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Two strong 3-flow theorems for planar graphs

J. V. DE JONG*

In 1972, Tutte posed the 3-Flow Conjecture, which states that all
4-edge-connected graphs have a nowhere zero 3-flow. This was ex-
tended by Jaeger et al. (1992) to allow vertices to have a prescribed,
possibly non-zero difference (modulo 3) between the inflow and
outflow. They conjectured that all 5-edge-connected graphs with
a valid prescription function have a nowhere zero 3-flow meeting
that prescription (we call this the Strong 3-Flow Conjecture). Ko-
chol (2001) showed that replacing 4-edge-connected with 5-edge-
connected would suffice to prove the 3-Flow Conjecture and Lovéasz
et al. (2013) showed that the 3-Flow and Strong 3-Flow Con-
jectures hold if the edge connectivity condition is relaxed to 6-
edge-connected. Both problems are still open for 5-edge-connected
graphs.

The 3-Flow Conjecture was known to hold for planar graphs,
as it is the dual of Groétzsch’s Colouring Theorem. Steinberg and
Younger (1989) provided the first direct proof using flows for planar
graphs, as well as a proof for projective planar graphs. Richter et
al. (2016) provided the first direct proof using flows of the Strong
3-Flow Conjecture for planar graphs. We provide two extensions to
their result, that we developed in order to prove the Strong 3-Flow
Conjecture for projective planar graphs.

AMS 2000 SUBJECT CLASSIFICATIONS: 05C21.
KEYWORDS AND PHRASES: 3-flow, modulo-3 orientation, Zs-connected,
planar graph.

1. Introduction

A Zjy-flow on a graph G is a function that assigns to each edge e € E(G) an
ordered pair consisting of a direction, and a value f(e) € {0,...,k—1}, such
that if D is the resulting directed graph, then, for each vertex v € V(G),

Z fle) — Z f(e)=0 (mod k).

e=(u,v)€E(D) e=(v,w)€EE(D)
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It is easy to see that every graph G has a Zi-flow for every value of k: set
f(e) =0 for all e € E(G). Therefore it is typical to use the following more
restrictive concept. A nowhere zero Zi-flow on G is a Zg-flow on G such
that no edge is assigned the value zero. In 1950, Tutte proved that a graph
has a nowhere-zero Zg-flow if and only if it has a nowhere-zero k-flow, which
requires the net flow through each vertex to be exactly zero; see Diestel [4]
for a proof of this equivalence and further background on flows.

Tutte (cf. Bondy and Murty [1]) conjectured that every 4-edge-connected
graph has a nowhere zero 3-flow. This is known as the 3-Flow Conjecture,
and while progress has been made for many classes of graphs, it is still
an open problem. For planar graphs the 3-Flow Conjecture is equivalent
to Grotzsch’s Theorem, and Steinberg and Younger [11] provided a direct
proof using flows. Steinberg and Younger [11] also proved that the 3-Flow
Conjecture holds for graphs embedded in the projective plane.

As an extension of Zg-flows, we add a prescription function, where each
vertex in the graph is assigned a value in Z3 that defines the net flow through
the vertex. The prescriptions of the vertices in the graph must sum to zero
in Z3. A graph G is Zs-connected if for each valid prescription function p,
G has a nowhere-zero Zs-flow achieving p. This led Jaeger et al. [6] to pose
the following conjecture.

Conjecture 1 (Strong 3-Flow Conjecture). FEvery 5-edge-connected graph
is Zg-connected.

Jaeger [5] had earlier posed the following weaker conjecture.

Conjecture 2 (Weak 3-Flow Conjecture). There is a natural number h
such that every h-edge-connected graph has a nowhere zero Zs-flow.

Jaeger [5] also showed that this conjecture is equivalent to the same
statement regarding Zs-connectivity. The Weak 3-Flow Conjecture remained
open until Thomassen [12] proved that h = 8 sufficed.

Theorem 1.1. Every 8-edge-connected graph is Zs-connected.
Lovész et al. [9] extended this to the following result.
Theorem 1.2. If G is a 6-edge-connected graph, then G is Zs-connected.

Kochol [7] showed that the 3-Flow Conjecture is equivalent to the state-
ment that every 5-edge-connected graph has a nowhere zero Zs-flow, so the
result of Lovész et al. [9] is one step away from the 3-Flow Conjecture. As
stated, both of these results also make significant steps toward the Strong
3-Flow Conjecture, as they considered Zs-connectivity. Lai and Li [8] proved
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the Strong 3-Flow Conjecture holds for planar graphs using the duality with
graph colouring. Richter, Thomassen and Younger [10] provided the first
direct proof of this result using flows. Their result is Theorem 1.3.

Theorem 1.3. Let G be a 3-edge-connected graph embedded in the plane
with at most two specified vertices d and t such that

o if d exists, then it has degree 3, 4, or 5, has its incident edges oriented
and labelled with elements in Zgz \ {0}, and is in the boundary of the
unbounded face,

o ift exists, then it has degree 3 and is in the boundary of the unbounded
face,

e there are at most two 3-cuts, which can only be 6({d}) and 6({t}),

e if d has degree 5, then t does not exist, and

o cvery vertex not in the boundary of the unbounded face has five edge-
disjoint paths to the boundary of the unbounded face.

If G has a valid prescription function, then G has a valid Zs-flow.

The 3-Flow Conjecture and the Strong 3-Flow Conjecture for planar
graphs are corollaries of Theorem 1.3.

Our aim was to extend the theorem of Richter, Thomassen and Younger
[10] to projective planar graphs. In investigating this problem we required
new results extending our knowledge of Zs-connectivity for planar graphs.
These results form the basis of this paper. Our proof for the projective planar
case applies these results and appears in de Jong and Richter [3]. All of these
results also appear in the author’s Ph.D. thesis [2]. The techniques used for
the proofs in this paper build off those of Thomassen [12], Lovész et al. [9],
and Richter, Thomassen and Younger [10].

We provide two extensions of Theorem 1.3. The first allows two unori-
ented degree 3 vertices, instead of only one. This is analogous to a result of
Steinberg and Younger [11] showing that the 3-Flow Conjecture holds for
planar 3-edge-connected graphs with at most three 3-edge-cuts. Steinberg
and Younger [11] required this result to prove the 3-Flow Conjecture for
projective planar graphs, just as we require this extension to prove that the
Strong 3-Flow Conjecture holds for projective planar graphs.

The second extension allows vertices of low degree on two specified faces
of the embedding that have a common vertex, provided that specified ver-
tices d and t do not both exist. This will allow us to work with certain
edge-cuts that arise in projective planar graphs. Optimally, such a result
would be possible without these restrictions, as this would facilitate solu-
tions to certain configurations in toroidal graphs, rather than just projective
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planar graphs. However, an analogous result with two specified faces that
do not need to have a common vertex, as well as specified vertices d and ¢,
is not true, as we will see in Section 5.

In Section 2 we first discuss some of the ideas that will be used through-
out the proofs in this paper.

2. Preliminaries
Basic definitions

We define an orientation of a graph G to be the directed graph D obtained
by adding a direction to each edge. With reference to finding a Zs-flow on
G with prescription function p, an orientation is walid if for each vertex
veV(G),

Y o1- > 1=p() (mod3).

e=(u,v)€E(D) e=(v,w)€E(D)

It can be easily seen that this is equivalent to a Zs-flow.

A vertex d in a graph G is a directed vertex if all its incident edges are
directed. We call this an orientation of d. We say that an orientation of G
extends the orientation of d if the direction of the edges at d is maintained.
In cases involving a directed vertex we take the term wvalid orientation to
include that the orientation extends that of d.

We lift a pair of edges uv and vw in a graph G by deleting uv and vw,
and adding an edge vw. We define an edge-cut §(A) in G to be internal if
either A or G — A does not intersect the boundary of the specified face(s)
of G.

Specified face(s)

First, we consider the idea of a specified face. Theorem 1.3 allows vertices
of degree less than 5 on the boundary of the outer face. However, a graph
embedded in a higher genus surface does not have a defined outer face, so
the result cannot be directly extended. While the results in this paper deal
with planar graphs, and thus could refer to the outer face, to simplify the
use of these results in proving the Strong 3-Flow Conjecture for projective
planar graphs or potentially graphs embedded in other surfaces, we define
specified faces for all results.

Let G be a graph with specified faces Fz and F(. Note that these are
not required to both exist. Let G’ be a graph obtained from G by one or
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more operations. Unless otherwise stated, the specified faces Fg: and Fy,
are defined as follows:

1.

Suppose that G’ is obtained from G by deleting or contracting a con-
nected subgraph of GG that has no edge in common with the boundary
of Fg or Ff,. Then Fg = Fg and Ff, = Fy,.

Suppose that G’ is obtained from G by contracting a connected sub-
graph of G that contains the boundaries of Fig and Ff. Then G’ has
no specified face. Both can be chosen arbitrarily; in general we will
chose a specified face incident with the vertex of contraction.
Suppose that G’ is obtained from G by deleting an edge e in the
boundary of Fg. Let F' be the other face incident with e. Then Fy is
the face formed by the union of the boundaries of F' and Fi; (without
e), and F}, = F(,. Note that if F' = F, then G’ has only one specified
face. The second can be chosen arbitrarily if necessary.

Suppose that G’ is obtained from G by deleting a vertex v in the bound-
ary of Fg. Let I, Fy, ..., F}, be the other faces incident with v. Then
F: is the face formed by the union of the boundaries of Fy, Fy, . .., Fy,
and Fg (without the edges incident with v), and F§, = F¢. Note that if
Ft e {F1,Fy,..., F;}, then G’ has only one specified face. The second
can be chosen arbitrarily if necessary.

Suppose that G’ is obtained from G by contracting a connected sub-
graph H of G whose intersection with Fg is a path P of length at
least one. Then Fi is the face formed by the boundary of Fz without
P, and F}, = F{,. If the intersection of H with Fg consists of more
than one path, this contraction can simply be completed in multiple
steps.

Suppose that G’ is obtained from G by lifting a pair of adjacent edges
e1, ea, where e is in the boundary of Fg, es is not, and e; and es
are consecutive at their common vertex. Let F; be the other face in-
cident with e;. Note that F}j is incident with es. Let F5 be the other
face incident with es. Then F¢g is the face formed by the union of
the boundaries of F and Fy (using the lifted edge instead of e;
and ep), and Fj, = Ff. Note that if F| = F, then Ff, will use
the lifted edge instead of e; and ep, and if Fy = Ff, then G’ has
only one specified face. The second can be chosen arbitrarily if neces-
sary.

When performing these operations we will not explicitly state the new spec-
ified faces unless necessary; for example, if we must define a second specified

face.
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Edge-disjoint paths to the boundary

As in Richter, Thomassen and Younger [10], throughout this paper we are
working with graphs for which all vertices not on the boundary of the speci-
fied face(s) have at least 5 edge-disjoint paths to the boundary of the speci-
fied face(s). We describe here how reductions to the graph affect this condi-
tion. The proof of this result is straightforward, and can be found in de Jong

[2].
Lemma 2.1. Let G be a graph with specified face Fg such that all vertices

not on the boundary of Fg have 5 edge-disjoint paths to the boundary of Fg.
Let G’ be a graph obtained from G by

1. contracting a subgraph X of G that does not intersect the boundary of
Fq to a vertex x,

2. deleting a boundary edge e of Fg,

3. deleting a boundary vertex x of Fg,

4. lifting a pair of adjacent edges ey, ea, where ey is in the boundary of
Fg, eo is not, and e; and es are consecutive at their common vertex,
or

5. contracting a subgraph X of G whose intersection with Fg is a path P.

Then all vertices not on the boundary of Fao have 5 edge-disjoint paths to
the boundary of Fgr.

We therefore only discuss the preservation of this property in cases where
Lemma 2.1 does not apply. In Section 4 we consider graphs with two specified
faces, having a vertex in common. Lemma 2.1 applies analogously to the
union of these specified faces.

Minimal cuts

Let G be a graph with a directed vertex d. An edge-cut §(A) in G with
d € Ais k-robust if |A| > 2 and |G — A| > k.

Throughout this paper we will perform local reductions on graphs. Many
of these reductions will involve considering 2-robust edge-cuts, either because
G has a small edge-cut that must be reduced, or because we must verify that
the graph resulting from a reduction does not have any small edge-cuts. In all
cases, we first consider the smallest possible edge-cuts. Thus, if we consider
a 2-robust k-edge-cut §(A) in a graph G, we may assume that G has no
2-robust at most (k — 1)-edge-cut. It may be assumed that either G[4] is
connected, or it consists of two isolated vertices whose degrees sum to |0(A)].
The same is true of G — A. Given the size of the cuts we consider, generally
both G[A] and G — A will be connected.
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Non-crossing 3-edge-cuts

Let 6(A) and 6(B) be distinct edge-cuts in G. We say that 6(A) and 6(B)
cross if ANB, A\ B, B\ A, and AU B are all non-empty. Throughout this
paper we consider graphs that are allowed to have non-crossing 2-robust 3-
edge-cuts under certain restrictions. The following well-known result allows
us to assume that such cuts are non-crossing. We only need the case k = 3.

Lemma 2.2. Let k be an odd positive integer. If G is a k-edge-connected
graph, then any two k-edge-cuts do not cross.

3. Increasing the number of degree 3 vertices

In this section we extend the result in Theorem 1.3 to allow a directed vertex
d and two other vertices of degree 3. An analogous result with three degree
3 vertices and no directed vertex follows as an immediate corollary.

Definition 3.1. A DTS graph is a graph G embedded in the plane, together
with a valid Zs-prescription function p : V(G) — {—1,0, 1}, such that:

~

. G is 3-edge-connected,

. G has a specified face Fg, and at most three specified vertices d, t,
and s,

3. if d exists, then it has degree 3, 4, or 5, is oriented, and is on the

boundary of Fg,

if t or s exists, then it has degree 3 and is on the boundary of Fg,

d has degree at most 5 — a where a is the number of unoriented degree

3 wvertices in G,

6. G has at most three 3-edge-cuts, which can only be 6(d), 6(t), and §(s),

and
7. every vertex not in the boundary of Fo has 5 edge-disjoint paths to the
boundary of Fg.

IS

OB

We define all 3-edge-connected graphs on at most two vertices to be DTS
graphs, regardless of vertex degrees.

A 3DTS graph is a graph G with the above definition, where (6) is re-
placed by

6°. all vertices other than d, t, and s have degree at least 4, and if d, t,
and s all exist, then every 3-edge-cut in G separates one of d, t, and
s from the other two.
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We note that the 3-edge-cuts allowed by (6’) are not internal.
Our main result for this section is Theorem 3.2.

Theorem 3.2. Every DTS graph has a valid orientation.

Proof. Let G be a minimal counterexample with respect to the lexicographic
ordering of the pairs (|E(G)|, |E(G)|—deg(d)). If |E(G)| = 0, then G consists
of only an isolated vertex, and thus has a trivial valid orientation. If we have
|E(G)| — deg(d) = 0, then G has an existing valid orientation. Thus we may
assume G has at least one unoriented edge.

We will establish the following series of properties of G.

DTS1: The graph G does not contain a loop, unoriented parallel edges, or
a cut vertex.
DTS2: The graph G does not contain

a) a 2-robust 4-edge-cut, dg(A), where d € A and G — A contains
at most one of s and ¢,

b) a 2-robust 5-edge-cut, dg(A), where d € A and G — A contains
neither s nor ¢, or

¢) an internal 2-robust 6-edge-cut.

DTS3: If e = uv is a chord of F incident with a vertex u of degree at most
4, then deg(u) = 4, e separates d from both s and ¢, and u is incident
with e and one other edge in the side containing d, while on the side
containing s and ¢, u is incident with e and two other edges.

DTS4: Vertices d, s, and t exist in G.

DTS5: Vertices s and ¢ are not adjacent.

Let u and v be the boundary vertices adjacent to ¢, and let w be the remain-
ing vertex adjacent to t. Let x and y be the boundary vertices adjacent to
s, and let z be the remaining vertex adjacent to s.

DTS6: Vertices u, v, x, and y have degree 4.

DTST7: Edges uw, vw, zz, and yz exist, and w and z have degree 5.

DTSS8: The vertices d, s, t, u, v, x, and y form the boundary of Fg, where
either v = x or u = z (up to renaming).

Verifying these properties forms the bulk of the proof of Theorem 3.2.
Property DTS is straightforward, and the proof is omitted. It can be found
in de Jong [2].

DTS1. The graph G does not contain a loop, unoriented parallel edges, or
a cut vertex.
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Since G has no cut vertex, every face in GG is bounded by a cycle. We
now consider the presence of small 2-robust edge-cuts in GG. Recall that by
definition, G has no 2-robust at most 3-edge-cut. Property DTS2 categorises
three cases that can always be reduced. This is not a comprehensive list, but
other small cuts arise arise in special circumstances and will be reduced on
a case by case basis.

DTS2. The graph G does not contain

a) a 2-robust 4-edge-cut, dc(A), where d € A and G — A contains at most
one of s and t,

b) a2-robust 5-edge-cut, dc(A), where d € A and G — A contains neither
s nort, or

¢) an internal 2-robust 6-edge-cut.

Proof.

a) Suppose that G does contain a 2-robust 4-edge-cut, dg(A), with A

chosen so that d € A and G — A contains at most one of s and ¢. Let
G’ be the graph obtained from G by contracting G — A to a single
vertex. The resulting vertex v has degree 4. Since every vertex not
incident with Fg has 5 edge-disjoint paths to the boundary of Fg, Fg
is incident with edges in dg(A). Therefore, v is incident with Fgr. If
G’ contains a cut ¢/ (B) of size at most 3, then such a cut also exists
in GG, a contradiction unless it is one of the specified vertices. Hence
G’ is a DTS graph and has a valid orientation by the minimality of G.
Transfer this orientation to G.
Let G” be the graph obtained from G by contracting A to a single
vertex d’. This vertex has degree 4 and is oriented. Since d € V(A),
G" has only one oriented vertex, which is d’. Since Fg is incident with
edges in dg(A), d’ is incident with F. If G” has a cut dg~ (B) of size
at most 3, then such a cut also exists in G, a contradiction unless it is
one of the specified vertices. Thus G” is a DTS graph and has a valid
orientation by the minimality of G. Transfer this orientation to G to
obtain a valid orientation of (G, a contradiction. Hence any 4-edge-cut
in G separates d from both s and t.

b) This case works in the same way as a). In G”, there is a degree 5
oriented vertex, and no degree 3 vertices. Therefore, any 5-edge-cut in
G separates d from an unoriented degree 3 vertex.

¢) Contract G — A to a vertex v, calling the resulting graph G’. As in a),
it is clear that G’ is a DTS graph. Therefore, by the minimality of G,
G’ has a valid orientation. Transfer this orientation to G.
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Contract A to a vertex d’, delete a boundary edge e incident with d’,
and call the resulting graph G”. Since the boundary of Fg is contained
in A, the endpoint of e in G— A has degree at least 5 in GG, and therefore
has degree at least 4 in G”. If G” contains an edge-cut dg~(B), then
either 0g(B) or d¢(G — B) is a cut in G of size at most one greater.
If G” contains a 2-robust edge-cut dg~(B) of size three or less, then
G contains an analogous internal edge-cut of size four or less. Such a
cut does not exist by definition. Thus G” contains no such at most
3-edge-cut, and is a DTS graph. Therefore, by the minimality of G,
G" has a valid orientation. Transfer this orientation to G to obtain
a valid orientation of GG, a contradiction. Hence any 6-edge-cut in G
contains edges in the boundary of Fg. O

In the absence of structures such as loops, parallel edges, cut vertices and
small edge-cuts, we reduce at low degree vertices in GG. It is useful to consider
the possible adjacencies of such vertices. We say that a chord e = {u, v} of
Fo separates vertices x and y if x and y are in different components of
Fo — {u,v}.

DTS3. Ife =uv is a chord of F incident with a vertex u of degree at most
4, then

a) deg(u) =4,

b) e separates d from both s and t,

¢) u is incident with e and one other edge in the side containing d, and
d) w is incident with e and two other edges on the side containing s and t.

Proof. Let H and K be subgraphs of G such that H N K = {{u,v}, {uv}},
HUK = (@G, and d, if it exists, is in H.

Suppose that 6(H) is not 2-robust. Then |V(K)| = 3, and K contains
d, else G has unoriented parallel edges, contradicting DTS1. By defini-
tion, either u or v is d. Since G does not contain unoriented parallel edges
degy(d) = 2, and |0((H — {u,v}) U {d})| = 3, a contradiction. Hence we
may assume that 0(H) is 2-robust.

Suppose that 0(K) is not 2-robust. Then |V (H)| = 3. If w or v is d, the
same argument applies. Thus we may assume that d is in V(H) — {u,v}.
If there are parallel edges with endpoints d and w, then 6({d,u}) is an at
most 5-edge-cut. Orient v and contract the parallel edges between d and w,
calling the resulting graph G’. Note that the vertex of contraction has the
same degree as d. Hence it is clear that G’ is a DTS graph, and thus has a
valid orientation by the minimality of G. This leads to a valid orientation
of GG, a contradiction.
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Thus we may assume that there are not parallel edges with endpoints d
and u. Then there are parallel edges with endpoints d and v. Since we have
|0({d,v})| > 4, it follows that degy (v) > 3. If deg(u) = 3, then degg (v) > 4,
else [0(H)| = 3, a contradiction. Orient u and add a directed edge from u to v
in K. Then K is a DTS graph, and has a valid orientation by the minimality
of G. This leads to a valid orientation of G, a contradiction. Thus deg(u) = 4.
If K—V(H) does not contain both s and ¢, the same argument applies. Thus
s,t € K—V(H), and the chord separates d from s and ¢. Since there are not
parallel edges with endpoints v and d, degy(u) = 3. We may now assume
that §(K) is 2-robust.

By definition, 6(H) and 0(K) have size at least 4. Hence degq(v) > 6,
and so v is not d, s, or t. In addition, v has degree at least 3 in both H
and K.

Suppose that v # d. Then in H, contract uv. The graph H/uv is a DTS
graph, and so by the minimality of G, H /uv has a valid orientation. Transfer
this orientation to G, and orient w. In K, if v has degree 2, add an edge €’
directed from w to v (in the boundary of Fi). Suppose that v has degree
3 in K and K does not contain both s and ¢. Since degq,(u) € {3,4} it is
clear that u, v are incident with F, and thus K + ¢’ is a DTS graph. By
the minimality of G, K + ¢’ has a valid orientation. This leads to a valid
orientation of GG, a contradiction. The remaining case is the one where v has
degree 3 in K, and K contains both s and ¢. Then e separates d from s and
t, as required.

Thus u = d. Then in both H and K if deg(u) = 2, add a directed edge €’
from u to v (in the boundary of Fy and F ). If K contains both s and ¢, then
deg(u) = 3, so in K, deg(v) > 4. It is clear that H 4+ ¢’ and K + ¢’ are DTS
graphs, so by the minimality of G, they have valid orientations. Transfer the
orientations of H + ¢’ and K + ¢’ to G to obtain a valid orientation of G, a
contradiction. Thus no such chord exists. OJ

Since we reduce at low degree vertices in G, we are especially interested
in the specified vertices d, s, and t. We must first establish the existence of
these vertices. The following two claims are needed in order to prove DTS4.

Claim 3.3. If d exists, then it is not adjacent to a vertex of degree at most
4 via parallel edges.

Proof. Suppose that d is adjacent to ¢ via parallel edges. Then we have
10({d,t})| = deg(d) — 1 < 3 (since t exists, deg(d) < 4). Since |§({d,t})| > 3,
equality holds. Thus deg(d) = 4 and s does not exist. It follows that §({d,t})
is a 2-robust 3-edge-cut, a contradiction. The same is true of d and s.
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Suppose that d is adjacent to a vertex v of degree 4 via parallel edges.
If they are adjacent via at least 3 parallel edges, then either deg(d) = 4 and
d({d,v}) is an at most 2-edge-cut, or deg(d) = 5 and §({d, v}) is an at most
3-edge-cut, a contradiction. If s and ¢ exist, then deg(d) = 3, and §({d, v})
is a 2-robust at most 3-edge-cut, a contradiction. Otherwise, orient v and
contract {d, v}, calling the resulting graph G’. Then G’ has a directed vertex
of degree at most degq(d), and thus is a DTS graph. By the minimality
of G, G’ has a valid orientation. This leads to a valid orientation of G, a
contradiction. O

Claim 3.4. Ifd exists, then it is not adjacent to a vertex of degree at most 3.

Proof. Suppose that d is adjacent to ¢. Orient ¢ and contract {d, ¢t} calling the
resulting graph G’. Then G’ is a DTS graph and has a valid orientation by the
minimality of G. This leads to a valid orientation of GG, a contradiction. [

DTS4. Vertices d, s, and t exist in G.

Proof. Suppose that d does not exist. Let v be a vertex in the boundary of
F¢ of minimum degree. If deg(v) < 5, orient v, calling the resulting graph G'.
Then G’ is a DTS graph, and has a valid orientation by the minimality of G.
This is a valid orientation of G, a contradiction. If deg(v) > 6, orient and
delete a boundary edge incident with v, calling the resulting graph G'. If G’
has a 2-robust at most 3-edge-cut, then G has a 2-robust at most 4-edge-
cut, a contradiction. Thus G’ is a DTS graph and has a valid orientation by
the minimality of G. This leads to a valid orientation of GG, a contradiction.
Hence d exists.

Suppose that G has at most one unoriented vertex (t) of degree 3. If d
has degree 4 or 5, let v be a vertex adjacent to d on the boundary of Fg
that has degree at least 4 (such a vertex exists by Claim 3.4). Let G’ be
the graph obtained by deleting dv. If G’ has a 2-robust at most 3-edge-cut,
then G has a corresponding at most 4-edge-cut, a contradiction. Thus G’ is
a DTS graph and has a valid orientation by the minimality of G. This leads
to a valid orientation of G, a contradiction.

Thus d has degree 3. By Claim 3.4, d is not adjacent to t. Delete d,
calling the resulting graph G’. By Claim 3.3, G’ does not have a vertex of
degree at most 2. If G’ has a 2-robust at most 3-edge-cut, then G has a
corresponding at most 4-edge-cut, a contradiction. If G’ contains at most
one vertex of degree 3, then G’ is a DTS graph and has a valid orientation by
the minimality of G. Otherwise G’ contains two vertices of degree 3. Orient
one, calling the resulting graph G”. Then G” is a DTS graph and has a valid
orientation by the minimality of G. All cases lead to a valid orientation of
G, a contradiction. Hence s and t exist. O



Two strong 3-flow theorems for planar graphs 457

Since s and t exist, deg(d) = 3. In the following reductions, the graphs
produced may be 3DTS graphs. We show that such graphs have a valid
orientation.

Claim 3.5. If G’ is a 3DTS graph with |E(G'")| < |E(G)|, then G' has a
valid orientation.

Proof. Let G’ be a minimal counterexample with respect to |E(G")|. Suppose
that G’ has no 2-robust 3-edge-cut. Then G’ is a DTS graph and has a valid
orientation by the minimality of G, a contradiction. Thus we may assume
that G’ has a 2-robust 3-edge-cut d¢(A), where A is chosen so that d € A.
We may assume that ¢ ¢ A.

Let Gy be the graph obtained from G’ by contracting G — A. Then
G1 is a 3DTS graph and has a valid orientation by the minimality of G'.
Transfer this orientation to G’. Let G5 be the graph obtained from G’ by
contracting A to a directed vertex d’. Then Gs is a 3DTS graph and has a
valid orientation by the minimality of G’. This leads to a valid orientation
of G', a contradiction. O

DTS5. Vertices s and t are not adjacent.

Proof. Suppose for a contradiction that s and t are adjacent. Let u and v
be the boundary neighbours of s and t respectively. We prove the following
claims:

a. Vertices s and t have a common internal neighbour w of degree 5,
deg(u) = 4, and deg(v) = 4.
b. Vertices u and w are adjacent.

Claim DTS5a. Vertices s and t have a common internal neighbour w of
degree 5, deg(u) = 4, and deg(v) = 4.

Proof. Assume that either s and ¢ do not have a common internal neighbour
of degree 5, or at least one of the vertices v and v has degree at least 5. Let
G’ be the graph obtained from G by orienting and deleting s and ¢t. Then
G’ has at most two vertices of degree 3: two of u, v, and a possible common
neighbour of s and t.

We now check that G’ has no 2-robust 2- or 3-edge-cuts. The cases
are indicated in italics. We follow a similar process in most future cases.
Suppose that G' contains a 2-robust at most 2-edge-cut d¢/(A) where u and
v are in A. By definition this cut does not exist in G, and so we may
assume that dg(G’— A) is an internal cut. We make this assumption without
mention in future cases. Then 0g(A U {s,t}) is a 2-robust at most 4-edge-
cut that does not separate d from s or ¢, a contradiction. Suppose that G’
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Figure 1: DTS5: Analysis of cuts (1).

contains a 2-robust at most 2-edge-cut g (A) where u € A and v &€ A.
Then dg(A U {s}) is a 2-robust at most 4-edge-cut that separates s from ¢,
a contradiction.

Suppose that G' contains a 2-robust 3-edge-cut d¢/(A) where u and v are
in A. Then dg(A U {s,t}) is a 2-robust at most 5-edge-cut that does not
separate d from s or t, a contradiction. Suppose that G’ contains a 2-robust
3-edge-cut 0¢/ (A) where u € A and v ¢ A. Then all such cuts separate u and
v, so by Claim 3.5, if s and ¢ do not have a common neighbour of degree 5,
then G’ has a valid orientation. Hence we may assume that s and ¢t have a
common internal neighbour w of degree 5. Note that in G’, w has degree 3.
Suppose that d € A. By Claim 3.5, w € A, and u is the other vertex of
degree 3 in G'. Then (G’ — A) is a 2-robust 4-edge-cut in G that does not
separate d from s or ¢, a contradiction. Figure 1 shows an analysis of these
cuts.

We conclude that G’ is a DTS graph and has a valid orientation by
the minimality of G. This leads to a valid orientation of G, a contradic-
tion. O

Therefore s and ¢ have a common internal neighbour w of degree 5,
deg(u) = 4, and deg(v) = 4. Let the edges incident with u be ey, es, e3, e



Two strong 3-flow theorems for planar graphs 459

Figure 2: DTS5: Reduction when u and w are not adjacent.

in order, where ey is on the boundary of Fg and e; = su. By DTS3, e3 is
not a chord. The same is true at v.

Claim DTS5b. Vertices u and w are adjacent.

Proof. Suppose that u and w are not adjacent. Lift the pair of edges e,
e9, and orient and delete u, s, and t, calling the resulting graph G’. This
reduction can be seen in Figure 2. Then G’ has at most two unoriented
vertices of degree 3 (v and w).

Suppose that G' contains a 2-robust at most 2-edge-cut ég(A), where v
and the lifted edge are in A. Then 6g(A U {s,t,u}) is an internal 2-robust
at most 5-edge-cut, a contradiction. Suppose that G' contains a 2-robust at
most 2-edge-cut dg/(A), where v € A and the lifted edge is in G' — A. Then
w € A, else 0g(A) is a 2-robust 3-edge-cut. Similarly, the endpoint of es is
in A, else dg(AU{s,t}) is a 2-robust 3-edge-cut. Now dg(AU{u, s,t}) is a 4-
edge-cut. By DTS2, d € G’ — A. Contract A in G to form a graph G. Then G
is a DTS graph and has a valid orientation by the minimality of G. Transfer
this orientation to G, contract G — A, and delete tv and tw to form a graph
G’ with an oriented degree 4 vertex. If G’ contains an at most 3-edge-cut,
then G contains an at most 5-edge-cut that does not separate d, s, and ¢,
a contradiction. Hence G’ is a DTS graph and has a valid orientation by
the minimality of G. This leads to a valid orientation of GG, a contradiction.
Therefore G’ is 3-edge-connected.

Suppose that G' contains a 2-robust 3-edge-cut g/ (A), where v and the
lifted edge are in A. Then dg(A U {s,t,u}) is an internal 2-robust at most
6-edge-cut, a contradiction. Suppose that G' contains a 2-robust 3-edge-cut
dcr(A), where v € A, and the lifted edge is in G' — A. If all such cuts
have the property that d € G’ — A, then G’ is a 3DTS graph and has a
valid orientation by Claim 3.5. This leads to a valid orientation of G, a
contradiction. Hence we may assume that d € A. The endpoint of e3 is in
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Figure 3: DTS5: Analysis of cuts (2).

G’ — A, else 0g(AU {u, s, t}) is a 2-robust 5-edge-cut that does not separate
d from s or t, a contradiction. Also, w € G’ — A, else dg(A U {s,t}) is a
2-robust 4-edge-cut that does not separate d from s or t, a contradiction.
Then all such 3-edge-cuts in G’ separate w from v and d, and so G’ has a
valid orientation by Claim 3.5. Therefore G’ has no such 2-robust at most
3-edge-cuts. Figure 3 shows an analysis of these cuts.

Thus far we have omitted consideration of the case where the lifted edge
is an edge in the cut 6(A). Suppose that G' contains a 2-robust at most 3-
edge-cut d¢c/(A) where v € A and the lifted edge is an edge of 6(A). If the
endpoint of ey is in G’ — A, then 6g(G’ — A) is a 2-robust at most 3-edge-cut,
a contradiction. If the endpoint of e is in A, then the argument is analogous
to (but simpler than) that for the case where v and the lifted edge are on
the same side of the cut. In future reductions we omit discussion of the cases
where the lifted edge is an edge of the cut.

Hence G’ is a DTS graph and has a valid orientation by the minimality
of GG. This leads to a valid orientation of GG, a contradiction. O

By symmetry, v and w are adjacent. This provides sufficient structure
to complete the proof. Suppose that es and the analogous edge fo incident
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\

Figure 4: DTS5: Reduction when u and w are adjacent.

with v are both chords. By DTS3, e2 and f5 separate d from s and ¢. Thus
es = fo. Then G has a 1-edge-cut: the remaining edge incident with w, a
contradiction. Hence ey and f5 are not both chords.

By DTS2, v and v are not both adjacent to d. Without loss of gener-
ality, assume that w is not adjacent to d. Suppose that es is a chord. Then
by DTS3, es separates d from s and t¢. Since e is not incident with v, it
also separates d from v, so v is not adjacent to d. Therefore at least one of
v and v is not adjacent to d and is not incident with a chord. Without loss
of generality, we assume this vertex is u. Let z be the other endpoint of e;.

Orient and delete e; and ey to satisfy p(u) (which lifts ut and uw at
u), and contract {u,s,t,v,w} to a single vertex c¢ of degree 3, calling the
resulting graph G’. Then G’ has at most two unoriented degree 3 vertices (c
and z). This reduction is shown in Figure 4.

Suppose that G' contains a 2-robust at most 3-edge-cut d(A) where z
and ¢ are in A. Then G contains a 2-robust internal at most 4-edge-cut, a
contradiction.

Suppose that G' contains a 2-robust at most 2-edge-cut dc(A) where
z€ G — A and c € A. Since 6g(A) and dg(AU {u}) are 4-edge-cuts, d € A.
If v is adjacent to d or incident with a chord, then G has an internal at
most 3-edge-cut dg(A — ¢), a contradiction. Hence v is not adjacent to d or
incident with a chord. We consider applying the same reduction at v. If an
analogous 4-edge-cut dg(B) exists using edges incident with v, then these
cuts cross.

We have {s,t,u,v,w} C ANB in G (where we replace ¢ with {s, ¢, u, v, w}
in G), and d € G— (AU B). By construction, A— B and B — A each contain
at least two vertices: the neighbours of v and v. Thus DTS2 implies that
|0¢(A — B)|,|0q(B — A)| > 6. Given that [0g(A)| = [0c(B)| = 4, this is not
possible. Thus we may apply the same reduction at v without producing a
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2-edge-cut. Hence we may assume that no such cut exists, and G’ is 3-edge-
connected.

Suppose that G' contains a 2-robust 3-edge-cut 6c/(A) where z € G' — A
andc € A. Then G’ is a 3DTS graph and has a valid orientation by Claim 3.5.
This leads to a valid orientation of GG, a contradiction. Hence no such cut
exists.

We conclude that G’ is a DTS graph, and has a valid orientation by
the minimality of G. This leads to a valid orientation of GG, a contradiction.
Hence s and ¢ are not adjacent. O

Let u and v be the boundary vertices adjacent to t, and let w be the
remaining vertex adjacent to t. Let x and y be the boundary vertices adjacent
to s, and let z be the remaining vertex adjacent to s. Note that w and z are
internal and have degree at least 5, and that none of u, v, w, x, y, and z are
in the set {d, s,t}.

DTS6. Vertices u, v, x, and y have degree 4.

Proof. Suppose without loss of generality that v has degree at least 5. Let
G’ be the graph obtained from G by orienting and deleting ¢. Then s and
u are the only possible unoriented degree 3 vertices in G’. Suppose that G’
contains a 2-robust at most 2-edge-cut 6 (A). Then 0g(A) or dg(A U {t})
is a 2-robust at most 3-edge-cut, a contradiction.

Suppose that G' contains a 2-robust 3-edge-cut ¢/ (A). If u and v are
both in A, then G contains an internal 4-edge-cut, a contradiction. Let
u € A and v € G’ — A. If all such 3-edge-cuts separate d from u, then by
Claim 3.5 G’ has a valid orientation. This leads to a valid orientation of G,
a contradiction. Hence we may assume that d € A. If all such cuts separate
s from u, then similarly, G’ has a valid orientation. This leads to a valid
orientation of G, a contradiction. Hence we may assume that s € A. Then
da(A) or dg(A U {t}) is a 4-edge-cut that does not separate s from d, a
contradiction. Hence no such cut exists. Thus G’ is a DTS graph and has a
valid orientation by the minimality of G. This leads to a valid orientation
of GG, a contradiction. Hence v has degree 4. The same argument applies for
u, T, and y. O

DTS7. The edges uw, vw, xz, and yz exist, and w and z have degree 5.

Proof. Suppose without loss of generality that either v and w are not adja-
cent or that deg(w) > 6. Let e1, e2, e3, and e; be the edges incident with
u in order, where e; is on the boundary of Fg and e; = ut. By DTS3, e3
is not a chord. Let G’ be the graph obtained from G by lifting the pair of
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Figure 5: DTST7: Reduce the 5-edge-cut §(A).

edges e, eg, and orienting and deleting v and ¢. Then v and s are the only
possible unoriented degree 3 vertices in G’.

Suppose that G' contains a 2-robust at most 3-edge-cut dc(A) where
v and the lifted edge are in A. Then dg(A) is a 2-robust internal at most
5-edge-cut, a contradiction.

Suppose that G' contains a 2-robust at most 2-edge-cut dg:(A) where
v € A and the lifted edge is in G’ — A. Since G does not contain a 2-robust
at most 3-edge-cut, w and the endpoint of ez are in A. Since dg(A U {u,t})
is a 2-robust 4-edge-cut, d € G’ — A, and s € A. Figure 5 shows this graph.
In G, contract A to form a graph G. Then G is a DTS graph and has a valid
orientation by the minimality of G. Transfer this orientation to G. Contract
G — A and delete tv and tw to form a graph G’. Then G’ has an oriented
degree 3 vertex d’ and two vertices of degree 3 (s and v). If G’ contains a
2-robust at most 2-edge-cut, then G contains a 2-robust at most 3-edge-cut,
a contradiction. If G/ contains a 2-robust 3-edge-cut, it necessarily separates
d from s or v (else G has a 2-robust at most 5-edge-cut with d, s, and ¢
on the same side), so G’ has a valid orientation by Claim 3.5. Thus G” is a
DTS graph and has a valid orientation by the minimality of G. This leads
to a valid orientation of GG, a contradiction. Hence G’ is 3-edge-connected.

Suppose that G' contains a 2-robust at most 3-edge-cut dc(A) where
v € A and the lifted edge is in G' — A. If all such 3-edge-cuts separate d
from v, then by Claim 3.5 G’ has a valid orientation. This leads to a valid
orientation of G, a contradiction. Hence we may assume that d € A. If s € A,
then either dg(A U {t}) or dg(A U {u,t}) is a 2-robust at most 5-edge-cut
that does not separate d from s or ¢, contradicting DTS2. Hence s € G’ — A.
Therefore dg(A) separates s from d and v. By Claim 3.5, G’ has a valid
orientation. This leads to a valid orientation of G, a contradiction. Thus G’
has no 2-robust at most 3-edge-cut.
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Therefore G’ is a DTS graph and has a valid orientation by the min-
imality of GG. This leads to a valid orientation of GG, a contradiction. We
conclude that v and w are adjacent and deg(w) = 5. The other cases are
equivalent. O

DTSS8. The vertices d, s, t, u, v, x, and y form the boundary of Fg, where
either v =x or u= z (up to renaming).

Proof. Suppose without loss of generality that u is not adjacent to s or to d.
Suppose that v is incident with a chord. If u and v are both incident with
chords, then by DTS3 these chords cross, a contradiction. Thus we may
assume that v is not incident with a chord. If v is adjacent to d, then w is
not incident with a chord, by DTS3, a contradiction. If v is adjacent to s,
then v = x. If u and y are both incident with chords, then by DTS3 these
chords cross, a contradiction. Thus we may assume that y is not incident
with a chord. If y is adjacent to d, then w is not incident with a chord,
by DTS3. Then y is neither incident with a chord nor adjacent to d. Hence
there exists a vertex in the set {u,v,z,y} that is adjacent to exactly one
vertex in {s, ¢, d} and is not incident with a chord. Without loss of generality,
assume this vertex is u. Let eq, es, e3, and e; be the edges incident with u
in order, where ey is on the boundary of Fz and e; = ut. Let ¢ be the other
endpoint of ey.

Let G’ be the graph obtained from G by orienting and deleting e; and es
to satisfy p(u), and contracting {u,t,v,w} to a single vertex c of degree 4.
Then G’ has at most two vertices of degree 3 (s and ¢). Suppose that G’
contains a 2-robust at most 3-edge-cut 6 (A) where ¢ and q are in A. Then
dc(G" — A) is a 2-robust internal at most 4-edge-cut in G, a contradiction.

Suppose that G’ contains a 2-robust at most 2-edge-cut where c € A and
g€ G'—A. Then s € Aand d € G’ — A, else G has a 2-robust at most 4-edge-
cut that does not separate d from s and ¢, a contradiction to DTS2. Figure 6
shows this graph. In G, contract (A — {c¢}) U {v,w} to a vertex, calling the
resulting graph G. Then G is a DTS graph and has a valid orientation by
the minimality of G. Transfer this orientation to G, contract (G'— A)U{u, t}
to a vertex, and delete tv and tw, calling the resulting graph G’. Then G’
has a directed degree 3 vertex d’ and two vertices of degree 3 (s and v). If
G’ contains a 2-robust at most 2-edge-cut, then G contains a 2-robust at
most 4-edge-cut that does not separate d from s and ¢, a contradiction. If
G’ contains a 2-robust 3-edge-cut, it necessarily separates d’ from s or v, so
G’ has a valid orientation by Claim 3.5. Thus G’ is a DTS graph and has a
valid orientation by the minimality of G. This leads to a valid orientation
of G, a contradiction. Hence G’ is 3-edge-connected.
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Figure 7: DTS8: Reduce the 6-edge-cut §(A — {u,t}).

Suppose that G' contains a 2-robust 3-edge-cut 6 (A), where ¢ € A and
g € G' — A. If all such cuts separate d from ¢, then G’ has a valid orientation
by Claim 3.5. This leads to a valid orientation of G, a contradiction. Thus
we may assume that d € G’ — A. If all such cuts separate s from ¢, then G’
has a valid orientation by Claim 3.5. This leads to a valid orientation of G,
a contradiction. Thus we may assume that s € G’ — A. In G, §q(G' — A) is
not a 4-edge-cut, else it separates d and s from ¢, a contradiction. Hence it
is a 5-edge-cut. Figure 7 shows this graph.

In G, contract (A—{r})U{v, w} to a vertex, calling the resulting graph G.
Then G is a DTS graph and has a valid orientation by the minimality of G.
Transfer this orientation to G, contract (G’ — A) U {u,t} to a vertex, and
delete tv and tw, calling the resulting graph G’. Then G’ has a directed
degree 4 vertex d’ and one vertex of degree 3 (v). If G’ contains a 2-robust
at most 2-edge-cut, then G contains a 2-robust at most 4-edge-cut that does
not separate d from s and ¢, a contradiction. If G contains a 2-robust 3-edge-
cut, it necessarily separates d’ from v (else G contains an internal 2-robust
at most 4-edge-cut), so G’ has a valid orientation by Claim 3.5. Thus G” is a
DTS graph and has a valid orientation by the minimality of G. This leads to
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V=2

Figure 8: The boundary consists of only the vertices u,t,v = x, s,y, d.

a valid orientation of G, a contradiction. Hence G’ has no 2-robust at most
3-edge-cuts.

Therefore G’ is a DTS graph and has a valid orientation by the minimal-
ity of G. This leads to a valid orientation of GG, a contradiction. The result
follows. O

This concludes the proof of the properties of DTS graphs. Without loss
of generality, the boundary of Fg consists of the vertices u,t,v = x,s,y,d
in order. This graph is shown in Figure 8. Let A = {u,t,v,s,y,d,w, z}.
Then 0(A) is an internal 7-edge-cut. If G — A contains only one vertex,
then the graph contains unoriented parallel edges, a contradiction. Hence
d(A) is 2-robust. Contract G — A to a vertex, calling the resulting graph G'.
Then G’ is a DTS graph and has a valid orientation by the minimality of G.
Transfer this orientation to G. Contract A to a single vertex d’ and delete
the two edges incident with w, calling the resulting graph G”. Then d’ is a
directed vertex of degree 5, and G” contains no degree 3 vertices, since in G
the neighbours of w are distinct internal vertices of degree at least 5. If G”
contains a 2-robust at most 3-edge-cut, then GG contains a 2-robust internal
at most 5-edge-cut, a contradiction. Hence G” is a DTS graph and has a
valid orientation by the minimality of G. This leads to a valid orientation
of GG, a contradiction. Therefore no minimum counterexample exists, and
Theorem 3.2 follows. O

We conclude this section with some simple consequences of Theorem 3.2.
In proving the Strong 3-Flow Conjecture for projective planar graphs, our
reductions will result in DTS graphs, and also graphs with three vertices of
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degree 3 and no directed vertex. Theorem 3.2 implies that such graphs also
have a valid orientation.

Definition 3.6. An RST graph is a graph G embedded in the plane, together
with a valid Zs-prescription function p : V(G) — {—1,0, 1}, such that:

1. G is 3-edge-connected,
2. G has a specified face Fg, and at most three specified vertices r, s,

and t,

3. if r, s, and t exist, then they have degree 3 and are in the boundary
of Fg,

4. G has at most three 3-edge-cuts, which can only be 6({r}), 6({s}), and
d({t}), and

5. every vertex not in the boundary of Fg has 5 edge-disjoint paths to the
boundary of Fg.

A 3RST graph is a graph G with the above definition, where (4) is replaced
by

4’ all vertices aside from r, s, and t have degree at least 4, and if r, s,
and t exist, then every 3-edge-cut in G separates one of r, s, and t
from the other two.

The following three results are immediate consequences.
Corollary 3.7. Every RST graph has a valid orientation.
Lemma 3.8. All 3DTS graphs have a valid orientation.
Corollary 3.9. All 3RST graphs have a valid orientation.

4. Two faces

In this section we extend Theorem 1.3 to allow low degree vertices on the
boundaries of two specified faces of a graph.

Definition 4.1. An FT graph is a graph G embedded in the plane, together
with a valid prescription function p : V(G) — {—1,0,1}, such that:

1. G is 3-edge-connected,

2. G has two specified faces Fg and Ff,, and at most one specified vertex
d ort,

3. there is at least one vertex in common between Fg and F(,,

4. if d exists, then it has degree 3, 4, or 5, is oriented, and is in the
boundary of both Fg and F(,
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5. if t exists, then it has degree 3 and is in the boundary of at least one
of Fg and F,,

6. G has at most one 3-edge-cut, which can only be 6({d}) or 6({t}), and

7. every vertex not in the boundary of Fg or F}, has 5 edge-disjoint paths
to the union of the boundaries of Fg and F(..

We define all 3-edge-connected graphs on at most two wvertices to be FT
graphs, regardless of vertex degrees.

We note that a DTS graph where at most one of d, ¢, and s exists is an
FT graph.

Theorem 4.2. Fvery FT graph has a valid orientation.

Proof. Let G be a minimal counterexample with respect to the number of
edges, followed by the number of unoriented edges. If |E(G)| = 0, then G
consists of only an isolated vertex, and thus has a trivial valid orientation.
If |[E(G)| — deg(d) = 0 then G has an existing valid orientation. Thus we
may assume G has at least one unoriented edge.

We will establish the following series of properties of G.

FT1: The graph G does not contain a loop, unoriented parallel edges, or a
cut vertex.

We define a Type 1 cut to be an edge-cut §(A) that does not intersect the
boundary of Fg or F,. Since Fz and F have a common vertex, it follows
that they are either both contained in A or both contained in G — A. Hence
this is an internal cut. We define a Type 2 cut to be an edge-cut 6(A) that
intersects the boundary of exactly one of Fg and F{. Finally, we define a
Type 3 cut to be an edge-cut §(A) that intersects the boundary of both Fg
and Fp,.

FT2: The graph G does not contain
a) a 2-robust at most 5-edge-cut of Type 1 or 3,
b) a 2-robust 4-edge-cut,
c¢) a 2-robust 5-edge-cut of Type 2 where ¢ is on the side containing
the boundary of both Fg and F¢,, or
d) a 2-robust 6-edge-cut of Type 1.

FT3: The graph G does not have a chord of the cycle bounding Fg, that
is incident with a vertex of degree 3 or 4.

FT4: The vertex t exists.

FT5: There is no edge in common between Fg and F.
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Verifying these properties forms the bulk of the proof of Theorem 4.2.
We complete the proof by considering a vertex in common between F; and
F¢, of least degree.

Property FT1 is straightforward, and the proof is omitted. It can be
read in de Jong [2].

FT1. The graph G does not contain a loop, unoriented parallel edges, or a
cut vertex.

We consider edge-cuts in G.

FT2. The graph G does not contain

a) a 2-robust at most 5-edge-cut of Type 1 or 3,

b) a 2-robust 6-edge-cut of Type 1,

c) a 2-robust 4-edge-cut, or

d) a 2-robust 5-edge-cut of Type 2 where t is on the side containing the
boundary of both Fg and F(..

Proof.

a) Suppose that G does contain a 2-robust at most 5-edge-cut dc(A) of

Type 1 or 3. Assume that d,t € G — A, and, if the cut is of Type 1,
the boundaries of Fiz and F are in A. Let G’ be the graph obtained
from G by contracting G — A to a single vertex. The resulting vertex
v has degree 4 or 5. If 6g(A) is of Type 1, then v has degree 5. If v
has degree 4, then the cut is of Type 3, and v is on the boundary of
both specified faces in G'. If G’ contains a 2-robust cut d¢g/(B) of size
at most 3, then such a cut also exists in G, a contradiction. Hence G’
is an FT graph and has a valid orientation by the minimality of G.
Transfer this orientation to G.
Let G” be the graph obtained from G by contracting A to a single
vertex v. This vertex has degree 4 or 5 and is oriented. If dg(A) is
of Type 3, then v is on the boundary of both specified faces in G”.
If 5g(A) is of Type 1, then we can choose both specified faces to be
incident with v. If G” has a 2-robust cut dg(B) of size at most 3,
then such a cut also exists in G, a contradiction unless it is one of the
specified vertices. Thus G” is an FT graph and has a valid orientation
by the minimality of G. Transfer this orientation to G to obtain a valid
orientation of (G, a contradiction.
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b) This case works in the same way as a). In G”, there is a degree 6 ori-

ented vertex, and no degree 3 or 4 vertices. Hence we may delete one
boundary edge incident with v to obtain a graph G"” with a degree 5
oriented vertex and no degree 3 vertex. If G”’ contains a 2-robust cut
of size at most 3, then G has a corresponding cut of size 4, contradict-
ing a). Thus G"” is an FT graph and has a valid orientation by the
minimality of G. This leads to a valid orientation of G, a contradiction.
Hence no such cut exists.

c¢) Suppose that G does contain a 2-robust 4-edge-cut ég(A). By a) dg(A)

is of Type 2. Let A be the side containing (part of) the boundaries of
both Fz and F(,. Then d € A if it exists. Let G’ be the graph obtained
from G by contracting G — A to a single vertex. The resulting vertex v
has degree 4 and is on the boundary of a specified face. If G’ contains
a 2-robust cut d¢g/(B) of size at most 3, then such a cut also exists in
G, a contradiction unless it is one of the specified vertices. Hence G’
is an FT graph and has a valid orientation by the minimality of G.
Transfer this orientation to G.

Let G” be the graph obtained from G by contracting A to a single
vertex v. This vertex has degree 4 and is oriented. There is only one
specified face, which may contain ¢. If G” has a 2-robust cut dg~ (B) of
size at most 3, then such a cut also exists in GG, a contradiction unless
it is one of the specified vertices. Thus G” is a DTS graph and has
a valid orientation by Theorem 3.2. Transfer this orientation to G to
obtain a valid orientation of G, a contradiction.

d) This case works in the same way as c). In G” there is a degree 5

oriented vertex and no degree 3 vertex. Thus G” is a DTS graph and
has a valid orientation by Theorem 3.2. Transfer this orientation to G
to obtain a valid orientation of GG, a contradiction. Il

We now consider the local properties of the graphs at vertices of low

degree.

FT3. The graph G does not have a chord of the cycle bounding Fg that is
incident with a vertex u of degree 3 or 4.

Proof. Suppose that such a chord uv exists, where degg(u) € {3,4}. Let H
and K be subgraphs of G such that H N K = {{u,v},{w}}, HUK = G,
and F, is in H. Note that this implies d € H if it exists.

Suppose that 0(H) is not 2-robust. Then K contains d, else G has un-

oriented parallel edges, and thus a valid orientation by FT1. By definition,
either v or v is d. Suppose that v = d. Since G has no unoriented degree
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3 vertex, [0(H — {u})| < 3, a contradiction. Now consider the case where
u = d. Since G has no unoriented parallel edges, 6(H) is a 3-edge-cut and
G contains a degree 3 vertex, a contradiction. Hence we may assume that
0(H) is 2-robust.

Suppose that §(K) is not 2-robust. Then |V(H)| = 3. If uw or v is d,
the above argument applies. Thus we may assume d is in V(H) — {u,v}.
If there are parallel edges with endpoints d and w, then 6({d,u}) is an at
most 5-edge-cut. Orient u and contract the parallel edges between d and u,
calling the resulting graph G’. Note that the vertex of contraction has the
same degree as d. Thus it is clear that G’ is an FT graph, and thus has a
valid orientation by the minimality of G. This leads to a valid orientation
of G, a contradiction. Suppose that there are not parallel edges with end-
points d and u. Then there are parallel edges with endpoints d and v. Since
|0({d,v})| > 5, deg (v) > 4. Orient u. Then K is an FT graph, and has a
valid orientation by the minimality of G. This leads to a valid orientation
of G, a contradiction. We may now assume that 6(K) is 2-robust.

By definition, 6(H) and 0(K) have size at least 4. Hence degq(v) > 6,
and so v is not d or t. In addition, v has degree at least 3 in both H and K.

Suppose that u # d. Then in H, contract uv. The graph H/uv is an FT
graph, and so by the minimality of G, H/uv has a valid orientation. Transfer
this orientation to G, and orient u. In K, if u has degree 2, add an edge e
directed from u to v. Then u is a directed vertex of degree 3. Since F7, is
in H, we can choose the second specified face to be incident with u. Hence
K + e is an FT graph. By the minimality of G, K’ has a valid orientation.
This leads to a valid orientation of GG, a contradiction.

Thus © = d. Then in both H and K add a directed edge from u to v.
It is clear that H 4+ e and K + e are F'T graphs, so by the minimality of G,
they have valid orientations. Transfer the orientations of H + ¢ and K + e
to GG to obtain a valid orientation of GG, a contradiction. Thus no such chord
exists. O

Similarly, no such chord of Fy, exists.
Claim 4.3. The graph G contains d or t.

Proof. Suppose for a contradiction that neither d nor ¢ exists in G. Let v
be a vertex in both Fg and F§. If deg(v) < 5, orient v, calling the resulting
graph G’. Then it is clear that G’ is an FT graph, and has a valid orientation
by the minimality of G. This is a valid orientation of GG, a contradiction.
We may assume deg(v) > 6. Orient and delete a boundary edge incident
with v, calling the resulting graph G’. Then G’ has at most one vertex of
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degree 3. If G’ contains a 2-robust at most 3-edge-cut, then G contains a
corresponding 2-robust at most 4-edge-cut, a contradiction. Hence G’ is an
FT graph and has a valid orientation by the minimality of G. This leads to
a valid orientation of G, a contradiction. O

FT4. The vertex t exists.

Proof. Suppose that t does not exist. Then by Claim 4.3, d exists. By defini-
tion, d is on the boundaries of both Fg and F(.. Suppose that d has degree 3.
Let G’ be the graph obtained from G by deleting d. Then G’ has at most
three vertices of degree 3 and no oriented vertex. If G’ contains a 2-robust at
most 3-edge-cut, then G contains a corresponding 2-robust at most 4-edge-
cut, a contradiction. Hence G’ is an RST graph, and has a valid orientation
by Corollary 3.7. This leads to a valid orientation of G, a contradiction.

Therefore, d has degree 4 or 5. Suppose that an edge e incident with
d is in the boundary of Fiz and Ff. Let G’ be the graph obtained from G
by deleting e. Then G’ has at most one vertex of degree 3 and an oriented
vertex of degree 3 or 4. If G’ contains a 2-robust at most 3-edge-cut, then
G contains a corresponding 2-robust at most 4-edge-cut, a contradiction.
Hence G’ is a DTS graph, and has a valid orientation by Theorem 3.2. This
leads to a valid orientation of GG, a contradiction.

We now assume that Fig and F, do not have an edge in common incident
with d. Let eq, es, e3, eq, and (possibly) e5 be the edges incident with d in
cyclic order, where e; is on the boundary of F; and ey is on the boundary
of Ff.. Let G’ be the graph obtained from G by deleting e; and ey. Then G’
contains at most two vertices of degree 3 and an oriented vertex of degree
2 or 3. If G’ contains a 2-robust at most 3-edge-cut, then G contains a
corresponding 2-robust either at most 4-edge-cut, or 5-edge-cut of Type 3,
a contradiction. Let G” be the graph obtained from G’ by adding a directed
edge from d to the other endpoint of e3 if degq (d) = 2. Then G’ is a DTS
graph, and has a valid orientation by Theorem 3.2. This leads to a valid
orientation of (G, a contradiction. O

Claim 4.4. The vertex t is not in the boundary of both Fg and F,.

Proof. Suppose that t is in the boundary of both Fi and F(,. Let G’ be the
graph obtained from G by orienting the edges incident with ¢ to satisfy p(¢).
Then G’ is an FT graph and has a valid orientation by the minimality of G.
This is a valid orientation of G, a contradiction. Il

FT5. There is no edge in common between Fg and F,.
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Proof. Suppose for a contradiction that G has an edge e in the boundary of
Fg and F(,. Then e is not incident with ¢ by Claim 4.4. Let G’ be the graph
obtained from G by deleting e. Then G’ has at most three vertices of degree
3 and no oriented vertex. If G’ contains a 2-robust at most 3-edge-cut, then
G contains a corresponding 2-robust at most 4-edge-cut, a contradiction.
Hence G’ is an RST graph, and has a valid orientation by Corollary 3.7.
This leads to a valid orientation of (G, a contradiction. ]

By definition, there exists a vertex in the boundaries of both Fiz and F,.
Among all such vertices, let v have the least degree, say k. Let e1,e2,..., ¢
be the edges incident with v in cyclic order, where e; and e; are on the
boundary of Fg. Let i be such that e;, e;11 are on the boundary of F,. Note
that ¢ # 1 and i + 1 # k by FT5.

Claim 4.5. We have k > 5.

Proof. The alternative is that & = 4. Since G does not contain unoriented
parallel edges, at most one of the edges e, es, e3, e4 is incident with t.
Hence without loss of generality, we may assume that e; and ey are not
incident with ¢. Let G’ be the graph obtained from G by lifting e3 and
e4, and orienting and deleting e; and es. Then G’ contains at most three
vertices of degree 3. If G’ contains a 2-robust at most 3-edge-cut, then G
contains a corresponding 2-robust at most 4-edge-cut, or a 2-robust at most
5-edge-cut of Type 3, a contradiction. Then G’ is an RST graph, and has a
valid orientation by Corollary 3.7. This leads to a valid orientation of G, a
contradiction. O

Claim 4.6. We have i # 2.

Proof. Suppose that i = 2. Let G’ be the graph obtained from G by lifting
e1 and ey. Then G’ contains at most two vertices of degree 3: v and t. If
G’ contains a 2-robust at most 3-edge-cut, then G contains a corresponding
2-robust at most 5-edge-cut of Type 3, a contradiction. Then G’ is an RST
graph, and has a valid orientation by Corollary 3.7. This leads to a valid
orientation of (G, a contradiction. Hence i > 2. O

Similarly we may assume that i +1 < k — 1. It follows that k > 6.

Let G’ be the graph obtained from G by lifting e; and es. It follows that
degq/ (v) >4, so G’ has at most one degree 3 vertex: ¢. If G’ has a 2-robust
at most 2-edge-cut, then G has a corresponding 2-robust at most 4-edge-
cut, a contradiction. If G’ is an FT graph and has a valid orientation by
the minimality of G, this leads to a valid orientation of GG, a contradiction.
Hence we may assume that G’ is not an FT graph. Then G’ contains a
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Figure 9: A graph with a directed vertex of degree 5 (4), one (two) degree 3
vertex (vertices), and no valid orientation.

2-robust 3-edge-cut d¢/(A). Now dg(A) is a 2-robust 5-edge-cut using e;
and ey. By FT2, d¢(A) is of Type 2 and separates ¢ from v.

Let G” be the graph obtained from G by lifting e; and e;_;. Similarly, G”
is an F'T graph and has a valid orientation by the minimality of G, unless G”
has a 2-robust 5-edge-cut dg(B) of Type 2 using e; and e;_; that separates
t from v.

But dg(A) intersects only the boundary of Fg, so ¢ is on the boundary
of Fg and not F(. Similarly d¢(B) intersects only the boundary of F, so t
is on the boundary of F, and not Fg, a contradiction.

We conclude that no such counterexample exists. Therefore all FT
graphs have a valid orientation. O

5. Discussion

In this section we relate the theorems of this paper to the 3-Flow Conjecture
and the Strong 3-Flow Conjecture, and consider possible extensions of these
results.

Theorem 1.3 allows a directed vertex of degree 5, or a directed vertex of
degree 4 and a degree 3 vertex, but not both a directed vertex of degree 5
and a degree 3 vertex. The reason for this is that any graph with a degree
5 directed vertex d adjacent via parallel edges to a vertex t of degree 3 does
not have a valid orientation for some prescription functions. For example, if
the edges incident with d and ¢ are directed into ¢, and p(t) = —1, then G
has no valid orientation. Such a graph can be seen in Figure 9.

In Theorem 3.2 we allow a directed vertex of degree 3 with two other
degree 3 vertices. Again, a directed vertex of degree 4 with two degree 3
vertices is not possible. If d is a degree 4 directed vertex adjacent via parallel
edges to a vertex t of degree 3, then there may not be an orientation of ¢ that
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d,—1 d,0

t,0 s,0

5,0

Figure 10: A graph with a directed vertex of degree 4 (3), three (four) degree
3 vertices, and no valid orientation.

extends the existing orientation of d and meets p(t). Now §({d,t}) is a 3-
edge-cut, but since the graph has a second degree 3 vertex, such a 3-edge-cut
need not be 2-robust. This graph can also be seen in Figure 9.

When increasing the number of unoriented degree 3 vertices to three, we
know of no graph or family of graphs that would rule out a directed vertex
of degree 3. While the example in Figure 9 does not extend to this case, we
note that there is an infinite family of graphs with three degree 3 vertices
and an oriented degree 4 vertex that do not have a valid prescription. Let G
be a graph where the boundary of the outer face consists of a directed degree
4 vertex d, and three degree 3 vertices r, s, and t. Let p(d) = p(t) = —1,
p(r) = p(s) = 0, and assume that all edges incident with d are directed
out from d. Let A =G —{d,r,s,t}. Then 6(A) is an internal 5-edge-cut. We
assume that p(A) = —1. Then p(G) = 0, so p is a valid prescription function.
Since rd is directed into r, all edges incident with r must be directed into r.
Since rs is directed out of s, all edges incident with s must be directed
out of s. Then st and dt are directed into t. No direction of the remaining
edge incident with ¢ meets p(t), so G does not have a valid orientation that
meets p. This family of graphs can be seen in Figure 10.

If we allow a directed vertex d of degree 3 and four vertices of degree
3, then we obtain a similar family of graphs. Let the boundary of the outer
face of G consist of d and the four vertices of degree 3, producing an internal
5-edge-cut. Assume that all vertices have prescription zero. Each of the five
vertices on the boundary of the outer face has either all edges pointing into
the vertex, or all edges pointing out. It is clear that with an odd length
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boundary, this is not possible. Hence G does not have a 3-flow (as opposed
to simply a modulo 3 orientation meeting p). This family of graphs can also
be seen in Figure 10.

Similarly, we consider extending Corollary 3.7 to allow further degree
3 vertices. It is clear that a family of graphs with five vertices of degree 3
similar to that with four and a directed degree 3 vertex can be constructed,
that do not have nowhere zero Zs-flows. We conjecture that such graphs
with four degree 3 vertices or three degree 3 vertices and a directed degree
3 vertex have a valid orientation to meet a given valid prescription function.
If true, then this would be a best possible such result.

Conjecture 3. Let G be a graph embedded in the plane, together with a
valid prescription function p : V(G) — {—1,0,1} such that:

1. G is 3-edge-connected,

2. G has a specified face Fg, and at most four specified vertices d, r, s,
and t,

3. if d exists, then it has degree 3, is in the boundary of Fg, and may be
oriented,

4. if r, s, ort exists, then it has degree 3 and is in the boundary of Fg,

5. G has at most four 3-edge-cuts, which can only be 6({d}), §({r}),
0({s}), and 6({t}), and

6. every vertex not in the boundary of Fg has 5 edge-disjoint paths to the
boundary of Fg.

Then G has a valid orientation.

Theorem 4.2 requires d, if it exists, to be in the boundaries of both
Fg and F{. In the following conjecture we remove this hypothesis, and the
requirement that the two specified faces have a vertex in common.

Conjecture 4. Let G be a graph embedded in the plane, together with a
valid prescription function p : V(G) — {—1,0,1}, such that:

~

. G is 3-edge-connected,

. G has two specified faces Fg and Ff,, and at most one specified vertex
d ort,

3. if d exists, then it has degree 3, 4, or 5, is oriented, and s in the

boundary of Fg or F,

if t exists, then it has degree 3 and is in the boundary of Fg or Fy,,

G has at most one 3-edge-cut, which can only be 6({d}) or 6({t}), and

every vertex not in the boundary of Fg or Ff has 5 edge-disjoint paths

to the union of the boundaries of Fg and F(..

IS

S



Two strong 3-flow theorems for planar graphs 477

U3g+2, t1  v3g—o,+1

V3k43, —1 b V3g—3, +1

U3g+1, T U3k—1, +1

Figure 11: A graph with two specified faces, a directed vertex of degree 4,
and no valid orientation.

Then G has a valid orientation.

To adapt the arguments from de Jong and Richter [3] to the torus would
require a version of Conjecture 4 in which both d and ¢ exist. The following
example shows that this version does not hold. Consider a graph G with two
specified faces Fig and Fy, such that every vertex is on the boundary of Fig
or F}. Let t be a degree 3 vertex on the boundary of F(, and w a degree
5 vertex adjacent to t on the boundary of Fg. Suppose that G has a cycle
P = wvgvy ... v,w where n = 6k for some k € Z*, v; has degree 4 for all
1 <i<n,vy,ve,...,v, alternate between the boundaries of Fig and F(,, and
V(G) = {t,w,v1,v2,...,v,}. Assume that d = vz2. We set w = v_1 = vp41
and t = v_g = v,49. See Figure 11.
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Suppose that p(d) = —1 and all edges incident with d are directed out
from d. Let p(vz_1) = p(vz_2) = p(vz41) = p(vz42) = +1. Let p(v;) = +1
for j < § —2and p(vj) = —1 for j > § 4 2. Let p(t) = p(w) = 0. Then it is
clear that p is a valid prescription function for G.

Lemma 5.1. The graph G does not have a valid orientation that meets p.

Proof. We first show that for all 0 < j < k, the edges v3(,_j)v3(k—j)—1
and v3(_j)V3(k—j)—2 point out of vzx_j;. We proceed by induction on j.
The base case is determined by the directions of the edges incident with d.
Suppose that for some j where 0 < j < k—1, the edges v3_;)v3(x—;)—1 and
V3(k—j)V3(k—j)—2 Point out of vz, ;). We consider vg;_;_1). Since the edges
V3(k—j)V3(k—j)—1 and v3(x_jV3(k—j)—2 Point out from wg;_;), the remaining
edges at each of v3,_j)—1 and v3(_;)—2 point all in or all out. Since these
vertices are adjacent, v3(x_j)—3V3(k—j)—1 and v(x_;)—3V3(r—j)—2 point one
in and one out of v3;_j;)_3. Hence the remaining two edges at vzx_j)_3:
V3(k—j)—4V3(k—j)—4 and V3(x_j)_3V3(k—j)—5, must satisfy the prescription of
v3(k—j)—3 and thus point out of v3(_j)_3 = v3(x—;j_1) as required.

Similarly for all 0 < j < k, v3(k4j)V3(k+j)+1 a0d V3(h45)VU3(k+j)+2 Point
Into v3(x4j). Then vgxt points out of ¢ and vot points into ¢. Hence no direc-
tion of tw meets p(t). Thus G has no valid orientation that meets p. O

Such a result may be possible if d is restricted to degree 3.
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