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Supercards, sunshines and caterpillar graphs

PauL BROWN AND TREVOR FENNER

The vertex-deleted subgraph G — v, obtained from the graph G by
deleting the vertex v and all edges incident to v, is called a card
of G. The deck of G is the multiset of its unlabelled cards. The
number of common cards b(G, H) of G and H is the cardinality
of the multiset intersection of the decks of G and H. A supercard
G™T of G and H is a graph whose deck contains at least one card
isomorphic to G and at least one card isomorphic to H. We show
how maximum sets of common cards of G and H correspond to
certain sets of permutations of the vertices of a supercard, which we
call maximum saturating sets. We apply the theory of supercards
and maximum saturating sets to the case when G is a sunshine
graph and H is a caterpillar graph. We show that, for large enough
n, there exists some maximum saturating set that contains at least
b(G, H) — 2 automorphisms of GT, and that this subset is always
isomorphic to either a cyclic or dihedral group. We prove that
b(G, H) < @ for large enough n, and that there exists a unique
family of pairs of graphs that attain this bound. We further show
that, in this case, the corresponding maximum saturating set is
isomorphic to the dihedral group.

KEYWORDS AND PHRASES: Graph reconstruction, reconstruction num-
bers, vertex-deleted subgraphs, supercards, graph automorphisms, sun-
shine graph, caterpillar graph.

1. Introduction

In this paper all graphs are finite, undirected and contain no loops or mul-
tiple edges. Any graph-theoretic terminology and notation not explicitly
explained below can be found in Bondy and Murty’s text [5]. For more in-
formation on the action of a permutation group on the vertices of a graph,
we refer the reader to the book by Lauri and Scapellato [16].

Let G be a graph of order n and let u,v € V(G). We denote the group
of all permutations of V(G) by Sy(g) and the identity permutation of Sy (q)
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by 1y (g)- A transposition of V(G) is a permutation that swaps two vertices
in V(G) and leaves the rest unchanged.

The neighbourhood of v in G is the set Ng(v) consisting of all vertices
of G adjacent to v. The cardinality of this set is the degree of v in G, i.e.,
da(v) = |Ng(v)|. A leaf of G is a vertex of degree 1, and an isolated vertex
of GG is a vertex of degree 0. We denote the number of vertices of degree k
in G by di(G), so Y, di(G) = n. A non-trivial component of a graph is one
of order at least two.

Suppose that H is another graph and that v is a bijection from V(G) to
V(H). For any Z C V(G), we write the image of Z under v as v(Z). When
7 is, moreover, an isomorphism from G to H, i.e., xy is an edge of G if and
only if y(z)y(y) is an edge of H, we write v(G) = H. We write G = H to
indicate that G and H are isomorphic. The group of all automorphisms of
G, i.e., isomorphisms from G to itself is denoted by Aut(G). We note that
any transposition of V' (G) that swaps a pair of leaves adjacent to the same
vertex is in Aut(G).

Now let Z C V(G). The Z-deleted subgraph G — Z is obtained from G
by deleting all the vertices of Z together with all edges of G incident to a
vertex in Z. So dg—z(v) = dg(v) — |Ng(v)NZ|, for all v € V(G — Z). When
Z =A{v} or Z = {u, v}, we write G — Z as G — v or G — u — v, respectively.
The wvertex-deleted subgraph G — v is also known as a card of G, and the
multi-set of all n unlabelled cards of G is called the deck of G, which we
denote by D(G). If Z is the set of leaves and isolated vertices of G then
G — Z is called the skeleton of G, denoted by skel(G).

Clearly, if G = H then D(G) = D(H). The Reconstruction Conjecture,
first proposed by Kelly and Ulam in 1941 [13, 14, 22|, asserts that, when
n > 2, the converse also holds, i.e., G is isomorphic to H if and only if G
has the same collection of n unlabelled cards as H. However, despite the
efforts of many graph theorists, the status of the sufficiency of the condition
remains unresolved. Surveys on the reconstruction problem can be found in
(3, 4, 16].

Since the conjecture remains unresolved, attention has focused on related
reconstruction problems. One such area is proving that certain classes of
graphs are reconstructible (i.e., that the conjecture is true when G and H
belong to that class of graphs), or even recognisable (i.e., that membership
of the class can be determined from the deck). Many classes of graphs have
been shown to be reconstructible, including trees by Kelly [14] and also
Bondy [2], disconnected graphs by Greenwell and Hemminger [11], and also
Manvel [18], unicyclic graphs by Manvel [17], and mazimal planar graphs by
Lauri [15].
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Another area of research has been to consider how many cards are re-
quired to reconstruct a graph — either its existential (ally) or universal (ad-
versary) reconstruction number (see [6, 20]) — or even just to recognise that it
is a member of a particular class. An equivalent approach to finding univer-
sal reconstruction numbers is to consider the mazimum number of common
cards of two graphs. A common card of G and H is any card in the multi-
set intersection D(G) N D(H), and the number of common cards of G and
H, denoted by b(G, H), is the cardinality of this multiset intersection. The
Reconstruction Conjecture can then be reformulated as follows: if G and H
are not isomorphic then b(G, H) < n when n > 2.

Until a few years ago, there were no known families of pairs of non-
isomorphic graphs that had b(G, H) > 2+1(3++/8n + 9). However, Bowler,
Brown and Fenner [6] showed that there are, in fact, several infinite families
of pairs of non-isomorphic graphs G and H with b(G, H) = 2 L%J More-
over, they conjectured that b(G, H) is bounded above by @ for large
enough n. Results for small graphs, i.e., for n < 11, have been provided by
Baldwin [1], McMullen [19] and Rivshin [21].

In a subsequent paper [7], Bowler, Brown, Fenner and Myrvold showed
that if G is disconnected and H is connected then b(G, H) < | 2| +1, i.e.,
the connectedness of a graph can be recognised from any L%J +2 of its cards.
They also characterised all pairs of graphs that attain this bound (most of
these infinite families can also be found in [6]).

A similar recognition question is to ask how many cards are required
to recognise whether a graph is a tree. Since H is a tree in some of the
families in [7], it follows that at least L%J + 2 cards may be required. To
fully answer the question, it is necessary to determine how many cards are
required to distinguish a non-tree G from a tree H when it is known that
G is connected. It is easy to show that, in this case, b(G, H) < 2 when
G contains more than one cycle. Furthermore, if G — v &£ H — t, for some
t € V(H), then v must be lie on every cycle of G. We can therefore restrict
our attention to graphs where G is unicyclic and the length of its cycle is
reasonably large. For the maximum value of b(G, H) to be attained, it has
been conjectured that G must be a sunshine graph (a connected graph for
which skel(G) is a cycle) and H must be a caterpillar (a connected graph for
which skel(H) is a path); see [6, 10]. Support for restricting our attention to
sunshine graphs and caterpillars is the observation that b(G, H) < 6 when
either G is a sunshine graph and H is a non-caterpillar tree, or when G is a
non-sunshine unicyclic graph and H is a caterpillar.

In [9], Brown gave an intricate proof that, for large n, the number of
common cards between a sunshine graph and a caterpillar of order n is at
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most 2 L”THJ and, moreover, that this bound is only attained by a unique
family of pairs of graphs for which n = 4 (mod 5). In this paper, we prove
this result using supercards, a new approach to the study of the maximum
number of common cards that we introduced in [8].

A supercard of G and H is a graph G, the deck of which contains
at least one card isomorphic to G and at least one card isomorphic to H.
In [8], we showed the existence of certain subsets of Sy (g+) of cardinality
b(G, H), the elements of which are in one-to-one correspondence with the
elements of D(G)ND(H ). We called these subsets mazimum saturating sets.
We further showed that, for many families of pairs of graphs with a large
number of common cards, there exist maximum saturating sets containing
a large number of automorphisms of G.

We use supercards to investigate the case when G is a sunshine graph and
H is a caterpillar. We show that, when b(G, H) > 2 L\/ 2n + IJ + 4, we may
construct supercards G+ of G and H, and suitable maximum saturating sets
for which almost all of the elements are automorphisms of GT. We further
show that, in each case, the subset of elements that are automorphisms forms
a group isomorphic to either a cyclic or dihedral group. We present several
families of sunshine-caterpillar pairs that have such supercards and a large
number of common cards. Finally, we show that b(G, H) < % when
n > 62, and we exhibit the unique family of pairs of graphs that attain this
bound. In this case, the maximum saturating set is a subgroup of Aut(G™)
isomorphic to a dihedral group.

2. Supercards and maximum saturating sets
We now recall the main definitions and results in the theory of supercards.

Detailed explanations and proofs of the results can be found in [8].

Lemma 2.1. Let G and H be graphs, and let v be a bijection from V(G) to
V(H). Suppose that there is some vertez v of G such that v(G—v) = H—~(v)
and y(N¢(v)) = Nu(v(v)). Then v(G) = H.

Corollary 2.2. Let G be a graph and let v € V(G). Suppose that v € Sy (q)-
Then v € Aut(Q) if and only if

NG =v) =G =) and  y(Ng(v)) = Na(y(v)).

Definition 2.3. A supercard of G is any graph of order n + 1 whose deck
contains a card isomorphic to G.
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Definition 2.4. A common supercard of G and H is any graph that is a
supercard of both G and H, i.e., a graph whose deck contains some card G
isomorphic to G and another card H isomorphic to H. For brevity, we refer
to such graphs as supercards of G and H.

Lemma 2.5. There exists a graph G* that is a supercard of G and H if
and only if b(G, H) > 1.

It is easy to verify that, if v € V(G), t € V(H) and 7 is an isomorphism
such that v(G —v) = H —t, then the graph G* defined by

V(G")
1 EG)

V(G) U{w},
EG)U{zw |z € V(G —wv)and y(x)t € E(H)},

for some w ¢ V(G) UV (H), is a supercard of G and H. In this case, G =

~

G*—w=Gand H=G"—v= H (see Lemma 3.3 in [8].)
For the rest of this section we assume that b(G, H) > 1. We then let G+

bAe some supercard of GAand H, and let v and w be vertices of G such that
G=G"—-w=Gand H=G"—v=>H.

Definition 2.6. The set of active permutations of G with respect to v and

w, denoted by By (GV), is the subset of Sy (g+) defined by

(2) Buuw(GF) ={A € Syar) [ AM(GT —w) = A7 (v)) = (G —v) = Aw)}
={AE€ Sy | AG =2 (v) = H - \w)}

We note that 1y (g+) € Byw(G™), and that if X € By, (GT) then A(w) #
v, since G and H are not isomorphic.

Definition 2.7. BS, (G¥) is the subset of By, (GT) defined by
(3) BS,(GT) = {\ € Buu(GT) [ \(G) = GF = Aw)}.

Definition 2.8. A maximum saturating set of By, (GT) is a subset X C
By (GT) that satisfies the following three properties:

(a) 1V(G+) € X;

(b) if X and 7w are distinct permutations in X then A\™1(v) # 7~ 1(v) and
Aw) # m(w);

(c) there is no o in By,(GT)\ X such that X U {c} satisfies ().
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We note that, for any pair of distinct permutations A and 7 in X, (b)
guarantees that Gt — A71(v) # GT — 771 (v) and GT — \(w) # G — 7(w)
although either pair of graphs could be isomorphic.

Although condition (c¢) only ensures that X is maximal with respect
to (a) and (b), it follows from Theorem 2.11 below that all maximum sat-
urating sets have the same cardinality. This implies that such sets are in
fact of mazimum cardinality with respect to (a) and (b), and justifies our
terminology in Definition 2.8.

i

Definition 2.9. Let X be a maximum saturating set of By,(GT). Then
Xg = XnBS,(G).

Definition 2.10. A G*-optimum saturating set of By, (G™) is a mazimum
saturating set X of Buw(GT) for which |Xq| takes its mazimum possible
value. We define x(G) = |X¢| for any G -optimum saturating set X .

Theorem 2.11. Let Y C By, (G™) satisfy properties (a) and (b) of Defini-
tion 2.8.

(a) IfY is not a maximum saturating set of By, (GT) then |Y| < b(G, H).

(b) If Y| < b(G, H) then there is a mazimum saturating set X such that
Y C X (soY is not a maximum saturating set).

(c) Y is a mazimum saturating set of By (G™1) if and only if |Y| =
b(G, H).

We make frequent use of the fact that every maximum saturating set of
Byw(GT) has cardinality b(G, H) without explicitly quoting this theorem.

3. Sunshine graphs and caterpillars

We recall that skel(G), the skeleton of the graph G, is the graph G — X,
where X is the set of leaves and isolated vertices of G. A sunshine graph is
a connected graph whose skeleton is a cycle and a caterpillar is a connected
graph whose skeleton is a path. Clearly, all sunshine graphs are unicyclic and
all caterpillars are trees. We shall use supercards to investigate the number
of common cards between pairs of such graphs.

We denote the diameter, i.e., the length of a longest path, of a connected
graph G by diam(G). If G consists of a tree 1" plus a collection of isolated
vertices, then we define diam(G) = diam(7"). A leaf at the end of any longest
path in a graph is called a peripheral leaf. For any vertex v of G, we denote
the number of vertices in N¢(v) of degree 2 by 7¢(v). A d-leaf of G is a leaf
w (in a component of order at least three) for which 7¢(w) = 0, i.e., the
degree of its neighbour is at least 3.
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We are interested in pairs of sunshine graphs U and caterpillars T with a
large number of common cards relative to their order n. We therefore assume,
for the rest of this paper, that all the pairs U and T that we consider have
b(U, T') > 5. By inspection, it is easy to show that, for such pairs, the unique
cycle of U is of length at least 6, and that U has at least one leaf.

We use the following conventions for any sunshine graph S with skeleton
ToT1 ... Te_120: for any integer k, we interpret x; to be the vertex z;, where i
is the unique integer such that 0 <i < c¢—1and k = ¢ (mod ¢); in addition,
for 0 < b < a < c—1, we abbreviate the path x,xq41...Tc—120271 ... 2 ON
skel(S) to zqxgqt1 - - - Tp.

We make frequent use of the following easy result concerning the cards
of a sunshine graph.

Lemma 3.1. Let S be a sunshine graph with skeleton xozy...x._129 and
let z; be in V(skel(S)). Then S — x; consists of a caterpillar Q of diameter
¢ —1s(xi), together with dg(x;) — 2 isolated vertices. In addition:

(a) skel(Q) is Tit1Tita ... xi—1 if and only if ds(xiy1) > 3 and dg(xi—1) >
3, i.e., Ts(x;) = 0;

(b) skel(Q) is xiy1Tiva ... xi—2 if and only if dg(xit1) > 3 and ds(xi—1) =
2, i.e., ts(x;) = 1;

(c) skel(Q) is zitowiys ... xi—1 if and only if dg(zit1) = 2 and dg(zi—1) >
3, i.e., Ts(x;) = 1;

(d) skel(Q) is xiyoxiys...xi—o if and only if dg(xiy1) = ds(xi—1) = 2,
i.e., Ts(x;) = 2.

Moreover, x;11 is a peripheral leaf of Q adjacent to x;+o when dg(zit1) = 2,
i.e., in cases (c¢) and (d). Similarly, x;—1 is a peripheral leaf of Q adjacent
to x;—o when dg(x;—1) = 2, i.e., in cases (b) and (d).

Proof. Since x; 41 and x;_1 are the only non-leaves in Ng(x;) and x; is on the
unique cycle of S, clearly S — z; consists of a tree @ together with dg(z;) — 2
isolated vertices. Moreover, since skel(S) is a cycle, skel(Q) is a path, so @
is a caterpillar. It is easy to see that x;41 is a peripheral leaf of @) when
ds(x;+1) = 2; otherwise x; 41 is one of the two vertices of skel(Q) that is
adjacent to a peripheral leaf. A similar observation holds for x;_1. Cases
(a) to (d) then follow immediately. Finally, it follows from (a) to (d) that
diam(Q) = ¢ — 7s5(z;) as diam(Q) = |V (skel(Q))| + 1. O

We also make the following easy observation about the possible cards of
a caterpillar.
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Lemma 3.2. Let T be a caterpillar with skeleton yi1ya ... yp.

(a) T — y; contains precisely one non-trivial component if and only if i €
{1, p}.

(b) If t is a leaf of T that is not a d-leaf then t is a peripheral leaf, and is
adjacent to either y1 ory,. Moreover, t is the only leaf that is adjacent
to y1 or y,, respectively.

(¢c) There exist at most two leaves of T that are not d-leaves.

Proof. The results follow immediately by considering the structure of 7. [
These two results yield the following important lemma.

Lemma 3.3. Let U be a sunshine graph and T be a caterpillar. Then there
exists a supercard of U and T that is a sunshine graph.

Proof. Since U is a sunshine graph, clearly no card of U, and hence no
common card of U and T', can contain more than one non-trivial component.
So, since b(U, T') > 5, it follows from Lemma 3.2 that there exists a vertex
v of U, a d-leaf t of T', and an isomorphism v such that v(U —v) =T —t.
Let s be the unique vertex of T" adjacent to ¢, and let U* be the supercard
of U and T constructed as in equation (1). Now, since t is a leaf of T', clearly
v~1(s) is the only vertex of U* adjacent to w. Moreover, since t is a d-leaf
of T, it is easy to see that dy(y~!(s)) > 2, so y~!(s) is on the unique cycle
of U. Thus U* must be a sunshine graph. O

Let U be a sunshine graph and T a caterpillar. By Lemma 3.3, there
exists some supercard U™T of U and T that is a sunshine graph. So, for any
such supercard U™, let w and v be vertices of U™ such that U=Ut-w>U
and T=U" —0v =T, Clearly, w is a leaf of U™ as U is a sunshine graph.
In addition, since 7' is a tree, v must be on the cycle of U and dy+ (v) = 2.
We therefore label the skeleton of Ut as zox1 ... z.—170 (so the cycle is of
length ¢ > 6), where z is adjacent to w, x, is v, for some v, 1 <v <c¢—1,
and dy+(z,-1) > dy+(x,41). We further arbitrarily label all the leaves of
U™, so that each distinct leaf adjacent to z; is labelled z] for some unique j,
1 < j <dy+(x;)—2, where w is labelled x(l). Our supercard U™ thus satisfies

(4) VU =V(U)U{w} and EUT) = EU)U {zow),

assuming the above labelling of U™,

For the rest of this section, we assume that U™ is the supercard of U
and T specified in (4). Clearly, any supercard of U and T is also a supercard
of any pair of graphs isomorphic to U and T, respectively. So, for ease
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of motation, we shall write U = U — w instead of U =U*—w, and
T =U" -z, instead of T = U — x,. We note that skel(U) = skel(U™).
Applying Lemma 3.1 to U™ and x,, yields the following result.

Lemma 3.4. We have the following possibilities for the skeleton of T.

(a) If Ty+(xy) = 0 then skel(T') is xp41Tp42 ... Ty_1.
(b) If Ty+(z,) = 1 then skel(T') is xy412Ty43 ... Ty_1.
(c) If Ty+(z,) = 2 then skel(T') is Ty42Ty43 ... Ty—_2.

It follows that x,41 is a peripheral leaf of T' adjacent to x,4o when Ty+(x,) >
1, and x,_1 is a peripheral leaf of T' adjacent to x,_9 when Ty+(z,) = 2.

Proof. This follows immediately by Lemma 3.1 with S = U" and i = v,
noting that case (b) of that lemma cannot occur as dy+(z,—1) > dy+(Ty+1)-
]

We recall that By, (U™) is the set of active permutations of UT with
respect to v and w, i.e.,

(5) Buw(U') =By, .(UT) ={X€ Syw+) | MU = A" (z)) =T — A(w)}.

Lemma 3.5. Let A\ € By (UT). Then ezactly one of the following holds:

(a) Mw) is a d-leaf of T, in which case skel(T — M w)) = skel(T') and
diam(T — A(w)) = diam(7T);

(b) AN(w) is a peripheral leaf of T that is not a d-leaf, in which case
diam(7 — \w))) = diam(T") — 1;

(c) A(w) is adjacent to a peripheral leaf of T, in which case diam(T —
AMw)) < diam(T") — 1.

Proof. By Lemmas 3.1 and 3.2(a), A\(w) is either a leaf or adjacent to a
peripheral leaf. Cases (a), (b) and (c) then follow easily by considering the
structure of 7. O

Lemma 3.6. Let A\ € By, (UT). Then A\~ (z,,) € V(skel(U)), i.e., A~ (z,)
is x,, for some p, 0 < p < c—1, and dy(x,) = dr(Mw)) + 1. In addition,
U — x,, and therefore also T — ANw), consists of a caterpillar of diameter
c — 1u(x,), together with dy(x,) — 2, equivalently dr(A(w)) — 1, isolated
vertices.

Proof. Since T is a tree, clearly A™!(x,) € V(skel(U)), so A~} (z,) is z,,, for
some p. In addition, dy(z,) = dr(AMw))+1 as |[E(U)| = |E(T)| + 1. Finally,
by Lemma 3.1, U — z,, consists of a caterpillar of diameter ¢ — 7y (),
together with dy(z,) — 2 isolated vertices. O
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From Lemma 3.6 and Theorem 2.11, it immediately follows that
bU, T) <c.

For brevity, we frequently use Lemma 3.6 in the rest of this paper with-
out explicit reference. Moreover, given any A € By, (U™"), unless otherwise
stated, we let z, = A~!(z,). So, by (5),

6) AU =—z,) =AUt —w)—z,)=U" —z,) — ANw) =T — A(w).
We write the skeletons of the caterpillars in U — z,, and T' — A(w) as

(7) skel(U —x,) : aZay1-.-Tp and skel(T — Mw)) : zpxpyy ... Ts,
respectively. On applying Lemma 3.1 with S = U and ¢ = pu, we have the

following result.

Corollary 3.7. Let skel(U —x,,) be as in (7). Then x4 € {x,41, yi2} and
xp € {xy—1, Tp—2}.

Since ¢ > 6, it immediately follows that a # b.

Lemma 3.8. Let A € By (UT). Then b —a = s —r (mod ¢). Moreover,
either

(a) Mxi) = T(r_q)4i for all x; € V(skel(U —z,,)), or
(b) M) = T(s4ay—i for all z; € V(skel(U — x,)).

We note that A(xp) = x5 in (a) and A(xp) = z, in (b).

Proof. A maps the skeleton of U — x, onto the skeleton of 7" — A(w). So
b—a=s—r (mod c), and either A\(z,) = z, and \(xp) = x4, or AN(x4) = x5
and A\(xp) = x,. It is then easy to see that either (a) or (b) must hold. O

Lemma 3.9. Let A € By, (U"). Then

(8) c—1y+(xy) = diam(T) > diam(T — Aw)) = diam(U — z,,)
=c—1y(zy) >c—2.

Proof. This follows easily by applying Lemma 3.1 to U™ and z,, and then
U and z,,. O

Lemma 3.10. Let A € By, (U") be such that A(w) is a d-leaf of T. Sup-
pose that N(zuy2) & {xv—2, xy42}. Then ty(z,) = 1y+(2) = 1. Moreover,
skel(U — x,,) is either
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(a) Typt1Tpt2.. Ty, in which case N(xi) = T_pp1)4s for all z; in
V(skel(U — z,)), or
(b) Tprotyts. .. vp—1, in which case N(x;) = Tqpuqr1y—; for all x; in

V(skel(U — z,,)).

Proof. skel(T — A(w)) = skel(T") by Lemma 3.5(a). So it follows from Corol-
lary 3.4 that the possible skeletons of ' — A(w) are determined by 7+ ().
In addition, 7y (z,) = 7+ (2,) by (8). It then follows from Lemma 3.1 that
the possible skeletons of U — x,, are also determined by 7y+(z,). Using
Lemma 3.8, it is now straightforward to determine all the possibilities for
A 42), for each of the three values of 17+ ().

It is easy to see that A\(z,12) € {z,—2, v42} when 7+ (z,) # 1. Since
this excluded by assumption, it follows that ¢+ (x,) = 7y(x,) = 1. In this
case, Z, is x,42 and x5 is x,—1 by Corollary 3.4(b). So, since A(x,42) &
{12, xy42}, it is straightforward to show that either (i) x, is z 41, @p is
x,—2 and Lemma 3.8(a) holds, or (ii) 24 is 2,42, 73 is #,—1 and Lemma 3.8(b)
holds. In case (i), we have r—a = v—pu+1 (mod ¢), and in case (ii), we have
st+a=v+pu+1 (mod c). Cases (a) and (b) of the lemma then immediately
follow from Lemma 3.8. O

Definition 3.11. We define By (U™T) to be the subset of Byw(UT) contain-
ing those permuations A\ such that A(w) is a leaf of U* and a d-leaf of T.
We further define X = X N By (U™) for any mazimum saturating set X of
By (UT).
Lemma 3.12. Let A € Byy(U1) \ Byw(UT).
(a) If Ty+(z,) = 0 then AN(w) is not a d-leaf of T. Moreover,
(i) if N(w) is a leaf of T then either A(w) =z, and dy+(zy41) = 3,
or Mw) =z | and dy+(v,_1) = 3;
(i) if A(w) is a cut-vertex of T then AN(w) € {xy41,x,_1}.
(b) If Ty+(x,) =1 then
(i) if Nw) is a d-leaf of T then A\(w) = z,11 and dy+(Ty42) > 3;
(i) if M(w) is a leaf but not a d-leaf of T then either A(w) = x,4+1
and dy+ (Ty42) = 2, or Nw) = zL_; and dy+(z,-1) = 3;
(713) if A(w) is a cut-vertex of T then AN(w) € {xy42,T,—1}
(c) If Ty+(z,) = 2 then AN(w) is a d-leaf of T and AN(w) € {xy41, Tp—1}.
Proof. Since A € By (U™T), either A(w) is a d-leaf of T that is not a leaf of

U, or it is not a d-leaf of T, in which case (b) or (¢) of Lemma 3.5 must
hold.
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(a) Suppose that 7+ (x,) = 0. Then skel(7") is given by Corollary 3.4(a),
so every leaf of T' is a leaf of U™ . It immediately follows that A\(w) cannot be
a d-leaf of T'. Now, if case (b) of Lemma 3.5 holds then it is easy to see that
either A(w) =z, and dy+(2y41) = 3, or A(w) = z_; and dy+(z,—1) = 3.
On the other hand, if case (c) holds then A(w) is either z,41 or x,_1.

(b) Suppose that 77+ (z,) = 1. Then skel(7T") is given by Corollary 3.4(b),
so the only possible d-leaf of T' that is not a leaf of U™ is x,,11; in this case,
clearly dy+(zy,+2) > 3. Now, if case (b) of Lemma 3.5 holds then it is easy
to see that either A\(w) = 2,41 and dy+(7,42) = 2, or AM(w) = xL | and
dy+(xy—1) = 3. On the other hand, if case (c) holds then A(w) is either z, 4o
or ry_—1.

(¢) Suppose that 777+ (z,) = 2. Then skel(T) is given by Corollary 3.4(c),
so the only possible d-leaves of T' that are not leaves of U™ are x,,1 and
x,—1. Since equality holds throughout (8), clearly diam(7'—\(w)) = diam(7")
and, therefore, neither case (b) nor case (c) of Lemma 3.5 holds. O

Corollary 3.13. Let X be a mazimum saturating set of By, (U™).
(a) If Ty+(x,) = 0 then |X \ X| < 4.
(b) If T+ (x,) =1 then | X \ X[ < 4.
(c) If Ty+(zy) = 2 then | X \ X| < 2.

Proof. This follows immediately from Lemma 3.12 and part (b) of Defini-
tion 2.8. O

We recall from Definition 2.10 that a Ut-optimum saturating set X of
Byw(U™) is a maximum saturating set of By, (U™) such that | Xy| = x(U™).

Corollary 3.14. If there exists a U™t -optimum saturating set X of By, (U™)
such that X C Xy then b(U, T) < x(U™T) + 4.

We now consider the permutations in BY, (U%), i.e., those permutations
A in By (UT) such that A(U) = U — A(w).

Lemma 3.15. Let A € BY, (U"). Then A\(w) is a leaf of UT adjacent to a
vertex of degree dy+(xo), dy(x,) = 2, and either

(a) Nz;i) = x(,—p)4i for all x; (a rotation), or
(b) M) = 2(yqpy—i for all z; (a reflection).

Proof. Since A\(U) = UT — \(w), clearly A\(w) must be a leaf of UT adjacent
to a vertex of degree dy+(zg). Thus dy(z,) = 2 by Lemma 3.6. Now A
must preserve the cycle structure of U. So, since A(z,) = x,, it follows that
either AN(x,4i) = 24 and A(x,—;) = x,—; for all 4, or A(x,44) = x,—; and
M@ y—i) = x4 for all i. Cases (a) and (b) then follow immediately. O
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_ The following lemma gives a methodology for replacing permutations in
Buw(UT) by “equivalent” permutations in BY, (UY).

Lemma 3.16. Let )\ € EW(Uﬂ Suppose that N(zu42) € {zv—2, Tvi2}.
Then there exists A\ € BY, (UY) such that A~ Yay) = X Yw) = 2, and

Nw) = Mw).

Proof. By Corollary 3.7, ©, € {x,41, uq2} and xp € {21, Tu—2}; s0
Zpt2 € {xq, Taq1}. Since A(w) is a d-leaf of T', it follows from Lemma 3.5(a)
that skel(T' — A(w)) = skel(T"). So z, € {zy41, Ty42} and x5 € {zy_1, Tp—2}
by Lemma 3.4. We now assume that A\(z,42) = 2,42 and prove the result in
this case. The case when A(x,42) = 2,2 can be proved in a similar manner.

Suppose that Lemma 3.8(b) holds. Then {A(z4), A(za+1)} C{xs,xs-1} C
{1, xy_2, xy_3}. Since N(x,42) = Ty42 and x,42 € {24, Tq41}, this im-
plies that x,42 € {z,_1, T,—2, x,—3}. This is impossible as ¢ > 6. There-
fore Lemma 3.8(a) must hold. Hence r —a = s —b = v — p (mod ¢), and
M) = T(y—p)4s for all z; in V(skel)(U — z,,)).

Let 6 be the transposition of V(1" — A(w)) that swaps A(z,+1) and z,41.
We show that 6 € Aut(T — ANw)). If M(@u41) = Zp41 then 0 is 1y (p_\(w)),
so there is nothing to prove. Suppose therefore that A(z,41) # y41. It is
then easy to show that x,,1 & V(skel(U — z,,)), so x4 is ;42 and x4 is
a leaf of U — x,, adjacent to x,. Hence, correspondingly, A(z,+1) is a leaf of
T — Mw) adjacent to z,. Furthermore, x, is x,42, S0 x,41 is also a leaf of
T — Mw) adjacent to x,. Thus 6 swaps a pair of leaves adjacent to x, 2, S0
0 € Aut(T — A(w)) in this case also.

By considering the vertices x; and x, it is easy to show that the transpo-
sition ¢’ OfV(T A(w)) that swaps A(xy—1) and 2,1 is also in Aut(T AMw)).
Let us define A € Sy w+) by /\(xp,) = 2., Aw) = Mw) and A(u) = 00X (u)
for all other vertices u of U'. Then

MU —2,) = 00NU — z,) = 0'0(T — Mw)) =T — Mw),

S0 A € Buyw(UT). Moreover, since X(xuﬂ) = z,41 and X(xu 1) = Ty_1,
it follows that A(Ny(x,)) = {xl, 1, Ty+1} as dy(xy) = 2. Hence )\(U) =
U+ — A(w) by Lemma 2.1, i.e., A € BU (UT). O

Lemma 3.17. Let X be a mazimum saturating set of Byw(UT) and let L
be the subset of X defined by L = {\ € X | N(wut2) € {xv—2, Tvy2} }. Then

(a) |L| < x(U"); -
(b) if X is a Ut -optimum saturating set of By,(U™) then Xy N X = L.
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Proof. For each A € L, we let A be the permutation in BY (U+) as defined
in Lemma 3.16. We then define L to be the set of all such \. Since X is a
maximum saturating set of By, (UT), clearly X \ L and L are disjoint, and
the set X defined by X = (X \ L) UL is also a maximum saturating set.
Moreover Xy = (Xy \ L) U L. Therefore |L| = |L| < |Xy| < x(U1).

Now suppose that X is UT-optimum. If A\ € Xy N X then A € L by
Lemma 3.15. Thus Xy N X C L. So suppose that L € Xy. Then \X’U| =
|Xy\L|+|L| > |Xy/|. This is impossible since X is Ut-optimum. So L C Xy,
and therefore Xy N X=1I. O

Corollary 3.18. Let X be a Ut -optimum saturating set of By,(UT). If
there exists A € X \ Xy then ty+(x,) = 1 and {MNz,q2), Mzu—2)} =
{$V+37 -771/—1}-

Proof. This follows easily from Lemma 3.17(b) and Lemma 3.10. O

It follows from this result that X C Xy when 7+ (2,) # 1.

If there exists a UT-optimum saturating set X of By, (U™T) such that
X C Xy then b(U, T) < x(U") + 4 by Corollary 3.14. When there is no
such set, we must construct another supercard of U and T'.

Let 0 € By (U™), and let ze =0 Ywz,), 50 o(U—z¢) =T — o(w). Let
u be the unique vertex of T" adjacent to o(w). Since o(w) is a d-leaf of T,
clearly dp_q(y)(u) > 2, and thus dy_, (0~ (u)) > 2. Hence 0! (u) is 2, for
some 7, 0 <71 < c— 1. We note that x, cannot be w¢.

We now define a new sunshine graph U, constructed from U*. First
we delete from U™ the edge zow and add an additional edge x,w. We then
relabel the skeleton of U™ as 22y ... ze—120, where xy is relabelled as zp, ¢
as z¢, and the other vertices on the cycle in the natural way, reversing the
labelling around the cycle if necessary in order to ensure that dy+(z¢-1) >
dy+(2¢41). Finally, as before, we relabel all the leaves of U™ so that each
distinct leaf adjacent to z; is labelled zg for some unique j, 1 < j < dpy+ (25) —
2, where w is labelled z}. We note this labelling is analogous to the original
labelling of U™.

Since |V(U1)| = |[V(U})|, we may define a bijection 6 from V(U™) to
V(U;}) that encapsulates the relabelling described above, i.e., 6(z;) = zj—y if
the order of the labels around the cycle did not need reversing, and 6(z;) =
zp—q if it did. We also specify that §(w) = w, and that § maps the remaining
leaves of U™ so that those adjacent to z; map to leaves adjacent to 6(x;) for
each z;. We note that 6(z,) = 2o and 0(x¢) = 2.
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Clearly, dy+ (z¢) = 2, as dy(z¢) = 2 and x) is not x¢. Let Uy = U} —w
and T, = U} — z¢. Then U is a supercard of U, and T, that satisfies

(9) VU =V({U,)U{w} and EU})= EU,)U{zw}.

For ease of notation, we write By, (U}) for the set of active permutations
of U} with respect to z; and w, i.e.,

Buw(Uy) = {m € SV(UJ) | 7(Us — )‘71(24)) =T, — m(w)}.

Clearly, U is a sunshine graph with skeleton zgz1 ... 2.-120, labelled anal-
ogously to the labelling of U™, and U, is a sunshine graph. Furthermore,
since dp;+(2¢) = 2, it follows from Lemma 3.1 that 7, is a caterpillar. Hence
U} is a supercard of the sunshine graph U, and the caterpillar T),. We may
therefore use results corresponding to Lemma 3.4 to Corollary 3.18 by sub-
stituting U, Uy, T, and By, (U}) for UT, U, T and By, (U™"), respectively.

We now show that U} is also a supercard of U and T, and thence
relate the maximum saturating sets of By, (U™T) and By, (U;). In each of
the following four lemmas, we define U} to be the supercard in equation
(9) for the given permutation o, satisfying o(U — z¢) = T — o(w), where
z¢ = 0 1(z,). As above, 6 denotes the corresponding map from V(UT) to
V(U)).

Lemma 3.19. Let o € Byy(US). Then 671(U,) = U, 00~ Y(T,) = T, so
U} is a supercard of U and T.

Proof. Since §(w) = w, the restriction of 6 to U is clearly a relabelling of the
vertices of U that preserves neighbourhoods. So 8(U) = U,. It now follows
that

o NUS —w—2)=0(U -0 2)) =0(U—x) =T — o(w).
So, since 09*1(NUG+_Z<(w)) = {007 (20)} = {o(z)} = Nr(o(w)), it follows
from Lemma 2.1 that o6~ (U} — 2¢) = T. O
For any A € By (U™T), we define A\, € Sy by Ao = o= INo~ 1.
Lemma 3.20. Let 0 € Byyw(US) and let A € By (UT). Then At (ze) =
0(x,) and Ny € By (UF).

Proof. A\;1(z¢) = OAx1o07 (z¢) = 0(x,). In addition, since 071(U,) = U,

= 0(
o0~ (T,) =T and A\(U — z,) = T — A(w), we have
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Ao(Us =251 (20) = Ao(Us = O(2y)) = 00~ AU — 2,,)
= o YT — \Nw)) =T, — o' N0  (w),

as O(w) = w. Hence A\, (U, — )\;1(24)) =Ty — Ao(w), 80 Ay € By (US). O

Lemma 3.21. Let X be a mazimum saturating set of By (UT) and suppose
that o € X. Then the set X, defined by X, = {\s | A € X} is a mazimum
saturating set of By, (UJ).

Proof. By Lemma 3.20, X, C By, (U}). Moreover, since X is a maximum
saturating set of By, (U +) that contains o, it is straightforward to show that
X, satisfies conditions (a) and (b) of Definition 2.8. So, since |X,| = |X],
it follows from Theorem 2.11(c) that X, is a maximum saturating set of
Buyw(U). O

For the final lemma in this section, we make use of the fact that if
O(xi) = zj then 0(xiyr) € {zjk, zj1r}, and 07 (zj41) € {i_p, Tix} for
all k.

Lemma 3.22. Let X be a U™ -optimum saturating set of By, (U™T). Suppose
there exists some o € X \ Xy. Then |X| < 2max(x(U"), x(US)) +1

Proof. Let X, = {m, | m € X}, and let P be the subset of X, defined by P =
{ms | € X\XU}NWe show that |[P| < x(U;)+1. As |P| = | X\ Xy, it will
then follow that | X| < x(UT)+ x(U})+1 < 2max(x(UT), x(U;}))+1. We
note that, since X, is a maximum saturating set of Byw(U;) by Lemma 3.21,
we may define X(, =X, N va(UJr) as in Definition 3.11.

It follows from the definition of P that, given any m, € P, there exists
a corresponding 7 € X \ Xy. We next show that if A\, € PN X, then
Ao(za+y2) € {z¢—2), Zc42}, where 2z, = /\;1(24). So PNX, C L,, where L, is
the subset of X, that corresponds to the subset L of X in Lemma 3.17. Using
Lemma 3.17(a) for X, it will immediately follow that [P N Xq| < x(U,).

Let Ay € PN X,. On using Corollary 3.18 first for A and then for o, we
see that {M@u2), A2} = {0(@e ). 0(wesa)}. Thus {0~ A(r,s),
o N (@pt2)} = {@e—2,2¢12}- So, since z, = 0(z,,) by Lemma 3.20, it follows
that 071 (2442) € {u—2,2,u12}, and hence oA (za42) € {Te 2, weya}.
Therefore Ay (2a+2) € {8(x¢—2), 0(:c§+2} = {z¢_2, Zc42} as required.

It remains to be shown that |P\ X,| < 1. So 0 suppose that there exists
Ao € P\ X,. Now A(w) is a d-leaf of T as A € X. So, since 0o~ (T) = T,
by Lemma 3.19 and A\, = 6o~ ' A0~ it follows that A, (w) must be a d-leaf
of T,. As \, € X,, this implies that, although \,(w) is a leaf of T}, it is not
a leaf of US. We now show that zc;1 is the unique leaf of T, that is not a



Supercards, sunshines and caterpillar graphs 57

leaf of U}. Since 7, (w) must be distinct for each m, € X, this will imply
that P\ X, = {\}, and therefore |P\ X,| < 1.

Now diam(7T') = diam(T,) as T = T,. So, by applying Lemma 3.1 to U™
and z,, and then to U} and z, it is easy to see that y+(x,) = 75+ (2¢).
Now, since X is U T-optimum and o € X \ X1, it follows from Corollary 3.18
that 77+ (2,) = 1, and thus 7;4 (2¢) = 1. On applying Lemma 3.4 to U,
T, and z¢, it then follows that z¢1 is the only leaf of 75, that is not a leaf
of U; . This completes the proof. O

Theorem 3.23. Let UT be a supercard of U and T that is a sunshine graph
that has the largest possible value of x(U™) over all supercards of U and T
that are sunshine graphs. Then b(U, T) < 2x(U™) + 5.

Proof. Let X be a Ut-optimum saturating set of By, (UT). Now, if X C X/
then the result holds immediately by Corollary 3.14. So suppose that there
exists 0 € X \ Xy, and let U} be the supercard of U and T as defined in
equation (9). Then |X| < 2max(x(UT), x(U;)) + 1 by Lemma 3.22. So,
since Ut is a sunshine graph, b(U, T) < 2x(U™) + 5 by Corollary 3.13. O

4. The set BY (UT)

Let U be a sunshine graph and T be a caterpillar. For the rest of this
paper, we shall assume that UT is a supercard of U and T that satisfies the
conditions of Theorem 3.23. In light of the bound in this theorem, we now
concentrate on the set B, (U™). For ease of notation, we write By instead
of BY (U™).

Let A € By. By Lemma 3.15, A(w) is a leaf of Ut adjacent to a vertex
of degree dy+(xp). Moreover, A\ is either a rotation of the cycle skel(U)
and \(x;) = x4 for each z;, or A is a reflection of the cycle skel(U) and
Ax;) = Tyqpu—i for each ;. We may therefore partition By into the rotations
Rot(By), and the reflections Ref(By).

We make frequent use of the following well-known results concerning the
rotations and reflections of a cycle.

Lemma 4.1. Let A\, 7 € By, and let xo, = Axo) and x5 = 7w(xg). The
following results holds for all x;.

(a) If X € Rot(By) then A(x;) = Tari and A\~H(z;) = Ti—q.

(b) If X € Ref(By) then \(z;) = A1 (2;) = 20s.

(¢c) If A, m € Rot(By) then Am(z;) = TA(%i) = T(a48)+i-

(d) If A, m € Ref(By) then mA(xi) = T(g_a)4i and AT(2i) = T(q—g)+i-
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(e) If A € Rot(By) and © € Ref(By) then An(z;) = T(g1a)—i, and
7r)\(a;z) = x(/g,a),i.

Corollary 4.2. Let A € By. Suppose there ezists o € By such that o(x;) =
A~ Yx;) for all x;. Then either X and o are both in Rot(By), or they are
both in Ref(By).

Corollary 4.3. Let A\, m be in By. Suppose there exists o € By such that
o(x;) = Am(x;) for all x;. Then o € Rot(By) if and only if either X\ and 7
are both in Rot(By), or they are both in Ref(By); otherwise o € Ref(By).

We call any A € Rot(By) such that A\(xo) = w0, a trivial rotation (equiv-
alently, A(x;) = x; for all z; by Lemma 4.1(a)). Clearly, A\~!(x,) = z, for
every trivial rotation A in By. It then immediately follows from Defini-
tion 2.8 that 1y, (+) is the only trivial rotation in any maximum saturating
set X of By, (U™).

Definition 4.4. Let X be a mazimum saturating set of By, (U™). We define
XRpot = X N ROt(BU), Xret =X N Ref(BU) and Xpay = X N Aut(U+).

Lemma 4.5. Let X be a mazimum saturating set of By, (U™T), and let X and
7 be distinct permutations in X. If X and 7 are both in Xge then \(x;) #
m(x;) for all x;. Similarly, if X and w are both in Xget then \(x;) # m(x;)
for all x;.

Proof. Let zo = A(zo) and x5 = m(xp). Suppose that there exists xj such
that A(x) = 7(xy). Now, if both A and 7 are in Rot(By) then it follows from
Lemma 4.1(a) that a = 3, so A™!(x,) = 7~ !(z,,). Similarly, if both A and 7
are in Ref(By) then it follows from Lemma 4.1(b) that A= (z,) = 7~ (=,).
Either contradicts property (b) of Definition 2.8. O

Corollary 4.6. Let X be a mazimum saturating set of Buy,(UT), and let

Proof. For each z € Z, it follows from Lemma 4.5 that there is at most one
A € XRot and at most one m € Xger such that A(zg) = 7(xo) = 2. O

We now make some further observations about By.

Lemma 4.7. Let € By and let u e V(UT). Then
(a) dy+(u) = dy+(0(u))+1 if and only if u is xo and 6(w) is not adjacent

to 9(1:0);

(b) dy+(u) = dy+(0(w)) — 1 if and only if u is not xg and O(w) is adjacent
to O(u);

(c) dy+(u) = dy+(0(u)) otherwise.



Supercards, sunshines and caterpillar graphs 59

Proof. Since 8(U) = U" — (w), it follows that dy(u) = dy+_g(w)(0(w)) for
any u € V(U). It is now easy to show that one of (a), (b) and (c) must hold
as w is adjacent to xg in U™T. O

Corollary 4.8. Let 6 € By be such that 8(w) is adjacent to xq. If x; is not
xo and 0(z;) # xo then dy+(z;) = dy+(0(z;)).

Corollary 4.9. Let 0 € By.

(a) dy+(zo) = dy+(0(x0)) + 1 if and only if 6 € Aut(U™T).
(b) dy+(zo) = dy+(0(x0)) if and only if 6 € Aut(U™T).
(c) If O(x0) = zo then 6 € Aut(UT).

Proof. By Corollary 2.2, # € Aut(U™) if and only if 6(w) is adjacent to
0(xo). Parts (a) and (b) then follow from Lemma 4.7 when u is xg. Part (c)
is immediate from part (b). O

It follows from Corollary 4.9(c) that any trivial rotation in By is an
automorphism of U™.

Lemma 4.10. Let A € Aut(U") and m € By \ Aut(U™). Then A\t € By \
Aut(U*) and dU+ ()\7[‘(1'0)) = dU+ (l’o) — 1.

Proof. Since m € By and A € Aut(U™), clearly Ar(U) = MU' — n(w)) =
Ut —\r(w),so Ar € By. Now, if \m € Aut(UT) then 7 = A\t A\r € Aut(U™)
as Aut(U™) is a group. Since this is impossible, A7 € By \ Aut(U™"). So
dU+ ()\W(.%'Q)) = dU+ (.’L‘O) -1 by Corollary 4.9(&). ]

Lemma 4.11. Let A € By \ Aut(U™) be such that \*(zo) = zo. Then \(w)
s adjacent to xg.

Proof. dy+(z0) = dy+(M(wg)) + 1 by Lemma 4.9(a). So, since \?(zo) = zo,
clearly dy+ (A(x0)) = dy+(A\2(xg)) — 1. Therefore A(w) is adjacent to A\2(xg),
i.e. zg, by Lemma 4.7(b). O

Corollary 4.12. Let A € Ref(By) \ Aut(U™). Then A(w) is adjacent to xg.

Proof. As \ € Ref(By), we have \?(zg) = 29 by Lemma 4.1(b). O

We next show that if any non-trivial rotation is an automorphism of U™
then By = Aut(U™).

Lemma 4.13. Suppose there exists A € Rot(By) N Aut(UT) such that
Axg) # xo. Then By = Aut(U™).
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Proof. Let us assume, to the contrary, that there exists 7 € By \ Aut(U™).
Suppose first that m € Rot(By). Then, by Lemma 4.1(c) and Lemma 4.10,
dy+ (7 (z0)) = dy+(Am(x0)) = dy+(z0)—1. Thus dy+ (A(z0)) = dy+(mA(x0))
+1as A € Aut(U™T). However, using Lemma 4.7(a) with § = 7 and u = \(z)
implies that A\(xg) is zp, which is impossible.

Suppose, on the other hand, that 7 € Ref(By). Then, by Lemma 4.10
and Corollary 4.3, Aw € Ref(By) \ Aut(U™). So Ar(w) is adjacent to zo by
Corollary 4.12. By Lemma 4.1(b), Ar(7(z9)) = A(zg). So, since 7(xg) # o
by Corollary 4.9(c) and A(zp) # o by assumption, it follows from Corol-
lary 4.8 with § = A7 and €Tr; = 7r(x0) that dU+ (W(xo)) = dU+ (/\W(W(xo))) =
dy+(A(zg)). However, Corollary 4.9(a) and (b) applied to m and A respec-
tively, implies that dy+(m(zg)) # dy+(A(xo)), contradicting the previous
statement. Hence By = Aut(U™). O

Corollary 4.14. Let X be a Ut -optimum saturating set of Buy,(U™T).

(a) If By # Aut(U+) then Xaut C XRet U {1V(U+)}-

(b) If | Xaut| > 3 then there exists a non-trivial rotation in Aut(U™) and
By = Aut(U+).

(c) If (U, T) > 10 and By = Aut(U") then there exists a non-trivial
rotation in Aut(U™).

Proof. (a) 1y (y+) is the only trivial rotation in X. So, if there exists another
rotation in Xa,¢ then By = Aut(U™) by Lemma 4.13.

(b) Suppose that A and 7 are distinct permutations in Xaus \ {1y @+)}-
By Lemma 4.13, we may assume that both A and 7 are reflections as 1y (+)
is the only trivial rotation in X. Now, since Aut(U™) is a group, it fol-
lows from Corollary 4.3 that Am is a rotation in Aut(U™). Moreover, since
AMxzo) # 7(xo) by Lemma 4.5, Aw(zg) # zo by Lemma 4.1(d). Therefore
By = Aut(U™) by Lemma 4.13.

(c) [ Xaut| = x(UT) as X is UT-optimum and By = Aut(U™). The result
now follows from Theorem 3.23 and part (b). O

We now consider those rotations that are not automorphisms of U™.

Lemma 4.15. Suppose there exists A, m € Rot(By) \ Aut(U™) such that
AMzo) # m(xg). Then both A(w) and w(w) are adjacent to xy.

Proof. Let x4 = A(zo) and xg = 7(z0), S0 AM(2;) = Tati and m(x;) = Tg44
by Lemma 4.1(a). Now, by Corollary 4.9(c), a # 0 as A &€ Aut(U™). So, by
Lemma 4.7, dU+ (.1‘_&) < dU+ (71’(37_04)) = dU+ (xg,a).

Suppose that A(w) is not adjacent to xg, i.e. A(z_4). Then, since o # 0,
it follows from Lemma 4.7 that dy+(x_o) = dy+(Mz_a)) = dy+(x0). So
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dy+(2g—a) > dy+(x). Now, by Corollary 4.9(a), we have that dy+(z9) =
dy+(m(xg)) + 1 as m ¢ Aut(U™). Thus

dU+ (Hfg_a) > dU+ (.730) > dU+ (71'(:130)) = dU+ ((Eg) = dU+ ()\(Jfﬁ_a)).

Hence, xg_, must be zy by Lemma 4.7(a), and therefore, 3 = «, which is
impossible. So A(w) must be adjacent to z¢. By symmetry, clearly 7(w) is
also adjacent to xg. O

Corollary 4.16. Let X be a maximum saturating set of By (U™). If | XRot \
Xaut| > 2 then A(w) is adjacent to xo for all X € Xpot \ XAut-

Proof. Suppose that there exist distinct rotations A and 7 in Xyt \ Xaus.
Then A(xg) # m(zp) by Lemma 4.5, so the result follows immediately from
Lemma 4.15. ]

The following lemma shows that there exists a correspondence between
those permutations A for which A\(w) is adjacent to zp, and a subset of
Aut(U).

Lemma 4.17. We have the following results.

(a) For each \ € By for which the leaf \(w) of UT is adjacent to xg, there
exists \* € Aut(U) such that X\*(z;) = N x;) for all x;.

(b) For each \* € Aut(U), there exists A € By such AN(w) = w and
AMxzi) = X (a;) for all x;.

Proof. (a) Let A € By be such that A(w) is adjacent to xg. Let ¢ be the
transposition that swaps the leaves w and A(w), and let \* = ¢A. Then
MNU) = pANU) = p(UT = XNw)) =U, as ¢ € Aut(U™).

(b) Let A* € Aut(U). Then the permutation A defined by A(w) = w and
Au) = X*(u) for all u € V(U) clearly has the required properties. O

Lemma 4.18. Suppose there exists A\, 7 € Ref(By) \ Aut(U") such that
Nzg) # 7(z0). Then there exists o € Rot(By)\Aut(U™) such that o(w) = w
and o(z;) = A\ (z;) for all z;.

Proof. Since A(w) and 7(w) are both adjacent to xg by Corollary 4.12, it
follows from Lemma 4.17(a) that there exist A* and 7* in Aut(U) such that
A (z;) = Aa;) and 7*(x;) = w(z;) for all z;. Since Aut(U) is a group,
X* € Aut(U). So, by Lemma 4.17(b), there exists ¢ € By such that
o(w) =w and o(x;) = Ar(x;) for all z;.

Now, by Corollary 4.3, o € Rot(By ). Moreover, since A(xg) # m(xo), it
follows from Lemma 4.1(d) that o(zg) # xo. As By # Aut(U™), it immedi-
ately follows from Lemma 4.13 that o ¢ Aut(U™). O
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Lemma 4.19. Suppose there exists A\, 7 € Ref(By) \ Aut(U™) such that
Mxzo) # 7(xg). Then ¥ (w) is adjacent to xqy for all ) € By.

Proof. Let o be the rotation from Lemma 4.18 and let ¢ € By. If ¢(zg) =
zo then ¢ € Aut(U™) by Corollary 4.9(c), so ¥(w) is adjacent to xg. We
therefore assume that 1 (zg) # zo9. We first show that ¢ & Aut(U™).

Suppose that 1 € Aut(U™). Since 9(xg) # xo and By # Aut(UT), it
follows from Lemma 4.13 that 1) must be a reflection. By Lemma 4.10 and
Corollary 4.3, we see that 1o € Ref(By)\ Aut(U™). So ¢o(w) is adjacent to
xo by Corollary 4.12. However, ¢o(w) = ¢(w) as o(w) = w, so o (w) must
be adjacent to 1(xg) as 1 € Aut(U™). Since ¥ (zg) # xo this is impossible.
This contradiction shows that ¢ ¢ Aut(U™).

It remains to be shown that ¢ (w) is adjacent to zg. If ¢» € Ref(By)
then the result follows from Corollary 4.12. So suppose that 1) € Rot(By) \
Aut(UT). Since the result follows from Lemma 4.15 when o(xq) # 1(x¢), we
may assume that o(z¢) = ¥(x¢), thus ¥ (xg) = 0~ (z0) by Lemma 4.1(a).
Hence o~ !(z9) # 7. As o(w) = w, it now follows from Lemma 4.7(b)
with § = 0 and u = o~ !(z¢), that dy+ (0~ (20)) = dy+ (oo™ (x0)) — 1. So
dy+ (07 (wo)) = dy+(w) — 1, and thus, dy+ ("1 (x0)) = dy+(x¢) — 1. The
result now follows by again applying Lemma 4.7(b) to ¥ and v~ !(zg). O

Corollary 4.20. Let X be a mazimum saturating set of By (U™T). If | XRef \
Xaut| > 2 then AN(w) is adjacent to xq for all X € By.

Proof. Suppose that A and 7 are two distinct reflections in Xger \ Xaut-
Then A(zg) # 7(zp) by Lemma 4.5, so the result follows immediately from
Lemma 4.19. O

We note that Corollary 4.20 is a stronger result than the analogous result
for rotations in Corollary 4.16, since the conclusions of Corollary 4.20 applies
to all permuations in By.

Lemma 4.21. Suppose that By # Aut(UT) and x(U"T) > 5. Let X be a
U™t -optimum saturating set of By,(U™). Then

(a) for each N € Xy, there exists a distinct leaf of UT, namely \(w),
adjacent to xq;

(b) dy+ (.’L‘o) > X(UJr) + 2;

(c) for each X\ € Xy, there exists \* € Aut(U) such that X*(xg) = A(zo).

Proof. Part (b) follows immediately from part (a). In addition, part (c) fol-
lows from part (a) by Lemma 4.17(a). Now, by property (b) of Definition 2.8
and Lemma 3.15, A(w) is a distinct leaf of U™ for each distinct A € Xy7. To
complete the proof, we now show that each such \(w) is adjacent to xo.
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By Corollary 4.20, there is nothing to prove when | Xger \ Xaut| > 2; so
we assume that |Xger \ Xaw| < 1. Furthermore, since By # Aut(U™), it
follows from Corollary 4.14 that Xau, € Xget U {ly@+)} and [Xau| < 2.
Since |Xy7| > 5, this implies that |Xget \ Xaut| > 2. It now follows from
Corollaries 4.16 and 4.12 that A(w) is adjacent to xq for each A € Xy \ Xays.
As 1y (y+)(w) is clearly also adjacent to xg, this concludes the proof in the
case that Xauw = {1y @+ }-

Suppose then there exists A € Xger N Xaut, and let ¢ and 1 be permu-
tations in Xget \ Xaut. By Lemma 4.10 and Corollary 4.3, both A¢ and An
are in Ref(By) \ Aut(U™). Furthermore, Ad(xg) # A(zo) as ¢(xg) # n(xo)
by Corollary 4.5. By applying Lemma 4.19 to A¢ and A7, this implies that
¥(w) is adjacent to xg for all ¢ € By. O

Theorem 4.22. Suppose that By # Aut(U™) and n > 12. Then b(U, T) <
2[V2n+1] +3.

Proof. We recall that dq(U) and d2(U) are the number of vertices of U of
degrees 1 and 2, respectively. Let dq(U) = n—di(U)—d2(U), i.e., the number
of vertices of U of degree 3 or more.

Now, if x(UT) <4 then b(U, T') < 13 by Theorem 3.23, thus the bound
holds. We may therefore assume that x(U') > 5, so the conclusions of
Lemma 4.21 hold. It follows from part(b) of that lemma that dy(xzo) =
dU+($0) —-1> X(U+) +1>6.

Let X be a UT-optimum saturating set of UT, and let Z = {\(z0) |
A € Xy}, By Lemma 4.21(c), there exists a subset A* of Aut(U) such
that {A*(zo) | IN* € A*} = Z. This implies that U contains at least |Z|
vertices of degree dy(xo), and hence dy(U) > |Z|. In addition, since each
vertex x; in Z is adjacent to precisely dy(xg) — 2 leaves, it follows that
di1(U) > |Z|(dy(x¢) — 2). Therefore dy(U) > |Z|(x(UT) — 1).

Now, by property (b) of Definition 2.8 and Lemma 3.15, for each distinct
A in Xy there exists a distinct vertex of U of degree 2, namely A~!(z,). So
d2(U) > | Xy| = x(U™). Since each vertex in Z has degree at least 6 in U,
it therefore follows that

n=[V({U)|=d(U)+dU)+dy(U) = |Z|(x(UT)=1)+x(U") +|Z]
= (12]+Dx(U").
So, since x(U') = |Xy| < 2|Z] by Corollary 4.6, we have 2n >

XU (x(UT) +2). Solving for x(U™), yields x(U") < v/2n + 1 — 1. There-
fore b(U, T') < 2 L\/2n +1-— IJ +5 by Theorem 3.23, yielding the bound. [
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5. The case when BY (U*) = Aut(U™)

For the whole of this section, we assume that that there exists some non-
trivial rotation in Aut(U'). So BY (UT) = Aut(U*) by Lemma 4.13, and
thus Xy = Xauw = XRot U XRef, for any maximum saturating set X. We
note that, if BY, (UT) = Aut(U*) but there does not exist such a rotation,
then b(U, T') <9 by Corollary 4.14(c). This motivates our assumption.

For clarity, we write Rot(Aut(U")) and Ref(Aut(U™)) instead of
Rot(By) and Ref(By ), respectively. Since Aut(U™) is a group, we can sim-
plify Corollaries 4.2 and 4.3 as follows.

Corollary 5.1. Let A\ € Aut(U"). Then either X\ and \=' are both in
Rot(Aut(U™)), or they are both in Ref(Aut(U™T)).

Corollary 5.2. Let A\, 7 € Aut(U™T). Then Ar € Rot(Aut(U™)) if and only
if either X\ and w are both in Rot(Aut(UT)), or they are both in
Ref(Aut(U™)); otherwise A € Ref(Aut(UT)).

We recall that x{ is the j*" distinct leaf adjacent to x;. The following
two results are easy to prove.

Lemma 5.3. There exists A\ € Rot(Aut(UT)), where A(z;) = xq4i and
Nx]) =), for all i and j, if and only if dy+(x;) = dy+(xati) for all i.
Lemma 5.4. There exists A € Ref(Aut(U™)), where A(z;) = xp_; and
Azl) = acrjgii for alli and j, if and only if dy+(x;) = dy+(xg—;) for all i.

If Z C Aut(U™), we define Z(u) = {\(u) | A € Z}. We note that if Z is

a subgroup of Aut(U™) then Z(u) is the orbit of u under the group action
of Z on V(UT).

Lemma 5.5. Let A = {f | z3 € Rot(Aut(UT))(zo)}, and let 6 be the

smallest positive element in A. Then

(a) 0 divides every element of A;

(b)) 2<6<5;

(c) there exists ¢ € Rot(Aut(U™)) such that ¢s = Ly@y, ¢(7:) = @6y
and ¢(w{) = xgﬂ. for all i, j.

Proof. By assumption, there exists some non-trivial rotation in Aut(U™);
s0 0 < 0 < c. Let 0 € Rot(Aut(U™)) be such that o(zg) = 5.

(a) Suppose that there exists § € A such that § does not divide 3, and
let w(z9) = xg. Let d be the highest common factor of 6 and 8. By the
Euclidean algorithm, there exist integers a and b such that bd + a8 = d.
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Now, on using Lemma 4.1, and Corollaries 5.1 and 5.2 repeatedly, it is easy
to see that o’7® € Rot(Aut(UT)) and o7%(z;) = Tpstapri = Tati for all z;.
Therefore 24 € Rot(Aut(U™))(xg), and thus d € A. Since 0 < d < 4§, this
contradicts the minimality of J.

(b) ¢ divides ¢ as ¢ € A, thus § < §. So suppose that § = 1. Then,
on using Corollary 5.2 and Lemma 4.1(c) repeatedly, we see that ¢” €
Rot(Aut(Ut)) and o”(z9) = z,. This is impossible as dy+(zg) > 3 and
dy+(z,) = 2. Therefore 2 < 6 < §.

(¢) dy+(z;) = dy+(xsy;) for all z;, as 0 € Rot(Aut(U™)). Hence by
Lemma 5.3, there exists ¢ € Rot(Aut(U™)) such that ¢(z;) = 54 and
¢(x]) = xy,,; for all 4, j. As § divides ¢, it is easy to see that ¢5 (x5) = x5

and ¢ (27) = a7 for all 4, j. So ¢35 = Lyw+)- O

By Corollary 5.2, the composition of two rotations is also a rotation. We
may therefore make the following definition.

Definition 5.6. Let ¢ be the positive integer and ¢ be the rotation from
Lemma 5.5. We define ® to be the cyclic subgroup of Aut(U™T) of order 5
generated by ¢, i.e., ®={¢ |0<j < $t.

For the rest of this section we assume that §, ¢ and ® are as in Defini-
tion 5.6. Since the cycle length ¢ = §|®|, and the number of leaves of U™ is
di1(U™"), we see that

(10) n+1=0|®+d (U").

For any m € Ref(Aut(U™)), we denote the right and left cosets of ® with
respect to m by &7 and 7w, respectively. It follows from Corollary 5.2 that
o1 C Ref(Aut(U™)) and 7@ C Ref(Aut(U™)).

The orbit ®(u) of a vertex u of U under ® is the set {¢/(u) |0 < j <
$}. It follows from a well-known result in Group Theory that, for any two
vertices u and t of U™, either ®(u) = ®(t) or ®(u) N ®(t) = 0. Thus ¢ is
in ®(u) if and only if ®(u) = ®(t). Now, for every vertex u of U™, clearly
ly(+) is the only element of ® that fixes u. It therefore follows from the
Orbit-Stabiliser and Lagrange Theorems [12] that [®(u)| = |®| = |®7| = §.

Lemma 5.7. Let z; € V(skel(UT)). Then

(a) Rot(Aut(U))(z;) = ®(x;);

(b) if X € Rot(Aut(UT)) then A\~ (z;) € ®(x;);

(c) if m € Ref(Aut(UT)) then ®&n(z;) = m®(z;);

(d) if Ref(Aut(U™))(z;) N ®(x;) # O then Ref(Aut(U™T))(z;) C ®(x;).
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Proof. (a) Clearly ®(x;) C Rot(Aut(U™))(z;). So let A € Rot(Aut(U™T))
and let z, = A(zp). Now, by Lemma 5.5, there exists some positive integer
k such that a = kd. Moreover, on using Corollary 5.2 and Lemma 4.1,
we see that A(z;) = zrsys = ¢*(x;). Therefore A(z;) € ®(z;), and thus
Rot(Aut(U1))(z;) C ®(z).

(b) This follows immediately from part (a) as A=' € Rot(Aut(U™)) for
all A € Rot(Aut(U™)) by Corollary 5.1.

(c) Let x5 = m(xg), and let 0 < j < §. Then, on using Corollary 5.2
and Lemma 4.1, we see that ¢/n(x;) = zj545-i = 77 (). So ¢/m(x;) €
w®(z;) by part (b), and therefore ®7(x;) C 7P(x;). It similarly follows that

(d) Suppose there exists m € Ref(Aut(U™)) such that m(x;) € ®(x;).
Then ®7(x;) = P(x;), so 7#®(x;) = P(x;) by part (¢). Now let A €
Ref(Aut(U™)). Then wA(x;) € ®(z;) by Corollary 5.2 and part (a). So
wA(x;) € m®(z;), and therefore A\(z;) € ®(z;), yielding the result. O

We now show that we can always find some maximum saturating set X
such that Xyt is isomorphic to a subgroup of Aut(U™).

Theorem 5.8. Suppose that Aut(U") contains a non-trivial rotation. We
consider the following two (not necessarily disjoint) cases:

(i) Ref(Aut(U1))(z,) C ®(x,);
(11) dy+(zo) = 3 and Ref(Aut(U))(zo) C ®(x0).

Then

(a) if either case (i) or case (ii) holds, there exists a U™ -optimum satu-
rating set X of Byw(UT) such that Xaw = ® = C(§), the cyclic group
of order %.

(b) if neither case holds, there exists m € Ref(Aut(U™T)) and a U™ -optimum
saturating set X of Byw(U™T) such that Xay = ® U &7 = D(%), the
dihedral group of order %

Proof. Since Aut(U™) contains a non-trivial rotation, we may define ® as
in Definition 5.6. Now, by parts (a) and (b) of Lemma 5.7, A(xg) € ®(x¢)
and A\™'(z,) € ®(z,) for all A € Rot(Aut(UT)). Also, since 1y y+) € ®
and |®(x,)| = |[®(w)| = |®|, clearly ® satisfies properties (a) and (b) of
Definition 2.8.

(a) It follows from Theorem 2.11 that there exists a maximum saturating
set X of By (U™T) such that ® C Xy Let Y be any maximum saturating
set of Byy(U™). Suppose that case (i) holds. Then, since it follows from
Corollary 5.1 and (i) that A~!(x,) € ®(z,) for all A € Ref(Aut(U™)), we
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see that A\~1(x,) € ®(z,) for all A\ € Aut(U™). By Definition 2.8(b), the
vertices A71(z,) are distinct for each A € Y. So |Yau| < |®(z,)| = |®], and
therefore Xay = ® and thus X is Ut-optimum.

Suppose instead that case (ii) holds. Then A(xzg) € ®(xg) for all A €
Aut(U™), and hence \(w) € ®(w) for all A\ € Aut(U™) as dy+(zo) = 3.
By Definition 2.8(b), the vertices A\(w) are distinct for each A € Y. So
[Yaut| < |®(w)| = |®|, and therefore X, = ® and thus X is UT-optimum.

(b) We first show that there exists m € Ref(Aut(U™)) such that ®(z,)N
O7(z,) =0 and @(w) N Pr(w) = 0.

Now, since (i) does not hold, we may choose o € Ref(Aut(U™)) such
that o(x,) € ®(x,). If o(xg) € P(x0) then o(w) ¢ ®(w), and we simply set
m = 0. So suppose that o(zg) € ®(x¢) and let z, = o(z0). By Lemma 5.7(d),
Ref(Aut(U™))(zg) C ®(x0), and hence dy+(xg) > 4 since case (ii) does not
hold. So dy+(z4) > 4 as 0 € Aut(U™). We therefore define 7 € Sy 7+ such
that m(w) = 22, m(c~(22)) = o(w), and 7(u) = o(u) for all other vertices
u of UT. Clearly, 7 € Ref(Aut(U™)). Furthermore, ®(x,) N ®m(x,) = 0 as
7(x,) = o(xy), and ®(w) N @m(w) = @ by construction.

By Lemma 4.1(b), A=!(x,) = A(w,) for all A\ € Ref(Aut(UT)). So
A Hzy) | A € &1} = ®7(x,) as &1 C Ref(Aut(UT)). It is now easy
to show that the set of permutations ® U @7 satisfies property (b) of Def-
inition 2.8. As 1y (y+) € @, it then follows from Theorem 2.11 that there
exists a maximum saturating set X of By, (U™T) such that ® C Xgo and
O C XRet-

Let Y be any maximum saturating set of By, (UT). If A € YR then
A Yx,) € ®(x,) and if A € Yge then A\ 7l(z,) € ®n(x,). By Defini-
tion 2.8(b), the vertices A~!(z,) are distinct for each A € Y. Therefore
|Yrot| < |®| and |Yget| < |®7|. Hence Xgot = ®, Xpet = @7 and thus X is
U™ -optimum. Clearly, ® U ®7 is isomorphic to the dihedral group of order
%, as ® is isormorphic to the cyclic group of order §. O
The following lemma, concerning the orbits of Xyt follows from Defini-
tion 2.8, and the fact that the set of inverses of the elements of X ay is just
X Aut, since Xayt is a group.

Lemma 5.9. Let X be the UT-optimum saturating set from Theorem 5.8.

(a) Xaw(zy) = A7) | A € Xaw} and [Xaw(z))| = [Xawl| In ad-
dition, dy+(x;) = 2 and 1y+(z;) = Ty+(zy) for each vertex x; in
XAut(xz/)-

(b) | Xauw(w)| = | Xaut|, and each vertex in Xau(w) is a leaf adjacent to
a vertex of degree dy+(xo).
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(c) If X € X \ Xau then A=Hzy) & Xauw (7)) and M(w) € Xaue(w).

Lemma 5.10. Let X be the U™ -optimum saturating set from Theorem 5.8
and let B = {\w) | A € X\ Xau and dy+(A(w)) = 1}. Let A be any subset
of B such that ®(a1) N ®(az) = O for all distinct ay and az in A. Then

(a) if Xau = @ then | Xau| < L%J ;

(b) if Xau = @U T then | Xaw| < 2| 5557 |-

When |A] = 0, equality in either case (a) or case (b) holds if and only if
di(U") = | Xaut]-

Proof. Suppose there exists a; € A. By Lemma 5.9(c), a1 € Xaut(w). So
a1 ¢ ®(w), and thus ®(a;) N ¢(w) = 0. Similarly, ®(a;) N P7(w) = O when
Xaut = @UP7. Therefore ®(a;) N Xaut(w) = 0. So, since ®(a;) NP(az) =0
for all ay € A\ {a1}, it follows that di(U") > |A||®] + | Xaut(w)|. Hence
di(UT) > |A||®| + | Xaut| by Lemma 5.9(b). Together with equation (10),
this yields n+1 > | X aue|+(|A|+6)|®|. Cases (a) and (b) immediately follow.
Clearly, when |A| = 0, equality holds if and only if d1(UT) = | X put|- O

6. Upper bounds on b(U, T)

We now obtain upper bounds on b(U, T') for the three possible values of
Tu+(2y), and the two possible cases for Xyt from Theorem 5.8. We further
show that, for each of the six cases, the maximum value of b(U, T') is attained
if and only if the structure of U™ is as described below.

(S0a) n =2 (mod 3), dy+(z;) = 3 when i = 0 (mod 2), and dy+(z;) = 2
otherwise; in addition, ¥ =1 (mod 2).

(SOb) n = 6 (mod 7), dy+(x;) = 4 when i = 0 (mod 4), dy+(z;) = 3
when i = 2 (mod 4), and dy+(x;) = 2 otherwise; in addition, v = 1
(mod 4).

(Sla) n = 3 (mod 4), dy+(x;) = 3 when ¢ = 0 (mod 3), and dy+(x;) = 2
otherwise; in addition, ¥ = 1 (mod 3).

(S1b) n =4 (mod 5), dy+(z;) = 4 when i = 0 (mod 3), and dy+(z;) = 2
otherwise; in addition, » = 1 (mod 3).

(S2a) n =4 (mod 5), dy+(x;) = 3 when ¢ = 0 (mod 4), and dy+(x;) = 2
otherwise; in addition, v = 2 (mod 4).

(S2b) n =6 (mod 7), dy+(x;) = 4 when i = 0 (mod 5), and dy-+(z;) = 2
otherwise; in addition, either v =2 (mod 5) or ¥ = 3 (mod 5).
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SR

Figure 1: The supercard U™ with structure (S0a) when n = 17 and structure
(SOb) when n = 20.

SEe

Figure 2: The supercard U™ with structure (S1a) when n = 15 and structure
(S1b) when n = 19.

o

Figure 3: The supercard U™ with structure (S2a) when n = 14 and structure
(S2b) when n = 20.
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We note that, 7y+(x,) = 0 when U™ has structure (SOa) or (SOb);
Ty+(zy) = 1 when U™ has structure (Sla) or (S1b); 7y+(z,) = 2 when U™
has structure (S2a) or (S2b). We will see that for structures (SOa), (Sla)
and (S2a), the corresponding Xyt is @, and for structures (SOb), (S1b) and
(S2b), the corresponding Xay¢ is ® U $7.

Examples of the structures of the six possible supercards are shown in
Figures 1, 2 and 3, where we assume that the indices of the vertices x;
increase in the clockwise direction.

We first prove that if U+ has any of these structures then BY, (U) =
Aut(U).

Lemma 6.1. Suppose that Ut has any of the six structures (S0a) through to
(S2b). Then there exists a non-trivial rotation in Aut(UT) and BY, (UT) =
Aut(UT).

Proof. Tt is easy to see that if U' has any of the six structures, then
there exists a non-trivial rotation in Aut(U*). So BY (U*) = Aut(U™)
by Lemma 4.13, in each case. U

We now obtain the value of b(U, T') in each of the six cases.

Lemma 6.2. Let n > 14. Suppose that U has any of the siz structures
(SOa) through to (S2b).

(a) If UT has structure (SOa) then b(U, T) = "t 42
(b) If UT has structure (SOb) then b(U, T) = 2(n7+1) 41
(¢) If UT has structure (Sla) then b(U, T) = 2 +1
(d) If Ut has structure (S1b) then b(U, T) = 2(7154-1)

(e) If UT has structure (S2a) then b(U, T') = "TH

(f) If U has structure (S2b) then b(U, T) = 2(n7+1)'

Proof. In each of the six cases, there exists a non-trivial rotation in Aut(U™)
by Lemma 6.1, so we may apply the results from Section 5. In particular,
we therefore define ® and 4 as in Definition 5.6.

Suppose that U™ has structure (S0a), (Sla) or (S2a). Then clearly, case
(ii) of Theorem 5.8 holds. So there exists a UT-optimum saturating set X
such that Xa, = ©.

Suppose instead that U™ has structure (SOb), (S1b) or (S2b). Then, it
is easy to see that there exists A € Ref(Aut(U™)) such that A\(zg) = x¢, and
to verify that A\(x,), i.e., Z.—,, is not in ®(z,). So case (i) of Theorem 5.8
cannot hold. Moreover, case (ii) of Theorem 5.8 cannot hold as dy+(xg) > 4.
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Therefore, there exists m € Ref(Aut(U™)) and a U -optimum saturating set
X such that Xpy = ® U P,

(a) Since d1(U™) = |®|, it follows from equation (10) that | Xau| = |®| =
"TH. It is easy to see that U — a9 22U — 2o =T — 2,41 =T — 2,1, and
to check using Lemma 3.12 that A(w) € {z,—1, 241} for any A € X \ Xay.
Therefore | X \ Xay| =2, and b(U, T) = | X| = 2 4 2.

(b) Since di(UT) = 3|®|, it follows from equation (10) that |Xau| =
2|1®| = 2(n—7+1) It is easy to see that U — o 2 U — x, 0 =T — z,41, and to
check using Lemma 3.12 that A(w) = xl,H for any A € X \ Xayt. Therefore
X\ Xaw| =1, and b(U, T) = |X| = 2D 1 q,

(c) Since d1 (U™T) = |®, it follows from equatlon (10) that | Xaut| = |®] =
"TH. It is easy to see that U — 29 2 U — x.—o = T — 2,41, and to check
that to check using Lemma 3.12 that A(w) = z,41 for any A € X \ Xaut.
Therefore |X \ Xaut| =1, and b(U, T) = | X| = 2 + 1.

For (d), (e), and (f), it is easy to check using Lemma 3.12 that A(w) €
V(skel(UT)) for any A € X \ Xay. Furthermore, it is easy to see that
U—x; 2T — xj, for all 4, j, and hence X = X, in each case.

(d) Since d1(UT) = 2|®|, it follows from equation (10) that |Xau| =
2|®| = n5+1) Therefore b(U, T) = | X| = Q(nTH)

(e) Since d1 (U™T) = |®], it follows from equation (10) that | Xaut| = |®| =
24l Therefore b(U, T) = |X| = 2.

(f) Since d1(UT) = 2|®|, it follows from equation (10) that |Xau| =
2|®| = 2 Therefore b(U, T) = | X| = 2, O

For each of the following four lemmas, we assume that there exists a non-
trivial rotation in Aut(UY), and we let X be the UT-optimum saturating
set of Byw(UT) from Theorem 5.8. We recall that X is the subset of X
containing those permuations A such that A(w) is a leaf of UT and a d-leaf
of T'. We note that Xy = Xy by Lemma 4.13.

Lemma 6.3. Let n > 56 and suppose that Ty+(x,) = 0.

(a) If Xpw = @ then b(U, T) = |X| < ™ + 2. Furthermore, equality
holds if and only if U has structure (S0a).

(b) If Xaut = © U Ox then (U, T) = |X]| < Ll) + 1. Furthermore,
equality holds if and only if UT has structure (S()b)

Proof. It follows from Corollary 3.18 that X C Xaut, 80 X\ Xaut € X\ X.
Therefore | X \ Xaut| < 4 by Corollary 3.13(a).

(a) By Lemma 5.10(a), | Xaut| < LSLT‘L%J Simple calculations then show

that the bound holds for 6 > 3 with strict inequality.
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So suppose that § = 2. If dy+(z0) > 4, then di (UT) > 2|®|, so |Xau| =
|®| < |2 by (10). Simple calculations then show that the bound holds
with strict inequality in this case. On the other hand, if dy+(z¢) = 3 then
U™ has structure (S0a), so b(U, T) = ”T‘H + 2 by Lemma 6.2(a). Therefore,
the bound holds in all cases, and is attained if and only if U™ has structure
(S0a).

(b) By Lemma 5.9(a), U™ contains 2|®| vertices z; with 7+ (x;) = 0.
As 1y+(z,) = 0, this implies that § > 4. In addition, it is easy to see by
inspection that dy(U*1) > 3|®| when & > 5.

Suppose that 6 > 5. Then |Xay| < 2 L%J by (10). Simple calculations

then show that the bound holds with strict inequality when § > 6 or |X \
Xaut| = 3. So suppose that § = 5 and |X \ Xaut| = 4. In this case, it is
easy to see from Lemma 3.12(a) that {z,_;,z},,} is the set B of leaves
defined in Lemma 5.10. Moreover, since § > 2, we may clearly put A = B
in the lemma. Hence |Xay| < 2|2 | by Lemma 5.10(b), and again simple
calculations show that the bound holds with strict inequality.

So suppose that 6 = 4. Then dy+(z,—1) > dy+(zy4+1) > 3, and
dy+(zy+2) = 2. It immediately follows from Lemma 3.12(a)(i) that | X \
Xaut] < 3 as dy+(zy—1) > 4. Now, when dy+(x,—1) > 5, we have that
di(UT) > 4]®|, so | Xau| < 2|22 by (10). Simple calculations then show
that the bound holds with strict inequality in this case. On the other hand,
when dy+(x,_1) = 4, clearly U™ has structure (SOb), so b(U, T') = 2(n_7+1)+1
by Lemma 6.2(b). Hence the bound holds in all cases, and is attained if and
only if U™ has structure (SOb). O

Lemma 6.4. Let n > 60 and suppose that T+ (x,) = 2.

(a) If Xaw = ® then b(U, T) < “EL. Purthermore, equality holds in the
bound if and only if UT has structure (S2a).
(b) If Xpaut = ©U D7 then b(U, T) < 2("—;—1) Furthermore, equality holds

in the bound if and only if U has structure (S2b).

Proof. It follows from Corollary 3.18 that XCX Aut, S0 X\ Xaw € X'\ X.
Therefore | X \ Xaut| < 2 by Corollary 3.13(c).

(a) By Lemma 5.10(a), |Xaut| < [ZTJrllJ Simple calculations then show

that the bound holds for § > 5 with strict inequality.

So suppose that 6 < 4. By Lemma 5.9(a), Ut contains |®| vertices z;
with 7y+(2;) = 2. This implies that § = 4, and that every cut-vertex of U™
is in ®(zg). Now, if dy+(wo) > 4 then dy(UT) > 2|®|, so [Xaw| < |2
by (10). Simple calculations then show that the bound holds with strict
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inequality in this case. On the other hand, if dy+(z¢) = 3 then U™ has
structure (S2a), so b(U, T) = 2! by Lemma 6.2(e). Therefore, the bound
holds in all cases, and is attained if and only if U™ has structure (S2a).

(b) By Lemma 5.10(b), | Xaut| < 2 L%J Simple calculations then show
that the bound holds for 6 > 6 with strict inequality.

So suppose that § < 5. By Lemma 5.9(a), U™ contains 2|®| vertices x;
with 7y+ (z;) = 2. This implies that 6 = 5, and that every cut-vertex of U™
is in ®(zp). Since U™ contains at least 2|®| leaves by Lemma 5.9(b), clearly
dy+(zo) > 4. Now, if dy+(z0) > 5 then di(U™) > 3|®|, so | Xau| < 2 |2
by (10). Simple calculations then show that the bound holds with strict
inequality in this case. On the other hand, if dy+(zg) = 4 then U has
structure (S2b), so b(U, T') = Q(n—;_l) by Lemma 6.2(f). Therefore, the bound
holds in all cases, and is attained if and only if U™ has structure (S2b). O

Since X may not be contained in Xau, when 7+ (zy) = 1, we need an
auxillary result in this case.

Lemma 6.5. Suppose that A € X \ Xau and that § < 3. Then A w) is
adjacent to x,12 and \~(z,) € {x9, T 2}.

Proof. Let z, = A~!(z,). By Corollary 3.18, 7+ (z,,) = 1 and {\(z,42),
Mzp—2)} = {xp43, 1} as X € X \ Xayu. Moreover, by Lemma 3.10,
either

(a) skel(U — ) is zp12pto .- vp—2 and A(z;) = T(,— 41y for all z; in
V(skel(U — x,)), or

(b) skel(U — z,,) is ®ps27put3 - - - 2p—1 and AN(@;) = o(,4p41)—; for all z; in
V(skel(U — z,)).

We recall that dU+ (SL‘Z) = dU+ (LEZ'+5) = dU+ (l’i_g) for all T, asS gf)({El) = Tj+§-
Case (a): We first note that {z 4145, Tpy1425 Tu—2-5; S V(skel(U —
z,)) as § < <52, Suppose that A(w) is not adjacent to z,12. Then

du+(Tp+1) > du—a, (Tp41) = dr—zw)(MTpt1))

= dr_xw)(Tv+2) = dy+(Ty42)-

So dy+ (.T,H_H_(j) > dy+ (xu+2+5) and dy+ (mu+1+25) > dy+ (JUV+2+25). How-
ever, since A(Zyt145) = Tut24s and A(Z,41425) = Tpyo425, we see that
AU -z, (Tpt148) = dr—x(w)(Tv+2+6) and du—g, (Tp41425) =dr—\(w) (Tv+2426)-
As 0 < %, it follows that x, is not adjacent to x, 145 Or T, 1425, SO W
must be adjacent to both of these vertices. This is impossible since w is a
leaf. Therefore \(w) is adjacent to x,4s.
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Suppose now that x, is not x2. Then w is not adjacent to x,_2, and
thus

dy+ (1) > dp_xw) (Tv-1) = dy—a, A (21-1))

=dy—g, (x,u—2) =dy+ ($M—2)-

So dy+(xy—1-5) > dy+(x,—2—s). However, since A\(z,—2—5) = z,—1—s, it fol-
lows that dy—, (74 —2-5) = dr_x(w)(Tv—1-5), which is impossible as neither
A(w) nor x, are adjacent to x,_1_s. Therefore x, is x2.

Case (b) can be proved in a similar manner by replacing z,r by =,
for each k, and vice versa, and also substituting x._s for xs. O

Lemma 6.6. Let n > 48 and suppose that T+ (x,) = 1.

(a) If Xau = @ then b(U, T) < "L + 1. Purthermore, equality holds if
and only if U has structure (S1a).

(b) If Xpuy = @ U @7 then b(U, T) < @ Furthermore, equality holds
if and only if and UT has structure (S1b).

Proof. As 1y+(x,) = 1, we see that 6 > 3. When § = 3, it is easy to see
that there exists a ¢ € Ref(Aut(U™)) such that ¢ (z,) = 2,41 & ®(x,) and
P(wo) € P(x0). Thus Ref(Aut(U™))(z,) € ®(z, ), whereas Ref (Aut(U™))(xo)
C ®(zp) by Lemma 5.7(d).

Suppose that § > 52, so |®| = £ < 2. Then, since [Xaw| = x(U™), it
follows from Theorem 3.23 that b(U, T') < 9 when Xay = @, and b(U, T') <
13 when Xy = ® U ®7r. Simple calculations show that both bounds hold
with strict inequality. B

We therefore assume that § < % Now, if A € X \ Xayu then A1 (z,) €
{x2, x. 2} by Lemma 6.5; hence | X \ Xaut| < 2 by Definition 2.8(b). There-
fore, since | X \ X| < 4 by Corollary 3.13(b), clearly | X \ Xau| < 6.

Let B be the set of leaves defined in Lemma 5.10. Then, by Lemma 3.12(b)
and Lemma 6.5, B C {a}_, 2], zF. .}, for some j, k. On the other
hand, if A € X \ Xau but AMw) € B then Aw) € {z,—1, Tyi1,Tpi2},
by Lemma 3.12(b). It follows that if |X \ Xaut| > 4, then there exists a
subset A of B with |A| > 1 that satisfies the conditions of Lemma 5.10. In
addition, if § > 4 and |X \ Xaut| > 5, it is easy to see that there is some
subset A of B with |A| > 2 that satisfies the conditions of Lemma 5.10.

(a) Suppose that § > 4. Then, by Lemma 5.10(a), |Xaut| < |2 | when
1 X\ Xaue| <3, [Xaw| < [2F2] when | X\ Xaw| = 4, and [Xau| < |22 ]
otherwise. Simple calculations then show that the bound holds with strict

inequality.
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So, suppose that 6 = 3. Then, since Xayt = ® and Ref(Aut(U™))(z,) €
®(x,), it follows from Theorem 5.8 that dy+(xg) = 3. So U has structure
(Sla) and b(U, T) = L + 1 by Lemma 6.2(c). Therefore, the bound holds
in all cases, and is attained if and only if U™ has structure (Sla).

(b) Suppose that § > 4. Then, by Lemma 5.10(b), [Xaw| < 2|2
when [ X \ Xau| <3, [ Xauw| <225 | when | X \ Xauw| =4, and [Xpw
2 L"THJ otherwise. Simple calculations then show that the bound holds wit
strict inequality.

So, suppose that § = 3. Then, since X4 = ®UPT, Ref (Aut(UT))(z,) €
®(z,) and Ref(Aut(U1))(zg) C P(z0), it follows from Theorem 5.8 that
dy+(xg) > 4. Now, by Lemma 5.9(a), Ut contains |Xayut| vertices z; with
dy+(z;) = 2. It then follows from Lemma 5.9(c) that if A\ € X \ Xy then
A~1(z,) must be a cut-vertex of UT. It is easy to see by inspection that
there can be no such A, and therefore X = Xayu. Now, if dy+(zg) > 5,
then dq (UT) > 3|®|, so | X| = [Xaw| < 22| by (10). Simple calculations
then show that the bound holds with strict inequality in this case. On the
other hand, when dy+(zo) = 4, it follows that U™ has structure (S1b), and
bU, T)= % by Lemma 6.2(d). Therefore, the bound holds in all cases,
and is attained if and only if U™ has structure (S1b). O

[

= VAN

By combining the above results with Theorem 4.22, we finally obtain a
bound on b(U, T') which holds in all cases.

Theorem 6.7. Let U be a sunshine graph and T be a caterpillar of order n,
where n > 60. Suppose there exists a sunshine graph U™ that is a supercard of
U and T such that Aut(U™) contains a non-trivial rotation. Then b(U, T') <
Q(n;_l), with equality if and only if UT has structure (S1b), in which case

n =4 (mod 5). Moreover, in all other cases, b(U, T) < 1 +3.

Proof. This follows immediately from Lemmas 6.1 to 6.6, and the proof of
Lemma 6.6(b). O

We note that, with more work, we can show that this bound holds for
smaller values of n (this is relatively straightforward for n > 35). However,
since the proofs are slightly technical, in the interests of brevity, we have
not included them in this paper.

Theorem 6.8. Let U be a sunshine graph and T be a caterpillar, where n >
62. Then b(U, T') < 2(";1), with equality if and only if there is a supercard of
U and T that has structure (S1b), in which case n =4 (mod 5). Moreover,
in all other cases, b(U, T') < ”TH + 3 when n > 65.
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Proof. We may clearly assume that 6(U, T) > 10. By Lemma 3.3, there
exists a supercard Ut of U and T that is a sunshine graph, and we may
choose U™ to have the largest possible value of x(U™) over all supercards
of U and T that are sunshine graphs. If By (U") = Aut(U™) then Aut(U™)
contains a non-trivial rotation by Corollary 4.14(c), so the results follow from
Theorem 6.7. When By (U*) # Aut(U™), they follow from Theorem 4.22
by straightforward calculation. O
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