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On Mallows’ variation of the Stern-Brocot tree

TAKANORI HIDA

Mallows (2011) showed that if we, starting with the initial sequence
01

(7, 1), successively insert two fractions between two adjacent frac-
tions in a certain way, then every fraction from QN (0,1) eventu-
ally appears. In this article, we first show that Mallows’ variation
MTy (k > 0) of the Stern-Brocot tree can be obtained from the
left subtree SBT" of the Stern-Brocot tree. We then present algo-
rithms for the following two questions: Where is the j'th element
of MT} placed in SBT"? Conversely, where is the jth element of
the kth level of SBT" placed in Mallows’ variation?

We then do similar things for the tree R-DT obtained from the
Ducci tree by reversing the paths. More precisely, inspired by the
way that we obtained Mallows’ variation from the left subtree of
the Stern-Brocot tree, we introduce a variation VT, (k > 0) of the
tree R-DT and study analogous questions concerning placement
between VT, (k > 0) and the left subtree R-DT" of the tree R-DT.
We also provide an algorithm, which, given a k > 2, outputs the
ordered set VT, as a sequence.

Lastly, we explain how Mallows’ variation of the Stern-Brocot
tree and our variation of the tree R-DT are related to each other.
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1. Introduction

Starting with the initial sequence (%, %>, successively update it by inserting
fractions as follows: In the first step, between % and %, insert their mediant

% to obtain (%, %, %) In the second step, between each adjacent pair of frac-
tions from <%, %, %), insert their mediant % and % to obtain <%, %, %, %, %>
In the third step, between each adjacent pair of fractions from (3,5, , £ ?>,

172271712
O+1 1+1 142 01121323

insert their mediant 1+2° 2410 141 and %:::—é to obtain (I, 3139311290101 6>
And so on. The Stern-Brocot tree [1, 7] is the labeled binary tree whose kth
level (k > 0) is labeled by the fractions inserted at the (k + 1)st step. It

is known that this tree contains (as a label of some vertex) each positive
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fractions precisely once. For background information, we refer the reader
to [2].

When studying the relationship between the Stern-Brocot tree and the
Ducci map, we introduced an analogous tree, which we termed the Ducci
tree [4]. By reversing the paths in the Ducci tree, we also defined the tree
R-DT in [3]. Like the Stern-Brocot tree, both of these trees contain each
positive fractions precisely once. Conversion algorithms between the kth
levels of the Stern-Brocot tree and the tree R-DT as well as properties of
the tree R-DT are presented in [3].

Another variation was introduced by Mallows who inserted not one but
two fractions in the above construction. Explicitly, in the first step, between

0 1. . 0+1 0421 <7001 21
7 and 7, insert two gractlorlls o alnd 1Jr%.12‘50 ob‘ialn (1 2,03,10>. Irg tglf
0 1 1 2 2 1y 4 O+1 0+2-1
second ;tleg, betwe;er; T 2a]ald 5 (Jresp.2 12 and 3, % andol)l, 1;15?1;4 T J§2 2aan 41 +12_2
1+ +2 2+ +2- :
(resp. 5505 and o335, 537 and §357) to obtain (3,3,8,3,7,5. 5, 1,5 1)

And so forth. Let us write MT}y, (k > 0) for the ordered set consisting of the
fractions inserted at the (k 4 1)st step. Then each fractions from QN (0,1)
appears in one of MT}, (k > 0) precisely once [6].

In Section 3, we shall first show that Mallows’ variation MTy (k > 0)
can be obtained from the left subtree SBT" of the Stern-Brocot tree. We
then present algorithms for the following two questions: Where is the j'th
element of MTy, placed in SBT"? Conversely, where is the jth element of the
kth level of SBT* placed in Mallows’ variation? In Section 4, inspired by the
way that we obtained Mallows’ variation from the left subtree of the Stern-
Brocot tree, we shall introduce a variation VT (k > 0) of the tree R-DT
and study similar questions concerning placement between VT (k > 0) and
the left subtree R-DT*" of the tree R-DT. We also provide an algorithm,
which, given a k > 2, outputs the ordered set VT as a sequence. In the last
section, we explain how Mallows’ variation of the Stern-Brocot tree and our
variation of the tree R-DT are related to each other.

2. Notation and terminology

For the later sections, we first prepare notation and terminology here.

Let T be a rooted binary tree. For any its vertices v,v" such that either
v = v/ or one of them is an ancestor of the other, we recursively define a
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finite sequence Path(v,v") of L’s and R’s by:

() ifv="1"

(LY~ Pathy(v”,v") if either (a) v is equal to or a
descendant of the left child v”
of v or (b) v” is equal to or a
descendant of v and v is the

Path(v,v') = left child of v”

(R)"Pathr(v”,v") if either (a) v is equal to or a
descendant of the right child v”
of v or (b) v” is equal to or a
descendant of v’ and v is the
right child of v”

\

Here and in what follows, the symbol ™ represents the concatenation oper-
ator, e.g., (L,R)"(R,R,L) = (L,R,R,R,L).

Another fundamental concept is that of level in T, which is defined
inductively as follows: The root is at level 0. If a vertex is at level k, then its
children are at level k + 1. We write T}, for the set of all vertices at level k.
By ordering vertices from left to right, we shall often view T} as an ordered
set.

In this paper, we shall sometimes identify an ordered set with a sequence.
Hence for example, if v" and v” are the left and right children of the root of
T, respectively, then two equations T; = {v’,v”} and T} = (v/,v") are both
correct for us.

We shall also use finite continued fraction. Write [ag; a1, az,. .., ag| for

. 1

.
ag

ap,ai,az,...,ap (called elements of the continued fraction) are such that

ag € Z and a1, as,...,ap € Z~g. In order to use the finite continued fractions

as an apparatus for representing the rationals, we shall adopt the conven-

tion that the last element a, is larger than 1 if £ > 0. Then every rational
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Figure 1: Top levels of the Stern-Brocot tree.
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number admits a unique representation as a finite continued fraction. For
more details on continued fraction, we refer the reader to [5].

3. The Stern-Brocot tree and its variation

Let us start with the definition of the Stern-Brocot tree [1, 7]:

Definition 1. Define (ordered) sets SBT}, (k > 0) of 2¥ fractions by induc-
tion as follows: Let SBTy = { } Suppose we have defined SBTy, SBT1, ...,
SBT}, and let 777‘1—11 < gl—z < < M be the elements of {1, 0} USBTyU

Mok+1

SBT; U -+ USBTy. (3 is viewed as the largest element.) Then SBTj is
ni4n nao+n Mogk+1+Mok+1 4
the (ordered ) set {m1+n122, TpeTy R o T o }

The Stern-Brocot tree (SBT) is the labeled binary tree such that the
labels of its kth level (k > 0), in left-to-right order, is SBT}. (See Figure 1.)

Since the fraction ”11% is called the mediant of - and 2, the above

way of constructing SBTj1 from {1, 0} U SBTy U SBT1 u - U SBT}, is
referred to as the mediant construction.

In what follows, we are concerned with the left subtree SBT" of the
Stern-Brocot tree. It is formally defined as the rooted binary tree whose kth
level is the left half of the (k + 1)st level of the Stern-Brocot tree. Observe
that this definition is equivalent to the ensuing inductive one, which does not
refer to the Stern-Brocot tree: Let SBTj == {%} Suppose we have defined
SBT§,SBTY, ..., SBT) and let 2+ < 22 < ... < 22221 he the elements

Mok+144



On Mallows’ variation of the Stern-Brocot tree 343

of {2,1} USBT§ USBT} U---USBT}. Then SBT,, is the (ordered) set
ni+ns  Ma+ns ”2k+1+”2k+1+1 }
my+me’ ma+mz? """ Mykp1+Mgkt1, )7

Let us list some known properties:
Proposition 1 ([2]). Let k > 0.

(i) The left subtree SBT" of the Stern-Brocot tree contains each fraction
from QN (0,1) precisely once;
(ii) The left-to-right order and the order defined by the magnitude relation
coincide on SBT};
(iif) If ;= < 2 are adjacent elements in {9, 1}USBT§USBT U - -USBTY,

then nims — ming = —1;
(iv) If % appears in SBT} and if - ok (resp. ”R) is its left (resp. right)
adjacent element in {1, 1} U SBTO USBTy U --- USBTy, then ;&

(resp. ) and the left (resp. right) child of ;- are adjacemﬁ in {%,1}U
SBTg USBTy U---USBT, ;. O

Since the first item above guarantees that different vertices get differ-
ent labels, we shall hereafter freely identify a vertex with its label without
explicit mention.

The following property will be well-known but, as it is important for us,
we shall include its proof here:

Proposition 2 (folklore). Let > € QN (0,1) and let .
right children in SBTT, respectively.

be its left and

/; m//

(i) If n is odd, then precisely one of n' and n” is even;
(i1) If n is even, then both n' and n” are odd.

Proof. Let k > 0 be such that the fraction ;- is at level k of SBT".
(i): If k =0, then the statement is evidently true. So suppose k > 1 and let
- be the parent of .- in SBT". Then it follows from the mediant construc-

tlon that there ex1sts a fraction 72 adjacent to L in { T 1 }USBT&USBT{U

USBT};_; such that n’zli% —n . The medlant construction also implies
that children of 2 are gli:; and ﬁﬁfn Hence n'4+n" = ni+n+ns+n = 3n

is odd, which 1ndlcates that prec1sely one of n’ and n” is even.

(ii): Since ;- and 7’;— (resp. % and = ) are adjacent in {2,1} USBT§ U
SBTy U ---USBTg, , which is 1mmed1ate from the medlant construction,
we have |[nm/ —mn/| = [nm” —mn”| = 1 by Proposition 1 (iii). As n is even,
these equations force n’ and n” to be odd. O

There are several trees closely related to the Stern-Brocot tree: In the
left subtree SBT™ of the Stern-Brocot tree, the set {¥, 2} USBT§USBT} U
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MT,
0 1 2 1
1 2 3 1
MT) |
1 2 4 3 3 4 1
3 5 75 15
MT,
12 43 34 65 710 85 58 107 56
£7 118 79 109 1217 138 711 1839 67

Figure 2: Top levels of MTy, (k > 0).

-USBT},, can be obtained from {¥,}} USBT§USBT} U---USBT}, by
1nsert1ng one fraction between each pair of adjacent fractlons By inserting
not one but two fractions, Mallows introduced the following variation:

Definition 2 ([6]). Define (ordered) sets MT) (k > 0) of 2 - 3% frac-
tions inductively as follows: Let MTq = {%, %} Suppose we have defined
MTy,MT4,...,MTy and let "—11 < Moo < DM he the elements

ma m3k+1+1
of {$,3} UMTo UMT; U -+ UMTy. Then MTy iy is the (ordered) set
’
rnnl' , ;:LZ o %}, where
2.3k+1
nj4+nj1 n;+2n,401 . .
<n/2j—1 n/2j > _ {<mj+m_7~+1’ m_j+2m_,»+1> if n] 1S even
maj—1’ My 2ty Nyt .
i i <2mj+mj+1 J mj+mj+1> otherwise

for each j = 1,2,...,3F 1, (See Figure 2.)

. . . . ; nhi_ nh.; i
A simple calculation shows the inequality .- —"” < EEL < A DL
Maj—1 2j Mj+1

which indicates that the set {1, 1} U MTO U MT1 U---UMTy4q can indeed
be obtained from { } UMToUMT;U---UMTy by 1nserting two fractions

between each pair of adjacent fractions and also that three pairs - ﬁ < %
j—1

’
>

nh;_1 ny; j 41
ﬁ m; , m; < m]+1 are all adjacent ones in {1, 1} U MTO UMT, U

U MT41. It can also be inferred that the left-to-right order and the order
defined by the magnitude relation coincide on MT}.
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Our first result states that this variation can be obtained from SBT*" by
iterating the following, one level at a time, from the zeroth level to deeper
level: if the left (resp. right) child of a vertex at the specified level has even
numerator, then bring up the subtree under that child by one level and place
it on the left (resp. right) of the vertex. To make the statement more precise,
let us make some preparations:

Definition 3. On the set {% €eQn(0,1) ‘ n is odd}, define two functions
pspr and Ygpr by setting

(&5, %) if the left child 2 of 2 in
SBT" has even numerator
(&, 27 if the right child 2 of Z in

SBT" has even numerator

and

’ " 1111

(o, 7, ) if the left child 2 of  in SBT* has

m’m! o m

1 11
odd numerator and 2, and &, are
m m

the left and right children of the right
" (n) o child of > in SBT*, respectively
IAmIT (W 0y if the right child 2 of 2 in SBT* has

m M !t

1111
n

odd numerator and % and T are
the left a right children of the left
child of > in SBT*, respectively

Extend these two functions to the sequences of positive fractions with odd
numerators by setting

—~

U5

gOSBT(<m_1’77TLL—22"" >) = @SBT(%)A¢SBT(%) - ()DSBT(TC’LL—Z)
wSBT(<:711_11’ 77:1_22’ B >) = TZJSBT(%)AwSBT(:@_Z)A T 1/fsm(7%)

It is immediate from Proposition 2 that these two functions are well-
defined. The same proposition also implies that fractions appearing in the
sequence wsm(%) all have odd numerator. A simple induction on k& then
shows that any fraction from @Z)fBT(%) has odd numerator, which in turn
implies (again by the same proposition) that precisely one child of it has
odd numerator.

Here is the precise statement of how MT}j can be obtained from SBT*

(see Figure 3):

3l 3R
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. 2n—1 M 2n'
Nl m m”
()
271 —1 2/ —— S /'_2_—’_1 ______ 2_”’ ___________
m/ N ml e m ////
Bring up the subtree
under the child which
277/// 1 op/M_ has even numerator

////

2 \

Figure 3: Illustration of how to define (p(l/)k(%)) and ¢FT! (%)

Theorem 1. MTy = @gpr (wSBT( )) for any k > 0.

Proof. Two remarks are in order before going to the main part of the proof:
In this proof (and throughout this section), when we simply write ¢ and
1, it means pszr and e, respectively. Also, when we simply say that a
fraction is the parent (or a child) of another fraction, we are referring to the
parent and child relation in SBT*".

Let us then go to the proof of the theorem. For technical reasons, we
shall actually prove the following two statements about & simultaneously by
induction on k:

(k) MTy = p(4"(3)).
k)" For any fraction 2 from t)* 1 , if its left (resp. right) child has odd
m
numerator, then three pairs ;‘f < g < gi%’* and 7’;1%‘ < LE
R mr

nr np+n  np4n n n n_R
(resp. b < LEL T < ;rand & < ) are all adJacent ones in

{0 Ui (3) el (3) U Uw(w’“(l)) where i and Ja are
the left and right adjacent fractions to ;- in {1, 1} U SBTO U SBTl

-USBTy, respectively. (¢ is the umque integer such that - appears
in SBT;.)

Verification of the correctness for £ = 0,1 can be done by hand. For the
induction step, assume that we have verified the correctness until £ (> 1).
We first claim that for any - € dJk( ) the (ordered) set MTy 1 contains

n

every element of @(¢(m)) To validate this claim, take a fraction ;- €
¢*(3) arbitrarily and let 2k, 22 e as in the statement (k)”. Then, by the

mr’ Mg
mediant construction, the left and right children of - are M and QI%R
R

respectively. As has been noted already, precisely one chlld of has odd
numerator. Since proofs for the two cases run parallel to each other we shall
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take up only the case where the left child "L +m of > has odd numerator.

Therefore, in the next paragraph, ny and n R are even and odd, respectively.
In view of the mediant construction and Proposition 1 (iv), it is evi-

dent that the left and right children of the right child of > are 2272% and

n+2ng nr+n  2n4+nr  nt+2ng } It
m-+2mpg’ mr+m’ 2m+mpr’ m+2mpg

is immediate from the mediant construction that the right child of ”L‘”‘

L+m
nr+2n

. . TLL+’VZ —
is which has even numerator. Therefore, we have <p(mL +m) =

{potn nt2nd o Ag the induction hypothesis (0), (1), ... . (k) and (k)"

mr+m’ mp+2m
n

combine to prove that - < * are adjacent elements in 1, 1} UMTy U
MT;U---UMT}, the deﬁmtlon of MTj1 implies that MTy, 1 contains both
elements TZL—j;fn, ;nliig;‘@ of w(ﬁLiﬁq) The mediant construction also implies

that the left child of 2272121’? is S%jgfn” , which has even numerator. Hence,

p(Zatnn ) = { Sndng 2n-tnp }. From (0)',(1),..., (k)" and (k)”, one can

2m+mp 3m+mpg’ 2m+mr 3 9
. . n+ng n+nr
derive, as before, that MTx,1 contains both elements 57 - e S of

2n+n . . .
@(m) By a similar line of reasoning, one can show that MTy,1 con-

tains both elements of go(%m) = %, gi;’%’; } We thus conclude

that MTy11 2 () U (g ) Ve (rams) = #(¢(77)), proving the
claim.

Since MTy1 and go(@/}k“(%)) comprise the same number of fractions,
which can be proved by induction, the established claim implies that MT
and go(wkﬂ (%)) are identical as sets. The statement (k + 1), which asserts
that MTy1 and cp(wkﬂ(%)) are identical as ordered sets, follows from this
because the left-to-right order and the order defined by the magnitude re-
lation coincide not only on MTj; but also on cp(wkﬂ(%)), which can be
seen by induction.

Having completed the verification of the correctness of the statement
(k+ 1), let us turn to the proof of the statement (k + 1)”. Take an element
- of ¢k+1(%) arbitrarily and let £ be such that .- appears in SBT;. Since
k > 1, we have £ > 2. As in the preceding argument for the statement (k+1)’,
we shall take up only the case where the left child of > has odd numerator.
Then, as before, ny, is even and ng is odd, where :;L’L and ”1; are the left
and right adjacent element to - in {1, 1} U SBTy USBTy U ---USBTYy,
respectively. Observe that one of TZ—LL and 77:11; is the parent of . Also,
ok < I are adjacent elements in {9,211 USBT§ USBT{ U--- USBT}_,,
whose mediant % is equal to ;-. There are two cases to consider:
Case 1: "—1; is the parent of .

Being the parent of > € @/}k“ ( ) the fraction "R should be from wk( )

Since its left child - has odd numerator and smce gL—LL < ”I; are adjacent

n

respectively. Consequently, w(ﬁ) =
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elements in {1, 1 JUSBT§USBT{U---USBT}_; as has been noted already,
an application of the induction hypothesis (0),(1),...,(k) and (k)" proves
that ”L < "R are adjacent elements in {1, 1} UMToUMT U---UMTYy. It

nr nr+ngr nr+ng np+2ng  np+2ng
then follows that three pairs e < ol SHe WL < oS e <

:T‘LR are all adjacent ones in {1, 1} UMToUMT; U---UMTgs1. Combined
with the equation 22 — 2 ' the induction hypothesis ), (1),..., (k)

and the verified sta?ethHt (k + 1), this proves the statement (k + 1)".
Case 2: L is the parent of %

Let % be the parent of ﬁl—LL, which exists because :;L—LL is from SBT_;
with ¢ > 2. If T’;L—ll is Z—i, then it can be proved by using the induction
hypothesis (0)', (1)’,..., (k)" and (k)" that ;= < JM& are adjacent elements
in {%, %} UMToUMT; U---UMTyg. From the definition of MT},, 1, it follows

fa ML nr4+nr  nNrtng nr+2ng np+2ng nR
that three pairs J:- < e e < e A and e < are all

adjacent ones in {%, %}UMTOUMTl U---UMTgy 1. The induction hypothe51s
(0),(1),..., (k) and the verified statement (k+1)" thus prove the statement
(k+1)". When 7= is different from M2, we argue to show the correctness
as follows: Since its child ;= has even numerator, the fraction 7 should

have odd numerator by Pr0p051t10n 2. Also, as ;- belongs to wkﬂ( ) it can
be inferred from the definition of 1 that - belongs to 1/)’“( ) Moreover,

because ;= < b are adjacent elements in {1, 1} USBT§ USBT{ U -+ U
SBT;_,, the left adJacent element to 7% in {1, 1} USBTy USBT{ U---U

SBT;_, should be the parent X of 2= by Proposition 1 (iv). One can thus
apply the induction hypothesis (0), (1),..., (k)’, (k)" to see that 2+"r <

mi+mpg
”R are adjacent elements in {1, 1 } UMToUMT U---UMTYy. It follows that

ni+ng i +2ng m+2ng i +3ng m+3ng < DB gre all
m1+mR mi+2mg’ mi+2mg mi+3mg’ mi+3mg mpr

adjacent ones in { T —}UMTO UMT U- - -UMTg 4. By applying the induction
hypothesis (0), (1), ..., (k)" and the verified statement (k + 1)’, because we

three pairs

have minmze = L and % = 7 by the mediant construction, we see
that the statement (k + 1)” is correct. O

Let us derive two properties of Mallows’ variation here: The first property
is that it contains each fraction from @Q N (0, 1) precisely once, which was
proved as Theorem 1 in [6]. Indeed, a simple induction on k shows that for
each fraction > € SBT}, there exists a k&' < k such that * ¢ go(wk/(l))
This fact, Proposition 1 (i) and Theorem 1 then combine to prove that the
Mallows’ variation contains each fraction from QN (0, 1) at least once. That
each fraction from QN (0, 1) appears precisely once can also be derived from
Proposition 1 (i) and the definition of ¢ and . The second property is that
if < "—"’2 are adjacent elements in {1, 1} UMToUMT; U---UMT} for
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some k, then nymgy — myjng = —1. This follows from Proposition 1 (iii) and
the ensuing fact, which can be verified by induction on k: if two fractions
are adjacent in { —} U MTO UMT;U---UMTy, then they are adjacent in

{1,1}USBT0USBT1 --USBTY, for some k'.
Let us temporarily write SL‘(’:LL’) and ::L‘(’Z’:) (k > 0) for the rightmost

element of the left half of MT} and the leftmost element of the right half
of MT}, respectively. Note that, because the left-to-right order and the or-
der defined by the magnitude relation coincide on MT}y and because two

. n Nk . n n
fractions —HLL) BILR)  gre inserted between —%£. and —&f when
M(k+1,L) M(k+1,R) M(k,L) mM(k,R)

constructing MTy, 1 from {%, %} UMToUMT; U---UMTy, they satisfy the

; n@,L) "(2,L) n3,L) . (3,R) (2,R) n(1,R) L
relation M) ML) Mst) Miem Mo Mo . Two limits

limy, ~&1 < limy, &% coincide and separate each of MT}, (k > 0) into its
Mk,L) s

left and right half:

Proposition 3. A fraction from QN (0,1) appears in the left half of MTy
for some k > 0 if and only if it is smaller than 2 — /2.

Proof. Tt is plain that if a fraction from QN (0, 1) appears in the left (resp.
right) half of MTy, then it is smaller (resp. larger) than 2 — v/2. Also, if
a fraction from Q N (0,1) appears in the left (resp. right) half of MT}
for some k > 1, then, since the left-to-right order and the order defined
by the magnitude relation coincide on MTy, it is smaller than or equal to

Nk, L) oy, kL) n(k,R) oy, PR

o < limy e (resp. larger than or equal to e > limy, e R)) It
is thus sufﬁment to prove that limy % = limy, % = 2 — /2. For this
purpose, let us calculate the continued fraction representations of n(’“—LL’) and
LR (] > 1),

Mk, R)

By Theorem 1, % is the rightmost element m(" 1:) of the left half of

o(P* (5)) and n(" R’ is the leftmost element of the right half of cp(?,/;k( ). In
view of the medlant construction of the Stern-Brocot tree and the definition
of ¢ and v, the following equations can then be verified by induction:

((L,L,R,R,L,L,R,R,...,R,R,L,L) if kis odd
PathSBT 27—n(k’L) = 2k=2
(5 met) (L,L,R,R,L,L,R,R,...,R,R,L,L,R) if k is even
2k—4
(L,L,R,R,L,L,R,R,...,R,R,L) if kis odd
Pathspr (3, i) = k2
Gmi) (L,L,R,R,L,L,R,R,...,R,R)  if kis even
L 2%k
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It is known [2] that if the path from 1 to a fraction in the Stern-Brocot tree
is equal to

(U,Uq,...,U1,U2,Us, ..., Usy ... ;Up_1,Up_1,...,Up_1,Uyp, ..., Up),

ay az ap_1 ag—1

where Uy (= L),Us,...,Up_1,U; is an alternating sequence of L’s and R’s,
then the continued fraction representation of that fraction is [0;a,ag, ...,
ag—1, ag]. Therefore,

[0;1,1,2,2,...,2,3] if kis odd
———
noen) k-1
Tk, L) 0;1,1,2,2,...,2] if k is even
k
0;1,1,2,2,...,2] if k is odd
——

(kR _ k )
Tk, ) [0;1,1,2,2,...,2,3] if k is even
——
L k—1
It follows that limy % = limy, % =10;1,1,2,2,2,...]. Since the value
of the infinite continued fraction [0;1,1,2,2,2,...] is equal to 2 — /2, this
completes the proof. O

4—/2

In the same spirit, one can show, for instance, that === separates each
of MT}, (k > 1) into its left one-sixth and right five-sixths.

Concerning the relationship between the left subtree SBT" of the Stern-
Brocot tree and Mallows’ variation, there are natural questions: Where is the
j'th element of MT}, placed in SBT"? Conversely, where is the jth element
of SBT}; placed in Mallows’ variation? Making use of Theorem 1 and the
definition of ¢ and v, we shall present a way of answering these questions
without actually constructing Mallows’ variation. For the first question, we
shall provide the following algorithm, which, when given ¥’ > 0 and j’ €
{1,2,...,2-3"}, outputs integers k and j such that the jth element of SBT},
is the j'th element of MTy:
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Algorithm 1
Step 1: Set w:= ), 0=k, i=7,a:=0,b:=0,k:=0, j:=1.
Step 2: Update w by iterating the following while ¢ > (¢

- Set a = [Z}] and b =i — 6a

-If a is odd and b =1 then w = (L,L) " w, i :==2a + 1
else if @ is odd and b = 2 then w := (L) " w, i := 2a + 1
else if @ is odd and b = 3 then w = (R) " w, i :==2a + 1
else if a is odd and b =4 then w := (R,R) " w, i :=2a + 1
else if a is odd and b =5 then w := (R, L) " w, i := 2a + 2
else if a is odd and b = 6 then w := (R) " w, i := 2a + 2

else if @ is even and b = 1 then w = (
else if a is even and b = 2 then w :=
else if a is even and b = 3 then w = (
else if a is even and b = 4 then w = (

(

else w = (R,R) " w, i :== 2a + 2
~Set £:=4—1
Step 3: Set k :=1lh(w) — 1, ¢ := 1.
Step 4: Update j by iterating the following while i < k
If proj; .1 (w) =R then j:==j+ 2" i:=i+1lelsei=1i+1
Step 5: Output k£ and j.
(Here, lh(-) and proj,(-) denote the functions that return the length and the ith
letter of the input sequence, respectively.)

Proof of the correctness of the algorithm. We shall first verify the correct-
ness of the following statement about &' > 0: For any j' € {1,2,...,2-3"},

e the j'th element of cp(d;kl (%)) has odd numerator if and only if 7' = 1
or 4 (mod 4);

e if we input &’ and j’ to the algorithm, then the final updated value of
w is equal to the path in the Stern-Brocot tree from the root % to the
fraction which appears as the j'th element of cp(l/;kl (%))

Verification of the correctness of the statement is by induction on k’: For
k" = 0 or 1, verification can be done by hand. For the induction step, assume
that we have verified the correctness until ¥’ (> 1). Take a j' € {1,2,...,
2-3"*1} arbitrarily and write Z for the j/th element of ¢(¢**1(1)). Since
the argument for the case where Lj%j is even runs in much the same way

1"

as the odd case, we shall take up the latter case only. Let :1—/, and :1,, be

the (ZL]/T_lJ +1)st and (QLJIT_:[J +2)nd elements of p(¢* (1)), respectively.

An application of the induction hypothesis then implies that n’ is even and

n” is odd, which in turn proves, in view of the definition of ¢, that ;fl—l is
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the left child of Z T in SBT". Note that, by Proposition 2, children of
and the right ch1ld of ”N all have odd numerator. It can be 1nferred from
the mediant construction that the left child of the left child of [, the rlght
child of the right child of —// and the left child of the right chlld of & 7 all
have even numerator. From the definition of ¢ and ¢ and the 1nduct10n
hypothesis, we thus conclude that

-if j = 6Lj/T_1J + 1, then = is the left child of the left child of ;—l,,
which has even numerator, and the final updated value of w, when
k' +1 and j' are given as input, is equal to PathSBT(l, 7?%—/,)A<L,L> =
PathSBT(l’ m)

- if jf = 6|15 L] + 2, then - is the left child of 7, which has odd
numerator, and the final updated value of w, when k' + 1 and j’ are
given as input, is equal to Path SBT(%, T’ZL—',)A(L> = PathSBT(%, %),

-if j = 6leT_1J + 3, then > is the right child of ;fl—l,, which has odd
numerator, and the final updated value of w, when &’ + 1 and j’ are
given as input, is equal to Path SBT(%, %)A( ) = PathSBT(l, m)

-ifj' = 6Lj/T_1J +4, then > is the right child of the right child of -,
which has even numerator, and the final updated value of w, when
k' + 1 and j' are given as input, is equal to PathSBT(l, %)A<R, R) =
PathSBT(l’ m)

-if j = 6L J + 5, then = is the left child of the right child of -7,
which has even numerator, and the final updated value of w, when
k' +1 and j’ are given as input, is equal to Path SBT(l ") (R,L) =
PathSBT(l, m)

- if 5/ = 6| £51] + 6, then Z is the right child of 2, which has odd
numerator, and the final updated value of w, when &’ + 1 and j' are
given as input, is equal to Path SBT(l ”—N)A( ) = Path SBT(I, m)

1 m/”

These indicate the correctness of the statement for &' + 1.

Using the verified statement, we can complete the proof of the correct-
ness as follows: Let = be the j'th element of MT},. Then Theorem 1 and
the verified statement combine to show that if we input k&’ and j' to the
algorithm, then the final updated value of w is equal to PathSBT(l, f;)
Therefore, k = lh(Path SBT(p m)) 1= lh(Path SBTL (2, m)) which clearly
indicates that .- indeed appears at the kth level of SBT". That the final
updated value of j is the desired one follows from the ensuing general fact,
which can be verified readily by induction on ¢: For any vertex v from level
¢ of the binary tree T (with root vg), the output of the following simple
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algorithm is such that v is the jth element of T:

1=1; 5:=1
while i </ do :
if proj;,;(Pathr(vo,v)) =R then j:=j+ 2t =i 41
else 1 :=i+1

output j ]

Having presented an algorithm for the first question, we then provide
an algorithm for the converse question of where the jth element of SBT}
is placed in Mallows’ variation. The following algorithm, when given k& > 0
and j € {1,2,...,2%}, outputs integers k&’ and j’ such that the j’th element
of MT} is the jth element of SBT}:

Algorithm 2
Step 1: Set w:= (), k' =0, =j,i=1,2:=1.
Step 2: Update w by iterating the following while i < k
If 7/ > 28 then w = w ™ (R), j/ == j' —2F "% i:=i+1
else w =w"(L),i:=i+1
Step 3: Set j' :=1,14:=1.
Step 4: Update k', j’ by iterating the following while ¢ < k
If 2 = 1 and proj;(w) =L
then K =k +1, 7 =6 L2 |+ 1, 2:=1,i=i+1
elseif z =1 and proj;(w) =
then j/ =7+ 1,2 :=4,i=i+1
else if x = 2 and proj,(w) =
then ¥ == k' + 1,5 =6[17] +2,2:=3,i=i+1
else if x = 2 and proj,(w) =R
then i =k + 1, j =6\ 252 | +3, 2:=1,i=i+1
elseif . =3 and proj, (w)
then j/ =7 — 1,z :=
else if x = 3 and proj, (w)
then k' ==k’ + 1, §/ .fGLJ;IJ +6,x:=3,i=i+1
else if z =4 and proj,(w) =L
then ¥’ =k +1, j' = L J+4xf31:i+1
elsekz'*k’+1] 76“ J+5xflzfz+1
Step 5: Output &’ and j'.

2 1 =1+1

Proof of the correctness of the algorithm. For given k and j, let & be the
jth element of the kth level of SBT". In view of Theorem 1, it is sufﬁment
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to show that the outputs &’ and j’ of the algorithm is such that the fraction
I is the j'th element of go(wk(%)) Since this is evident when k& = 0, we
shall hereafter assume k& > 1.

A simple induction on k shows that the variable w, when Step 2 of
the algorithm has been completed, has length k£ and has value equal to
PathSBTL(2, m) For i € {0,1,...,k}, let - be the fraction such that
PathSBTL(;, W) is the length ¢ mitial subsequence of PathSBTL(%, %)
Also, to make the ensuing argument precise, let us write &'(7), j'(¢) and
x(i) for the values of k¥, j/ and & when the ith round of the while-loop in
Step 4 has been completed, respectively. (We set &'(0) := 0, 5/(0) :== 1 and
z(0) == 1.) We claim that for i = 0,1,...,k, the fraction [ is the j'(i)th
element of gp(@!}k/(i)(%)) whose numerator n; has the same parity as x(i).
This will complete the proof because we have % = - and the outputs of
the algorithm are k'(k) and j'(k).

Let us validate the claim by induction on i: For ¢ = 0, the claim can be
verified readily. For i = 1, since the initial value of z is 1, if proj; (w) = L,
then - = 1, K'(1) =1, 4'(1) =1 and z(1) = 1. From Figure 2, it is clear
that - is the j'(1)st element of go(wk'(l)(%)). As ny =1 =x(1), the claim
is indeed correct in this case. If proj;(w) = R, then L = 2, K(1) =0,
j'(1) = 2 and z(1) = 4. Figure 2 shows that [ is the j'(1)st element of
go(gbk/(l)(%)). Also, n; = 2 and z(1) = 4 have the same parity. Therefore,
the claim is correct also in this case. For the induction step, assume that
we have verified the correctness of the claim until ¢ (> 1). Observe that if
x(i) is even, then an application of the induction hypothesis proves that n;
is even too, which excludes by Proposition 2 the case where the parent %
of 7’;— has even numerator. Therefore, there are the following six cases:

Case 1: z(i) = 1 and n;_1 is odd.

From the induction hypothesis, it is evident that n; and z(: — 1) are
both odd. In order to have x(i) = 1, it should be the case that z(i — 1) =
1 and proj;(w) = L. Being the left child of =%, the fraction ;= should

be equal to %, where & is the left adJacent element to ——

{1, 1} USBTy USBT{ U---USBT; ;. As n; and n;—; are both odd, it

follows that ny, is even. There are two subcases: If proj;, ;(w) = L, then M
is the left child "L+" of -, whose right child % has even numerator
From the mductlon hypothesm and the definition of ¢ and v, it follows that
_—t = ki s the (GL] L+ 1)st element of ¢(y*@+1(1)). Since
x(i + 1) = 1 has the same parity as n;;1 = ng + n;, the claim is correct

i—1 in
1
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in this subcase. If proj;,;(w) = R, then > is the right child nitnioy e

M1 m;+m;_1

L -, which has even numerator. The fraction ::l being the j/(i)th element

of cp(z/;k/ (@) (2)) by the induction hypothesis, the definition of ¢ proves that
::L—frll is the (5/(7) +1)st element of go(wk/(i) (). As the parity of z(i+1) =4
and n;41 = n; + n;—1 are the same, we conclude that the claim is true also
in this subcase.

Case 2: z(i) =1 and n;_; is even.
The induction hypothesis and the algorithm show that n; is odd, z(i—1)
is even and proj;(w) = R. If proj;,;(w) = L, then Z—i is equal to %,

. ni—1+2n;
whose right child [ ==-5"

and the definition of ¢ and v imply that :1—111 is the (6 LJOTJ + 1)st
element of p(y* D+1(1)). Also, % has odd numerator and x(i + 1) = 1.
If proj; ;(w) =R, then n“’l should be equal to the mediant - +"R of 2t and
the right adJacent element "R to - Tzl ip {1, 1 }USBTéUSBTfU USBT

_ Miitne Nit1 _ ni4np _ Mi—1+2nr
As we have 7+ = e PE T ,the fractlon e T mefme = mogoma has even

numerator. From the induction hypothesis and the definition of ¢, it follows
that :1111 is the (j'(i) + 1)st element of o (¢*' () (3)). Note that the parity of

:1—*:1 and (i + 1) = 4 are the same. Hence the claim is correct in this case.

has even numerator. The induction hypothesis

Case 3: (i) = 2 and n;_1 is odd.

From the induction hypothesis and the algorithm, it is immediate that
n; is even, x(z — 1) = 3 and proj; ( ) = L. The left adjacent element = to
;ZL—: i 1, 1} USBTy USBT{ U---USBT;" | should have odd numerator
because the mediant % is equal to ;- (w) = L, then Z—i
is the left child "LJF"Z of 7, whose left child 2’“% has even numerator.
Since ::L is the j ( )th element of go(wk (@) ( )) by the induction hypothesis,

the definition of ¢ and 1 implies that :;L—fl is the (GL%J + 2)nd element
of (¥ OFL(1)). Note that it has odd numerator and z(i + 1) = 3. If
proj; 1 (w) = R, then 7. is the right child Dty of oo, whose right

mi+mi—1

child m# has even numerator. From the induction hypothesis and the

definition of ¢ and v, it follows that Z—*ﬁl is the (6 LJ ()= L+ 3)rd element
of cp(qﬁk/(i)“(%)). Observe that :{—i has odd numerator and z(i + 1) =
1. In either of the two subcases, Z—i is thus the j'(i + 1)st element of

cp(wk/(”l) (%)) and its numerator has the same parity as z(i + 1).
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Case 4: z(i) = 3 and n;_; is odd.
The proof runs in much the same way as in Case 1.

Case 5: 2(i) = 3 and n;_1 is even.
An analogous argument to Case 2 proves the claim also in this case.

Case 6: z(i) = 4 and n;_; is odd.

The proof is similar to Case 3. U

There are closely related questions: Given k¥ > 0 and j' € {1,2,...,
2 - 3K} what is the j'th fraction of MTy ? Conversely, given a fraction o
where is it placed in Mallows’ variation? The first question can be answered
by combining Algorithm 1 with an algorithm [2] which calculates the jth
fraction of SBT};. To answer the second question, one can first use a known
algorithm [2] to calculate where - is placed in the Stern-Brocot tree. Using
the output as input, Algorithm 2 then calculates k&’ and j’.

4. The tree R-DT and its variation

Recall that the Ducci map D (over the triples) is the one defined by the
equation D(vy,ve,v3) = (Jvg — va|, |va — v3|, |vg — v1]). Using this map, we
introduced another labeled binary tree in [4]. To state its definition, observe
that for each > € Qs \ {%}, there exist precisely two fractions :{1 <1l<

’
1

:T% such that D(O n 1) ~ (07 %,1) (i = 1,2), where ~ is the smallest

7m;7

equivalence relation on Q3 satisfying the ensuing two conditions:

o (v1,v2,v3) ~ A(vi—c,va—c,v3—c) for any A € Q¢ and ¢, v, v, v3 € Q;
o (v1,v2,v3) ~ (v2,v3,v1) for any vy, ve,v3 € Q.

Because of this property, we can make the following:

Definition 4 ([4]). The Ducci tree (DT) is the labeled binary tree con-
structed by the next rules:

e The root of the tree is labeled by % Its left and right children are
labeled by % and %, respectively;
n 1

e If a vertex is labeled by a fraction > # 1 (in simplest terms), then

its left (resp. right) child is labeled by :21,1 (resp. %)7 where fractions

"~ 1 < ™ are such that D(O,:l—;;,l) ~ (0 u ) (1=1,2).

7 7 Y
my my i m

Actually, it turned out that the labeled binary tree obtained by reversing
the paths in the Ducci tree has closer relationship to the Stern-Brocot tree
than the Ducci tree itself does. Here is its precise definition:
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O\, VAN
3 3 2 1
SN N SN N
SN N S A N A
Figure 4: Top levels of the tree R-DT.

Definition 5 ([3]). R-DT is the labeled binary tree such that the equation
PathDT(%, %) = PathR.DT(%, %) is valid for any > € Qo. (See Figure 4.)

Note that in the statement, and also in what follows, a vertex is identified
with its label. We can do so because different vertices get different labels in
both trees [3].

In the Stern-Brocot tree, children of [0;a1,...,as—1,a¢] are [0;aq,...,
ag—1,a¢ — 1,2] and [0;a1,...,as-1,a; + 1], which can be seen readily from
the relationship between paths in the tree and continued fractions (referred
already in the proof of Proposition 3). In the tree R-DT, we have:

Proposition 4 ([3]). If [0;a1,...,as_1, ap] with Z§:1 a; > 2 is

e the left child of a vertex, then its left and right children are [0;aq,. ..,

ag—1,a¢ — 1,2] and [0;a1,...,ap—1,ap + 1], respectively;
e the right child of a vertex, then its left and right children are [0;aq, . . .,
ag—1,a¢ + 1] and [0;aq,...,ap_1,ap — 1,2], respectively. O

Consequently, 7= and ;‘1—/ have the parent and child relation in the Stern-
Brocot tree if and only if they have the parent and child relation in the tree
R-DT. From Propositions 1 and 2, we can thus derive the following:

Corollary 1. (i) The left subtree R-DT" of the tree R-DT (i.e., the sub-
tree of R-DT under %) contains each fraction from QN (0,1) precisely
once;
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VTy
1 2
2 3
VT,
2 1 304 43
5 3 4 5 7 5
3 3 3 VT,
34 43 12 85 56 107 710 65 58
8 97 47 117 67 9 19 813

“,_.
—
. b—“
w

1217

o=

Figure 5: Top levels of VT (k > 0).

(ii) Suppose that in the tree R- DTL, a vertex and its left and right children
are labeled by -, ;ZL, and -, respectively. If n is odd, then precisely

one of n' and n” is even; [fn is even, then both n' and n” are odd. [J

Observe that the already-referred fact that different vertices get different
labels in the tree R-DT (hence in R-DT") can also be inferred from the first
item above.

As Mallows did for the Stern-Brocot tree, can we introduce a variation
of the tree R-DT? Recall that the original formulation of Mallows’ variation
(“to insert two fractions between two adjacent fractions”) was a natural vari-
ation of the mediant construction of the Stern-Brocot tree. Hence, because
the tree R-DT does not have close relationship to the mediant construction,
Mallows’ original formulation is not so suggestive. However, there is a dif-
ferent yet equivalent formulation: Theorem 1 states that Mallows’ variation
can equivalently be defined as pgp (wSBT( )) (k > 0). It is this formulation
that inspired us to introduce a variation as follows:

Definition 6. For any k > 0, define VT = @rpr (wR DT(I)), where @g pr
and Yy, are resulting functions obtained by replacing all occurrences of
“SBT"” with “R-DT"” in the definition of ¢gpr and 1ss, (see Definition 3).

(See Figure 5.) Note that two functions ¢g pr and ¥y, are well-defined by
Corollary 1 (ii).

Proposition 5. Let L cQn(0,1) and let & —, and 2 - be the right chzld
of the left child of - m R-DT* and the left chzld of the mght chzld of -
R-DT*", respectz'vely. Thenn =n' =n" (mod 2) andm =m' =m’ (mod 2)
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Proof. If .- = %, then the assertion is evidently correct. If > # % is the left
(resp. right) child of a vertex, then we have

’ /

o =1[0sa1,...,a0-1,a0 — 1,3] and 5 =[0;a1,...,a,_1,a;+ 2]
(resp. ;:L—l = [0;a1,...,ap—1,a¢+2] and ;ﬁ:,l, =[0;a1,...,ap—1,a¢s — 1,3])
by Proposition 4, where a1, ...,as_1,a, are positive integers such that > =
[0;aq,...,ap—1,a¢]. The validity of the asserted congruences can then be
established by induction on /. O

Proposition 6. Let k>0 and j € {1,2,...,2- 3%},

(When k is odd) The jth element of VTy has odd numerator if and only
if j =2 or 3 (mod 4);

(When k is even) The jth element of VT, has odd numerator if and only
if j=1 or4 (mod 4).

Proof. The proof is by induction on k: Figure 5 shows that the asserted
equivalences are correct for k = 0,1 and 2. Let us then show that if the
stated equivalence for 2k (> 2) is true, then so is the equivalence for 2k + 1.
Take an arbitrary a € {0,1,..., 32271}. By the induction hypothesis, the
(4a + 1)st element of VT, has odd numerator and the (4a + 2)nd element
of VT9; has even numerator. From the definition of ¢y ¢, it follows that
the latter is the right child of the former in the tree R-DT*. By combining
Corollary 1 (ii), Proposition 5 and the definition of ¢y pr and Ygpr, We see

that

o the left child of the (4a+ 1)st element of VTy; has odd numerator and
its left child has even numerator. Hence they are the (12a + 2)nd and
(12a + 1)st elements of VT 1, respectively;

o the left child of the (4a + 2)nd element of VT9; has odd numerator
and its right child has even numerator. Hence they are the (12a 4 3)rd
and (12a + 4)th elements of VT 1, respectively;

e the right child of the (4a + 2)nd element of VT4 has odd numerator
and its left child has even numerator. Hence they are the (12a + 6)th
and (12a + 5)th elements of VT9; 1, respectively.

32’“73}
)

By a similar line of reasoning, we can show that for any b € {0,1,..., "=

o the left child of the (4b+ 3)rd element of VT has odd numerator and
its right child has even numerator. Therefore they are the (12b+ 7)th
and (120 + 8)th elements of VTqy 1, respectively;
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o the right child of the (40+3)rd element of VT has odd numerator and
its left child has even numerator. Therefore they are the (12b 4 10)th
and (126 + 9)th elements of VT 1, respectively;

o the right child of the (4b + 4)th element of VT9; has odd numerator
and its right child has even numerator. Hence they are the (12b+11)th
and (12b + 12)th elements of VT9y 1, respectively.

Since every j € {1,2,...,2- 32’““} can be written as either 12a + ¢ for

some a € {0,1,...,32’;_1} and 7 € {1,2,...,6} or 12b 4 i for some b €

{0,1,..., 3%2_3} and i € {7,8,...,12}, this indicates that the stated equiv-
alence for 2k + 1 is correct.

To complete the proof of the induction step, we need to show that if
the stated equivalence for 2k + 1 (> 3) is true, then so is the equivalence for

2k + 2. But that can be done by arguing similarly to the above. O

In the same spirit to the preceding section, we ask the ensuing questions:
Where is the j’th element of VT placed in R-DT"? Conversely, where is
the jth element of R-DT}; placed in VT, (k' > 0)? The following algorithm
is for the first question, which, when given &’ > 0 and j' € {1,2,...,2-3F},
outputs integers k and j such that the jth element of R-DT} is the j'th
element of VT}:

Algorithm 3
Step 1: Set w:={), L=k ,i=35,a:=0,b:=0,k=0,j:=1.
Step 2: Update w by iterating the following while ¢ > (
- Set a =[] and b:=1i — 6a
-Ifa=¢ (mod 2) and b =1 then w = (L) " w, i :==2a + 1
else if @ = ¢ (mod 2) and b = 2 then w := (L,R) " w, i :=2a + 1
else if a = £ (mod 2) and b = 3 then w =
else if a = ¢ (mod 2) and b = 4 then w =
else if a = ¢ (mod 2) and b =5 then w = (
else if a = ¢ (mod 2) and b = 6 then w = (
else if a #Z ¢ (mod 2) and b =1 then w = (
( ) (
( ) (
( ) (
( (

else if a # ¢ (mod 2) and b = 2 then w =
else if a # ¢ (mod 2) and b = 3 then w =
else if a # ¢ (mod 2) and b = 4 then w =
else if a # £ (mod 2) and b =5 then w =
else w:= (R)"w, ¢ := 2a + 2
“Set £:=¢—1
Step 3: Set k :==1h(w) — 1, i == 1.
Step 4: Update j by iterating the following while 7 < k
If proj; 1 (w) =R then j:==j + 27" =i+ 1lelsei:=1i+1
Step 5: Output k and j.
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Proof of the correctness of the algorithm. Since the rest of the proof runs
along a similar line to that for Algorithm 1, we shall present a proof only for
the induction part of the following claim: for any ¥’ > 0 and j' € {1,2,...,
2- 3%, if we input &' and j' to the algorithm, then the final updated value
of w is equal to Path R_DT(%, m) where - is the j'th element of V.
Suppose we have verified the correctness of the claim for &' (> 1). Take
an arbitrary j' € {1, 2 2 3k/+1} and write 2 for the j’th element of

VT 1. Also, write 7= and n7 for the (2 | L2 71j + l)st and (2|15 Ly +2)nd
elements of VTy/, respectlvely. Assume that L%J and k' are both odd.

(Proof for other three cases, i.e., either L]/T_lj or k' is even, run similarly
and thus are not presented.) Then, by Proposition 6, n’ is odd and n” is even.
In view of the definition of ¢y, this indicates that = is the right child of
;LL—/, in R-DT". Corollary 1 (ii) shows that the left child of % in R-DT* has
odd numerator, whose right child has odd numerator by Proposition 5. This,
combined with Corollary 1 (ii), proves that the left child of the left child of
% has even numerator. Corollary 1 (ii) and Proposition 5 also imply that
both children of T’,‘L—I/, have odd numerator and the right child of the left child
of 7’;‘;/// and the left child of the right child of :L/,/, both have even numerator.
From the definition of ¢y 1+ and ¥y, and the induction hypothesis, it thus
follows that

o if j/ = 6L L] 4+ 1, then 2 is the left child of the left child of £ and
thus the ﬁnal updated value of w, when k' + 1 and j' are given as
mput is equal to PathRDT(1 "—,) (L,L) = Pathg- DT(l ﬁ);

o if j/ = 6| L _lj + 2, then - is the left child of — and thus the final
updated value of w, when k' + 1 and j" are glven as input, is equal to
PathR—DT(%;;:L_//) < ) = PathRDT(pZ)'

o if j/ = GLfT_lj + 3, then 2 is the left child of 2 and thus the final
updated value of w, when k' + 1 and j are given as input, is equal to
PathRDT(i,;:';,l,)A< > PathR_DT(%,%);

o if j/ = 6[L5 J+4then%is
and thus the final updated value of w, when £’ +1 and j’ are given as
mput is equal to PauthRDT(1 ",,) (L, R> Pathg- DT(1 ﬂ);

o if j/ = 6|15 =
and thus the final updated value of w, when k' +1 and j' are g1ven as
input, is equal to Pa‘chRDT(1 ”) (R,L) = PathR.DT(%, %),

o if j/ =6t 6_1J + 6, then 2 is the right child of 2 and thus the final
updated value of w, when k' + 1 and j are given as input, is equal to

"

Pathgr.pr(t, 27) (R) = Pathrpr(, 2).
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The validity of the claim for k¥’ + 1 is evident from these. O

We then take up the converse question of where the jth element of
R-DT}; is placed in VT, (k' > 0). The next algorithm, when given k£ > 0
and j € {1,2,...,2F}, outputs integers k¥’ and j/ such that the j'th element
of VT, is the jth element of R-DT}:

Algorithm 4
Step 1: Set w =), k' =0, =j4,i=1 2 =1
Step 2: Update w by iterating the following while 7 < k
If j/ > 28" then w == w ™ (R), j =5’ —2F " i:=i+1
else w:=w (L), i:=i+1
Step 3: Set ' =1,1:=1.
Step 4: Update k', j’ by iterating the following while ¢ < k
If z =1 and proj;(w) =L
then k' =k +1, 7/ : 6\_7 J+2m—31—z+1
else if x = 1 and proj,(w) = Rthenj =i +1l,x=21=9+1
else if x = 2 and proj,;(w) =L
then k' =k +1, 5/ : 6\_J2J—|—3x—lz=i+1
else if z = 2 and proj,;(w) =R
then k' =k +1, 5/ : 6L32J—|—6x—32=i+1
elseifz:3andpr0J( )=L
then 7/ =7 — 1, 2:=4,1:=i+1
elseifx:?)andprOJ( )=R
then k' ==k + 1, j': 6“2]4—5,3:::1,2‘::1'—&—1
else if £ = 4 and proj,;(w) =L
then &' ==k +1, 7/ =6]
else K =k +1, j/ = 6|15 =
Step 5: Output k' and j'.

12 |+, z=1i=i+1
Y44, 0:=3i=i+1

Proof of the correctness of the algorithm. The line of the proof being the
same as that for Algorithm 2, we shall prove only the induction part of
the following claim: for ¢ = 0,1,...,k, the j'(i)th element of VT ;) is ;-

and its numerator n; has the same parity as x(i), where the fraction - is

such that Pathg pro (%, :1—) is the length ¢ initial subsequence of the path
in R-DT" from 1 to the jth element of R-DT} and (i), j/(i) and (i) are
the values of &/, j/ and x when the ith round of the while-loop in Step 4 has
been completed, respectively. (We set k'(0) := 0, 5°(0) := 1 and z(0) := 1.)
Suppose we have verified the correctness of the claim until ¢ (> 1). The
proof of the claim for i + 1 is by case analysis. Observe that if z(7) is even,
then the induction hypothesis implies that the numerator n; of the fraction
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L s also even, which proves by Corollary 1 (ii) that the parent ~= of Lt
T i—1 m;
has odd numerator. The cases that we need to analyze is thus the same as
the six cases from the proof for Algorithm 2. Let us present a proof for the
first case (i.e., (i) = 1 and n;_; is odd) only, from which the reader will see

how to prove the claim also in other five cases.

From the induction hypothesis and the algorithm, it follows that n; is
odd, z(i — 1) = 3 and proj;(w) = R. (Here, the value of the variable w is the
final one, i.e., the value when Step 2 of the algorithm has been completed.)
There are two subcases: If proj;, ;(w) = L, then ;:;—trll is the left child of
the right child of ;;—’_11 As n;_1 is odd by assumption, Proposition 5 proves
that n;4+1 is odd too. The same proposition and Corollary 1 (ii) combine to
show that the left child of m: and the right child of 7~ both have even
numerator. From the definition of ¢, and gy, since 771 is the j'(i)th
element of VT} ;) by the induction hypothesis, we conclude that nl“ is
the (GLJ/(Z%J + 2)nd element of VT (11. As 2(i + 1) = 3 and n;y1 are
both odd, the claim is thus correct in this subcase. If proj;,;(w) = R, then

m‘“ is the right child of 7~ and has even numerator (as has been mentioned
already in the preceding subcabe) From the induction hypothesis and the
definition of gy, it can be inferred that "J: is the (j/(7) + 1)st element

of VT ;). The parity of x(i + 1) = 2 being the same as that of n; 11, we see

that the claim is correct also in this subcase. O

By combining Algorithm 3 with an algorithm [3] which calculates the
jth fraction of R-DT}, one can answer the ensuing question: given k' > 0
and j’ € {1,2,...,2-3F} what is the j'th fraction of VT}/? The converse
question can also be answered as follows: Given a fraction -, first use a
known algorithm [3] to calculate where it is placed in the tree R-DT. The
outputs can then be provided to Algorithm 4 to yield & and j’ such that =

is the j'th element of VT .

Unlike on gp(@bk(%)), the left-to-right order and the order defined by
the magnitude relation do not coincide on VT if k& > 1. It will thus be
useful if we can generate the ordered set VT directly without constructing
VTy,VTy,...,VT;_1. The next algorithm is for that purpose: given a k > 2,
it outputs a sequence of continued fraction representations of elements of the
ordered set VT}.
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Algorithm 5

Step 1: Set w = f(1,k,([0;2,1,1,...,1,2])) (k+ |53 ] consecutive 1’s).
Step 2: Update w by iterating the following for 4 from 1 to 3¥~! — 1
w = wAf(Z + ]-7 kag(p(k77’)7pr0.]61(w)>)
Step 3: Output w.
(Here, functions f, g and p are defined as follows:
f(Z7 ka [07 ag, ... 7al—17a€]> =
if i = k (mod 2) and ay—; = 1 then
<[0a A1y...,00-1, CLEL [07 A1y .- 7042727042])
[05a1,...,a0-3,a0—2 + 3], [0;a1,...,ar_3,a0_2 + 4],
[07 Q1,.-,Q0—3,00—2 + 1) 3]a [07 a1,.-.,0¢—3,00-2 + 17 2]>
else if i = k (mod 2) then
([0;a1,...,ar-1,ae),[05a1,. .., ap—2,a0-1 + 1],
[Oa a1y, Q2,001 — ]-; 3]3 [07 A1y.v. Q2,001 — 174},
[07 aiy...,A¢—2,0y—1 — 17 173]7 [07 ai,...,A¢—2,Qp—-1 — 17 1u 2]>
else if ay_1 = 1 then

<[0;a1, .. .,ag_l,ag], [O;al, e, Qp—1,0ap + 1], [O;al, .. .,ag_2,4],

[0;a1,...,a0-2,3],[0;a1,...,ap—3,a0—2 + 2],[0;a1,...,ap—3,ap—2 + 1,2])
else

([05a1,...,a0-1,a¢],[0;a1,...,a0—1,a¢ + 1],

[0;a1,...,60-2,a0—1 + 3],[0;a1,...,ap—2,a0—1 + 2],

[0;&1, ey Qp_o,Qp—1 — 1, 2], [O;al, ceesQp_o,Qp—1 — 1, 1,2]>

9(p,[0;a1,...,a0-1,a0]) =

if p=0 and a;, = 2 then

0;a1,...,a5,-2,a;,-1+2,1,1,...,1,2] (¢ — j; — 1 consecutive 1’s)
else if p = 0 then

0;a1,...,a5,-1,a5 —2,2,1,1,...,1,2] (¢ — j1 — 1 consecutive 1’s)
else if p = 1 then

0;a1,...,a5,-1,05, +2,1,1,...,1,2] (£— jo — 1 consecutive 1’s)
else if p = 2 then

0;a1,...,a5,-1,a;, +2,1,1,...,1,2] (¢ — jo — 3 consecutive 1’s)
else if p = 3 then

0;a1,...,a5-1,a5 —2,2,1,1,...,1,2] (£ — js consecutive 1’s)
else [0;a1,...,a5-1,a5 —2,2,1,1,...,1,2] (£ — jg — 2 consecutive 1’s)
where j; == max{j < {|a; # 1}, jo = min{j < £| only one of a;j;2,a;43,
co.yap—1 is 2} and j3 = max{j < {|a; #1,2}.

p(k,i) =

if i = 3*~2 then 3
else if i = 2-3%~2 then 0
else if k = e (mod 2) then proj, |4 (u)
else proj, a4 ¢(u)
where i = a-3° (34a) and v = (1,0,0,4,3,0,0,2, 1,070,4>3k.)




On Mallows’ variation of the Stern-Brocot tree 365

Proof of the correctness of the algorithm (Sketch). To prove the correctness,
we need the following properties, which can be verified by using Proposi-
tions 4 and 6 and the definition of ¢y and g pr:

(i) If [0;ay,...,ap_1,ag is the (64 1)st (i € {0,1,...,3¥"1 —1}) element
of VT, then f(i + 1,k,[0;a1,...,as—1,as]) is the sequence consisting
of the (6i + 1)st, (6i + 2)nd, ..., (6 + 6)th elements of VT};

(ii) Let i € {1,2,...,3* 1 — 1} and write - for the youngest common
ancestor (in R-DT) of the 6ith and (6¢ + 1)st elements of VT. Then

e p(k,i) = 0 if and only if * has even numerator;

e p(k,i) = 1if and only if  is different from %, is the left child of a
vertex, has odd numerator and its right child has even numerator;

e p(k,i) = 2 if and only if =* is the left child of a vertex, has odd
numerator and its left child has even numerator;

e p(k,i) = 3 if and only if either /- = % or - is the right child of a
vertex, has odd numerator and its right child has even numerator;

e p(k,i) =4 if and only if > is the right child of a vertex, has odd
numerator and its left child has even numerator.

It will be sufficient to validate the claim that for any i € {0, 1,... , 3kl
1}, the sequence w(i) is equal to the length 6i+6 initial subsequence of VT},
where w(i) is the value of the variable w when the ith round of the loop in
Step 2 has been completed. (We set w(0) to be the initial value of w.) Let
us do so by induction: Since the first element of VTj is [0;2,1,1,...,1,2]
(k+ Lk%‘gj consecutive 1’s), which can be seen also by induction, the validity
of the claim for ¢ = 0 follows from (i). For the induction step, assume that the
equality between w(i) and the length 6i + 6 initial subsequence of VT has
been verified. Proofs for other cases being analogous, we shall argue for the
case p(k,i+ 1) = 1 only. As (ii) shows that the youngest common ancestor
(in R-DT) of the (67 + 6)th and (67 + 7)th elements of VT}, is different from
%, is the left child of a vertex, has odd numerator and its right child has
even numerator, it can be inferred from Proposition 4 and the definition of
Yrpr and Py, that if the youngest common ancestor is [0; a1, ..., ar—1, ag,
then the (67 4 6)th and (6i + 7)th elements of VT, should be of the form

0;a1,...,ap-1,ap—1,2,1,1,...,1,2] and [0;a1,...,ap—1,ap+1,1,1,...,1,2]
J J

for some j > 0, respectively. Since they satisfy the equation
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9(1,[0;a1,...,ap—1,ap —1,2,1,1,...,1,2])
=[0;a1,...,ap_1,ap+1,1,1,...,1,2]

and since the (6i+6)th element [0; a1, ...,ap—1,a¢—1,2,1,1,...,1,2] of VT}
is equal to projg(;11)(w (7)) by the induction hypothesis, the (6i+7)th element
0;a1,...,ap-1,ap+1,1,1,...,1,2] of VT}, is equal to g(l,proj6(i+1)(w(i))) =

9(p(k, i +1), Drojoi.r) (w())). Therefore, w(i+1) = w(i)~ £(i+2,k, g(p(k, i+
1), proje(i4+1)(w(i)))) is equal to the length 67+ 12 initial subsequence of VT
by (i) and the induction hypothesis, completing the proof of the induction
step in this case. O

5. Relationship between two variations

In this last section, we shall explain how Mallows’ variation MTy, (k > 0) of
the Stern-Brocot tree and our variation VTj (k > 0) of the tree R-DT are
related to each other.

Proposition 7. MTy and VT comprise the same fractions for any k > 0.

Proof. It will be sufficient to prove that kl(") kg(") holds for any
+ € Qn(0,1), where kl( ) and kz(Z) denote the unique integers such

that belongs t0 PYspr (¢SBT (—)) and g pr (wR_Dgl (5)), respectively. To
do so, take a fraction - € QN (0, 1) arbitrarily. Then, since the parent and
child (hence the ancestor and descendant) relations in the Stern-Brocot tree
and the tree R-DT coincide, the sequence 2& (: %) e, e (: ﬂ) is

mo ’my? 7 my m
a descending sequence from % to & in the Stern-Brocot tree if and only if
it is a descending sequence from 3 to ;- in the tree R-DT. We shall prove
by induction that kl(") k:g(”) holds for any ¢ € {0,1,...,¢}. The
equation is evidently correct if ¢ = 0. Then assume that we have Verlﬁed the
equation kl( ) = kg("l ) From the definition of pgzr and gy, it follows
that k1 (nf+1 ) = kl( ) or = lﬁ( ) + 1 according as n;y; is even or odd.

"+1)f

Similarly, it follows from the deﬁmtlon of Yrpr and Yy that ko (

kg(”) or = k:g( T ) + 1 according as n;41 is even or odd. These and the
induction hypotheﬂs completes the proof. O

This brings us the question of how MT; and VTj can be converted
to each other. For one direction (i.e., given a j € {1,2,...,2 - 3¥} what
is j’ such that the j'th element of VT is the jth element of MT?), we
can furnish an algorithm as follows: Let k > 0 and j € {1,2,...,2- 3%} be
given and let - denote the jth element of MT}. Following Steps 1 and 2 of
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Algorithm 1, update the variable w. The final updated value of w is equal to
Path SBT(%, %) as has been shown in the proof for Algorithm 1. Given w =
Path SBT(%, %) as input, an algorithm from [3] then outputs the sequence
PathR_DT(%, %) Steps 3, 4 and 5 of Algorithm 4 with PathR_DT(%,%)
substituted into w then yield " and j’ such that - is the j'th element of
VT . (The above proposition guarantees k' = k; we need only j'.) The

complexity of this algorithm is linear in k.

Likewise, we can provide an algorithm also for the opposite direction
(ie., given a j € {1,2,...,2- 3%}, what is j/ such that the j’th element of
MT}, is the jth element of VTj?): Let k¥ > 0 and j € {1,2,...,2- 3"} be
given and let > denote the jth element of VT}. Steps 1 and 2 of Algorithm 3
updates the variable w from () to Pathgpr(1,2Z). An algorithm from [3]

then converts PathR_DT(%, %) to PathSBT(%, %) Finally, by substituting
Path SBT(%, %) into w in Steps 3, 4 and 5 of Algorithm 2, we obtain integers

k" and j’ such that > is the j'th element of MTy.. (We again have k' = k by
the above proposition.) As before, the complexity of this algorithm is linear
in k.
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