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THE CALABI INVARIANT FOR SOME GROUPS
OF HOMEOMORPHISMS

VINCENT HUMILIERE

We show that the Calabi homomorphism extends to some groups of
homeomorphisms on exact symplectic manifolds. The proof is based on
the uniqueness of the generating Hamiltonian (proved by Viterbo) of
continuous Hamiltonian isotopies (introduced by Oh and Muller).

1. Introduction

1.1. The Calabi homomorphism. Let (M, w) be a symplectic manifold,
supposed to be exact, that is w = dA for some one-form A called Liouwville
form. Equivalently, this also means that there exists a vector field X such
that the Lie derivative satisfies: Lxw = w. The vector field X is called
the Liouwville vector field and is related to the one-form A\ by the relation
txw = A. For instance, cotangent bundles are exact symplectic manifolds.

Thanks to the work of Banyaga [1, 2], the algebraic structure of the group
Ham¢(M,w) of smooth compactly supported Hamiltonian diffeomorphisms
of (M,w) is quite well understood: there exists a group homomorphism,
defined by Calabi [3]

Cal : Ham.(M,w) — R,

whose kernel ker(Cal) is a simple group.

The Calabi homomorphism is defined as follows. Let ¢ € Ham.(M, w) and
let H be a compactly supported Hamiltonian function generating ¢, i.e., a
smooth function [0, 1] x M — R such that:

e ¢ 1is the time one map of the flow (d"}])te[o,l] of the only time-dependent
vector field Xy satisfying at any time ¢ € [0, 1],

LXH(t,')w = dH(t’ ‘))

e there exists a compact set in M that contains all the supports of the
functions Hy = H(t,-), for ¢t € [0,1].
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Then, by definition,

1
(1.1) Cal(¢) = /0 /MH(t,x)wddt,

where d is half the dimension of M. This expression does not depend on the
choice of the generating function H, and gives a group homomorphism.

1.2. Question and results. We consider the following question.

Question 1.1. To which groups of homeomorphisms does the Calabi homo-
morphism extend?

Note that it is known (see, e.g., [5]) that the Calabi homomorphism does
not behave continuously with respect to the CY-topology. For instance, one
can consider the following example.

Example 1.1. Let ¢ € Ham.(R?,rdr A df), and consider the sequence (¢;,)
in Ham.(R2, rdr A df) given by

bn(r,0) = %W(m 0).

This sequence converges in the C°-sense to Id, but one can easily check that
its Calabi invariant remains constant.

Let us consider the group G of all homeomorphisms ¢ such that (on some
interval where it is well-defined) the isotopy t — [py, @] is a CY-Hamiltonian
isotopy (in the sense of [11], see Section 2.1 for the precise definition of G).
Here, p; denotes the flow generated by the Liouville vector field X, and
(e, @] = e o oy Lo ¢=1. We will prove the following extension result for
the Calabi invariant.

Theorem 1.1. The Calabi homomorphism extends to a group homomor-
phism G — R.

Let us now consider the special case where (M,w) is the standard
symplectic vector space (R%*¢, wy = fo:l dp; N dg;), where we denote by
(q1,...,44,P1,- - -, pa) the coordinates in R?¢. In this case, we can show that
G has an interesting subgroup.

Definition 1.1. We denote by Bilip(R??, wy) the identity component of the
group of compactly supported bilipschitz symplectic homeomorphisms.

Remark 1.1. Since Lipschitz maps are almost everywhere differentiable,
the pull-back of a differential form by a bilipschitz map is well defined as a
differential form with L* coefficients. Therefore, as in the smooth case, a
bilipschitz homeomorphism ¢ of M is symplectic if ¢*w = w.

Note that a bilipschitz homeomorphism which is the C°-limit of smooth
symplectomorphisms is symplectic in this sense. This follows from the
Gromov—Eliashberg rigidity theorem (see, e.g., [9, p. 59]).
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Our result is then the following.
Theorem 1.2. The following inclusions hold:
Ham(R?*¢, wy) c Bilip(R*, wy) C G.

The inclusion Ham(R??, wg) C Bilip(R??,wy) is obvious. The proof of the
other inclusion will be made in two steps. First, we will show that elements of
Bilip(R??, wg) close to the identity admit generating functions of class C.
Second, we will remark that such generating functions allow to construct
C°-Hamiltonian isotopies, which will imply that those elements are in G.

We believe that Theorem 1.2 and its proof can be adapted to general exact
symplectic manifolds. For the sake of simplicity we state it only in R?.

Remark 1.2. In the special case of the (two-dimensional) open disk, the
fact that the Calabi homomorphism extends to Bilip(R??,w) was already
proved by Haissinsky [6].! His methods are completely different.

Let us also mention that Gambaudo and Ghys have proved that two dif-
feomorphisms of the disk that are conjugated by an area preserving home-
omorphism have the same Calabi invariant [5].

1.3. Motivation. Our motivation for this work comes from two distinct
problems. The first one is the following:

Question 1.2 (Fathi [4]). Is the group Homeo.(IDy, area) of compactly sup-
ported area preserving homeomorphisms of the disk a simple group?

Several non-trivial normal subgroups of Homeo.(Dy,area) have been
defined by Ghys [2], Oh-Muller [12] and recently by Le Roux [8]. But so
far, no one has been able to prove that any of them is a proper subgroup.

Our study is inspired by the work of Muller and Oh. They introduced on
any symplectic manifold (M,w) a group denoted Hameo(M,w), whose ele-
ments are homeomorphisms called hameomorphisms (as the contraction of
“Hamiltonian homeomorphisms”). This group contains all compactly sup-
ported Hamiltonian diffeomorphisms and, in the case of the disk, forms
a normal subgroup of Homeo.(D9, area). Fathi noticed that if one could
extend the Calabi homomorphism to the group of hameomorphisms, then
it would be necessarily a proper subgroup, and Homeo. (D9, area) would not
be simple.

In the present paper, we propose a different approach: instead of con-
structing a group which is known to be normal but on which it is unknown

!Area preserving quasiconformal maps of the plane are bilipschitz. Therefore,
Haissinsky’s result is precisely the fact that the Calabi homomorphism extends to
Bilip(R*%, wp).
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whether the Calabi homomorphism extends, we construct a group (namely
G) to which the Calabi invariant extends but for which it is unknown
whether it is normal.

Another motivation is a very natural general problem: how can one
generalize Hamiltonian dynamics in a non-smooth context? or (less opti-
mistic) which properties of Hamiltonian maps can be extended? The present
paper concentrates on a particular aspect: the Calabi homomorphism.

Our interest in the group Bilip(R??, wg) comes from the fact that it gives
a large family of examples of elements of G, but also from the fact that it
is a quite natural generalization of the Hamiltonian group, which could be
considered to study the extension of other aspects of Hamiltonian dynamics.

Several other possible groups generalizing the Hamiltonian group have
already been considered in literature. The group Hameo(M,w) mentioned
above is one of them, another has been studied by Humiliere [7]. But this
direction of research is still to be developed.

2. The group G and the Calabi invariant

2.1. The group G. To define the group G we first need the following
notion.

Definition 2.1 (Oh—Muller [12]). A C°-Hamiltonian isotopy is a path
(gbt)te[O’g] of homeomorphisms of M for which there exist a compact set K
and a sequence of smooth Hamiltonian functions H,, on M with support in
K, such that

e (H,) converges to some continuous function H : [0,d] x M — R in
the C-sense,
e (¢} ) converges to ¢' in the CY-sense, uniformly in t € [0, d].

The function H is called a CY-Hamiltonian function generating (¢).

Remark 2.1. The elements of CY-Hamiltonian isotopies are symplectic
homeomorphisms, i.e., homeomorphisms which are the C° limit of a sequence
of symplectic diffeomorphisms supported in a common compact set.

It is not difficult to check that if (¢*) and (1) are two C°-Hamiltonian iso-
topies generated by F and G, then ((¢')~!) and (¢?o9p!) are C9-Hamiltonian
isotopies generated by —F(t, (¢!)~!(z)) and F(t,z) + G(t, ¢*(z)), and that
if f is any symplectic homeomorphism, (f~! o ¢’ o f) is a C9-Hamiltonian
isotopy generated by F'(t, f(x)). This means that the computations are the
same as in the smooth case.

The main result concerning C°-Hamiltonian isotopies is:

Theorem 2.1 (Viterbo [13]). A given C°-Hamiltonian isotopy is generated
by a unique C°-Hamiltonian function.
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This theorem is the only non-trivial result needed in this paper. Its proof
needs at some point a (hard!) rigidity result in symplectic topology due to
Gromov.

Definition 2.2. We denote by G the set of all compactly supported
symplectic homeomorphisms ¢ for which there exists some § > 0 small
enough, such that the isotopy ([, ¢])iefo,5] is a CY-Hamiltonian isotopy.

Remark 2.2. As in the introduction, p;(z) denotes the flow (when it is
defined) of the Liouville vector field X, at time ¢ and point € M. Note
that it satisfies pfw = elw.

Let ¢ be a compactly supported homeomorphism of M. Then there exists
a real number § > 0, such that for any t € [0,6], u! and (u!)~! are well
defined on the support of ¢. Thus, the conjugation p;odop, !is well defined
on i (Supp(¢)). In the complement of this set, it is the identity where it is
defined. Therefore, we can extend it to a well-defined homeomorphism still
denoted g o ¢ o py 1 just by setting it to equal the identity where it is
not defined.

Clearly, G contains Ham.(M,w).

Proposition 2.1. The set G is a group. Moreover, if the first cohomology
group H'(M,R) vanishes, G does not depend on the choice of the Liouville
vector field.

Proof. Let ¢, € G. For § small enough ([, #])sc(0,6) and ([, ¥])ic(o,6) are
C°-Hamiltonian isotopies. Then, note that

[Mt,¢ © w] = [Mt7¢] © (QZS o [:utv’(vb] © ¢_1)7
and
e, 671 = ¢ o [, 6] 0 @

We conclude with Remark 2.1 that G is a group.

Suppose now that H'(M,R) = 0, and that p} is the flow of another
Liouville vector field. Then, n; = puj o py l'is a smooth symplectic isotopy
which is Hamiltonian since H*(M,R) = 0. The Hamiltonian generating (;)
is not compactly supported but Remark 2.1 still applies to the identity

(2.1) [, 8] = 10 © (e, B © (G omy H o ™),
showing that G would be the same if it was defined with another Liouville
vector field. O

2.2. Examples: fibered rotation in R2. In this section, we give a suffi-
cient condition for a fibered rotation of R2 to be in G.
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By definition, a fibered rotation is an homeomorphism ¢ of R? described
in polar coordinates (r, ) by the formula

¢(T, 9) - (’I”, 0+ p(r))a
for some continuous angular function p : (0,4+00) — R with bounded sup-
port. It is easily checked that any fibered rotation lies in the identity compo-
nent of the group of compactly supported area preserving homeomorphism
of R2.
We consider y; the Liouville flow given by s (r,0) = (e!/?r,0). Its com-
mutator with a fibered rotation is given by

[Iut7 (z)](T? 9) - (T, 9 — p(r) —+ p(e*t/ZT)).
If ¢ is moreover a diffeomorphism, the generating Hamiltonian of the isotopy
t— [/’Lt7 ¢] is

H(t,r0) = %rp(eft/zr) - ;/0 p(e™2s) ds.

Now suppose that p is a continuous and integrable angular function, such
that rp(r) converges to 0 when r tends to 0. Suppose also that pj is a
sequence of smooth angular functions with bounded support and satisfying
pr(r) = p(1/k) for r < 1/k and |pg(r) — p(r)| < 1/k for r > 1/k. Then, the
associated sequence of fibered rotations (¢) converges in the C%-sense to ¢,
and the sequence of Hamiltonians (Hj) generating the isotopies t — [1u, d]
also C-converges.

As a consequence, any fibered rotation associated to an integrable angular

function p such that rp(r) =9 0, belongs to G.
2.3. Extension of the Calabi homomorphism. In this section, we prove
that the Calabi homomorphism extends to G. Let us first give a new formula

for the Calabi invariant, for which we need to choose a Liouville form instead
of choosing an isotopy.

Lemma 2.1. Let ¢ € Ham.(M,w) and let Hy 4 be the generating Hamil-
tonian function of the smooth Hamiltonian isotopy ([Mt> @]). Then,

Cal(o H) 4(0,
al( d+1/ r9(0, 2)

Proof. First note that if ¢ is the time one map of some Hamiltonian function
H, and if we suppose uso¢po ,u(s_l to be well defined, then it can be generated
by the Hamiltonian function e®H o ugl. After an easy change of variables in
equation (1.1), one obtain

Cal(us o ¢ o py') = eT0Cal(g),
where d is half the dimension of M. Thus,
Cal([us, ¢]) = (e!™1° — 1)Cal(g).
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Hence, applying formula (1.1) to H) 4,

1 é
Cal(d)) - eld+1)d _ 1 /0 /M H/\7¢>(ta x)wddt'

Now, letting § converge to 0, we obtain the desired formula. U

Once this formula obtained, extending the Calabi homomorphism to G is
very easy, even though it relies on the “hard symplectic topology” uniqueness
Theorem 2.1.

Proof. Let ¢ € G and let H be the unique C°-Hamiltonian function gener-
ating ([, ¢])tefo,s) for some small 5. We set

__ 1
Gal(9) = /M H(0, ).

By Lemma 2.1, Cal coincide with Cal on Ham.(M,w). Moreover using
Remark 2.1 and the formulas in the proof of Proposition 2.1, one checks
easily that Cal : G — R is a group homomorphism. O

Remark 2.3. If H'(M,R) = 0, then Cal does not depend on the choice of
the Liouville vector field. This is an immediate consequence of equation (2.1).

3. The inclusion Bilip(R?%,wy) C G

The space of bilipschitz compactly supported maps of R?? carries the struc-
ture of a topological group induced by the distance defined as follows. Let
f, g be two such maps. We endow R?? with the standard euclidean norm || - ||
and we denote deo(f, g) = sup,cpe2d || f(z) — g(x)|| and

(g — s 1) =06 = () — o)

wAyeR2 = yll

Then, the bilipschitz distance between f and g is given by

D(f,g9) = dco(f,9) +deo(f~1,97") + dil(f, 9) +dil(f ™, g7 ).
As mentioned in the introduction, the proof will use the notion of gener-

ating function.

Lemma 3.1. For some neighborhood of the identity V in Bilip(R??, wg) such
that for any homeomorphism f € V, there is a unique (up to constant shift)
CU1 function S : R?* — R such that for any x,y,n, € € R?,

oS
é. =x+ 87('%377)7
(3.1) flzy)=(&n) < 04

y=n+ a(wm)-

The map S is called the generating function associated to f.
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The map U : V — CH(R2? R) which associates to f its generating func-
tion W(f) = S is a homeomorphism onto a neighborhood of 0 in C*1(R?? R)
endowed with its natural topology.

Remark 3.1. Relation (3.1) means that under the symplectic identification
j R x R?" — T*R?" = R?" x R?" (z,y;&,n) — (x,m;y — 1, — x), one
has j(graph(f)) = graph(dS).

Proof of Lemma 3.1. We only give the proof of the first part and let the
second to the reader. It is completely analogous to what happens in the
smooth case which is well known.

Let f C Bilip(R??,wg) be close to the identity. Then, if we denote
q: R¥ - R (z,y) — 2 and p : R — R? (z,y) — y the canonical
projections, the maps

yrpo flz,y) and & qo fTH(E )
are Lipschitz-close to the identity and thus (by standard arguments) are
bilipschitz homeomorphisms of R??, close to the identity, in any given points
x,n. Now let a(x,-) be the inverse of po f(x,-) and (3(-,n) be the inverse of
qo f~1(-,n) which are again close to the identity in the Lipschitz sense. It
is not difficult to check that the maps « and (§ are Lipschitz.

For i € {1,...,n}, we denote by «;, §; the ith components of o and
with respect to the canonical basis. Let us now check that the Lipschitz
one-form ) (a;dx; + Bidn;) is closed (i.e., its differential vanishes whenever
it is defined). Let (x,y) be a point where f admits a differential, and let
(& n) = f(z,y). Then, at the point (z,7),

d (Z(aidxi + ﬂ,»dm-)> =Y (gg - gf) dn; A dz;
J

J

i i
80[2‘ 8/62
(3.2) +Z,Zj (al'j)dxj/\dxi—’—; <anj>d17j/\dm.
0
Let us denote D = M and C' = M. Since df is symplectic,
oy ox
Agof) . T . -
T is the transpose D' of D. Moreover, differentiating a(z,p o
f(z,y)) =y and B(go f~(&n),n) = &, we obtain
Ox op
—=pD' and £ =DONH'=DOH.
= and 20— (D7) = (D)
This implies that the first term on the right-hand side of (3.2) vanishes.
0 0
From a(z,p o f(z,y)) = y, we also get a—j + 8710740 = 0, hence 6% =

—D~IC. But since df ! is symplectic, we have DCT —CDT =0, hence
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0
(D71C)T — D~'C =0. It follows that a—a is symmetric and therefore that
x

the second term on the right-hand side of (3.2) vanishes. The third term
also vanishes for similar reasons and the form ) (a;dz; + B;dn;) is closed.
As a consequence (of the Poincaré lemma for currents, for example),
> i (aidx; + Bidn;) is exact. Since it is a Lipschitz one-form, it has to be
the differential of a C''! function o. Now, since f is compactly supported,
a(z,n) = = and B(x,n) = n out of a compact set, thus, up to a constant
shift, o(n, &) = (x,n) out of a compact set. Then, it is easily checked that the
function S : R? — R, (2,7) — o(x,n)— (x,n) satisfies the relation (3.1). O

The next step of the proof of the inclusion Bilip(R??, wg) C G is to use the
generating functions to show that any element f € V belongs to G where V
is a neighborhood like in the previous lemma.

Let f € V and S = U(f) its generating function. Let us approximate S
by convolution as follows. Let x be a smooth non-negative function, defined
on R%¢, whose support is contained in a disk centered in 0 and with integral
equal to 1. For any positive integer k, we set yi = k:de(i). Then, it is well
known that the sequence of smooth functions (Sj) defined by

Su(n) = xux Stam) = [ S~y — v v) duds,
converges in the C1! sense to S as k goes to infinity. Moreover, there exists
a compact set that contains the supports of every Sg.

For k large enough, S belongs to the open set ¥(V) so that we can
set fr, = U~1(S,). Now remark that for ¢ small enough, the conjugation
peo fopu, Lof f by the Liouville flow s : & — e*/2z is in V and is associated
to the generating function S;(x,n) = e'S(e™"2x,e'/?n). Let us denote f}, =
oo feoprt and Sh(z,n) = el Sp(e 2z, e t/2) = w(fL).

The path t — S,f/, is a smooth path of smooth generating functions. There-
fore, t — f}. is a smooth Hamiltonian isotopy (starting at f). By Lemma 3.1,
since S} converges chl to Sy, fE converges in the Lipschitz sense hence o
to o fou, 1 Now, let H! denote the Hamiltonian function generating the
isotopy ff. According to the classical Hamilton—Jacobi equation (see, e.g.,
[10, p. 283]) for any time ¢ and any point z,y € R??,

t
i(r.0) = 2k . po v (S . 0).
This implies that H}, also converges uniformly. As a consequence, the isotopy
t s ppo fou; ! is a CO-Hamiltonian isotopy starting at f, and t +— [y, f]
is a C°-Hamiltonian isotopy, starting at Id.
We have proved V C G. Let us now finish the proof of the inclusion
Bilip(R??, wg) C G. One consequence of Lemma 3.1 is that Bilip(R??, wy) is
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locally arcwise connected. Since it is connected, it is also arcwise connected.
As a consequence, any element f in Bilip(R??,w) can be linked to the
identity by a continuous path. Cutting this path into sufficiently small pieces,
f can be written as a composition of elements in a neighborhood of the
identity. It follows that any element in Bilip(de, wp) is a product of elements
in G. Thus, any element in Bilip(R??, wy) is in G.

(1]
2]
3]

References

A. Banyaga, The structure of classical diffeomorphism groups, Mathematics and its
Applications, vol. 400, Kluwer Academic Publishers Group, Dordrecht, 1997.

A. Bounemoura, Simplicité des groupes de transformations de surfaces, Fnsaios Mat.
14 (2008), 86-99.

E. Calabi, On the group of automorphisms of a symplectic manifold, in Problems in
analysis (Lectures at the Sympos. in honor of Salomon Bochner, Princeton Univ.,
Princeton, NJ, 1969), 1-26, Princeton Univ. Press, Princeton, NJ, 1970.

A. Fathi, Structure of the group of homeomorphisms preserving a good measure on a
compact manifold, Ann. Sci. Ecole Norm. Sup. (4) 13(1) (1980), 45-93.

J.-M. Gambaudo and E. Ghys, Enlacements assymptotiques, Topology 36(6) (1997),
1355-1379.

P. Haissinsky, L’invariant de Calabi pour les homéomorphismes quasiconformes du
disque, C. R. Math. Acad. Sci. Paris, 334(8) (2002), 635-638.

V. Humiliere, On some completions of the space of hamiltonian maps, Bull. Soc. Math.
France 136(fascicule 3) (2008), 373—404.

F. Le Roux, Simplicity of Homeo (D*,0D?, Area) and fragmentation of symplectic
diffeororphisms, J. Symplectic Geom. 8(1) (2010), 73-93.

H. Hofer and E. Zehnder, Symplectic invariants and Hamiltonian dynamics,
Birkhduser Advanced Texts, Birkduser Verlag, Basel, 1994.

D. McDuff and D. Salamon, Introduction to symplectic topology, Oxford Mathematical
Monographs, 2nd ed., The Clarendon Press Oxford University Press, New York, 1998.

Y.-G. Oh, The group of Hamiltonian homeomorphisms and continuous Hamilton-
ian flows, Symplectic topology and measure preserving dynamical systems, 149-177,
Contemp. Math. 512, Amer. Math. Soc., Providence, RI, 2010.

Y.-G. Oh and S. Muller, The group of Hamiltonian homeomorphisms and C° sym-
plectic topology, 2004.

C. Viterbo, Erratum to: “On the uniqueness of generating Hamiltonian for continuous
limits of Hamiltonians flows” [Int. Math. Res. Not. 2006, Art. ID 34028, 9 pp.;
mr2233715]. Int. Math. Res. Not., pages Art. ID 38784, 4, 2006.

UNIVERSITE PIERRE ET MARIE CURIE
PARIs, FRANCE
E-mail address: humi@math.jussieu.fr

Received 04/12/2009, accepted 09/16/2010.



THE CALABI INVARIANT FOR SOME GROUPS OF HOMEOMORPHISMS 117

I wish to thank the members of the ANR project “Symplexe” for all they taught me and
for the very motivating working atmosphere during our meetings. In particular, I thank
Frédéric Le Roux and Pierre Py for many interesting discussions on the subject of the
present article, and for their comments on its first version. I am also grateful to Claude
Viterbo for his constant support. Finally, I am indepted to the anonymous referee for his
very relevant remarks and for pointing out many mistakes in an earlier version of the
paper. Supported also by the ANR project “Symplexe”.






