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Geometric lows and Kahler reduction

CLAUDIO AREZZO, ALBERTO DELLA VEDOVA AND GABRIELE LA NAVE

We investigate how to obtain various flows of Kéhler metrics on
a fixed manifold as variations of Kahler reductions of a metric
satisfying a given static equation on a higher dimensional manifold.
We identify static equations that induce the geodesic equation for
the Mabuchi’s metric, the Calabi flow, the pseudo-Calabi flow of
Chen-Zheng and the Ké&hler-Ricci flow. In the latter case we re-
derive the V-soliton equation of La Nave-Tian.

1. Introduction

This note is concerned with the description, in various instances, of what ge-
ometry one should impose on the total space of a Kahler manifold (P, w, J)
endowed with a Hamiltonian holomorphic circle action with moment map
P — R, so that the variation of symplectic quotients with induced met-
rics, sometimes called Kdahler reductions, describes indeed a given flow on the
initial quotient (naturally, up to diffeoforphisms). The mathematical litera-
ture is by now rich of examples of the interplay between geometry and Kéhler
(or merely symplectic) reductions, spanning from Guillemin and Sternberg
fundamental papers [5H7] to the more recent work of Burns and Guillemin
[1] passing through the work of Futaki [4].

Our motivation for this study is twofold: one is based on trying to create
a theoretical set-up and machinery where one can naturally incorporate flows
with surgery in a context where such surgeries occur naturally in the Morse-
theory of variations of Kahler reductions; the other is to try and understand
convergence (or lack thereof) at infinite time in terms of what happens to the
Kahler reduction when one meets the first critical point of the moment map
(which is not necessarily the first time the reduction becomes “singular”, cf.
Example .

To the authors knowledge, the first instance in which Kéhler reduction
was used to analyze the nature of finite time singularities of a given flow of
metrics is in the work of La Nave and Tian, in connection to the Kéhler-
Ricci flow [8]. There it is shown that the Kéhler-Ricci flow on a Kéhler
manifold M is loosely speaking equivalent to a static equation, dubbed the
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V-soliton equation since it is of soliton type, on a manifold P endowed with
a Hamiltonian holomorphic circle action, which has M as one of its Kahler
reductions.

We continue with this idea in this paper, where we investigate in fact
how to obtain various flows of metrics as variations of Kéhler reductions of
a metric on the total space satisfying a given static equation. This approach
is somewhat different from the usual one inspired by Kaluza-Klein theories,
where one usually is interested in the rich nature of quotients of a given
special metric, such as a Kahler-Einstein metric (cf. [I, 4]). Our take could
be characterized as being somewhat opposite and more along the lines of a
Geometric-flow version of variation of GIT or symplectic quotients (cf. [7]
and references therein) whereby we analyze the variation of metrics under
the variation of reductions and identify equations on the total space for
which the variation of metrics follows a specified flow.

Specifically, we identify equations on the total space that induce:

e the Geodesic equation in the space of Kéhler potentials (with respect
to Mabuchi L?-metric) in Theorem

e the Calabi flow in Theorem
e the pseudo-Calabi flow of Chen and Zheng in Theorem

e and finally we re-derive La Nave and Tian’s V-soliton equation (cf. [§])
in Theorem [B.9 for the normalized K&ihler-Ricci flow and its variant
for the unnormalized one in Theorem [3.101

Arguably, the major difference in approach between the current paper
and [8] is the fact that for most of our applications, such as the Calabi flow,
one needs only — and in fact must — take the space whose Kéhler reductions
represent the flow to simply be a product P = M x A with A C C* some
annulus (cf. Theorem in Section. In the case of the normalized Kéabler-
Ricci flow this is also true, as long as the initial metric is canonical or
anticanonical, as the case maybe. In particular, the case of interest in [§],
namely the finite-time singularity of the Ké&hler-Ricci flow in non-(anti)-
canonically polarized metrics, is never of this nature.

In the last section of this paper we explain how these new equations are
indeed equivalent to the associated geometric flows; namely, given a solution
to the flow on M, how to construct the relevant structures on the product
P to get a solution to the new equations.

Along the way, we show how natural geometric quantities of the reduced
metric g- on M comes from reduction (see Section for precise definition)
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of suitable quantities on P. For example in Proposition 2.8 and Corollary [2.9
we show that there exist a one form p and a smooth function R on P that
descend respectively to the Ricci form and to the scalar curvature of the
reduced metric g on M. In the same circle of ideas, we show in Lemma [2.6
and Corollary that the Monge-Ampere operator and, in particular, the
Laplacian of the reduced metric g, are induced by suitable operators on P.

2. Hamiltonian circle actions on Kahler manifolds

We are mainly interested in Hamiltonian holomorphic circle actions on
Kahler manifolds. The purpose of this section is to investigate the geometry
of the Kéhler reduction in connection with the one of the starting manifold.
For simplicity we consider just the case of a semi-free action. This means
that it is free away from the fixed point set, or equivalently that there are
no finite non-trivial isotropy groups. In this case, any non-fixed point has a
neighborhood equivariantly biholomorphic to the product of a fixed mani-
fold with an annulus endowed with the standard circle action. The reduced
manifold can be recovered by patching together the reductions of these in-
variant neighborhoods. Since we are just interested in local properties of
the reduced manifolds, we can assume that our starting manifold is itself a
product. In particular, this argument assures that all the statement of this
sections are true for any Kéhler manifold endowed with a semi-free holo-
morphic Hamiltonian circle action, with the exception of Lemma [2.1] and
Proposition (which will only hold locally).

2.1. The total space is a product
Given a (non-necessarily compact) connected complex n-fold M, consider
the product P = M x A, where A = {w € C s.t. r < |w| < R} is the annu-

lus of radii , R > 0. We allow r = 0 or R = 4+00. The standard circle action
on P defined by e - (z,w) = (z,e"w) is generated by the real vector field

Moreover one has

6 7 —
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where J denotes the complex structure of P and s is the smooth function
on P defined by s(z,w) = ww. We will consider Kahler metrics on P that
makes Hamiltonian the standard circle action. By definition the Kéhler form
w of such a metric satisfies iy w = dp for some moment map p: P — R. Let
7w : P — M be the projection on the first factor.

Lemma 2.1. Let g be a Kdhler metric on P with Kdahler form w. The
standard circle action is Hamiltonian with moment map u: P — R if and
only if there exist a Kahler form o on M, a smooth invariant function ¢ :
P — R, and a constant ¢ € R such that

i) w=7n"0+dd°p,
i) p=JV(¢)+ec.

Any other such triple (5, ,¢) satisfies

@) { G =0+ddu

¢~5=¢—ﬂ*u+%logs+b,
for some b € R, and some smooth function uw on M such that o + ddu > 0.

Proof. Assuming there exists (o, ¢, c) as in the statement such that (i) and
hold, one has

ivw = Lyd®¢ — diyd®¢ = dJV (¢) = dp.

Since w is closed, the standard circle action turns out to be Hamiltonian
with moment map pu.
For any (&, ¢, ¢) giving the same w and p, one has

(6 — o) +dd(¢p — ¢) =0
(3) {JV(J)qb)wLéc:O

Thanks to , from second equation one easily finds that

- é—

b— b= 2610g8+b—7r*u,

for some constant b € R and some smooth function v on M. Substituting in
the first equation of then proves .

It remains to show that any Kéahler form w on P making Hamiltonian
the standard circle action with moment map u satisfies (ji) and for some
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triple (o, ¢, ¢). To this end consider the decomposition
(4) w=n+aANdlogs+dlogsA B+ ydlogsAdlogs,

where 7 is a smooth section of the bundle 7*AVIT*M, «, 3 are smooth
sections of 7*T™* M, and + is a smooth function on P. Imposing that p is a
moment map gives

dp =iyw = —2a — 2vydlog s,
d°p =ijyw = —28 — 2vd°log s,
TV (1) = w(V, JV) = 4,

whence, substituting in after easy calculations it follows
1 1 1
(5) w=n-— idu A d¢log s — idlogs ANdp — ZJV(u)dlogs A dlog s.

The smooth circle invariant function ¢ on P defined by

o) = [ B

clearly satisfies . On the other hand, one can easily check that the fol-
lowing decomposition holds (cf. [, Lemma 3.4]):

(6)
1 1 1
dd¢ = dprdSpod — §d,u A dlog s — §dlogs ANdp — ZJV(,u)dlog s A dlog s,

where dpsdS;¢ denotes the projection of dd°¢ on the sub-bundle 7*AMT*M C
AYT*P. Comparing dd°¢ with gives

(7) w = dd°p =1 — dyrdSo.

The form w — dd®¢ is clearly circle invariant, and from the right hand side
of equation above it follows that it vanish on the distribution generated by
V and JV. Moreover one has

Lyy(w—dd°¢) =d(ijvw —ijvdd°¢)
1 1
=ddu — diyy <deﬁ/[¢> — id/,l, A dflogs — idlog sANdu
1
—ZJV(/,L)dlogs A d€log s)

=0.
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Thus there exists a Kahler form ¢ on M such that w — dd¢ = 7*o, whence

follows. O

2.2. Kahler reduction

Keeping notation of Section [2] fix a Kéhler metric g on P that makes Hamil-
tonian the standard circle action with moment map p. Thanks to Lemma 2.1
this amounts to choosing a Kéhler form ¢ on M, a smooth invariant function
¢ on P, and a constant ¢ € R satisfying conditions ({il) and of Lemma
Let 7 be a regular value of y, so that the circle action is free on the level set
S, = p~(7). With no additional assumption on u, the level set S, is not
necessarily compact even if M is, and its quotient

M;==n(S;)Cc M
may not be closed. Such a situation is illustrated by the following example.
Example 2.2. Consider the family 7 : X — C, where
X = {(2,w) € CP? x C s.t. 2022 — 2w =0},

and 7 is just the coordinate w. It’s easy to check that endowing CP? with
the circle action e? - z = (%2, 21, 29), and C with the standard one, makes
X invariant for the diagonal action on CP? x C. Thus X has a circle action
and one readily verifies that 7 turns out to be an equivariant map. Moreover
it is easy to see that removing the central fiber 771(0) from X gives rise to
an invariant submanifold X* biholomorphic to P = CP! x C*. An explicit

biholomorphism ® : P — X* is given by
®(z,w) = (wad, vy, 3, w).

Note that & becomes equivariant when P is endowed with the standard
action on the C* factor, thus we are in the general situation considered
above.

The product metric wrg + Wgycid ON CP? x C is Hamiltonian with mo-
ment map
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whence it follows readily that a moment map for the circle action on P
(endowed with the induced metric) is given by

2 (L + [w]?)[aol* + |ao[*as |* + fa |*

r. W)= —|w
) = =l T Tao Plai 4 P

By means of easy calculations one can check that the image of p is the
interval (—o0,0), and one has biholomorphisms M, ~ CP! for 7 < —1, and
M, ~ CP\ {(1:0)} for —1 <7 < 0. Moreover the reduced metric w, on
M is smooth for 7 < —1, conic of angle 7 for 7 = —1 and it is incomplete
for 7 € (—1,0). In the latter case, its completion recovers CP!.

Finally note that p has no critical points, since the circle action on P
has no fixed points. Nonetheless p is clearly not proper.

The example above shows that, due to the non-properness of the moment
map p, the topology of reductions can still change when 7 varies. On the
other hand, if the reduced manifold M, coincides with M, then the same
holds for M, for all e sufficiently small.

This example suggests to define, when pu is not proper, the Kéhler re-
duction (M;,,w;) as the metric completion of the standard reduction. On
the other hand, for the purposes of this paper, we only need the following:

Assumption. 7 € u(P) is chosen so that M; is coincides with M. When
T varies, it does so in an interval where all the reductions coincide with M.

Let ¢ : S — P be the inclusion and let 7 : S; — M., be the projection
on the quotient, namely the restriction of 7 to the level set .S, so that one
has the following commutative diagram:

L
S, — >

-

M, ——M

Any invariant smooth function f on P descends to a smooth function
fr on M, defined by

if=nfr
A simple but crucial example is constituted by the function s, which descends

to a function s,. Given any f, one can express f; by means of s;. Indeed,
thanks to invariance, f has the form f = f(m,s), whence obviously it follows

fT(x) = f(a:, ST(‘T))'
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More generally, any invariant differential r-form n on P satisfying ¢ (iyn)
= 0, descends to an r-form n, on M, defined by

Lin = TNy
This defines a reduction map, that is a linear map
{T’ S Q*(P) s.t. LVT’ =0, Li(ZV’U) = 0} — Q*(MT)7 n=nr,

satisfying
(8> (77 A §)T =n: N, (dn)T = dny, (W*C)T =,
as can be readily checked.

In particular, the Kéahler form w of the metric g descends to a non-
degenerate two form w, on M,. Moreover w; turns out to be compatible

with the complex structure of M, induced by the one of M, so that it
defines a Kéahler metric g, on M.

Lemma 2.3. For every invariant functions f € C*°(P) one has:

9) ofr _ <JV(f)>T'

or |V |?

Proof. Differentiating the identity f(z) = f(x, s (z)) gives

of: af\ Os; 1 dlog s,

1 =(Z) === co8 5

(10) or <8S>T or 2 (V£ or

Taking f = pu, since i, = 7 and JV (u) = |V|%, one gets

dlog s, 2

11 (-2

- = (),
Thus the thesis follows substituting in . O

Lemma 2.4. For every invariant function f € C*°(P), the following holds

(e IV
(12) dfT—(df— i du>T~
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Proof. Differentiating the identity f(z) = f(z,s-(z)) gives

d°fr = <dcf — Zidcs> + <g£> d°s;

1

= <dcf + ;JV(f)dclogs> -5 (JV([)), dlog s..

Taking f = pu, since ju, = 7 and JV (u) = |V|2, one gets

2
(13) dlog s, = <Wdcu + dlog s) ,

T

whence the thesis follows substituting in equation above. O

Proposition 2.5. In the situation of Lemma the Kdhler form of the
reduced metric g, satisfies

wr = 0 + ddyr,

where

1/J:<Z>—|-'u;clogs.

Proof. By Lemma recalling that JV(¢) = p—c and JV(u) = |V|? it
follows

A, = (d% + “T_Cdc log 3>
Thus, since w = 7*0 + dd¢p, by one has

T

1
(14) o+ dd“y, = (71'*0' + dd°¢ + §d,u A d€log s> = wy,

.
where we used (du A d°log s), = 0. O

The Monge-Ampere operator of the reduced manifold is given by the
reduction of a non-linear operator on P. Indeed one has the following (which
is a consequence of Lemma 3.3 and Lemma 3.7 in [8], but here we produce
a different proof):

Lemma 2.6. For all invariant functions f € C*°(P) one has:

c IV x e, IV e\
(15) (wT +ddch)n B (O.) + dd f —d V]2 ANd o — 4B dd [,L)

n n+1
Wr w
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Proof. Any top form 8 on P can be written as
(16) 6 =n Adlogs A dlogs,

where 7 is a section of 7* Ks. Clearly one can recover 7 from 6 by contraction

with V and JV:

(17) igvivl = —2iyv (n Adlogs) = 4n.
Let
v ar— i - D,
Note that it can be also written as
E=w+d <dcf — J,‘;ﬁ?d%) .
We want to write €11 in the form . Since
(18) igvivE™ = (n+ D)igy (ivE AE™)
= (n+1igvive (5 - M>n,
igvive

we need to calculate the contraction of ¢ with V' and JV. The one form

d’f — J“‘//('{ ) du is circle invariant, thus

i =dp+ Ly (dc f- J"‘//(’f )dcu> + diy (dc f- J";(’f ) dw) = dp,

whence it follows readily that iy iy € = |V\2. As we will see, we do not need
an explicit expression for ¢ i/£. Substituting in gives

(19) digvive"t = (n+ 1)|V]?

c JV() e JV(S)
x(w-i—ddf—d Tk ANdp — Tk

dd°pu

Cdp AigyvE\"
V2 ’

and in particular, taking f = 0:

igviyw™™ = (n+ 1)V (w - M) ,

V2
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by and it follows

it (werddef — aZ g naop — Jadey — i)’

(20) _ | VP
wntl (w B d#/\dc‘u)n ’
48
whence the thesis follows by reducing at 7 and using Lemma [2.4] O

An immediate consequence is the following fact (cf. formula (14) in [§]):
Corollary 2.7. For all invariant functions f € C°°(P) the following holds:

JV() (JV)Z(f)>
V2 2V )

@) A= (Af — (A IViog|V])

where A and A, denote the Laplace operators of the metrics g and g re-
spectively.

Proof. As well known the linearization of the Monge-Ampere operator, i.e.
the left hand side of , is twice the Laplacian. Thus by Lemma one
has

(n+1) (ddef — a2 naep — JgBaaen) nor

(22) 2A.f = e

T

Thanks to the identity Vf - Vgw™! = (n+ 1)df A d°g Aw"™ and recalling
that Vi = JV one calculates

. JV JV . n
(n+1) <dd f—d |V(|§) |V(|§)dd u) Aw

onr— g (VN VD o N s
- (2“ JV( VP ) SiGE A”)

VD) L V()
vE TV

ANdu —

JV
= <2Af— JViog V|2 -2 (f)Au) Wt

V2
whence the thesis follows by substitution in . O

The Ricci curvature of the reduced metric turns out to be the reduction
of a two form on M. More precisely one has the following
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Proposition 2.8. The (1,1)-form on P

Ap— JVieg|V
p:Ric(w)+ddclog]V|+d< a ‘V|20g| |dcu)

satisfies pr = Ric(wy).

Proof. In the situation of Lemma [2.1] on M one has

n

(23) 2 Ric(w,) — 2 Ric(0) = —dd* log L.
ag

Letting ¥ = ¢ — #5°log s, thanks to Proposition wT = o + dd“; so that

(wr — ddep; )"

T

(24) 2 Ric(w;) — 2 Ric(o) = ddlog

whence by Lemma [2.6] it follows

(25) 2Ric(w,) — 2Ric(0)

n+1
w = dd*tp + a8 o+ Teladen)

= dd°log Tl

As one can easily verify JV (¢) = @ log s, and
1 1 1
dd“yp = dd°¢p + B log sdd‘p + idlog sANdu+ id,u A d€log s.

Thus by substitution in , after some easy calculations and recalling that
w = 7*0 + dd°¢p, one gets

* 1 n+1
. . . (7[‘ J—gd,u/\dclogs)
(26) 2 Ric(w;) — 2 Ric(o) = ddlog ( i .

Let F' = (7r*a — %du A d€log s)nJrl /w1 by Lemma and recalling that
the exterior derivative commute with the reduction map, one has

) . . JViegF .
(27) 2 Ric(w;) — 2Ric(o) = (dd log FF —d <W|2d ,u>> .
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Since JV () = [V|?, it holds

_n+1

1 [V|?m*c™ A dlog s A d°log s,

1 n+1
(7['*0' — §dp A d°log s>

whence

n+1

n—+1 w

28 logF =1 .
(28) it i o™ A dlog s A d€log s

+ log |V |*> — log

The top form m*c™ A dlog s A d°log s is, up to a positive constant factor, the
volume form of the product metric defined by 7*o + dlog s A dlog s on P.
Since Ric(n*o + dlog s A d°log s) = m* Ric(0), it turns out

(29) dd®log F = dd°log |V|? + 2 Ric(w) — 27* Ric(0).
On the other hand, since Ly (7*c™ A dlogs A d€log s) = 0, one calculates

LJV(wn—i-l)

— 2 _
(30) JVIogF = JVlog|V[* = =750 =

JV1og|V|? — 2Ap.

The thesis follows substituting and in and observing that

(7* Ric(0))r = Ric(o). O
The scalar curvature

n Ric(w,) A wP!

n
wT

scal(g;) =

of the reduced metric g, can be computed by means of data on M. Indeed
the following holds:

Corollary 2.9. The function

2
R = scal(g) + 2A1og |V| 4+ — (Ap — JV log|V])?

V2
JV
+ Ve (Ap — JVlog |V])

satisfies R, = scal(g;).

Proof. Here the main point is that the trace of p with respect to w descends
to the trace of p, with respect to w;. The thesis then follows directly from
Proposition 2.8
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First of all notice that by Cartan formula, circle invariance and by the
identity JV (u) = |V|? it follows

Ap — JVlog|V
(31) ivp:iVRic(w)dinclog|V|div< K og | |dcu>

V2
= iy Ric(w) + dAu = 0,

where the last equality is quite standard, but we include the proof for con-
venience of the reader.

(32) iv Ric(w) = iy (Ric(w) — 7" Ric(0))

<A)nJrl

*a™ A dlog s A d¢log s
wn—l—l

1
= ——iydd°log
2 T

1
N _idJV log o™ A dlog s A d€log s
1 Lyy(w™)
2 wntl
1
2

n—+ 1)dd°u N\ w”
—d

B wnJrl
= —dApu.

Arguing as in the proof of Lemma one has
pAw"” =nAdlogsAdlogs,

where 4n = ijyiy(p Aw™) is a section of 7* K. Thus by easy calculations
one finds

(33) pAW"= Z(ijvp/\du/\w”_l

_dpNdop

n—1
+ (V2 A <w W) ) A dlog s A d€log s.

In the same way one gets

1 u\"
(34) Wt = nl_ V|2 <w - W) Adlogs A dflogs.
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Combinig and then gives

_9. _ dunde N1
wnt1 - (w - du/\dcu>”
V]2

and reducing at 7, recalling that p, = Ric(w;), by Proposition one then
has

n+1)pAw" npy A w1
(36) <( + 251 ) — IPr —— =scal(gr).
w . wr
The thesis follows from equation above after observing that the trace of p
with respect to w coincides with the function R on the statement. Indeed
one has

; c Ap—JViog|V] ;¢ n
(n+1)pAw™ (n+1) (Rlc(w)—i—dd log |V —i—d(“Tf"d M)) Aw

wnt1 - wn+1
2
= scal(g) + 2Alog |V| + W(A,u — JViog|V|)Ap
Ap— JV1og|V]|
+JV Ve
=R.

3. Geometric flows

In this section we consider the case when the reduced Kéahler forms induce
some geometrically meaningful path of cohomologous metrics on a compact
manifold M. Thanks to Duistermaat-Heckman [3], this forces to assume P
to be globally a product:

P =M x C*.

By Lemma[2.1} choosing a Kéhler metric w on P making Hamiltonian the
standard circle action with moment map u is the same as choosing a triple
(0, ¢, c) constituted by a Kahler form ¢ on M, a smooth invariant function
¢ on P, and a real constant c¢ satisfying suitable compatibility conditions
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with w and p. Moreover, by Lemma [2.5] the reduced metrics are given by

wr = 0+ ddYs,

where 1), is the reduction of the invariant function ¢ + #5=logs on P. In

particular v, defines a path in the space of Kéhler potential
Hoe ={p € C®(M)|0o, =0 +ddp > 0}.

Note that a fixed path w; of Kdhler metrics can induce many different paths
in H,. Indeed for any function h = h(7), one has

wr = o + dd°(Yr + h(1)).

On the other hand, given the path of reduced metrics {w,} one can ask
if a path {@;} obtained just by reparametrization 7 = 7(t) of the time comes
as path of reduced metrics on P. This is the case, and it holds the following
Proposition 3.1. Let f: u(P) — R be any smooth function invertible on
its image. The path of metrics {wg-1(,y} on M can be realized as path induced
by reduction of the metric g associated to the Kahler form

W =w-+dd°U,

where ¥ is a smooth invariant function on P satisfying

Proof. Since iyw = d(pu + JV(¥)), a moment map of the metrics g is given
by

fo=p+JV(¥) = f(u),

whence the thesis follows. O

3.1. Geodesics

As shown by Mabuchi [9], letting

O.TL
ol = [ %, venH,
M .
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defines a Riemannian metric on the space of Kahler potentials H,. It is not
difficult to see that a path {¢;} C H, is a geodesic if it satisfies the equation

1
(37) ol — 5|Vl =0,

where the prime denotes the derivative with respect to the time parameter
t, and gradient and norm are taken with respect the variable metric o, .

Theorem 3.2. Suppose that for some smooth function h = h(u) on P, the
metric g satisfies

(38) As = hs.
Then the family of reduced metrics g. induces a geodesic in H.
Proof. By Proposition the reduced Kéhler form is given by

wr = o+ ddy,

where 1) = ¢ + £5=log s. Given a smooth function £(7), the path 1, — k(1)
defines a geodesic in H,, if and only if

1 2
(39) 7= 5 [VRUL] = K1),

where the prime denotes the derivative with respect to 7. Using the identity
Ae? = ¢e¥ (A(p—i— %]Vgp|2), one readily verifies that the equation above is
equivalent to:

(40) P! — e VT Arett + Al = K (7).

T

Thanks to Lemma 2.3 we have:

2
/ !
(41) ¥, = (ogs)r, W' = (—W)
whence, by means of Corollary one can infer that:
(42) Ase?r = As—i—(Au—JVlog\VDﬁ _
VP IVIE/,

2
(43) Al = <A10g5 + (Ap— JV1og |V]) |V|2> :
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Substituting in , recalling that Alogs = 0, then gives

(14) <—A) — W(r),

s
which is Equation after choosing h(1) = —£" (7). O
Remark 3.3. It is clear from the proof of the result above that h appears

in connection to the fact that reduced potentials 1, may define a geodesic
only up to normalization.

3.2. Calabi flow and its variants

Theorem 3.4. Suppose that for some smooth function h = h(u) on P, the
metric g satisfies

(45) R =logs+ h,
where
(46) R = scal(g) + 2Alog |V | 4+ —— MQ (Ap — JV log |V ])?
JV
A JV log |V
+ i (B = IV log V1),

Then the family of reduced metrics gr is a solution of the Calabi flow on M :

Ow,
or

1
(47) = iddC scal(g;).

Proof. By Proposition [2.5] the reduced Kéhler form is given by

wr =0 + dd“)r,

where ¥ = ¢ + 555 log s. Equation is then clearly equivalent to

(48) dd® <8(;iT - ;Scal(97)> =0.

By Corollary m 2.9 one has scal T) R:. On the other hand, by the identity
2JV (1) =log s and Lemma [2.3| it follows %w; = 1 (logs),. Thus turns
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out to be equivalent to
(49) dd®(logs — R)_ =0,

and this equation is satisfied whenever holds, since h; = h(T) is constant
on M. O

Remark 3.5. The appearance of the function h in the result above is a
consequence of the fact that the reduced potentials v are defined up to a
constant on M depending on 7. On the other hand, given a Kéhler form w
on P, there is a unique function h candidate to solve Equation . Indeed,
after reducing at 7 that equation, integrating over M and dividing by the
volume of w; (which is independent of 7) gives

Joy log srw?

h(T) =X —
(50) (7) Lo

)

ney (M)U[g]" !

where A = o]

is the mean scalar curvature of the Kéhler class [o].

Remark 3.6. Equation suggests there exist Kahler metrics on P for
which condition may fail, but still the reduced metrics induce the Calabi
flow on the reduction. Clearly in this case the reduced manifold is non-
compact.

The pseudo-Calabi flow has been introduced and studied by Chen and
Zheng [2].

Theorem 3.7. Suppose that g satisfies the following equation

(51) R+‘V2’2(AM—JV10g\VD )

where

(52) R:scal(g)+2A10g\V]—|—’V2|2(AM—JV10g\V])2
+ 1 (= IV 1og V1),

and \ = % Then the family of reduced metrics g, is a solution

of the pseudo—a’alabz’ flow on M :

wr =0+ dd“yP,
(53) { AL+ scal(gr) = M.
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where the prime denotes the partial derivative with respect to T.

Proof. By Proposition the reduced Kéhler form is given by
wr =0+ dd,,

where 1) = ¢ 4+ £5°log s. Thanks to , the path 1, is a solution of
if and only if

2
(54) (A log s + Ve (Ap — JV log |V|)> + scal(gr) = A,

T

thus the thesis follows by Corollary and observing that Alogs =0. O

Remark 3.8. It is a notable fact that for the pseudo-Calabi flow, one need
not introduce the function h in order to renormalize the reduced poten-
tials ;.

3.3. Kahler-Ricci flow

The approach to Kéahler-Ricci flow by means of symplectic reduction is due
to La Nave and Tian with the introduction of the V-soliton equation. In
particular, the following result is due to them [§, Theorem 3.7]. Here we
give a proof resting on results of Section [2| The reader is referred to their
work for more details.

Theorem 3.9. Suppose that for some smooth function f = f(u) on P, the
metric g satisfies

(55) Ric(w) 4+ dd° (log |V | + ) = \w,

being \ = %ﬁ[o]n_l Then a =Ap— JViog|V| = JV(f) 4+ A\u is con-
stant, and the f[amz'ly of reduced metrics g, satisfies:

(56) (AT —a)

5 = Ric(wr) + Awr,

which is the Kdhler-Ricci flow up to reparametrizing T.
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Proof. Recall that iy Ric(w) + dAp = 0 as proved in (32)). Thus contract-
ing with V' gives

(57) —dAp+d(JVIog|V| + JV(f)) = Ay,

whence, by connectedness of P, it follows that a is constant. On the other
hand, thanks to the expression of p in Proposition Equation (j55)) turns
out to be equivalent to

p+d<dcf—A'u JVlog|V\ ):)\%

V2

and by expression of a even to

(58) p+d <dcf _ V) —Ant adcu) = lw.

V2

By Proposition 2.5| the reduced Kéhler form is given by

Wr =0 + ddcw’ra

it follows a(;p T = 1 5 log s-. Therefore Lemma [2.4 and the equality JV logs =

—2 imply

where ¢ = ¢ + #5°log s. By the identity 2JVi) = |V|*log s and Lemma

c d°p
:d( dlog s + \V|2) ,

whence it follows that d (’\"“/‘fdc ) reduces to (A7 — a) %= %= On the other

hand, by Lemma the form d (dcf - |V(|2)alC ) reduces to dd°f(1) = 0.
Thus reducing 1@’ gives

Ow,
or

Ow,

Ric(w) + (A —a) 5y

= \w;.

0

Finally we consider the un-normalized Ké&hler-Ricci flow. Since the
Kahler class of the reduced metric may change along the flow, according
to Duistermaat-Heckman [3, Theorem 1.1] here we assume 7 : P — M to be
the holomorphic C*-principal bundle on M associated to the canonical bun-
dle K of M. Note that ¢;(T'P) = 0. Moreover V will denote the generator
of the induced circle action on P, and g will be a Kéhler metric on P making
Hamiltonian that action. We still assume that the moment map g is proper
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so that, even in this case, any Kéahler quotient is canonically biholomorphic
to M via the projection 7.

Theorem 3.10. In the situation above, assume the metric g on P satisfies

Ap—JVieg|V]+1
du) =0.
4B :

(59) Ric(w) 4+ dd°log |V |+ d <
Then the family of reduced metrics g, is a solution of the Kahler-Ricci flow
on M:

Ow,
or

(60) = — Ric(wy).

Proof. Let U C M be a trivializing open set, so that 7=1(U) ~ U x C*. Over
U, by Proposition 2.5 the reduced Kéhler form is given by

wr = 0 + ddy,

where ¥ = ¢ + 5% log s. Arguing as in the proof of Theorem [3.9| one has

c dp
=d (d log s + ’V|2>T.
On the other hand, by Proposition one has Ric(w;) = p;, where

Ap — JV log |V|dc
V]2 )

Owr
or

p = Ric(w) + ddlog |V |+ d (

Thus the thesis follows by substituting in , after noting that dd®log s =
0, so that the resulting equation is global. O

4. The structure of the total space and
the converse theorems

The following result says that any path of cohomologous Kéahler metrics can
be realized as a family of reduced metrics from a bigger Kahler manifold.

Theorem 4.1. Let g; be a smooth path of cohomologous Kahler metrics on
a compact complex manifold M with t € [0,T), for some T € (0,+00]. Then
there isr € [0,1) and a circle invariant Kdhler metric on P = M x A, where
A={r <|w| <1} C C, inducing the path g on M via Kdhler reduction.
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Proof. Let oy be the Kéahler form of g;. By dd®-lemma there exists a smooth
path of o-plurisubharmonic functions v; such that o, = o + dd“y;, being
o = 0g. Note that 1, is just defined up to an additive constant possibly
depending on t. We will make use of this arbitrariness later.

Recalling that 7 : P — M is the projection on the first factor, and s is
the smooth function on P defined by s(p) = |w|? if p = (x,w), let F be the
function on [0,7") x P defined by

t
(61) F(t,p) = bul(n(p)) — 5 logs(p).
We look for a circle invariant function ¢ on P such that

(62) F(JV(¢),p) = ¢

for all p € P, and JV (¢)(p) = 0 if s(p) = 1. This equation is clearly equiva~
lent to

(63) ¢+ JVQ@ logs =y (g o,

thus by Proposition and Lemma, the function 1, is the Kéhler po-
tential of reduced metrics whenever one can find a circle invariant solu-
tion ¢ to satisfying m*c + dd®¢ > 0. If a solution to exists, letting
p=JV(¢), by (6) and it holds

oPpom
ot

—d (w*dcwtzu _ gdc log s)

dun

1
= ™ t + — —logs — —d logs
64 dd°¢ =d | 7 d“Y 21 d°p g d°l

t=p

* 77C * cawt 1 c
= 7dd wt’t:# +d,LL/\ (ﬂ' d W s — §d IOgS)
82
= 7 ddp;, — %du ANdou|
t=p

where the second and last equalities follow from the identity %logs =

8%; R , which in turn descends readily from applying JV to . Thus




520 C. Arezzo, A. Della Vedova and G. La Nave

for any vector field X on P one has

(1*0 + dd°8)(X, JX)
82'¢t o T

= (U+ddcwt)|t:u (X, M J X)) — o

(X (p)* + JX (1)),
t=p

whence it is clear that %o + dd¢ > 0 if and only if 82(%*20” < 0. The lat-
ter inequality can be made to hold with no additional assumption simply
replacing vy by 1 + a; where

t v 8277[1
=2  Judv.
Qg /0/0 Skldp 6u2 uav

It remains then to show that can be solved. This follows by a stan-
dard application of method of characteristics. It is not difficult to see that
projected characteristics are integral curves of JV in P. O

Remark 4.2. The Theorem above clearly implies that any of geometric
flows considered in the previous section — with the notable exception of the
Kahler-Ricci flow for which 88“; is a nontrivial class (see Formula below),
i.e. when the initial metric is not canonical (e.g., the flow on projective
manifolds with non ample canonical bundles), which is treated in [§] — can
be realized as a path of reduced Kéhler metric coming from a suitable Kahler
metric on P.

This can be proved in a more geometrical way, as illustrated for the Calabi
flow in the following subsection. This proof is less elegant and less general
(in that one needs to reformulate the proof in every case) but it has the
advantage of working even when one is forced to take a P consisting of a
family of non-trivial principal S'-bundles.

4.1. Converse to Theorem [3.4]

Let be given a Hamiltonian holomorphic circle action on a Kéhler manifold
(P,w, J) with associated metric g and with moment map p. Fix a regular
value a of the moment map. Let z1,..., 2z, with m = n — 1, be holomor-
phic coordinates on the quotient manifold M = p~*(a)/S*, and let 7 be the
“moment map coordinate”, i.e., u = 7. By definition, we have dr = iyw.
Let @Q be the horizontal distribution, i.e., the hortogonal complement
(with respect to the metric g) of the span of V and JV (clearly the quotient
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map 7, : 4~ '(a) — M induces an isomorphism dr, : Q — TM). Then we
can define a 1-form 6 by:

0(V)=1, 0(JV) =0, 0], =0,
One can show (cf. Lemma 3.1 in [§]) that:

Lemma 4.3. For the above local coordinates, we have g(dz;,dr) =0,
9(dz,0) =0 and g(0,dr) =0, where g also denotes the induced metric on
the cotangent bundle of M. In particular, in these coordinates g and w take
the form (reap.):

1
(65) g = hijdzidij + wdr? + " 62
and
w=+v—1hzdz; Naz; —dr N\
(66) V—1h;;d dz; —dr N0

where 1 = V|2,
One can see that J preserves Q'Y := Q N T(1,0)P and that o := wdr —
v/ —10 is of type (1,0),. We can then rewrite g as

w = V—=1hgdzdz; + |V|* a A a.

Also, we have the decomposition: 719 M = Q10 @ (c). Following this de-
composition one can write, for any S'-invariant function f:

Af =0"f +JV(f)« Af =0"f+JV(f)a
and these identities define 8" f € Q9 and 9"f € QY. We have the fol-

lowing important formula about the connection 1-form of the principle S'-
bundle:

Lemma 4.4. One has:

oh. -
(67) do =+/—1 {— azjdzi A dfj
T

1 = 1 1
+9"log (W) Ad+aAdlog (W) —dlog (W) /\9}.
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Proof. This is Lemma 3.2 in [§], after using that:

8h10g< )/\d:ahw/\dr+ahlogwA9

1
V2
and the analogous:

_ 1 _ _
a/\8h10g< )sz/\E)hw+8hlogw/\9.

VI?

We can prove the sought after converse to Theorem

Theorem 4.5. Maintaining notations as in Theorem[3.4) let (M,w(t)) be
a solution of the Calabi-flow — i.e., Eq. — and assume that along the
flow:
Oscal(g,)
or
for some uniform ¢ > 0. Then there exists a metric g and a function h =

h(p) such that:

> —C

R=logs+h

Proof. Let wr = v —1h;5dz; A dzj. Naturally we set 7 = —Ct 4+ Cy where C'
is to be determined (Cj is arbitrary). Imposing Equation (67), simply define
(for now just formally as we don’t know as of yet that thus defined, df is
closed):

or
+0"1o 1 ANa+aAdlo b —dlo b AO
S\ppp) e SANIGE SANIGE

where ﬁ is yet to be defined.

8 )i
d@:\/—l{— )i .. 1 a,

Then clearly:
Ow
de{’r:const = 877-7—
which is in the trivial class, due to the fact that w(t) satisfies the Calabi
flow. We can therefore take P = M x A where A C C* is an annulus and
the rest is clear, modulo defining the value of ]V|§. Equations and
imply that the equation R = log s 4 h is satisfied in the horizontal directions,
meaning that it holds up to the addition of a function C' which is constant
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in the horizontal variables (i.e. dC' = 0). It is then readily seen that, in order
for equation R = logs + h to be satisfied, one must have:

V (JV (scal(g-) —h)) =0
and also that in fact one must take the constant C' for which 7 = —Ct + Cy
to be:

—C = JV (scal(g-) — h).
This very equation defines [V|2 though, as one has JV = [V|2 8% which
yields:

2 —C = !
(68) Vi = 8% (scal(g,) — h) % (scal(gr) — h)

One can therefore choose h such that [V[2 > 0, provided:

dscal(gr)
or

> —cC

for some uniform ¢ > 0. It is now also easy to see from the Calabi flow
equation that the form df is closed — since ﬁ = % (scal(gr) — h). In fact,
the closedness of df is equivalent to requiring: ’

02(97)i; 02 ( 1 )

ot 9207 \|V|2

Using Equation and the equation of the Calabi flow, this is readily seen
to be equivalent to the condition:

0 <82(sca1(gT) - h)) B 0? (597 (scal(gr) — h))

aor 9207 T 020% —C

which clearly holds. O

The converse to Theorem has been treated in [§], while the converse
to Theorem [3.10] is immediately adapted from there.
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