,e;m) € € with [(m) = [(a) that is obstructive at a. Indeed,
suppose that p(d, e;m)(a) > \/g for some a € [6%,7], and let I be the max-

imal nonempty interval containing a on which u(d,e;m)(z) > \/% Then,
by Lemma there exists a unique ag € I such that [ (ag) =I(m) and
[ (ap) < l(a) for all a € I. Since for M < 6, £y is finite, explicit calculations
show that none of these classes is obstructive for a > 6%. Thus I(m) > 6, and
ag > 6. This implies that ag > 6%. Indeed, a¢ < 6% would contradict the fact
that I (ag) < I(a) for all a € I since I(a) > 1 (6%) for all a € ]6,61[. A simi-
lar argument also shows that ag < 7. Thus, ag € [6%, 7] and this proves the
claim.

We will thus prove that for each a = 6% € [6%, 7] there is no class (d, e;
m) € € with {(m) = [(a) obstructive at a, and different from those given in
Lemma By Lemma , we only have to prove for g #* % withk=1,...,8.
We will separate the proof in three cases: 3 < ¢ < 8,9 < ¢ <39, ¢ > 40.

Case 1: 3 < g < 8: In this case, 2 < p < ¢. Notice that for all these values
of pand ¢, y <6§ > %. We can thus apply Lemma (iv). We get that if
(d,e;m) € & is obstructive at 6%, then

- Vo

RREAGR

q

(Vi-1)
)

since ¢ < 1 for an obstructive class. We now use the computer program
SolLess|a,D] given in the Appendix which computes for a rational number a
and a natural number D all obstructive classes (d, e;m) at a with [(m) = [(a)
and d < D. The code shows that there are no such classes for 3 < ¢ < 8.

Case 2: 9 < ¢ < 39: Since y (6%) = % and y is increasing for a > 2, we

have
1 1 1

> 23>0
y(a) 2370

for all a € [6%, 7]. We can thus again apply Lemma (iv) and obtain again
(7.2)), but this time for 1 < p < g. Again, the code SolLess|a,D] shows that
for 9 < g < 39 there are no obstructive classes (d,e;m) at a = 6% with [(m) =
l(a).

Case 3: ¢ > 40: For all a = 6% € [6%,7], we have § := y(a) — % >
4% = %0. Suppose that (d, e;m) € & is obstructive at some a = 6% with ¢ >
We distinguish two cases: (i) my = mg, (il) m1 # mg.

L_
8
40.
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(i) Notice that by Lemma [7.1](iii),

11 ! 1/2 3
1fUM€[§,§], thenfjél—;gzi,

1 2 ! 7/8 7
1fUM€[§,§], thenﬁél—zzz,
1va>%, thenﬁé%

By Lemma (iv) we get that if a = 62 G%H, l{ for some k=1,...,7
and g > 40, then for all obstructive classes d,e;m) at a with m; = mg

61 1
d < —— ( 1 Z 1) .
v2(u (855) — ) \v(65) —
Here we used the computer program InterSolLess1[k, D] given in the Appen-
dix which gives for k € {1,...,7} and a natural number D a finite list of
classes (d,e;m) with m; = m6 and d < D which can potentially be obstruc-

tive at some a = 6” € |6+ [ with ¢ > 40. Applied to our case, the code

k+1’
gives only one class that reduces to (0;—1,0,...,0) by Cremona moves,

namely (d,e;m) = (99,99;56%6,14%4 1%3). By Lemma the a in ques-
tion can be [6;3,1,3] = 6% 4 or [6 3,1,1,2] = 6158, and the class turns out to
give no obstruction at these two points.

(ii) Since m1 # mg, we know by Lemma [4.14] that o < 1 This implies
that vpy > 1 — 2\/
by Lemma (1V) we get that if a = 6” }6k+1,61 for some k = 1 7
and ¢ > 40, then for all obstructive classes (d,e;m) at a with my # mg we
have

because the last two Welghts of w ) are always . Then

6% ( 1 1 )
d < 6 -1].
V2 (v (65i1) ~ ) \o (6i) 3 (1~ 303)
Here we used the computer program InterSolLess2[k,D] which gives for
ke {1,...,7} and a natural number D a finite list of classes (d, e;m) with
my # mg and d < D which can potentially be obstructive at some a = 6£

l6k+1v

61[ with ¢ > 40. Applied to our case, the code gives no class that
reduces to (0; —1,0,...,0) by Cremona moves. O

Remark 7.5. The three programs SolLess[a,D|, InterSolLess1[k,D] and
InterSolLless2[k, D] give, for a natural number D, solutions (d, e;m) with d <
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D. But, in the case of classes of the form (d + §,d — ;m), we give estimates
for d in Lemma. T hus for these classes, we have to add 1 to our estimates
when using the programs.

Proof of Theorem [7.3. We have already proven in Theorem [6.21]that the class
(2,2;2,1%5) gives the constraint c(a) = p (2,2;2,1%9) ( ) = “TH [02,6].
We postpone the proof that c(a) = i (4,4;3,2%%) (a) = 22 on [7,75; ] to Corol-

lary [7-8]

Since by Lemma the only obstructive classes on the interval [6g,7]
are those of Lemma c (6%) = % = % because an explicit computation
shows that none of them is obstructive at 6%. Hence, c(a) = E for all a €
6,65] since ¢ is nondecreasing.

In order to determine ¢ on the interval [6%,7], Lemma shows that
we only have to work out the constraints given by the classes of Lemma [7.3]

Notice that for a € }Gk}rl,

are w(a) = (1*%,(a — 6)**,1 — k(a — 6),...). We can thus easily compute the
constraints of all the classes. In the next table, we write the constraints given
by the classes of Lemma that do not appear in Theorem and we then
simply verify that they indeed do not give new obstructions.

6,1g {, the first terms of the weight expansion of a

T (d,e;m) (A, B) (A, B') | p(x)
61 | (196,196;112*% 111,16*7) | (—1,112) | (687,0) | ST
61| (84,84;48%5,47,8°6) | (=1,48) | (295,0) | 2%
61| (28,2816°%,15,4%%) | (~1,16) | (99,0) | £
x Ug Uy = Ug Uy =
63 | 11 (344 + 7V/2415) | 6.142844 | 419 | 6.142870
64 | 4 (148+7VHT7) | 6.16660 | 1% | 6.16674
61 E(5o+7\F) 6.2494 | %01 | 625

The proof of Theorem (up to Corollary is complete. O
7.3. The interval [7, 8]
Lemma 7.6. Assume that there exists a class (d,e;m) € € such that u(d, e;

m)(a) > \/gfor some a € [T35,8] withl(a) =1(m). Thenmy = -+ = m7 and
d < 13.
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Proof. Notice first that
1 17 1
ZyYylT—=]==—=>-
y(a) >y ( 32) ke

for all ¢ > 2. We distinguish two cases: ¢ > 12 and ¢ < 11.

If ¢ >12, then § = y(a) — >4 — L = %. Assume by contradiction
that my # mz. Then by Lemma@.14, o <

and so vy = % Thus,

o 192
— <
’UM(s 301

But this contradicts Lemma [7.1](iv).
To prove that d < 13, notice first that by Lemma (iii),

11 ! 1/2 3
1va€[§,5], thenfjgl—fgzi,

1 2 ! 7/8 7
1va€[5,§], then;’jgl—%:@
1va>%, thenﬁé%

Then, since v/a < 2v/2, we get by Lemma [7.1|(iv) that

1
- < 14.
+2

pe 2 (1T )
43/96/2 \43/96 4
Thus d < 13.

Let now ¢ < 11. Notice that a < 7";—1 and

5=y(a)—;>y(71>—1-

By Lemma [7.1](iv), we have

Ja 1 T |
déﬁ(\/@—l)+7< )_1>(\/§—1)+2-

q

Since the RHS is strictly smaller than 11 for all 2 < ¢ < 11, we see that
d < 10.
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Assume now by contradiction that my £ my. Then o < 1 IE2< gL,
then ,/oq — 1 < 0 which contradicts Lemma |7.1] . iv). If 8 < q 11, then

d+e V2d /210
Vpm = < g )
2a  q/a T 8T

and so, by Lemma [£.14]

6
(e,e) > ?—I-Q(l—’UM)Q > 1
which contradicts Lemma [£.8](iii). O

Proposition 7.7. c¢(a) = \/g Jor all a € [735,8].

Proof. Suppose by contradiction that there exists a > 7@ and (d,e;m) € €
with p(d, e;m)(a) > \/g Let I be the maximal open interval containing a on
which (d, e;m) is obstructive. Then, by Lemma there exists ag € I with
[ (ag) = I(m) and I(a) = [ (ag) for all a € I.

Using the finite list of £7 in Lemma [4.3| we check by hand that no class in
& is obstructive for a > 73%. Thus [(m) > 7 and so ag > 7. But then ay > 73%
Indeed, assume by contradiction that ag < 7 31 Then since ap,a € I, T35 1 will
also belong to I. But, for all z € 7,755, I(2) > [ (755), and this contradlcts
the fact that I(a) > [ (ag) for all a € I.

Now by Lemma [7.6] we find that d < 13 and m; = - -- = my. Since there
are only finitely many classes satisfying these conditions, we can compute
them explicitly. We find that there is only one class satisfying the conditions,
namely (8,7;4%7,1), but this class is not obstructive for a > 7. O

Corollary 7.8. c(a) =% for alla € [7,75;].

Proof. Since the class (d, e;m) = (4,4;3,2%5) gives the constraint

15 T35
d.e: — — 32
H( ’ 67 m) (a) 8 2
for all a > 7, we see that c(a) = £ on [7, 7 5] because ¢ is nondecreasing by

Lemma 0
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Appendix A. Computer programs
A.1. Computing c at a point a € [6%, 7]

We used the computer in Lemma to compute ¢ at points g € [6%, 7] with
q < 39. In this section, we explain the code SolLess[a,D] which computes for
a rational number a and a natural number D all classes (d,e;m) obstruc-
tive at a, with {(m) = [l(a) and d < D. We have just adapted the program
SolLess|a,D] given in the Appendix of [MS| to our case. The modules W|a],
P[k|, Difference[M] are exactly the same as in [MS].

W[la_ ] := Module[{aa = a, M, i = 2, L, u, v},
M = ContinuedFraction[aa];
L = Tablel1, {j, M[[111}]1;
{u, v} = {1, aa - Floor[aal};
While[i <= Length[M],
L = Join[L, Tablel[v, {j, M[[i]]1}]1];
{u, v} = {v, u - M[[i]] v};
i++];
Return[L]]

P[k_] := Module[{kk = k, PP, TO, i},
TO = Table[0, {u, 1, k}1;
TOp = ReplacePart[TO, 1, 1];
T1 = Table[1, {u, 1, k}1;
Tim = ReplacePart[T1, 0, -1];
PP = {TO, TOp, T1, Tim};
Return[PP]]

Difference[M ] := Module[{V =M, vN, Vi, 1, L = {}, D, PP,

i, j, N},

1 = Length[V];

If[1 == 1,
L = P[V[[1]]]
1;

If[1 > 1,
vN = V[[-1]]1;
V1l = Delete[V, -1];
D = Difference[V1];
PP = P[vN];
i=1;
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While[i <= Length[D],
j=1
While[j <= Length[PP],
N = Join[D[[i]], PP[[j111;
L = Append[L, NJ;
j++1;
i++]
1;
Return[L]]

The following module So010]a, d] gives for a rational number a all vectors
of the form (d, d;m) with I(m) = [(a) which satisfy the Diophantine equations
of Proposition (1) and such that u(d,d;m)(a) > \/g The code Sol1la,d]
does the same thing for a class of the form (d,d — 1;m). Note that both
modules do not verify whether the vectors reduce to (0;—1) by repeated
Cremona moves. We have just adapted the code Sol[a, d] of [MS], using that
in our case, the volume constraint is |/§ instead of \/a and that for a class
of the form (d, d; m) the Diophantine equations become

> mi=4d -1, > mi=2d"+1,

and for a class of the form (d,d — 1;m), they become
> omi=4d—3, > mi=2d"-2d+1

Sol0[a_, d_] := Module[{aa = a, dd =d, M, F, D, i, V,
L = {}},
= ContinuedFraction[aa];
Floor [((2xdd) /Sqrt[2*aa]l) Wl[aall;
Difference[M];
=1;
While[i <= Length[D],
V = Sort[F + D[[i]], Greater];
SV = Sum[V[[jl], {j, 1, Length[V]}];
If[{SV, V.V} == {4%dd - 1, 2*dd"2 + 1} && V[[-1]] > 0 &&
Wlaal .V/(2*%dd) >= Sqrtlaa/2],
L = Append[L, V]
1;
i++];
Return[{{dd, dd}, Union[L]}]]

M
F
D
i
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Solila_, d_] := Module[{aa = a, dd =d, M, F, D, i, V,

L = {}},

M
F
D
i

ContinuedFraction[aal;
Floor[((2#dd - 1)/Sqrt[2*aal) Wlaall;
Difference[M];

While[i <= Length[D],
V = Sort[F + D[[i]], Greater];
SV = Sum[V[[j1], {j, 1, Length[V]}];
If[{SV, V.V} == {4%dd - 3, 2*dd"2 - 2*%d + 1}
&& V[L[-1]1]1 > 0 && W[aa]l.V/(2%dd - 1) > Sqrtl[aa/2],

L = Append[L,

1;

i++];

V]

Return[{{dd, dd - 1}, Union[L]}]]

Finally, we collect in the code SolLess[a,D] the vectors (d,e;m) with
[(m) = l(a) that are obstructive at a and such that d < D.

SolLess[a_, D_]

L = {}},
While[d <= D,
Ld = Sol0[aa,

dl;

:= Module[{aa = a, DD =D, d = 1, Ld,

If [Length[Ld[[2]]] > O,
L = Append[L, Ld]

1;

Ld = Soll[aa,

dl;

If [Length[Ld[[2]]] > O,
L = Append[L, Ld]

1;
d++] ;
Return(L]]

A.2. Computing c on an interval }GL 6%[
with k € {1,...,7}

k+1°

In Lemmal(7.4we used the codes InterSolLess1[k,D] and InterSolLess2[k, D]
which give for k € {1,...,7} and a natural number D, a finite list of vec-
tors (d,e;m) with d < D _which can potentially be obstructive at some a €

}6%,6%[. By Lemma

4.14

if a class (d,e;m) € € is obstructive at some

point a € [6%, 7], then we have three possibilities:
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(i) my =+ = me,
(11) m1—1:m2:...:m6’
(111) mip=---=ms=mg+ 1.

The code InterSolLess1[k, D] treats the case (i) while the cases (ii) & (iii)
are covered by InterSolLess2[k,D]. We used the programs Solutions|a,b]
and sum[L] exactly as they were in [MS]. Solutions[a,b] gives for a,b € N all
vectors m which are solution of the equations

Zmi:a, Zm?:b,

and sum[L] computes the sum of the entries of a vector L.

Solutions[a_, b_]
:= Solutions[a, b, Min[a, Floor[Sqrt[b]]]]
Solutions[a_, b_, c_] :=
Module[{A = a, B=b, C=c, i, m, K, j, V, L = {3},
If[A"2 < B,
L ={}
1;
If[A~2 == B,
If[A > C,
L = {3,
L = {{A}}
]
1;
If[A"2 > B,
i=1;
m = Min[Floor[Sqrt([B]], CJ;
While[i <= m,
K = Solutions[A - i, B - 172, i];
=1
While[j <= Lengthl[K],

V = Prepend[K[[j1], il;
L = Append[L, V];
j++
1;
i++]
1;
Return[Union[L]]]

sum(L_] := Sum[LL[j]1, {j, 1, Length[L]}]
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A.2.1. Finding obstructive classes (d,e;m) with m; = :-- = mg.
We have adapted the modules P[k|, Prelist[k,d| from [MS] to the fact that
the first six entries of m have to be equal instead of the first seven entries as
it was the case in [MS|]. The module Prelist[k,d] becomes Prelistlk,d, c|
where ¢ = 0 in the case of a class of the form (d,d;m) and ¢ =1 when the
class is of the form (d,d — 1;m). As before, we have adapted the code to take
into account that we have another volume constraint and other Diophantine
equations. Note that [MS] used their Lemma 2.1.7 and Lemma 2.1.8 which
are also true in our case as stated in Lemma [£.14] and Lemma [£.16

P[k_] := Module[{kk = k, PP, TO, i},

TO = Table[0, {i, 6 + kk}];
Tm = ReplacePart[TO, -1, -1];
Tp = ReplacePart[TO, 1, 7];
PP = {Tm, TO, Tp};

Return[PP]

]

Prelist(k , d_, c_]
Module[{kk = k, dd = d, case = ¢, u, v, ml, M1, mx, Mx, f,
t, PP, M, MM,i =0, j=0,s=1,8, T, K, 1, L = {}},
u=1/(kk + 1);

v = 1/kk;

ml = Round[(Sqrt[2]*dd)/Sqrt[6 + v]];

M1 = Round[(Sqrt[2]*dd)/Sqrt[6 + ull;

mx = Floor[(Sqrt[2]*dd)/Sqrt[6 + v] ul - 1;
Mx = Ceiling[(Sqrt[2]*dd)/Sqrtl[6 + u] v] + 1;
f = Ceiling[Sqrt[kk + 2] - 1];

t = -f;

PP = P[kk];

While[i <= M1 - mi,
While[j <= Mx - mx,
While[s <= 3,
Whilel[t <= f,
M = Join[Table[ml + i, {u, 6}],
Table[mx + j, {u, kk}]];

M + PP[[s]];
Sum[M[[ull, {u, 7, 7 + kk - 1}]1;
Append[M, M[[6]] - S + t];
= 1;
If[M == Sort[M, Greater] && M[[-1]] > O,

H =2 n =2
Il



842 D. Frenkel and D. Miller

T=1, T = 0];
S = sum[M];
If[case == 0,

A = 4xdd - 1

B =2%dd™2 + 1 - M.M;

1;
If[case == 1,

A =4%dd - 3 - S;

B = 2xdd*(dd - 1) + 1 - M.M;
1;

B =2%dd"2 + 1 - M.M;
If[Min[A, B] < O,

|
wn

T =0];

If[T == 1,
K = Solutions[A, B, M[[-111];
1=1;

While[l <= Length[K],
MM = Join[M, K[[1]1];
While[MM[[-1]] == O,
MM = Drop[MM, -11];
L = Append[L, MM];
1++]
1;
t++];
t = -f;
s++];
s =1;
j++l;
j=20;
i++];
Return[{{dd, dd - case}, Union[L]}]]

As in [MS], the module InterSol[k, d, c] reduces the number of candidates
given by the code Prelist[k,d, c|]. As before, ¢ =0 in the case of a class of
the form (d,d;m) and ¢ = 1 for a class of the form (d,d — 1;m).

InterSol[k_, d_, c_] :=
Module[{kk = k, dd = d, case =c, L, M, T, K={}, i =1,
1, rest},
L = Prelist[kk, dd, casel[[2]];
While[i <= Length[L],



Symplectic embeddings of 4-dim ellipsoids into cubes 843

M = L[[il];
1 = Length[M];
T =1;

If[l <=6 +kk + 2, T =0];
IfML[-2]1] - M[[-1]1] > 1, T = 0];
If[ML[-3]1] > M[[-21] + 1 && Abs[M[[-31] - M[[-2]]
- M[[-1]11] > 1,
T = 0];
If[kk == 1 & 1 >= 9,
If[ML[8]] - ML[91] > 1 && Abs[M[[7]1] - (M[[8]1]
+ M[[9]1DD] > 1,
T = 0]];
rest = Sum[M[[j]1], {j, 7 + kk, 1}];
If[M[[6 + kk]] - rest >= Sqrt[l - kk - 5], T = 0];
If[T == 1, K = Append[K, M]];
i++];
Return[{{dd, dd - case}, K}]

Finally, we collect all the solutions for d < D in InterSolLess1[k,D].

InterSollLessi[k_, D_] := Module[{kk = k, DD = D, LL = {}, Q,
d = 1},
While[d <= DD,
Q = InterSol([kk, d, 0];
If [Length[Q[[2]11] > O,
LL = Append[LL, Q1]1;
Q = InterSoll[kk, d, 1];
If [Length[Q[[2]1] > O,
LL = Append[LL, Q11;
d++] ;
Return[LL]]

A.2.2. Finding obstructive classes (d,e;m) with my 7# mg. The
code InterSolLess2[k,D] gives for k € {1,...,7} and a natural number D,
a finite list of vectors (d,e;m) with d < D and m; # mg which can poten-

tially be obstructive at some a € }6,6%_1,6% [ By Corollary 4.15| if a class
(d,e;m) € € with my # mg is obstructive at some a € [6, 7[, then necessarily
d = e. Moreover, Lemma [£.14] shows that either m; — 1 =mg =+ =mg or
my = --- =ms5 = mg + 1. Notice that the first terms of the weight expansion

of some a € ]6 5,64 { are (1%; (a — 6)** . ..). Thus the vector m is either of

=
the form (M + 1, M*> m>* ...} or of the form (M, (M — 1), m** ...). To
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find the vectors m of the form (M + 1, M5 m>** . .), we vary M and m <
M as long as (M + 1) +5M +km < 4d — 1 and (M + 1)? + 5M? + km? <
2d? 4+ 1 and then use the code Solutions|a,b] from [MS] to find the solu-
tions of the equations

> mi=4d—1— (M +1)+5M + km),
SomP=2d* —1— (M +1)* +5M* + km?) .

The case of a solution vector m of the form (M, (M — 1)*5 m>k ...} is then
treated similarly.

InterSolLess2[kk_, DD_] := Module[{k = kk, D = DD, d, M, m,
Sol,i, j},
For[d = 1, d <= D, d++,
M=1,;
While[6*M + 1 <= 4xd - 1 && 6*M~2 + 2*M + 1
<= 2%d"2 + 1,
m=1;
While[
6xM + 1 + kxm <= 4xd - 1 &&
B*M™2 + 2%M + 1 + k¥m™2 <= 2%d"2 + 1 && m <= M,
Sol =
Solutions[4*d - 1 - (6%M + 1 + k*m),
2%¥d"2 + 1 - (6%M™2 + 2%M + 1 + k¥m~2)];
If [Length[Sol] > 0,
For[i = 1, i <= Length[Sol], i++,
If[Sol[[i]1]1[[1]] <= m,
For[j = 1, j <= k, j++,
Sol[[il] Prepend[Sol[[i]], m];
1;
For[j =1, j <= 5, j++,
Sol[[i]] = Prepend[Sol[[i]], M];
1;
Sol[[i]] = Prepend[Sol[[i]], M + 1];
Print [{{d, d}, Sol[[ill}];
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M++;
M 1;
While[6*M - 1 <= 4%d - 1 && 6*M™2 - 2«M + 1
<= 2%d"2 + 1,
m=1;
While[
6xM - 1 + k¥m <= 4xd - 1 &&
6%M~"2 - 2xM + 1 + k*m™2 <= 2*%d"2 + 1 && m <= M,
Sol =
Solutions[4*d - 1 - (6%M - 1 + k*m),
2%d72 + 1 - (6*M™2 - 24M + 1 + k*m™2)];
If [Length[Sol] > O,
For[i = 1, i <= Length[Sol], i++,
If[Sol[[i]][[1]] <= m,
For[j = 1, j <= k, j++,
Sol[[i]] = Prepend[Sol[[il], m];
1;
Sol[[i]] = Prepend[Sol[[i]], M - 1];
For[j = 1, j <=5, j++,
Sol[[i]] = Prepend[Sol[[il], M];
1;
Print [{{d, d}, Sol[[il]}];

N
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