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Queer dual equivalence graphs

SAMI H. ASSAF*

We introduce a new paradigm for proving the Schur P-positivity of
a given quasi-symmetric function. Generalizing dual equivalence,
we give an axiomatic definition for a family of involutions on a set
of objects to be a queer dual equivalence, and we prove whenever
such a family exists, the fundamental quasisymmetric generating
function is Schur P-positive. In contrast with shifted dual equiv-
alence, the queer dual equivalence involutions restrict to a dual
equivalence when the queer involution is omitted. We highlight
the difference between these two generalizations with a new appli-
cation to the product of Schur P-functions.
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1. Introduction

Schur P-polynomials are characters of tensor representations of queer Lie
superalgebras [19], characters of projective representations of the symmet-
ric group [23], and representatives for cohomology classes dual to Schubert
cycles in isotropic Grassmannians [17]. They enjoy many nice properties par-
allel to Schur polynomials; in particular, Schur P- and Q-polynomials form
dual bases for an important subspace of symmetric functions, are Schur
positive [18], and the former have positive structure constants [23].

Many polynomials that arise in representation theoretic or geometric
contexts can be expressed as a non-negative sum of Schur P-polynomials
including type B Stanley symmetric functions, a generalization of Stanley
symmetric functions [22] introduced by Billey and Haiman [5], and invo-
lution Stanley symmetric functions introduced by Hamaker, Marberg, and
Pawlowski [14]. Thus, as with the quintessential problem of Schur positiv-
ity, establishing Schur P-positivity of a given function is a recurring problem
with broad application.
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Assaf [4] and Billey, Hamaker, Roberts, and Young [6] simultaneously
defined a shifted generalization of dual equivalence [3], a machinery devel-
oped by Assaf to prove the Schur positivity of a function expressed in terms
of fundamental quasisymmetric functions. Briefly, a shifted dual equivalence
is a family of involutions on a set of objects endowed with a peak set satis-
fying certain local conditions that ensure the generating polynomial of the
objects is Schur P-positive. Given the close relationship between Schur P-
and @Q-functions, this also gives a means to prove Schur Q-positivity.

The author [4] used dual equivalence to prove Schur positivity of Schur
P-functions and shifted dual equivalence to prove Schur @Q-positivity of a
skew Schur @-function. By duality with Schur P-functions, this establishes
the positivity of structure constants for Schur P-functions. In this paper, we
define a new generalization of dual equivalence called queer dual equivalence,
which we argue is better suited to Schur P-functions, whereas shifted dual
equivalence from [4, 6] is better suited to Schur @Q-functions.

Returning to the original notion of dual equivalence on objects endowed
with descent sets, instead of altering these indexing functions, we enrich
the existing dual equivalence involutions with one additional involution, the
queer involution, so that the accompanying conditions on the queer invo-
lution ensure that the generating polynomial of the objects is Schur P-
positivity. Thus we have a new paradigm for establishing Schur P-positivity.
We apply this machinery directly to products of Schur P-functions to give
a new proof of the positivity of structure constants for Schur P-functions.

One of the main features of dual equivalence and its shifted variation is
the existence of local conditions on the involutions. The main impediment
to wider applications of queer dual equivalence is the needed conditions
are global. However, inspired by the parallel story of queer crystals [12, 10]
for the quantized universal enveloping algebras for the queer superalgebra
[19], one hopes an alternative characterization with only local conditions
should exist. Indeed, using the explicit connection between crystals and dual
equivalences in type A [2], such a local characterization might also yield a
resolution to local characterization sought by Assaf and Oguz [1] and further
studied by Gillespie, Hawkes, Poh, and Schilling [9] for the queer crystal.

2. Symmetric functions
A partition X\ = (A1, A2, ..., \¢) is a weakly decreasing sequence of positive

integers, i.e. Ay > Ao > -+ > Ay > 0. The size of a partition is the sum of
its parts, i.e. Ay + Ao + - -+ + Ap. We identify a partition A with its Young
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diagram, the collection of left-justified cells with A; cells in row i, indexed
from the bottom (French notation).

A permutation of [n] is an ordering of [n] = {1,2,...,n}. A standard
Young tableau of shape ) is a bijective filling of the Young diagram for A
with letters of a permutation such that entries weakly increase along rows
and strictly increase up columns. The row reading word of a standard
Young tableau T', denoted by row(7'), is the permutation obtained by reading
the rows of T' left to right, from top to bottom. For example, see Fig. 1.

2 3 4
113[4] [1]2]4] [1]2]3]

2134 3124 4123

Figure 1: The standard Young tableaux of shape (3,1) with (row) reading
words indicated below.

The descent set of a permutation w, denoted by Des(w), is given by
(2.1) Des(w) = {i| ¢ right of i +1}.

This is sometimes referred to as the inverse descent set. When w is a permu-
tation of length n, we have Des(w) C [n— 1]. When we wish to emphasize n,
we write Des,,. The descent set of a standard Young tableau is the descent
set of its row reading word. For example, the descent sets of the tableaux in
Fig. 1 from left to right are {1}, {2}, {3}.

Definition 2.1 ([8]). For D a subset of [n — 1], the fundamental qua-
sisymmetric function Fp is

(2.2) Fp(X) = > wm,
1y < <ip
j€D=>ij<ij+1

Implicit in our notation is that D C [n — 1]. Notice this can be recovered
from the function, which is necessarily homogeneous of degree n.

Gessel [8] defined the fundamental basis for quasisymmetric functions
precisely to capture the following expansion for Schur functions arising from
Stanley’s Fundamental Theorem for P-partitions [21].
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Definition 2.2. For A a partition of n, the Schur function s) is

(2.3) sx(X) = Z FDes(row(T))(X)a
TESYT())

where SYT(X) denotes the set of all standard Young tableaux of shape A.

For example, from Fig. 1, we may compute
sa = Py + Py + Fay

A strict partition - is one whose parts strictly decrease, i.e. vy3 >
Yo > -+ >, > 0. We identify a strict partition vy with its shifted diagram
obtained by shifting row ¢ of its Young diagram ¢ — 1 columns to the right.

A signed permutation of [n] is permutation of [n] where each letter is
allowed to be marked or unmarked. A signed standard tableau of strict
shape v is a bijective filling of the shifted Young diagram for v with letters
of a signed permutation such that entries weakly increase along rows and
columns with no signed entries on the main diagonal. The hook reading
word of a signed standard tableau S, denoted by hook(.S), is the permuta-
tion obtained by reading the marked entries of ¢th column of S from bottom
to top and then the unmarked entries of the ith row of S from left to right,
for ¢ from largest to smallest. For examples, see Fig. 2.

(3] (3] (3] (3] (4] 4 (4] 4
(1[2]4] [1]214]) [1]2]4] (12714 [1[2[3] [1[2/[3] [1[2]37] [1]2']3]]

3124 2314 4312 4213 4123 2413 3412 3241

Figure 2: The signed standard tableaux of shape (3, 1) with (hook) reading
words indicated below.

The descent set of a signed standard tableau is the descent set of its
hook reading word. For example, the descent sets of the tableaux in Fig. 2
from left to right are {2}, {1},{2,3},{1,3},{3},{1,3}, {2}, {1,2}.

We take the following result of Assaf [4] (Proposition 4.2) as our defini-
tion for Schur P-functions, parallel to Definition 2.2 for Schur functions.

Definition 2.3. For v a strict partition of n, the Schur P-function P, is

(2.4) Py(X) = Z Fpes(hook(s)) (X))
SESST(y)

where SST()) denotes the set of all signed standard tableaux of shape ~.
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For example, from Fig. 2, we may compute
Pay = Fuy+ 28+ gy + gy + 2805y + Py

Since the Schur P-functions are symmetric, they can be expanded in
the Schur basis. Stanley conjectured the expansion to be nonnegative, and
this follows from Sagan’s shifted insertion [18] independently developed by
Worley [25].

Theorem 2.4 ([18, 25]). For v a strict partition, we have

(2.5) Py(X) = > gyasa(X)
A

where g, x are nonnegative integers.

For example, we may also express F(3 1) as
Pey = sentse2tsei:
3. Dual equivalence

Edelman and Greene [7] (Definition 6.14) defined involutions on permuta-
tions that exchange ¢ and ¢ + 1 whenever ¢ — 1 or ¢ + 2 lies between them.
Haiman [13] extended this by defining elementary dual equivalence in-
volutions d; on standard Young tableaux that swap ¢ with i —1 (resp. i+1)
whenever i + 1 (resp. i — 1) lies in between them in the row reading word.
For examples of these involutions on Young tableaux, see Fig. 3.

3] 4y [4] dy [4]
2] —[2] —[
1[4] 1[3] 1

2] d2[3]  ds[g] 21d] 2 3
314 (1214~ (1213 (3], [

—| o
DO~

2]

Figure 3: Dual equivalence for SYT(3,1) USYT(2,2) USYT(2,1,1).

Two standard Young tableaux are dual equivalent if one can be trans-
formed into the other by a sequence of dual equivalence involutions. Haiman
[13] proved that two standard Young tableaux are dual equivalent if and only
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if they have the same shape. Given this, we may rewrite Eq. (2.3) in terms
of dual equivalence classes,

(3.1) sx(X) = Y Fpesry(X),
Te[Ty]

where [T)] denotes the dual equivalence class of some fixed T\ € SYT(A).
More generally, given a set of objects A and a notion of descents, one
can form the quasisymmetric generating function for A by

Z FDes(T) (X)

TeA

Two examples of this are Schur functions generated by standard Young
tableaux Eq. (2.3) and Schur P-functions generated by signed standard
tableau Eq. (2.4).

Definition 3.1 ([3]). Let A be a finite set, and Des be a map from A to
subsets of [n—1]. A dual equivalence for (A, Des) is a family of involutions
{¢it1<i<n on A such that

i. For all 0 < i—h < 3 and all T € A, there exists a partition \ of
1 — h + 3 such that

Z FDeS(h71,1+1)(U) (X) = SA(X)7
UE[T]n,0)

where [T ](h,i) is the equivalence class generated by the involutions
©hs -+, pi and Desy, ;) (T') is the subset of [i — h] obtained by deleting
letters less than h and weakly greater than ¢ from Des(T"), and then
subtracting h — 1 from the letters that remain.

ii. For all |i — j| > 3 and all T' € A, we have

jpi(T) = @ip;(T).

Assaf [3] showed that the involutions d; on standard Young tableaux
satisfy Definition 3.1 and, moreover, for any involutions on A satisfying
Definition 3.1, there is an isomorphism between dual equivalence classes of
standard Young tableaux and dual equivalence classes of A that preserves
descent sets. Thus we have the following.
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Theorem 3.2 ([3]). If {yi} is a dual equivalence for (A,Des), then

(3'2) Z FDes(T)(X) = SA(X)
Te[U]

for any U € A and for some partition \. In particular, the fundamental
quasisymmetric generating function for A is symmetric and Schur positive.

To demonstrate the utility of Theorem 3.2, we recall the dual equivalence
involutions on signed standard tableaux defined in [4] (Definition 6.1).

Definition 3.3 ([4]). Let S be a signed standard tableau. For 1 < i < n, let
a < b < ¢ be the diagonals (row minus column if unmarked; column minus
row if marked) on which ¢ — 1,4,% + 1 reside. Then d;(w) is given by the
following rule:

1. if i lies on diagonal b, then d;(S) = S;

2. else if a = b (respectively b = ¢), then toggle the sign on the letter on
diagonal ¢ (respectively a);

3. else if ||a|] — |¢|| = 1, then toggle the signs on the letters on diagonals
a, c;

4. else swap the absolute values of letters of diagonals a and ¢, maintain-
ing the signs in the given cells.

The nontrivial cases of Definition 3.3 are illustrated in Fig. 4. It is shown
in [4] that case (2) arises only when ¢ — 1 and i+ 1 lie on the main diagonal.
For case (3), the cells on diagonals a and ¢ must form a horizontal or vertical
domino. For case (4), the decorations indicate that the letters may be signed
or unsigned, but the signs remain constant within the given cells.

For example, Fig. 5 shows dual equivalence on signed standard tableaux
of shape (3,1). From left to right, the nontrivial actions are by cases (2), (4),
(3), (4), and (2). Compare this structure with the dual equivalence structure
on standard Young tableaux in Fig. 3.

Therefore [4] (Theorem 6.3) gives another proof of the nonnegativity of
the Schur coefficients of Schur P-functions using dual equivalence.

Theorem 3.4 ([4]). The involutions {d;}1<i<n give a dual equivalence for
signed standard tableauz.

Therefore Theorem 3.4 gives another proof that Schur P-functions are
Schur positive.
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d;
1| i | — || i
d; -1* d; i*
: ) i || — | @ i+1‘
i+l d; i+l it i1t
1| 1| i i+l d; i+’
¢ dw i* d; |i1*
k3 K]
i1t it
i d; i
—
i1 i1
Case (2):a=b=0 Case (3): |a] — |e| = £1 Case (4): otherwise

Figure 4: [llustration of the nontrivial cases for dual equivalence involutions
on signed standard tableaux.

3] %k 3] 9B [2 1 % 3 1 4 @3 e [3
[1]2714]  [1[2]4] [1]2]3] |12’3|£|123’| (1127137 [1[27]4] [1]2]4]

Figure 5: Dual equivalence for SST(3,1).

4. A queer involution

We augment the dual equivalence structure on signed standard tableaux
in Definition 3.3 with an additional involution so that the graph on signed
standard tableaux of a given shape is connected. Moreover, we will axiom-
atize the resulting connected structure, parallel to Definition 3.1, to give a
new machinery for proving that a given quasisymmetric function is Schur
P-positive, parallel to Theorem 3.2.

Definition 4.1. The elementary queer involution, denoted by dy, acts
on signed standard tableaux by toggling the mark on the entry with absolute
value 2.

Given the row and column conditions on signed standard tableaux, the
entry with absolute value 2 must always lie in the first row and second
column. In particular, it is never on the main diagonal, and so it may al-
ways come with or without a marking. Therefore dj is indeed a well-defined
involution. For examples, see Fig. 6 and Fig. 7.
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B3] 2 @3 b @ @ o @ d 3 B g
|12'4|d0|124| |123|d0|12’3|d3|123/|d0|12’3'l |12’4’|d0|124’|

Figure 6: Queer dual equivalence for SST(3,1).

Definition 4.2. Two signed marked tableaux S,T are queer dual equiv-
alent if one can be transformed into the other by applying a sequence of
elementary dual equivalence and elementary queer involutions.

do dz d3
(112]3]4] — [1]2713]4] — [1]2]3"T4] — [1]2]3]4]
do | | do
ALY 3 / / d2 AV YA dO ! AV
(1[2[3714] — [1]27]3]4/] — [1[2]3']4/] — [1]2]3"]4]

Figure 7: Queer dual equivalence for SST(4).

Theorem 4.3. Two signed standard tableaux are queer dual equivalent if
and only if they have the same shape.

Proof. Since none of the involutions changes the shape of the tableau, we
need only show that any two signed standard tableaux of shape v are queer
dual equivalent. We proceed by induction on the size of v. For |y| = 1, the
result is trivial. For |y| = 2, we must have v = (2), and the two signed
tableaux of shape (2) are related by dy as shown below,

Mo, 1

Thus we consider |y| = n > 3 and assume the result for strict partitions
of size n — 1. Let S,T € SST(v). We will show S and T are queer dual
equivalent. Consider the cells occupied by the entries with absolute value n
in both S and T.

Case A: Consider first the case when both cells are in the same position
in S and in T'. If both cells are marked or if both cells are not marked, then
the result follows by induction by considering the signed standard tableau
obtained by removing these cells. Otherwise, we may assume n occurs in .S
in the same position as n’ occurs in 7. In particular, the cell, say z, is not
on the main diagonal.
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Subcase A1: Suppose there is a nearest removable corner, say y, that
lies strictly above and strictly left of x. In this case, let S € SST () be any
tableau with (unmarked) n in position z, (unmarked) n — 1 in position y,
and (unmarked) n — 2 immediately below y if y is one column left of x or
immediately left of x if not. Similarly, let 7" € SST() be any tableau with
n' in position x, (unmarked) n — 1 in position y, and n — 2" immediately
below y if y is one column left of x or immediately left of = if not. For
example, see Fig. 8, where we have S’, S, T,T" from left to right. Then S
is queer dual equivalent to S’ and T is queer dual equivalent to 7" by the
previous argument. Finally, d,,_1 acts on both S” and T” by Definition 3.3(4),
resulting in (unmarked) n in position y in both d,,—1(S’) and d,,—1(T"). Thus
these latter two are also queer dual equivalent, completing the queer dual
equivalence of S and T'.

6] dg 7] induction 7| dg 6
5 5| —m——————

I 7 6] | ¢ | d

Figure 8: Example of the queer dual equivalence when the cells z are in the
same position and v has a higher removable corner.

Subcase A2: Suppose there is nearest removable corner, say y, that lies
strictly below and strictly right of z. In this case, let S” € SST(v) be any
tableau with (unmarked) n in position z, (unmarked) n — 1 in position y,
and (unmarked) n — 2 immediately left of y if y is one row below x or
immediately below z if not. Similarly, let 77 € SST(«y) be any tableau with
n’ in position x, (unmarked) n — 1 in position y, and n — 2" immediately
left of y if y is one row below x or immediately below x if not. This is the
transpose of the case depicted in Fig. 8. Then S is queer dual equivalent to
S’ and T is queer dual equivalent to 7" by the previous argument, and d,,_1
acts on both S" and 7" by Definition 3.3(4), resulting in (unmarked) n in
position y in both d,,—1(S") and d,,—1(T"). Thus these latter two are also
queer dual equivalent, completing the queer dual equivalence of S and T

Subcase A3: Suppose z is the only removable corner and there are at
least two cells to its left. Then let S’ € SST() be any tableau with (un-
marked) n in position z, n — 1’ immediately to its left, and (unmarked) n—2
immediately to its left. Then set T = d,,_1(S’), which by Definition 3.3(3)
will have n’ in position z, (unmarked) n — 1 immediately to its left, and
(unmarked) n — 2 immediately to its left. Then again S and S’ and also T
and T" are queer dual equivalent by virtue of the same marking on n in the
same cell, so S is queer dual equivalent to T'.
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Subcase A4: Otherwise, x is the only removable corner and there is one
cells to its left (since x is not on the main diagonal) and a cell immediately
below x (since n > 3). Then let S’ € SST(y) be any tableau with (un-
marked) n in position z, n — 1’ immediately below z, and (unmarked) n — 2
immediately left of . Then set T = d,,_1(S"), which by Definition 3.3(3)
will have n’ in position x, (unmarked) n — 1 immediately below z, and (un-
marked) n —2 immediately left of . Then again S and S’ and also T" and 7"
are queer dual equivalent by virtue of the same marking on n in the same
cell, so S is queer dual equivalent to 7.

Case B: Consider second the case when the cells are in different posi-
tions in S and in 7T, say cell x in S and cell y in T', and assume y lies above
and left of . Then both = and y are removable corners of . In this case, let
S’ € SST(v) be any tableau with n in position z, n — 1 in position y, and
n — 2 immediately below y if y is one column left of x or immediately left of
x if not. If n is marked in S, then mark each of n —2,n — 1,n in S’ (where
we do not mark n — 1 if it falls on the main diagonal); otherwise leave all
three entries unmarked in S’. Set 7" = d,,—1(S’), which by Definition 3.3(4)
will have n in position y, n — 1 in position z, and n — 2 immediately below
y if y is one column left of z or immediately left of x if not, with all marked
or unmarked according to their state in S’. Then S is queer dual equivalent
to S/, and T is queer dual equivalent to 7" by case A, completing the proof
that S is queer dual equivalent to 7. ]

Theorem 4.3 allows us to shift our paradigm for Schur P-functions to

(41) P’)’(X) = Z FDes(S)(X)7
Se[sS,]

where [S,] denotes the queer dual equivalence class of some fixed S, €
SST (7).

Note that, as with the dual equivalence classes, there is a natural choice
for S, for the queer dual equivalence class representative. Namely, if Sy is
filled with the identity permutation from left to right beginning with the
lowest row, then S, is the unique tableau S € SST(v) such that Des(S) =
{v,m +2s o m o e )

The following corollary to the inductive proof of Theorem 4.3 will prove
useful.

Corollary 4.4. For S,T € SST(~) for some strict partition v of n, then
there exists a sequence of indices 0 < i1,12,...,1; < n at most two of which
are n — 1 such that T' = d;, - - - d;,d;, (S).



32 Sami H. Assaf

5. Queer dual equivalence

Again using the model of a set of objects A and a notion of descents, we can
now give sufficient conditions to deduce that the quasisymmetric generating
function for A is Schur P-positive.

Definition 5.1. Let A be a finite set, and Des be a map from A to subsets
of [n —1]. A queer dual equivalence for (A,Des) is dual equivalence
{ti }1<i<n together with a queer involution vy on A such that

i. Fori=1,2,3 and S € A, there exists a strict partition v of ¢ + 1 such
that

D Foesyn(X) = Py(X),
Ue[S]<:

where [S]<; is the equivalence class generated by ¢y, for h <i (h # 1).
ii. For all i > 3 and all S € A, we have

VYoi(S) = irbo(S).

ili. For ¥ < n and S,T € A, if T € [S]<, then there is a sequence of
indices 0 < 41,42,...,%; < k at most two of which are £ — 1 such that

T =1, i, S.

Remark 5.2. Taking ¢ = 1 in condition (i) of Definition 5.1 forces the
queer involution g to be fixed-point-free, since the only degree 2 Schur P-
function is Pg) = Fy + F(1}, which has two terms. Moreover, we also must
have 1 € Des(5) if and only if 1 & Des(1(S)) for any S € A.

Condition (iii) of Definition 5.1 parallels the non-local axiom 6 of the
equivalent characterization of dual equivalence stated in [3] (Definition 3.2).
In the latter, axiom 6 allows for at most one edge of maximum label. As
proven in [3] (Theorem 4.2), axiom 6 is equivalent to the local condition (i)
of Definition 3.1. In Section 8, we discuss efforts to give an equivalent local
characterization for condition (iii) of Definition 5.1.

To begin to justify our definition, we have the following simple check.

Theorem 5.3. The queer dual equivalence involutions dy,{d;}1<i<n are a
queer dual equivalence for signed standard tableauz.

Proof. Given any signed standard tableau S, if we restrict S to entries up to
1+1, for ¢ < 3, then the result is again a signed standard tableau, now of size
1+ 1. Therefore by Theorem 4.3 and the definition of Schur P functions, the
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generating function of the restricted equivalence class will be P, for some ~
of size i + 1, proving condition (i) of Definition 5.1.

For condition (ii), observe that the action of d; is local to entries with
absolute value ¢ — 1,¢,7 4+ 1, and when ¢ > 3 these entries do not include 2.
Since dy acts only on the 2, it follows that dy and d; commute for i > 3.

Finally, condition (iii) follows from Corollary 4.4 and the fact that the
involutions dy, {d; }1<i<k fix the positions of all entries £+ 1,...,n. O

By Theorem 5.3, for v a strict partition of size n, we may define the
standard queer dual equivalence graph H. to be the graph on signed
standard tableaux of shape v with an i-colored edge between S and d;(S),
fori=0,2,...,n— 1. Then the standard queer dual equivalence graphs are
pairwise non-isomorphic and have no nontrivial automorphisms.

Proposition 5.4. For strict partitions v,0 of n, if 0 : Hy — Hs is a
bijection satisfying Des(6(S)) = Des(S) and d;(0(S)) = 0(d;(S)) for all
S € SST(v) and alli=0,2,...,n—1, then § =~ and 0 is the identity map.

Proof. Let S, be the tableau obtained by filling the numbers 1 through n
into the rows of 7 from left to right, bottom to top, in which case Des(Sy) =
{71, +72,...,71 + -+ + v—1}. For any standard tableau T such that
Des(S) = Des(S5), the numbers 1 through ~;, and also v +1 through ~; +72,
and so on, must form horizontal strips. In particular, if Des(S) = Des(S5)
for some S of shape §, then v < ¢ with equality if and only if S = 9.
Suppose 0 : H, — Hs is a bijection preserving descent sets. Let S,
be as above for 7, and let S5 be the corresponding tableau for §. Since
Des(0(S,)) = Des(S,), we have v < 4. Conversely, since Des(071(S5)) =
Des(Ss), we have 6 < 7. Therefore v = §. Furthermore, 6(S,) = S,. For
S € SST(y) such that d;(S,) = S in H,, we have d;(Sy) = 0(S) in Hs, so
0(S) = S. Extending this, every tableau connected to a fixed point by some
sequence of involutions is also a fixed point for ¢, hence 6 = id on H, by
Theorem 4.3. ]

Strengthening the uniqueness asserted by Proposition 5.4, the next three
lemmas show that there is a unique queer dual equivalence that extends
standard dual equivalence on signed standard tableaux of small size.

Lemma 5.5. There exists a unique involution on SST(2) and a unique
involution on SYT(2) USYT(1,1) that is a queer dual equivalence.

Proof. There are two signed standard tableaux of size 2, and so since g
has no fixed points, by Remark 5.2, the involution on these tableaux is the
unique nontrivial one, shown in Fig. 9. Similarly, there is one standard Young
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tableaux of shape (2) and one of shape (1,1), and together their generating
functions give Po). Thus the involution in this case must connect the two

tableaux, again shown in Fig. 9. O
do ; d()
—

Figure 9: The unique queer dual equivalences for SST(2) and for SYT(2) U
SYT(1, 1).

Lemma 5.6. Lety be a strict partition of 3, and let A be the set of partitions
defined by P, = > \caSx. Then there exists a unique involution 1y on
Llxea SYT(A) such that 1o, d2 is a queer dual equivalence, where dy is the
standard dual equivalence involution on standard Young tableaux.

Proof. Heeding Remark 5.2, 19 has no fixed points and toggles 1 in and
out of the decent set. For v = (2,1), we have Py 1) = 5(2,1), S0 o acts
nontrivially to connect the two standard Young tableaux of shape (2, 1), as
shown in Fig. 10 (left).

For v = (3), we have P3) = s(3)+ 8(2,1) T 5(1,1,1), S0 we consider possible
queer dual equivalences on SYT(3)USYT(2,1)USYT(1,1,1). The two pos-
sible pairings for g that toggle 1 from the descent set are the one shown
in Fig. 10 (right), and the one connecting the two tableaux of shape (2,1)
and then connecting the two remaining tableaux. The latter gives two dis-
joint queer dual equivalence classes, neither of which has generating function

Schur P-positive, so the former holds. O
51 do = Yoo do ] W
2] “2 [3 Yo 3] @2 [3 Po
3= 112 3 17
o

Figure 10: The unique queer dual equivalence for SYT(2, 1) and for SYT(3)U
SYT(2,1) USYT(1,1,1).

Lemma 5.7. Let ~y be a strict partition of 4, and let A be the set of partitions
defined by P, = > \caSx. Then there exists a unique involution 1y on
Llxea SYT(A) such that v, da,ds is a queer dual equivalence, where dz,d3
are the standard dual equivalence involutions on standard Young tableauz.
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Proof. For the discussion to follow, we identify each tableau with its row
reading word. Consider first v = (3, 1), for which we have P 1) = s(31) +
S(2,2) 1 8(2,1,1), 50 we wish to construct a queer dual equivalence on

SYT(3,1) USYT(2,2) USYT(2,1,1).

By Lemma 5.6, restricting to entries 1, 2, 3 gives one of the two cases depicted
in Fig. 10, giving three possibilities for ¢y acting on 4123: 2413, 2134, or
4213.

Suppose 10(4123) = 2134, as depicted in Fig. 11. Then restricting to
entries 1,2,3, we must have a component of the form in the right side of
Fig. 10, and so we must have 1y(3124) = 3214 as shown. Now there are
two possibilities for 199(4213): either 4312 or 3412. The former results in two
separate queer equivalence classes, so we must have the latter, which also
forces 109(4312) = 2413, as shown with dashed lines in Fig. 11. Restricting
as in Definition 5.1 condition (i) for ¢ = 2, the queer dual equivalence class
containing these last four tableaux has generating function 2Py 1), contra-
dicting that it is a queer dual equivalence.

o
%o S Do N
2] d[3]  d[q ola) 2 [31a) P by i
1[3]4] 1]2]4] 1]2]3] 1‘3 ds 112 114] 113 112]
»o

Figure 11: A failed construction for a queer dual equivalence for SYT(3,1)U
SYT(2,2) USYT(2,1,1).

Similarly, if 1o(4123) = 4213, then restricting to entries 1,2, 3, we must
have a component of the form in the right side of Fig. 10, and so we must
have 19(4312) = 3214. This case can be realized by conjugating each of the
tableaux in Fig. 11, and the same analysis reaches the same contradiction.
Therefore we must have 19(4123) = 2413 as desired.

Consider next the three possibilities for ¢y applied to 3214: 3412 (desired
result), 4312, or 3124. The analysis for the three possibilities for 1)(3214),
namely 3412, 4312, or 3124, is identical to the case for 1(4123) after the
tableaux are conjugated, and so we conclude that we must have 1y(3214) =
3412, and we arrive at the situation depicted in Fig. 12. This leaves two
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possibilities for the remaining four tableaux, and the one not shown by
dashed lines in Fig. 12 again results in a restricted queer dual equivalence
class with generating function 2P(3 1), leaving only the shown dashed lines
as a possibility. Thus Fig. 12 shows the unique queer dual equivalence for
SYT(3,1) USYT(2,2) USYT(2,1,1).

1/}0 1/)0 1/)0 _’(‘1/)9_
3] d2[3]  ds[q o[a) & @I B ey 3
1[3]4] 1]2]4] 1]2]3] 113 ds 112 114 113 112

Figure 12: Constructing the unique queer dual equivalence for SYT(3,1) U
SYT(2,2) USYT(2,1,1).

The case of v = (4) has
Py = s@) + 53,1 T @11 +81,1,1,1);
and so we consider possible queer dual equivalences for
SYT(4) USYT(3,1) USYT(2,1,1) USYT(1, 1,1, 1).

This case is handled by a parallel analysis. We omit the details but include
the unique structure in Fig. 13, with solid lines corresponding to the initial
cases to deduce and dashed lines corresponding to second cases to deduce,
parallel to the argument for v = (3,1). O

o Yo

2] @] dpg
13[4 [1]2]4] ~ [1[2]3]

Figure 13: Constructing the unique queer dual equivalence for SYT(4) U
SYT(3,1) USYT(2,1,1) USYT(1, 1,1,1).

The following shows the restrictiveness of queer dual equivalence.
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Lemma 5.8. Let {1;} be a queer dual equivalence for A with descent map
Des. ForT € A andi > 3, we have i € Des(T") if and only if i € Des(¢o(T)).

Proof. We proceed by induction on i. By condition (i) of Definition 5.1,
each restricted equivalence class for g, 12, 13 must be in descent-preserving
bijection with signed standard tableaux. Therefore, by Lemma 5.7, we have
3 € Des(T) if and only if 3 € Des(¢o(T)), establishing the base case.
Assume the result for 3,4,...,7 — 1 and consider the action of d; on T,
where now ¢ > 4. If T is a fixed point for d;, then by the commutativity
axiom for queer dual equivalence, we have d;(vo(T)) = 1o(di(T")) = ¥o(T),
and so 1o(T) is also a fixed point for d;. This forces either both or neither
i — 1,4 in Des(T') and similarly for Des(¢y(T)), so the result for i — 1 forces
the result for i. Alternatively, if T is not a fixed point for d;, then exactly
one of 7 — 1,14 is in Des(T'), and d; toggles which is in and which is out, again
the result for ¢ from the result for ¢ — 1. OJ

We can now prove a stronger uniqueness result, namely that the queer
dual equivalence involution in Definition 4.1 is the only involution that ex-
tends the dual equivalence involutions in Definition 3.3 to an abstract queer
dual equivalence.

Theorem 5.9. For ~ a strict partition, the map dy of Definition 4.1 is the
unique involution on SST(vy) for which dy, {d;}1<i<n define a queer dual
equivalence involution, where d; for i > 1 is given by Definition 3.3.

Proof. We proceed by induction on n = |y|. Lemmas 5.5, 5.6 and 5.7 prove
there is a unique bijection between SST(y) and | |yco SYT(A), where A is
the set of partitions defined by P, = >, s, that intertwines the standard
dual equivalences on SST and SYT. Thus we consider n > 5, and we assume
the result for n — 1. Let ¢y be any involution that extends {d;}1<i<n to a
queer dual equivalence on SST(+) for some strict partition 7 of n.

By Lemma 5.8, 9y preserves descents at and above 3. We claim the
stronger statement that the positions and signs of entries 3,4,...,n are
preserved by . This is true for the base cases by Lemmas 5.6 and 5.7.
If ¥ changes the position of some k < n, then restricting the tableaux to
entries up to k would contradict the result for smaller values, so we may
assume entries 3,4,...,n — 1 are preserved by %y by induction. Therefore
at worst 1y toggles the sign on n. For this to occur, we must have n not on
the main diagonal (else it could not have a sign) and so some entry with
absolute value k immediately left of n and in the same row. Then we must
have k > 3 since the smallest entry in row 2 or higher is 3 and n > 5 in
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row 1 must have at least three entries to its left. By Theorem 4.3, we may
apply some sequence of dual equivalence involution dg1,...,d,—1 until k is
replaced by n — 1. Since all of those involutions commute with ), the sign
of n must be toggled on the result as well, which toggles whether or not
n — 1 is a descent, contradicting Lemma (5.8). Thus the positions and signs
of entries 3,4, ...,n are preserved by v, guaranteeing its uniqueness. O

6. Schur P-positivity

To show that the existence of a queer dual equivalence implies Schur P-
positivity, we mimic the proof that dual equivalence implies Schur positivity
(see [3]), beginning with the following lemma.

Lemma 6.1 ([3] (Lemma 3.11)). Let {@;}1<i<n+1 be a dual equivalence for
(A,Des). If for T € A and for some partition X\ of n, there is a bijection
f o [T)<n—1 = SYT(X) such that for any U € [T)<p—1, we have

o f(pi(U))=d;i(f(U)) fori=2,...,n—1, and
e Des(f(U))N[n—1]=Des(U)N[n—1],

then there exists a unique partition p of n+ 1 with A C p such that for any
S € SYT(u) that restricts to SYT(X), we have Des(f~1(S|<n)) = Des(S).

In the unshifted case, each pair of partitions A C p with |u| — [N\ =1
has one natural inclusion map SYT(A) € SYT(u). In the shifted case, a
pair of strict partitions v C ¢ with |§] — |y| = 1 can have two natural
inclusion maps SST(y) C SST(J), based on whether we regard the letter
in the unique cell in the difference of diagrams to have a marking or not.
For example, Fig. 14 shows the queer dual equivalence for SST(4,1) with
cells containing entry 5 or 5 highlighted. Notice there are two embeddings
of SST(3,1) into SST(4, 1), by appending a cell with entry 5 or 5, and only
one embedding of SST(4) into SST(4,1).

For ~ a strict partition, the symmetric diagram for ~, denoted by

sym(7), is

o vi+i—1 ifi</l(y),
(6.1) sym(y)i = { #{j|vj+Jj—1>1i} otherwise.
That is, the Young diagram for sym(+y) is the shifted diagram for ~ together
with its transpose identified along the main diagonal; see Figure 15.
With this notation in mind, we have the following shifted analog.
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(14 (14
31 2 3 4 [ 1 4 3 % ogE
|12’4|5’|_\124I5’| |123|5’| \12’3’|5| |12’4’|5|_|1 24’|5|
d() d()
do/ \do
1 2 o PR
! ! !/ _
2'[3]5 [12]375] 5 (1
I BRI

4@@3124w||1y4m@312

[1]2]3]4
dsr” Ndo
&[5 5 d b [5
3[4] [1]2]34] a, 127134 [1]2]374]  [1]2/[37]4]
N s7ds
do 5]
[1]2737T4]

Figure 14: Queer dual equivalence for SST(4,1).

Lemma 6.2. Let {1;}i—02,..n be a queer dual equivalence for (A,Des). If
for T € A and for some strict partition v of n, there is a bijection f :
[T]<n—1 — SST(y) such that for any U € [T]<p—1, we have

o f(¢i(U))=di(f(U)) fori=0,2,...,n—1, and
e Des(f(U))N[n—1] =Des(U)N[n—1],

then there ewists a unique strict partition 6 of n + 1 with v C § and an
embedding of SST(vy) into SST(J) such that for any tableau U € SST(v)
regarded as an element of SST(0), we have Des(f(U)) = Des(U) for every
U e [T]Snfl.

Proof. We may regard SST(v) as partial fillings of SST(sym(v)) obtained
by leaving unmarked entries in place and reflecting each marked entry across
the main diagonal. In so doing, dual equivalence on signed standard tableaux
better resembles dual equivalence on standard Young tableaux in that when
dn—1 acts by cases (3) or (4) with n — 2 on diagonal b in Definition 3.3, it
does so by swapping n and n — 1 and, in case (3), shifting the landing spots
one cell left /right or up/down.
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Figure 15: The shifted (left) and symmetric (right) diagrams for (6,4,3,1).

An addable cell for a Young (resp. shifted) diagram is a cell not in
the diagram such that adding it results in a Young (resp. shifted) diagram.
Similarly, a removable cell for a Young (resp. shifted) diagram is a cell in
the diagram such that removing it results in a Young (resp. shifted) diagram.
Notice that each addable/removable cell for a shifted diagram not on the
main diagonal corresponds to exactly two addable/removable cells of its
symmetric Young diagram, one above and one below the main diagonal.

Let T = [T]<n—1. Parallel to the proof of [3] (Lemma 3.11), we may
use the bijection f : 7 — SST(7) to identify uniquely each restricted class
[Ul<p—2 for U € T with a removable cell of sym(v), where the identified
cell is either the one containing n or the reflection across the main diagonal
of the one containing n’, whichever case applies. As in [3] (Lemma 3.11),
we have the property that Des N {n} is constant on each of these restricted
classes [U]<p—2. Moreover, if U,V € T such that the cell for [U]<,_2 lies
northwest of the cell for [V]<,_2, then [3] (Lemma 3.11) shows that (a) if
n € Des(U), then n € Des(V), and (b) if n ¢ Des(V), then n & Des(U).
This is illustrated in Fig. 16 for v = (6,4, 3,1).

]

€] | |

Figure 16: Illustration of the descent pattern of n determining the partition
d D (6,4,3,1).

In particular, there is a unique addable cell of sym(y) such that all
removable cells above this have n & Des and all removable cells below this
have n € Des. Therefore we may add a cell containing n+ 1 in this position.
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Then ¢ is the resulting strict shape, and the embedding inserts n + 1 if the
addable cell is weakly below the main diagonal and n + 1’ if it is above. [J

The following result, analogous to [3] (Theorem 3.13), is the key to estab-
lishing Schur P-positivity by induction. It shows that we can lift the bijection
from SST(~y) to SST(d), where ¢ is the partition found in Lemma 6.2.

Theorem 6.3. Suppose {1);}i—o2,...n is a queer dual equivalence for (A, Des)
such that for each restricted equivalence class, there is a bijection f : [T]<p—1
— SST(y) for some strict partition v of n such that for allU € A, we have

o f(¥i(U)) =di(f(U)) fori=0,2,...,n—1, and
e Des(f(U))N[n—1] =Des(U)N[n—1].

Then f extends to a descent-preserving map from A to SST(d) for some
unique strict partition § of n + 1 such that f(¢i(U)) = di(f(U)) for i =
0,2,...,n.

Proof. The result follows for n < 3 by condition (i) of Definition 5.1, so
we may proceed by induction assuming n > 4. By Lemma 6.2, each bi-
jection f : [T]<p—1 — SST(v) lifts to a unique descent-preserving injec-
tion to SST(J) for a unique strict partition 6 D . We must show § is the
same for each restricted equivalence class and that this lifted map satisfies
fowy, = dyo f. It is enough to show this for [T]<,—1 and [¢n(T)]<n—1.
However, [3] (Theorem 3.13) proves exactly this when we further restrict
each class to avoid use of the queer involution g. Since the preservation of
descents and intertwining of dual equivalence involutions holds for each of
the restricted subclasses, it also holds for the union. O

Note that, as is the case for dual equivalence on Young tableaux, Theo-
rem 6.3 does not state that the lifted map is a bijection. It necessarily will be
surjective, but injectivity can fail for shifted tableaux in the same way that
it can for Young tableaux. The smallest example for which this can occur
is for the strict partition (4, 1), as illustrated in Fig. 17 where we make a
double cover of SST(4,1). Notice this fails condition (iii) of Definition 5.1
and so is not a queer dual equivalence.

The following analog of Theorem 3.2 shows that the queer dual equiva-
lence on signed standard tableaux is the only queer dual equivalence for any
set of objects.

Theorem 6.4. If {1);} is a queer dual equivalence for (A, Des), then

(6.2) Z Fpes(s)(X) = Ps(X)
SeU]
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dy [ [] dy
l [5'] | 5]
(1_1 | | (1_1
l [5] _ | [57]
(14 5 (14

Figure 17: A double cover of SST(4,1), where each vertex represents a re-
stricted queer dual equivalence class for dy, do, ds.

for any U € A and for some strict partition §. In particular, the fundamental
quasisymmetric generating function for A is Schur P-positive.

Proof. We proceed by induction on n. Note condition (i) of Definition 5.1
shows the result for n < 4. Assume then that n > 5 and the result holds for
n — 1. For simplicity, we may assume that A consists of a single queer dual
equivalence class. Each restricted equivalence class for g, 19, ..., 1¥,_2 also
satisfies Definition 5.1 for Des restricted to [n — 2], so by induction, for each
restricted equivalence class there is a bijection to signed standard tableaux.
Therefore Theorem 6.3 applies and this bijection lifts to a descent-preserving
map from A to SST(0) for some strict partition § that intertwines v; with d;.
We must show this lift, which we call f, is a bijection.

For surjectivity, take any 7' € A and any S € SST(d). Then f(T) €
SST(d). By Theorem 4.3, there exist indices i1, ..., i € {0,2,...,n—1} such
that S =d;, ---d;, (f(T)). By the intertwining property, f(;, --- i, (T')) =
di, ---di, (f(T)) = S. Thus S is in the image of f.

For injectivity, we will show that for each strict partition v C 4, there
is a unique restricted equivalence class [T]<p—2 such that f([T]<p—2) =
SST(~) for each embedding of SST(y) into SST(§). Suppose U € A such
that f([U]<n—2) = SST(y) for the same embedding. Then condition (iii)
of Definition 5.1 ensures that there is there is a sequence of indices 0 <
01,12, - - ., 1 < n at most two of which are n—1 such that T" = ¢;, - - - ¢, U.
This means there exists some V' € A such that both T" and U are reachable
by applying at most one v,,_1. However, since f intertwines ; for all 7, the
restricted class [V]<p—2 is connected via 1),_1 to a unique restricted class
that maps to SST(e) for each € C ¢ (together with an embedding). Therefore
U € [T]<n—2, and so f is injective as well.

i
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Thus we have a descent-preserving bijection from A to SST(¢). Taking
generating functions, the theorem follows. O

Therefore queer dual equivalence gives a universal method for establish-
ing Schur P-positivity of a quasisymmetric function expressed nonnegatively
in the fundamental basis.

7. Products of Schur P-functions

Stembridge [23] extended shifted insertion [18, 25] in his study of projective
representations of the symmetric group to prove that Schur P-functions have
nonnegative structure constants.

Theorem 7.1 ([23]). For v,6,e strict partitions, there exist nonnegative
integers fi’a such that

(7.1) Py(X)Ps(X) = Y f2sP-(X).

Define Schur @ functions in terms of Schur P-functions by
(7.2) Qy(X) = 2€(7)P’Y(X)'

Then Schur @ and P-functions form dual bases and the operation of skewing
is adjoint to multiplication [16], the integers f= ; also satisfy

(7.3) Qe/y(X) =D f55Qs(X).
5

Shifted dual equivalence [4] gives another proof of positivity of Schur P-
structure constants by considering the formulation for skew Schur @ func-
tions in Eq. (7.3). This happens because shifted dual equivalence is more
naturally about Schur @ functions than Schur P-functions. In contrast, we
use queer dual equivalence to give a direct formula for Eq. (7.1).

To begin, given strict partitions -y, §, we consider the concatenated shape
v ® § with v written left of 6 and rows aligned at the bottom. A signed
standard tableau of shape v® 4§ is a bijective filling of v ®J with a signed
permutation such that no signed entries appear on either main diagonal;
e.g. see Fig. 18. We denote signed standard tableaux of concatenated shape
v®6 by S®T, where S has shape v and T has shape é. Note neither S nor
T is a signed standard tableau.
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3 4
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IR®MH4 OIRI®E O®E 2EI®I

Figure 18: The signed standard tableaux of shape (2,1) ® (1).

We extend the descent set to concatenated tableaux S®T € SST(y®J)
via the concatenation of hook reading words hook(S)hook(T’).

Using Stanley’s fundamental theorem for P-partitions [21], Gessel [8]
proved that the structure constants for the fundamental quasisymmetric
functions are given by the shuffle product.

Proposition 7.2 ([8]). Given A C [a—1] and B C [b—1] and «, 8 any two
words of lengths a,b, respectively, in disjoint letters such that Des(a) = A
and Des(3) = B, we have

(74) FalFp = Z FDes(w)7

weawpf

where a1 B is the set of words of length a+b such that both o and 8 appear
as subwords.

Proposition 7.2 allows us to compute the fundamental expansion of a
product of Schur P-functions as follows.

Corollary 7.3. For v,d strict partitions, we have
(75) P’Y(X)P5<X) = Z FDes(S)(X)'
S®TESST(v®4)

For example, from Fig. 18, we may compute
PonPu) = Fuy+2F0y + Fay + Py +2F s + sy

We now have the correct set-up to apply the dual equivalence machinery.

Definition 7.4. Let S ® T be a signed standard tableau of concatenated
shape. For 1 < i < n, define the dual equivalence involutions ¢; by the rule:

1. if ¢ lies between i —1 and i+ 1 in hook(S®T), then ¢;(S®T) = S®T;
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2. elseifi—1,4,i+1€ .S, then ¢;(S®T) =d;(S) @ T}
3.elseifi —1,i,i+1€T, then ;(S®T) =5 ®d;(T);
4. else swap ¢ and whichever of ¢ — 1 or ¢ + 1 is further away in the

concatenated hook reading word, but keep the signs the same in each
of S and T.

3] 2@ Y [ 1 1) Vs 1
|12’®¢—0|12® [1]2]® [3] ®|13’w—0®|23' [1]®[2]3

EIPRRER ) 4] 4]
[1f37% 217, (127 ® [3] (3@ 2] 21 [1]3
b/ | v/ |
@ ¥ o[@ %[ 4] Vs 3] 3]

ERI°MT 2RO OBYE BIPoRT @°aR]; @I
Figure 19: Queer dual equivalence for SST((2,1)® (1)) and SST((1)®(2,1)).

Theorem 7.5. For v,0 strict partitions of total size n, the maps ;, for
1 < i< n, give a well-defined dual equivalence for SST(y ® 0).

Proof. To see that 1; is well-defined, note that while neither S nor T is a
signed standard tableau, Definition 3.3 can be applied whenever all three
entries with absolute values ¢ — 1,4,7 + 1 lie in the same tableau. In case
(4), we necessarily have i and the further away of ¢ — 1 or 7 + 1 in different
tableau, so since ¢ is exchanging places with a consecutive letter, no new
row or column violations can occur in either tableau. Further, since the
signs remain fixed in each of S and T', the rule cannot result in a cell on the
main diagonal becoming signed. Thus ); is well-defined.

For condition (i) of Definition 3.1, one needs only check a finite number
of cases based on the relative diagonals of up to six consecutive letters. We
may regard the diagonals as a sequence (cy, . .., ¢g) where ¢; = 1 and for each
i > 1, either ¢j11 = ¢; or ¢j11 = ¢;+1, giving 2° = 32 possible sequences. For
each sequence, we consider each of the 6! = 720 permutations w of [6], where
we regard w; as lying on diagonal ¢;. This gives 23040 total cases, though we
must discard any in which consecutive numbers, say k and k + 1, lie on the
same diagonal. These cases (which have many redundancies among them)
were checked by computer, thus verifying condition (i). Condition (ii) of
Definition 3.1 is immediate from the fact that «; considers and affects only
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the positions of entries with absolute values ¢ — 1,4, + 1, and {i — 1,7, +
1}N{j—1,4,j+ 1} = @ whenever |i — j| > 3. H

Theorem 7.5 proves the Schur positivity of a product of Schur P-func-
tions. To get Schur P-positivity, we need only add a single queer involution.

Definition 7.6. Let S ® T be a signed standard tableau of concatenated
shape. Define the queer dual equivalence involution g by the rule:

1. if 1,2 € S, then (S @ T) = do(S) @ T}
2. elseif 1,2 € T, then Yo(S®T) =S @ do(T);
3. else swap 1 and 2.

o

3 o
[1]3]4] ® [2] ——[1]2][4] ® [3] ——[1]27T4] ® [3]

®
i/),g w | /Zf/)Q || 7/)3
Y 3 Yo
(13147 ® [2] 23147 ® 1] —[2[374] ® [1] —— [1[37T4] ® [2]

o

P s
[1[273] ® [4] —— [1]2][3] ® [4] —— [1]2]4] ® [3] [2[3T4] ® [1]
Vo | o | s | 1o " | o
[1]2[3] ® [4] [1[2']3"] ® [4] —— [1[27[4'] ® [3] —— [1]37]4] ® [2]

Figure 20: Queer dual equivalence for SST((3) ® (1)).

For examples of the involutions on concatenated shapes, see Figs. 19, 20
and 21. Comparing with Fig. 6, we see Pz 1)F(1) = F(3,1)- Note that while we
obviously have Py 1)P1) = F1)P2,1), the queer dual equivalence structures
for SST((2,1) ® (1)) and SST((1) ® (2,1)) are not in obvious bijection.

Theorem 7.7. For ~,§ strict partitions of total size n, the maps ; for
i=0,2,...,n—1 give a well-defined queer dual equivalence for SST(y® ¢).

Proof. To see that 1y is well-defined, note that while neither S nor T is
a signed standard tableau, Definition 4.1 applies whenever 1 and 2 or 2/,
whichever exists, are both in the same tableau. When this is not the case,
both must be the leftmost entry of the first row, in which case neither can be
primed. Therefore vy is well-defined. By Theorem 7.5, it remains to check
conditions (i)—(iii) of Definition 5.1.

Condition (i) is verified by visual inspection of Figs. 19, 20, and 21
together with the graph on SST((1) ® (3)). Condition (ii) of Definition 5.1
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Ve V3 Yo

2[3] @ [1]4] [L[3]® [2]4] —[1[4]®[2][3] —[2]4] @ [1]3]
1//)2 y ’L§>2||1/}3
3 Yo

[1]4] @ [2]3'] (2[4]® [1]3/] 3[4] @ [1]2] [3[4]®[1]2]

)0

o P3
[1[2]® [3[4] —[1[3] ® [2]4] —— [1]4'] ® [2]3] [3]4'] ® [1]2/]
1/)0| w0| y |1s50 " |1/)0
3 Do
[1[2]® [3]4] 23] ®[1]4] ——[2]4] ® [1[3] ——[3]4/] ® [1]2]

Figure 21: Queer dual equivalence for SST((2) ® (2)).

holds since vy considers and affects only entries 1 and 2, and ; for i >
1 considers and affects only the positions of entries with absolute values
i—1,i,1+1,and {1,2} N{i —1,7,i + 1} = & whenever ¢ > 4.

Condition (iii) we prove by induction on n. For n < 4, we appeal to
condition (i) or directly to the graphs in Figs. 19, 20 and 21 and on SST((1)®
(3)). Assuming n > 5, we must show that we need at most two instances of
1p—1 to connect any two elements of SST(y®d). By the analogous condition
for dual equivalence, we use ¥,_1 at most once within a dual equivalence
class, and we apply it one additional time, if needed, to move n between the
two concatenated diagrams. O

In particular, by Theorem 6.4, Corollary 7.3, and Theorem 7.7, we have a
new proof of the Schur P-positivity of products of Schur P-functions that cir-
cumvents the algebraic duality with the Schur Q-positivity of skew Schur Q-
functions and avoids dependence on the interpretation of Schur P-functions
as characters of projective representations of the symmetric group.

8. 0Odd involutions

The main impediment to further applications of queer dual equivalence is
condition (iii) of Definition 5.1. For dual equivalence, [3] (Theorem 4.2)
proves the analogous condition for dual equivalence graphs is equivalent to
the local condition (i) of Definition 3.1. Since the queer involution com-
mutes with all but the first two dual equivalence involutions, no local char-
acterization involving just the dual equivalence and queer dual equivalence
involutions can exist.
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To overcome this issue, given a queer dual equivalence {1} U{%;}1<i<n,
one can attempt to define odd dual equivalence involutions {1, }1<i<n as spe-
cific compositions of the dual equivalence involutions with the queer involu-
tion such that the following local conditions imply global Schur P-positivity:

i. Forall0 <i—h <3 and all S € A, there exists a strict partition v of
t — h + 3 such that

Z FDeS(h,LiJrl)(U) (X) = P’Y(X)7
UE[S]n,»

where [S] ;) is the equivalence class generated by vp, ¢y, . . ., Vi, ;.
ii. For all |[i — j| > 3 and all S € A, we have

(8.1) Ypi(S) = Pii(S),
8.2 Yii(S) = Pii(S).

To begin, we may set ¢y, = 1)y, and

Yo (S)  if Parho(S) = ¢o(S),
(8.3) P3(8) = atbo(S) if hora(S) = 1o(S),
S if a(S) = ¥o(S).

Beyond this, however, the definition of v} is not uniquely forced, nor does
there appear to be so simple a definition that works for ;. Nevertheless,
one can (and the author has) manually construct a working solution up to
n = 7, which suggests that a general rule might well be found.

As further evidence for this approach, we realize Schur P-polynomials
as characters of tensor representations of the queer Lie superalgebra. Lie
superalgebras are algebras with a Z/27Z grading, allowing for two families of
variables (one commuting and one not) to interact. Originally arising from
mathematical physics in connection with supersymmetry, Lie superalgebras
were formalized mathematically and classified by Kac [15]. One well-studied
superalgebra generalization of the general linear Lie algebra is the queer su-
peralgebra. Quantized universal enveloping algebras were developed for the
queer superalgebra by Sergeev [19], with the corresponding crystal theory
developed by Grantcharov, Jung, Kang, Kashiwara, and Kim [12, 10]. The
latter [11] also gave an explicit construction of the queer crystal on semi-
standard decomposition tableaux [20], an alternative combinatorial model
for Schur P-polynomials developed by Serrano. Assaf and Oguz [1] give a
direct construction of the queer crystal on semistandard shifted tableaux.
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The queer crystal is described in terms of the usual type A raising opera-
tors {e; }1<i<n along with a queer crystal operator eg. By considering certain
crystal automorphisms S; which respect the braid relations, one defines the
odd crystal operators {e;y }1<i<n by e1r = ep and

(84) €y = Swi—leoswi

for i > 1, where w; = sg---s;s1--8;—1 is the shortest (in coxeter length)
permutation such that w; - oy = oy (here «; is the vector with 1 in position
i and —1 in position i + 1). These odd crystal operators appear to satisfy
similar local axioms to the type A crystal operators as characterized by
Stembridge [24]. Assaf and Oguz [1] gave a partial characterization for these
operators to determine a queer crystal. Gillespie, Hawkes, Poh, and Schilling
[9] added additional conditions that are sufficient but lack the local nature
of Stembridge’s axioms.

Assaf proved a direct relationship between type A crystals and dual
equivalence graphs [2] that shows the equivalence between Stembridge’s local
characterization and the axioms for dual equivalence. Thus one can expect
that local axioms for the queer crystal might inform local conditions for dual
equivalence, and conversely. At present, both problems remains open.

References

[1] Sami Assaf and Ezgi Kantarci Oguz. Toward a local characterization of
crystals for the quantum queer superalgebra. Ann. Comb., 24(1):3-46,
2020. MR4078137

[2] Sami H. Assaf. A combinatorial realization of Schur-Weyl duality via
crystal graphs and dual equivalence graphs. In 20th Annual Interna-
tional Conference on Formal Power Series and Algebraic Combinatorics
(FPSAC 2008), Discrete Math. Theor. Comput. Sci. Proc., AJ, pages
141-152. Assoc. Discrete Math. Theor. Comput. Sci., Nancy, 2008.
MR2721449

[3] Sami H. Assaf. Dual equivalence graphs I: A new paradigm for Schur
positivity. Forum Math. Sigma, 3:12, 33, 2015. MR3376739

[4] Sami H. Assaf. Shifted dual equivalence and Schur P-positivity.
J. Comb., 9(2):279-308, 2018. MR3763646

[5] Sara Billey and Mark Haiman. Schubert polynomials for the classical
groups. J. Amer. Math. Soc., 8(2):443-482, 1995. MR1290232


http://www.ams.org/mathscinet-getitem?mr=4078137
http://www.ams.org/mathscinet-getitem?mr=2721449
http://www.ams.org/mathscinet-getitem?mr=3376739
http://www.ams.org/mathscinet-getitem?mr=3763646
http://www.ams.org/mathscinet-getitem?mr=1290232

50

[6]

[17]

Sami H. Assaf

Sara Billey, Zachary Hamaker, Austin Roberts, and Benjamin Young.
Coxeter-Knuth graphs and a signed Little map for type B reduced
words. FElectron. J. Combin., 21(4):Paper 4.6, 39, 2014. MR3284055

Paul Edelman and Curtis Greene. Balanced tableaux. Adv. in Math.,
63(1):42-99, 1987. MR0871081

Ira M. Gessel. Multipartite P-partitions and inner products of skew
Schur functions. In Combinatorics and algebra (Boulder, Colo., 1983),
volume 34 of Contemp. Math., pages 289-317. Amer. Math. Soc., Prov-
idence, RI, 1984. MRO777705

Maria Gillespie, Graham Hawkes, Wencin Poh, and Anne Schilling.
Characterization of queer supercrystals. J. Combin. Theory Ser. A,
173:105235, 53, 2020. MR4065438

Dimitar Grantcharov, Ji Hye Jung, Seok-Jin Kang, Masaki Kashiwara,
and Myungho Kim. Quantum queer superalgebra and crystal bases.
Proc. Japan Acad. Ser. A Math. Sci., 86(10):177-182, 2010. MR2752232

Dimitar Grantcharov, Ji Hye Jung, Seok-Jin Kang, Masaki Kashiwara,
and Myungho Kim. Crystal bases for the quantum queer superalgebra
and semistandard decomposition tableaux. Trans. Amer. Math. Soc.,
366(1):457-489, 2014. MR3118402

Dimitar Grantcharov, Ji Hye Jung, Seok-Jin Kang, and Myungho Kim.
Highest weight modules over quantum queer superalgebra Ug(q(n)).
Comm. Math. Phys., 296(3):827-860, 2010. MR2628823

Mark D. Haiman. Dual equivalence with applications, including a con-
jecture of Proctor. Discrete Math., 99(1-3):79-113, 1992. MR1158783

Zachary Hamaker, Eric Marberg, and Brendan Pawlowski. Involution
Schubert-Coxeter combinatorics. Sém. Lothar. Combin., 78B:Art. 51,
12, 2017. MR3678633

V. G. Kac. Lie superalgebras. Advances in Math., 26(1):8-96, 1977.
MRO0486011

I. G. Macdonald. Symmetric functions and Hall polynomials. Oxford
Mathematical Monographs. The Clarendon Press Oxford University
Press, New York, second edition, 1995. With contributions by A.
Zelevinsky, Oxford Science Publications. MR1354144

Piotr Pragacz. Algebro-geometric applications of Schur S- and Q-
polynomials. In Topics in invariant theory (Paris, 1989/1990), volume


http://www.ams.org/mathscinet-getitem?mr=3284055
http://www.ams.org/mathscinet-getitem?mr=0871081
http://www.ams.org/mathscinet-getitem?mr=0777705
http://www.ams.org/mathscinet-getitem?mr=4065438
http://www.ams.org/mathscinet-getitem?mr=2752232
http://www.ams.org/mathscinet-getitem?mr=3118402
http://www.ams.org/mathscinet-getitem?mr=2628823
http://www.ams.org/mathscinet-getitem?mr=1158783
http://www.ams.org/mathscinet-getitem?mr=3678633
http://www.ams.org/mathscinet-getitem?mr=0486011
http://www.ams.org/mathscinet-getitem?mr=1354144

Queer dual equivalence graphs 51

1478 of Lecture Notes in Math., pages 130-191. Springer, Berlin, 1991.
MR1180989

[18] Bruce E. Sagan. Shifted tableaux, Schur @-functions, and a conjec-
ture of R. Stanley. J. Combin. Theory Ser. A, 45(1):62-103, 1987.
MR0883894

[19] A. N. Sergeev. Tensor algebra of the identity representation as a mod-
ule over the Lie superalgebras Gl(n, m) and Q(n). Mat. Sb. (N.S.),
123(165)(3):422-430, 1984. MRO735715

[20] Luis Serrano. The shifted plactic monoid. Math. Z., 266(2):363-392,
2010. MR2678632

[21] Richard P. Stanley. Ordered structures and partitions. American Mathe-
matical Society, Providence, R.1., 1972. Memoirs of the American Math-
ematical Society, No. 119. MR0332509

[22] Richard P. Stanley. On the number of reduced decompositions of el-
ements of Coxeter groups. European J. Combin., 5(4):359-372, 1984.
MRO782057

[23] John R. Stembridge. Shifted tableaux and the projective representa-
tions of symmetric groups. Adv. Math., 74(1):87-134, 1989. MR0991411

[24] John R. Stembridge. A local characterization of simply-laced crys-
tals. Trans. Amer. Math. Soc., 355(12):4807-4823 (electronic), 2003.
MR1997585

[25] Dale Raymond Worley. A theory of shifted Young tableauz. ProQuest
LLC, Ann Arbor, MI, 1984. Thesis (Ph.D.)-Massachusetts Institute of
Technology. MR2941073

SaM1 H. ASSAF

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF SOUTHERN CALIFORNIA

3620 S. VERMONT AVE., Los ANGELES, CA 90089-2532
U.S.A.

E-mail address: shassaf@usc.edu

RECEIVED MAY 6, 2021


http://www.ams.org/mathscinet-getitem?mr=1180989
http://www.ams.org/mathscinet-getitem?mr=0883894
http://www.ams.org/mathscinet-getitem?mr=0735715
http://www.ams.org/mathscinet-getitem?mr=2678632
http://www.ams.org/mathscinet-getitem?mr=0332509
http://www.ams.org/mathscinet-getitem?mr=0782057
http://www.ams.org/mathscinet-getitem?mr=0991411
http://www.ams.org/mathscinet-getitem?mr=1997585
http://www.ams.org/mathscinet-getitem?mr=2941073
mailto:shassaf@usc.edu

	Introduction
	Symmetric functions
	Dual equivalence
	A queer involution
	Queer dual equivalence
	Schur P-positivity
	Products of Schur P-functions
	Odd involutions
	References

