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A refinement of sutured Floer homology

AKRAM S. ALISHAHI AND EAMAN EFTEKHARY

We introduce a refinement of the Ozsvath-Szabd complex asso-
ciated by Juhdsz [Jul] to a balanced sutured manifold (X,7).
An algebra A, is associated to the boundary of a sutured man-
ifold. For a fixed class s of a Spin® structure over the manifold X,
which is obtained from X by filling out the sutures, the Ozsvath-
Szab6 chain complex CF(X, 7,s) is then defined as a chain complex
with coefficients in A, and filtered by the relative Spin© classes in
Spin®(X, 7). The filtered chain homotopy type of this chain com-
plex is an invariant of (X,7) and the Spin° class s € Spin®(X).
The construction generalizes the construction of Juhdsz. It plays
the role of CF™ (X, s) when X is a closed three-manifold, and the
role of
CFK™ (Y, K;s) = @ CFK™ (Y, K,s),
s€s

when the sutured manifold is obtained from a knot K inside a
three-manifold Y. Our invariants thus generalize both the knot
invariants of Ozsvath-Szab6 and Rasmussen and the link invariants
of Ozsvath and Szabé. We study some of the basic properties of
the Ozsvath-Szab6 complex corresponding to a balanced sutured
manifold, including the behaviour under boundary connected sum,
some form of stabilization for the complex, and an exact triangle
generalizing the surgery exact triangles for knot Floer complexes.
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1. Introduction
1.1. Introduction and background

The introduction of Heegaard Floer homology by Ozsvath and Szabé ([OS5],
[OS6]) for closed three dimensional manifolds around the beginning of the
millennium resulted in very powerful tools for the study of various structures
in low dimensional topology. In particular, invariants for knots (c.f. [OS1],
[Rasl] and [Ef3]), for links [OS9], and for contact structures [OS11] were
constructed using the fundamental idea of associating a chain complex to
a pointed Heegaard diagram. Moreover, four-manifold invariants were con-
structed as some TQFT type homomorphisms between the homology groups
of the chain complexes associated with the positive and negative boundary
components [OS12]. The Ozsvath-Szabé complexes associated with a closed
three-manifold come in different flavours. These are typically called hat,
minus, plus and infinity modules. The other versions may be re-constructed
from the minus chain complex if one also keeps track of the so called U-
action.

Attempts towards extending the Ozsvath-Szabd invariants to three-
manifolds with boundary, at least when the boundary is equipped with
some extra structure, have been made through two different approaches. If a
parametrization of the boundary surface is fixed, the three-manifold is called
a bordered three manifold. Lipshitz, Ozsvath and Thurston generalize the
hat version of the Ozsvath-Szab6 complex for bordered three-manifold by
first constructing a graded differential algebra corresponding to the parame-
terized boundary, and then associating the bordered Floer modules of types
A and D to the bordered manifold, which are respectively an A, module
and a module over the differential graded algebra (see [LOT1], [LOT2]).
Gluing of bordered three-manifolds for constructing closed three-manifolds
is translated to an appropriate tensor product construction on the corre-
sponding bordered Floer modules.

In a different direction, if the boundary of a three-manifold X is dec-
orated with a set 7 of sutures, Juhdsz associates a complex, the so called
sutured Floer complez, to the sutured manifold (X, 7) [Jul], provided that
(X, 7) is balanced. The complex generalizes the hat versions of the Ozsvéth-
Szabd complexes associated with closed three-manifolds and links inside
three-manifolds. The theory of sutured manifolds was introduced in [Gabl]
and developed in [Gab2] and [Gab3] by D. Gabai in order to study the exis-
tence of taut foliations on three-manifolds. Sutured manifolds are oriented
three-manifolds with boundary, together with a set of oriented simple closed
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curves (the sutures) that divide the boundary into positive and negative
parts. Gabai defined the so called sutured manifold decomposition which
consists of cutting the manifold along a properly embedded oriented surface
R and adding one side of R to the plus boundary and the other side to the
minus boundary. He showed that a sutured manifold carries a taut foliation
if and only if there is a sequence of decompositions that result in a prod-
uct sutured manifold. Honda, Kazez, and Mati¢ generalized the theory of
sutured manifold decomposition for the study of tight contact structures on
three-manifolds, and developed the convex decomposition theory [HKM1]. In
addition to the introduction of the sutured Floer complex, Juhéasz described
how his sutured Floer complex changes through sutured manifold decompo-
sition [Ju2]. As a consequence, he showed that a sutured manifold (X, 7) is
taut if and only if the sutured Floer homology group SFH(X, 7) is non- triv-
ial and X is irreducible. These results suggested a deep connection between
sutured Floer theory of Juhdsz and the sutured manifold decomposition the-
ory of Gabai, as well as the contact geometry of three-manifolds. Subsequent
developments included the study of the sutured Floer polytope by Juhész
[Ju3] and introduction of contact invariants for contact three-manifolds with
convex boundary by Honda, Kazez and Mati¢ [HKM2]. This last invariant
generalizes the contact invariant of Ozsvath and Szabé for a closed contact
three-manifold defined in [OS11].

1.2. Main results

In this paper, we extend the construction of Juhasz and construct a minus
theory associated with a sutured manifold, providing an answer to the first
two questions in problem 1 from [Ju4]|. Moreover, we present a connected
sum formula for the sutured Floer complex, which provides partial answer to
the third question in the aforementioned problem. More precisely, let (X, 7)
be a sutured manifold, and assume that the set of sutures does not contain
any toridal components. Let 7 = {7y,...,7,} be the set of sutures. We will
denote X — 7 by R(7) = R (1) UR™ (1), where RT (1) and SR~ (7) are the
positive and the negative parts of the boundary, respectively. We will further
assume that the Euler characteristics x (" (7)) and (R~ (7)) agree. Such
sutured manifolds will be called weakly balanced. Our assumptions for being
balanced are thus weaker than those of Juhdsz [Jul].

We first associate an algebra A = A, to the boundary of X as follows.
Let us assume that
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where {R; }; and {R;r }; are the connected components of R~ (7) and R (1),
respectively. Let g;~ denote the genus of R, and gj denote the genus of R;-r.
Consider the elements

uio= ] w, i=1..,k and uf:= [ w, i=1,...,1,
chaR; T]-CBPJ

in the free Z-algebra Z[x| := (u1, ..., u,) generated by uy, ..., u,. Let A = A,
denote the algebra

. (U, ug), _ 2]
(WH(r) —u= (1) + ([ g > 0) + (uj |g; >0) Z(7)’
k I
where u™ (1) = Zu; and uf(r) = Zu;L
i=1 i=1

We will denote the set of monomials [[7; uf* by G(A), which forms a set
of generators for A as a module over Z. One may define a natural map from

G(A) to the Z-module H = H, := H%(X,0X,Z) by
x:G(A) — H =H*(X,0X;7Z),

K
% (Hu?) = a1 PD[ry] + -+ +axPD[r.], Vai,...,a, € Z=".
i=1

Note that Hl. only depends on X, and 7 may thus be dropped from the
notation. However, we will sometimes keep it to highlight the connection of
the the Z-module H to X (where the sutures in 7 live).

Let X = X' denote the three-manifold (with boundary) obtained by fill-
ing the sutures of (X, 7) by attaching 2-handles to the sutures in 7. Fix a
(relative) Spin® class s € Spin®(X). Suppose that (3, «r, 3,2) is a Heegaard
diagram for the sutured manifold (X, 7), which is admissible in an appropri-
ate sense (see Section 4 for a precise definition of admissibility). Thus ¥ is a
closed Riemann surface, o and 3 are /-tuples of disjoint simple closed curves,
and z is a set of x marked points on X. If ¥° =¥ — nd(z) is the comple-
ment of a neighbourhood of z, X is obtained from ¥° x [—1, 1] by attaching
2-handles to a x {—1} and B x {1}, while 7 is obtained as (0X°) x {0}.
The Ozsvath-Szabé chain complex CF (X, 7,s) is then generated, as a free
A-module, by those intersection points of the tori Ty, Tg C SymE(E) associ-
ated with o and 3 which correspond to the Spin® class s € Spin®(X). The
set 71';_ (x,y) of positive homotopy classes of Whitney disks connecting the
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generators x,y € T, NTg is defined as usual, and we have a map

Uy : H 7y (x,y) — G(A)
X,yETaﬂTﬁ

() = [[u=?, VxyeTanTs Véeni(xy)
i=1

Here n,,(¢) denotes the coefficient of z; in the domain D(¢) associated with
the Whitney disk ¢. We will abuse the notation and denote the class [u,(¢)] €
ZIK)/Z(T) by uz(¢) as well. The differential 0 of the complex CF(X,T,s)
is defined by counting holomorphic disks ¢ of Maslov index 1 connecting
the generators x and y of the complex, with an appropriate sign and with
the weight u,(¢) € A. The assignment of relative Spin® structures to the
intersection points x € T, N T3 using z gives CF(X, 7,s) the structure of a
filtered (A,H) chain complex (see Section 3 for a precise definition). The
following is the main result of this paper.

Theorem 1.1. Suppose that (X, T) is a weakly balanced sutured manifold,
5 € Spin®(X) is a Spin® structure on X = X', and that (3, a,8,2) is an
s-admissible Heegaard diagram for (X, 7). Then CF(X,T), as defined above,
is a filtered (A;,H;) chain complex. The filtered (A;,H;) chain homotopy
type of the filtered (A, H;) chain complex CF(X,T,s) is an invariant of the
weakly balanced sutured manifold (X,7) and the Spin® class 5 € Spin®(X).
In particular, for any s € s C Spin®(X,7) the chain homotopy type of the
summand

CF(X,7,5) C CF(X,7,5) = @ CF(X,7,5)

5€8
is also an invariant of (X, 1,s).

For a test ring B, i.e. a coefficient ring which has the structure of a
module over A, the chain homotopy type of the complex

CF(X,7,5B) =CF(X,7,5) @ B

is thus an invariant of the sutured manifold (X, 7) as well. If B admits a
filtration by H and the action of A on the A-module B respects the filtration
of the monomials of A by the elements of H, the above complex is equipped
with a filtration by Spin®(X, 7). In this case, it makes sense to talk about
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the following decomposition of CF(X, 7, s;B):

CF(X,7,s:B)= €  CF(X,7,5B).
s€sCSpin®(X,7)

In particular, the homology groups
HF(X,7,5;B) = H, (CF(X,7,5;B),0), Vs € Spin“(X,7)

may be defined, and are invariants of the sutured manifold and the relative
Spin® class s € Spin“(X, 7). As a special case, if the sutured manifold is
balanced in the sense of [Jul], we may take B = Z and let the non-trivial
monomials of A act trivially on Z. We thus obtain a natural A-module
structure on Z. The sutured Floer homology of Juhdsz is then recovered as:

SFH(X,7,s) = HF (X, 1,5;Z), V¥ s € Spin®(X, 7).
Consider the quotient B, of A, defined by setting

_ (u,. .. ug),
<u € G(A)\ {1} ‘ x(u) is torsion>Z.

We call the monomials in the denominator of the above quotient the homo-
logically trivial monomials, when they are considered as elements in A.
Multiplication by homologically trivial monomials respects the filtration by
relative Spin® structures. Clearly, there is a quotient map p, : A, — B, giv-
ing B, the structure of an A, module.

Proposition 1.2. An irreducible balanced sutured manifold (X, T) is taut
if and only if the filtered (B, H,) chain homotopy type of the complex

CF(X,7;B,)= @5 CF(X, 7sB,)
5€Spin®(X)

18 non-trivial.

The above proposition is a refinement of Juhdsz’s Theorem 1.4 from
[Ju2] in the following sense. If the irreducible balanced sutured manifold
(X, 1) is not taut, not only SFH(X,7) = 0 by Theorem 1.4 from [Ju2|, but
also the chain homotopy type of the complex CF(X, 7;B,) is trivial.

We find it useful to illustrate some of the above constructions in a few
cases, before moving to the statement of some of the properties of the sutured
Floer complex constructed in this paper.
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Example 1. Suppose that Y is a closed three-manifold and that the sutured
manifold (X, 7 = {7,...,m7}) =Y (n) is obtained by removing n disjoint
balls from Y and placing a suture on each one of the resulting sphere bound-
ary components. In this case we have
k=1=n, g;“:gi_zo and uj:u;:ui, i=1,...,n.

Thus the algebra A is equal to Z[uy,...,u,] in this case, and we recover
the multi-pointed Ozsvath-Szab6 complex associated with the closed three-
manifold Y. Each u; is a homologically trivial monomial, and the action of
{u;}; on the complex corresponds to the so-called U-action. Note that the
above construction refines the construction of Ozsvath and Szabé in [OS9]
by giving a complex with coefficients in Z rather than Z/27.

Example 2. For a link L inside a closed three-manifold Y which has n
connected components, the boundary of the corresponding sutured manifold
(X =Y —nd(L), 7 ={71,...,T2n}) consists of n tori and 7 consists of a pair
of parallel sutures {79;_1,72;} on the i-th torus. With the above notation,

+

k::l:n, g;'_:gi_zo and ui :uz-_:ugi_lugi, \V/i:1,...,n.

Thus, the algebra A is equal to Z[uj, ug, ..., us,]. In particular, when L is a
knot (i.e. the number of components is just 1) this gives the Z @ Z filtration
associated with the knot L inside the three-manifold Y. Note that ug;_jus;
is a homologically trivial monomial for ¢ = 1,...,n. Multiplication by these
monomials gives the U-action on the knot Floer complex. Once again, this
generalizes the construction of [OS9] in several ways (including the fact that

the coefficient ring is improved to Z).

Example 3. Let K be a homologically trivial knot inside a closed three-
manifold Y, and let S be a connected Seifert surface for K of genus g.
The sutured manifold (X, 7 = {71}) = Y'(5) is then obtained by removing a
product neighbourhood of S from Y and adding a copy of K as the single
suture on the boundary of ¥ — nd(.S). In this case we have

k=1l=1, g =g =g and uf =u] =u.

If g = 0 and K is thus the unknot, we will have A = Z[u;], while for g > 0,
the corresponding algebra would be Z. In this latter case we recover the
complex of Juhdsz. However, a slightly stronger version of the construction
allows us to use the coefficient ring Z[u;]/(u?) when the genus g is bigger
than 1 (see Remark 5.9). It is interesting to investigate if the improved
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invariant would help us with distinguishing different Seifert surfaces of the
same knot.

Example 4. Consider three points 0,1 and co on the standard sphere S? =
CP!, and denote the boundary of small disjoint disks Dy, D1, Doy around
these points by Cp, C; and Cy, respectively. Let ¥ = CP'\ (Do U Dy), and
suppose that X denotes the three-manifold with boundary which is obtained
from ¥ x [—1,1] by attaching a 2-handle to Cy x {—1} and a 2-handle to
Coo X {1}. The curves 7o = Cy x {0} for e € {0, 1} define a sutured manifold
(X,7 = {r0,71}). It is easy to see that X = [0, 1] x S?, and that the bound-
ary of X consists of a sphere with two parallel sutures on it, which decompose
it into two disks and a cylinders, and a sphere without any sutures on it.
The algebra associated with this sutured manifold is thus equal to

Z[uo,ul}
<(u0 — 1)(111 — 1)>

Note that (X = CP' a = {Co},8={Cx},z ={0,1}) is a Heegaard dia-
gram for this sutured manifold. In order to make this Heegaard diagram
admissible, a pair of cancelling intersection points should be created between
Cy and C4. The chain complex associated with this Heegaard diagram is

thus generated by a pair of generators x and y, corresponding to the copies
A, and A, of A. The differential is defined by

A=A, =

d(x)=(u — 1)y and 9I(y) = (up — 1)x.

Thus the chain complex has non-trivial chain homotopy type. This illustrates
one of the simplest examples of a situation beyond the framework of [Jul]
where the current construction may be applied and the outcome is non-
trivial. Note that in this case (where the boundary has components without
any sutures) the ring Z does not admit the structure of a natural A-module.

Suppose that (X,7 = {m1,...,7x}) is a weakly balanced sutured man-
ifold as above, and assume that the boundary S = X is connected. We
may let the mapping class group MCG(S) of S act on the sutures; for any
¢ € MCG(S), let 7 = {¢(71),...,¢(7x)}. Clearly, (X, 74) is a new sutured
manifold, and A;, = A,. Usually it sounds impossible, however, to relate the
complex CF(X, 74) to CF(X, 7). Nevertheless, the surgery exact triangle for
the Ozsvath-Szabé complexes associated with closed three-manifolds may
be generalized to give a partial answer in certain situations.

Let (X, 7) be a sutured manifold and 71,7 € 7 be two sutures which
belong to the common boundary of genus zero connected components Rf C
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R (r) and Ry C R (7). Consider a simple closed curve A\ C Rf UR; U
71 U 79 which cuts each one of 71 and 79 in a single transverse point and
remains disjoint from the rest of the sutures. We further assume that 7.\ =
1. Let ¢ denote the right-handed Dehn twist along 71 and v denote the left
handed Dehn twist along A. In particular, note that () and ¢(\) are both
homologous to 71 + A. Let us assume that the algebra A = A, is generated
by uq,...,u, as before, where u; corresponds to the suture 7;, 1 =1,..., K.
Note that in the relations ideal Z(7) in Z[x] (which defines A as Z[x]/Z(7))
the generators either contain ujus, or they contain none of u; and us. We
may thus introduce a new algebra B as a quotient of (ug,u1,...,u.)z by an
ideal Z(7). The generators of Z(7) are constructed from the generators of
Z(7) by replacing ujus with uggus. For i = 0, 1,2 we obtain the embeddings
' of A in B:

u if =1
IR HEPLICT) I it LS T
u;
1] ifBSjSK

We write A; in order to refer to A as the sub-ring +*(A) C B. Consider the
following quotient of H?(X, 0X;7Z).

2 .
H = w’ where n = PD[Tl + 7'2] = PDWJ(Tl) + 7/)(7—2)]

(n)
= PD[o(v(11)) + d(¥(72))].

Let us denote by x; € H the Poincaré dual of the suture 7;, for j = 3,..., k.
Furthermore, let xo, x1 and x2 denote the Poincaré duals of 71, ¥(m1) and
—¢ o 1)(71), respectively. Note that xo + x1 + x2 = 0. Define the filtration
map by

K K
x : G(B) — H, X l_Iu;1 = ZaiXi-
j=0 =0

Associated with any Spin® class s € Spin®(X) let CF;(s; A;) denote the com-
plex CF(X,7,s;Ag), CF(X,7y,8;A1), or CF(X, Tgoy,5; A2) depending on
whether ¢ = 0,1 or 2. Let CF;(s;B) = CF;(s;A;) ®a, B.
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Theorem 1.3. With the above notation fized, we have a triangle

CFo(s; B) E

~ CFy(s;B)

& S

CFs(s; B)

of filtered (B,H) chain maps such that ] of§, §5 o], and f§of5 are null
homotopic. Moreover, CF;(s;B) is filtered (B,H) chain homotopic to the
mapping cone of 3. In particular, if a ring R has the structure of a B-
module, taking the tensor product of the above triangle with R and computing
the homology groups we obtain a long exact sequence in homology:

s

L HR(X, 7,80 R) 25 HF(X, 74,5, R) 25 HF(X, 7oy, 5 R) 1 -

If the action of B on R respects the filtration by H, the above exact
sequence refines to an exact sequence corresponding to any of the relative
Spin€ structures s € Spin®(X, 7)/(n).

We say that the sutured manifold (X,7 = 7 U {7441, Tk+2}) is obtained
by a simple stabilization of (X,7) if —7x4+1 and 7,42 are oriented simple
closed curves parallel to 7, € 7, and 7, belongs to the common boundary
of two genus zero components Rl+ C Rt (r) and R, C R~ (7). Moreover,
7. and 7,41 bound an annulus R" in X — 7, while 7,41 and 7,2 bound
R™ CO0X —7,with RY)R™ C Rl+. We will denote R;“ — RTUR- by R},

I+1-
Let Az denote the algebra associated with (X,7), which is a quotient of
Zluy, ..., Usy2]. The following theorem (proved in Section 7) generalizes the

stabilization theorem of [OS9], while improving the ring of coefficients to Z
(instead of Z/27Z).

Proposition 1.4. With the above notation fixed, for any given Spin® class
5 € Spin® <Y?> = Spin®(X),
the filtered chain homotopy type of the complex CF(X,T,s) is the same as

the filtered chain homotopy type of the chain complex obtained by equipping
the module

CF (X, 7,8;A%) ® CF (X, 7,8; A7)
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with the differential

N 0 U1 — U

0= T rotl . where u:= H u; € As.
U — Ugp2 _67'

T AT CORS

Since A~ does not admit the structure of a natural A.-module, the mod-
ule CF (X, 7,5; A%), defined from an admissible Heegaard diagram for (X, 7),
does not have the structure of a chain complex and its differential

0-: CF (X, 7,8;A7) — CF (X, 7,5; A>)

satisfies
Oy 00, = (ut(r) —u (7)).1d.

However, this is enough for d to be a differential.
Finally, the behaviour of the sutured Floer complex under particular
forms of product disk decompositions is described in Section 9.

Theorem 1.5. Suppose that (X', 7%) is a weakly balanced sutured manifold
with a distinguished suture o; for i = 1,2, and let (X,7) denote the weakly
balanced sutured manifold obtained as the boundary connected sum of (X i)
along o;, i = 1,2. Fix the Spin® structures s € Spin®(X?) for i = 1,2.Then
the filtered chain homotopy type of the two filtered (A,H) chain complezes

CF(X,7,5'#s%A) and CF(X' 71, s%A)®) CF(X?, 72,5%A)
are the same, where A = A(T!, 7%, 01, 09).

The algebra A(7!,72;01,09) is discussed in Section 9. If the boundary
components in i)‘ii(Ti) adjacent to o; have positive genus, one is forced to
include unwanted relations in the above ring. Thus in some sense, Section 9
will provide a partial understanding of the extent to which a surface decom-
position formula for the sutured Floer complex may be hoped for.

1.3. Outline of the paper

The paper is organized as follows. In Section 2 we review some of the basic
notions, including the sutured manifolds, the corresponding Heegaard dia-
grams, and the Spin® structures on sutured manifolds. We will also review
some of the main constructions studied in this paper, including the action
of the mapping class group of the boundary and filling the sutures.
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In Section 3 we develop the language of chain complexes filtered by a
module, and make some simple algebraic observations. Moreover, we con-
struct an algebra associated with the boundary of a balanced sutured man-
ifold, as well as a filtration of its generators by classes in H?(X, 0X;Z). The
algebra plays the role of the coefficient ring for the Ozsvath-Szabd chain
complex constructed in this paper.

In Section 4 we develop a notion of admissibility for Heegaard dia-
grams, which makes it possible to construct an Ozsvath-Szabd complex using
Heegaard Floer theory. The admissibility condition is slightly weaker, in a
sense, than the strong admissibility of Ozsvath and Szabd in the context of
closed three-manifolds. However, it is strong enough for the construction of
Ozsvath-Szab6 complex to work. We show that all weakly balanced sutured
manifolds admit admissible Heegaard diagrams corresponding to any Spin®
class.

In Section 5 we study the orientability issues for the corresponding mod-
uli spaces. In particular, an appropriate orientation for the moduli spaces of
boundary degenerations is required so that the differential 0 of the associ-
ated Ozsvath-Szabé chain complex satisfies 92 = 0. Analyzing the analytic
aspects of the theory thus requires some new techniques which are developed
in Section 5.

In Section 6 we show that the filtered chain homotopy type of the chain
complex constructed in Section 5 and associated with an admissible Hee-
gaard diagram for the balanced sutured manifold (X, 7) is invariant under
Heegaard moves, and is independent of the choice of the path of almost
structures on the symmetric product of the Heegaard surface. The choice of
the algebra associated with the boundary plays a very crucial role both in
defining the chain complex and proving the invariance of the filtered chain
homotopy type.

In Section 7 we study how the filtered chain homotopy type of the
Ozsvéath-Szab6 complex associated with a balanced sutured manifold (X, 7)
changes when we add two parallel copies of an existing suture to the bound-
ary with appropriate orientation. The operation is called the stabilization of
the sutured manifold (X, 7).

In Section 8 we introduce a generalization of the surgery triangle for
balanced sutured manifolds. The freedom to choose many marked points on
the Heegaard diagram allows us to understand the chain maps in a better
way, and refine the existing triangles, and long exact sequences.

Finally, in Section 9 we discuss product disk decomposition, and prove a
connected sum formula for the sutured Floer complex. A number of examples
are also discussed.
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2. Background on sutured manifolds
2.1. Sutured manifolds and relative Spin® structures

In this paper, we only deal with sutured manifolds without toroidal sutures,
so we will modify the standard definition of sutured manifolds, by throwing
away the possibility of having a torus component among the sutures.

Definition 2.1. A sutured manifold (without toroidal sutures) (X, 7) is
a compact oriented three-manifold X with boundary 0X, together with a
set of disjoint oriented simple closed curves 7 = {71,...,7.} on 9X. We
will denote by A(7;) a tubular neighbourhood of 7; in 0X, which will be
an annulus. We let A(7) = A(m) U - U A(7,). Every component of R(7) =
0X — A(7)° is oriented (where A(7)° denotes the interior of A(7)). Further-
more, R(7) =R (7) UR™ (1) where RRT(7) denotes the union of compo-
nents of YR (7) with the property that the orientation induced on 7 as the
boundary of RT(7) agrees with the orientation of 7, while R~ (7) denotes
the union of components of PR(7) with the property that the orientation
induced on 7 as the boundary of 937 (7) is the opposite of the orientation
of 7. We assume that the orientation on the components of R(7) C 90X is
induced by the orientation of X. A sutured manifold (X, 7) is called weakly
balanced if for every connected component X of X both XN 9R*(r) and
XoNMR~ (1) are non-empty and x(RT (7)) = x(R(7)). A sutured manifold
(X,7) is called balanced if X is weakly balanced and the induced map
mo(T) = mo(0X) is surjective.

Definition 2.2. A Heegaard diagram is a tuple (X, a, 3,2) such that (3,
a,3) is a balanced Heegaard diagram i.e. ¥ is a closed oriented surface

and a and 3 are sets of disjoint oriented simple closed curves on ¥ with
o] = [8] = ¢, and

z:{zl,...,zH}CZ—Ua—Uﬁ

is a set of marked points.

Every Heegaard diagram (X, o, 3, z) uniquely defines a weakly balanced
sutured manifold manifold as follows. Let ¥° =Y — Dy —--- — D,, denote
the complement of the small disks Dq,...,D, around zi,...,z., where
z={z1,...,25}. The three-manifold X is obtained from 3° x [—1,1] by
attaching 3-dimensional 2-handles along the curves a; x {—1} and g; x {1}
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for i,7 =1,...,¢. We may define the set of sutures on the boundary of X
by

_— {ﬁ,...,m}, 7, = OD; x {0}.

In this situation, we say that (X, , 3, z) is associated with the sutured three-
manifold (X, 7). If each connected component of ¥ — a and ¥ — 3 contains
at least one marked point, then the sutured manifold (X, 7) is balanced.

Proposition 2.3. For every weakly balanced sutured manifold (X, 1), there
exists a Heegaard diagram associated with it in the above sense.

Proof. The argument of [Jul] may be extended to construct sutured Hee-
gaard diagrams for weakly balanced sutured manifolds. Let (X,, a, 3) be a
sutured Heegaard diagram for the weakly balanced sutured manifold (X, 7)
in the sense of [Jul]. If 7 = {m,..., 7.} consists of k sutures, take 3 to be
the surface obtained from X, by gluing & disks D1, Do, ..., D, to it along
the boundary components corresponding to 71, ...,7,. Let z; be the center
of Dj; i =1,...,k. Then (¥, 8,2 = {z1,...,24}) is a Heegaard diagram
for (X, 7). O

Proposition 2.4. If (31, a1,3;,2) and (X2, ag, By, W) are two Heegaard
diagrams for a weakly balanced sutured manifold (X, T), then they are dif-
feomorphic after a finite set of Heegaard moves, which are supported away
from the marked points.

Proof. This is Proposition 2.15 from [Jul]. O

For the most part of this paper, we will identify R®(7) = R (1) UR™ (1) as
the connected components of X — 7. Thus the boundary of each connected
component R C (1) may be identified with a union of curves in 7. In the
few situations where the annuli A(7;) are relevant, we will emphasize them
in the notation.

Suppose that (X, 7) is a balanced sutured manifold. One may define a
nowhere vanishing vector field on 9.X as follows. Let v, be a vector field (with
values in TX|sx) which points outward on R+ (1) C 9X — A(1) = R(7),
and points inward on R~ (7) C JR(7). Furthermore, under the identification
A(r;) = i x [=1,1], let vr| 4,y be the vector field % determining the unit
tangent vector of the second factor, i.e. the interval [—1, 1]. In fact, we have
to perturb v, on a small neighborhood JA(7) to make it continuous, but we
typically drop this perturbation from our notation.
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Definition 2.5. Suppose that the non-vanishing vector fields v and w on
X agree with v; on 9X. We say that v and w are homologous if there is a
ball B C X° such that the restrictions of v and w to X — B are homotopic
relative the boundary of X. We define the space Spin®(X, 7) of relative Spin®
structures on the sutured manifold (X, 7) to be the space of homology classes
of such nowhere vanishing vector fields on X which agree with v, on 0X.

Note that Spin(X, 7) is an affine space over H2(X, 90X, Z). Let us assume
that the Spin® structure s € Spin®(X, 7) is represented by a nowhere vanish-
ing vector field v, so that v|gx = v,. Let us define the first Chern class of
s to be the first Chern class of the oriented 2-plane field v+ over X, which
lives in H2(X,Z). Let us denote the inclusion of X in X by i: 90X — X.
We thus get a map

i* . H%(X,Z) — H%(0X, 7).

The first Chern class of the 2-plane field v lives in H2(0X,Z) and c;(s) is
thus included in

(i*)*l(cl(vf)) c H(X,Z).

Let (X, 7) be a balanced sutured manifold as above. Let I denote a subset
of {1,...,k}. We may glue a solid cylinder D? x [—1,1] (i.e. a 3-dimensional
2-handle) to each component A(7;) of A(7) along S x [~1,1]. We will refer
to this operation as filling out the suture 7;. Consider the sutured manifold
(X(I),7(I)) obtained by filling out the sutures of (X, 7) corresponding to
the subset I. In particular, we will denote X(1,...,x) by X. In terms of
the Heegaard diagrams, if (X, a, 3,2 = {21, ..., 24}) is a Heegaard diagram
associated with (X, 7) so that z; corresponds to the suture 7;, a diagram for
(X(I),7(I)) will be the pointed Heegaard diagram

(B, a,8,z—{z |icl}).

Let (X, at, B, z) be a Heegaard diagram for the balanced sutured manifold
(X, 7). complete z to a collection z of marked points in ¥ — a — 3 so that
each connected component contains at least one marked point. Consider the
symmetric product

oYX x Y
l
m‘(2) = =
Sym'(%) Sy Sy

equipped with a path of complex structures {Jt}te[o,l] which is of the form
Sym?* () in a fixed small neighbourhood V' of z, where j5 denotes a com-
plex structure over the surface ¥. Following Ozsvath and Szab6 [OS5] we
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call such almost complex structures nearly symmetric, dropping the Kéahler
structure and the complex structure jx; on ¥ and the neighbourhood V' from
the notation. By a generic path of almost complex structures {J; };¢(o,1] over
Sym* (3) we mean a generic choice of the above path within the aforemen-
tioned family of paths. The last condition on the path of almost complex
structures will be suppressed from the notation. The tori T, = aq X -+ X
and Tg = B1 X --- x B, are totally real sub-manifolds of Sym* (2). We may
define a map

s=5,:ToNTg — Spin“(X, 1),

which is defined by choosing a Morse function compatible with the Heegaard
diagram for the sutured manifold (X, 7), viewing an intersection point x €
T, NTg as a set of flow lines joining index-1 critical points to index-2 critical
points of the Morse function, and perturbing the gradient vector field of the
corresponding Morse function in a neighbourhood of this set of flow lines
associated with x in order to obtain a nowhere vanishing vector field on X
with the desired properties.

There is a notion of extending Spin® structures from (X, 7) to X(I) as
follows. If s € Spin®(X, 7) is represented by the nowhere vanishing vector
field v (so that v|px = v;), we may extend v over each one of the glued
cylinders D? x [—1,1]. In fact, v may be extended over D? x [—1,1] by set-
ting it equal to %, where t denotes the variable associated with the interval
[—1,1]. We will denote this extension of the vector field v by v;. Denote the
natural maps obtained by extending the relative Spin® structures on sutured
manifolds over the attached solid cylinders as above by

sy = sy : Spin(X,7) — Spin®(X (1), 7(I)), VY ICA{l,...,k}.
In particular, the extension map SEL_”’N} is denoted by
[.] : Spin®(X, 7) — Spin‘(X).
Note that there is an exact sequence

(PD[r] | i € I), — Spin®(X,7) “&> Spin“(X(I), 7(I)) — 0.

This sequence should be interpreted as follows. If two relative Spin® struc-
tures 5, t € Spin®(X, 7) satisfy s7(s) = s7(t), then the cohomology class s — t
is generated by the Poincaré duals of the sutures corresponding to I.
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Let us denote the inclusion of X in X (1) by ¢7 : X — X(I). This inclu-
sion gives a map

v HA(X(I),Z) — H*(X,Z).

We know that if s is represented by v, s7(s) is represented by v;. From the
definition of the first Chern class,

17 (e1(s1(8))) = ei(s).

Let us assume that S = 0.X is a connected surface. Associated with any
element ¢ in the mapping class group MCG(S) of the surface S we would
have a new sutured manifold (X, 74), with the same ambient manifold, and
with 74 = ¢(7). Clearly, RT (1) = ¢(RT (7)) and R (75) = ¢(R™(7)).

Consider the three-manifold with boundary Y = [0, 1] x S, together with
the sutures

oo = ({10} x )| ({1} x 7).
Correspondingly, we will have
er(%) = ({1} X 9%+(T¢)) U ({O} X 9{*(7)) and
R (0y) = ({1} X SR_(%)) U ({0} X ER+(T)) .

Then (Y, 04) is a sutured manifold and Spin®(Y, 04) is an affine space over
H?(Y,0Y;Z) = H%([0,1] x S,{0,1} x S;Z) = Hy([0,1] x S;Z).

Any relative Spin® class in Spin“(Y, 04) may thus be used to define a map
from Spin®(X,7) to Spin“(X, 7). In other words, we have a natural gluing
map

Spin®(X, 7) x Spin®([0, 1] x 90X, 04) — Spin“(X, 7).
2.2. Relative Spin®-structures and Heegaard diagrams

Let the Heegaard diagram (X, a,3,z) for the balanced sutured manifold
(X, 7), the symmetric product Symg(E), the totally real tori T, and Tg,
and the path of complex structures {Jt} te[0,1] (which is nearly symmetric)
be as before.

Definition 2.6. Let D C C be the unit disk in the complex plane, and
x,y € To NTg. A Whitney disk is a continuous map ¢ : D — Sym‘(%) such



628 A. S. Alishahi and E. Eftekhary

that ¢(—i) = x,¢(i) =y and

¢{z € OD | Re(z) > 0} C To and
¢{z € OD | Re(z) <0} C Ts.

The set of homotopy classes of the Whitney disks connecting x to y is
denoted by ma(x,y). For any homotopy class ¢ € ma(x,y), we denote the
moduli space of {.J;};-holomorphic representatives of ¢ by M(¢). There
exists a translation action of R on M(¢). The quotient of M(¢) under this
action will be denoted by M(¢). The Maslov index of ¢ is denoted by (o).
For i € Z, we will denote by 7}(x,y) the subset of m2(x,y) which consists
of all ¢ with u(¢) = .

It is known ([OS5], and [OS9]) that for any generic path {J;}; of com-
plex structures, M(¢) is a smooth manifold of dimension pu(¢), which is
not necessarily compact. Although the proof is given for a special class of
pointed Heegaard diagrams the proof in this more general form is identical.
This moduli space may be compactified by adding the Gromov limits of
pseudo-holomorphic curves. But the boundary strata which correspond to
degenerations of the domain are not necessarily smooth, or of lower dimen-
sion. We will return to this issue in Section 5.

Definition 2.7. Let D;,...,D,, be the connected components of ¥ —
a — 3. Each element of the free abelian group generated by {Di,..., Dy}
is called a domain. A domain D = a1D1 + -+ am D,y is called positive,
denoted D > 0, if a; > 0 for 1 <7 < m. It is called periodic if its formal
boundary (as a 2-chain) is a sum of a and § curves.

For every Whitney disk ¢ connecting the intersection points x and y,
the domain associated with ¢ is defined as follows:

D(¢) =Yy, (8)D;
i=1

where p; € D; is a marked point. Here ny(¢) for a point pe ¥ —a — 3
denotes the algebraic intersection number of ¢ with the subvariety

Ap={(p1,...,pe) € Sym* (%) ’pi = p, for some 1 <i < (}.

If the map ¢ is pseudo-holomorphic then D(¢) is a positive domain by
positivity of intersection. We will denote by 7 (x,y) the subset of m2(x,y)
which consists of all ¢ with D(¢) > 0.
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If P is a periodic domain we can associate to it a homology class in
Hy(X,Z). More precisely, let

¢ ¢
P = Z a;o; + Z biBi
i=1 i=1

and let D(a;) be the union of a; x [—1,0] with the core of the two-handles
attached to a; x {—1} in X. Similarly, let D(;) be the union of 3; x [0, 1]
with the core of the two-handle attached to ; x {1}. Define

l

¢
H(P)=P+ Z a;D(ai) + Z biD(6:).
i—1

i=1

If ¢ € ma(x,x) is a Whitney disk connecting x to itself, withx € T, N Tg,
the domain D(¢) will be a periodic domain. Conversely, any periodic domain
P determines the class of a Whitney disk in mp(x,x) for any x € T, N Tpg,
provided that ¢ > 1. Thus the space of periodic domains may be identified
with ma(x,x) if we assume that ¢ > 1.

Fix a metric on X and let V denote the corresponding covariant deriva-
tive. Fix a self-indexing Morse function f : X — [¢,3 — €] compatible with
the Heegaard diagram (¥, 3,z), i.e. such that Vf|,.) is a section of
T(aX) ’A(T) )

R () =f"38-¢, R(r)=f" and T-][Di=r"(3/2),

i=1

and such that the curves in « are identified as the ascending manifolds of
the critical points of index 1, while the curves in 3 are identified with the
descending manifolds of the critical points of index 2. For each x € T, N Ty
let vx be the union of the flow lines connecting the index-1 critical points to
the index-2 critical points passing through the union x of the intersection
points on ¥ = f~1(3/2) C X.

Lemma 2.8. Forx,y € T, NTg we have s(x) — s(y) = PD(e(x,y)) where
e(x,y) =1 — 1y € Hi(X,Z).

Proof. This is Lemma 4.7 from [Jul]. O
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Corollary 2.9. If ¢ € ma(x,y) then we have

Z n., (¢)PD[r].

Proof. The disk ¢ gives a domain D(¢), with the property that e(x,y) is
represented by

(E {Zh .- -725}7Z)
<a1, RN - T vﬂf>z.

9(D(¢)) € Hi(X,Z) =

If ¢; denotes a small loop around z; € 3, the domain D(¢) gives a 2-chain
connecting €(x,y) and n;, (¢)e; + - - - + n,, (¢)e,. However, ¢; is homologous
to 73, and we thus have

§(X) - é(}’) Z nz PD Tz

This completes the proof of the corollary. O

Let us finish this subsection with a pair of lemmas for computing the
Maslov index of a periodic domain. Let

k l
E—a:UAi and Z—,B:UBi,

i=1 i=1

and assume we have m =k 4 [ — 1 points wy, ..., w, on X such that w; €
A;iN By for 1 <i<k,and wiy € A N B for 1 <i <.

Lemma 2.10. For any periodic domain P € ma(X,X) such that n,, (P) =0
for 1 <1 < m we have:

= (a1([s(x)]), H(P)).

Proof. Let Yy =3 —nd(w), with w = {wy,...,wn}. Now (Zw,a,0) is a
sutured Heegaard diagram for a sutured manifold X,, which is obtained
from X by removing neighbourhoods of the flow lines passing through w. If
i: Xw — X is the embedding of Xy in X, then i~!(P) is a periodic domain
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in (Xw, o, B), and by Theorem 5.2 from [Jul] we have

u(i'P) = (e1 (s (x)). H(i™ (P)))

The periodic domains P and i~!(P) correspond to the homotopy class of a
sphere

S ¢ Sym‘(2y) C Sym‘(%)

and their Maslov index is thus the same, i.e. u(P) = u(i~'(P)). We have
*H(P) = H(i"'(P)). Thus it is enough to show that

(1) c1(8w(x)) = i1 ([s(x)]).

Let v be the vector field defining s(x), and let 7 be the extension of v
to X. Then i*¥ is the vector field defining s, (x) and thus Equation 1 is
satisfied. O

Lemma 2.11. For any periodic domain P € ma(x,x) we have:
w(P) = (a ([5(x)]), H(P))-

Proof. If we move the curves by an isotopy to create new intersection points
between o and 3 the periodic domain P corresponds to a periodic domain
in the new Heegaard diagram. The two sides of the above equality remain
unchanged under this correspondence. We may thus assume that we have
m =k + 1 — 1 points w1, ..., w, on X such that w; € A; N By for 1 <i <k,
and w1 € Ak N By for 1 <14 < (. Let us denote n,, (P) by n;, and set

k -1
Q=P — <Z niAi> — (Z(MM - nk)BH—l) .
i=1 i=1

Clearly n,,(Q) =0 for ¢ =1,...,m, and Lemma 2.10 implies (setting s =
[s(x)], and regarding Q as an element in ma(x,x))
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(2) wQ) =(cls), H(Q))
k
— <Cl(5),H(P)> — (Z n1<61(5),H(A1)>>

i=1

-1
_ (Z(n”k _ nk)<01(5),H(Bi+1)>>

=1
k -1
= (ci(s), H(P)) — (Z niX(Az')> - <Z(m‘+k - nk)X(&)) :
i=1 i=1

In the last equation we denote by x(A4;) and x(B;) the expressions 2 — 2g4,
and 2 — 2¢gp,, respectively, where g4, and gp, denote the genera of the com-
ponents in R~ (1) and R (7) which correspond to A; and B;, respectively.

On the other hand, the formula of Lipshitz ([Lip]) may be used to com-
pute p(A;) and p(Bj) as periodic domains in ma(x, x). As such, we will have

(3) w(Ai) =x(A), i=1,...,k, and pu(By)=x(By), j=1,...,L

Combining Equations 3 and 2 we obtain

k -1
u(P) = (ei(s), H(P)) — (Z mx(&)) - (Z(ni+k - nk)X(Bz’)>

i=1
k -1
+ <Z niM(Ai)> + (Z(nz+k - nk)/i(Bz)>
i=1 i=1
= <Cl(5)) H(P)>
This completes the proof of the lemma. U
3. Algebra input

3.1. The A chain complexes

Most part of this subsection is borrowed from Ozsvéth and Szabd’s [OS7]
(Subsection 4.1) with minor modifications.
Let us assume that A is a (commutative) finitely generated Z-algebra.

Definition 3.1. IfB is another (commutative) ring, which has the structure
of an A-module, we will call B a test ring for A. A chain complex with
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coefficient ring A, or simply an A chain complex, is an A-module C together
with a homomorphism of A-modules d : C'— C', such that dod = 0.

Let us assume that (C,d) is an A chain complex. Choose a test ring B
and let C(B) = C ®4 B. The differential d of the complex (C,d) induces a
differential d® : C(B) — C(B). If (C1,d1) and (Cs, dz) are A chain complexes
and f: C; — C is an A chain map, then f induces a B chain map

% (C1(B), df) — (Ca2(B), d3),

where d? denotes the differential induced by d; on C;(B), i = 1,2. Associated
with any A chain complex (C,d), and any test ring B, we consider the
homology group

H.(C,d;B) := H,(C(B),d®).

We may denote this homology group by H.(C;B), if there is no confusion.
Associated with f: Cy — C5 as above, we thus obtain a homomorphism

fiB : H*(Cl,dl;B) — H*(C2ad2§B)'

Definition 3.2. An A chain map f: (C1,d;) — (Ca,d2) between A chain
complexes is called a quasi-isomorphism if the induced map

£ Ho(Cy,d1; B) — Ho(C2,d2;B)

is an isomorphism for any test ring B. More generally, if ‘B is a family of
test rings for A, the A chain map f is called a B-isomorphism if f2 is
an isomorphism for any test ring B € B. Two A chain complexes (C1,dy)
and (Caq,d2) are quasi-isomorphic if there is a third A chain complex (C, d),
together with quasi-isomorphisms f; : (C;,d;) — (C,d), i = 1,2. Similarly,
we may define B-isomorphic A chain complexes.

If f:(C1,d1) — (Co,d2) is a homotopy equivalence of A chain com-
plexes, then f is clearly a quasi-isomorphism.

If (A1,d1) and (Az,dg) are A chain complexes and f: A} — Ag is an
A chain map, we can form the mapping cone M(f) of f, whose underlying
complex is the direct sum A; & A, which is equipped with the differential

(4) dM:<(? _2[2>.

The chain complex M(f) inherits the structure of an A-module from A;
and As, and its differential respects the A-module structure, since d; and
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ds do so and f is an A chain map. Moreover, for any test ring B for A,
M(f)(B) = M(f®). There is a short exact sequence of chain complexes

B 7B
0 Az(B) — M(f)(B) — A1(B) 0,
induced from the natural sequence
0 e Ay e M(f) A - 0,

For each test ring B for A we thus obtain a long exact sequence in homology,
or in fact an exact triangle

IB
Aladh > H A27d27

e

The construction of the mapping cone is natural in the sense that a
commutative diagram of A chain maps

A, 1 4,
o1 ®2
B —7 .pB,

induces an A chain map m(¢1, ¢2) : M(f) — M(g) such that there is a homo-
topy commutative diagram with exact rows

0 s Ay — T o) g )
b2 m(¢1, p2) b1
0 e By — 0 v M(g) —2+ B, - 0,

The following lemma is the main algebraic ingredient in the study of
holomorphic triangles in this paper.
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Lemma 3.3. (c.f. Lemma 4.4 from [OS7]) Let {(A;,d;)}2, be a collec-

tion of A chain complexes and {f; : A; — Aix1} be a collection of A chain

maps between these complexes which satisfy the following two properties:
(1) There are A homomorphisms H; : A; — Aj+o such that

fix10 fi = Hyod; + diy9 0 Hj,

i.e. fir10 fi is null-homotopic via A chain homotopy maps H;.
(2)The difference

figoo H; — Hipq0 fi: Ay = Ajq3

18 a homotopy equivalence fori=1,2,....
Then M(f;) is homotopy equivalent to A;yo for i > 2. Moreover, if

figoo H; — Hipq0 fi 0 Ay — Ajq3

is a B-isomorphism for some family B of test rings for A and for i =
1,2,..., then M(f;) is B-isomorphic to Aijro fori > 2.

Proof. The maps ¢; = (—1)* (firo 0 H; — Hiy1 0 fi) : A; — Aj13 are A chain
maps, making the following diagram homotopy commutative

fi

A; A1
(5) bi bit1
Aiys Jits Aiyy.

In fact, using the first property in the statement of the lemma we will have
Giv10 fi = firz o di = (1) (Hip2 0 Hi) 0 di — diya o (Hit2 0 Hy)),

and ¢; 1 o fi — fits o ¢; is thus null-homotopic. Let us denote H; 12 o H; by
L;: Al — Ai+4. We then define (a7 M(fl) — AZ'+2 and 51 : Al — M(fz—i—l) by

ai(ai,ait1) = fir1(aiv1) — Hi(a;) and  Bi(a;) = (fi(ai), Hi(ai))

respectively. Then a; 11 0 3; = (—1)¢; is a homotopy equivalence by the sec-
ond property above. All the squares in the following diagram commute up
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to homotopy

A; Ji Ait1 GA8 M(f) CO™ A; fi , At
- = Q; bi Git1
() 14’1 i Ai;l _ fir Ai'H five A;+3 fivs A;+4
b Pit1 Bita = =
Aits fits Aita (_14)%“; M(];i+3) T A fits, Az+4-

The commutativity of the two squares on the right and the two squares on
the left already follows from the commutativity of the square in Equation 5.
The definition of a; and B;49 imply the equalities

fi+2 = Tir3 0 Biye and  fip1 = a; 02i41.
For the remaining two squares, let us define

K} :M(fi) = Aigs, K[(ai,ai01) = Hipa(aig),
K?: A = M(fiz2), KZ(a;) = (Hi(a;),0)
We can then compute
(=) pom; — firgo; = K} ody, —diyzo K} and
Bivz 0 firr = (=1)"isa 0 dip1 = K2y o digr + du,yy 0 K24,
where dyy, denotes the differential of M; = M( f;). We first claim that
Fy = Biva 0 ai : M(fi) = M(fit3)
is a chain homotopy equivalence. In fact, note that
Fi(ai, ait1) = Bivo(fiv1(aivr) — Hi(as))
= (fi+2 (Hi(ai) = fis1(aiv1)), Hiva (Hi(a;) — fi-i—l(ai-i-l)))
= m(¢i, Git1)(ai,aiyr1) + (dMi+3 oH'+ H'o dMi) (ai,ait1)

Where{ Has, ai41) = (_ Hit1(aiv1), O)
(0is div1)(as, aiv1) = (1) (di(ai), Li(a;) — ¢iv1(ait1)).
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Since m(¢;, ¢i+1) is a chain homotopy equivalence, it follows that the same
is true for Fj. Since a3 0 Bir2 = (—1)%@; 1o is a chain homotopy equivalence
as well, it follows that ;19 is a chain homotopy equivalence (one needs to
use the fact that aji3, Si+2 and F; are all chain maps).

For the $B-isomorphism statement, note that for any test ring B € 5 for
the ring A, we may replace the complexes A; with A;(B) and M(f;) with
M(fE) in the commutative diagram 6. Then the maps induced on homol-
ogy associated with the first and the third row of the above diagram are
exact. From the five lemma, it follows that the map induced on homology by

?ﬁ oo is an isomorphism. Since 30 fBita = @it2 is a B-isomorphism,
we conclude that S;12, and hence «; are B-isomorphisms as well. O

3.2. Filtration by a Z-module

Let us assume that A is an algebra over Z which is generated, as a free
module over Z, by a set G(A) of generators. We will assume that 1 € G(A).
The choice of this basis for A as a free module over Z will be implicit in our
notation. Furthermore, let H be a Z-module.

Definition 3.4. By a filtration for A with values in H we mean a choice of
the basis G(A) for the free Z-module A which is closed under multiplication,
and a map

x:GA) —H
which satisfies x(1) = 0 and x(ab) = x(a) + x(b) for all a,b € G(A). The pair
(A, x : G(A) — H) is called a coefficient ring filtered by H. We will typically

drop x and the choice of G(A) from the notation, if there is no confusion,
and will denote the filtered ring by the pair (A, H).

Suppose that B is a test ring for A which is a free Z-module on its own
with basis G(B), and that

XB : G(B) — H

is a filtration for B. Furthermore, assume that the A-module structure on B
induces a map

G(A) x G(B) — G(B).
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Definition 3.5. In the above situation, we say that xp is compatible with
x if
xa(ab) = xa(a) + xa(b), ¥a€G(A), be G(B).

If this is the case, we will call (B, xg) a filtered test ring for (A, H). Again,
when there is no confusion we will denote this pair by (B, H).

Let us assume that (C,d) is an A chain complex, that x : G(A) — H is
a filtration for A, and that C is freely generated over A by some subset [
of C.

Definition 3.6. We say that the A chain complex (C,d) is a filtered (A, H)
chain complex if there is a basis I C C for C' over A and a filtration

x:IxI—H,

which satisfies:
1) x(c1,c2) = —x(c2,¢1) for all ¢1,¢9 € 1.

2) x(c1,c2) + x(c2,c3) = x(c1,¢3), for all 1, co,c3 € 1.

3) For any c € I, d(c) = Zfil m;a;c;, with my,...,my € Z, ¢1,...,cN €
I and aq,...,an € G(A), such that

x(c,ci) =x(a;), Vie{l,...,N}.

We are of course abusing the notation by denoting both the filtration of C
and the filtration of A by x.

If (C,d) is a filtered (A,H) chain complex as above, one may think of
x(c1,c2) as the difference x(c1) — x(c2), where x : I — S and S is an affine
space over the module H. With this new notation, x(a.c) for a € G(A) and
¢ € I may be defined as x(a) + x(c) € S.

Clearly, taking the tensor product of (C,d) with any filtered test ring
(B, H) results in a filtered (B, H) chain complex.

Definition 3.7. An A chain map f: (Ci,di1) = (Ca,d2) between (A, H)
chain complexes (C;, d;) with basis I;, i = 1,2 and filtrations x1, x2 is called
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a filtered (A, H) chain map if for all ¢, € I} we may write

N M
f(e) = Zmiaibi7 f(d) = Zm}a;bg,
i=1 i=j
mi,m; €7, ai,a;- € G(A) and bi,b;- € I,

such that for any i =1,...,N and j =1,..., M we have
xi(e, ) = xa(bs, b)) + x(a;) — x(a}).

In particular, if for some affine space S over H, there are maps y; :
I; — S which satisfy x;(c1,c2) = xi(c1) — xi(e2) for i = 1,2 and ¢1,¢2 € I,
the above condition may be translated to xa(a;b;) = x1(c) for i =1,..., N,
whenever f(c) = Zfil m;a;b; with m; € Z, a; € G(A) and b; € I;.

Similarly, we may define the notion of a chain homotopy respecting the
filtrations (i.e. (A, H) chain homotopy), and filtered (A, H) chain homotopy
equivalence. Mapping cones of filtered (A, H) chain maps are filtered (A, H)
chain complexes. Moreover, the following refinement of Lemma 3.3 may be
proved with a similar argument.

Lemma 3.8. With the notation of Lemma 3.3, if the A chain complezes
A; are all filtered (A, H) chain complezxes, the A chain maps f;, as well as
the A-homomorphisms H; are all (A,H) filtered, and fiyo 0o H; — Hiy1 0 f;
are all filtered (A,H) chain homotopy equivalences, M(f;) is filtered (A,H)
chain homotopy equivalent to A;ys.

3.3. The algebra associated with the boundary of
a sutured manifold

Let (X, 7) be a weakly balanced sutured manifold. We will assume that

l
R(r)=JR and ®'(r)=|]JR/ .

J

Here R; and R;r are the connected components of R~ (7) and R (7) respec-
tively, fori =1,...,k and j =1,...,l. Let g; denote the genus of R, and
g;f denote the genus of Rj. We will denote 2 — 2g;” by x;” and 2 — QQ;F by
Xj+' The set of sutures 7 = {71,...,7,} determines an algebras over Z as
follows. Consider the free Z-algebra Z|[x] := Z[ul, .. ,u,i], and consider the
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following elements in it

k

U =u(7):= Zu(R;) and ut =uf(r):= Zu(R;“), where
i=1 i=1

u; =u(R;) = H u;, 1<i<k and
chaR;

uf =u(RS) = H uj, 1<i<l.
chaRj

Consider the quotient A, = Z[x]/Z(7) of Z[k] where Z(7) is the following
ideal of Z[k], called the relations ideal associated with 7:

I(7) o= (uh(T) = u™ (7)) gy + (05 195 > 0) g + (0 197 > 0)

The algebra A, will be used as the ring of coefficients for the Ozsvath-Szabd
complex associated with the weakly balanced sutured manifold (X, 7). There
is a quotient of A, which is of interest in this paper as well:

Z[r]

A= —— : .
(wi li=1 k) + (g [i=1,..0),

It is clear that both A = A, and A= 1&7 are finitely generated algebras
over Z, which are generated, as a module over Z, by elements of the form
[T, uf*, where a; are non-negative integers. We will denote the set of all
such monomials by G(A).

The algebra A; may be trivial (i.e. equal to zero). In particular, this
would be the case if PR(7) contains a closed component of positive genus.

When (X, 7) is balanced, there is a quotient map
qr: A — 7

which gives Z the structure of an A -module. This homomorphism is defined
by sending any non-trivial monomial u € G(A;) \ {1} to zero (and extending
this map to a homomorphism). In particular, A, is non-trivial in this case.
If A, =0, the corresponding chain complex would be automatically trivial.
We thus choose not to exclude this case.



A refinement of sutured Floer homology 641

One may define a natural map, which we call the Poincaré duality char-
acter, from G(A) to the Z-module H := H%(X,0X,Z) by

x:G(A) — H=H*(X,0X;7Z),

X (Hu?i> = a1 PD[my] + -+ + axPD[r], Yai,..., a, € Z=°.
=1

As defined, y is just a map from the set of generators for Z[x] to H*(X, 0X, Z).
However, since x(u(R;)) = —PD[OR; ] =0 and X(u(Rj)) = PD[@R;«F] =0
foralli=1,...,k and j =1,...,l, the map is well-defined on G(A). The
Poincaré duality character gives the filtration of A by H = H?(X,0X;Z).

We may also define a map from the set of positive Whitney disks associ-
ated with a Heegaard diagram (X, e, B,2) for (X, 7) to G(A) by computing
the local multiplicities of the domain associated with each disk at the marked
points in z:

u=u: [ w5 xy)— GA)
x,ye'ﬂ‘aﬂ’]l‘g

u(@) == [[u*?, VxyeTanTs and ¥ ¢ € 5 (x.y).
=1

The composition y(u(¢)) in H?(X, X, Z) will be denoted by I?[(qﬁ) for any
¢ € 7 (x,y). Of course, the definition of H(¢) may be extended to arbitrary
¢ € ma(x,y) by setting

H(¢) =) n..(¢)PDIr).
i=1
Thus, Corollary 2.9 may be re-stated as

pem(xy) = s(x)—s(y)=H().

The algebra introduced above depends on (09X, 7). Below, we will com-
pute the algebra in some of the familiar cases, and a few other interesting
instances.
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Example 3.9. (a) If 0X is a union of n standard spheres and
T=A{m1,..., T},
where 7; is the equator of the i-th sphere, we will have
A =7Zug,. .. uyl.

(b) If 0X is a torus T, and if 7 consists of 2n parallel simple closed
curves T, ..., Ton, we will have

Z[ul, e ,ugn]

A, =
(uqug + - 4 U1l = Uslty + - + Uyl )

In particular, for n =1 the sutured manifold (X, 7) determines the com-
plement of a knot K inside the three-manifold ¥ so that X =Y — nd(K)
such that 71 and 75 represent two meridians for K with opposite orientation.
The above relation is trivial in this case and A; = Z[uy, ug] is the coefficient
ring used by Ozsvath and Szabé in defining CEF~ (Y, K). There is an obvious
quotient map

Z[ug,ul, e ,ugn}

<u2i_1:uo\i:1,...,n>

A, — :Z[ug,ug,...,ugn].

The algebra Z[n + 1] may thus be used as the coefficient ring as well.

(¢) If p1,...,pn denote n distinct points on the standard sphere Sy
and qi,...,q, denote n distinct points on a second copy So of the stan-
dard sphere, one may obtain a surface of genus n — 1 by connecting S; and
So via n one-handles, so that i-th one-handle is attached to a neighbour-
hood of {p;,¢;}. The cores of these one-handles determine a set of sutures
T ={m1,...,7n} on the resulting surface S. The corresponding algebra is
Zlug, ... uy).

(d) Consider a bipartite (2-colorable) graph G, with a coloring of its
vertices with + and —. We thus have a partition of the vertices V(G) of G as
V(G) = VT (G) UV~ (G). Adding valence zero vertices we may assume that
the number of + and — vertices are equal. Let S = S(G) denote the surface
obtained as the boundary of a neighbourhood of G in R3, and 7 = 7(G)
denote the set of simple closed curves which correspond to meridians of the
edges of G (thus, corresponding to any edge e € E(G) we have a suture
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Te € T). Associated with any vertex v € V(G) we thus have a monomial

uw)= [ w €Z[G] :=Z[u |ecEG)].

ecE(G)
vee

The algebra Ag = A, () may then be described as

Z|G]
<ZUGV*(G) u(v) = Zyev+(c) u(”)>

Ag =
Z[G]
All previous cases are special cases of this construction. In particular, if G

is the graph with three vertices 1,2 and 3 and two edges e; and ey such that
e1 connects 1 and 2 and es connects 1 and 3, we will have

Z[ul, 112]

<(u1 — 1)(112 — 1)>’

Ag =
which corresponds to Example 4 from the introduction.

Let (X, 7) be a weakly balanced sutured manifold,

H = (E,Q,B,Z: {Zh""z"‘})

be a Heegaard diagram associated with it, and A, be the corresponding alge-
bra. Associated with the Heegaard diagram is a free A,-module generated
by the intersection points x € T, N Tg. We will denote this free A;-module
by CF(X,7; H). We thus have

CF(X,7;H):=(x|x¢€ TamTﬂ>AT
= (ax|x€ToaNTg and a € G(A,)),.

The assignment of relative Spin® structures in S = S; = Spin®(X, 7) to the
intersection points in T, N Tg by the map s = s, may thus be regarded as
a filtration on the Ozsvath-Szab6 module CF(X, 1; H).
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4. Admissible Heegaard diagrams
4.1. The notion of s-admissibility

Let (X, 0,8,z ={z1,...,2x}) be a Heegaard diagram for the weakly bal-
anced sutured manifold (X, 7 = {m,...,7.}). As before, we let

k !
E—a:HAi and Z—,B:HBi.
i=1 i=1

Definition 4.1. Let X = X(1,...,) be the three manifold obtained by
filling the sutures in 7. For 5 € Spin®(X), a Heegaard diagram (X, o, 3, z)
of (X, 7) is called s-admissible if for any nontrivial periodic domain P with

the property (c1(s), H(P)) = 0 one of the following happens,

(a) There is a point w € ¥ such that n,(P) < 0.
(b) We have P > 0 and u(P) =0 in A.

Lemma 4.2. Fors € Spin®(X), let (%, at, 3,2) be an s-admissible Heegaard
diagram for the weakly balanced sutured manifold (X, 7). Then for any two
intersection points X,y € To NTg with 5(x),s(y) € s C Spin®(X, 1), and for
any integer j there are only finitely many ¢ € mo(x,y) such that pu(¢) = j,
D(¢) > 0 and u(¢) # 0.

Proof. Suppose that, for an integer j, there are infinitely many ¢ € ma(x,y)
such that u(¢) =7, D(¢) > 0 and u(¢) # 0. Fix an element ¢g € ma(x,y)
with these properties. Any ¢ € ma(x,y) with these properties can then be
written as ¢ = ¢o + P where P € ma(x,x) and u(P) = (ci(s), H(P)) = 0.
Thus the set

Q= {P € m(x,x) | u(P) =0, P+D(¢g) >0, u(¢o+P) #0}

is not finite. Let m denote the total number of domains in ¥ — a — 3, and
D;, for it =1,...,m, denote the corresponding domains. Consider ) as a
subset of the set of all lattice points in the vector space

V= <77 S 7T2(X,X) ‘ <Cl<§),H(7D)> = 0>]R c R™.

Here, R™ is the vector space generated by the components D;,i =1,...,m
over R. If @ is not finite, there is a sequence (P;){2; in @, such that
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|Pi]| — oc. By passing to a subsequence if necessary, we may assume that the
sequence { 15 izl }OO is convergent on the unit ball inside V. Since ||P;|| — oo,
and P; + D(¢p) > 0, the sequence converges to a real vector in R" with non-
negative entries. Denote the limit of ( ) by P, which is a periodic domain
with non-negative real entries.

For a rational periodic domain P such that NP is integral define

Lzl

o B <cl(s),H(N77)>
p(P) i= p(NP)/N = SRl

There is a positive rational periodic domain P, sufficiently closed to 75, such
that

e The Maslov index u(P) is zero, i.e. P €V

e If the coefficient of P in some domain D, is zero, the coefficient of P
in D; is zero as well.

Thus for a sufficiently large number M, M P—-Pisa positive periodic
domain. After multiplying P with an appropriate positive integer N, we
obtain a positive periodic domain NP with integral coefficients, and with
Maslov index zero i.e. {(c1(s), H(NP)) =0. The s-admissibility condition
implies that u(NP) = 0. Since

MN ~
Pi) = MNP,

and D(¢g) + P; > 0, there exists a sufficiently large integer K > 0 such that

MN

W(D(%) +Pi) =NP >0, Vi>K.
(2
Note that ||P;]| — oo, thus for a sufficiently large K we have

MN _
1P

(D(¢o) +P;) — NP >0, Vi>K.

The equality u(NP) = 0 implies that u(¢;) = u(D(¢g) + P;) = 0 for any i >
K, which is in contradiction with the assumption that the map u is nonzero
over the classes ¢;. OJ

Remark 4.3. When we use a test ring B for A, (which comes together
with a ring homomorphism pp : A; — B) as the ring of coefficients for the
chain complex, it suffices to assume that the Heegaard diagram (¥, a, 3, )
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is admissible in the following weaker sense: If P is a periodic domain with
P >0 and (ci(s), H(P)) = 0, then pg(u(P)) = 0. In particular, when (X, 7)
is balanced and B = Z this gives us the notion of weak admissibility used
by Juhdsz [Jul]. More generally, define

_ Zluy, ... u]
T (uwe G(Ar)\ {1} | x(u) is torsion)”

Clearly B is a quotient of A,. Let us denote the quotient map by

or A — B
Any positive periodic domain P with u,(P) =[], u;"* determines a 2-chain
in X with boundary equal to .7, n;7;. This implies that p,(u,(P)) =0,

unless n; = ng = --- = n, = 0. Thus, the notion of admissibility for the coef-
ficient ring B, is a direct consequence of weak admissibility in the sense of
Juhdsz [Jul].

4.2. Existence of s-admissible Heegaard diagrams

Performing special isotopies on the curves in «, as in [OS5], produces s-
admissible Heegaard diagrams.

Definition 4.4. Let v be an oriented simple closed curve in 3. Consider the
coordinate system (t,0) € (—¢,¢) x S! in a neighbourhood of v = {0} x S*.
The diffeomorphism of ¥ obtained by integrating a vector field ¢ supported
in this neighbourhood of v with the property df(¢) > 0 is called winding
along ~. Let a be a simple closed curve which intersects v in one point and
¢ be a winding around . If ¢(«) transversely intersects « in 2n points then
we say that ¢ is an isotopy which winds « n-times around ~.

Lemma 4.5. Let (X,7) be a weakly balanced sutured manifold as before,
X be the three-manifold obtained from (X,7) by filling the sutures, and
s € Spin®(X) be a Spin®-structure. Then (X, T) admits an s-admissible Hee-
gaard diagram. Moreover, every Heegaard diagram (3, o, 3,z) for (X, 1)
may be modified to an s-admissible Heegaard diagram by performing iso-
topies (supported away from the marked points) on the curves in .

Proof. Let (¥, ¢, 3,2) be a Heegaard diagram for (X, 7). Let

k l
S—a=]]A and T-8=]]B:

i=1 i=1
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be the connected components in the complement of a and 3 respectively.
It suffices to arrange that a; N G; # O for every 4,5 € {1,...,¢}. For any
ie{l,...,k}and j € {1,...,l} we can find a curve v such that v connects
JA; to 0Bj, and avoids A; and Bj, provided that A; N Bj = (). By finger
moving those « curves which intersect the curve 7 (simultaneously) along
7, we create a new Heegaard diagram with the property that A; N B; # .
Repeating this procedure for all i =1,...,k and j =1,...,], we may thus
assume that

AiﬁBj#Q, Vi=1,....k, j=1,...,L

Let ap be a set of disjoint simple closed curves on 3, disjoint from «,
such that ¥ — a — ag has the same number of connected components as
> — «, and all of its connected components have genus zero. Furthermore,
let @ = oy U ay where

oy = {ozl- €Eal|dj, o C OAJ}.

For i =0,1,2, let us denote the number of elements in «; by ¢;. Thus, in
particular, ¢ = {1 + {5.

We define a graph GG with k vertices corresponding to the components
Aq, ..., Ag. The edges of G correspond to the elements of aw, i.e. if « € ay
is a curve in 0A; N 0A; for i # j we put an edge in G connecting A; to A;
associated with «. If = ¥[a;] is the surface obtained from ¥ by surgering out
the elements of aq, each loop in G corresponds to a homologically nontrivial
simple closed curve in X[a] which is disjoint from «g. In other words, each
loop in G corresponds to a homologically nontrivial simple closed curve
in ¥[ap U o). Furthermore, h = dim(H; (G, Z)) is the genus of X[a U o).
One may thus compute h = 5 — k + 1.

Consider a set of pairwise disjoint simple closed curves

Y= U’YQ = {71""5721}U{7£1+15‘-'7’ye_k+1}

on ¥ with the following properties. First of all, we assume that ~; is a dual
set for ap i.e. each element of v, intersects exactly one element of a; with
intersection number one, and for each element of cv; there is one element of
v, intersecting it (with intersection number one). Furthermore, we assume
that

Y1 Nay =~ Nag = 0.

The set 7y, corresponds to a basis for Hy (G, Z) which is a set of disjoint,
oriented, and linearly independent simple closed curves on X[ap U at1]. There
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is a one to one map i : v, — o with the property that for each v € 4 the
curve i(y) has nonempty intersection with ~. In fact if this is not true, by
Hall’s theorem there is a subset of v, with n elements, say {7*,...,7™} C
~4, such that for

A={acay|Tje{l,....,n} st. any” #0}

we have |A| < n. Since the sum of the genera of the connected components of
Yla] is ly, X[ — A] is a surface whose genus is less than or equal to |A| + 4.
Furthermore, the curves in {7"*,...,7"} U oy are linearly independent in

Hi(S[a — A],Z).

Thus the genus of X[ — A] is at least n + ¢y which is in contradiction with
the assumption |A| < n.

Choose a parallel copy of each curve 4* fori =1,...,/ — k + 1, with the
opposite orientation and denote it by 7°. We will assume that %* is drawn on
¥ very close to v'. Let v; € ¥* be points which are not contained in any of the
a or B curves for any 1 <14¢ < £+ k — 1 and denote the corresponding points
on 7 by w;. For any integer N, by winding the o curves N times along the v
curves we mean winding all the a-curves which cut 4* (and hence 7°) N times
along 7' and N times along 7, for any of the curves v%,i = 1,...,¢ — k + 1.
The windings around either of ¢ and 5° will be done simultaneously for all
the « curves, so that the new a-curves remain disjoint from each other.

Let Q be the Q-vector space generated by the periodic domains P such
that

u(P) = {er(s), H(P)) = 0.

One may write () as a direct sum
Q — (Qm<A17"‘7Ak7Bla"'7Bl>Q)®P7

for some subspace P of Q which is generated by the periodic domains
{P1,...,Pp}. Thus any periodic domain P in the vector space @ is of the
form

b k !
P=>"aPi+Y aAi+ > bBi,
=1 =1 i=1
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where of course the coefficients a; and b; for 1 =1,...,k and j=1,...,(
should satisfy the relation

l

k l k
7 (Z @A+ biBi> = ai(2—-29(A) + ) _bi(2—29(By)) = 0.
i=1 =1 i=1

i=1
In the above expression g(A4;) and ¢g(Bj) denote the genus of A; and B;
respectively, fori=1,... kand j=1,...,1[.

Corresponding to any curve 7 € v we define a map pyi from P to Q. If
P € P is a periodic domain and

‘ ¢
OP = pici+ Y ¢iffi = 0aP + 4P,
i—1 i=1

we may define the functions p.: by
K .
pye(P)=> pj#(aj), Vie{l,... l—k+1}
7=1
Here #(yi.aj) denotes the intersection number of 7 with aj. If for some

periodic domain P € P we have p,:(P) =0, for 1 <i </ —k+ 1, we con-
clude that

H#(0aPA) =py(P) =0, V1<i<l—k+]1

k
= 80573:8(2%14@-), for some aq,...,a; € Q
i=1

k
= 8(7) - ZazAz) S <51, ce ,ﬁg>©
i=1
k !
= P= ZaiAi +ZbiBi7 for some by,...,b € Q
i=1 i=1
From the assumption P € P we have P = 0. Thus the map

e: P —s Qiktl
e(P) := (p:(P),py2(P), ..., pye-—r+1(P))
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is one to one. By a change of basis in P, and changing the order of curves
in « if necessary, we can assume that

mi(e(P;)) = 0ij, V1<i,57<b,

where m; : Q¢~%+t1 — Q is the projection over the i-th factor.

We would first like to show that for any positive periodic domain Q in
(), which is not included in the vector space generated by A;’s and Bj’s,
there is an integer N = N(Q) such that by winding a-curves N times along
the curves in 4 (in both positive and negative directions) the new periodic
domain obtained from Q will have some negative coefficient. Let

b k !
Q= ZQiPi + Z%’Ai + Z b; B;
=1 i1 i—1

be a positive periodic domain in ¢ such that there is an index 7 so that
¢; # 0. Then we may choose an integer N such that

|4l N > max {no, (Q), n5,(Q) }

Wind the « curves N times along « curves. In the new diagram (obtained
after the above winding procedure) let

{73{,...,7?{), e, AL 1,...,Bl’}
be the new set of periodic domains obtained from
{P1,...., Py, A1,..., Ax, B1,...,B}.

For an appropriate choice of the windings we may compute the coeffi-
cients of these new domains at v; and 7; from the following equations

ny, (A%) = ny, (4;), Yji=1,...,k,

nvL(B‘;) :nvi(Bj), Vi=1,...,1,
and 1y, (P]) = o, (Pj) firs
Ny, (Pj) + N ifi=

Similar equations are satisfied for the local coefficients at v;. In fact, we
will have ng, (P]) = ng,(P;) — N, while the rest of local coefficients remain
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unchanged. If ¢; < 0 we thus have
ny,(Q') =1,,(Q) + ¢ N <0,

and if ¢; > 0 then ng, (Q) < 0.

To finish the proof, first suppose that there is an integer N such that,
after winding the « curves N times along the curves in =, any periodic
domain Q € @) with integer coefficients either has some negative coefficient
or u(Q) = 0. Then we are clearly done with the proof of the lemma. So, let
us assume otherwise, that for any integer n there exists a periodic domain
O, with integer coefficients in @) such that after winding the « curves n
times along the curves in =, the resulting domain Q/, is positive and satisfies
u(Q)) # 0. Let {Q,,}22, be the sequence constructed from these elements of
Q. As in the proof of Lemma 4.2, after passing to a subsequence if necessary,
we may assume that the sequence {%}:’:1 is convergent.

Let us assume that

~ . Qn
Q= lim € Q®gR.
i=o0 || Q| ¢

If Q is not in the real vector space generated by A;’s and Bj;’s, there is
an integer NV with the property that after winding the a-curves N times
along all the curves in 4, the resulting domain Q' will have some negative
coefficient. So there is an integer K such that for any i > K, Q, has some
negative coefficient after winding the a-curves N times along ~. This is in
contradiction with the definition of Q; if 7 > N. Thus Q may be written as

k !
(7) Q=) aAi+> bB
i=1 =1

for some coefficients a; and b; in R.
Note that @ > 0, which implies that for any w € X, we have

k l
Z amw(Al-) + Z bmw(B@) 2 0.
i=1 i=1

Since A;NBj #Pfori=1,...,kand j=1,...,1, we may pick w = w;; to
be a point in this intersection. But for this choice of w, the above inequality
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reads as a; + b; > 0. If b; is the smallest of all by,...,0;, the above consid-
eration implies that a; +b; > 0 for all 7 = 1,..., k. We may thus compute

l

k
Q Z aZ—f—b Z(bz_b])Bu
i=1

=1

since ), A; =), B; = 3. However, all the coefficients in the above expres-
sion are non-negative. As a result, after replacing these new coefficients, we
may assume that the real numbers a; and b; in Equation 7 are positive.

As in the proof of Lemma 4.2, choose a positive rational periodic domain

k !
Q= Za;Al —I—Zb;B
i=1 j=1

with al, b; > 0, which is Sufﬁciently close to é and such that the coefficient

of @ € (@) in the domains where Q has zero coefficient is zero as well. As
before, there are integers N and M such that NQ is a periodic domain with
integer coeflicients and M Q — Q > 0. Moreover, we may choose N so that

Nd},...,Na},Nby,...,NB] € Z.

The positivity of the coefficients of NQ imply that

k
:(Hu(Ai) ) Hu )N = 0.

Moreover, there is some positive integer K > 0 such that for ¢ > K we have

Q; MN
NO >0 d <1
i SN ToR]

MN

This means that for ¢ > K, we have
w(Q;) =u(Q; — NQu(NQ) =0.

This is in clear contradiction with our assumption on the integral periodic
domains Q;.

The above argument shows that there is an integer N with the property
that after winding the curves in a a total of N times along the curves in ~
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we obtain an s-admissible Heegaard diagram. This completes the proof of
the lemma. O

Remark 4.6. The argument of Lemma 4.5 may be extended to show that
for any weakly balanced sutured manifold (X, 7) and any Spin® class s €
Spin®(X) there is a Heegaard diagram (3, ct, 3, z) which is admissible in the
following stronger sense. If P is a periodic domain with P > 0, and u(P) # 0
in A, then

{c1(s), H(P)) > 0.

When there are genus zero components in JR(7), the above criteria is the
same as the s-admissibility condition. To see this, note that if a Heegaard
diagram is s-admissible and P is a periodic domain with P > 0 and u(P) # 0
then (c1(s), H(P)) # 0. If (c1(s), H(P)) < 0 we may add a positive multiple
Q of the periodic domain which corresponds to the genus zero component to
P so that (ci(s), H(P + Q)) = 0. This contradiction with the s-admissibility
criteria implies that (ci(s), H(P)) > 0. Nevertheless, in certain situations
where all the connected components of 93(7) have positive genus, using such
Heegaard diagrams may be useful. We face this situation in Section 7.

5. The chain complex associated with a balanced
sutured manifold

5.1. Holomorphic disks and boundary degenerations;
orientation issues

Let us assume that (3, a, 3,2) is an s-admissible Heegaard diagram for a
weakly balanced sutured manifold (X,7) and s € Spin®(X'). We assume
that |o|=|B|=/ and that z={z1, ..., 2. }. We have already defined m3(x,y)
for any two intersection points x,y € T, N Tg. In discussing the analytic
aspects of a Floer theory, we need to consider boundary degenerations and
sphere bubblings as well. We recall the following definitions from [OS9].

Definition 5.1. Suppose that x € T, N Ty is an arbitrary intersection point.
A continuous map

¥ : R x [0,00) — Sym‘(X)

satisfying the boundary conditions

¥(R x {0}) € Ta,
lim (s,t) =x and tlgrolo P(s,t) =x

|s| =00
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is called an a-boundary degeneration. The space of homotopy classes of such
maps is denoted by 7§ (x). The space 7r2’3 (x) of B-boundary degenerations is

defined similarly.

If {J; = Syme(jt)}te[m] is a generic path of almost complex structure,
associated with any ¢ € ma(x,y) we may consider the moduli space M(¢)
of the representatives

w:[0,1] x R — Sym‘(%)

of ¢ which satisfy the time dependent Cauchy-Riemann equation

gt;(t,s) + thZ(t, s)=0, V(ts)e]|0,1] xR.

Similarly, for any ¢ € 775 (x), N(¢) consists of the representatives u :
[0,00) x R — Sym®(X) of ¥ which are .Jyp-holomorphic. Also, for any v €
75 (x), N'(1) consists of the representatives u : [0,00) x R — Sym‘(X) of ¥
which are .Ji- holomorphic. Let A/(1)) denote the quotient of A(t)) under
the action of the subgroup

«={(¢ 1)

in either of the above two cases. We define n(h) = #N (1) if u(y) = 2 and
n(y) = 0 otherwise.

The determinant line bundle associated with the linearization of the
(time dependent) Cauchy-Riemann operator over the moduli of representa-
tives of any of the above homotopy classes is trivial. This makes it possi-
ble to equip the corresponding moduli space with an orientation. Following
Ozsvath and Szabd’s approach in [OS5], we may choose a coherent system
of orientations as follows.

As in the previous sections, let us assume that

acRT be R} < PSLy(R)

k l
S—a=][4 and T-g=]][B

i=1 j=1

where A; and B; correspond to the components R, C R~ (7) and Rj C
R (7) respectively. Thus, the genus of 4; is g; and the genus of Bj is g]'f.
Without loosing on generality, let us assume that [ > k. Let xq,...,X,, be
all the intersection points in T, NTg which correspond to the Spin® class



A refinement of sutured Floer homology 655

5. Choose a disk class ¢; € ma(xp,x;) for each i, and complete the classes of
the boundary degenerations Ai,...,Ax and By,...,B;_1 to a basis for the
space of periodic domains in my(xg,Xg). Note that

Bl:A1+"'+Ak_(Bl+"'+Blfl)

is the only relation satisfied among A1, ..., A and By, ..., B;. Let us denote

this basis by 1,...,1,. The choice of an orientation (i.e. one of the two
classes represented by a non-vanishing section) on the determinant line
bundle associated with the classes ¢1,..., ¢, and 1,...,1, induces an

orientation on the moduli space corresponding to any class ¢ € ma(x;,x;),
0 <4,5 <m. In fact, ¢ + ¢; — ¢; is a periodic domain in m(xg, %), and
is thus a linear combination of the classes 91,...,%,. As a result, ¢ is a
juxtaposition of (possibly several copies of) classes in

{¢1a"'7¢M7T/}17"-7¢n}7

and thus inherits a natural orientation in our system of coherent orientations.

Let us study the boundary degenerations and their assigned orientation
more carefully. Any periodic domain ¢ € ma(x,x) such that 9D(z)) is a union
of a-curves determines the class of an a boundary degeneration. Thus, the

domain of any a boundary degeneration ¢ € 7§ (x) is a linear combination
OfAl,...,Ak:

’D(l/)) = a1 A1+ -+ apAg.

We may use Lipshitz’ index formula to compute the Maslov index of 1:

() = arx (A1) + -+ + apx(Ag)-

If furthermore D() is a positive domain, e.g. if 9 is a holomorphic
boundary degeneration, then all a; are non-negative. We may then define
the map

u: H (wg’+(x) Hﬁg’+(x)> — A, u(ey) = Hu? @),
x€T,NTg i=1
Here, we use 75" (x) (respectively, 7T2B ""(x)) to denote the subset of 75 (x)
(respectively, ﬂg (x)) which consists of the classes 1 with D(¢)) > 0.
If an o boundary degeneration ¢ as above is positive and u(y) # 0, we
may conclude that for i = 1,... k, either a; = 0 or the genus of A; is zero.

Without loosing on generality, assume that the genus of Ay, ..., Ay, is zero,
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and that the rest of A; have positive genus. Thus D(z)) > 0 and u(y) # 0
implies that

D) = a1Ar + -+ - + ag, Ak, -

Consequently u(y)) = 2(a; + - - + ag,). Similarly, we may assume that
the genera of Bi,..., DB, are zero, and that the rest of B; have positive
genus. This would imply that for any v € 7T2’8 (x) with D(y) > 0, we will
either have u()) =0, or

D) =b1By+ -+ b, By, and p(h) =2(b1 + -+ by).

In Theorem 5.5 from [OS9], Ozsvath and Szabé prove the following state-
ment. In fact, the statement of their result is less general, but the exact same
proof applies in the following more general.

Lemma 5.2. Let v be the class of a boundary degeneration, and fix a coher-
ent choice of orientation for the Heegaard diagram (3, o, B,z). If D(v)) > 0,
u(y) # 0, and p(p) <2 then D(p) = A; or D(¢) = By for some 1 <i < ko
or 1 <j <ly (or 1 is the class of the constant map). In the first case (i.e.

D(y) = A;) we have
o k=1
nwg_{il if k> 1.
Similarly, for D(¢) = Bj we have n(v)) =0 ifl =1 and n(yp) = £1 if [ > 1.

Proof. See [OS9] Theorem 5.5. Note that the moduli spaces are now equipped
with an orientation, and we may thus count the points of the moduli spaces
with sign, instead of working modulo 2. The choice of the plus or minus
sign comes from the choice on the orientation associated with the homotopy
classes A; and Bj of o and 8 boundary degenerations respectively. O

The argument of Ozsvath and Szabé in fact implies that there is a nat-
ural choice of orientation for Ay,..., Ay, and By,..., B;, which makes the
value of n(¢)) equal to +1. After a modification of the complex structure
on the surface Y by stretching the appropriate necks, the moduli space of
boundary degenerations associated with any of Ay,..., A, and By,..., B,
may be identified with the group G via the Riemann mapping theorem. This
identification gives an orientation for the index bundle which corresponds
to any of Ay,..., Ay, and Bjy,...,B;,, which will be called the preferred
orientation over that index bundle. When we pick our coherent system of
orientations we would like to choose the system so that the induced orien-

tation over the above index bundles is the preferred orientation. If k = kg
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and [ = ly, since A1 +--- 4+ A = By + - - - + B; choosing the system of ori-
entations so that the preferred orientation is induced over the index bundles
corresponding to Ay,...,Ag, By,...,B;_1 dictates an orientation over the
index bundle corresponding to B;. This dictated orientation matches with
the preferred orientation associated with B;. If Iy < (or if kg < k), since
the periodic domains Ay,..., Ak, Bi,..., B, are linearly independent any
choice of orientation over the index bundles corresponding to them, includ-
ing the preferred orientations, may be completed to a coherent system of
orientations. We thus present the following definition.

Definition 5.3. A coherent system of orientations associated with the Hee-
gaard diagram (X, ¢, 3, z) for the weakly balanced sutured manifold (X, 7)
and the Spin® class 5 € Spin®(X ') is an assignment o of an orientation to the
determinant line bundle of the linearized Cauchy-Riemann operator associ-
ated with all classes in mo(x,y) (for all x,y € T, NTg) with the following
properties:

e 0(¢1 * o) is the orientation induced by 0(¢1) and o(¢2) via juxtapo-
sition, for any x,y,z € T, N Ty representing s, and any ¢ € ma(x,y)
and ¢z € 7T2(y,Z).

e For any x € T, NTy representing s, any R, C R~ (7) with g; =0,
and any Rj C KT (1) with g;f =0, let us denote by ¢~ € 7§ (x) and
Yt e 715 (x) the classes of boundary degenerations corresponding to
R, and R;F respectively. Then o(¢)~) and o(¢p™) are the preferred
orientation of Ozsvath and Szab6 on N (1~) and N (") respectively,
which give n(1)~) =1 and n(yp") =1 (if k > 1 and [ > 1 respectively).

The last assumption implies, in particular, that the orientation induced
on the moduli space corresponding to the periodic domain determined by X
is the natural orientation on it, as defined in Section 3.6 of [OS5].

Let us assume that ¢ € 7§ (xo) satisfies D(¢)) € {Aq, ..., Ay, }, say D()
= A;. Furthermore, assume that a preferred orientation on NV (v)) is fixed as
before. At the same time 1) may be regarded as a class in ma(xg, %), and
a moduli space M (1) may also be associated with . This moduli space is
smooth and two dimensional as well, and gives an open l-manifold M/(v))
after we mod out by the translation action of R. The choice of orientation
on N (¢) induces an orientation on M(v)) as well. The reason is that the
determinant line bundle of the (time dependent) Cauchy-Riemann operator
on both these moduli spaces is pulled back from the same model, as discussed
in Subsection 3.6 in [OS5].
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A~

According to the discussion of Section 5 from [0S9], N (3)) will then
appear as a boundary point of the smooth one dimensional manifold M (%)).
This induces a second orientation on N (1), as the boundary of the oriented
moduli space M (t)). Whether this second orientation agrees with the ori-
entation of N(¢) as the quotient of AN (¢)) under the action of G or not
depends on our convention for the embedding of the translation group R
(which acts on M(v)) in G, as will be discussed in more detail below. The
same discussion is valid for 8 boundary degenerations.

By the Riemann mapping theorem,

H*\ {0} = (R x [0,+00)) \ {0} c C

is conformal to the complement of {#+i} in the unit disk, or to the strip
[0,1] x R € C. We may thus think of H* as the domain of the class ), when
considered as an element in m2(x,x). We may then fix a real number r € R
and interpret ¥ as a class with

w([r, +00) x {0}) c T, and w((—oo,r] X {O}) C Tg.

Furthermore, we have to assume that ¢(r,0) and ¢ (co0) are both the inter-
section point x € T, N Tg. The group G consists of the maps pq for a > 0
and b € R which are defined by

Pap(2) == az+b.

With this notation fixed, the re-parametrization group of the domain of
Y € ma(x,x) is then identified as

IRT:{,OCLJ,‘CLG]RJr andb:r(l—a)}<G.

If we identify a as the exponential of a real number, the subgroup R, is iden-
tified with R. This induces an orientation on the one dimensional subgroup
R, of G.

As r approaches —oo, the limit of the subgroups R, determines the
embedding of the translation group in the automorphism group of the domain
of a boundary degenerations. In this case, assuming r < 0 we may write

a=1—-, ce(r,0) = b=c
r

As ¢ grows large, a grows large as well. Thus the above parametrization of
R, by the interval (r,4+00) is orientation preserving. With r converging to
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—00, the sequence {pi_(c/r)c}r converges to
pre: HY — HF, pre(z) =z +c
The limit of R,., as r — —o0, is thus the translation subgroup
Ra ={p1c|ceR} <G,

and the above parametrization of R, is orientation preserving.

On the other hand, when r approaches 400, the limit of the subgroups
R, determines the embedding of the translation group in the automorphism
group of the domain of § boundary degenerations. In the this later case,
assuming r >> (0 we may write

azl—E, ce(—oo,7) = b=c.
T

This time, as ¢ grows large, a becomes small. Thus the above parametrization
of R, by the interval (—oo,r) is orientation reversing. With r growing large,
the sequence {pi_(c/y),}r converges to

pre: HT — HT, p1e(z) =z +c.
The limit of R, as r — +00, is thus the translation subgroup
RﬁZ{p17C’CER}<G,

but this time, the above parametrization of Rg is orientation reversing.
With the above conventions for the orientations of G, R,, R, and Rg
fixed, we have thus proved the following lemma.

Lemma 5.4. Let ¢ € 75 (x) and ) € 7T2B(X) be the classes of a and 3 bound-
ary degenerations respectively. Furthermore, assume that (o) = pu(y) = 2,
and that N'(¢) and N () are smooth manifolds. Then the orientation induced
on /\7((1)) agrees with the boundary orientation induced from M(¢), while
the orientation induced on N (1) is the opposite of the boundary orientation
induced from M(1).
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5.2. Energy bounds and relative gradings

Recall that for a Riemannian manifold (M, g) and a domain © C C the
energy of a smooth map u : 2 — X is defined by

1
P = 5 [ adul,

Suppose that (X, a, 3, z) is a Heegaard diagram for a balanced sutured man-
ifold (X, 7). Let

E—a—,@:ﬁDi
i=1

be the connected components in the complement of the curves, and n denotes
a Kéhler form on . We denote the area of D; with respect to ) by Area,, (D;),
and for a domain D = )" | a;D; we define

Area, (D) = Z a;Area, (D;).
i=1

The following lemma is basically Lemma 3.5 from [OS5] and Theorem 6.3
from [Jul].

Lemma 5.5. There is a constant C' which depends only on the Heegaard
diagram (3, ., 3,z) and the Kdihler form n such that for any pseudo-
holomorphic Whitney disk

u: (D, dD) — (Sym*(%), T, U Tp)

we have
E(u) < C.Area, (D(u)) .

The existence of energy bounds is needed in Gromov compactness argu-
ments.
Finally, note that

m <Sym€(2)> =H; (Sym%E);Z)

provided that ¢ > 1. Throughout the construction, we will assume that the
requirement ¢ > 1 is satisfied, by stabilizing Heegaard diagrams if necessary.
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Definition 5.6. For s € Spin“(X) let

o(s) = nghGHQ(Y,Z)<Cl (8), h).

If H=(3,a,B,z) is an s-admissible Heegaard diagram for (X, 7) for any
x,y € To NTg with s(x),s(y) € s, and for ¢ € ma(x,y), we define the rela-
tive grading of x and y by

gr(x,y) = pu(¢) (mod d(s)).
YA

Thus, gr(x,y) € Zo(s) = 3357z

The relative grading is independent of the choice of ¢. It induces a rela-
tive grading on the module CF (X, 7, s; H). For this purpose, we should deter-
mine the grading associated with the generators uy,...,u, € G(A). Each u;
corresponds to the class

[1;] € Ker (1 : Hi(X;Z) — Hi(X;7Z)) ,

where 7 : X — X is the inclusion map. It is thus the boundary of an integral
2-chain A; = A in X, which is well defined up to addition of 2-cycles. The
evaluation d; = —(c1(s), 4;) is thus well-defined as an element of —Z-.. We

(s)Z
may then define the grading on G(A) by setting

K K K
. 7 ,
ar <H u’?%) = dez S W’ A Hu?l € G(A)
=1 =1 =1
If ¢ € ma(x,x) is a positive disk, it determines a periodic domain, and

u(@) = (c1(s), H($)) = gr (uz(¢))  (mod d(s)).

The A-module CF(X, 7,s; H) is thus equipped with a relative homolog-
ical grading by the elements in MLZ. The differential of the corresponding
Ozsvéath-Szabé complex CF (X, 7,s; H) which will be defined in the follow-
ing subsection lowers this relative grading by one. In particular, a relative
grading is induced on the homology groups corresponding to any test ring
B for A..

5.3. The construction of the chain complex

Let (X, 7) be a weakly balanced sutured manifold. As discussed in Section 3
we associate a coefficient ring A = A, with 7, which is a Z-algebra. Let us
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denote by X the three-manifold (with positive and negative boundary com-
ponents) obtained from X by filling out the sutures in 7. Let 5 € Spin®(X)
be a Spin° structure on X. Consider an s-admissible Heegaard diagram
H=(%¥,a,3,2z) for (X, 7). Associated with this Heegaard diagram, let

CF(X,7,5;H) = CF(Z, 0, 3,2;8) = (x € To N Ty | 5,(x) € 5>A

be a free A-module generated by the intersection points in T, NTg which
represent the Spin® class s. For every subset I C {1,...,x} let

sy : Spin®(X, 1) — Spin“(X (1), 7(1))
denote the map defined in Subsection 2.1. Note that the “exact sequence”

[] = S{1,...,

0 "l Spin‘(X) — 0

<PD[7’Z']>?:1 — Spin‘(X, 7)

implies that the assignment of relative Spin® structures gives a filtration on
the A-module CF (X, a, B, 2;5), which is compatible with the filtration x :
G(A) — H. This module may be decomposed using the filtration by relative
Spin® structures:

CF(%, a,B,2;5) = ) CF(%, a, B,2;5)

sE€sCSpin®(X,7)

8
(8) CF(E,a,B,Z;5)=<uX x €Ty NTs, ue G(A) > ‘
Z

5,(x) +x(u) =5

Furthermore, fix a coherent system o of orientations on the determinant
line bundles of the linearization of Cauchy-Riemann operators associated
with the classes of the Whitney disks (corresponding to s). We will drop
o from the notation, unless an issue related to the orientation should be
discussed.

Define an A-module homomorphism by the following equation

0:CF(X,a,0,2;5) — CF(X, «, 3, 2;9)

o(x) = > > (m(@)u(g)).y.

yeT.NTg {(j)Eﬂ';r (x,y)|u(¢)=1}

Here m(¢) = #M (¢) is the algebraic count (i.e. with the signs determined
by the orientation) of the points in M(@) for any class ¢ € 75 (x,y) such
that u(¢) # 0. For other disk classes, the contribution m(¢)u(¢) is trivial by
definition.
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It is important to note that for any ¢ € my (x,y) with u(¢) =1 and
u(¢) # 0, the moduli space M\(tb) is smooth, zero dimensional, oriented,
and compact. Smoothness and zero dimensionality of the moduli space fol-
lows from the generic choice of the path of complex structures on Sym®(X)
(see the general discussion of [OS5], Section 3). The compactness is however
more critical, due to boundary degenerations. If u; is a sequence of pseudo-
holomorphic representatives of ¢, the amount of energy FE(u;) remains
bounded by Lemma 5.5. We may thus use the Gromov compactness theorem
to describe the possible limits of this sequence. In fact, any possible Gromov
limit of the sequence is the juxtaposition of some pseudo-holomorphic repre-
sentative u of a class ¢’ € 7 (x,y) with boundary degenerations and sphere
bubblings. Let us assume that vy, ..., v, are the classes of degenerations and
bubbles. Then the domains of u and v;, ¢ = 1, ..., p are positive and

u(6) = u(wu(vr) - u(vy) # 0.

This implies that the domain of each v; is a linear combination of the
domains Ay, ..., Ay, or By,...,B;, (with non-negative coefficients). Here
Ai, ..., Ay, are the genus zero components in ¥ — a and By,..., B, are
the genus zero components in ¥ — 3. The Maslov index of each v; is thus a
positive even number. Since the moduli spaces M(¢') are non-empty, ()
is non-negative and p is thus forced to be 0. However, this means that the
Gromov limit of u; is in M(¢), i.e. M(¢) is compact, and thus finite. In
other words, for any class ¢ € 75 (x,y) with u(¢) =1, either ¢ does not
contribute to the coefficient of y in 9(x) (e.g. u(¢) = 0), or m(¢) is finite.

The Heegaard diagram (X, o, 3, 2;s) is s-admissible, so by Lemma 4.5,
for any intersection point y € T, NTg there are only finitely many ¢ €
mo(X,y) such that u(¢) =1, D(¢) > 0, and u(¢) # 0. Thus there are only
finitely many classes ¢ € w5 (x,y) with u(¢) = 1 and u(¢) # 0 which admit
holomorphic representatives. This shows that the terms which contribute to
the coefficient of y in d(x) are finite, and that the map 9 is thus well-defined.

The map 9 is, by definition, a homomorphism of A-modules. It is obvious
from the definition and the discussion of Subsection 3.3 that O preserves
the decomposition of Equation 8, and we thus obtain a set of Z-module
homomorphisms

0:CF(X,a,8,2z;5) — CF(X, o0, B,2;5),

for any relative Spin® class s € Spin®(X, 7).
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Theorem 5.7. The filtered A-module CF (X, at, 3, 2;8) is a filtered (A, H)
chain complex, where A = A, is the coefficient ring associated with T and
the filtration by the elements of the Z-module H = H*(X,0X;7Z) is given by
the assignment of the relative Spin® classes in Spin®(X, T) to the generators
in To NTg using the map s,.

Before we start proving the above theorem we re-phrase Lemma 5.2 in
the presence of a coherent system of orientation.

Lemma 5.8. With the notation of Lemma 5.2 fized, let o be a coherent
system of orientations associated with the Heegaard diagram. Let 1) be the
class of a boundary degeneration. If D(v) > 0, u(v) # 0, and p(v) < 2 then
D(¢) = A; or D(¢) = By for some 1 <i<kg or 1 <j<ly (or 1 is the
class of the constant map). In the first case (i.e. D(1p) = A;) we have

o k=1
“W)_{1 ifk> 1.

Similarly, for D(v) = B; we have n(y)) =0 ifl =1 and n(¢) =1 if [ > 1.

Now we can prove Theorem 5.7 using the above lemma. The proof is
similar to the proof of Lemma 4.3 in [OS9].

Proof of Theorem 5.7. Clearly, for any Whitney disk ¢ € ma(x,y), which has
a holomorphic representative, we have D(¢) > 0 and u(¢) is thus a well-
defined element of A. Thus we only need to prove dod = 0. Let x and
y be two intersection points in T, N Tg. Fix a class ¢ € ma(x,y) such that
() = 2. Consider the ends of the moduli space M (¢). This space has three
types of ends, which are in correspondence with the broken flow-lines. More
precisely, these are (respectively)

(1) the ends corresponding to a holomorphic Whitney disk ¢; connecting
X to an intersection point w juxtaposed with a holomorphic Whitney
disk ¢92 connecting w to y such that u(¢1) = p(p2) =1,

(2) the ends corresponding to a sphere bubbling off i.e. a holomorphic
Whitney disk ¢’ connecting x to y juxtaposed with a holomorphic
sphere S in Sym‘(¥), and

(3) the ends corresponding to a boundary bubbling i.e. a holomorphic
Whitney disk ¢’ connecting x to y juxtaposed with a holomorphic
boundary degeneration.
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If x # y the space M (¢) does not have any boundary of the second and
the third types, since any holomorphic boundary degeneration or holomor-
phic sphere with the property that its associated monomial in A is non-trivial
will have Maslov index at least 2. Thus the remaining Whitney disk should
have Maslov index less than or equal to zero. This implies that the moduli
space associated with the Whitney disk is empty, or consists of a constant
function (which can not happen by the assumption x # y). When x # y the
Gromov ends of this moduli space thus consist of

11 I1 (M\(¢1) X /\7@52))

weT.NTs ¢y Ema(x,w)

P2ET2(W,Y)
Prxpa=¢

For any fixed u € G(A) the coefficient of 1y in 9*x (assuming x # y) is equal

to
Y Y (m(s)m(ee).

pem(x,y) WET.NT s ¢y Ema(x,w)
w(e)=2 P2ET2(W,Y)
u(¢)=u Prxda=¢

For each ¢ € ma(x,y) the amount of the two interior sums in the above
formula is the total number, counted with the sign determined by the coher-
ent system o of orientations, of the ends of the moduli space M(¢), which
is zero. Consequently the total sum in the above formula is trivial, and the
coefficient of uy in 9(9(x)) is thus equal to 0.

Let us now assume that x = y. Let us denote the class of the generator
of holomorphic spheres by S. The domain D(S) associated with S is the
surface >

D(S)=A+--+ Ay =By +---+ B,
= u(S)=u(A4y) - -u(4y) =u(By)---u(By).

Thus u(S) =0 unless k = ko =lp = [. In this latter case, the Maslov
index of S is 2k, which is greater than 2 unless k = 1. Combining with
Lemma 5.8, we may thus conclude that in all possible cases, the total con-
tribution to 9%(x) from sphere bubblings is trivial.

We may thus assume, without loosing on generality, that the ends of the
moduli space M(¢) do not contain any sphere bubblings. If the ends of this
moduli space contain a boundary disk degeneration, then the degeneration
would consist of the juxtaposition of a constant function and a holomorphic
boundary degeneration with Maslov index 2. If we denote the boundary
degeneration by 1, Lemma 5.8 implies that D(y) = A; or D(¢) = B;.
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In the above situation, if D(¢) = D(v)) = A; or Bj, the boundary disk
degeneration among the ends of M (¢) are described by Lemma 5.8. Suppose
first that k,1 > 1. Let D(¢) = Bj, and let ¢ be the corresponding boundary
disk degeneration with the same domain. Then the ends of M(¢) consist of

FoU( I I (i x i) )

weT.NTs ¢1 Ema(x,W)
P2Em2(W,X)
P1xp2=0¢

According to Lemma 5.4, the orientation of A” (1) is the opposite of the
orientation induced from M (1)). Thus the total number of the ends for this
moduli space is equal to

—n()+ > > (m(é)m(g) =0.
weET.NTgs ¢g €ma(x,w)
P2Em2(W,X)
P1¥xPa=0
By Lemma 5.8, we have n(y)) = 1, thus the total value of the second
sum is equal to +1. Note that u(y) = u(Rj) = u;“, since the domain asso-
ciated with ¢ is Bj;. Thus, such degenerations contribute to the coefficient
of u(B;)x, i.e. the contribution of ¥ to 9?(x) is u;r.x.

Similarly, for a « boundary degeneration ¢ with D(¢)) = A;, we obtain

the equality
Sy (mlé)m(e) = L.

weT.NTs ¢1Ema(x,w)
P2€m2(W,X)
P1xp2=¢

Thus the contribution of ¢ to §?(x) is —u; .x.
The coefficient of x in 9(d(x)) is equal to

>oou( Y Y (me)mlen))+

PEM(x,X) weT.NTs ¢ Ema(x,w)
D(p)=A;,1<i<k P22 (W,y)
P1xd2=0
>oous)( Y Y (me)me))+
pET, (ny) weT.NTs ¢ €M (X,W)
D((ﬁ):B],lSJSl ¢2€772(W9y)
P1xp2=¢
Xowa( XX (mo)me)).
PEm(%,X) WETLNTs ¢y Ema(x, W)
D(¢)#A; or B $2€m2(W,y)

P1%P2=0
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Our argument shows that in the above sum, the sums in the first and the
second line combine to give the following expression:

= > A+ D> uwB)= D> uwRH - > u(R;)=0.

1<i<k 1<i<l 1<i<l 1<i<k

Thus the sum of the contributions from the first two lines in the above
expression is zero. The last line is a sum of zero terms, by an argument
similar to the case x # y, so it is trivial. Consequently, the coefficient of x
in 9(d(x)) is zero.

When k=1 or [ =1 one should be cautious. If k =1 =1, the contri-
butions from both a and 8 boundary degenerations is zero by Lemma 5.8.
However, if k=1 and [ > 1, since the Heegaard diagram is balanced, we
may conclude that [ > ly. However,

l
u(d) =u®@) =[JuB)=0 = D u=u =0

The rest of the argument in this case if completely identical with the case
k,l > 1. This completes the proof of the theorem. O

Remark 5.9. The relations ideal Z(7) < Z[r] could have been chosen
slightly smaller. In order for s-admissibility arguments of Section 4 to work,
the relations ideal should include the ideal J(7) defined as

k ! ni,...,ng € Z=°
<H ()" L )™ sy € Z2° >
: : k - !
i=1 =1 Sl —g;) + sy mi(l—g7) =0 Z[K]

In order for Lemma 5.2 to be true, we need to exclude the cases where the
class v of boundary degeneration has negative Maslov index, while the cor-
responding moduli space N (1)) is non-empty. Since the complex structure on
Y remains fixed when the moduli space corresponds to a boundary degen-
eration, the only method known to the authors for achieving the above goal
is a form of somewhere injectivity assumption, i.e that the the coefficient of
D(7) in some region is equal to 1 (see [Lip]). We thus need to include the
relations

G(r) = ()" | g > 0) g + (W) 6" > 0)gpy.
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Finally, in order to prove Theorem 5.7, the extra relation which is required
gives the following.

D(7) ::<Eui: Zuj>

g; =0 g7 =0 Zlx]

Instead of the relations ideal Z(7) we may thus use the smaller ideal of
relations

I(r) = J(r) +G(r) + D(7).

Correspondingly, the ring of coefficients may be improved to A, = Z[K)/Z(7).
It is clear that A, is a quotient of A,. However, in order to keep the exposi-
tion simpler, we choose to use the algebra A, as the ring of coefficients. The
only relations which may be redundant are the ones in G(7). However, the
authors do not know how to remove these relations.

Remark 5.10. In the module CF(3, v, 3, ; A) generated by T, NTgz over
the algebra
Zuy, ... u)
(w1 g5 >0)+(u [g; >0)
Theorem 5.7 implies that the differential 0 satisfies

A—i, -

dod = (u(r)—u (1)) Id.
This stronger form will be needed in Section 7.
In the following section we will prove the following theorem.

Theorem 5.11. The filtered (A,H) chain homotopy type of the filtered
(AH) chain complex CF (X, a, B, 2;8) is an invariant of the weakly balanced
sutured manifold (X, T) and the Spin® class s € Spin®(X). In particular, for
any filtered test ring B for (A,H) and for any s € Spin®(X, 1), the chain

homotopy type of
CF(X, e, B,2;5;B) C CF(X, e, B,2z;5) @4 B
is also an invariant of (X, 1,s).

Definition 5.12. We may thus denote the filtered (A, H) chain homotopy
type of the filtered (A, H) chain complex CF (X, ¢, 3, z;5) and its invariant
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decomposition into chain complexes CF (X, a, 3,z;5) by

CF(X,7;5) = @ CF(X,T;s).
sEsCSpin®(X,7)

5.4. Additional algebraic structure

From the definitions, it is clear that the multiplication by a generator u €
G(A) gives a map

my : CF(X,1;8) — CF(X, ;5 + x(u)).

This map shifts the homological grading by gr(u). In particular, if u=
[T, u and Y, n;7; is homologically trivial, multiplication by u preserves
the relative Spin® class and the homological degree. This map generalizes
the U-action in the original construction of Ozsvath and Szabé [OS5] and
[089].

With (2, a, 8, z) as before, let Q(T,, Tg) denote the space of paths con-
necting T, to Tg in Sym‘(X). Any intersection point x € T, N Tp, viewed
as a constant path, is a point in (T, Tg), and for any x,y € T, N Ty and
any Whitney disk u representing a class ¢ € m(x,y), v may be viewed as
a path connecting x to y in ©(Ty,Tg). The homotopy class of this path
depends only on ¢. As in Section 4 of [OS5] for any one-cocycle

¢ € Z" (UTa, Tp),Z)

the evaluation ((¢) is well-defined. Correspondingly, we may define the map
A¢: CF(X,7;5) — CF(X,7;5)

Acx)= > D () ua(d)m(e) .y,

yeT.NTp ¢€7T; (X,y)
s(y)es  p(g)=1

VxeT, ﬂTﬂ
s.t. §(x)€s

The map A¢ is then extended as a homomorphism of A-modules to CF (X, 7;
5). It respects the decomposition according to relative Spin® structures in
s C Spin®(X, 7). As in Lemmas 4.18 and 4.19 from [OS5] one may prove that
the map A, satisfies

(i) 0oA¢+A;00=0 and

9
©) (1)) A¢=0o0H;— H¢o0, if(isa coboundary,
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for some A-module homomorphism H, which respects the filtration by H. As
a result, the following proposition may be proved in this generalized setup.

Proposition 5.13. There is a natural action of H'(QY(Ta, Tg);Z) on the
complex CF(X,7;8) lowering degree by one, which is well-defined up to fil-
tered chain homotopy equivalence. Furthermore, this induces an action of
the exterior algebra

A* (Hi(X;Z)/Tors) C A* (H' ((Ta, Tg), Z))

on the module CF (X, T;8), which is well-defined up to chain homotopy equiv-
alence.

Proof. One should simply repeat the proof of Proposition 4.17 from [OS5].
From the properties stated in Equation 9 and the isomorphisms

H' (Q(Ty, Ts); Z) = Hom (71 (Q(Ta, Tp)) , Z)
=~ 9 (Symz(Z)) & Hom (H'(X,Z),Z) ,

the proof of the above proposition is reduced to showing As o As = 0. For
this purpose, let f:Q(Tq,Tg) — S1 denote a representative of ¢. For a
generic point p € ST we set V, = f~!(p) and observe that for any generator
x € T, NTg representing the Spin® class s

Adx) =) > (alg, 0)-ua(0)) 1y,
YETaNTs ey (x,y)
s(y)€s  pu(¢)=1

where  a((,¢) = #{u € M(¢)|u([0,1] x {0}) € V,,}.

Let us now consider a positive homotopy class ¢ € 3 (x,y) with p(¢)
= 2. Associated with ¢, and for generic points p,q € S', we consider the
one-dimensional moduli space

=00) = { (30 < 0,00 < o) MO T

This one-manifold does not have any boundary at s = 0. Furthermore, if
we set Ip = [0, 1] x {0}, the boundary at infinity (i.e. the structure of the
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moduli space as s — o0) is modeled on

[T  ({w e M) [ui(lo) CVp} x {uz € M(ga) | ua(lo) C Vy}).

D1xp2=¢
p(p1)=p(p2)=1

Other possible boundary points correspond to boundary disk degenera-
tions and sphere bubblings. Let us first assume that x # y. If we furthermore
assume that u,(¢) # 0, any boundary disk degeneration or sphere bubbling
will reduce the Maslov index at least by 2. Thus the moduli space corre-
sponding to such degenerations would be empty, if we choose a generic path
of almost complex structures.

When x =y, everything is as before except that boundary degenera-
tions or sphere bubblings of Maslov index 2 are now possible. The total
contribution of such degenerations is u™(7) —u~(7) = 0, c.f. the proof of
Theorem 5.7.

The number of points in the boundary of =, ,(¢), counted with sign,
would vanish. On the other hand, this total count corresponds to the contri-
bution of the pairs (¢1, ¢2) with ¢ = ¢1 * ¢2 and u(¢p1) = pu(p2) =1 to the
coefficient of u,(¢).y in Ag(x). Thus A% =0 for all ¢ € H' (T4, Tp),Z).
Thus the action descends to an action of the exterior algebra

A* (H (QTw, Tp), Z)) -
This completes the proof of the proposition. O

5.5. Taut sutured manifolds

Theorem 5.11, together with Remark 4.3 imply that for computing CF (X, 7;
5;B), given a test ring B for A, one may use any Heegaard diagram which is
weakly s-admissible in the sense of Remark 4.3. In particular, we can easily
prove the following proposition.

Proposition 5.14. The irreducible balanced sutured manifold (X, ) is taut
if and only if the filtered (B.,H,) chain homotopy type of the complex

CF(X,;8;B;) is not trivial for some Spin® structure s € Spin®(X).

Proof. Suppose that (X, 7) is an irreducible balanced sutured manifold which
is not taut. As in the proof of Proposition 9.18 from [Jul], there is a weakly
admissible Heegaard diagram (X, a, 3,z) for (X, 7) such that T, NTg is
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empty. This Heegaard diagram is s-admissible for the test ring pr : A, — B,
and for any s € Spin®(X) by Remark 4.3, and may thus be used to compute

CF(X,7;5;B,) =0, Vs e Spin‘(X),

where = denotes the equivalence of filtered chain homotopy types.
Conversely, if (X, 7) is taut, Theorem 1.4 from [Ju2] implies that HF (X,

7;7) # 0. Since Z is a test ring for B, this implies, in particular, that the

filtered chain homotopy type of CF(X, 7;B;) is non-trivial. O

In fact, the proof of Proposition 5.14 implies the following corollary.

Corollary 5.15. For an irreducible balanced sutured manifold (X, 1), the
filtered (B, H;) chain homotopy type of the Ozsvdth-Szabd complex CF(X, T;
B.) is trivial if and only if SFH(X, 1) = 0.

6. Invariance of the filtered chain homotopy type
6.1. Pseudo-holomorphic m-gons

Let us assume that the Heegaard diagram H = (%,a!,a?,...,a™, z) is
given, so that ¥ is a closed Riemann surface of genus g, each ' is a set of
¢ disjoint simple closed curves on X, and z = {z1,..., 24} is a set of marked
points in
Y—al—-a?—-. . —a™

The Heegaard diagram (X, o, o/, z) determines a weakly balanced su-
tured manifold (Xjj,7;;). Let X;; denote the three-manifold obtained from
X; by filling out the sutures in 7;;, and fix the Spin® classes s;; € Spin®(X;;).
Assume that for any pair of indices i < j, (3, a’, @/, z) is an s;j-admissible
Heegaard diagram for the weakly balanced sutured manifold (Xjj, 7;;). Fur-
thermore, let 0;; be a coherent system of orientations on (3, o', al,z) asso-
ciated with s;;. Finally, suppose that

CF(E,ai,aj,z;ﬁij) = GB CF(E,ai,aj7Z§§ij)

5,;;€5:5

is the corresponding chain complex, and its decomposition into relative Spin®
classes.
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Let us assume that
i i s
S-o =[J4 i=12...m,
j=1

are the connected components in the complements of the curves in a’. We
will denote the genus of A} by g; € 720, We will also denote

k

> u(A}) € Z[x|

p=1

by u(a?). For any subset I of the set of indices {1,...,m} introduce the
Z-algebra

Zluy, ..., u)

Ar= (wad) =w(ad) |Vi,jel)®(udi)|icl, gi>0)

If for two subsets I,J C {1,...,m} we have I C J, then A; would be a
quotient of A;, and we have a natural homomorphism

pry A — Ay

This homomorphism may be used to give A ; the structure of an Ar-module.
As a result, from any A chain complex (C, d), we obtain a natural A ; chain
complex C' @4, A . In particular, for any index set I which contains i, j, we
may consider the A; chain complex

Cl'j(f) = CF(Z, Ozi, ij, Z;ﬁij) ®Aij Ay,
We will denote C’ij({l, .. ,m}) by Cj; for simplicity.
Associated with each set of curves o is a torus To: C Sym‘(X). A Whit-

ney m-gon is a continuous map v from the standard m-gon ID,, into Sym* (%)
which maps the i-th edge of the m-gon to T,:. If we fix

X, €Toi NToivr, t=1,....m—1 and x, € Tom NTy,1,

we may let mo(x1, . ..,X;,) denote the set of homotopy classes of the Whitney
m-~gons which map the vertex v; between the i-th edge and the (i + 1)-th
edge to x; (fori =1,...,m — 1), and the vertex v,, between the m-th edge

and the first edge to x;,.
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Let us fix a generic continuous family {J,},ep, of (nearly symmet-
ric) almost complex structures on Sym®(X). Thus the family is of the form
Sym?! (j5) in a neighbourhood of a collection Z of marked points, where z C Z
and the intersection of every connected component A of

Y—al—a?—-. —a™

with Z is non-empty. Furthermore, we will assume that under a fixed iden-
tification of a neighbourhood of the i-th vertex v; of D, with [0, 1] x (0, c0)
the family is translation invariant, i.e.

J(sﬂf) = J(s,t+R)7 v (37t) S [07 1] x (0700)7 ReR™.

We will drop this generic family {.J,},ep, from our notation. For ¢ €
(X1, ..., Xm) we let M(¢) denote the set of pseudo-holomorphic repre-
sentatives of ¢.

Fix a subset I = {i; < i <--- <ip} C {1,...,m}. This subset deter-
mines a sub-diagram

H; = (Z,a",...,a',2)

of H. Correspondingly, we may consider the p-gons associated with Hy. We
will say that two p-gons ¢ € ma(x;,,...,%;,) and ¢ € ma(yi,,...,y;,), with

Xi;,Yi; € T,; NTyijen, g=1,...,p—1 and x;,y;, € Ty NTyir,

are equivalent if and only if there exist Whitney disk classes ¥, € ma(x;,yi,)
for j =1,...,p such that ¢ is obtained from ¢’ by juxtaposition of the disk
Y, at the vertices y;, for j=1,...,p. The set of equivalence classes of
such p-gons will be denoted by Spin®(H,I). It is important to note that
Spin®(H,{i,j}) determines a subset of the set of Spin® structures on the
three-manifold X;;, which are realized by the Heegaard diagram.

Definition 6.1. Suppose that we have a pair of index sets I, J C {1,...,m}
such that I = {i; <ia <--- <ip}and J = {i, = j1 < jo < -+ < Jg = ir41}-
We will call the pair I, .J attachable, and define

IxJ = {il < o <ip =1 <jo < < g =irg1 <ir+2<"'<ip}-

We will denote r by r(I,J) for future reference. Suppose that I and J are
attachable index sets as above, and we are given a p-gon ¢ and a ¢g-gon ¢

¢ € mo(X4,,...,%;,) and Y € My, .., ¥j,)
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where x; € Tpic N Ty and y;, € Tose NT, i1 . Furthermore, assume that
X;, =yj,- Then we may jurtapose ¢ and 1) to obtain the class of some
(p + q — 2)-gon, which will be denoted by ¢ x 1, see Figure 1.

Figure 1: The juxtaposition of a p-gon and a ¢-gon.

Let us now restrict ourselves to the polygon classes whose vertices cor-
respond to the fixed set & = {s;;};<; of Spin® structures. Let us denote the
subset of Spin®(H, I') which consists of polygons such that the Spin® struc-
tures associated with the vertices are in & by Spin®(H, I; G).

Definition 6.2. With the above notation fixed, a coherent system of Spin®
structures on polygons for the Heegaard diagram H = (3, al,..., o™, z),
and compatible with & is a choice of classes

T = {[¢1] € Spin“(H, ;&) | I € {1,...,m}, |I| >3},

represented by the polygon classes {¢7 | I C {1,...,m},|I| > 3}, such that
the following is satisfied. If I and J are attachable index sets, then we have

[p147] = 1% @]

Lemma 6.3. Let us assume that a coherent system {[¢r]}r of Spin® struc-
tures is fized for the Heegaard diagram H. If K = I J and a polygon Vg
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in the same class as
bK € [p1xpy] € Spin“(H, K; &)

is decomposed as i = 1 *1y, then the the class of ¥y in Spin®(H, I; &)
is equal to the class of ¢r and the class of 1y in Spin®(H, J; &) is equal to
the class of ¢ ;.

Proof. Fix the above notation and let K =1 xJ. After addition of disk
classes we may assume that the corners of i are the same as the corners
of ¢ (i.e. both are chosen from {x;;}i<;). This means that

Gr € T2 (Xiyin, - -+ Xiy 1iy» Xiriy ) s
V1 € T2 (Kivias -+ Xir iy Yo Kiyyaivanr - -+ Xiy iy Xiiy ) s
$5 € T2 (Xjijar -+ Xj, gy Xiig,)  and Y € Ma(Xjjes - Xy 1,0 ¥)

and we have ¢; x ¢5 = 17 *1p;. We thus have the following relation among
the associated domains:

D(¢1) — D(¥1) = D(Ys) — D(¢s) = D.

The coefficients of the domains in the expression appearing on the left
hand side of the above equality on both sides of any curve in o, with
i ¢ I, are equal. Similarly, the coefficients of the domains in the expression
appearing as the middle term in the above equality on the two sides of any
curve in o, with j ¢ J, are equal. This implies that d(D) is included in

elnJ

Thus, D is the domain associated with a disk in m2(x; 4,,,,y), and the Spin®
class of 17 is the same as that of ¢;. Similarly, the Spin® class of 1 is the
same as that of ¢ ;. This completes the proof of the lemma. ([l

The above lemma implies that a coherent system of Spin® structures on
polygons for H is completely determined by the choice of triangle classes

{[#ix] € Spin®(H, {i,j,k};6) |1 <i < j <k <m},
which satisfy the following compatibility relation

(10) ikl * Gijk = Giji*x Qjt, V1<i<j<k<lI<m.
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Furthermore, the above lemma implies that for ¢;;i, ¢;1; and ¢;; as above,
there exists at most one class ¢z such that Equation 10 is satisfied. This
observation implies that a coherent system of Spin® classes of polygons for
the Heegaard diagram H is determined by the family of triangle classes

{orij [1<i<j<m}.

However, this family should have the property that for any triple 1 < i <
j < k <'m of indices, there is a triangle class ¢ such that

(11) P1jk * P1ij = Prik * Y.

If this is the case, we will write

T={¢r}r = (puj|1 <i<j<m).

Let us fix a system T of compatible Spin® structures for the Heegaard
diagram H as above, which is generated by the triangle classes ¢1;;. The
set of periodic domains for polygons in ¥ is generated by periodic domains
for each pair (o', a’). To be more precise, let us denote by Bi; the set of
periodic domains for the Heegaard diagram (X, a’, a’). Then any periodic
domain which appears as the difference of two g-gons with the same set of
vertices

Vi €Ty NTyijen, J=1,...,q igp1:=11 and i1 <ig <--- < g,

and representing the same Spin® class may be written as a sum of periodic
domains in miligamizim o 7q3iq,1iq7 and m’iliq'

Definition 6.4. Let the Heegaard diagram H = (X, !, a?,...,a™, z) and
S, T, and B;; be as above. The Heegaard diagram H is called &-admissible
if for any index set I = {i; < --- < {4}, and any periodic domain

= Pivi + Piyiy + -+ + Pi,_1i, + Pisi,

with P;; € B;;, the following is true. If

q

Z <cl (4,41 )5 H(Pijij+1)> =0

=1

then either the coefficient of the domain P at some point w is negative, or
u(P)=01in A;.
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The existence of G-admissible Heegaard diagrams, and the possibility of
modifying H to an admissible Heegaard diagram using finger moves, follows
with an argument completely similar to the arguments of Section 4. Fur-
thermore, the G-admissibility of the Heegaard diagram H implies that for
any index set

I={i; < - <igt C{1,...,m},

any integer N, and any set of corners
Vi €T i NT i, J=1,...,q, igp1 =11 and i1 < i < --- < ig,

such that 5,(y;) € si,4,,,, there are at most finitely many classes ¢ € m(y1,
.., ¥q) satisfying the following three conditions.

e ¢ = ¢y € Spin“(H, I;S).

o 1(¢) =N.
e D(¢) >0 and u,(¢;I) # 0, where u,(¢; I) is defined by

(i 1) o= [[ui= € Ar.
i=1

The construction of Ozsvath and Szabd in Subsection 8.2 from [OS5] may
be extended to this more general context without any major modification.
Namely, for any index set I C {1,...,m}, and any polygon class [¢] = [¢1],
the determinant line bundle of the Cauchy-Riemann operator over M(¢) is
trivial, and one may thus choose an orientation, i.e. one of the two classes
of nowhere vanishing sections of this determinant line bundle, associated
with ¢.

Definition 6.5. A coherent system of orientations associated with the
Heegaard diagram H and the coherent system ¥ of Spin® classes of poly-
gons of H is a choice of orientation o0;(¢) for any polygon class ¢ with
¢ € [¢pr] € Spin®(H, I; &), such that the following are satisfied.

e For any 1 <i < j < m, 0;; is a coherent system of orientations associ-
ated with the Spin® class s;; for the Heegaard diagram (¥, o', o/, z).

e For any pair I, J of attachable index sets and any attachable polygon
classes ¢ and 1, with

¢ € [¢1] € Spin(H, ;) and 4 € [¢,] € Spin®(H, J; &),
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we have

(=)Mo r(¢) Ao (1) = ores (9 # 1).

Lemma 6.3 implies that in order for us to obtain a coherent system
of orientations associated with the Heegaard diagram H and the coherent
system of Spin® classes of polygons T, it suffices to determine o;; and 01,5
for any pair of indices 1 <1 < j < m. This observation implies that the
following lemma, which was proved in [OS5] as Lemma 8.7, is valid in our
setup. Although the Heegaard diagrams are more general, the proof carries
over without any major modification.

Lemma 6.6. Suppose that the Heegaard diagram H, and the coherent sys-
tem of Spin® classes of polygons T are as above. Then for any choice of coher-
ent systems of orientations 01; corresponding to the Spin® classes s1; (with
1 <i<m), and any choice of 01;j(¢1ij) for 1 <i < j<m, there always
exists a coherent system of orientations 0 = {or}; such that 01; is the ini-
tial choice of the coherent system of orientations corresponding to s1; and
01ij(P14j) is the prescribed orientation.

Proof. For anindex set I = {i; < --- <14} leti(I) =4y and j(I) = iq denote
the smallest and largest element of I respectively. Let us assume that ¢ €
(Y1, ..-,¥q) is a g-gon class in the same Spin® class as ¢;.

If 1 € I, then we may assume |I| > 3, since otherwise, we already have
a choice of orientation. In this case, we may write, in a unique way,

Q=1 xPrx-*kPg, ¢ € MY, Xijiz)
OI = Pligiz * Pligis * * " % Pliy_yiy-
Thus o7(¢) is determined if we determine all the maps 05 for 1 <i < j <m

in a compatible way. Note that 01;;(¢1;;) is already defined. If otherwise
1 ¢ I, we may write, again in a unique way

G=QrxPrx- Ky, ¢j€ 7r2(yJ'7Xi.7‘73j+1>
PLi(D)(1) * PT = Plivin * Plinis * ** % Pliy_yiy-

Thus, in order to determine the orientation o7(¢), it suffices to determine
all maps o0;; for 1 <7 < j < m. In order to determine the o;; from o1;, 01;
and 01;(¢1i5), one may then use the argument of Lemma 8.7 from [OS5]. O

Remark 6.7. Note that the choice of 01; for 1 < i < m determines the
orientation for all boundary degenerations in a unique way. In fact, suppose
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that 1) is the class of some a’ boundary degeneration corresponding to the
corner y € T, NTyi, say for some j > i, and that ¢ is a Whitney disk in
ma(xij,y). Furthermore, let ¢’ denote the class in 75" (x1;) which has the
same domain as ¥. We may then write

¢1z’j*¢*¢:¢1ij*¢/*¢a

implying that 0;;(¢) is uniquely determined by 01,(¢"), and is equal to it as
the class of an a* boundary degeneration.

Let H be an G-admissible Heegaard diagram, and ¥ be a system of
compatible Spin® structures as before. Correspondingly, assume that

o={or|IC{l,...,m}, |[I| >2}

is a coherent system of orientations associated with €. Associated with any
subset I = {i1,...,i,} C {1,...,m} of indices, we may define a holomorphic
polygon map

q—1

f1 .®CF(Z, o', 75 ) QA
j=1
— CF(3,a", a", 2;5:,,) @, .., AT

At

j4+1}

In other words, if {i < j} < I denotes that ¢ and j are consecutive elements
in I, and (1), j(I) denote the smallest and largest elements of I respectively,
we will have a map

-1

=}

frio @ Cy() = Q) Ciyiy.. (1) — Ciyi, (1) = Ciry iy (1)
{i<j}<l j=1
fiy1®y2 @ - @yg-1) = Z Z (m(P)uz(d3 1)) .y,

Ya€T51NTsa ¢pem2(y1,¥2,--¥4q)
[s(yq)]=t1q w(p)=3—q
P€(d1]

where 37 = a¥ and tig = 54,

Since H is admissible, it follows that only finitely many terms would
contribute to the above sum, and f7 is thus well-defined.

These maps satisfy a generalized associativity property, which may be
stated in our setup as follows (we will only state the associativity corre-
sponding to the full index set {1,...,m}).
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Theorem 6.8. With the above notation fized, if we set [m] = {1,...,m}
to be the full index set, the map

Fiynp : Cr2([m]) @ Caz([m]) @ -+ @ Cru—1,m ([m]) — Cim([m]),
(12) Fip) = Z (=) fr12,igittnmy © fliist, i}

18 trivial.

Proof. Let us denote the set {1,2,...,4,7,7+ 1,...,m} of indices by (i, j),
and {i,i+1,...,75} by J(i,7). We have to show that for any set y1,...,ym
of intersection points with y; € To: N Taitr, and such that s(y;) € s; (i11),
the coefficient of y,, in

Z (=" fri Y16, with

1<i<j<m
YIG) = Y1 Q- Q@Y¥ie1® [0 (Yi Q-+ ® Yj—l) XY@ QYm—1,

is zero. Let us consider a Whitney polygon class ¢ € ma(y1,...,¥m) with
Maslov index 4 —m and in the same class as v,,, and consider the ends
of M(%)). The ends of this moduli space do not contain any boundary disk
degenerations or sphere bubblings. The reason is that the Maslov index of
the holomorphic boundary disk degenerations and holomorphic spheres are
greater than or equal to 2 if the corresponding element of the coefficient ring
is non-trivial. This would imply that the remaining component should have
Maslov index at most 2 — m. As a result, the moduli space associated with
the remaining part would be empty.

Thus all degenerations of this moduli space (for dimensional reasons)
are degenerations along an arc which connects two different edges of the
m~gon. The ends corresponding to a degeneration along an arc connect-
ing the ¢-th edge to the j-th edge, with i < j, correspond to a degener-
ation of ¢ into the juxtaposition of a holomorphic Whitney (j —i+ 1)-
gon connecting y;,...,y;j—1 to an intersection point x € T,: NT,s with
Maslov index 2 — j + i, with a holomorphic (m — j + i 4+ 1)-gon connecting
Vi, Yi-1:%Yjs - ¥Ym—1 t0 ¥, with Maslov index 2 — m + j — ¢. Thus,
the ends of M(#)) will have the following form.

oMy =] 1T (M(¥i5) x M(¢35)).
1<i<j<m Gii€ms TN (yiryio1,X)
XETaiMog wz‘jEﬂi’mﬂz’i(yl,~~~,yi-1,x,yj,~..,ym)
Yijkdij=1p
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In the above decomposition, we are dropping the condition that the
polygons represent the Spin® class determined by . The sign difference
between the orientation we assign to the component M (1);;) x M(¢;;), and
its orientation as a boundary component of M (1)) is computed as

6(/\4(1%.) % M(@.j)) — (_1)T(I(i7j)»J(iJ))\J(i,j)l _ (_1)i(j—i+1) — (_1)ij.

Note that the total number of points in the moduli space on the right
hand side of the above equation, when counted with the above induced
signs, will be zero. We should of course mod out by possible automorphisms
of the domain, when necessary. Fix a generator u € G(A[,). The coefficient
of u.y,, in the expression

> D 16,Y i),
1<i<j<m
Vi) =¥1®  @¥i1® f1ip)(yi®  ®yj-1) @Y; @ @ Ym-1,

is equal to

> > (=17 (m(yi)m(ess))
lsi<jsm Gy €5 T (i yi-15X)
X€Tai Ty wijeﬂgivwrjii(yl7---:}’1717X7YJ'7"'7ym)
u(oij)u(ti;)=u
=Y #(omwy) =o.
weﬂ'g_m(ylf“'vym)
u(p)=u

The above computation thus completes the proof of the theorem. O

Remark 6.9. The maps

fr: ® Cii(I) = Cynyin ()
{i<j}t<al

will sometimes refine to the maps respecting the relative Spin® structures.
We will face this situation in the upcoming sections several times. Each
time we will give a separate argument for such an splitting, to avoid the
complexity of a general treatment.

In order to prove the above associativity, we do not need to use the full
system B of compatible Spin® structures. In fact, a subsystem containing the
classes of polygons associated with the index sets I(4,7) and J(i, j) suffices
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for this purpose. In other words, we only make use of the Spin® classes in
the subset

T ={lorapl|1<i<j<m}U{lpsupl|1<i<j<m}cCZ
for defining the maps appearing on the left-hand-side of Equation 12.

Definition 6.10. The set
T ={l¢10,5)] € Spin®(H, I(i,5)) |1 <i<j<m}
U {[¢J(i,j)] € Spin“(H, J(i,7)) ! 1<i<j< m}

is called a system of first degenerations for ¢y, € Spin®(H, [m]; &) if
[D16.)] * (sl = [Py, V1I<i<j<m.

Thus, instead of T, we may fix a system of first degenerations for a
class ¢, € Spin(H, [m]; &), together with a compatible system of coherent
orientations associated with them. Then Theorem 6.8 would still remain
true.

6.2. Special Heegaard diagrams corresponding to handle slides

Let us assume that (X, o, 3,2) is a Heegaard diagram, which corresponds
to a weakly balanced sutured manifold (X, 7). Let us assume that

a:{al,...,ag} and 52{517-"a6€}7

and that §; is the image of a; under a small Hamiltonian isotopy for i =
2,...,¢ so that f3; is disjoint from «; for j # ¢ and cuts o; in a pair of
canceling intersection points. The area bounded between «; and §; is thus
of the form P; = D;r — D;", such that D;r and D, are two of the connected
components in

Y—a-—/3,

and JP; = a; — B;. Furthermore, assume that (; is obtained from «; by
first moving it by a small Hamiltonian isotopy, and then doing a handle
slide along as. Thus, the only curve in e U 8 that intersects 5y is a1, which
cuts f1 in a pair of intersection points. These two intersection points are
connected by a bi-gon, which we will denote by Df. There is a domain with
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small area which is bounded between aq, 31, a2 and 2, denoted by D; ", so
that Py = Df — Dy — Dj is a periodic domain satisfying

OP1 = a1 + g — fy1.

We will assume that none of the marked points z = {z1,..., 2.} are in
any of Df, .. .,DZ or Di,...,D, . Let us assume
¢ L m
i=1 i=1 i=1
and that z' = {zi,,z;} are the marked points in F; for i =1,...,m.

Thus, z = z' U--- Uz™. In the ring A, let u(z;-) denote the element associ-
ated with z;- € z. Furthermore, define

Ji
Mi:HU(Z;)EAT, t=1,...,m.

IfY—a=][[" A and ¥ — 8 = [[\"" B;, we will have m, = m; = m,
and after renaming the indices if necessary, we may assume zN A; = z N B;,
and u(A4;) = u(B;) = ;. Let us denote by A, the sub-ring of A, generated

by p1,. .., tm.

Any pair of curves («;, §;) intersect in a pair of points m;r,w;, so that

the bi-gon D connects x to x;. Any map e: {1,...,¢} — {+,—} thus
corresponds to an intersection point

x¢ = {a{M, 2 O e T, N Ty

These all correspond to the same Spin® class in Spin®(X '), which will be
denoted by sg. For e : {1,...,¢} — {+,—} let |¢| denote the number of ele-
ments in e 1{+}. We may refine the homological grading of the generators
of CF(X, o, 3, 2; 60) into a relative Z-grading by setting

gr(e,d) =le|l =198, Ved:{1,....0} — {+,—}.

We will show below that this gives a well-defined relative grading in an
appropriate sense.

The periodic domains corresponding to the above Heegaard diagram
are generated, as a free abelian group, by Py,..., Py, A1, ..., Ap. Note that
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-------
P

-

b T

Figure 2: The green curves denote the elements of a and the dashed red
curves denote the elements of 3. The domains D;r are shaded red, while the
domains D, are shaded yellow. The domain D7 is shaded gray.

u(Pl) =1.1If

P=qaPi+ - +aPe+adi+ - +anin >0

is a positive periodic domain with (¢, (s), H(P)) = 0 for some s € Spin®(X ),
we will have aq,...,a, > 0 and

0=a1(2—29(A1)) + aa(2 — 29(A2)) + - - - + am(2 — 29(Am)).

Here g(A;) denotes the genus of A;.
The reason for the equality (c1(s), H(A;)) =2 —2g(A;) is that H(A;)

is represented by one of the boundary components in X , where s is rep-
resented the vector field which is normal to the tangent space of the cor-
responding component, i.e. {(c1(s), H(A;)) is the Euler characteristic of the
corresponding component. If moreover we know that u(P) # 0, we may con-
clude that if a; # 0 then g(4;) = 0. Let us assume that Ay, ..., A; are the

components of genus zero, and the rest of A; have positive genus. This
implies that

A1yeeoym >0, O0=a1+---+ar and agp1=---=a,=0.

Thus all a; are zero, and P = ¢1P1 + - - + ¢/ Py.

Since P, ..., P, are disjoint, and all P; have both positive and negative
coefficients, one can easily conclude that P has both positive and negative
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coefficients. Thus the constructed Heegaard diagram is admissible for all
Spin® classes. Note that D;r and D;  are both domains of Whitney disks, for
1=2,...,¢, and the number of points in

M(DH | JM(D;)

is even.

In the applications we face in this paper the orientations induced over
the above two moduli spaces from a system o of coherent orientations is
always the opposite of one another. More precisely, such Heegaard diagrams
appear as a part of triples

(27 «, 167 e Z)

where a system of coherent orientations on (X, a,~,z) is given. The afore-
mentioned choice of orientation for the Heegaard diagram (¥, e, 3,2), to-
gether with the choice of orientation for the triangle classes, determines
a corresponding system of coherent orientations on (X, 3,7,z). With this
choice of o, the sign associated with the moduli spaces of holomorphic repre-
sentatives of D" and D; are different. Thus the signed count of the number
of points in the moduli space

MDD JM(D;)

for this particular system of orientations o is zero.
The complex CF (X, at, 3, 2; 6) is thus trivial for s # sy and is equal to

CF(E7 «, 167 W; 50) ®A“ A‘r

for s = 59 where w = {zll, zf, ..., z]"}. For the rest of the computation, we
may thus assume that w = z, i.e. that there is a single marked point in each
connected component of ¥ — a.. Each p; (or under the assumption w = z,
each u;) corresponds to some component A;. Thus p; = 0 if the genus of
A; is positive. With our previous notation, this means that pgpy1 =--+ =
tm = 0. We set the degree associated with p;, i =1,...,k, equal to —2 =
(c1(s0), H(A;)). This gives a grading on the complex CF(X, o, 3, w; 50).
Let us assume that €,6 : {1,...,¢} — {—,+} are a pair of indices. After

re-naming the elements of {1,...,/} we may assume that
€(i)=+and §(i) =— if1<i<(
€(i) = — and (i) = if 6 <@ <4t

e(i) = 5(4) if 0y < i <0,
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for some 1 < /1 < ¥y < /. ThenD:Df+~-‘+DZ—DZ+1—~~—DZ is
the domain of a disk connecting x¢ to x%. If P is a periodic domain and
D + P is the domain of a positive disk ¢ with u(¢) # 0, the same argument

as before implies that
P=arA1 + - +apAr + P1+ -+ qPe.

Furthermore, the assumption D(¢) > 0 implies that all a; are non-negative.
In order to prove that the above grading assignment is well-defined, one only
needs to check the following easy equality

k
(13) u(¢) =2 (Z ai) + 201 — Lo,

i=1

__ If the coefficient ring 1&7 is used instead of A, the corresponding quotient
A, of A, will be equal to Z. One would then quickly conclude from the above
presentation of the domain P that if u(¢) # 0 (as an element in the quotient
A;), then a; = =a; =0 and ¢y = ¢1. If u(¢) =1 then ¢4 =ly =1. We
can then carry out the rest of the argument for any choice of indices € and
0, if the coefficient ring is replaced with A.

With coefficients in A, however, in order to complete our investigation we
need to assume €(i) = {+} for ¢ = 1,...,¢. The corresponding generator is
often called the top generator. In this case the equality ¢1 = £5 is automatic.
Replacing p(¢) = 1 in Equation 13 we obtain a; = -+ = ax = 0 and ¢; = 1.
From here we will have (from positivity of the domain) that go =--- =
ge = 0. This means that if the top intersection point x¢ is connected to an
intersection point x° by a positive domain ¢ of index 1, such that u(e¢) # 0,
0 differs from € only over one element of {1,...,¢}, where € gives + and ¢
gives —. Let us assume that this element is i € {1,...,¢}.

If i # 1, the possible domains one may obtain as D + P are D;r and D;",
and the total contribution of x? to 9(x¢) is zero. However, if i = 1, the possi-
ble domains are Df, Dy + Dy and Dy + D;r . Again, the total contribution
of these three domains is zero by the argument of [OS5] (Lemma 9.4). The
above discussion implies that the top generator x€ is closed and represents
a non-trivial element of the homology groups corresponding to either of the
chain complexes

CF(%,a,8,w;50) and CF(X, a,f,2;5) = CF(X, a,3,2;50) ®a, Ar.
Moreover, the same argument implies that all the generators of the form x0

are closed, when the coefficient ring A, is used instead of A, giving rise to
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an identification of the chain complexes:
CF(S, a, B, 2;50; A) = OF(#'5" x 52, t9) @7 A

The above equality means that the differential on the right hand side of
the above equality is trivial. Any module isomorphism of the right hand side
which respects the filtration by relative Spin® structures is thus a filtered
chain homotopy equivalence. The top generator x¢ of CF(X, o, 3,2;5¢) is
usually denoted by ©, or ©,.

The above example illustrates how the arguments of Ozsvath and Szabd
for the study of the special Heegaard diagrams, i.e. Heegaard diagrams where
most of §; are Hamiltonian isotopes of some corresponding curves in a, may
be generalized to the present situation. The above type of Heegaard diagrams
appear in the arguments for the invariance under handle-slide. We will face
similar Heegaard diagrams again. In particular this happens when we study
the exact triangles. Each time, a separate argument should be presented for
computing the contribution of holomorphic disks and polygons. However,
the argument is always a straight forward modification of the corresponding
argument for Heegaard diagrams arising from closed three-manifolds.

6.3. The triangle map and the invariance

Fix a Heegaard triple

H=a/p3,7,2)
and assume that z={z1, ..., 2, }. We will denote the weakly balanced sutured
manifold associated with (3, o, 3,2) by (X, 7) = (Xag, Tag), and the corre-
sponding coefficient ring by A = A.. Similarly, let (Xq, 7o) and (Xgy, 75,)
be the weakly balanced sutured manifolds associated with the Heegaard
diagrams (3, o, 7, z), and (3, 3,~, z) respectively. Suppose that

k

l m
E_QZHAZ-’ E—B:HBi and E—'y:ch‘7
i=1 i=1

=1

where A;, B; and C; are the connected components of the curve comple-
ments. We will furthermore assume that m =1, and that these compo-
nents are labeled so that for each ¢ = 1,...,] we have C; Nz = B; Nz, and
9(C;) = g(B;). This implies that u(8) = u(y) in (uy,...,u,)z, and more
importantly, u(C;) = u(B;) fori=1,...,L

Assume that the coefficient rings Ag, and A, are associated with the
Heegaard diagrams (X, 8,7, z) and (X, a, 7, z) respectively. Then the above
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observation implies that

Zug, ... u)

A = B 9B = 9(Co) > 0,

is naturally mapped by a quotient homomorphism
oyt Bpy — Bap = A
to A. We may thus consider the A-module

CF(Za /87 e Z) ®A/m Aa

which will have the structure of a filtered (A, H) chain complex, where H is
the Z-module H?(X, 0X;Z) as before.

Any triangle class ¢y € Spin® (H, {a,,@,'y}) determines a set of three
Spin® structures

Sap € Spin(Xap (7)), Say € SPIn"(Xay (Tay))
and s, € Spin® (X3, (73y))-

These three Spin® classes, together with the triangle class of ¢y give a
coherent system of Spin® structures for H which will be denoted by €. We
will assume that ¥, or equivalently the triangle class vy, is fixed, and will
drop them from the notation when there is no confusion. In particular, by
the admissibility of a Heegaard diagram we would mean ¥-admissibility.

Any choice of coherent systems of orientations 0,4 and 0,4 associated
with the Spin® classes s, and s,, may be completed to a coherent system
of orientations for ¥ by Lemma 6.6. Furthermore, we are free to choose the
orientation associated with a fixed representative of ¥p. Let us fix such a
coherent system o of orientations. Once again, we will drop this choice of
orientation from the notation.

Assuming that the Heegaard triple H is admissible, the triangle map cor-
responding to H (and the triangle class 1) is defined via the construction
of Subsection 6.1.

fozﬁ'y : CF(E «, /8, Z'50c5) (CF(E’ ,3, Y, Z; 557) ® A) — CF(Zv «Q, Y, Z; 5a’y)
faﬁ’y X® q Z Z (m(¢)uz(¢)) -y

y€TNT, pems(x,q,y)
(¥)=(vn)
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As usual, u, is the map

Uy : H H H T (x,q,y) — G(A)

x€To ﬂ’ﬂ‘g qug OT«, yeTs QTW

uy(v) = [Juf=" € G(a),
i=1

The admissibility of the Heegaard diagram implies that f,g, is well-defined.

Lemma 6.11. The map fopy ts an A chain map. More precisely

focﬁ'y (8()() ® q) =+ fa,B'y (X @ 8((1)) = 8(fo¢ﬂv(x ® Q))

for allx € T, NTg and q € TgN'T, corresponding to the Spin® classes 5,3
and sg-, Tespectively.

Proof. The equality

fapr (0(%) @ ) + fapy (x ©0(q)) = O(fapy(x @ q))

in the above lemma is nothing but the following special case (i.e. the case
m = 3) of Theorem 6.8:

faﬁy (faﬁ(X) &® Q) + faﬁv (X ® fﬁv(q)) - fa'y (faﬁ’y(x b2y q)) =0. ]

As in [OS5], holomorphic triangle maps satisfy an associativity law,
which comes from considering Heegaard quadruples. Let K = (¥, ¢, 3,7,
d,z) be an admissible Heegaard quadruple. This means that we have a coher-
ent system ¥ of Spin® classes of polygons, which consists of a square class

v € Spin(K, {a, 8,7, })
and triangle classes

Yo € Spin®(K,{B,7v,0}), s € Spin®(K, {a,~,8})
¥y € Spin®(K,{c,3,6}) and s € Spin®(K, {a, B,7}).

We implicitly assume that the set of corners of these representatives of the
triangle classes is a fixed set of 6 intersection points between the pairs of
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tori from {Ty,Tg, T, Ts}. These classes have to satisfy the following com-
patibility criteria

VK = Yo * Py = thp x Ps.

The triangle classes also determine Spin® structures on the Heegaard
diagrams determined by any pair of curve collections. These Spin® structures

will be denoted by s,5 € Spin®(X,g(7ag)), etc. Moreover, we will assume
that

k !
Z—a:HAi, E—ﬂ:HB’La

i=1 i=1

l l
Z—’y:HC’i and E—J:HDZ-

i=1 i=1

are labelled so that B;Nz=C;Nz=D; Nz for i =1,...,[. Furthermore,
we will assume that g(B;) = g(C;) = g(D;) for i =1,...,1. Then we will
have u(3) = u(vy) = u(d) in (uy,...,u,), and u(B;) = u(C;) = u(D;) for i =
1,...,1L

One may also choose a coherent system of orientations associated with
€. In fact, we are free to choose 0,4,04,04¢, and the orientation of the
triangle classes 13,1, and 5. Once again, we keep such a coherent system
of orientations implicit in our notation.

We may thus consider the following filtered (A,H) chain complexes,
which are relevant for the associativity:

Cop = CF (%, a,,@,z;sag), Cgy = CF(%, 3,7, Z;Sg»y) ® A
Ca»y = CF(E, a7, Z;Ea,y), Cﬁ(g = CF(E,B, (5, Z;555) ® A
Cas = CF(X,,0,2;5,5) and C,5 = CF(3,7,6,2;5.5) ® A.

Following the construction of subsection 6.1, we define a rectangle map
as in [OS5]:
hagys : Cap @ Cpy @ Oy — Cas
haprs(X®P@Q) = Y > (m@u)y.

YETaNTs hems(x,p,q,y)
wp)=-1

Lemma 6.12. The rectangle map hopgys gives a chain homotopy between
the chain maps fors(fapy(-®.) ®.) and fops(- @ fays(-®.)) in the sense
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that

fars (fapy(x @ D) @A) — faps (X ® f316(P © q))
=0 (hapys(x @ P ®Q)) + hapys (X @ P @ q))

for any x € ToNTg,p € TgNT,, and q € T, NTs.

Proof. Once again, this is a special case of Theorem 6.8, where we put m = 4
and use the above data. (I

Proof of Theorem 5.11. The proof of the independence from the choice of
the path of almost complex structures, as well as the proof of the isotopy
invariance of the filtered (A,H) chain homotopy type of CF(X, e, 3,2;5)
is the same as the proof of the special case discussed in [OS5]. We only
need to keep track of the marked points, and that the constructed chain
homotopy equivalence respects the decomposition into relative Spin® classes
in Spin®(X, 7). The same is almost true for the handle slides supported away
from the marked points. We will present the proof in this case, to give an
illustration of the procedure, which involves the use of holomorphic triangles
and squares introduced above.

Fix a Spin® class s € Spin®(X) and let 5 € 5 C Spin®(X,7) be a fixed
relative Spin® class in 5. To prove the handle slide invariance consider the
Heegaard quadruple (X, «, 3,4, 0d,2) where v and § are obtained from (3
as follows. Let 3 = {f1,...,8¢}. Then we let ¢; to be a small Hamiltonian
isotope of §; for i = 1,...,¢ which cuts it in a pair of transverse cancelling
intersection points. Similarly, for ¢ = 2,... ¢, we let v; be a small Hamil-
tonian isotope of §; which cuts either of the curves §; and J; in a pair of
transverse cancelling intersection points. Finally, we let v; be the simple
closed curve obtained by first moving §; by a small Hamiltonian isotopy,
and then taking its handle slide over £5. We may assume that «y; cuts either
of #1 and ¢; in a pair of canceling intersection points, while it is disjoint
from the rest of the curves 3;,~; and d;. We let

Y= {’Yl,---,"}/e} and 0 = {51,...,5@}.

Consider the (admissible) Heegaard diagram (X, 3, ~, z), which is a stan-
dard Heegaard diagram of the type studied in Subsection 6.2. Note that all
marked points which are in the same connected component of ¥ — 3 or
¥ —~ are in the same connected component of ¥ — 3 —~. Let ©g, be the
top generator of the complex CF (X, 3,4, z;80) corresponding to its canoni-
cal Spin® structure. This generator is represented by the intersection point



A refinement of sutured Floer homology 693

in Tg N'T, which contains positive intersection points between the corre-
sponding curves 3; and ;. Similarly, associated with the Heegaard diagram
(X,8,0,2) the top generator of the homology is denoted by a ©gs, and is
represented by the positive intersection points between the corresponding
curves 3; and ¢;. Finally, ©,s is defined in a similar way. We may consider
©3y,0,s and Ogs as generators of the complexes Cg.,, Cys and Cgs respec-
tively. Here, we assume s,o = s for e € {3,7,0}, and that

S8y = S55 = S5 = 50

is the canonical Spin® structure on Xg, = X5 = Xgs.

Note that ©g,,0,s5 and ©gs are connected to each other by a natural
triangle class A, of small area. Moreover, for any fixed x € T, NTg with
s(x) € s, we have a generator I(x) € T, NTs, determined by the closest
intersection points in T, NTy to x. Similarly, there is a generator J(x) in
T, NT, determined as the closest intersection points between a and v to
x. There is a triangle class A, connecting Ogs, x and I(x) with very small
area. Similarly, there is a triangle class As connecting ©g,, x and J(x)
with very small area. Finally, there is a triangle class Ag which connects
I(x),J(x) and ©,s. Let (I be the square class Ay x A,. Then O may also
be degenerated as [J = As « Ag. The data

(’B = {D)AOMABaA’yaA5}

thus gives a coherent system ¥ of Spin® classes of polygons for the Heegaard
quadruple, which will be implicit for the rest of the construction.

Lemma 6.13. If the Heegaard diagram H = (3, 3,2) is s-admissible
then the Heegaard quadruple H = (X, ¢, 3,7, 6,2) is T-admissible.

Proof. We will prove the lemma for the class of [J. The rest of the admissi-
bility claims are similar, and in fact simpler. Let us denote the small periodic
domains constructed as the domain bounded between ; and §; by Q; for
i=1,...,¢. Thus Q; is the difference of two bi-gons. Similarly, let Q; s be
the domain bounded between g; and v; for ¢ =2,...,¢, and Q11 be the
domain bounded between (1,7; and P2, as in the previous subsection. We
will thus have

an:BZ—(SZ, forizl,...,ﬁ,
0Qi+e = Bi — Vi, fori=2,...,¢, and
0Qu+1 = P1+ B2 — .
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Finally, let Ay,..., Ak, B1,...,B;,P1,...,Pmn be the periodic domains
corresponding to (3, a, 3,z). As before ¥ —a =][[A4; and ¥ — 3 =] B;.
It may be checked then that the space of periodic domains for the Hee-
gaard diagrams (X, 8,7v,2), (£,8,9,2) and (X,~,4d,z) is generated by the
following periodic domains respectively

<B17--'aBlagﬁ+17-"7QZE>a <Bla"'7Bl7QI7"'7Q£> and
(Bi,....B1, 01+ Q2 — Qrs1,Q2 — Qoipy .., Qr — Qar).

Here, R is the domain obtained from B; by adding an appropriated combi-
nation of Q;, j=1,...,¢, so that its boundary is supported on the curves
in 4.

Let us now assume that we have a periodic domain P with u(P) # 0 and

(c1(s), H(Pap)) + (c1(s0), H(Pgy))
+(c1(50), H(Pys)) + (c1(s), H(Pas)) = 0.

Then P may then be written as

k l m 20
P = Z%’Ai + Z biBi + Zpﬂ)i + Z ¢ Qi
i=1 i=1 i=1 i=1

With the above notation fixed, computing the evaluation of Spin® classes
over the periodic domains (i.e. re-writing the last equation above) we obtain

l

k m
0= a2 - 20(A)) + Y b2~ 29(B)) + 3 piler(s). HP).
i=1 i=1

=1

since the Maslov index of all Q; are zero for all Spin® structures, according
to Lipshitz’s index formula [Lip].
Let us set

k l m
Q= Z a;A; + Z b B; + Zpﬂpl
i—1 i1 i=1

Then Q is a periodic domain for the Heegaard diagram (X, «, 3,z), with
P — Q only consisting of the domains with very small area. The assumption
P > 0 thus implies that Q > 0. Furthermore u(Q) = u(P), since no marked
point lives in the small domains. Equation 14 implies that (c1(s), H(Q)) = 0.
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The s-admissibility of of the Heegaard diagram (3, o, 3, z) thus implies that
Q = 0. As a result,

20
P = Z qiQ; > 0.
i=1
It is then an easy combinatorial exercise to check from this last equality that
all g; need to vanish. We have thus shown that P = 0. This completes the
proof of the admissibility claim. O

Finally, the last step towards defining the holomorphic triangle map and
the holomorphic square map using the Heegaard diagram H is choosing the
orientation. Note that the choice of orientation over the Heegaard diagrams
3, o, 8,2), (X, a,7,2), and (X, @, d,2) may be done without any restric-
tion, and we may thus choose the system of orientations corresponding to
the Heegaard diagram (X, e, 3,2z) (and correspondingly, the induced orien-
tation corresponding to (¥, ,d,2)), as well as the system of orientations
corresponding to (X, e, 7, z) to be our preferred choice of orientation. Ori-
enting the triangles and the square in T will then provide us with a coherent
system o of orientations for the Heegaard diagram H.

We may thus define the triangle and the square maps associated with
this Heegaard diagram and ¥. The argument of Ozsvath and Szabé from
[OS5] (Lemma 9.7) applies here to give

f816(0py ® O45) = Ops.
We may define a map
F =F,3,:CF(%, o, B,2;5) — CF(3, a,7,2;5)

by setting F(x) := fagy (x ® @ﬁv)' Since Og,, is closed, F' is a chain map.
More importantly, F' respects the decomposition into relative Spin® struc-
tures, and the image of CF (X, ¢, 3, z; 5), for the fixed relative Spin® structure

s € 5 C Spin“(Xap, Tag) = Spin®(X, 1)

is in CF(X, o, 7,2;s). Let us denote by G the similar filtered (A, H) chain
map

G = Fuy:CF(X, a,v,2;5) — CF(X,a,0,2;5)
defined by G(y) := fays(y ® ©5). Also, define the map

H = Hug : CF(¥, o, B,2;5) — CF(X, , 0, 2; 5)
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by H(x) := hagys (x ® Oy ® @75). Checking that all the above maps respect
the relative Spin® structures is straight forward. Using Lemma 6.12, and the
fact that f/gvg(@/gw ® @75) = @55 we have

G(F(x)) = faps(x @ Op;) = 9(H(x)) + H(I(x)).

The small triangles which contribute to f,gs(x ® ©gs) may be used to
show that in terms of an appropriate energy filtration we have

faps (x® Ops) = I(z) + €(x)

where €(x) consists of a combination of generators with smaller energy than
x. This implies that there is a filtered (A, H) chain equivalence

K :CF(%,a,9,2;5) — CF (X, a, 3, 2;8),

respecting the decomposition according to relative Spin® structures, such
that K(fa@(;(x® @55)) = x. Thus setting G’ = K oG and H' = K o H we
have

G oF -Id=H 0d+00H,

and G’ o F' is chain homotopic to the identity. The other composition is
similarly chain homotopic to the identity. This completes the proof of the
handle slide invariance.

The invariance under isotopy and stabilization-destabilization is com-
pletely similar to the proofs presented in Sections 7 and 10 of [OS5]. Thus
the filtered (A, H) chain homotopy type of CF(X, e, 8,2;5) is an invariant
of (X, 7,s), and will be denoted by

CF(X,7;5) = @ CF(X,7;5). O
5€8

7. Stabilization of sutured manifolds
7.1. The analytic input

Before we start proving the main result of this section, which is a generaliza-
tion of the stabilization theorem of [OS9], we need to rephrase the statements
of Theorem 5.1, Lemma 6.3 and Lemma 6.4 from [OS9] for weakly balanced
sutured manifolds and the corresponding Heegaard diagrams.

Let (X, 7) be a sutured manifold with the Heegaard diagram (3, o, 3, z)
and consider a point v on X. Let ¢ € ma(x,y) be the homotopy class of a
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Whitney disk connecting the intersection points x and y, and assume that
no(¢) = k € ZZ°. We may define a map

P! s M(¢) — Sym*(D)
po(u) =ut (v x Syme_l(E))

Correspondingly, we may define the moduli spaces M(¢,t) and M (¢, A) by

M(¢,t) = M(¢,t;0) := {u € M(¢)|(t,0) € p"(u)} and
M(6,A) = M(9,A;v) i= {u € M(6)| p"() = A}
where t € [0,1] and A € Sym* (D).
Let (Xi1,7) and (X2,72) be weakly balanced sutured manifolds with
the corresponding Heegaard diagrams (X1, a1, 8;,21) and (X9, aa, By, Z2).
We can form their connected sum along the points w and v on ¥; and Yo

to obtain a new sutured manifold (X, 7) with the corresponding Heegaard
diagram (3, o, 3,z) where

Y=X1#¥9, a=aiUay, B=6,UB, and z=2z;Uzs.

Note that To, N Tg = (T, N Tg,) x (T, N Tg,). Consider two pairs of inter-
section points x1,y1 € To, NTp, and X2,y2 € Ty, N Tp,. Any homology class

¢ € (X1 X X2,¥1 X y2)

can be uniquely decomposed as ¢ = ¢1#¢p2 where

¢1 € mo(x1,y1), P2 € Ma(X2,y2) and  ny(¢1) = ny(g2).

Conversely, any pair of homology classes ¢1 € ma(x1,y1) and ¢o € mo(x2,
y2) such that n,(41) = ny(¢2) can be combined to give a homology class

¢ = ¢1#P2 € T2(X1 X X2,y1 X y2).

Theorem 7.1. Let (X1,71) and (X2,72) be weakly balanced sutured mani-
folds with the corresponding Heegaard diagrams

(Elaala/@l?zl) and (227a27/32az2)

respectively. Consider the weakly balanced sutured manifold (X, T) obtained
by taking the connected sum of the two Heegaard diagrams along w and v as
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described above. For any homotopy class

¢ = P1#d2 € (X1 X X2,y1 X Y2)

we then have

(@) = (1) + p(e2) — 2k

where x1,y1 € To, NTg,, X2,y2 € To, N Tp, and k = ny(¢1) = ny(P2).
Suppose furthermore that u(¢1) = 1, p(¢2) = 2k, that w (respectively, v)

s in a genus zero connected component of either of ¥1 — o and X1 — B4

(respectively, Yo — g and X9 — By ), and that one of the following is true:

o At least one component of R(12) has nonzero genus and u(¢) # 0.

e All the components of R(72) are genus zero components, and

Uy = |an] = [By] > g(22).

Then assuming the fibered product

M(d1) Xy () M(d2) = {ur X ug € M(d1) x M(¢2) | p*(ur) = p"(u2) }

of M(¢1) and M(¢2) is a smooth manifold, and taking the length of the
connected sum tube sufficiently large, there is an identification of this moduli

space with M(¢).

Proof. The proof is similar to the proof of Theorem 5.1 in [OS9]. As in that
proof we use Lipshitz’s cylindrical formulation. However, we keep the same
notation for the moduli spaces and the corresponding maps for the sake of
simplicity.

The formula for the Maslov index follows from the excision principle
for the linearized O operator, using the cylindrical formulation [Lip]. For
the second part of the theorem, if all components of JR(7) are genus zero
components and ¢ > g(X3), the proof of Theorem 5.1 from [OS9] applies
word by word. In the other case, the proof requires some modification, as
follows. We drop the details and only highlight the differences. For more
details, we refer the reader to [OS9].

Suppose that 2(72) has a component with nonzero genus. Consider a
sequence of paths of almost complex structures {Ji(s)}ef100) On X122,
where for s € [1,00) {J;(8) }se[0,1] denotes the path of almost complex struc-
tures determined by a pair of generic paths of complex structures {4} }; and
{j2}; on X1 and X5, and by setting the neck-length equal to s. Let us assume
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that M J(s) (@) # () as s — oo. Consider a sequence of pseudo-holomorphic
curves {us }sez+ such that us € M, (5)(¢). Under the assumptions u(¢1) =1
and u(¢p2) = 2k, and using the Gromov compactness theorem, a subsequence
of this sequence is weakly convergent to a pseudo holomorphic representative
uyp of ¢1 and a broken flow-line representative of ¢o. This broken flow-line
can not contain any sphere bubblings, since otherwise our assumption on
M (72) implies that u(¢2) =0, and thus u(¢) = 0. Hence we may follow the
argument of Ozsvath and Szabd from here, and conclude that there is a com-
ponent uy of this broken flow line such that u; and us represents a pre-glued
Whitney disk, i.e. that

p*(u1) = p*(u2).

Let ¢f be the homotopy class represented by ug. If ¢, # ¢2, the above
Gromov limit contains boundary degenerations or other flow lines. The
assumption u(¢2) # 0 then implies that (@) < p(pa) = 2k. Let us consider
the map

P’ M(¢h) — Sym" (D).

For any point A € Sym®(ID) the moduli space (p”)~'(A) will have the
expected dimension equal to p(¢’) — 2k < 0. Thus for a generic choice of
A € Sym*(DD), this moduli space is empty. This observation implies that
¢h = ¢a, as in the proof of Theorem 5.1 from [OS9].

Thus the Gromov limit of a sequence of holomorphic representatives of
¢, as we stretch the neck, is a pre-glued flow line representing ¢; and ¢s.
Conversely, given a pre-glued flow line, one obtains a pseudo-holomorphic
representative of ¢ in M(¢) by the gluing theorem of Lipshitz [Lip], as in the
proof of Theorem 5.1 from [OS9]. This completes the proof of Theorem 7.1.

O

Lemma 7.2. Let (X,7) be a weakly balanced sutured manifold represented
by the Heegaard diagram (X, 3,z), and let v € z be one of the marked
points. Let ¢ € ma(x,y) be the homotopy class of a Whitney disk connecting
the intersection point x to'y. Assume furthermore that D(¢) > 0 and that
u(¢p) # 0. If u(o) = 2 then M(¢,t) is generically a zero dimensional moduli
space. Furthermore, there is a number € > 0 such that for all t < e the only
non-empty such moduli spaces M(p,t;v) are the moduli spaces corresponding
to ¢ € ma(x,x) where ¢ is obtained by splicing a boundary degeneration with
Maslov index 2 corresponding to one of the genus zero components of R (7)
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and a constant flow line. For any such moduli space we have

0 fl=1
HM(¢, ;) = {1 Zjb .

where 1 is the number of components in R (7).

Proof. Given Lemma 5.8, the proof is exactly the same as the proof of
Lemma 6.3 in [OS9]. O

Consider the Heegaard diagram (S, o, 3,2z), where S = S? is the Riemann
sphere, and « and (3 are simple closed curves on .S intersecting transversely
in two points {z,y}, and z = {z1, 22, 23, 24} where there is one marked point
in each one of the four connected components of S — « — 5. Assume further-
more, that the marked points are labelled so that the bigons corresponding
to z4 and zo do not have any edges in common, and that the edge belonging
to the common boundary of the pairs of the bigons corresponding to z; and
zo is on .

Lemma 7.3. Consider the Heegaard diagram (S,«, 3,2) as above. For a
generic point A € Sym*(D) (for any positive integer k), we have

> HEM(G A z) =1,
pems*(a,a)
1., (4)=0

for a € {z,y}. Moreover, if the generic set A ={p1,...,px} of points is
chosen so that the points p; = (x;,y;) €D, i =1,...,k are sufficiently close
to {0} x R (i.e. x; is sufficiently small) we will have

(15) ST EM(G Az P =1
pems* (a,a)
Nzy (¢):0

Proof. The first claim is precisely Lemma 6.4 from [OS9]. In fact, the proof
of the second claim is almost included in the proof of Lemmas 6.3 and 6.4
in [OS9], as outlined below.

The homotopy classes ¢ € 72%(a,a) with n.,(¢) =0 (and n.,(¢) = k)
are determined by j = n, (¢) € {0,...,k}. Denote the corresponding homo-
topy class by ¢;, and let M;(A) denote the moduli space M(¢p;, A; z2). Let
us assume that for a sequence of sets Ay = {p1(¢t),...,px(t)}, with p;(t) =
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(xi(t),yi(t)) € [0,1] x R and z;(t) going to zero as t goes to infinity, the mod-
uli space M;(A¢) is non-empty. Applying Gromov’s compactness theorem
to a sequence {u;}; with u; € M;(A;) we obtain a broken flow line u in the
limit. As in the proof of Lemma 6.3 from [OS9], since 2 is disjoint from the
curves o and (3, while the set u; (22) contains k points which converge to
{0} x R, we may conclude that the domain of u includes some  boundary
degenerations !, ..., uP with

Ny (u') + s, (u?) + -+ ng, (uP) = k.
This already implies, since pu(ul) + -+ + p(uP) = 2k = p(u), that
D(¢;) =D(u) = D)+ - +DP) = j=0.

The only class contributing to Equation 15 is thus ¢g provided that the
set A consists of the points sufficiently close to {0} x R. The second part of
the lemma then follows from the first part. O

7.2. Simple stabilization of a weakly balanced sutured manifold

Let us fix a weakly balanced sutured manifold (X, 7 = {r,...,7,}) and let

as before.

Definition 7.4. We say that a sutured manifold (X,7) is obtained by a
simple stabilization of (X, 7) if T =7 U {7x41, Tut2} and 7441 and 7,49 are
oriented simple closed curves so that —7,41 and 7,42 are both parallel to an
oriented suture 7; € 7, where 7; is in the common boundary of two genus zero
components of R(7). Moreover, 7; and 7441 bound an annulus in 0X — 7.

Without loss of generality, assume that i = k, 7, = 7, € IR, N 8Rl+ and
Trt1, Tht2 C R;r. Let us denote the connected components of Rl+ — (Th+1 U
Twt2) by RTI[R™ ]I R/, where R™ and R~ are the annulus components
with the boundary sets {7, 7x+1} and {7441, Tx+2} respectively, as illus-
trated in Figure 3.
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Figure 3: The simple stabilization of a sutured manifold. Here we have Rl+ =

R IR IR

Note that
16) R O JIr ®*@ =R -RH][R ][R
u_(A) =u ( ) + U 1teyo, u+(?) =u ( ) Ugllq1 + ul+1 — u;r
where ul':_l u(R, 't1). The algebra associated with (X,7) is defined by
A- = <u+ Az >AA where
1&? _ (ul, ey Uy U 1, Uy 2)7 _ AT[uK+17uH+2]'

(uf 195 > 0>Z[n+2] + (w5 [g; > O>Z[H+2]

Let (3, o, B,2) be a Heegaard diagram for (X, 7). A Heegaard diagram
(3, a, 3,2z) for (X,7) may then be constructed from (X, a, 3,z) as follows.
We set

:au{al-‘rl}? B=BU{55+1} and /Z\:ZU{ZR-FDZH—FQ}?

where the additional curves ayy1 and [g41 are isotopic simple closed curves
on Y in the the connected component of ¥ — a U 3 containing the marked
point z, with the following properties. We assume that #ayq1 N Bep1 = 2
and that ayy1 and (y41 bound the disks Axy1 and Bjyq in ¥ — a — 3 respec-
tively. Furthermore, we assume that

25 € Biy1 — Apy1, Zei1 € App1 N By and ze40 € Apyr — Byt
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The picture around the marked point z, is illustrated in Figure 4.

[

Figure 4: For simple stabilization, a pair of intersecting null-homotopic sim-
ple closed curves ayy1 and Byy1 are added to the Heegaard diagram close
to the marked point z,. The locations of the new marked points zy, 2,11
and z,4o are illustrated in the figure. The marked point v is used as the
connected sum point of the current diagram (on a Riemann sphere) with
the old Heegaard diagram.

Note that H(Ay1) = [S~] and H(Bjy1) = [ST] in Ho(X7 = X ') where
St and S~ are the sphere boundary components of Xz corresponding to
R and R~ in R(T) respectively. In the above situation, we say that the
Heegaard diagram (X, &, 3,%) is obtained from (X, e, 3,z) by a simple sta-
bilization.

We may define a map

7 : Spin“(X, 7) — Spin®(X,7T)

as follows. Fix s € Spin®(X,7) and let v be a nowhere vanishing vector field
on X representing 5 such that v|sx = vs. Consider a neighbourhood N in
X of the annulus

R=RTUR- C0X

together with a diffeomorphism
v:N— S'xIxI, st

. 0
w(R) = 51 X {0} x I and (U‘N) |Sl><I><{O,1} =

%a
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where I = [0, 1] is the unit interval and s denotes the standard parameter on
the third component of the product S* x I x I. The vector field 1. (7) may
be changed through an isotopy to a new vector field v (v) on S' x I x I
with the property 1. (v)|gixqoyxr = %, where the vector field remains fixed
through the isotopy on

(Sl><{1}xI)U(SlxIx{0})U(Sl><l><{1}).

The vector field v on N may be glued to v|x_xn to give a vector field on
X, still denote by v, which represents an element s in Spin®(X,7). It is
not hard to see that the above construction gives an isomorphism between
Spin®(X,7) and Spin®(X,7), and we may thus define 7(s) :=5.

We may also picture X7 as the three-manifold obtained from X by
removing a pair of spheres. This gives an embedding i+ : Xz — X. The
suture 7,41 gives an arc connecting the above two balls in X7. Abusing the
notation, let

i+ 1 Spin‘(X) — Spin®(X7)

denote the isomorphism obtained by first pulling back a non-vanishing vector
field from X to X7 using the embedding i, and then modifying the resulting
vector field in a neighbourhood of the two removed balls and the arc joining
them, so that the corresponding boundary conditions are satisfied. It is then
easy to verify that the following diagram is commutative

o~

Spin®(X, 1) —» Spin®(X,7)

] ]

x

Spin®(X,) —» Spin®(X;)

Let (X,7) be a weakly balanced sutured manifold, s € Spin(X) be a
Spin¢ class on X, and (¥, , 3, z) be an s-admissible Heegaard diagram for
(X, 7). Let (X,7) be the sutured manifold obtained by a simple stabilization
on (X, 7)and (3, a, 3,z) be the Heegaard diagram for (X, 7) obtained by the
simple stabilization of the Heegaard diagram (X, o, 3, z) as above. Abusing
the notation, let

CF(X, o, B,5;A%)
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denote the free module generated by T, N Tg over Az. Counting holomorphic
disks then gives a homomorphism of A= modules

9: CF(Z, o, B,5: Ar) — CF(S, . B, 5 As),
which satisfies
(17)  (000)(x) = (uT (1) —u (1)x, Vxe€T,NTs st. 5,(x)€s.

Since u™(7) — u™ (7) is not trivial in Az, 9 is not a differential. However, we
will prove the following proposition in the upcoming subsection.

Proposition 7.5. With the above notation fixed, for any given Spin® class
s € Spin“(Xz) = Spin“(X),
the filtered chain homotopy type of the complex CF (X, a,,@,ﬁ,s) is the same

as the filtered chain homotopy type of the chain complex obtained by equip-
ping the module

CF (2, , B,2,i%(5): Az) © CF (X, o0, 3,2, i%(5); A7)

with the differential

~ 0 u —-u
0= rtl . where u:= H u; € A,
Uy — Upp2 -0
i:TieaR;r,i;ém

It is important to note that the relation 9? = 0 follows from Equation 17,
the fact that w.u, = u(R;") while w12 = u(R;},), and the relations in the
second line of Equation 16.

7.3. Proof of the stabilization formula
In this subsection we prove Proposition 7.5.

Proof of Proposition 7.5. Let s € Spin®(X;) be a Spin® structure on X;.
Consider a Heegaard diagram (X, o, 8, z) for (X, 7), which is i%(s)-admissible.
Furthermore, assume that for any positive periodic domain P we have the
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following implication:
(c1(i%(8)), HP)) <0 = u(P)=0,

where the last vanishing takes place in ,&T, rather than A,. The existence of
such a Heegaard diagram is guaranteed by Remark 4.6.

Let H = (X, &, 8,Z) be the Heegaard diagram for (X, 7) obtained by a
simple stabilization on (3, o, 3,z). We claim that this Heegaard diagram is
s-admissible. Suppose that P is a positive periodic domain corresponding
to H such that (ci(s), H(P)) = 0. Then there are integers a and b, and a
positive periodic domain Py for H such that

P = 'PO + aAk+1 + bBl+1 and Ny, ('Po) =Nz, ('Po) =Nz, (Po)

Thus Py may be viewed as a periodic domain associated with the Heegaard
diagram (X, o, 3,2). If n,_(Py) = d then

(e1(s), ()= H(Po)) = {c1(i%(5)), H(Po)) + 2d.

From here we may conclude

(e1(s), (ix)«H(Po)) = —2(a +b)
= {c1(i%(s)), H(Po)) = —2(a+b+d) = —n.,,,(P) < 0.

Since the Heegaard diagram (X, a,3,2z) is i*y(s)-admissible in the
stronger sense of Remark 4.6, we conclude that u(Py) = 0 in A.. The con-
dition that 2, is in the genus zero components of ¥ —a and ¥ — 3 then
implies that u(?) = 0 in Az. This proves the s-admissibility of the Heegaard
diagram H. R

Let us consider the Heegaard diagram (X, &, 3,%) as the connected sum

(27 «, 167 z U {w} - {zlﬁ}) # (Sv Qpyt, /8£+17 {’U, 2Ry Rr415 ZH+2}) 3

where S is a sphere, w and v are the corresponding connected sum points
such that w is in the same domain as z, in (X, a, 3,2z). Choose w so that
it is sufficiently close to one of the 3 curves and is sufficiently far from the
curves in a. If a1 N Bor1 = {z,y} then Tz N ']I‘g = (To NTg) x {z,y}, and
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for any x € T, N Tg we have

1(s(x)) = s (x x {z}) = s (x x {y}) + PD[711].

Let C, and C, be the submodules of CF(Z,&,B,E,s) generated by the
intersection points containing x and y respectively. Thus we have a module
splitting
CF(3,&,B3,2,5) = C, @ C,.
The Heegaard diagram (S, a, 8, {v, 2k, 2x+1, 2k+2}) then corresponds to
a sutured manifold and the corresponding ring of coefficients is

Lty s U 1, Uiy 2, Uy
(g1 — W) (e — Upg2) = 0)

Ag =

The chain complex is generated by x and y. The homotopy classes of disks
with positive domains and Maslov index 1 are the four bi-gons containing
the markings. Since 9 o @ = 0 we should have

0(y) = £(uy — Ueyo)r and O(x) = £(Upr1 — Uy)y.

A more detailed consideration implies that the unique holomorphic rep-
resentatives of the bi-gons containing v and z,y2 have the same sign, and
this same sign is opposite to the signs of the unique holomorphic represen-
tatives of the bi-gons containing z, and z,.1. We may thus assume that
the former two representatives get a negative sign and the latter two get a
positive sign. The alternative choice on the system of orientations results in
the same conclusion in our proof. The system of coherent orientations asso-
ciated with the Heegaard diagram (X, o, 3,2, ), together with this (or the
alternative) system of coherent orientations for (S, «a, B, {v, 2, 2is+1, 2k+2})
gives a system of coherent orientations for (X, a, 3,%,5).

First we consider the C,-components of the differential of the complex
on the generators of C,. Let x X {z} be a generator of C, and ¢ € ma(x X
{z},y x {z}) be the homology class of a Whitney disk with p(¢) = 1. We
may thus decompose ¢ as ¢ = ¢1#¢p2 where ¢1 € ma(x,y) and ¢2 € mo(x, ).
Theorem 7.1 then implies that

1(¢) = p(p1) + p(p2) — 2k = p(P1) + 2n., ., (#2),

where k = ny,(¢1) = ny(¢2). If M(¢) # 0 for long enough neck-length, then
¢2 admits holomorphic representatives and D(¢2) > 0. This implies that

,u'(gbz) - 2TZU(¢2) = 2nz~+1 (¢) > 07



708 A. S. Alishahi and E. Eftekhary

and that the equality happens if and only if n._, (¢) = 0. If u(d2) — 2n,(¢2)
> 0 then pu(¢1) < —1 and M(¢y) is generically empty. Thus n.,_, , (¢2) should
be zero and p(¢2) = 2n,(¢p2) = 2k. Theorem 7.1 then guarantees that for a
sufficiently large connected sum length, we have an identification of M/(¢)
as follows.

M(d)) = (¢1) X Sym* (D) (¢2)
—{ul X uy € M(¢1) x M(¢2) },0 (u1) = p"(u 2)}
= #_/(/l\((ﬁ): Z #{’U,QGM ¢2 ‘p ul p( )}

w €M(41)

The coefficient of y x {z} in the expression d(x x {z}) in CF (%, a, 8.z, s)
is thus equal to

ni(¢p1) N ¢2) Nyet2(P2) Uz € M( 2)
2 clw) H i ( teia A {u2 ‘ p*(ur) = p°(uz) J )’

¢1 Eﬂ'% (xvy)
P2ET2(T,x)
Nyt (¢2)=0
M (¢1)=n (¢2)
ur EM(b1)

where ¢(u;1) denotes the sign associated with wu; € M\(gzbl) via a coherent
system of orientations for the Heegaard diagram (which is suppressed from
the notation). Suppose now that the marked point w is moved sufficiently
close to one of the (8 curves, as stated before. Consequently, p*(u1) would be
a collection of k = n,,(¢1) points in D which are sufficiently close to {0} x R.

Lemma 7.3 may then be used to compute the interior count of holomor-
phic curves. Since n,(¢2) = k, the total value of the above sum is thus equal
to

> % (1)
) =1

b1 Gﬂ—% (x,y) Ul EM\(QSI

which is the coefficient of y in dx in CF(X, o, 3,2,5; Az). With the same
argument, the Cy-component of the differential of the generators in Cy is
identified with the differential of Cy = CF(X, a, B, 2, 5; A%).

We now consider the C,-component of the differential of a generator in
Cy. For any ¢ € ma(x x {y},y x {z}) we can write ¢ = ¢1#¢p2. By Theo-
rem 7.1 if pu(p) =1 then u(p1) + p(¢2) — 2ny(¢2) = 1. By Lipshitz’ Index



A refinement of sutured Floer homology 709

formula we have

w(d2) = 2ny(p2) + 2, ,, (¢2) + 1.

This implies that p(¢2) — 2n,(¢2) > 1, and that the equality holds if and
only if n,, . (¢2) = 0. This last equality should thus be satisfied and p(¢1) =
0. Hence ¢, is constant, pu(¢p2) =1 and n,(¢2) = 0. These conditions imply
that the possible domains for ¢ are two different bi-gons in S connecting y to
x, which contain z, and z,9 respectively. For either of these bi-gons M (¢2)
consists of one element, while the orientation assignment for these two bi-
gons are different, and determined by our choice of the system of orientations
above. The coefficient of y x {z} in 0 (x x {y}) is thus u,, — u,42, i.e. the Cp-
component of the differential of the generators in C, corresponds to scalar
multiplication by i, — u,4o.

Finally, we consider the Cy-component of the differential of a generator in
C,. Again, degenerate ¢ € mo(x x {z},y x {y}) with u(¢) =1 and u(¢) # 0
as the connected sum ¢ = ¢1#¢po. We thus have pu(p1) + p(p2) — 2ny(¢2) =
1, implying pu(¢2) — 2ny(¢2) < 1. By Lipshitz’ index formula we have

w(d2) = 2ny(p2) + 21, ,, (d2) — 1,

which implies that p(¢2) is an odd number and p(¢2) — 2n,(¢p2) > —1. Thus

p(d2) — 2n,(¢2) is equal to 1 or -1.

If p(p2) — 2ny(p2) = 1 then p(¢1) = 0. Thus ¢; is constant and D(¢) is
the bi-gon containing z,41. In this case #M(¢$) = 1. Thus the corresponding
component of the differential, as a map from C, to Cy, is given by

B;y :Cp — Cy
OL, (x x {&}) 1= thes (x x {0,
The second possibility is the case where pi(p2) — 2n,(¢2) = —1. If pu(p2) =
ny(p2) = 1 then p(¢1) = 2 and ny,(¢1) = 1. If furthermore YR(7) has at least

one component with nonzero genus then by Theorem 7.1 for sufficiently large
connected sum length M(¢) is identified with

M(¢1) xp M(¢2) = {ur x ug € M(¢1) x M(e2) | p*(ur) = p"(u2)}
= {ur X ug € M(¢1) x M(¢2) | p*(ur) = uy ' (v)}.
Now p(¢2) = ny(¢p2) = 1 implies that the domain of ¢ is the bi-gon in S

containing v and thus it has a unique holomorphic representative up to trans-
lation. We can fix a holomorphic representative ug such that uy*(v) = (¢,0).
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Since our system of coherent orientations is induced from a coherent sys-
tem of orientations on (S, o, 3, {v, 2k, Zk+1, 2k+2}) Where the sign associated
with the unique (upto translation) holomorphic representative of the bi-gon
containing v is —1 we find

#M(9) = —#{ur € M(¢1) | p”(ur) = (£,0)}
= —H#M(¢1,1).

Let us now assume that the point v is chosen very close to the curve .
By Lemma 7.2, for ¢ sufficiently small M(¢1,t) is nonempty if and only if
1 € 7T26 (x) is the class of a 8 boundary degeneration. If furthermore | > 1
then #M(¢1,t) = 1. Thus this case contributes to the Cy-component of the
restriction of the differential to C via a map

92, :Cyr — C,

Ry(xx{ap)=—| JI w] xx{y}.

TeFETi E(’)Rl+

Similarly, if [ = 1 then agy(x x {z})=0.

To deal with the other terms corresponding to the homotopy classes ¢
with n,(¢2) > 1 we define a one parameter family of connected sum points
v(r) on S such that when r goes to infinity, v(r) tends towards a point ve,
on the curve .

Let M,.(¢) be the moduli space of holomorphic representations of ¢ when
we used the connected sum point v(r) in S. Assume that for a sequence {r;}
converging to infinity, the moduli space M,. (¢) # ) for all choice of con-
nected sum length. For sufficiently large connected sum length the moduli
space M, (¢) is identified with the fibered product M(¢1) Xgy () M(92).
Consider a sequence uj x uf in the fibered product. Let u$° and u5° be Gro-
mov limits of {u}{} and {u}}. The assumption u(¢;) = 2 implies that there
are three possible types for the limit u$°. The limit can be a holomorphic
disk or a singly broken flow line or it can contain a boundary degeneration.
If it contain a boundary degeneration, u(¢) # 0 implies that the remaining
component has Maslov index zero and it should be constant. Thus k =1
and this situation is already considered in the previous case.

If w7° is not a broken flow line and it is a holomorphic disk, wS® has a
component u5® such that p* (ug®) = p¥(us®). Since v(r;) tends toward v, on
B, p*(us°) includes some points on {0} x R. Thus for large i, p*(u}) contains
points sufficiently close to {0} x R. By Lemma 7.2 the holomorphic curve u}
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should be a boundary degeneration for 7 sufficiently large. This implies that
k =1 and again, we are within the cases considered earlier, and there is no
new contribution to the Cy-component of the restriction of the differential
to C; from this case.

Finally, if @}° is a broken flow line (i.e. it is of the form u°® = a x b and
p(a) = pu(b) = 1) then u3® degenerates, correspondingly, as u3° = a’ * b’. The
Maslov index of ¢ is odd, thus one of ¢’ and b’ has odd Maslov index.
Let us assume that p(a’) is odd. Then (a’)~!(v®>) contains some points on
{0} x R. If a is the holomorphic representative of a homology class ¢} of
a Whitney disk, then for r sufficiently large M(¢)) includes holomorphic
representatives a” such that p*(a”) contains points of distance less than 1/r
to {0} x R. Since u(¢}) = 1, ¢} has finitely many holomorphic representative
up to translation. Thus for any holomorphic representative u of ¢}, p*(u)
does not include points arbitrary close to {0} x R, since w is not on 3.

Gathering the above considerations, we observe that if either of the two
assumptions in the second part of Theorem 7.1 is satisfied the C,, component
of the restriction of the differential to C, is given by the map

Oy : Co — C,
Oy (x x {2}) = Oy, (x x {a}) + 03, (x x {a})

= uep1(x x {y}) — H ui |- (xx {y})

Ve COR;
= (w1 —u) (x X {y}),

provided that the path of almost complex structures is chosen by setting the
connected sum length equal to a sufficiently large real number. The proof in
the case where all the components of PR(7) have genus zero and ¢y = g(3)
is exactly the same as the last part of the proof of Proposition 6.5 in [OS9].
This completes the proof of Proposition 7.5. O

8. A triangle for sutured Floer complex

8.1. The triangle associated with the surgery Heegaard
quadruple

Let us assume that X is a closed Riemann surface of genus g and that

a={o,....;ar} and Bg={B1,..., 01}
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are collections of disjoint simple closed curves on X. Let p;, ¢ =0,1,2 be
three oriented simple closed curves which are disjoint from 3,, and mutu-
ally intersect each other in single transverse points, so that the intersection
numbers .1, 1.2 and po.po are equal to 1. We will assume that

piNpe={po}, peNpo={p} and poNp = {p2}.

Furthermore, suppose that the three intersection points pg, p1 and py are the
vertices of a small triangle A, which is one of the connected components in

S=3%—a—By— {1, m,p2}

Let z = {2, ..., 2z« } be a collection of marked points in S. We choose the
marked points zg, 21 and 25 outside A and very close to its edges, so that zg is
close to the edge ey connecting p; to po, 21 is close to the edge e; connecting
P2 to po, and zo is close to the edge eo connecting py to py. Finally, we will
fix a marked point p in A for further reference. We will denote by w the set
of marked points w = {z3,..., 2, }. We will assume that the component A
of ¥ — a which contains the marked point p (and thus the marked points
20,21 and z2) is a genus zero component. Furthermore, we will assume that
Y — By — {mo, 1, p2} consists of a pair of triangles bounded between the
curves jig, 1 and ps which will be denoted by A and A’, a component B
of genus zero containing the marked points zg, 21, . . ., 2p, (with m < k), and
a union of periodic domains By, ..., B; with boundary in 8,. Moreover, A
is the connected component of S containing the marked point p which was
considered earlier, and A’ does not contain any marked points. The notation
is illustrated in Figure 5.

Consider the Heegaard diagrams

Hi = (27a7/6i = {6717 s 7B§—17,u’i}7 Zi =wU {Z’Lap})v (RS {07 172}7

where we assume that B;- are small Hamiltonian isotopes of the curve j3;, for
1=20,1,2, so that any pair of curves in {B?, Jl», BJQ} intersect each-other in
a pair of transverse canceling intersection points for j =1,...,¢ — 1. This
Heegaard diagram determines a sutured manifold which will be denoted by
(X, 7%). Similarly, suppose that (Y,c?) is the sutured manifold obtained by
extending the set of marked points to {p} Uz in H;. The three-manifolds Y
and X do not depend on i and would be the same for i = 0,1,2. In fact,
instead of gluing a disk to p;, one may fill out the suture 7, corresponding
to the marked point p. The identification is illustrated in Figure 6 for Y.
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Figure 5: A neighbourhood of the curves pg, 1 and ps is illustrated. One
should take the connected sum of the torus obtained by identifying the
opposite edges of the rectangle, with another Riemann surface to obtain the
Heegaard surface . The attaching circle of the connected sum tube lands
in the shaded area in the lower left corner of the figure. The « curves live
close to the boundary of the rectangle, or on the Riemann surface which is
attached to this torus. The marked points {p, 2o, 21, 22} and the intersection
points pg, p1 and po are illustrated.

Furthermore, the orientation of the the curve p; may be used to identify
the spaces of relative Spin® structures associated with the sutured manifolds
(X, 7"), and we may thus fix the identifications

(18) Spin®(X, 7%) = Spin®(X, 7') = Spin®(X, 72).

The identification in Equation 18 is done as follows. The assumptions on
the Heegaard diagrams imply that, associated with the sutured manifolds
(X,7%),4 = 0,1,2, the marked points p and z; correspond to a pair of parallel
sutures 7, and 7; on the boundary of the three-manifold X. Denote by (X, 7)
the unbalanced sutured manifold obtained by removing these two sutures
from the boundary of X. Clearly 7 does not depend on i € {0,1,2}. The
vector fields v, on X x {0} and v, on 90X x {1} give a vector field defined
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on the boundary of 9X X [0, 1] with values in the tangent space of this three-
manifold. This vector field may be extended, in a natural way, to the interior
of X x [0,1]. In fact, let R~ (—1,1) x S! denote a neighbourhood of the
annulus bounded by the sutures 7, and 7; on 0.X. The vector fields v, and
vy agree on 0X — R. It is thus enough to do the extension on R x [0, 1].
Denote by v the vector field 9/06 on

J{x{;}—m—Ll)xslx{;},

where # denotes the coordinate on S' which is compatible with the orien-
tation of the sutures 7, and 7, as determined by the orientation of u;. In
the standard Euclidean model, the angle between the vector fields v and v,
is less than 7 (and is in fact always equal to 7/2). We may thus smoothly
isotope v;i to v on R x [0,1/2]. Similarly, the angle between the vector fields
v and v; is less than 7 (and is again equal to 7/2). We may thus smoothly
isotope v to v; on R x [1/2,1]. The two isotopies may be kept constant close
to (OR) x [0,1] to produce a natural vector field w on (0X) x [0, 1] which
connects v, and v,. Using this vector field we obtain the identifications of
Equation 18.
The algebra A is independent of i. We will denote by A the quotient

A
<up:1>’

where u, denotes the variable corresponding to p. In fact, passing to this
quotient means that we are forgetting the marked point p in the Heegaard
diagram. Let us denote the generator corresponding to the marked point z;
by u;, for j = 0,1,..., . Denote the generator associated with the marked
point z; in A by v; for j = 3,...,k, and denote the generator associated
with z; and p by v; and vy respectively. Each Heegaard diagram H; deter-
mines an embedding of A; = A in A. More precisely, we may define

A= i=0,1,2,

u; ifj=1
A A, 2 (0g) = Mol f =9
11 if3§j§/‘0

Note that Ag,A; and Ay are isomorphic. However, the index is used to
distinguish them as sub-rings of A, using the embeddings ' : A; — A, i =
0,1,2.
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A.

Figure 6: Instead of attaching a 2-handle along p;, the suture which corre-
sponds to the marked point p may be filled. In part A, a 2-handle is attached
to p; (think of Y as the three manifold outside the torus and above the plane
illustrated in this picture). Then we slide the 1-handle corresponding to p
over the 1-handle corresponding to z;, as illustrated in part B. The result,
after smoothing the appropriate corners, is the picture illustrated in part C,
in which the suture corresponding to p is filled out and instead, no 2-handle
is attached to p;. The picture corresponds to the case m = 2.

Let D,, denote a set of £ copies of D? x [—¢, €] (for some small positive
real number €) corresponding to the curves in o, and Dg, denote a set of £ — 1
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copies of D? x [—e¢, €] corresponding to curves in B,. Denote small tubular
neighbourhoods of the curves in v and the curves in 3, by nd(a) and nd(3,),
respectively. These neighbourhoods may be identified with subsets of dD,,
and 0Dg, respectively. Under the identification of Y with the three-manifold

(0,11 x (2\nd(z)) |J Do |J Da,

nd(a)x{0}  nd(Bo)x{1}

each marked point z; determines an oriented simple closed curve on the
boundary of Y. The Poincaré dual of this curve determines an element x; €
H%(Y,0Y;Z) for 3<j < /. For i € {0,1,2} we will denote the element of
H2(Y,0Y;Z) corresponding to the marked point z; by 7;. The assumptions
on the Heegaard diagram imply that

(mo+m+m)+(xs+--+xm) =0.

The particular case where m = 3, or equivalently w N B = (), is of par-
ticular interest. We will denote 19 + 171 + 72 by 1. The Poincaré duals of the
curves corresponding to the marked point z; in (Y, %) will be denoted by
x(%,7), for i =0,1,2 and 0 < j < {. Furthermore, let x; denote the Poincaré
dual PD[u;] of the simple closed curve p; C 9Y for i = 0, 1, 2. One may check
that

X;j ifje{3,....k}
Xit+mi  ifj=1
Associated with any of the Heegaard diagrams H;, i = 0, 1,2 (and inde-
pendent of i) we define a filtration map

X G(A) — H2(Y,0Y;Z), x(uj):=x; forje{0,1,...,x}.

Note that with this assignment we may compute

K K K
X © 2 H U;‘j = (’il — ’I:Q)Xi + Z inj = X i H U;ﬁj — i177i,
Jj=1 Jj=3 Jj=1

for all i € {0,1,2}. Consider the following Z module associated with the
three-manifold Y:
_ H%(Y,0Y;Z)

H:
<"707 m, 772>Z
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which acts by translation on either of

Spin®(X,7') _ Spin‘(Y;<’)

<77> <770’771a772’>‘

Abusing the notation, we will denote this later quotient by Spin®(X, 7).
When 7 = 0 in H?(X,0X;Z) (e.g. when m = 2) the quotient maps

Spin®(X, 7%) — Spin®(X,7), i=0,1,2

are bijections. The above observation implies that the composition of x o 2*
with the projection over H is the same as the composition of y,: with the
projection map from H?(X,0X;Z) to H.

We continue to denote the image of x; € H*(Y,0Y;Z) in H by ;. The
filtration map x : G(A) — H2(Y,dY; Z) may be composed with the quotient
map from H2(Y,0Y;Z) to H to define a new filtration map, yet denoted by
x. Clearly, H acts on & = Spin“(X,7) by translation. We may abuse the
notation and define

Spin‘(X, 1)

Spin‘(X) = Xt X}

Thus, Spin®(X) is a natural quotient of any of Spinc(yﬂ). We fix a class
s € Spin‘(X) for the rest of this section. We assume that the Heegaard dia-
grams H;, i = 0,1,2 are s-admissible. In fact, we will drop the admissibility
issues, as well as orientation issues, from our discussion in the remainder of
this section. Taking care of these issues is completely straight forward, and
follows the lines of the arguments given in the earlier sections.

For ¢ = 0,1, 2, consider the filtered (A,H) chain complex

CFi(s) : = CF(X,7",5) ®a, A = (x| x € To N Ty and 5,,:(x) € 5),.
The set of marked points z = {zp, ..., 2.} defines a map
3
w: [ I my) — GA), u(e) = []u?.
i=0  x,y€TaNTyi =0

The differential 9; of the complex CF;(s), as an A-module homomorphism,
is then defined by

aix):= > > (m(p)uu(e))y.

YET.NT i pe™](X,y)
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We define a map from the set of generators of CF;(s) to & by setting

s':G(A) x (ToNTs) — &
s (u.x) := 5, (x) + x(u).

Abusing the notation, we will sometimes denote s'(u.x) by s(ux) = s(x) +
x(u), dropping the index i from the notation.

Lemma 8.1. If a generator w.y, withu € G(A), appears with non-zero coef-
ficient in 0;(x), we will have §'(x) = §'(u.y) in &.

Proof. Without loosing on generality, let us assume that ¢ = 0. Suppose that
5(x),5(y) € s, and that there is a Whitney disk ¢ € mo(x,y) contributing
to Jp(x) with u = u,(¢). Then we will have ni(¢) = na(¢) = np(¢). The
existence of this disk implies that

For the equality in the second line, we use the relation xg + x1 + x2 = 0. U

The above assignment of relative Spin® structures is thus respected by
the differential 0; of CF;(s), and CF;(s) is thus decomposed as

CFi(s) = @ CFi(s).

s€sCOS

Associated with the Spin® class s, we will describe a triangle of chain
maps

CFO(ﬁ) > CF1(5)

(19) & ‘2°

CFQ (5)

such that the compositions fj,, of, i € 3% ={0,1,2} are chain homotopic
to zero.
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To define §i_;, note that the special Heegaard diagram (3,8, 87, 2)
is admissible for all the corresponding Spin® classes (c.f. the arguments of
Subsection 6.2). We may thus compute

CF (L;_1,vi_1;A) = CF(X, 8, 87 2) @ A

where (L;—1,v;—1) is the sutured manifold corresponding to the special Hee-
gaard diagram (X, 8%, 31, z). There is a unique Spin® class

5,1 € Spinc (Lifl) R 61(5171) = 0,

as well as a top generator ©;_1 corresponding to s;_1 (which is a closed ele-
ment) in the above Heegaard Floer complex. The generator ©;_ is obtained
as the union of p;_1 and the positive intersection points of Bj and B;+1 for
j=1,...,¢0 —1. The generator ©;_; corresponds to a relative Spin® class
which will be denoted by s, ; € s;_1. Consider the holomorphic triangle
map

ff_1 1 CFi(s) ®4 CF(X, 8, B 2;5;_1; A) — CFi11(s).

On a generator x ® q of the left hand side, with x € T, NTg: and q a
generator corresponding to the Spin® class s;,_1, f7 ;(x ® q) is defined by

(20) faea= Y Y (wAumA)y,

y€TaNTs A€y (x,9,y)

where 79(x, q,y) denotes the subset of m2(x,q,y) consisting of the triangle
classes A such that p(A)=0. The map f7 , is then extended, as an A-
module homomorphism, to all of CF;(s) ®4 CF(%, 8%, 8, 2;5;_1;A). One
should also fix the Spin® class of the triangles contributing to the sum in
Equation 20. Let us assume that the intersection points x* € T, N Tgi for
i =0,1,2 are fixed so that 5°(x?) € s C &. Furthermore, assume that, after
possible re-labelling of the curves in «, we have

x! = a:i,...,xi , &€
{1 Z} J agMNp; ifj=14

. {%m@ if1<j<d¢

Also, for j=1,...,¢ — 1, we will assume that a:?,le- and sz are very close
to each other, and correspond to one another by the Hamiltonian isotopies
considered above.
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We may always change the o curves in the Heegaard diagram by iso-
topy so that the above condition is satisfied. In order to specify the class
of triangles used in Equation 20, we need to specify triangle classes A; €
T (x,0;,x71) for any i € Z = {0,1,2}. The domain D(A;) consists of
a union of ¢ triangles. The first £ — 1 triangles are small triangles deter-
mined by the small Hamiltonian isotopy changing the simple closed curves
in B! — {411} to those in Bt — {p;_1}. Two of the vertices of the j-
th triangle are the intersection points xé-“ and :L‘;‘fl, while the last vertex
belongs to the top generator ©,;. The /-th triangle connects three intersection
points between p;, ;11 and ay € a. With this notation fixed, let

D = D(Ag) + D(A1) + D(Ay).

We assume that no a curve appears in 0D. Furthermore, we may assume
that n,(D) = —1 while n;j(D) =0 for j =0,1,..., k. The 2-chain D is then
the domain of a triangle class Ac m2(0p, ©1, O2) with small area. Note that
achieving all these properties may be done through a correct choice of the
last triangle among the ¢ triangles chosen above.

The choice of this last triangle class (with the above properties) deter-
mines how the map f7 ; changes the relative Spin® classes. We will specify
this last choice after the following lemma.

Lemma 8.2. There exists a cohomology class h; € H fori =0, 1,2 with the
following property. If for a generator x of CF;(s) we have

s(x) =s€5C 6,
and for the intersection point q € Tg: N Tgi+1 we have s(q) = s;_;, then
fi1(x®q) € CFiy1(s + hi—1).
Furthermore, the cohomology classes satisfy hg + h1 + ha = 0.

Proof. Once again, it suffices to prove the lemma for i = 0. The cyclic sym-
metry of all definitions then implies the lemma in general. Let q € Tgo N T
be an intersection point corresponding to the relative Spin® class s,. Sup-
pose that y € T, NTp: is a generator and A € ma(x,q,y). Using the fact
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that no(A) = n,(A) we then have
s°(%) = (8(y) + h2) + (no(A) = 1,(A)) x0

+ (n1(A) = np(A))xa + D ni(A)x;
=3

= (s'(y) + ha) + i nj(A)x; = 8" (uz(A).y) + ha.
=0

Here ho is a cohomology class in H which depends on the choice of the
triangle classes

Z,
Aiq1 € ma(x4,0-1,%41), 1€{0,1,3} = 37

corresponding to the Heegaard diagrams (¥, a, Jicany z) defined earlier.
We have assumed that the triangle classes are chosen so that

D = D(Ag) + D(A1) + D(Ay) = —D(A)

is the domain of the triangle class Ac m2(00, ©1,02) so that ny(D) = —1
and n;(D) =0 for j =0,...,x. The above computation then implies that

(uz(Ag).x1) + ho
=57 (U, (Ao)uz(A2).x2) + ho + he
(uz(Ag)uz (A1 )uy,(Ag).x0) + ho + h1 + hae.
_ 0 (uz(ﬁ).xo + o + by + ho.
= 0=hy+ hi+ hs.

This completes the proof of the lemma. O

In fact, the choices of the triangle classes Ay and Ay (which forces the choice
of triangle class As via the relation A x A; = Ag x Ag), may be made so that
with the notation of the above lemma we have

Z
fzs(X®q) eCFi*l(g)a Vieﬁa

or equivalently, h; = 0. This last condition determines the triangle classes in
a unique way. The closed top generator

©;—1 € CF (Li—1,v-1:5i-1) ® A



722 A. S. Alishahi and E. Eftekhary

may then be used to define the map f;_; by

fio1: CFi(s) — CFipa(s), Fioi(x):= fili(x ®Oi1).

For a relative Spin® class s € s C &, the restriction of §J to CF;1(s) C
CF;+1(s) will be denoted by f;. Lemma 8.2 implies that the image of 7 is
in CFZ‘+2 (g)

Straight forward arguments in Heegaard Floer homology (c.f. Section 7
of [OS5]) may be used to show the following proposition, using the closed-
ness of the generators g, ©; and Os:

Proposition 8.3. The maps ff for s € s C G, as defined above, are all
chain maps, which are induced by the (A, H) chain maps

§5: CFii1(s) — CFiia(s), i €37 ={0,1,2}.
8.2. Compositions in the triangle are null-homotopic

The maps defined in the previous subsection give a triangle of filtered (A, H)
chain maps between filtered (A, H) chain complexes:

CFo(s @ CFo(s 3 » CFy(s @ CFy(s

5€85 5€8

(21) x /

CFy(s @ CFy(s

5€5

The maps in this triangle preserve the associated relative Spin® decompo-
sitions, as described in Lemma 8.2. Our first observation is the following
theorem.

Theorem 8.4. With the notation of the previous subsection, the composi-
tions f5,, off, i € 3% ={0,1,2} from the triangle in Equation 21 are (A,H)
chain homotopic to zero for each Spin® class s € Spin®(X). More precisely,
there are (A, H) homotopy maps

Hf : CFi_l(E) — CFZ'+1(5), 1 G — = {0 }, s.t.

Z
Hfoai_1+8i+1on:ff_lofi_H Vzeng
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Proof. Let ©; € Tgi+1 NTgi-1 denote the top intersection point of the corre-
sponding tori. Define the homotopy map H; using the Heegaard quadruple

(%, a,871, 8,81, 2) by
Hf : CFz;l(S) — CFiJrl (5)
(22) H(x) = > (m(O)u, (D)) .y

YETNT i1
Oemy ' (%,0i41,0i-1,y)

Here W%(X, 0;+1,0;-1,y) denotes the subset of ma(x,0;11,0;_1,y) consist-
ing of the squares [J with p(0J) = 5, and m((J) denotes the number of points
in the moduli space M(O), counted with sign. In Equation 22, we only
count square classes which may be represented as the juxtaposition of the
small triangle class A in m3(0;41,0;-1,0;) with the triangle class A; in
m2(X, 0;,y). We will drop this condition from the notation for the sake of
simplicity.

Lemma 8.5. With the above notation fized, for any relative Spin® class
5 €5 C G the image of

Hy = Hf|cp, ,(s) : CFi1(s) — CFiyi(s)
is in the sub-complex CF;;11(s) C CF;11(s).
Proof. Without loosing on generality, we may assume that ¢ = 0. Let [ €

772_1(}(, ©1,02,y) be a square connecting x to y. We can thus find an element
h € H such that for all such generators and square classes we have

5°(x)

2 K
s'(y) +h+ Y (D) = np(@)xi + >y (O)x;
i=1 Jj=3

= n; (O
sty) +hx [ [Tur® ] =5 (wa(@).y) + b
=0

Considering the square classes which are obtained as the juxtaposition of
triangles corresponding to f7 ; and f? ;, and using the coherence of the
system of Spin® classes, we may compute h = ho + h; = 0. This completes
the proof. O

If y is an intersection point in T N Tgitr and if O € ma(x, ©;41,0;-1,y)
is a square with p(0J) = 0, we may consider the moduli space M (), which
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is a smooth, oriented 1-dimensional manifold with boundary. The boundary
points of this moduli space correspond to different types of degenerations of
. Four types of these degenerations, are degenerations of [J to a bi-gon and
a square. Since ©;_1 and ©;; are closed elements in their corresponding
chain complexes, counting such degenerations contribute to the coefficient
of u,(0).y in the expression

(H} 001+ ;410 H;) (x).

Then we have the possibility of a degeneration of [J as A x A’ with A €
mo(x,q,y) and A’ € m3(0;41,0;-1,q) for some q € Tgi-1 N Tgi+1 satisfying
1(A) = p(A’) = 0. Such degenerations correspond to the appearance of y
in the expression

v, (X ® (I)i(@iJrl & @ifl))7

where the holomorphic triangle maps ¥; and ®; are defined by

v, . CFi_l(E) X CF(E,,@i_l, ,BH_I, Z; 5;; A) — CFH_l(S)
Bxep)= Y Y (mAud)w

wET.NTgi+1 Aem(x,p,wW)
Pi(0i41 ® ©;—1) == > (m(A)uz(A)) p.

PET5i-1NTgit1
A€ﬂ8(®i+1,@i_1,p)

Since the Heegaard diagram (X, 3!, 8%, 3™, z) is a standard diagram,
one may easily observe that ®;(0;;1 ® ©;_1) = 0. The reason for this van-
ishing is that holomorphic triangles which contribute to the above sum
come in pairs. This is in fact the same phenomena as what happens in
the surgery exact sequence of Ozsvath and Szabd [OS3]. Moreover, the
element of A associated with either of the two triangle classes in a pair
is the same by the assumptions on the Heegaard triple. We thus have
Ui (x® ®4(0;11 ® ;1)) = 0.

Finally, the last type of degeneration for the domain [J is a degeneration
of Jas 0= AxA/, where A € 1J(x,0;4+1,w) and A’ € 79(w,0;_1,y) for
some w € T, NTgi. The assumption on the class of the square then imply
that A represents the same class as A;y1 and that A’ represents the same
class as A;_1, compare with the argument of Lemma 6.3. Counting the end
points of M(O) corresponding to such degenerations gives the coefficient of

ug(0).y in (77 0 f5p) (%),
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Gathering all this data we conclude that the following relations are sat-
isfied

5 5 . Z
Hj 00ip1+0i—10H] =] 1 0fj, Vi€ 37~ {0,1,2},

implying that 7_; o i, is (A, H) chain homotopic to zero for i € Z/3Z. In
particular, the decomposition into relative Spin® classes in & is respected by
the maps by Lemmas 8.5 and 8.2. O

8.3. Exactness and computation of chain homotopy type

We would like to apply Lemma 3.3 to the triangle of Equation 21. From
Lemma 8.2 we know that f7 is a filtered (A, H) map between filtered (A, H)
chain complexes CF; 1 (s) and CF;_;(s) which decomposes as a sum of maps

f? : CFHl(g) — CFi_l(g), VsesCG.
We may also decompose the maps H} as H} = ®ges f in a similar way.

Theorem 8.6. With our previous notation fized and for any

Z
€ —— =10,1,2
ZGSZ {”}7

the map from CF;(s) to the mapping cone of f¢ defined by I? = ®secsL;, and

77

Iii : CFl(g) — CFi_H(ﬁ) ©® CFi_l(g)
If(u.z) = (fil(u.z),HfH(u.z)),
is a filtered chain homotopy equivalence of filtered (A,H) chain complexes.
Proof. For any integer j € Z let us define
CFo(s) if j =0 (mod 3)
Aj = CFi(s) if j=1 (mod 3)
CFa(s) if j =2 (mod 3)
Denote the differential of A; by d;. Furthermore, define f; : A; — A;4; to
be 3, §3 or ] for j = 0,1 or 2 modulo 3, respectively. Let H; : A; — Aj o,

depending on whether j = 0,1 or 2 modulo 3, be the maps H7, H5 and Hj,
respectively. By Lemma 3.3, in order to show that the map Z? is a chain
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homotopy equivalence of filtered (A,H) chain complexes we have to show
that the differences ¢; = fiz0 0 H; — Hjv1 0 fi : A; — A;43 are chain homo-
topy equivalences. Checking that all the constructions respect the decompo-
sition into relative Spin® classes in & is straight-forward from the Lemmas 8.2
and 8.5.

As in [OS7] and [OS3], checking the above claim is done by considering
holomorphic pentagons associated with Heegaard diagrams of the form

(27 a7ﬁj7ﬁj+17ﬁj+2ﬂﬁj+37z)7

where (37 denotes a set of ¢ simple closed curves which are Hamiltonian
isotopes of the curves in B¢, where i € 3% is equal to 0,1 or 2 and j is con-
gruent to ¢ modulo 3. Let us denote the top generator of the Heegaard Floer
homology group associated with (X, 3’, 3’ *1, z) by ©;_1, by little abuse of
notation. More generally, the top generator associated with (X, 3%, 37, z) will
be denoted by ©;;. For any three indices ¢ < j < k, there is a triangle, with
small area (assuming that the Hamiltonian isotopies changing the curve col-
lection to each other are small) which connects 0,0, and ©;;,. Denote
this triangle class by Ajj.

Without loosing on generality, we may assume that 7 =0 modulo 3.
Choose a generator x € T, N Ty so that 5(x) = s € s. The curves in 3/
are Hamiltonian isotopes of those in 37. Thus there is a natural closest point
map

I:T,NTgi — Ty NTgi+s.

There is a natural triangle class connecting ©; j;3,x and I(x) which will be
denoted by Ay.

Let us denote the complex associated with (3, 3;, 3,1, 2) and the coef-
ficient ring A with Bj, and the complex associated with (¥, 3;, 8, 9,2)
(again with coefficient ring A) by Cj;, and finally the complex associated
with (X, 8,,8,43,2) by D;j. We omit the straight forward details of the
definitions.

Define a map P; : A; — Aj 3 = Aj by

Pi(x) = > (m(0)uz(0)) .

yETQ QTBJ.+3
Oem; *(%,0,-1,0;,0;11,y)

The class of the pentagons counted in the above sum is determined by jux-
taposing a triangle class Ay € ma(x, 0, j13,1(x)) with an standard square
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class O € m2(0;-1,0;,0;41,0; j+3) with small area. As usual, we will drop
this class from the notation.

Let us assume that © € ng(x, ©;-1,0;,0,41,y) is a pentagon class
which has Maslov index —1. Consider the ends of the smooth orientable one
dimensional moduli space M (), which correspond to the degenerations
discussed in Theorem 6.8.

Considering the possible degenerations at the boundary of M(¢), The-
orem 6.8 implies

¢j(aj) = (Pjod; —djoPj)(ay)

(23)
+Ij(aj®Kj(@j,1®®j®@j+1)), Vaj GA]',

where themaps I; : A; ® D;j — Ajy3and K;(0,_1 ® ©; ® O;41) are defined
as follows.

L(x®aq)= ) Y (mA)u(A)y
yETaNTgi+3 A€m)(x,q,y)
(24) Ki(©j-1®0;®0,11) = Z (m(O)uz (D)) a.

quL—}J mT[-}j+3
Oem, (0.1 0;,0,11,9)

Two of the terms appearing in Theorem 6.8 vanish and are not present
in the Equation 23. These are the terms that correspond to degenerations
containing a triangle in m2(©;_1, ©;, q) for some q € Tg; N Tgi+2, or a trian-
gle in m(0;,0;41,q) for some q € Tgj+1 N Tgi+s. The total contribution of
such triangles vanishes, since they come in canceling pairs. Thus the terms
containing such degenerations would vanish as well.

Note that the map x — I;(x ® ©; j;3) is a perturbation of the isomor-
phism I with a map €: A; — A;;3 which takes a generator x to generators
with smaller energy than I(x), when we equip A;;3 with an appropriate
energy filtration. This follows since the contributions from triangle classes
other than Ay will contribute more than the small energy associated with
Ay. Standard arguments in Heegaard Floer theory (c.f. Ozsvéath and Szabd’s
original paper [OS5]) may then be applied to construct an explicit inverse
for this map up to filtered (A, H) chain homotopy.

In order to complete the proof of the theorem, it is thus enough to show
that

K;j(©j-1®0;®06;11) =043
This can be proved directly, since the Heegaard quadruple

(X8, 84,8772, 874, 2)
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is a special Heegaard diagram, which may be analysed without too much dif-
ficulty, following earlier considerations of Ozsvath and Szabé (e.g. in [OS7],
Subsection 4.2). Here is a quick review of the proof. There is a preferred
square class which contributes to the second sum of Equation 24. This square
class has small total area, and multiplicity 1 at p. The contribution of this
class would give ©; ;3. The rest of contributing square classes come in pairs
and the elements of A associated with both elements in each pair are the
same (with opposite sign). Thus the two square classes in each pair cancel
each other. O

8.4. Special cases of the surgery exact sequence

Suppose that
(X, 7 ={m1,...,7})

is a weakly balanced sutured manifold. Furthermore, assume that 7; and
79 belong to the common boundary of the genus zero connected compo-
nents R € R (r) and Ry € R (7). Let A denote a simple closed curve
in 0X — Uf_s7; which cuts either of 71 and 7> in a single transverse point.
Choose the orientation on A so that the intersection number 7.\ is 1. Let
¢ denote the right-handed (positive) Dehn twist along 71 and 1 denote the
left-handed (negative) Dehn twist along . Thus in particular ¢(\) and ¢(7)
are both homologous to 71 + A. We set 70 = 7, 71 = ¢(7) and 72 = ¥(é(7)).
It is then easy to construct a Heegaard quadruple associated with the three
sutured manifolds (X,7%) i = 0,1,2, which is of the form described in the
first subsection of this section.
One will thus have a triangle of chain complexes connecting

CF(X,7%s), i=0,1,2.

The Spin® class s belongs to a subset of the set of Spin® structures on any
of the three 3-manifold obtained by filling out the sutures in 7¢, i = 0,1, 2.
The filtration of the chain complexes in the exact triangle is, however, by
the relative Spin® classes in

Spin“(X, 1)
<PD[7‘1 + 7'2]> 7

rather than Spin®(X, 7).
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Many of the surgery exact sequences in Heegaard Floer theory arise as
special cases of the above situation. Namely, suppose that Y is a three-
manifold and that K is a null-homologous knot inside Y. Let us assume
that X is the three-manifold Y — nd(K') obtained by removing a tubular
neighbourhood of K from Y. Let 7,/, denote a set of two parallel sutures on
the torus boundary of X, such that the sutures correspond to the framing
giving the p/q surgery on K. For i € {0,1,2} = Z/37Z, let the rational num-
ber p;/q; € Q be chosen so that the three equations p;q;+1 — q;pi+1 = 1 are
satisfied. Let X’ =Y}, . (K) denote the three-manifold obtained from Y by
performing p; / ¢; surgery on K, and K' = K, /, denote the corresponding
knot inside X*. Associated with any relative Spin® class s € Spin®(Y, K) =
Spin®(X?, K') we thus obtain the exact triangle

fg

CF(XY K" s:A) CF(X', K s;:A)

CF(X?% K2 5;A)

If we set the variables ug,u; and us equal to zero, we arrive at the test
ring Z for A. Correspondingly, we have the following short exact sequence
in homology

T

OFK(X°, K9, 5) OFK(X', K, 5)
3 3

OFK(X?, K2, 5)

In particular, let us assume that pg/qo = 1/0,p1/q1 = 0/1 and pa2/g2 =
(—=1)/(—1). Then the exact triangle of Equation 26 we obtain the following
exact triangle

%

HFK(Y, K, s) + OFK (Yy(K), Ko, 5)

HFK(Y)(K), K1,5)
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which is the same as the exact triangle used in [Efl, Ef5] and [Ef2].
In fact, Theorem 8.6 may be generalized to the situation where p;.pt;+1 =
mi—1, i €{0,1,2} = Z/3Z are integers such that the relation

mofo + mip + mops =0 € Hi(X;7Z)

is satisfied. This stronger form appeared in the earlier version of this paper
(see [AE], Theorem 9.6), but in the interest of much simpler exposition we
prefer to restrict our attention to the simple case discussed above. We refer
the interested reader to the 9th section of the initial version of this paper.
This stronger form then generalizes the exact sequence in homology, which
appears as Theorem 1.7 in [OS6]. Also, Theorem 4.7 from [OS7] is a special
case of Theorem 9.6 in its stronger form. Furthermore, Theorem 8.2 from
[OS1] is also a corollary in this situation. When m; = mg = 1, and mg = m
is an arbitrary integer, the main result of [Ef4] is obtained as a special case
as well. The surgery exact sequence of Theorem 3.1 in [OS3] is in turn a
consequence of this last result. In a similar way, Theorem 6.2 from [OS4]
follows from this last consideration.

9. Properties and Examples
9.1. Product disk decomposition

Product disk decomposition is a special case of surface decomposition defined
by Gabai. We refer the interested reader to [Gabl] for the complete definition
of surface decomposition, and will only recall the following definition.

Definition 9.1. We say that the sutured manifold (X', 7’) is obtained from
(X, 1) by a product disk decomposition if there is a properly embedded disk
D in (X, 7) such that |[D N 7| =2 and such that decomposing (X, 7) along
the embedded disk D results in (X', 7).

Lemma 9.13 from [Jul] shows that product disk decomposition preserves
the sutured Floer homology, i.e. we have

SFH(X,7) = SFH(X', 7).

The purpose of this section is to give a description of the behaviour of the
sutured Floer complex under product disk decomposition. It will be observed
meanwhile, that there are serious obstructions in the way towards a surface
decomposition formula for the full sutured Floer complex.
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Suppose that (X’,7') is obtained from (X,7 = {m,71,...,7x}) by a
product disk decomposition along the disk D as above. The boundary of
the disk D intersects the sutures transversely in two points. The easier case
to understand is the case where the two intersection points in D N 7 belong
to different sutures, say 79 and 71. In this case, X = X’. The sutures 79 and
71 belong to the boundary of the same component in R (7) (respectively,
PR~ (7)). The set of sutures 7" will be the union of {72, ..., 7} with a suture
0. The algebra A, associated with the weakly balanced sutured manifold
(X',7') is then a quotient of Z[u, ug, ..., u,], where u denotes the variable
associated with o. There is an embedding

v A = A a(u) i=upuy and  o(uy) i=uy, j=2,...,K,
and one may easily prove that
CF(X,71,5) = CF(X',7/,s) ®a_, A;, Vs € Spin°(X) = Spin®(X’).

In fact, if (X, a,8,2" ={z1,...,2x}) is an s-admissible Heegaard dia-
gram for (X', 7/) with 21 corresponding to o € 7/, and if z is a marked point
in the same component of ¥ — a — 3 as z1, then (X, o, 3,2 = {20, 21, . . .,
2, }) is an s-admissible Heegaard diagram for (X, 7), making the above con-
clusion straight forward.

The more interesting situation is the product disk decomposition where
the two points in D N7 belong to the same suture 79 € 7. We may thus
find a Heegaard diagram (X, o, 3,z = {20, ..., 2, }) for the weakly balanced
sutured manifold (X, 7), as discussed in the proof of Lemma 9.13 from [Jul],
where the disk D corresponds to an arc J, starting and ending at zg, which
stays disjoint from the curves in & and 3. We may thus cut ¥ open along
the simple closed curve 0, and glue a pair of disks to the resulting boundary
components of ¥. Denote the resulting surface by ¥’ and the centers of the
aforementioned disks by w; and we. The weakly balanced sutured manifold
(X', 7" ={o01,09,71,...,74}) then corresponds to the Heegaard diagram

(E/,Q,IB,Z/ = {w17w27217‘ . '725}) .

Let us further assume that the simple closed curve ¢ is separating, and
thus (X', 7) = (X1, 7Y [[(X?,7?) is a disjoint union of two other sutured
manifolds. This case corresponds to the situation in the following definition.
Let kK =m +n and suppose that the weakly balanced sutured manifolds
(XY 7t ={o1,71,...,7m}) and (X2, 72 = {02, Tim11,...,7x}), with distin-
guished sutures o1 € 7! and o9 € 72 are given.
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Definition 9.2. Choose the embedded disk D; C 9X* for i = 1,2 so that
D; No; is a closed connected segment on ¢; and the intersection of D; with
the other sutures in 7° is empty. We set X to be the 3-manifold obtained
from X! and X? by the identification of Dy and Ds, such that D; N 9R*(7!)
is identified with Dy N 9R*(72) for @ € {+, —}, and set 7y to be the simple
closed curve obtained by concatenation of o1 — (61 N Dy) and o9 — (02 N
Ds). We define the boundary connected sum of (X1, 71) with (X2, 72) along
the sutures o1 and oy to be the sutured manifold (X, 7 = {79,...,7x}).

In the situation of Definition 9.2, if we decompose the sutured mani-
fold (X, 7) along the disk D obtained by identifying D; and Dy we recover
(XL 7H (X2, 72). Since DN T = D N7y consists of precisely two points,
(XL 7H (X2, 72) is obtained from (X,7) by a product disk decomposi-
tion. Let us further assume that 79 belongs to the genus zero components of
RT(7) and R~ (7). It is thus implied that each o; belongs to the boundary
of genus zero components of R+ (7%) and R~ (7%), for i = 1,2.

Consider the Heegaard diagrams

Hy = (31,001,821 = {w1,21,...,2m}) and

Hy = (39, a9, By,29 = {wa, 2mi1, -+, 2x})

associated with (X!, 71) and (X?2,7%), respectively. We assume that the
marked point w; corresponds to the suture o;, and that the marked point z;
corresponds to the suture 7;, for ¢ = 1,2 and j = 1, ..., x. One may construct
a Heegaard diagram H = (¥, «, 3,z) for the sutured manifold (X, 7) by
taking the connecting sum of H; and Hs along wy and wsy. Thus X = Y1 #X,
and

a=ajUay, B=pB,UBy and z={z}Uz Uz — {w,ws},

where the marked point zg is placed on the connected sum tube.
Let us assume that

k;

L
Ro(r) = [[ R () and %) =[[RIG), j=12
=0 =0

and suppose that R(jf (j) for j = 1,2 are the genus zero components which
have o; as a boundary component. We will assume that g7 (j) denotes the
genus of R?(j) for e € {—,+}. Denote the generator associated with 7¢, i =
0,1,...,k by u;, and the generator corresponding to o, j = 1,2 by v;. Let
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u?(j) denote u(RP(j)) in Zloy,v2,ug,...,u]. We also set u®(j) := u®(77).
One may thus compute

ut(r) = ut (1) +ut(2) —uf (1) —ud(2) + “0”(1(11)’”3(2) and
1Y2
w (7)) =u (1) +u (2) —us (1) —uy (2) + M.
D102

From here, one finds that Ay = A+ and Ay = A2 may both be embed-
ded in the quotient A = A(7!,72) of A, defined by

(A1 ®z Ag) [ug]

The embeddings of A; in A and the quotient map A, — A give A the
structure of a test ring for A; and A,. Moreover, there are natural gluing
maps

(28) A=

# : Spin®(X1) x Spin®(X?2) — Spin°(X) and
# : Spin®( X', 71) x Spin®(X?, %) — Spin®(X, 7).

Let H' = H?(X',0X',7Z), H? = H?(X?,0X?% 7Z) and H = H*(X,0X,7Z).
Let x; denote the filtration map corresponding to A; with values in H’ for
1= 1,2 and Y, denote the filtration map of A, with values in H. The inclu-
sion of X in X gives a map induces a map from Hi(X;;Z) to Hy(X;Z) and
by Lefshetz duality we get a map ¢; : H; — H for ¢« = 1,2. We may extend the
filtration map x; to a filtration by H using s;. Correspondingly, CF(X*, 7, s%)
is a filtered (A;, H) chain complex for any s* € Spin®(X?).

With the above notation fixed, we prove the following proposition in the
following two subsections.

Proposition 9.3. Fiz the Spin® structures s € Spin®(X?) fori=1,2. The
filtered chain homotopy type of the two filtered (A, H) chain complezes

CF(X,7,s'#s%A) and CF(X', 7l s%A) @y CF(X2,72,5%A)
are the same.

9.2. A special case

Let us start with the following special case. Suppose that (X?,72) is the
sutured manifold which corresponds to a special Heegaard diagram Hs =
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(X9, a9, B9,22) of the following type. We assume that as = {ay, 41,...,
g, +0,} and By = {Be, 41, -, B¢, +0,} where (; is the image of «; under a
small Hamiltonian isotopy for ¢ = ¢; + 1,...,¢1 + f2. We thus assume that
Bi is disjoint from o for j #i e {¢1 +1,...,41 + {2}, and that it cuts «;
is a pair of cancelling intersection points. Let ©,,3, denote the top genera-
tor of the complex CF(Xy, aa, By, z2). For 5! € Spin®(X1) let us denote the
Spin® structure on X obtained by pairing s with the canonical Spin® class
corresponding to Hs by 2*(s1).

Lemma 9.4. With the above notation, for any s' € Spin®(X1) the map

@y : CF(21, a1, By, 21,53 A) — CF(Z, o, B, 2,07 (s ); A)
(I>1(X) =XxX @062/32

is a filtered (A, H) chain map.

Proof. Let x,y € To, NTp,, 0 € Ty, N Tp, and ¢ € ma(x X O4,p,,y X O) be
a Whitney disk with Maslov index one and u,(¢) # 0. We may degen-
erate ¢ as the connected sum ¢ = ¢1# ¢y where @1 € ma(x,y) and ¢y €
72(0q,8,,©). By Theorem 7.1 we have

(@) = p(d1) + pl¢2) — 2nz,(¢) = 1.

Similar to the discussions in the Subsection 6.2, we have
D(¢2) = D(¢y) + aoAo + - -+ + ap, A, + @P1+ - + a0, Pe,,

where ¢} is a positive Whitney disk with n,,(¢5) = 0, P; is the periodic
domains bounded by «;i,, and B;1¢, and A; is the domain in ¥9 —
which corresponds to R; (2). Furthermore, we have a; > 0 for i =0,..., k.
Note that ug,(¢2) # 0, and we thus know that if a; > 0 then the genus
g; (2) = g;" (2) is zero. Note also, that ag = n.,(¢). From here we have

(¢2) = pu(dy) + 2nz,(d) +2(ar + - - + ag,).

Each pair of curves («y, ;) for i = €1 + 1,...,¢1 + {5 intersect in a pair
of points; the top one which will be denoted by z; and the bottom one
which will be denoted by y;. For © € T,> NTg= let |©| denote the number
of bottom intersection points in © (i.e. the number of y;’s in ©). It is then
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easy to check that

() = (O] = [Oay,5.| = O]
= p(d1) =1+ 2nz,(¢) — pu(d2)
=1-10]=2(a1 + - +ar,).

Since M(¢1) is non-empty p(¢1) > 0 and we have a; = as = --- = ag, =
0, and p(¢) = 0 or L. If p(¢y) = 1 then pu(¢2) = pu(d5) =1 and p(¢1) = 0.
Thus ¢ should be the class of the constant disk and n.,(¢) = 1y, (¢1) =0,
implying ¢2 = ¢4. Therefore, the coefficient of x x © in d(x x Og,3,) is equal

to
Ra

S m(d) [ i) ),

$2€m3(Oay5,,0) =1

which is equal to zero because ©,,4, is closed.

The second possibility is the case pu(¢5) = 0. In this case u(¢1) =1 and
|©| =0. Thus © = O,, 3, and ¢, is the domain of the constant map, or
equivalently D(¢2) = n.,(¢) Ao, or D(¢2) = n.,(¢)Bo. Here, By denotes the
connected component of ¥9 — 35 which contains the marked point ws. By
Theorem 7.1, for a sufficiently large connected sum tube length we have

m(¢) = > (). #{uz € M(¢2)|p" (ur) = p**(ug)}
u €M(¢1)

Suppose now that the marked point w; is moved sufficiently close to one
of the § curves. Lemma 7.2 implies that the above sum is equal to m(¢q).
Thus the coefficient of y x ©q,5, in d(x x Oy,s,) is equal to

7(2) Ny (¢>1)
m(é1) <um (é) (”0“0) ,
¢1€%(:X7Y) 0102

Which is equal to the coefficient of y in dx in CF(X1, a1, B1,21,5'; A). This
completes the proof of the lemma. O

9.3. Proof of the proposition

We are now ready to prove Proposition 9.3.

Proof of Proposition 9.3. Assume that the Heegaard diagram H; considered
above is an s'-admissible Heegaard diagram for (X', 7") in the stronger sense
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of Remark 4.6 for ¢ = 1,2. This implies that the connected sum Heegaard
diagram H = (X, a, 3, z) is 5'#5°- admissible. To prove the connected sum
formula, consider the Heegaard triple (X, a, 8, 3,z) where § = d; U 92, §; =

{61,...,00,}, 02 = {04, 41, -, 0¢,+¢, } are constructed as follows. For any i =
1,...,¢1, 0; is small Hamiltonian isotope of ; such that they intersect in
two cancelling intersection points. Similarly, for j = £ +1,..., 41 + f3, 9;

is small Hamiltonian isotope of o; which intersects it in pair of cancelling
intersection points.

Consider the Heegaard diagrams (31,d1,3;,21) and (X2, g, d2,29)
which are special, in the sense that they are of the type studies in the
previous subsection. Let ©s,3, and ©,,5, denote the top generators of the
chain complexes CF(X1,d1,8,21) and CF (X2, g, d2, 22) corresponding to
the canonical Spin® structure for either Heegaard diagram. For any fixed
intersection point x € T,, N Ts, with s(x) € s' we have a generator I1(x) €
T, NTps, determined as the closest intersection point in T,, NTp, to x.
Similarly, for any fixed intersection point y € Ty, NTp, with s(y) € s2 there
is an intersection point I3(y) € To, NTp, determined as the closest inter-
section point in Ty, NTg, to y.

In the Heegaard triple (3, , 8, B, z) there is a triangle class A connecting
5,8, Xy, X X Oq,5, and I1(x) x I5(y). The triangle class A represents a
Spin class for the Heegaard triple. One may easily check that the s' and
s2 admissibility of H; and Hy in the stronger sense implies the admissibility
of the Heegaard triple with respect to this Spin® structure. Moreover, the
Z-algebra A is a test ring for the Z-algebra associated to the Heegaard triple.

The triangle class A determines a Spin® class 1*(s') corresponding to the
Heegaard diagram (X, , §,z), and a Spin® class 7*(s?) corresponding to the
Heegaard diagram (X, d, 3, z). There is a holomorphic triangle map

¢ :CF(X,,6,2,1"(51); A) @ CF(X, 8, 3,2, )" (s2); A)
— CF(E7a7/87Z;51#52;A)‘

Moreover, using the top generators ©,,s, and ©s,3, we may define the
homomorphisms

0, : CF(S1,1,61,21,5'4) = CF(E, @, 6,2,1%(s'); A),
(1)2 : CF(2275271827Z2752;A) — CF(276718aZ>]*(52);A)7
Qi(x) :=x %X Op,s5, and Py(y):= 04,5 xXYy.
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Using Lemma 9.4 we know that both ®; and ®2 are chain maps. The
chain complexes CF (X1, a1, 81,5 A) and CF(Xg, 82, B9, 5%; A) may be iden-
tified as

CF(X!, 71,61 A) and CF(X2 72 5% A),
respectively. We may thus define a a chain map

I:CF(XY 7l s A) ® CF(X2, 72, 5% A) — CF(X, 7,5 #5%; A)
I'=®o ((131 ® (132)

In fact, I' is an (A, H) filtered chain map. We may assume that the total
unsigned area in the region between the curves in d; and 3; and the total
unsigned area in the region between the curves in d and s are sufficiently
small. Using appropriate energy filtration we then have

Px@y)=hL(x)xhiy) +ecx@y)

where €(x ® y) consists of terms of smaller energy than I1(x) x Iy(y). This
implies that I' is a homotopy equivalence of filtered chain complexes. O

Returning to Lemma 9.4, let us drop the assumption that the component
of R~ (7?) containing the suture o2 as a boundary curve has non-trivial
genus. One may then encounter Whitney disks ¢ € ma(x X O4,3,,¥ X O)
with x # y and © # O,,3, which have non-trivial contribution to 0(x x
©a,5,)- In fact, in the decomposition ¢ = ¢1#¢2, if the coefficient of ¢ at
2o is large, no restriction on pu(¢1) and u(¢p2) may be made. In order to
prevent the contribution of such disks, one would then need to add the
relation ug.uon—(f) = 0 to the ring of coefficients. This would then force the
relation vy = 0. Similarly, if the connected component of R*(7!) containing
the suture o7 as a boundary curve has positive genus, we are forced to
include the relation vy = 0 in the ring of coefficients. Define
57 {01} 8(i) = {O =0
1 ifi#0

Motivated by the above observation, in the situation of definition 9.2 we

may thus set the algebra A = A(7!,72; 01, 02) to be

(A1 ® Ag) [ug]

A = -
(o1 =252, 5 (g5 () 1) + (02 = =57, 5 (g (1) v2)
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The rest of the argument of Lemma 9.4 and Proposition 9.3 may then be
extended to prove the following generalization.

Theorem 9.5. Suppose that (X', 7) is a weakly balanced sutured mani-
fold with a distinguished suture o; and let (X, ) denote the weakly balanced
sutured manifold obtained as the connected sum of (X', 7) along oy, i = 1,2.
Fiz the Spin® structures s € Spin®(X?) fori = 1,2. The filtered chain homo-
topy type of the two filtered (A, H) chain complexes

CF(X, T, 5 462 A) and CF(Xl,Tl,sl; A) ®p CF(X2, 72,52;A)
are the same, where A = A(T1, 72,01, 09).
9.4. Examples
Below, we will discuss a category of examples using Proposition 9.3.

Example 9.6. Consider a bipartite (2-colorable) graph G, and fix a color-
ing of vertices V(G) of G by + and —, i.e. V(G) =V~ (G) [ [V (G). Adding
empty vertices (i.e. vertices with no edges attached to them) we may assume
that the number of + and — vertices are equal. Similar to part (d) of Exam-
ple 3.9, associated with any embedding of +: G — X of G inside a closed
3-manifold X and any coloring as above, one may construct a weakly bal-
anced sutured manifold as follows. Let X (G) = X — nd(G) and suppose that
7(G) is a union of simple closed curves on the boundary of X (G) which corre-
spond to meridians of the edges of the G. If the edges e € E(G) are oriented
so that they start from V'~ (G) and end at V' (G), the curves in 7(G) may
be oriented accordingly. The resulting weakly balanced sutured manifold
will be denoted by (X(G),7(G)). The choice of the coloring of the vertices
of G and the embedding + : G — X are suppressed from the notation. The
corresponding algebra will be denoted by Ag. The suture associated with
an edge e € F(G) will be denoted by 7. and the variable associated with 7,
will be denoted by ..

Let us assume that G is a tree. Thus 0X(G) may be identified as the
2-sphere. Fix a degree one vertex v of GG, which is connected to G — v by an
edge e which connects v to another vertex w. Alternatively, the weakly bal-
anced sutured manifold (X (G), 7(G)) may be constructed as the connected
sum of (S3(G@),7(G)) and (X (1),7(1)), where 1 denotes the graph with two
vertices and a single edge connecting them. The connected sum is done along
e € E(G) and the single edge of the graph 1.
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We would like to use Proposition 9.3 to compute CF(X(G),7(G),s).
Suppose that v € VT(G). Let (X!, 7!) = (S3(Q),7(G)) and (X2,7%) =
(X(1),7(1)). We then have A ~ Ag. Note that Spin®(S*(G),7(G)) is an
affine space over

H?(S%(@),08%(@); 2) = H%(D?, 5%, 7Z) = 0.
Thus, there is a unique relative Spin® class in Spin®(S®(G), 7(G)), and

Spin© (X (G), 7(G)) = Spin® (X (1),7(1)) and
Spin® <m) = Spin® <W) .

By Proposition 9.3, for s € Spin(X (1)) the chain complex
CF(X(G),7(G),s)
is filtered chain homotopic to

CF(X(1),7(1),s;Ag) ®4. CF(S*(G), 7(G), 50),

where 5o denotes the unique Spin® class in Spin®(S3(G)), and A is a test ring
for Ay = Z[u] via the algebra homomorphism sending u to u.. Consequently,
CF(X(G),7(G),s) only depends on CF(X(1),7(1),s) = CF~(X,s) and the
tree G.

Example 9.7. Let G be a connected path with four vertices inside S3.
We may color its vertices with + and — and the number of + vertices is
equal to the number of — vertices. The algebra associated to the boundary

of (S3(G),7(@)) is

_ Zluy, ug, ug)
(Uug + ug = uy + usus)

A Heegaard diagram H = (S?%,«, 3,2 = {21, 22, z3}) corresponding to the
weakly balanced sutured manifold (S*(G), 7(G)) may be constructed as fol-
lows. The curves o and (8 are simple closed curves bounding disks A and
B on S? and intersecting each other in two points {z,y}. Furthermore, we
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assume

wneANB, z1€A—-B, z3e€eB-A.

We then have

CF(S% o, B,2) = Az, y)
0r = (u —uz)y, Oy = (up —1)x.

Thus the chain homotopy type of CF(S3(G),7(G),s0) is non-trivial, while
SFH(S3(Q), 7(G),s0) = 0.
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