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On even rainbow or nontriangular directed cycles

ANDRZEJ CZYGRINOW*, THEODORE MOLLAT,
BRENDAN NAGLE!, AND ROY OURSLER

Let G = (V, E) be an n-vertex edge-colored graph. In 2013, H. Li
proved that if every vertex v € V is incident to at least (n +1)/2
distinctly colored edges, then G admits a rainbow triangle. We
establish a corresponding result for fixed even rainbow ¢-cycles Cy:
if every vertex v € V is incident to at least (n + 5)/3 distinctly
colored edges, where n > ng(¢) is sufficiently large, then G admits
an even rainbow /¢-cycle Cy. This result is best possible whenever
£ # 0 (mod 3). Correspondingly, we also show that for a fixed
(even or odd) integer ¢ > 4, every large n-vertex oriented graph
G = (V, E) with minimum outdegree at least (n + 1)/3 admits a
(consistently) directed ¢-cycle Cy. Our latter result relates to one
of Kelly, Kiihn, and Osthus, who proved a similar statement for
oriented graphs with large semi-degree. Our proofs are based on
the stability method.

AMS 2000 SUBJECT CLASSIFICATIONS: 05C20, 05C35, 05C38.
KEYWORDS AND PHRASES: Edge-colored, rainbow subgraph, directed
graphs.

1. Introduction

An edge-colored graph is a pair (G,c), where G = (V, E) is a graph and c :
E — P is a function mapping edges to some palette of colors P. A subgraph
H C G is a rainbow subgraph if the edges of H are distinctly colored by
c. We consider degree conditions ensuring the existence of rainbow cycles
Cy in (G,c) of fixed even length ¢ > 4. To that end, a vertex v € V in
an edge-colored graph (G, c) has c-degree degg(v) given by the number of
distinct colors assigned by ¢ to the edges {v,w} € E, where we set §°(G) =
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min, ey degg(v). The following result of H. Li [12] motivates the main results
of our paper.

Theorem 1.1 (H. Li, 2013). Let (G,c) be an n-vertex edge-colored graph.
If 6¢(G) > (n+1)/2, then (G, c) admits a rainbow 3-cycle Cs.

A rainbow K|, /3| [n/2) shows that Theorem 1.1 is best possible.
Our first result ensures rainbow cycles of fixed even length.

Theorem 1.2. There exists an absolute constant o« > 0 so that, for every
even integer ¢ > 4, every edge-colored graph (G,c) on n > ng(f) many
vertices satisfying

L_a)n if£=0 (mo
M 5C<G>2{ (3%5) £20 (mod 9

admits a rainbow (-cycle Cy.

Theorem 1.2 is best possible for ¢ # 0 (mod 3), which we verify at
the end of the Introduction. We prove Theorem 1.2 in Section 2 using the
stability method.

Remark 1.3. In arelated paper [3], we establish an analogue of Theorem 1.2
for fixed odd integers ¢ > 3. In particular, we show that for large integers
n > no(¢), H. Li’s condition 6°(G) > (n + 1)/2 ensures rainbow ¢-cycles Cy
in (G, c), which is again best possible by a rainbow K|, 2| [n/2]- O

We also consider an analogue of Theorem 1.2 for oriented graphs G =
(V,E), ie., those for which E C V x V satisfies the rule that (u,v) € E
forbids (v, u) € E. Here, we seck a directed or consistently oriented {-cycle
Cls, whose vertices V (C;) may be ordered (vo, . . ., vs_1) so that (vj, vip1) € E
for all ¢ € Zy. In this context, we may take £ > 4 to be even or odd.

Theorem 1.4. For every fixed integer £ > 4, whether even or odd, every
oriented graph G = (V, E) on n > ng() many vertices with minimum out-
degree 67 (G) > (n+1)/3 admits a directed {-cycle Cy.

We prove Theorem 1.4 in Section 2 using ideas similar to that of Theo-
rem 1.2. Note that Theorem 1.4 is best possible for every ¢ # 0 (mod 3), as
seen by the blow-up G = (V, E) of a directed triangle:

let V =1V,UV; UV, be a partition,
and let E = (Vo x V1)U (Vi x Vo) U (Va x V),
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where [Va| < [Vi| < |Vo| < |Va| + 1. Here, 61(G) = |Va| > ((n+1)/3) — 1.

Note that Theorem 1.4 omits the case £ = 3, which is the triangular case
of the Caccetta-Haggkvist conjecture (cf. [2, 5]) and is beyond the reach of
our methods. We also mention that Theorem 1.4 relates to the following
result of Kelly, Kithn, and Osthus [8].

Theorem 1.5 (Kelly, Kiihn, Osthus, 2010). For every integer { > 4 and
for every integer n > 10194, every n-vertex oriented graph G = (V, E) with
80(G) = min{d*(G),6(G)} > (n+ 1)/3 contains a directed {-cycle Cy.

Moreover, every vertex v € V belongs to a directed ¢-cycle C_"g.

The remainder of this paper is organized as follows. In Section 2, we prove
both Theorems 1.2 and 1.4. For these proofs, we need upcoming Lemmas 2.6
and 2.9, which (in a sense made precise later) distinguish whether or not a
given context is extremal. We prove Lemma 2.6 in Sections 3-5 where we
also prove supplemental results needed along the way. We prove Lemma 2.9
in Sections 6-8, where again we prove supplemental results needed along
the way. We conclude this Introduction by verifying the sharpness of The-
orem 1.2 when ¢ # 0 (mod 3). To aid in the description of these sharpness
examples, we let K[A, B] denote the complete bipartite graph with parts A
and B, and similarly, for a set C' disjoint from A and B, we let K[A, B, C]|
denote the complete tripartite graph with parts A, B, and C.

1.1. Theorem 1.2 is sharp for £ Z 0 (mod 3)

Fix an integer ¢ # 0 (mod 3), which in the constructions below can be even
or odd. Let V = VU V5 UV, be a partition of an n-element set V', where
for optimality we take [n/3|] = m = |[Va| < |Vi| < [Vo| < |Va| + 1. Let
G = (V, E) be given by the complete 3-partite graph K[Vp, Vi, Va]. We now
distinguish the cases n, ¢ (mod 3).

Case 1 (n # 2 (mod 3)). Define ¢ : E — V by setting, for each i € Z3
and (vi, viq41) € Vi X Viga,

(2) e+ ({vi, vig1}) = viga.

We say this same edge e = {v;, vi+1} € F is of type i, and we write t(e) = i for
its type. We write a fixed ¢-cycle Cy in G by a cyclic ordering (e, €1, . .., €r—1)
of its consecutive edges. A consecutive such pair (eg, ex11) is a reversal when
er and ey 1 are of the same type t(ex) = t(exr1) = i € Z3, where (eg, ep11) is
a backward reversal when exNe11 € Vip1, and (eg, ex41) is a forward reversal
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when e Nekt1 € V;. Since CY is a cycle, the number of backward reversals is
the number of forward reversals, and Cy admits backward reversals lest £ = 0
(mod 3). Fix an arbitrary backward reversal (eg, ex11) of Cy, where k € Zy,
where t(e;) = t(eg+1) =@ € Zs, and where ex Negr1 = {vit1} C Vit1. Then

2 2
(3) cxlen) Lo @ ey (enn),

whence Cy isn’t rainbow. We observe from (2) that degg (v;) = 1+ |Viqq|
holds for each fixed 7 € Zg and for each fixed v; € V;. Indeed, an incident
edge e = {v;,v;} € E is assigned the fixed color ¢4 (e) = v; when v; € Vi_q,
and is assigned the variable color ¢4 (e) = v; among all |V; 1| many possible
v; € Vig1. As such, 6 (G) = degg (v1) = m + 1 is achieved by any vertex
v € Vi, while [(n +5)/3] = m + 2 is ensured by n # 2 (mod 3). O

Case 2 (n =2, /=1 (mod 3)). Here, n = 2 (mod 3) ensures that |Vy| =
|[Vi] = m + 1. Fix a perfect matching M = {{z1,v1}, ..., {Tm+1, Ym+1}} of
G[Vo, V1] = K[V, V1], where Vo = {z1, ..., &ms1} and Vi = {y1,. .., Ym+1}s
and fix a symbol x & V. Define cjr : E — {x} UV by

C+(€) ifee B \ EG[W)?Vl]?
(4) cm(e) = * ifee M,
Tp if e = {l’a, yb} € EG[‘/Ov VI] \ M.

We observe from (4) that (G, car) is (m+2)-color-regular, while [(n+5)/3] =
m + 3 is ensured by n = 2 (mod 3). Indeed, as before in Case 1, a vertex
vy € Vs has color-degree deg@ (v2) = degyt (v2) = 1+ [Vo| = m + 2. Less
easily, fix z, € Vj and fix an incident edge z, € e € E. If eNV4 # (), then e is
assigned the fixed color cpr(e) = c4(e) = xq, and if e = {4, y,} € M, then e
is assigned the fixed color cjs(e) = . Otherwise, e = {xq, yp} € E[Vo, Vi]\M
for some y, # yp € V1, whence e is assigned the variable color cjs(e) = xp
among all |V;| — 1 = m many possible y, € V1 \ {ys}. Similarly, fix y, € V1,
and fix an incident edge y, € e € E. If e = {xp, yp} € M, then e is assigned
the fixed color cpr(e) = *, and if e = {xq,yp} € E[Vo, V1] \ M for some
xp # x4 € Vo, then e is assigned the fixed color c¢ps(e) = xp. Otherwise,
e = {yp,v2} € E[V1, V3] for some vy € Vi, whence e is assigned the variable
color cjpr(e) = ¢4 (e) = v among all |Vo| = m many possible vy € V5.

We now observe that (G, cps) avoids rainbow ¢-cycles Cy. For that, fix
an (-cycle Cy = (eg,...,e—1) of G with backward reversal (e, ex11), where
k € Zy. For Cy to be rainbow, we claim that G must assume the color x within
the backward reversal (eg,er+1). Indeed, let t(ex) = t(ex+1) = @ € Zs, and
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let ex Negr1 = {vit1} C Viy1. For Cp to be rainbow, i = 0 is necessary
lest (3) holds, so write v;11 = y1 € V4. Since M is a matching, at most one
of e, ex11 € M, but for Cy to be rainbow, at least one such containment is
necessary (as claimed) lest (4) gives car(er) = x1 = capr(ex+1). Now, for Cy
to be rainbow, the following are necessary:

(a) ex € M implies (ex_1,ex) is a forward reversal, lest

4 2 4
cyvr(ex—1) (:) cy(ex—1) (:) ‘il (:) ey (er+1);

(b) er+1 € M implies (ex11,ert2) is a forward reversal, lest

4 2 4
ey (€kt2) B cy(ert2) @, Y ey (ek)-

Either way, Cy has further backward reversals (assuming x again) lest £ = 2
(mod 3). O

Case 3 (n,/=2 (mod 3)). We first slightly alter the graph G = K [Vp, V1, V5]
above, as follows. Fix « € Vp and y € V1 so that Uy = Vo\{z}, U1 = Vi\{y},
and Uy = V4 all have size m. Define E by the rule that, for each {u,v} € (‘2/),

we put {u,v} € F if, and only if,

{y} x Uo # (u,0) & | (Ui x U).

1E€2L3

In other words, G = (V, E) and G = (V, E) differ only in the 3m = n — 2
elements among

E\EzU{{x,uo}: ug € UO}UU{{y,ul}: u] € Ul} and
E\E:U{{y,vg}: vy € U()}.

Define ¢ : 2 — {x} UV by setting, for each e € E,

* ifec E\E,
(5) é(e) = x ife={x,us} € ENE for some uy € Us,
cy(e) otherwise.

We observe from (5) that (G, &) is (m+2)-color-regular, while [(n+5)/3)] =
m + 3 is ensured by n = 2 (mod 3). Indeed, fix a vertex uy € Up, and fix an
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incident edge ug € e € E. If z € e, then e is assigned the fixed color é(e) = «,
and if e N Uy # 0, then e is assigned the fixed color é(e) = cy(e) = up.
Otherwise, e = {ug,u1} € E[Uy, U] = E[Up, Uy] for some u; € Uy, whence
e is assigned the variable color é(e) = ¢y (e) = u; among all |U;| = m many
possible u; € U;p. Vertices u; € U; and us € Uy similarly have ¢é-degree
m + 2. For the fixed vertex z € V, fix an incident edge # € e € E. If
eN (UyUUs) # 0, then e is assigned the fixed color é(e) = x, and if y € e,
then e is assigned the fixed color é(e) = y. Otherwise, e = {z,u;} for some
u1 € Uy, whence e is assigned the variable color é(e) = cy(e) = u; among
all |U1| = m many possible u; € Uj. The fixed vertex y € V similarly has
é-degree m + 2. That (G, ¢) avoids rainbow f-cycles Cy is sketched in the
Appendix, when more needed concepts are developed. U

2. Proofs of Theorems 1.2 and 1.4

The proofs of Theorems 1.2 and 1.4 are based on the well-known stability
method, together with a few elementary results. We present the tools we
need in order of increasing technicality.

2.1. Elementary tools

Edge-colored graphs (G, c¢) on a vertex set V' correspond to directed graphs
G = (V, E), as follows. For each v € V, let {v,w1},...,{v,ws} € E be a
system of representatives of the color classes of ¢ on edges at v, where d =
degg(v). We put (v, wy),. .., (v,wg) € E, and we say that a directed graph
G = (V, E) obtained in this way (which need be neither oriented nor unique)
is associated with (G, c). Directed graphs G = (v, E) correspond to edge-
colored graphs (G, ¢), as follows. For each (v,w) € E, we put {v,w} € E(G)
and define ¢({v, w}) = w. Then (G, ¢) is uniquely determined by G, although
G = (V, E) may be a multigraph. We pause for the following remark.

Remark 2.1. In this paper, no directed graph G = (V, E) will allow E to
be a multiset, nor will E consist of any directed loops. When (v,w) € E
forbids (w,v) € E, then G = (V,E) is an oriented graph. When so, the
edge-colored graph (G, ¢) determined by G is simple. O

In the contexts above, we make a couple of elementary observations.
On the one hand, if (G,c) is an edge-colored graph and G = (V, E) is a
directed graph associated with (G,c), then every vertex v € V has out-
degree degg(v) = deg%(v). On the other hand, if G = (V, E) is an oriented

graph and (G, ¢) is the edge-colored graph determined by G = (V, E), then
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every vertex v € V satisfies degi(v) = degé(v) + 1 when v has positive

in-degree in G, and degl,(v) = degé(v) otherwise. In these contexts, we
next consider the extent to which rainbow cycles of (G, ¢) relate to directed
cycles of é, and vice versa. We begin with the following elementary but
useful observation first noted by H. Li in [12].

Fact 2.2. Let G = (V, E) be an oriented graph, and let (G, c) be the edge-
colored graph determined by G. Every directed £-cycle Cy in G corresponds
to a rainbow (-cycle Cy in (G, c). Moreover, every properly colored (-cycle Cy
m Q 18, in fact, a rainbow £-cycle, and corresponds to a directed £-cycle

Cg n G.

In Fact 2.2, the edge-colored graph (G,c) is derived from a given ori-
ented graph G = (V, E) and directed ¢-cycles Cy of G are in one-to-one
correspondence with rainbow ¢-cycles Cy of (G, ¢). However, when (G, c) is
given and G = (V, E) is associated with (G, ¢), the same conclusion need
not hold.

Fact 2.3. Let (G,c) be an n-vertex edge-colored graph, and let G = (V, E)
be a directed graph associated with (G,c). Then G admits at most (1/2)(¢ —
D)nt=! many directed (-cycles Cy that were not rainbow in (G, c).

Remark. We apply Fact 2.3 with ¢ fixed, and from the O(n‘~!) bound, we
only ever use o(n). O

Proof of Fact 2.5. Consider a directed ¢-cycle Cy = (vo,v1,...,v-1) in G,
where v;11 € NG (v;) for all i € Z;. When C; was not rainbow in (G, ¢), some
distinct pair (j,k) € Z; x Zy satisfies ¢({v;,vj+1}) = c({vk, vg41}). Owing
to the construction of G from (G, ¢), the vertex vyy; € NGf(vk) is uniquely

determined by c¢({v;,vj41}). There are at most £(¢ — 1)(n),—1 many vertex
sequences (vg, v1,...,0s—1) with the property that, for some distinct pair
(J, k) € Zy X Zy, the vertex vgy1 depends uniquely on j. Since each directed
l-cycle ég of G has 2/ many symmetries, the bound in Fact 2.3 follows. [

The following concept is central throughout the remainder of the paper.

Definition 2.4 (A-extremal). Fix A > 0, an n-vertex directed graph G =
(V, E), and an edge-colored graph (G, c) with vertex set V' and edge set E.
We say that

1. G is A-extremal if there exists a partition V = V{, U V3 U V5 where for
all ¢ € Zs,

(6) eq(Vi,Vig1) > (5 — M) n®,
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—

where e~(V;, Viy1) denotes the number of edges (v;, vi41) € BN (Vi X
Vit1);

2. (G, c) is A-extremal if there exists a partition V' = VoUV;UV; on which
some directed graph G = (V, E) associated with (G, ¢) is A-extremal.

In these contexts, V = Vo UV U Vs is said to be A-eztremal for G or (G,c).

We conclude our elementary tools with the following fact. In its proof,
we use the notation () = x(x —1)--- (x — k + 1) for the falling factorial.

Fact 2.5. For all0 < X\ < 1/(28), and for every positive integer £ = 0 (mod
3), the following hold:

1. Every A-extremal n-vertex directed graph G = (V,E) has Q(n') many
directed £-cycles Cy.

2. Every A-extremal n-vertex edge-colored graph (G,c) has Q(n*) many
rainbow L-cycles Cy.

Proof of Fact 2.5. Fix 0 < XA < 1/(28) and fix a positive integer ¢ = 0
(mod 3). To prove Statement (1), set k = £/3, and let G = (V, E) be an
n-vertex directed graph with A-extremal vertex partition V = VyuU Vi U V5.
Let H be a blow-up of the directed triangle on V' = Vj U Vi U Vs, whose
edges consist of (Vg x Vi) U (Vi x Va) U (Va x Vp). Then, H admits precisely
(IVol)k x (IViD)e x (|Va|)x many directed f-cycles C; meeting each of Vj,
V1, and V5 exactly k times. The number of these cycles having some edge
€= (vo,v1) of H\ G, where vy € Vp and v; € V4, is at most

(IVollval = (5 = A) n®) [Val x (IVo| = D=1 % (IVa] = D1 % (IVa] = Dg-1.

More generally, the number of these cycles having some edge € of H \ G is
at most

n3
(3= (=N iz ) (VoD (VD x Vel

Thus, G admits at least

n

3
((% — ) VolVilval ~ 2> (IVol)r x (Vi) x (IVa|)k

many directed {-cycles Cy. Since |Vp||[Vi||Va| < n3/(27) holds by convexity,
G admits at least

(1= 270) (Vo) x (IViDk x (|Val)k = Q(n)
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many directed (-cycles Cy, where we used A < 1/(28).

For Statement (2), let (G,c) be an n-vertex A-extremal edge colored
graph, and let G = (V, E) be a directed graph associated with (G, ¢) which
has A-extremal partition V = VUV UV5s. Let F - G consist of all (vi,Vi41) €
E where v; € V; and vi41 € V41 for i € Zs. Then F is an oriented graph with
A-extremal partition V' = VoUV; UV, which, by Statement (1), admits (n’)
directed (-cycles Cy. Fact 2.3 ensures that Q(nf) — o(n?) of these directed
cycles correspond to rainbow cycles in (G, ¢), because the edge-colored graph
F' determined by F i, by construction, a subgraph of G. OJ

2.2. Stability results

In what follows, we distinguish between whether or not a given structure is
A-extremal (cf. Definition 2.4).

Lemma 2.6. For all A\ > 0, there exists « = a(\) > 0 so that for all integers
¢ >4, there exists an integer ng = no(\, o, £) > 1 so that whenever G is an
oriented graph on n > ng many vertices satisfying

(7) 5+(é)>{ (%—a)n if L #£5,

nil o ife =5,

then G is A-extremal or G admits a closed directed (-walk Wg.

We prove Lemma 2.6 in Sections 3-4. We apply Lemma 2.6 in the fol-
lowing convenient form.

Corollary 2.7 (the non-extremal case). In the context of Lemma 2.6, the
following statements hold:

1. If £ =5 and G is not A-extremal, then G contains a directed 5-cycle
05;

2. If 0 #5 and G is not \-extremal, then G contains Q(n®) many directed
£-cycles Cy.

Moreover, for even integers £, Statement (2) above holds when G is allowed
to be a directed graph.

Note that Statement (1) of Corollary 2.7 restates the conclusion of
Lemma 2.6 when ¢ = 5, since the only closed directed 5-walk W is the
5-cycle Cs. It is standard to derive Statement (2) of Corollary 2.7 from
Lemma 2.6 by using a suitable regularity lemma. We sketch such a proof
below.
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Remark 2.8. In the context of Lemma 2.6, let G be an oriented graph on
n > no(A, £) many vertices which satisfies (7), where £ # 5. We may apply
Lemma 3.2 from [7] to obtain a regular partition V. = VUV uU--- UV,
of G with cluster digraph ﬁ, where R may not be oriented. Nonetheless,
Lemma 3.2 guarantees that R admits an oriented spanning subgraph @ C ﬁ,
where 6+(Q)/t can be taken arbitrarily close to 6 (G)/n, and where 6~ (Q) /¢
can be taken arbitrarily close to 6~ (G)/n. As such, if the oriented graph G
is not A-extremal, then the oriented graph Q isn’t \-extremal for some
suitably small 0 < X < A. Lemma 2.6 then guarantees that Cj admits a
closed directed ¢-walk Wg Applying a countmg lemma to the system of pairs
(Vi, V) correspondlng to the edges of W, guarantees Q(n*) many directed

l-cycles Co.
When 7 is even, G need not be oriented. Here, we may apply Lemma 3.1
of [1] to obtain a regular partition V= Vo UVi U---UV; of G with cluster

digraph R. Again, if G is not A- extremal, then R is not N-extremal for
some suitably small 0 < X < . If R is, in fact, an oriented graph, then
we proceed 1dent1cally to the above. Assume that R admits a 2- cycle, i.e.,

a closed 2-walk Ws. Since ¢ is even, the pair (V;,V;) corresponding to Wg
admits Q(nf) many directed f-cycles Cy. O

We continue with an extremal counterpart to Corollary 2.7.

Lemma 2.9 (the extremal case). There exists an absolute constant Ao > 0
so that, for all 0 < X < Ag and for all integers £ > 4 not divisible by
three, there exists an integer ng = no(Ao, A, £) > 1 so that whenever (G, c)
is a A-extremal edge colored graph on n > ng many vertices, the following

hold:

1. If ¢ #5 and 6°(G) > (n+5)/3 (cf. (1)), then (G,c) admits a rainbow
L-cycle Cy;
2. If 6°(G) > (n+4)/3, then (G, c) admits a properly colored ¢-cycle Cy.

We prove Lemma 2.9 in Sections 6—8. We proceed to the proofs of The-
orems 1.2 and 1.4, which are formal consequences of Corollary 2.7 and
Lemma 2.9.

2.3. Proof of Theorem 1.2

To define the absolute constant o > 0 promised by Theorem 1.2, we consider
auxiliary parameters. Let Apem. 2.9 be the absolute constant Ay guaranteed
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by Lemma 2.9. Set
(8) A = min {%a ALem. 2.9},

which is suitably small for an application of Fact 2.5. With A > 0 given
in (8), let

(9) O = OLem. 2.6<)\) >0

be the constant guaranteed by Lemma 2.6, which we take to be the constant
promised by Theorem 1.2.

Fix an even integer ¢ > 4. Let (G, c) be an n-vertex edge-colored graph
satisfying (1), where in all that follows we assume that n > ng(A\, «a,f) is
sufficiently large. To prove Theorem 1.2, we distinguish between the cases
of whether or not (G, ¢) is A-extremal, where A is given in (8).

Case 1 ((G, ¢) is A\-extremal). In this case, we apply Fact 2.5 or Lemma 2.9
to (G, c). Assume first that £ = 0 (mod 3). By our choice of A < 1/(28)
from (8), Statement (2) of Fact 2.5 guarantees Q(n’) many rainbow /-cycles
Cy in (G, c). Assume now that ¢ #Z 0 (mod 3). By our choice of A < Arem. 2.9
from (8), Statement (1) of Lemma 2.9 guarantees a rainbow ¢-cycle Cy in
(G,c). (Note: £ # 5 by the parity of £.) O

Case 2 ((G,c) is not A-extremal). In this case, we will indirectly apply
Fact 2.3 and Corollary 2.7 to (G, ¢). For that, let G = (V, E)) be any directed
graph associated with (G, c), where necessarily G is not A-extremal, and
where 6 (@) = 6%(G) > (3 — ) n is ensured by (1). By our choice of
a = Lem. 2.6(A) in (9) (and £ # 5), Statement (2) of Corollary 2.7 guarantees
Q(nf) many directed f-cycles Cy in G. Fact 2.3 then guarantees that at least
one of these corresponds to a rainbow ¢-cycle Cy in (G, ¢). O

2.4. Proof of Theorem 1.4

We again use the auxiliary constants A > 0 and a > 0 determined in (8)
and (9). Fix an integer ¢ > 4. Let G = (V, E) be an n-vertex oriented
graph satisfying 6© (é) > (n + 1)/3, where in all that follows we assume
that n > ng(\, o, £) is sufficiently large. Let H C G be maximally induced
w.r.t. satisfying 6~ (H) > 1, and set U = V(H). Note that every v € U
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satisfies deg*( ) = deg+( ). Consequently, |U| = §(n) can be taken as

large as needed since the number e(H) of edges of H satisfies
U . . . .
<|2|> >e(H) > |Ul6%(H) > |U|6%(G) = U] =20 (G) = 2n/3.

We now distinguish between the cases of whether or not His A-extremal,
where )\ is determined in (8).

Case 1 (H is not A-extremal). In this case, we apply Corollary 2.7 to H,
which is possible on account that 6+ (H) > 5+(G) (n+1)/3 > ((1/3)—a)n,

for « = apem. 2. 7 ] in (9 ) Whether or not £ =5, Corollary 2.7 guarantees a
directed f-cycle Cg in H where Cg also appears in GDH. O

Case 2 (H is A-extremal). In this case, we will apply Fact 2.5 to H or
we will indirectly apply Fact 2.2 and Lemma 2 9 to H. Assume first that
¢ =0 (mod 3). By our choice of A <1/(28) in (8), Statement (1) of Fact 2.5
guarantees Q(n*) many directed ¢-cycles Cy in H each of which also appears
in G D H. Assume now that £ # 0 (mod 3). Let (H, c) be the edge-colored
graph determined by H, where H has vertex set U = V(H ) Since every
vertex u € U has positive in-degree in H , we have that

degf(u) =1+ deg}%(u) > o,

By our choice of A < Apem. 2.9 in (8), Statement (2) of Lemma 2.9 guarantees
a properly colored ¢-cycle Cy in (H,c). Since (H,c) was determined by the
oriented graph H Fact 2.2 guarantees that Ce corresponds to a directed
{-cycle Cy in H which also appears in GDH. O

3. Proof of Lemma 2.6

Lemma 2.6 is a formal consequence of the following two propositions (recall
9o(G) from Theorem 1.5).

Proposition 3.1. For all § > 0, there exists « = a(fB) > 0 so that for
every integer £ > 4, there exists an integer ng = no(B,a,f) > 1 so that
the following holds. Let é (V, E) be an oriented graph satisfying (7) o

n > ng many vertices. IfG admits no closed directed £-walk, then G admzts
an induced subgraph H = G[U] on |U| = m > (1 — B)n many vertices which
satisfies

(10) So(H) > (£ — g)m.
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Proposition 3.2. For all \g > 0, there exists = B(Ng) > 0 so that for
every integer £ > 4, there exists an integer my = mo(Xo, 5,€) > 1 so that
the following holds. Let H be an oriented graph on m > mg vertices which
admits no closed directed (-walk, but which satisfies 6o(H) > ((1/3) — B)m.
Then H is Ao-extremal.

The proof of Proposition 3.1 is not too difficult, and will be given later
in this section. The proof of Proposition 3.2 is more involved, and will be
postponed to the following section.

3.1. Proof of Lemma 2.6
Let A > 0 be given. To define the constant & = «(\) > 0 promised by
Lemma 2.6, we consider several auxiliary constants. First, set A\g = A\/2, and

let

(11) BProp. 3.2 = BProp. 3.2(>‘0) >0

be the constant guaranteed by Proposition 3.2. Second, set

(12) B = % min{)\o, 6Pr0p. 52}
Third, let
(13) OProp. 3.1 = OProp. 3.1(5) >0

be the constant guaranteed by Proposition 3.1. We define

(14.) o = min{aProp. 3.1 B}

to be the constant promised by Lemma 2.6. Let an integer ¢ > 4 be given.
Let G = (V, E) be an n-vertex oriented graph satisfying (7) with « in (14),
where in all that follows we assume that n > ng(A, a, ¢) is sufficiently large.
We assume that G admits no closed directed f-walk, and establish that G
is A-extremal.

Since G admits no closed directed {-walk, and by our choice of a <
Qprop. 3.1 in (13) and (14), Proposition 3.1 guarantees that G admits an
induced subgraph H = G[U] on |U| = m > (1—f)n (cf. (12)) many vertices
for which

So() > (2D _g)m > G—a—f)m > (3-28)m > (1= Berop. 32)m.
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Since H admits no closed directed (-walk, and by our choice of Bprop. 3.2
n (11), Proposition 3.2 guarantees that H is Ag-extremal. Let U = V(H) =
Uy U Uy U Uy be any Ag-extremal partition of H (cf. Definition 2.4), and
let V = V(G) = Vo UV, U Vs be any partition satisfying U; C V; for each
0 <4 < 2. Then, for each 7 € Zg,

GG(Wa%+1) (UuUHl) =€q (UuUerl)

Prop. 3.2 Prop. 3.1 (12)

(5—20)m* > (5 2) (18> > (5-A)n’

where we also used A = 2\y. Thus, V = VUV UV, is a A-extremal partition
of GG, as desired.

3.2. Proof of Proposition 3.1

Let 8 > 0 be given. Define

(15) o = (%/(96).

Let integer £ > 4 be given. Let G = (V, E’) be an n-vertex oriented graph
satisfying (7), where in all that follows, we take n > ng(8,a,¢) to be suf-
ficiently large. Assume that G admits no closed directed (-walks. The sub-
graph H = G[U] desired in (10) is induced on the following vertices of large
in-degree:

(16) U= Vign = {veV: deg5(0) = 67(G) - n(5%/2)}.
To see that H = é[Vhigh] satisfies (10), we use the following claim (whose

proof we defer for a moment).

Claim 3.3. A~ (G) < 67(G)+n(83/4), where A=(G) denotes the mazimum
in-degree in G.

Using Claim 3.3, we will verify that |U| = |[Viigh| = m > (1 — §)n.
Indeed, with Vigw = V' \ Viign,

n(5+ Z deg Zdeg Z deg Z deg

ueVvV veEV WEViow € Vhigh

< Viw| (5 (G) — 58%0) + Vi A~ (@)



On even rainbow or nontriangular directed cycles 603

Clm 3.3

[View| (8°(G) = §8°n) + [Visaa| (5 (G) +§8°n)

from which 2|View| < B|Vhigh| < Bn and |Vhign| > (1 — (8/2))n follow. By
construction, both

61 (H) 2 67 (G) = [Viewl 2 6% (G) = 380 = (M2 = g)n = (M2~ g)m,

and o~ (ﬁ) > min { degé(v) tv € Vhigh} — Viow|

(16) - 5
> 0%(d) - 5% — §6n = (5 — B)m

n

hold, as promised in (10). Thus, it remains to prove Claim 3.3, where we
will use the following fact.

Fact 3.4. Let R,S C V be some disjoint pair with sizes |R\ > A~ (G) and
|S| > 61(G), where (S, R) admits no path s — v — r in G with s € S and
r € R. Then A~(G) < 67(G) 4+ n(B3/4) (¢f. Claim 3.3).

Proof of Fact 3.4. Let R, S C V be given as above. Fix Sy C S with |Sy| =
67 (G) and set S = NE(SO). Then N(J;E(Sl) NR=10. Set Sy = Ng(Sl) \ So
so that R, Sy and Sy are pairwise disjoint. Thus

(17) A™(G) + 6% (G) + |S2| < |R| + |So| + |S2| < 7.

We double-count the number es(S51, S2) of edges from 51 to S3. On the one
hand,

LD 3 3
(18)  e5(S1,5) < 191a7(G) < A7(G) (n— A~ (G) - 57(G)).

On the other hand,

(19) e5(S1,52) > [S1[67(G) — es(S1, So)
> [51167(G) — (IS0][S1] — eg(So, S1))

= e(S0,51) > [S0l6™ (G) = (5+(@))27

where we twice used that |Sg| = 6(G). Comparing (18) and (19), we infer

(A(@) "~ (n—57(@) A (@) + (57(0)) <0
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— A (G)< % <n_5+(é) + \/(n—35+(é)) (n+5+(é))>
§%<n—5+(é)+n\/6_a>:5+(é)+l( 35*( )+m/_>
5T (G) + (3a+\/_a> < 5+ (@) + nV6a,

and so our choice of o = 3%/(96) from (15) completes the proof of Fact 3.4.
O

We now prove Claim 3.3.

Proof of Claim 3.3 Assume, on the contrary, that
(20) A~ (G) > 67(G) + 1.
Then Fact 3.4 ensures that

(21) every disjoint pair R, S C V with |R| > A~ ((_j) and |S| > 6T (C_;")

admits a directed path s — v — 1 in G withs € S andr € R.

Fix zmax € V satisfying degé(azmax) = A‘(C_j). We distinguish several cases
of £ > 4.

Case 1 (¢ =4). Set R = N (Tmax) and S = Ng(xmax), which are disjoint

and satisfy |R| = A=(G) and |S| > 67(G). Then (21) guarantees a directed
4-cycle (Tmax, S, U, Ty Tmax), Which contradicts that G admits no closed di-
rected 4-walks. In other words, (20) must be false when ¢ = 4. O

Case 2 (¢ = 5). We use the following peculiar observation, proven in a
moment:

(22) if Tmax — Y — 2 — a 1s a directed path in é,
then (Tmax, @) & E, (Tmax, 2) & E, and (y,a) & E.

Using (22), NZ p (Tmax) is an independent set whose every fixed element
y € NT g (zmax) has an independent out-neighborhood NGf(y) which is dis-
joint from Nér(:cmax). Thus, for z € Ng(y) fixed, it must be that Ng(z) N
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Ng(xmax) # () since otherwise N;E(xmax) UNCf;(y) UN;I(z) C V is a disjoint
union with

deg:(Zmax) +deg 5 (y) +degZ(z) > 367 (G) 2 n+1  (recall £ =5 in (7)).

On the other hand, Néf(z) ﬂNéﬁ(mmaX) # () violates (22), and so (20) is false
when ¢ = 5.
To see (22), we first observe that

(23) Néf(a) N NG? (Tmax) = 0,

since b € Ng(a) N NG? (max) would give the directed 5-cycle (zmax, ¥, 2, a, b,

Zmax), which would contradictq that G admits no closed directed 5-walks.
Now, (23) forbids (Zmax,a) € E, since otherwise we set R = Ng (Tmax) and

S = Ng(a) and use (21) to guarantee a directed 5-cycle (Tmax, @, S, V, ', Tmax ) -
We next observe that

(24) NZ(a) N NJ (2max) # 0,
since otherwise (23) gives that Ng(a) U Né_(ﬂfmax) UNg (Tmax) € V is a
disjoint union with
n + _ 20) L oa D
deg/;(a) + deg(Tmax) + deg 5 (2max) > 307 (G) = n+ 1.
Using (24), fix b € N(J;I(a) N N;E(xmax). Then

(25) NE(®) NN (@max) # 0,

as otherwise we set R = N (Tmax) and S = Ng(b) and use (21) to guaran-
tee a directed 5-cycle (Zmax, b, s, v, T, Tmax). Using (25), we fix ¢ € Néﬁ(b) N
NG:(CL‘maX), which forbids (zmax, 2) € E lest (Tmaxs 25 @y b, €, Tiax) 18 a di-
rected 5-cycle. Similarly (y,a) € E, which proves (22). O
Case 3_'(6 > 6). By the argument of Case 1, xyax belongs to a directed

4:cycle Cy4. We first observe that xy.x does not belong to a directed 3-cycle
(3. Indeed!,

IThis statement holds for all integers £ > 3 outside of £ = 5, and can be proven
by inducting on ¢ = [£/2]| + [£/2].
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(26) every integer £ > 6 can be expressed as { = 3i + 4j

for some integers i,j > 0,

and so the inclusion of xy,,x along both a directed 3-cycle C_”3 and a directed 4-
cycle 6_"4 would place xmax in a closed directed ¢-walk in G , contradicting our
hypothesis. We next observe that a longest directed path P = (Y1, -5 Yk)
in Ng(asmax) satisfies k = Q(n). Indeed, |Ng(yk) N Ng(xmaxﬂ < k—2 holds

by the optimal length of ]3, and so

(27) |N§ (yk) U Ng(xmax)}
= deg () + deg s (ama) — [NE (1) 1 N (o) = 207 () — b

Since xmax belongs to no directed 3-cycles C_;g,

(28) Né_(yk) N NG: (xmax) =0= Ng(xmax) N NGj(fL'max)
= Né’_(yk) UNg(xmax) C V\NGj(xmaX)

- ‘Ng(yk) UNg(xmax)’ < n—degé(xmax) :n_A*(G)'
Then k = Q(n) follows comparing (27) and (28):

(20)

k> 27 (C) +A(G) —n'> 36%(G) + 1% —n

S (17— 30) D (17 - 46 > gnss,

To conclude Case 3, set R = NG?(:cmaX) and § = Ng(yk), which we

observed above are disjoint. Then (21) guarantees a path (s,v,r) with s € §
and r € R, whence

(ﬂj‘max, Yk—0+5, Yk—0+65 - - - s Yk, S, U, T, mmaX)

is a closed directed f-walk, contradicting our hypothesis. In other words,
(20) must be false when ¢ > 6. which proves Claim 3.3. O

4. Proof of Proposition 3.2

In this section, we prove Proposition 3.2, where we will use several auxiliary
facts. The first fact is taken from Corollary 1.5 in [6].
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Fact 4.1. Fiz an integer { > 4. Let G = (V,E) be a large n-vertex ori-
ented graph which contains no directed triangle, but which satisfies do(G) >
(0.3025)n. Then G admits a directed £-cycle Cy.

Our remaining facts are independent of the context of proving Proposi-
tion 3.2, and are therefore verified in Section 5.

Fact 4.2. Fiz an integer £ > 4 and an e € (0,1/(11)]. Let G = (V, E) be an
oriented graph onn > ng({,€) many vertices which admits no closed directed
C-walk, but which satisfies 6o(G) > ((1/3) — &)n. Let (Uy,U1) be a pair of
subsets Uy, Uy C V satisfying the following conditions:

(i) [Uol, |U1] > 80(G);
(ii) |[Up U < ((1/3) — 21e)n;
(ii) G admits no directed paths ug — v — w1, where ug € Uy and uy € Uj.

Then, there exist independent sets In C Uy \ Uy and Iy C Uy \ Uy with sizes
(29) |Io| > |Uo\U1|—Ten > 20en and |I1| > |Ui\Up|—Ten > 20en.

Remark 4.3. In many applications of Fact 4.2, the pair (Uy, U;) will satisfy
UpNU; = 0. O

Fact 4.4. Fiz an integer £ > 4 and an e € (0,1/(54)). Let G = (V,E)
be an oriented graph on n > ng(¢,¢) many vertices which admits no closed
directed C-walk, but which satisfies 50(G) > ((1/3) — &)n. Let (x,y,z x) be

a directed 3—cycle C’g m G and assume that neither © nor y belongs to a
directed 4-cycle Cy. Then, \Né )HNE( )| > ((1/3) — 18¢)n.

We now prove Proposition 3.2, and distinguish whether or not ¢ = 5.
4.1. Proof of Proposition 3.2 when £ # 5

Fix Ay > 0. Define the promised constant

(30) B = B(Xo) = min {55 Ao, 3 — 0.3025, ==
Fix an integer ¢ > 4, where £ # 5. Let H= (V, E) be an m-vertex oriented
graph, where m > mq(\o, 3,¢) is assumed to be sufficiently large when-
ever needed. Assume that H admits no closed directed ¢-walk but satisfies
do(H) > ((1/3) — B)m. We prove that H is Ag-extremal.
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The central observation of the proof is that H admits directed triangles,
since otherwise with

(30)

So(H) > (L —B8)m > (0.3025)m

W=

Fact 4.1 would guarantee a directed ¢-cycle Cyin H , contradicting our hy-
pothesis. Thus, fix a directed 3-cycle (vg,v1,v2,v9) in H. Our observation
in (26) guarantees that no vertex v; € {vp,v1,v2} can belong to a directed
4-cycle Cy lest H admits a closed directed ¢-walk. For fixed i € Zs, we define

(31) Ui = Nz (vi) N NE(UM).

Then Uy, Uy, and Uy are pairwise disjoint because H is an oriented graph.
By our choice of g < 1/(54) in (30), and by no v; € {vg,v1,v2} belonging
to a directed 4-cycle 64, Fact 4.4 guarantees that

(32) Uil = [Nz (vi) N Nf(visa)| = (5 — 188) n.

We claim that each u; € U; satisfies

(33) Uir1 NNE(w)| = (3 - 458) n.

If true, any partition V' = Vo U V1 U V3, where U; C V; for each j € Zs, is
Ao-extremal since

+ 33 1
e (Vi,Viy1) > e5(Us, Uiy1) = Z Uit ﬂNﬁ(uz‘)‘ > |Ui| (3 —458) n
u, €U;

(3>2)l—45 L_188)n2> (L —21 2(3>0)l—)\ 2
= (3 5)(3 5)” —(9 5)” = (9 0)”'

To prove (33), fix i € Zs, and w.l.o.g. assume ¢ = 0. Fix vy € Uy =

ng(vo) N NHJE(vl). Then (v1, ug, vo, v1) is a directed 3-cycle Cs, and so (26)

gives that ug can belong to no directed 4-cycle Cy. As such, Fact 4.4 (applied
to (v1,up,vg,v1)) guarantees that

(34) [N (v1) N NE(uo)| > (5 — 188) n,

which isn’t yet (33), but it will be very close. With an error we can control,
we shall ‘replace’ ng(vl) in (34) with U; C Né(vl) from (31). We claim
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this error will be small if
(35) degl_i(vl) < (% +98)n.

Indeed, if (35) holds, then we would have

(36) [N~ (o) \U1| 'Z deg (1) — U]

(32 L (35)
< degﬁ(vl) — (g — 185) n < 278n,

and so comparing (34) with (36) yields

. 36) B (34
| mNﬁ(uO)\ +27pn > |Ng(u0) mNﬁ(ul)} > (3 —188)n,

which gives (33). It thus remains to prove that (35) holds.

To prove (35), we will apply Fact 4.2 to the pair (N;?(vl), Ng(vl)). Note
that the hypotheses (i)—(iii) of Fact 4.2 are met by (ng(vl), NHJE(vl)) since
\N}_?(vlﬂ, |NE(U1)| > §o(H), since |N§(v1) N Ng(vl)\ = 0, and since there
are no paths ut — v — u~ with u™ € Ng(vl) and u” € Nz(v1) lest
(v1,u™,v,u",v1) is a directed 4-cycle containing vy. Fact 4.2 guarantees an
independent set I,, € N~ (v1) of size

(37) [T, > deg(v1) = 7Bn > 6o (H) — 7Bn
(30)

>(L-f)n—7pn> (1 —88)n > 0,

so fix wy € I,,. Now, Ng(wl) U Né(wl) U I, C V is a pairwise disjoint

union, in which case

(37)
n > degt (wy)+deg - (wy)+|1,,| > degt(wi)+deg (wy)+deg = (v1)—76n
H H H i i
> 260 (H) + deg - (v1) — 78n
>2 (3 — B)n+deg(v1) — 78n = deg - (v1) + (3 — 98) n,

from which (35) now follows.
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4.2. Proof of Proposition 3.2 when £ =5

To prove Proposition 3.2 when ¢ = 5, we use Facts 4.1-4.4 together with the
following two additional facts (which are also proven in Section 5).

Fact 4.5. Fiz an integer { > 4 and ane > 0. Let G = (V, E) be an oriented
graph onn > no(¢,€) many vertices w_{n'ch admits no closed directed ¢-walk.
Then, 67(G) < ((1/3) + &)n and 6~ (G) < ((1/3) + &)n.
Fact 4.6. For all A > 0, there exists € = €(\) > 0 so that every oriented
graph G = (V, E) on n > ng(\,€) many vertices with 6o(G) > ((1/3) —e)n
will be A-extremal, provided G has either:

1. a partition V- = Vo UV U Va with [V4],|Va| > ((1/3) —e)n and e5(V1),

6@(‘6)7 6@(‘/2, ‘/1) S Sngz
2. or no transitive triangles.

Now, let A\g > 0 be given. Let
(38) E¥ct. 4.6 — EFct. 4.6()\ = )\O) >0

be the constant guaranteed by Fact 4.6. We define the promised constant
(39) B = ﬁcht. 4.6+

Let H = (V, E) be an m-vertex oriented graph, where in all that follows we
assume m > mo(No, Eper. 4.6, 5) 1s sufficiently large. Assume that H admits
no closed directed 5-walks, i.e., directed 5-cycles 55, but which satisfies
So(H) > ((1/3) — B)m. We prove that H is Ag-extremal.

For sake of argument, we assume that H admits some transitive triangles,
as otherwise by our choice of 8 and ep., 46 in (38) and (39), Conclusion (2)
of Fact 4.6 would give that H is Ap-extremal. For the remainder of the
proof, we fix a transitive triangle (z,y), (z,2), (y,2) € E. Let I = I, =
N;?(x) N Ng(z), which is an independent set lest (a,b) € E N (I x I) gives
the directed 5-cycle (z,y, z,a,b,x). Our first main observation is that [ is
‘large’.

Claim 4.7.
(40) 11| > (3 —218) n.

Proof of Claim 4.7. Assume for contradiction that (40) fails to hold. We
will apply Fact 4.2 to the pair (ng(x),NHf(z)) Note that the hypothe-

ses (i)—(iii) are met by (NHj(x),NE(Z)) since |N;?(3:)|, ]NHJE(z))] > 5o(H),



On even rainbow or nontriangular directed cycles 611

since ]N;?(as) N Ng(z))] < ((1/3) — 218)n on account that (40) failed, and
since there are no paths ut — v — u~ with u™ € NHJE(Z) and v~ € Nbi[(m)
lest (z,z,ut,v,u™,z) is a directed 5-cycle Cs. Fact 4.2 guarantees disjoint
independent sets I, C N;?(ac) \ NHJE(z) and I, C N;;(z) \ N;?(a:) (disjoint
also from I) with sizes

|| > |NI§(m) \Ng(zﬂ —7pn = deg;}(x) —|I| = 7Bn > 20pn and

(41) 7
L] > | N () \ N~ ()| - T8n = deg?:(=) - |I| - T8n > 208n.

Fix a, € I, and b, € I,. One may check that

N(ag) N N*(b )=N_(az) NI = N*(bz) NI
=N(a) NI = Ng(bz) NI, =0.
Thus, together with the independence of I, I,., and I, we have that U I, U
I, UN~(az) UNT(b,) CV is a pairwise disjoint union, and so

(41)
- + - +
> deg(z) +deg(2) — 1| + deg;(as) + deg 2 (b.) — 144n
> 460 (H) — |I| — 14pn
hyp
> 4(3-B)n—|I|-14Bn=n—|I|+ (1 —183)n

from which |I] > ((1/3) — 183)n follows, and contradicts our assumption
that (40) failed to hold. O

Continuing the proof of Proposition 3.2, we attempt to meet Condi-
tion (1) of Fact 4.6 to H with V; = I and with V3 which we now define. For
the remainder of the proof, fix v € I and take V5 = I, to be an independent
set which is as large as possible subject to either I,, C NHJE (v)or I, C N (v).
In the former case, 0 = e;5(V1) = e5(Va) = ez(V2, V1) since each of V; =T
and V5 = I, is independent and since

(42) a€ Ng(v) forbids b € NHJE(a) NI,

lest (x,z,v,a,b,x) is a directed 5-cycle Cs in H. In the latter case, 0 =
eg(V1) =ez(Va) = eﬁ(Vl, Va), where the last equality holds by a € N5 (v)

forbidding b € N=(a) N I lest (z,2,b,a,v,) is a directed 5-cycle Cs. In
either case, we malﬂe the following claim.
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Claim 4.8.
(43) Val = |1,] = (- 248) .

If Claim 4.8 holds, then together with (40) and the considerations above,
the partition V' = VoUV;UV,, where Vy = V'\ (V1 UV3), meets the hypotheses
of Fact 4.6. By our choice of ep. 46 and 5 in (38) and (39), Fact 4.6 guaran-

tees that V =V U V1 U Vs is a Ag-extremal partition of H. Thus, the proof
of Proposition 3.2 when ¢ = 5 will be complete upon proving Claim 4.8.

Proof of Claim 4.8. Assume for contradiction that the H -subgraphs
H[N;{E(U)] and H[ng(v)] induced respectively on NHf(v) and N}_?(v) sat-
isfy

(44) a(ﬁ [NE(U)]) < (% —248)n  and a(ﬁ [ng(v)]) < (% —248) n,
where «(-) denotes the independence number. Since

N3] = degy0) > 6o(H) > (3~ 8)n > (} ~248) n > a(H[NF )
H [NHJE (v)] admits edges (a,b) € E. We fix one such and will observe that
(45) NELD)NNL(v) #0.
Indeed, assuming otherwise the set NHJE(b) N ng(v) satisfies

(46) INZB)NNZ(v)] = [NLO)| + [NZ ()] = [NE(B) UN(v)].

From () = N;{J (b)N N}{f(v) = NHf(b) N1 (cf. (42) and (45)) we infer NHf(b) C
V\ (NE(U) UI), and from ) = N (v)N NE(’U) = N (v)NI (recall that I is
independent and v € I) we infer N}{f(b) UNz(v) SV (NE(U) U I), where

NZE(v)UI is a disjoint union by the independence of I and because v € I.
Thus,

(46)
’Ng(b) N N;-I»(U)} 426 degg(b) + deg;?(v) — (n — degg(v) — |I|)
> 360 () —nt{1] 2 3 (5 = B) n—ntl1] = (5 —248)n S a (AN 0)]).

Consequently, there exists an edge (¢, d) € E with ¢,d € NHJE(b) NN (v), in
which case (v,a, b, c,d,v) is a directed 5-cycle Cs in H. This proves (45).
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Now, define

(47) C={ce NE(U) :

3 a directed path on 3 vertices contained in H [NHJE (v)] that ends in c}.

Note that (45) implies that C' is non-empty. By this definition, every element
c € C satisfies

(48) NHJE ()N NHJE(U) = N;E(c) NnC.

Since the H -subgraph H [C] induced on C' admits no directed 5-cycles C_"g,,
Fact 4.5 guarantees the existence of a vertex ¢y € C' C N;{f(v) (cf. (47)) so
that

(49) [N (co) N N ()] ‘2 [N E(eo) N

H
1 i =
<{ gy AW < (4 N0

Consider now N*(co) N N;Y(U) = (Ni(cp)\O)N Nbi[(v), where C' C N;{f(v)
from (47) but Where N+( JNANZ(v)

‘N;E(c) NEI ‘—|(N+co)\0) (v‘

|(§ \0)\+1Nﬁ v)| = |(NE(co) \ C) UN(v)]

(49)

> degE(cO)— (%—i—ﬁ) deg (v )+deg ‘( Eco \C)UN&(U)‘
0)

\N L (v)) UNZ(v)].

Using (42) and the independence of I, the last union resides in V'\ (NHJE(U) U
I), and so

2 deg(e0)— (3 + ) dogf ) + e () - ‘ (e

[N (co) N NZ(v)]

> degg(co) — (% + ﬁ) degg(v) + deg;?(v) — (n — deg}%(v) — ]I|)
(50) = deg}%(co) + deg - (v) + (2 —B)de E
(5= 8) do(H) +111 —n > (5-8) (

)
(-5) (= A)n+ (-218)n—n> (¢ - 249,

v

(

(V2S5
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which is positive by (39). Now, (47) and (50) render a directed path a —
b — co — d where a,b,co € NHJE(U) and d € NHJE(C()> N ng(v), in which case
(v,a,b,co,d,v) is a directed 5-cycle in H. Thus, our assumption in (44) is
incorrect, which completes the proof of Claim 4.8. O

5. Proofs of Facts 4.2—4.6

The easiest proof here is that of Fact 4.5, which we give immediately. Fix
an integer £ > 4 and fix ¢ > 0. Let G = (V, E) be an oriented graph on
n > ng(¢, e) many vertices which admits no closed directed ¢-walk. The latter
conclusion of Fact 4.5 follows from the former by reversing the orientations
on E. If the former fails, then Proposition 3.1 ensures a large m-vertex
subgraph HCG@ satisfying

So(H) > (29 — S)m > (34 5)m > ™,

and so Theorem 1.5 guarantees a directed ¢-cycle ég in H , and hence in G.
Proof of Fact 4.2

Fix an integer £ > 4 and an ¢ € (0,1/(11)]. Let G = (V, E) be an oriented
graph on n > ng(¢, ) many vertices which admits no closed directed ¢-walk,
but which satisfies do(G) > ((1/3) — e)n. Let (Up,U;) be a pair of subsets
satisfying (i)—(iii) in the hypotheses of Fact 4.2. We prove that there exist
independent sets Iy C Uy \ Uy and I; C U; \ Uy satisfying (29). To that end,

define

Ty = {uo € Up\Ur: N5(uo) N (Uo\U1) # 0} and
T = {ul € Ul\Uo : Néﬂ(ul) N (Ul \ Uo) #* @}

For fixed j € Zy, the set I; = U; \ (Uj41 U Tj) is independent and of size
|I;| = |U;j \ Uj1| — |Tj|, so to prove (29) we will prove |T;| < Ten. In
particular, our argument will show that |7p| > en and |T1| > en can’t both
hold, and that |Tj| < en implies |Tj;1] < 7en. It remains to verify these
details.

Write U = Uy U Uy, and define

(51) SO = N+(TO) \ U and Sl = N_(Tl) \ U’ where SO N Sl (;) @



On even rainbow or nontriangular directed cycles 615

For j € Zy, we will verify the implications
(52) |Tj| >en = |5 > 50(5) — (% + E) 75| = |Tj1] <en.

Indeed, C_j[Tj] is a large oriented graph with no closed directed ¢-walks, so
Fact 4.5 guarantees t; € T}:

(53) |NGt(t0)mTO|§(§+s) |Ty| and |N5(t1)mTl|g(§+e) Ty |.

By definition of 7}, there exist ug € Up \ Uy and u; € U; \ Up with
(UO,tQ), (t1,ul) S E, where N+(t0) N1y = N+(t0) N (U() \ Ul) and N_(tl) N
Ty = N~ (t1) N (Uy \ Up) hold. Moreover, u € NGt(to) N U; is impossible

lest (ug,to,u) violates (iii), and NG?(tl) N Uy # ( is similarly impossible.
Altogether,

deg’(to) = [NL (to) NU| + [NZ(to) \ U|
_‘Ngto (UO\U1‘+‘N+t0 \U| ‘ (to ﬂTo’+|N+to \U‘
(53)
< (3+¢) |Tol + [N5 (to) \ U ()1l + 150l
and so the former implication of (52) holds with j = 0. Similarly,

deg(t1) = [NZ (t1) NU| + [NZ(t:) \ U|
< !Né t) N+ 151 < (5 +¢) ITu] + |1,

and so the former implication of (52) holds with j = 1. Finally, if both
| To|, |T1| > en, then

(51)
n = U+ [Sol + |51
(52) - 1
> |U|+260(G) — (5 +¢) (ITol + T1])
> ’U‘ —l—2(50(é) — (l -l-E) |UOAU1’
= (— — E) (|Uo| + |Un]) +250(é) — (% — 28) |Uo N UL
2

> 260(G) (3 — &) - (4 —2¢) [Uo N U]
= 200(G) (3 —2) — (5 —2¢) (A —21e)
> 200(G) (3 —¢) — (5 — Be+422%)m
>2(—c) (3—e)n— (5 - Be+42Ym,
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from which € > 11/(120) follows and contradicts the hypothesis ¢ < 1/(11).
This proves (52).

By (52), it suffices to assume for fixed j € Zo that |Tj| > en, and then
to prove that |T;| < 7en. To that end, we find a vertex zj41 € Uj1 \ Tj41
where,

(a) when j = 0, the vertex z; € Up \ 11 has no in-neighbors from U; \ Ti;
(b) when j =1, the vertex zg € Uy \ Ty has no out-neighbors in Uy \ Tp.

We start by fixing vj41 € Ij11 = Ujy1 \ (Uj U Tj41), which is possible by

[jsa] = [Ujra \ (U UTj1)| = [Uja] = [Uo N UL| = [Ty

@ - (if) -
> 50(G) — ‘Uo N U1| — |Tj+1| > 50(G) — (% — 218) n — |Tj+1|

62 L
> 00(G) — (3 —21e) n —en > 19en.

Consider (a) above (7 = 0). If v; has an in-neighbor wy, € U \ T1, then
wy € UpNU; because I is independent. If w; has an in-neighbor xz; € U\ T,
then z1 € I lest we violate (iii). If 1 has an in-neighbor y; € U; \ 17, then
y1 € Uy N U; because I; is independent, but now we have violated (iii).
Thus, some z; € {v1, w1, x1,y1} has no in-neighbor within U; \ 7;. Purely
symmetric arguments establish (b).

We use (a) and (b) above to conclude the proof of Fact 4.2, where we
first consider j = 0. The sets U; \ 11, So, and Tj are pairwise disjoint by
construction, and the set Z; = NG?(zl) is disjoint from Uy \ T} by (a) and is
disjoint from each of Sy and Ty by (iii). When j = 1, the sets Zy = N1 (zp),
Up\Tp, S1, and T} are similarly pairwise disjoint. Thus, for whichever j € Z,
satisfies |T)j| > en, we have

n > | Zio1| H U1 \ Ty | + 1851+ T3] > 60 (G) +|Ujsa| = [Ty | +1S5] + T3]

(52) =
260(G) + |Ujs1| —en + (3 — ¢) |Ty|

52
>

2 350(6) —en+ (2 —¢)|Tj| >n—4den+ (3 —¢) Ty,
from which |T}| < (132/(19))en < Ten follows from e € (0,1/(11)].
Proof of Fact 4.4

Fix an integer £ > 4 and an ¢ € (0,1/(54)). Let G = (V, E) be an oriented
graph on n > ng(¢, ¢) many vertices which admits no closed directed ¢-walk,
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—

but which satisfies 0o(G) > ((1/3) —e)n. Let (z,y, z,x) be a directed 3-cycle
(5 in G, and assume that neither z nor y belongs to a directed 4-cycle Cy.
Assume, on the contrary, that

- + 1
(54) \Né (z) NN} (y)| < (3 — 18¢) n.
We will show that our assumption in (54) implies
+ —
(55) N () NG () # 0,

in which case an element v € N;E ()N Ng (y) would result in the directed
4-cycle (z,v,y, z,x) containing both x and y. We now establish the details
for (55).

First, we apply Fact 4.2 to each of the pairs (Xp, X1) and (Yp, Y1), where

— NT — N= — Nt — N-
XO = Né (JZ'), X1 = N@ (x), YQ = N@ (y), Y1 = N@ (y)

Note that the hypotheses of Fact 4.2 are met since G admits no closed
directed f-walks but satisfies 6o(G) > ((1/3) — e)n for 0 < ¢ < 1/(54) <
1/(11), and where e.g. (Xo, X1) satisfies the hypotheses (i)—(iii) of Fact 4.2
since |Xol,|X1] > 60(G), since |Xo N X;| = 0, and since a directed path
g — v — x1 with 9 € Xy and 1 € X; would give a directed 4-cycle 6_"4
containing . Fact 4.2 guarantees independent sets I, C X; \ Xo = X; =
Ng (z)and I, CYp\Y1 =Yy = Ng(y) of respective sizes |I;| > \NG? (x)|—Ten
and |I,| > ]Né“(y)]—?sn. Note that |I,N1,| is bounded by (54), we but claim
that I, N [, = (. Indeed, a vertex v € I, N I, must have its neighborhood

Ng(v) = NG?(U) U Ng(v) outside of I, U I, and so

INZ (@) N NE@W)| = 110 1| = L] + 11| = |1 U T,
> ||+ L] + | N ()] + [N (v)| - n
S NS (@)| - Ten + | NE()| — Ten + [NE@)| + [ N5 ()] -
> a\z En a\y En alv alv n
2450(5)—14€n—n24(%—5)n—14e—n:(%—185)71

contradicts (54).
Second, we claim that every a, € I, and b, € I, satisfy

(56) Ng(as) NN (b,) #0.
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Indeed, (by,a,) & E lest (x,y,by, az, ) is a directed 4-cycle containing both
x and y. Thus, V'\ (I, UI,) contains each of NG:(%) and NGf(by), and hence
their union. As such,

[N () 0 N (by)| = [N5 (a0)| + N2 ()] — [N5 (a2) UNZ (B,)]
> |NZ (az) |+ | N (by) [+ 1 ULy —n = [NZ (ag)]| + [N L (by)]| + L] +[ Iy =

Fct 4.2

‘N (ag) ‘+‘N+ ‘+|N?(x)‘+‘Nf(y)}—14€n—n
2460(G) —len—n>4(3—e)n—1den—n= (3 —18)n > 0.

Third and finally, we observe that N(‘}f ()Nl =0= N (y)NI,. Indeed,
and for example, any b, € Ng(a:) NI, and a; € I beget czy € Ny (az) N
+(b ) by (56), in which case (z, by, czy, @z, ) would be a directed 4-cycle
containing x. Now, V' \ (I U I,) contains each of NGf(m) and NGi(y), and so

IN3@) NN 2 [N+ N5 0] + 1 UL~
where calculations identical to (57) establish (55).
Proof of Fact 4.6

Let A > 0 be given. The promised constant ¢ = £(A) > 0 will be defined in
context. Let G = (v, E) be an orlented graph on n > ng(A,€) many vertices
which satisfies 6o(G) > ((1/3) — €)n. We show that G is A-extremal when
Conditions (1) or (2) hold, which we handle separately.

For Condition (1), it suffices to take € € (0, A/7]. Let V = VyUV,UV2 be a
partition satisfying [V1], [Va| > ((1/3) —¢)n and ez(V1),e5(V2),e5(Ve, V1) <
en?. We bound each of es(Vz, Vo), ea(Vo, V1), and ea(Vi, Vo) suitably from
below. First, our hypotheses give

(58) eql(Va, Vo) > (Zdeg v2)>—eG(1/2)—eG(1/'2,v1)
V2 €V,

> (% —8)277,2 — 2en? > (% —)\) n?,

where we used 3¢ < A. Second, and similarly,

0 A) = (D degg 1)) = eg(Va) = eg(Va. )
v1EV:
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> (% —5)2n2 —2en? > (% —)\) n?,

where we again used 3¢ < \. Note that, since G is oriented, our hypotheses
and (58) give

(59)  eq(Vo, Va) < [Vol|Val — eg(Va, Vo) < (PN — es(Va, Vo) < Ben?.

Third, our hypotheses and (59) give

a(V1,V2) > ( Z deg 5 (va ) ea(V2) —ea(Vo, V2)
v €V

Z(%—e)Qn — 6en? >(% )\)nQ,

where we used 7e < A.

For Condition (2), we consider a suitably small v € (0, A\/3] in context,
and we take ¢ = £(y) > 0 according to an application of the Erdds-Stone
theorem [4], discussed below. Assume that G = (V, E) has no transitive
triangles. Then the underlying graph G = (V, E) (obtained by removing
orientations on arcs) is Ky-free. By our hypothesis,

Z deg ) > n(SO(C_j) > (% — 5) n?,

veV

and so altogether the underlying graph G = (V, E) is Ky-free with |E| >
((1/3) — &)n? many edges. As such, the Erdds-Stone theorem [4] guarantees
a partition V = V5 U Vi U Vo, where [Vp| < |Vi| < [Va| < V| + 1, and where
each 0 < i < j < 2 satisfies

(60) [B(GIV:i, Vi) = (5 —7) n*.
Then?, the 3-partite graph

(61)  G[Vo, 1] U G[V1, Vo] U G[V2, Vo]
admits at least ((1/(27)) — x)n® many triangles K3,

where © = p(y) — 0 as v — 0. Since G has no transitive triangles,
every triangle of G corresponds to a directed 3-cycle C'5 in G. Among
other conclusions, we will show that almost all of the triangles of (61) are

2See, for example, the proof of Fact 2.5.
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commonly oriented, in one of the following two senses. We say that a di-
rected 3-cycle Cs of G is positively oriented when all of its arcs are among
(Vo x V1)U (V1 x Vo) U (Va x V), and we say that it is negatively oriented
when all of its arcs are among (Vp x Va) U (Vo x Vi) U (Vi x Vj).

We average (61) over, say Vj, to obtain a vertex vy € Vj belonging to at
least ((1/9) — 2u)n? many directed 3-cycles Cs of G. At least half of these
directed 3-cycles are commonly oriented, so w.l.0.g. assume that at least half
are positively oriented. Then

(62) @ € Vo belongs to at least ((1/9) — 2u)n?
many directed 3-cycles Cs of C_j, and in particular
g € Vp belongs to at least ((1/(18)) — p)n?

many positively oriented 3-cycles Cs of G.
From (62), we will prove that
(63) ea(Vi,V2) > (5 — M) n?

follows. Indeed, recall that K[A, B] is the complete bipartite graph with
parts A and B and that G has no transitive triangles, so each of

K ([N (@) Vi, NE(G) N V5] and  K[N3 (%) N Vi, N (T) N Vo]

is edge-disjoint from FE. Consequently, (60) gives that each has size at most

Vi[|Val — (& — ) n? < (222 — (3 — 5) n? < 2yn?
= ‘Ng(f}o) NVi| < v/2yn or ‘N;E(TJO) N V| < v/2yn,
and ‘NG?(T)O) NVi| <v/2yn or ‘NG?(T)O) NVz| < v/27n.
By (62), it must be that both ‘Ng(z’zo) N Vg! < /2yn and |NG?(170) Nl <
v27yn hold. As such, 7y € Vj belongs to at most 2yn? many negatively

oriented triangles, and so (62) may be updated to say that vy € Vi belongs
to at least ((1/9) — 2u — 2v)n? many positively oriented triangles. As such,

(i, V2) = (5 — 2u = 29)n* = (§ — A)n’

holds by taking 2u + 2y < A, and renders (63).
The argument above shows that, for each i € Zs,
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(a;) either e5(V;, Vig1) > ((1/9) — A)n?,
(bi) or eq(Vit1, Vi) > ((1/9) — A)n’.

These outcomes must be consistent across ¢ € Zs, which is to say that either
(ap), (a1), and (a2) all hold, or (by), (b1), and (b2) all hold. Indeed, assuming
otherwise G would have Q(n?) many transitive triangles, contradicting our
hypothesis. This proves that G is A-extremal, as desired.

6. Proof of Lemma 2.9 — Part 1: strategy and coarse
structure

It suffices to take the promised constant Ag > 0 as

(64) o = (3555) "

Now, fix 0 < A < Ag and fix an integer £ > 4 which is not divisible by three.
In all that follows, we take the integer ng = ng(Xo, A, £) to be sufficiently
large whenever needed. The proof of Lemma 2.9 is fairly technical, so we
begin by outlining some of its strategy.

6.1. Initial strategy

Let (G,c) be a A-extremal edge-colored graph on n > ng many vertices.
Recall that the hypotheses in Statements (1) and (2) of Lemma 2.9 assume

. (n+5)/3 in Statement (1),
(65) (G) 2 { (n+4)/3 in Statement (2).

If (G, c) admits a rainbow ¢-cycle Cy, then the conclusions of Lemma 2.9
hold, so

(66) we assume throughout this proof that (G, c)

admits no rainbow £-cycles Cy.

Moreover,

(67) we assume throughout this proof that (G, c) is edge-minimal
w.r.t. satisfying both (65) and (66).

Observe, for example, that (67) implies that (G, ¢) admits no monochromatic
paths P or cycles C on three or more edges, lest removing an internal edge
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{z,y} € E from P or C lowers neither deg¢(z) nor degf (y). Finally, for
both cases of (65), we set m = |n/3], where

(68) (@) > = G > |2 +2=m+2.

Since we assume in Lemma 2.9 that (G, ¢) is A-extremal, fix a A-extremal
partition V = V(G) = VoU V1 UV, of (G, ¢) (recall Definition 2.4). Our first
main goal in proving Lemma 2.9 is to infer from (67) that (G,c) enjoys
nearly canonical structure on Vo U Vi U Vs, in the following sense. Let H =
K[Vh, V1, Vo] be the complete 3-partite graph with vertex partition Vo U ViU
V4, and consider an edge-coloring k on H where, for each ¢ € Z3 and for
each v; € V;,

(a) k assigns all distinct colors to the edges {v;,vi11} € E, where v; 1 €
Vz‘+1;

(b) k assigns a common color to all the edges {v;,v;—1} € E, where v;_1 €
Vi1

We say that any such (H, k) is canonical w.r.t. Vo U Vi U Va. (For example,
a canonical edge-colored graph (H, k) was used in Case 1 of Section 1.1,
where k = ¢4 was defined in (2).) In the immediate sequel, we use (67) to
prove that (G, ¢) is nearly canonical w.r.t. Vo UV U Vs, in the sense that for
each i € Zs, almost all v; € V; admit distinctly colored edges to almost all
vit+1 € Vit1, and almost all v; € V; admit commonly colored edges to almost
all v;_1 € V;_1. We now make these details precise.

6.2. (G,c) is nearly canonical: getting started
Definition 2.4 ensures that each i € Z3 satisfies
(69) Vil = (3 £3V)n.
Indeed, » ;o |E(G[V;, Viqa])| > (1/3 - 3\)n2, so (‘g“) U (‘g) U (‘;2) consists
of at most ((1/6) + 3A\)n? many pairs. Set |V;| = ((1/3) + e;)n, i € Zs, so
that eg + e1 + es = 0. Then (\;'o) U (‘g) U (‘;5) has size
(1+0(1)) (% + % (ef + € +€3)),

and this is too large when max{|eg|, |e1[, |e2|} > V6.

Next, fix i € Z3. We shall say that a vertex v; € V; is an i-good vertex if

(70)
deg;(vi, Vigr) > [Viga| = AV*nand  degg(vi, Vi) > [Vica| = A0,
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where as usual degq(v;, Vi—1) denotes the number of neighbors of v; in V;_1,
and where here degg, (v;, Viy1) denotes the number of colors seen on the edges
of v; to Vit1. Then (70) says an i-good vertex v; admits distinctly colored
edges to all but AY/4n many vertices viy1 € Vii1, and it admits edges of
varying colors to all but A/4n many vertices v;_1 € V;_;. Let VigOOd denote
the set of i-good vertices v; € V;. Using (69) and Definition 2.4, it is easy to
show that

(71) [V > V| — 24014,

With i € Zg still fixed, we shall say that a vertex v; € V; \ VgOOd is an i-bad

vertez. We write V,>ad =V, \VgOOd for the set of i-bad vertices, and we write
ybad — Vbad U Vbad U Vbad for the set of bad wvertices. Then bad vertices
total at most 72/\1/471 by (71).

We now alter the partition V = VU Vi UV, to V = Uy U Uy U Us, as
follows. For each i-good vertex v; € VigOOd, we put v; € U;. For each bad
vertex v € VP2 et j, € Zs achieve

(72)  degg; (v, VEY)
= max { degg (v, VOgOOd) degg (v ( VgOOd) degg (v ( VgOOd)}

We then put v € U;,_1. Then U; consists of Vigmd together with those bad
vertices v € V" gsatisfying

(73) deg; ( V;gffd) > max { degg (v, Vig ) deg$, (v ( Vgood)}

We write UigOOd =U;N VgOOd VgOOd and we continue to call these vertices
good. We write U, bad U NVPad and we continue to call these vertices bad.
Then (69)—(71) give:

(74) |Ui| = (3 £ A H)n, U = (3 £ 757 )n,
V2] = ||+ [0 + [U5] < 72014,

Vi€ Zs, Vu € UP, degly(u, Uir1) > [Vigr| = T3A4n > [Usga|— 1450 *n,
Vi€ Zs, Voue U™, degh (u, USSY) > (3 - 7601/4)n,
VieZs, Vue U degg(u,Ui1) > |[Viot|—73A4n > |U;_1| — 145040,
Vi€ Zs, ¥ ue UL, degg (u, USYY) > (L — 760 4)n,



624 Andrzej Czygrinow et al.

, bad ™) e, 1/4
Vi€ Zs, Vue U, degh(u,Uiy1) > 30°(G)—12\"*n > (5-72A"%)n.
Henceforth, the initial partition V' = Vo U V; U V4 is largely usurped by
V =UyUJUU; UUs.

6.3. (G, c) is nearly canonical: a next step

The inequalities in (74) show that |Uy|, |U1|, |Usz| are nearly balanced, and
that G[Up, Uy, Us] differs from the complete 3-partite graph K[Up, U, Us] on
few edges. The inequalities in (74) also show that (G, c) deviates very little
from property (a) of Section 6.1, in that good vertices u; € UigOOd (which
are pervasive) have distinctly colored edges to nearly all u;11 € Uj11. We
now show that (G, ¢) deviates little from the corresponding property (). For
that, we first show that good vertices u; € Uprd are incident to few colors
c({ui, ui—1}), where u;_1 € Uigffd.

Fact 6.1. For each i € Zs and for each u; € UigOOd, we have degg (u;,
UE0Y) < 240M/4n.

Proof of Fact 6.1. Assume for contradiction that Fact 6.1 is false for some
index i € Z3 and vertex u; € UigOOd, and w.l.o.g. assume i = 2. We will first

determine a set TlgOOd - UlgOOd so that the fixed good vertex us € UQgOOd
satisfies

(75)  degf; (ug, Tlgo‘)d) > 160AY*n and

every path (ug,u1,v) in G where u; € TlgOOd is rainbow.

Note that T{gOOd will be an eventual ‘target space’. To prove (75), we distin-
guish deg¢, (uz).

Case 1 (degS(ug) > (n + 10)/3). Set T8 = U5°°Y| where our contrary
assumption gives

(76)  degf(ug, TEY) = degf (ug, UEY) > 240040 > 160114,

as desired. Now, every path (ug,u1,v) with u; € TlgOOd = Uf’rOOd is rainbow
lest the hypothesis of Case 1 gives that removing the edge {u2,u1} € E from
G contradicts (67). O
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Case 2 (deggi(u2) < (n+10)/3). Set

TlgOOd = {u1 S Ng(UQ, U%OOd) . 4 ug € Ng(ug, U(])
where c({uz, uo}) = c({uz, u1})}.

Observe that
degy (uz) 2 dogy(ug, Un) + deggy (ug, UF™) — degfs (ua, TI**),
and so
deg, (us, T1g°°d) > deg%;(uz, Uo) + degs; (uz, UEY) — deg (us)

S (5~ 76M ) + degt, (ua, U — degts(un)

76)
( > (3 = 76X 4 n 4 240040 — deg (un)
Case 2

1

3

(3 = 76AY ") n 4 24004 — 2£10 > 16001/ 4p,

If (ug,u1,v) is a monochromatic path with u; € T5°°?, then there exists

ug € Uy where (ug,u2,u1,v) is monochromatic. Whether or not v = wy,

removing the edge {uz,u;} € F from G contradicts (67). O
We now use (75) to complete the proof of Fact 6.1. Fix an arbitrary

vertex uy € TlgOOd (cf. (75)), and fix an arbitrary vertex ug € Ng(uq, U§°0d)

(cf. (74)). By (75), the path (u2,u1,up) is rainbow. We now distinguish the

cases £ = 1,2 (mod 3).

Case A (/=1 (mod 3)). Using (74) and n > ng(¢) sufficiently large, we
can easily extend the rainbow path (ug,u1,up) to a rainbow path Ry,_4 =
(ug, U1, ug, v1,v2,...,0—4) on £ — 1 vertices, where for each 1 < j < £ —
4, we may choose v; € U§°°d for J = j (mod 3). By (75), uy € UL
sees 160A/4n colors into T1g°°d, and at most £ — 1 of them were used on
Ry_4. Similarly, (74) gives that the vertex vy_4 € U (recall £ =1 (mod
3)) sees ((1/3) — 76A/*)n colors into UIgOOd, and at most £ — 1 of them
were used on R,_4. Then for some w; € Ng(ug,Tlg‘)Od) N Ng(ve—4, UlgOOd)
both paths (wy,ug,u1,ug,v1,...,ve—4) and (ug,ui,ug,v1,...,V_g,w1) are
rainbow since

74
160N 4 — (6= 1) + (5 = T6AY)n— (6 —1) > (3 +84\/)n - O(1) S U.
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Since w; € T1g°°d, the path (ug,wi,vs_4) is rainbow by (75), and so the
l-cycle (ug,uy,up, vy, .. .,V_q,Ww1,us) is rainbow. O

Case B (¢ =2 (mod 3)). The rainbow path (u2,u;) may be extended to a
rainbow path Ry_o = (ug,u1,v2,...,v_9) on £ — 1 vertices, where for each
2 < j < ¢—2, we may choose v; € U§°°d for J = j (mod 3). Identically
to the above, we may extend the rainbow path Ry_5 to a rainbow l-cycle
Cy. O

6.4. (G, c) is nearly canonical: finale

We now show that, for a fixed u; € UigOOd, edges {u;,ui—1} € E, where
U1 € Ufffd, are dominated by a single color.

d .
Uigoo , there exists a

Proposition 6.2. For each i € Z3 and for each u; €
color ¢, from c where all but 241\ 40 many vertices ui_; € Uigf(fd satisfy
{us,ui_1} € E and c({us, ui_1}) = cu,. Together with (74), all but 313\Y*n

vertices u;—1 € U;j—1 satisfy {ui,ui—1} € E and c({ui,ui—1}) = cy,.

For the proof and use of Proposition 6.2, we establish some notation.
Fix i € Zs and fix u; € U;. On the edges Fg(u;,U;—1) between wu; and
Ui—1, let ¢y, be a most frequent color, which we call the primary color of
E¢(u;, Ui—1). Edges of Eg(u;, U;—1) colored by ¢,, are called typical edges,
and edges of Eg(u;,U;—1) colored otherwise are called special edges. We
write NtGyp(u,-,Ui_l) for the set of w;—1 € U;—; where {u;,u;—1} € E is a
typical edge, and we write N (u;, Ui—1) for the set of u;_y € Uj—1 where
{uij,ui—1} € E is a special edge. We write

(77) dethyp (Uia Uifl) = |ng (ui, U¢,1)| and
degscl?ec (ui7 Ui—l) = ‘ngeC(Ui,Ui_l)‘.

Proof of Proposition 6.2. Assume for contradiction that Proposition 6.2 is
false for some index ¢ € Z3 and vertex u; € UigOOd, and w.l.o.g. assume ¢ = 2.
Then, the fixed vertex us € U2gOOd satisfies

(78)  deg®* (ug, UF?) > 241040 while

Fact 6.1
degg, (ug,Uf’OOd) ac§ 240\ /4n.
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We will produce a contradiction similar to that for Fact 6.1, where we
will use (78) to construct a rainbow ¢-cycle Cy in (G, c¢), which will con-
tradict (66). We again distinguish the cases £ = 1,2 (mod 3).

Case 1 (¢ =1 (mod 3)). The inequalities in (78) together imply that there
exist neighbors u; # v1 € Ne(ug, USY) for which ¢({ug,u1}) = ¢({ug,v1})
differs from the primary color ¢,,. For simplicity, let ¢,, be blue and let
c({ug,u1}) = c({uz,v1}) be red. Using (74), fix ug # vo € Ng(uq, UOgOOd) N
Ng (v, UEY). Since (G, ¢) admits no monochromatic paths on four vertices,
none of the edges of the four-cycle (uy,ug,v1,v0) can be red, and not all
of them can be blue. W.lo.g., assume {uj,ug} is colored yellow so that
(ug,u1,ug) is a red-yellow path which avoids the primary color blue for us.

Similarly to the proof of Fact 6.1, we will extend (ug, u1,ug) to a rainbow
¢-cycle Cp, which will contradict (66). Consider the following set which will
be an eventual ‘target space’:

Tl(UQ) = {tl S Ng(’LLQ, UlgOOd) :

¢({ug,t1}) is neither red nor yellow } C Ueeed,

Since blue is the primary color for ug, some edges {ug,t1} with t; € T7(us2)
are colored blue. Now, among the colors blue, red, and yellow, neither red nor
yellow are primary, so at most a 2/3 portion of neighbors v; € Ng(ug, U: 1g°°d)
have red or yellow edges with us. Thus,

vods (™D (64)
(79) |Ti(u2)| > % deggq (u2, UF d) > %(%—76)\1/4)n > L

while uy sees at most 240AY*n, colors into Ty (ug) (cf. Fact 6.1).

Let C(u2) be the set of colors used on edges between uy and Tj(ug). As
we did for Fact 6.1, we extend the rainbow path (ug,u1,up) to a rainbow
path Ry_4 = (ug,uy,ug, w1, ws,...,we_q) on £ — 1 vertices, where for each
1 < j <{¢—4, we may choose w; € U§°Od for J = j (mod 3), but where this
time we avoid the |C'(uz)| < 240\"/*n many colors of C(uz), which we may
do on account of (74). Since wy_y € UE*? (vecall £ = 1 (mod 3)), (74) gives
that deg¢ (wy—q, U1g°Od) > |U1g00d| — 145X4n, so from T1 (ug) C UfOOd,

(79)
(80) degl(wp—s, T1(u2)) > |T1(ug)| — 145440 >" 1 — 145)\1/4p
(

64 (79)
Y 94034 40— 1 > |O(ug)| + £ — 1.



628 Andrzej Czygrinow et al.

Thus, we may choose a neighbor t; € Ng(we—4)NT7 (uz) where c({wy—4,t1}) €
C(ug) differs from any color used on Ry_4. Now, (ug2,ui,up, wi,ws,...,
Wy—yg,t1) is a rainbow l-cycle Cy in (G,c) (where c({ua,t1}) € C(uz) but
where C(uz) was used nowhere else on Cy), which contradicts (66). O

Case 2 (¢ = 2 (mod 3)). The proof is analogous to that above, where
we may simplify the preamble of Case 1. Here, fix a single neighbor u; €
N¢(ug, Uf’OOd) where c¢({ug2,u1}) (which we assume is red) differs from the
primary color blue for us. We will extend the rainbow path (ug,u1) to a
rainbow ¢-cycle Cy, which will contradict (66). To do so, this time we define

Ty (ug) = {t1 € Ng(UQ, UIgOOd) : c({ug,t1}) is not red},

and again we define C'(uz2) to be the set of colors on edges between ugs and
T} (u2). Since red is not the primary color of ug, at most half the neighbors
v1 € Ng(ug, UlgOOd) have a red edge with us, and so the final conclusions
of (79) hold. On account of (74), we may extend the rainbow path (ug, u1) to
a rainbow path 1%4_2 = (ug,u1,ve,...,vp_2) on £ —1 vertices, where for each
2 < j < (-2, we may choose v; € U§°Od for J = j (mod 3), and where again
we may avoid the |C'(ug)| < 240AY*n many colors of C(usg). The inequality
in (80) holds for the vertex vy_o € UOgOOd (recall £ =2 (mod 3)), so we may
choose t; € Ng(vi—2) N T1(u2) where c({ve—2,t1}) & C(us2) differs from any
color used on Ry_5. Now, (ug,u1,v2,...,v-9,t1) is a rainbow ¢-cycle Cy in
(G, ¢), which contradicts (66). O

We conclude the nearly canonical structure of (G, ¢) by noting that, for
each i € Zs, distinct good vertices u; # v; € UigOOd admit distinct primary
colors.

Corollary 6.3. For each i € Zs3 and for each u; # v; € Uf’rOOd, the primary
colors ¢y, and cy, differ.

Proof of Corollary 6.3. Fix i € Zs and fix u; # v; € UigOOd. Then

Prop. 6.2
NG (us, Uin1) N NGP (0, Ui 2 U] — 626A

(74) (64)
> (3 =701\ > 2,

If ¢, = ¢y, then any pair from the set above renders a monochromatic
4-cycle, contradicting (67). O
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7. Proof of Lemma 2.9 — Part 2: strong cycles and the case
£ =2 (mod 3)

Continuing from the previous section, we now prepare to prove Lemma 2.9
when ¢ = 2 (mod 3). The central tools of this proof are important observa-
tions on so-called strong cycles in the nearly canonical edge-colored graph
(G,c). Many of these observations will also be important later when we
prove the case £ =1 (mod 3) of Lemma 2.9.

7.1. Strong cycles

We say that a cycle C, = (uy,...,ux) (with prescribed vertex u1) is a strong
cycle if there exists i € Zg so that u; € UZ-gOOd and uy, € Néyp(ul, Ui—1). We
determine conditions under which rainbow or properly colored paths can be
extended to strong rainbow or strong properly colored cycles.

Proposition 7.1. Fiz integers 1 < k < K < ¢ and fix ©,j € Z3 for which
K—k=(i—1)—j (mod 3). Let P be a (u;, u;)-path on k vertices linking
u; € UigOOd and uj € Uj. The following statements hold:

1. If P s rainbow and c,,-free, then P may be extended to a strong rain-
bow K-cycle Ck;

2. If P is properly colored and its u;-edge is not c,,-colored, then P may
be extended to a strong properly colored K-cycle Ck;

3. When K =k (mod 3) and (G, c¢) admits a strong rainbow k-cycle Cy,
then (G, c) also admits a strong rainbow K -cycle Ck;

4. When K = k (mod 3) and (G, c) admits a strong properly colored
k-cycle Cy, then (G,c) also admits a strong properly colored K -cycle
Ck.

Proof of Proposition 7.1. Let integers 1 < k < K < f and elements i, j € Zg
be given satisfying K — k = (i — 1) — j (mod 3), and let P = (u;,...,u;)
be a (u;,uj)-path on k vertices linking u; € UfOOd and u; € U;. To prove
Statement (1), assume that P = R is rainbow and ¢, -free. Similarly to the
proofs of Fact 6.1 and Proposition 6.2, we will extend R to a ¢,,-free rainbow
path Rx_j_1 = (Wiy- oy Uj,Vj41, - - ., VjpK—k—1) On K —1 vertices, where for
each j+1<h<j+ K —k—1, we may choose v, € Ulg_lOOd for H = h (mod
3). We begin with the first step, where it is not guaranteed in our hypothesis
that u; € Uj is a good vertex. If u; € U]bad, then
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(74)
(81) degl(u;,Upsr) > (3 —72214)n &

good ™ 1 1/4
degg (UjanH) > (5—144)\ )n

Thus, we may select vj11 € Ng(uj,U]g_T_(id) for Ry_j_1 while avoiding c,,
and the colors of R. If u; € UJgOOd is a good vertex, then the neighborhood

Ng(uj,Uf_i({d) is larger still (cf. (74)), and again we may select v;q for
RK_k_l as described above. We select all remaining vertices vj, for ]N%K_k_l,
where j+2 < h < j+ K —k —1, in a similar fashion. By our hypothesis
K —k=(i—1)—j (mod 3), the terminal vertex v x_r—1 € Uf_ogd while

the initial vertex u; € UigOOd. Comparing Proposition 6.2 and (74), we see

(82)  d@P (ui, Uira) + dg(vj 1k —k-1,Uin) — |Uii

1/4 (™ 1 1/4
> |Ui—1] — 386AY 40 > (3 —4610Y*)n

and so we may select a vertex u;_1 from ng (i, Ui—1)NNg(vj+k—k—1,Ui-1)
whose adjacency with v, _r_1 avoids ¢,, and the colors of ]%K,k,l. Since
c({ui,ui—1}) = ¢y, is the primary color of u;, which hasn’t yet been used,
Crk = (Wiy ..., Uj,Vj41,. .., Vj1 K—k—1,Ui—1) IS a strong rainbow K-cycle.
The proof of Statement (2) is absolutely the same as that of State-
ment (1). In particular, for the properly colored k-vertex path P = (u,, ...,
uj) linking u; € UigoOd and u; € U; whose u;-edge is not c,,-colored, the

proof above allows the segment (u;,vji1,...,Vj4K—k—1,Ui—1) Of Ry k1
to be rainbow, ¢, -free, and to be free of the colors from P. Thus, Cx =
(Wiy- vy Uj, Vjp1s - -+, VjpK—k—1, Ui—1) 1S & strong properly colored K-cycle.

Statements (3) and (4) now follow immediately from Statements (1)
and (2). Indeed, let Cy = (ui,...,ur) be a strong rainbow or properly
colored k-cycle where u; € UZ-gOOd and u, € NWP(uq,U;_1) for some i € Zs.
Ignoring the edge {u1,uy}, the path P, = (uy, ..., ug) is rainbow or properly
colored, where uy, € U;_1 assumes j = i—1. Taking K = k+(i—1)—(i—1) =k
(mod 3) and K < ¢, Statements (1) or (2) extend Py to a strong rainbow or
properly colored K-cycle Ci. U

It will be convenient to have the following corollary of Proposition 7.1
in the case ¢ =2 (mod 3).

Corollary 7.2. Let { =2 (mod 3) and fix i € Zs. The following statements
hold:
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1. Fach u; € U;C’TOOd satisfies N(S;pec(ui, Ui—1) = 0;

2. Let R = (u;,v,w;) be a rainbow path with u; € UngOOd and w; € Uj.
Then ¢,, appears on R. In particular, c({u;,v}) = ¢y, or (G, c) admits
a properly colored f-cycle Cy;

3. Let R = (u;,v,u;—1) be a rainbow path with u; € UigOOd and u;_1 €
Uigf(fd. Then ¢y, = ¢y, , O Cy, OT Cy, , appears on R. As well, if
c({ui,v}) # cu, and c({ui—1,v}) # cu,_,, then (G,c) admits a properly
colored £-cycle Cy;

4. Let £ # 5, and let u;,v; € UigOOd and w;, x; € U; span disjoint edges
{ui, wi},{vi,z;} € E(G). Then cy,, ¢y, c({ui,w;}), and c({vi,x;})
can’t all be distinct.

5. Let £ #£ 5, and let T; C UigoOd be a set with the property that for all
u; € Ty, there exist v; # w; € Ng(ug, U;) so that c({ui,vi}), e({u;, w;}),
and ¢y, are all distinct. Then |T;| < 5.

Proof of Corollary 7.2. Let ¢ = 2 (mod 3) and fix i € Zs. For Statement (1),
fix u; € UigOOd. If uji—1 € NZ(ui, Ui—1), then {u;, uj—1} is a ¢y,-free rainbow
path which Proposition 7.1 guarantees can be extended to a strong rainbow
(-cycle Cy (by setting j =i — 1 and k = 2, and with ¢ = 2 (mod 3)), which
contradicts (66).

For Statement (2), let R = (u;, v, w;) be a rainbow path with u; € UigOOd
and w; € U;. If R is ¢y,-free, then Proposition 7.1 guarantees that R can
be extended to a strong rainbow ¢-cycle C; (by setting j = i and k = 3,
and with ¢ = 2 (mod 3)), which again contradicts (66). In particular, if
c({u;,v}) # cy,, then Proposition 7.1 guarantees that R can be extended to
a strong properly colored ¢-cycle Cy.

For Statement (3), let R = (u;,v,u;—1) be a rainbow path with u; €
UigOOd and u;_1 € Uf’fi’d. Assume for contradiction that R avoids both ¢,, #
Cu,_,- Since u;_1 € Uigffd is a good vertex, Proposition 6.2 guarantees a

vertex u;—2 € Ng(u;—1, Uigfgd) distinct from v for which c({u;j_1,u;—2}) =

Cu;_,- Then the path S = (u;, v, u;—1, u;—2) is rainbow (because R is rainbow
and avoids ¢, ,), and the path S avoids ¢,, (because R does and because
Cu, 7 Cu,_, ). As such, Proposition 7.1 guarantees that S can be extended to
a strong rainbow (-cycle Cy (by setting j = ¢ — 2 and k = 4, and with ¢ = 2
(mod 3)), which contradicts (66). In particular, assume c({u;,v}) # ¢,, and
c({ui—1,v}) # ¢y, ,. Then S = (u;,v,u;—1,u;—2) is proper (because R is
rainbow and c({u;—1,v}) # ¢y, ,). Since c({u;,v}) # ¢y, Proposition 7.1
guarantees that S can be extended to a strong properly colored ¢-cycle C.

For Statement (4), let ¢ # 5, and let u;,v; € UigOOd and w;,z; € U;
span disjoint edges {u;, w;}, {vi,z;} € E(G). Assume, on the contrary, that
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C = {cu,;, cv;, c{ui,wi}), c({vi, zi})} is a set of four distinct colors. Fix any
Uit1 € Ng(wj, Uigffd) where the edge {w;,uiy1} € E(G) is C-free (which is
possible by the argument in (81)). Now, fix any

ui—1 € Ne(uit1, Ui—1) N NGP (v, Ui—1)

where the edge {uj—1,u;iy1} € E(G) is (C U c({w;, uit+1}))-free (which is
possible by the argument in (82)). Now, (u;, w;, wi+1, ui—1, vi, ;) is a rainbow
path avoiding c¢,,, which Proposition 7.1 guarantees can be extended to a
strong rainbow {¢-cycle Cy (by setting j =i and k = 6, and with £ = 2 (mod
3)), which again contradicts (66).

For Statement (5), let T; C UigOOd be a set with the property so described,
but assume for contradiction that |T;| > 6. Fix u; € T;, where we take ¢,
to be blue, and let v; # w; € Ng(u;, U;) be guaranteed by the definition of
T;, where we take c({u;,v;}) to be red and c({u;,w;}) to be yellow. Since
|T;| > 6, there exists x; € T; \ {u;, v;, w;} where ¢,, is neither red nor yellow.
Since x; # u;, Corollary 6.3 guarantees that c,, # c¢,, can’t be blue, so
we take ¢y, to be green. Let y; # z; € Ng(x;,U;) be guaranteed by the
definition of T;. We now distinguish the extent to which {u;,v;, w;} and
{zi, yi, z;} overlap.

Case 1 ({u,vi,wi} Nz, yi,2iF = 0). I e({x;,y:}) is yellow, then {u;,v;}
and {x;,y;} violate Statement (4) above. Similarly, if ¢({z;,y;}) is red, then
{ui,w;} and {x;,y;} violate the same. Assume neither {x;,y;} nor {x;, z;} is
red or yellow, where the definition of T; ensures neither is green. At most one
of these pairs can be blue, so assume {z;,y;} is neither red, yellow, green,
nor blue. Now, {u;,v;} and {x;,y;} violate Statement (4) above. O

Case 2 (u; € {yi, zi}). Assume w.lo.g. that u; = z;. If ¢({u;, z;}) is yellow,
then (x;,u;,v;) violates Statement (2) above. If c¢({u;,z;}) is not yellow,
then it is also not green by the definition of T;, and so (z;, u;, w;) violates
the same Statement (2). O

Remark. Since x; € Uf’OOd \ {w;,vi,w;}, we do not have the case x; €
{vl-,wi}. O

Case 3 (u; & {yi,zi}; {vi,wi} N{yi,zi} # 0). Assume w.lo.g. that w; =
yi. If c({x,y:}) is yellow, then {u;,v;} and {x;,y;} violate Statement (4)
above. If c({z;,y; }) is red, then (u;, w; = y;, x;) violates Statement (2) above.
If c({zi,yi}) is blue, then (x;,y; = w;,u;) violates Statement (2) above.
Otherwise, c({z;,y;}) isn’t green by the definition of T, so {u;,v;} and
{zi,y;} violate Statement (4) above. O
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7.2. Proof of Lemma 2.9: Statement (1) when £ = 2 (mod 3)

Let ¢ = 2 (mod 3), where ¢ # 5. The hypothesis of Statement (1) of
Lemma 2.9 gives that §°(G) > (n + 5)/3. Assume w.l.o.g. that

(83) |Us| < |Uy| < U], in which case  |Up| < |2 < [%] < |Uol-
In the immediate sequel, we motivate the main approach of the proof.

7.2.1. Main idea of proof We shall make repeated use of Statement (5)
of Corollary 7.2, for which we establish the following notation. Fix ¢ € Zs
and u; € U2 and define

(84) Py, Uy) = {c({ui,vi}) #cy, v € Ng(ui,Ui)}

for the set of special (non-primary) colors on edges {u;,v;} € Eg(u;, U;)
incident to u; in U;. By Statement (1) of Corollary 7.2, all edges {u;, u;—1} €
E¢(u;,U;—1) are colored by ¢,,, and so

(85) | (ui, Uy)| > deg(u;) — degly(ui, Ui—1) — degl(ui, Uiy1)
= degg (u;) — 1 — degg(ui, Uiy1) > 69(G) — 1 — Uy
> 22 — 1 — Ui | = 252 = Ui,

In particular, when ¢ = 1 € Z3, we infer that every u; € UlgOOCI satisfies

(83)
(86) [P, )| 2 252 — U] = 232 - 5]

As such, if n =2 (mod 3), then (86) gives |¢*P*“(uy,Uy)| > 2 for every uj €
U and so T = U readily contradicts Statement (5) of Corollary 7.2
(because |Ui°r°°d| from (74) is much too large). Similarly, if |Us| < [n/3] —1,
then (86) gives |¢P*(uy, Uy)| > 2 for every u; € US| giving the same
contradiction. The main idea of the current proof exploits a similar theme
to the instances n = 2 (mod 3) or |Uz| < [n/3] — 1, which we announce as
our goal:

(87) we seek to determine a large set T; C UigOOd, for some i € Zg,

where every u; € T; satisfies |¢*P°(u;, Us)| > 2.

When so, we contradict Statement (5) of Corollary 7.2.
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7.2.2. Supporting details From the discussion above, it suffices to con-
sider the case n # 2 (mod 3) and |Us| = [n/3]. As such, |Us| = |Uy| = |n/3]
and |Up| = [n/3]. Now, for u; € UF?, we define

S(u1) = {v1 € Ng(ur, Uh) : c({ur,v1}) # cu, }-

We refine the partition U; = UlgOOGI U UP from (74) by subdividing UlgOOd
into

(88) Ay ={u; € U S(u)NUP £ 0} and By = UF\ A,

We will observe the following fact.
Fact 7.3. Every uy € By satisfies S(uj) C Aj.

Proof of Fact 7.3. Fix w1 € Bj, but assume for contradiction that there
exists v1 € S(ui) N By. Since both u; # v € UlgoOd are good vertices,
Corollary 6.3 guarantees that c,, # c,,, where we will take ¢,, to be red and
¢y, to be blue. From vy € S(u1), we infer that c({uy,v1}) is not ¢,, = red.
We distinguish two cases.

Case 1 (c({u1,v1}) # c,). Here, we will take c({u1,v1}) to be yellow.
Proposition 6.2 and Corollary 6.3 guarantee a vertex ug € Ng P(vy, UgOOd)
so that c({up,v1}) = ¢, is blue but ¢, is neither red, blue, nor yellow.
We take ¢, to be green. Now, R = (u1,v1,up) is a rainbow path where
up € UIgOOd, where ug € U§00d, but where neither ¢,, # ¢,, (red nor green)
appear on R, which contradicts Statement (3) of Corollary 7.2. O

Case 2 (c({u1,v1}) = ¢, ). From (86), we infer that |S(vi)| > 1, where
up € S(v1) on account that c({u1,v1}) = ¢y, is blue. From v; € By, we
infer that S(v1) N UPad = ), and so there exists u; # w;, € S(vy) C U9,
From wy € S(v1), we infer that ¢({vi,w1}) # ¢, is not blue. So the path
(u1,v1,w;1) is rainbow, and Statement (2) of Corollary 7.2 implies that
c({v1,w1}) is ¢y, (red). Since uy, vy, wy € UlgOOd are good and distinct, Corol-
lary 6.3 guarantees that the primary colors ¢, (red), ¢,, (blue), and ¢,, are
distinct, where we take ¢, to be green. Since w; € UfOOd is good, Proposi-
tion 6.2 and Corollary 6.3 guarantee a vertex ug € NgP (wy, UOgOOd) so that
Cu, 18 neither ¢,, (blue), ¢({ug,w1}) (green), nor c({vi,w1}) (red). Now,
(v1, w1, up) contradicts Statement (3) of Corollary 7.2. O

Fact 7.3 admits the following corollary.
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Corollary 7.4. There exist distinct ui,vi,w; € UfOOd satisfying S(ui) N
S(Ul) N S(wl) + (.

Proof of Corollary 7.4. Define the auxiliary directed graph T' = (Uy, E) by
the rule that for each (uy,v1) € Uy x Uy, we put (uj,v;) € E if, and only
if, v1 € S(u1). In this notation, S(u;) = Ng(ul). We now distinguish two
cases.

Case 1 (|By] > 2|A1]). For the bipartition A; U By (cf. (88)), we infer
Z |N1§(a1) NB| = Z |Nf+(b1) N A |
a1 €A b,€B;

1. (36)
= 3" Sb) N A TET ST IS(0)] > |Bi| > 2144
bi1€B; bi€B:

By averaging, there exists a; € A; which satisfies ]Nf_ (a1) N Bi| > 3, so let
bl,bll,b/ll € Nf?(dl). Then

1 € N (b)) 0 NG () = S(61) 0 S(34) N S(00),
and so S(by) N S(b)) NSOBY) #0. O

Case 2 (|B1| < 2|A1]). For the bipartition A; U UP* (recall A; C UigOOd)7
we infer

89 > N2 (w) N AL | = > |NE(a1) nUP|
u €UPad a1€A,

def
= Y [S(a) TP > |Aul,

a1 €A,
where we used the definition of A; from (88). Moreover, from the bipartition
Uf’OOd = A1 U By, we infer
good (74 1 1/4
(90) 3141] > [Ai|+ [Ba| = [UF™] > (4= 750 )n
(64) (74)
> 64804 > olUP | = Ay > 3|ub).

Combining (89) and (90) yields }_, ive |Nf_ (u1) N Ay > 3|UP2d|) and so

an average vertex @7 € UP® satisfies |Nf_ (@) M Aq| > 3. Let ay,d),d] €
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Nz (u1), in which case
1 € Nif(an) NN () 1 N (af) = S(an) 1 S(a) 1 S(af),

and so S(a1) N S(a)) N S(al) # 0. O

For the remainder of the proof, we fix distinct uy, vy, w; € U1g°°d guar-
anteed by Corollary 7.4. We also fix an element x1 € S(u1) NS (v1)NS(wq).
We garner the following useful corollary.

Corollary 7.5. The coloring c is constant on the edges Eg(x1,Uy).
Proof of Corollary 7.5. We first show that

(91) c({ur,21}) = c({vr, 21}) = c({wr, 21}).

For that, since uy,vi,w; € UlgOOd are distinct good vertices, Corollary 6.3

guarantees that c,,, ¢y, , and ¢, are distinct, so we take ¢, to be red, ¢,, to
be blue, and ¢, to be yellow. Assume, on the contrary, that c({ui,z1}) #
c¢({v1,x1}). Then (u1,x1,v1) is a rainbow Uy-path where u; € UlgOOGl is a good
vertex, so Statement (2) of Corollary 7.2 guarantees that c({z1,v1}) is ¢y, =
red. Applying the same argument to (vy,x1,u1), we infer that c({uy,z1}) is
¢y, = blue. Now, ¢,,, = yellow appears on neither (wy, 21, u1) nor (wy,x1,v1)
(since z1 € S(w;) guarantees that c({w1,z1}) is not ¢, = yellow). Since
wy € UlgoOd is a good vertex, Statement (2) of Corollary 7.2 guarantees that
both (wy,x1,u1) and (w1, x1,v1) are monochromatic, and so c¢({wy,x1}) is
both red and blue, a contradiction.

Corollary 7.5 now easily follows from (91), where we take that common
color to be green. By the argument above, any edge {z1,y1} € Eg(x1,U1)
that isn’t colored green must be colored each of red, blue, and yellow, which
isn’t possible. O

7.2.3. Finale We return to our goal in (87). Let uj,v1,w; € UfOOd and
x1 € S(u1) N S(vy) N S(wy) be fixed from the previous subsection, where all
of Eg(x1,Uy) is colored green, which is the only color from before which we
now need to reference. Then Eg(x1,U; UUsy) admits at most |Us| + 1 colors,
the set of which we call C = C(x1,U;,Us). As such, the number of non-C
colors on Eg(z1,Up) is at least

degG(r1) — degg (1, Ur) — degg (w1, Uz) > 09(G) — 1 — |Us]

(83)
> w1l =22 - 2 g,
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which is positive. Fix ug € Ng(x1,Up) where ¢({ug,z1}) € C. In particular,
c({uo, x1}) is not green, and we take c({ug, z1}) to be purple. (It won’t mat-
ter if ¢({uo,z1}) appeared in the previous subsection, so long as c({ug, x1})
is not green.) Define
(92)

Ty = {vo S UgOOd D vy # up, ¢y, # c({uo, z1}) = purple, ¢, # green},

where Corollary 6.3 guarantees

ood (74) 1/4
(93) To| > U -3 > (3 — 7MY — 3 = Q(n).

We make the following critical observation.
Observation 7.6. An edge {vo,x1} € Eg(x1,To) must be colored c,,.

Proof of Observation 7.6. For a fixed {vo,z1} € Eq(x1,Tp), we distinguish
two cases.

Case 1 (c({vo,z1}) # c¢({ug, x1}) = purple). Here, (v, z1, ug) is a rainbow
path where vy € Ty C UgOOd is a good vertex. Statement (2) of Corollary 7.2
guarantees that c¢,, appears on (vg,x1,up), and since ¢,, # c({ug,z1}) =
purple holds by the definition of Tj, we must have c({vo,z1}) = ¢y, - O

Case 2 (c({vo,z1}) = c({uo,z1}) = purple). Among the fixed distinct
vertices ui, vy, w; € UlgOOd above, Corollary 6.3 guarantees that at most one
of the distinct colors ¢, ¢, cw, can equal c({ug,z1}) = c({vo,z1}) =
purple, and at most one of ¢,,, ¢y,, ¢y, can equal c,,. Assume w.l.o.g. that

Coy 7 Cuy # c({uo, 21}) = c({vo, 21}) = purple.

Now, the path (u,z1,v0) is a green-purple rainbow path where u; € U%OOd
and vy € Ty C U§00d are good vertices satisfying c,, # ¢,,. Statement (3)
guarantees that one of ¢,, # ¢,, appears on (uj,x1,v9), but neither do.
Indeed, ¢, is neither green nor purple by the definition of Ty (cf. (92)), and
is not green by z1 € S(u1) and it is not purple by our choice above. [

Cy,

We now conclude the proof of Statement (1) of Lemma 2.9 when ¢ = 2
(mod 3). Fix a vertex vy € Tp. By combining Statement (1) of Corollary 7.2
with Observation 7.6, we conclude that all edges Eq(vo, Us U {x1}) are col-
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ored the single primary color ¢,,. However distinctly the edges E¢g(vo, Ut \
{z1}) are colored, the edges Eq(vg,U; U Us) are colored with at most 1 +
(|U1| = 1) = |Ui| = |n/3] many colors, one of which is the primary color
Cy,- (Recall that it suffices to consider the case |Us| = |Ui| = |[n/3].) All
remaining colors incident to vy are special and are applied to Eg(vg, Up), the
number of which is precisely given by the parameter |¢*P*°(vg, Up)| from (84).
Altogether, we conclude

(94)  [¢**(vo, Up)| = deg (vo, Uo) — |c(Eg(vo, Uy U Us)

=8(G) - 5] 252 - |

3 =

n
3

and therefore |¢*P*(vg,Up)| > 2. Now, (93) and (94) together contradict
Statement (5) of Corollary 7.2.

7.3. Proof of Lemma 2.9: Statement (2) when £ = 2 (mod 3)

Let £ = 2 (mod 3). The hypothesis of Statement (2) of Lemma 2.9 gives that
I(G) > (n+4)/3 (cf. (129)). We again assume w.l.o.g. that (83) holds, and
we want to conclude that (G, c¢) admits a properly colored ¢-cycle Cy.

(95) We assume, on the contrary, that (G,c) does not
admit a properly colored £-cycle Cy.

We will show that our assumption in (95) guarantees vertices x; € U lgOOd and
y1,21 € Uy, where (x1,y1,21) is a rainbow Uj-path satisfying c({z1,y1}) #
¢z,- Then (95) contradicts Statement (2) of Corollary 7.2.

We begin our work with an observation. Fix an auxiliary vertex ug €
U§°°d, where Statement (1) of Corollary 7.2 guarantees that E¢(ug, Uz) is
colored only with ¢,,. We observe that

(96) E¢(up, Up) is also colored only with ¢, .

To see (96), suppose vg € Ng(up,Up) admits c({ug,vo}) # ¢y, Let ug €
N¢(vo, UlgOOd) have color ¢({vo,u1}) # c({uo,v0}), where we used degg,(vo,
UlgOOd) > ((1/9) — 144\*)n implicit in (74). Statement (1) of Corollary 7.2
guarantees that c({vg,u1}) = c¢,,. As such, the number [¢*P*°(uy,U;)| of
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special colors incident to u; in Uy satisfies

(97) | (ur, Uy)| > degf;(ur) — degf; (ur, Up) — deg; (ur, Us)
Z 5C(G) — degCG(ul, Uo) — degCG(ul, UQ) = 5C(G) —1- degCG(ul, U2)

>n+4 1 U (8>3) n+t1 n| > 1
> i = 1=l > 52— [5] > 5

so fix v1 € Ng(uy,Uy) where c({uy,v1}) # ¢y, Now, P = (ug,vo,ui,v1) is
a properly colored path where c¢({ug,v0}) # cu,. Proposition 7.1 guarantees
(withi=0,7=1, k=4, and £ =2 (mod 3)) that P can be extended to a

strong rainbow ¢-cycle Cy, contradicting (95). This proves (96).

We choose the first promised vertex z; € UlgOOd arbitrarily, where the

auxiliary vertex ug € UOgOOd above is still fixed. To choose the second promised
vertex y; € Uq, define

Ay, = {u1 € Ng(uo,Ur) : c({uo,u1}) # ¢y and

(98) B, ={v1 € Ng(z1,U1) : c({x1,v1}) # ¢z, }-

(The set B, is the same as S(x;) from the previous subsection.) Then
Ay, U B, C Uy, and so
(99) |AU0 N Bﬂfl‘ = ’AU0| + ‘Bﬂ?1’ - ’Auo U Bﬂfl‘ 2 ‘Au0| + |BJ»‘1‘ - ’U1|

From our observation above (cf. (96)), all of Eq(ug, Uy U Uz) is colored with
Cuy, and therefore |A,,| > degf (up) — 1. Since x; € UlgOOG1 is a good vertex,
Statement (1) of Corollary 7.2 guarantees that all of Eg(x1,Up) is colored
with ¢;,, and therefore

| B, | > degg (1) — degg (w1, Up) — degg (w1, Uz) > degg(w1) — 1 — |Ual.

Returning to (99), we conclude

|Auy N Bz, | > [Ay,| 4 | By, | — [U1] > degg(uo) + degg(x1) —2 — |Ur| — |Us|
= degf(up) + deggy(z1) — 2 — (n — |Upl) > 20°(G) — 2 — n + |Up|

(83)
> 2(F) -2+ 0o = 252 - ] S 25— 3] 2§
Fix y; € A,, N B,, arbitrarily.

To choose the third promised vertex z; € Uy, we make a couple observa-
tions. First, we observe that the path (z1,y1,uo) must be monochromatic.
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Indeed, since y; € Ay, N By, , we infer from (98) that c¢({uo,y1}) # cu, and
c({x1,11}) # ¢a,- Thus, if (z1,y1,up) were rainbow, then Statement (3) of
Corollary 7.2 would guarantee that (G, c) admits a properly colored ¢-cycle
Cy, contradicting (95). Henceforth, we take c({ug,y1}) = c({z1,y1}) to be
blue. Second, we observe that

(100)  all of Eg(y1,Up) is colored by c({uo,y1}) = c({z1,y1}) = blue.

Indeed, suppose {vo,y1} € Eq(y1,Up) admitted c({vo,y1}) # c({uwo,y1}) =
blue. Then (ug,y1,v0) is a rainbow path with c({uo,y1}) # cu, (because
y1 € Ay, from (98)). Statement (2) of Corollary 7.2 then guarantees that
(G, ¢) admits a properly colored ¢-cycle Cy, again contradicting (95). Now,
all of E¢(y1,UpU{x1}) is colored blue, and so the number of non-blue colors
of Eg(y1,Uq) is at least

deg (y1) — degG (y1, Up) — deg(y1, Uz) = degg(y1) — 1 — degg (y1, Us)

> 5(Q) 1~ |Up] > 1 1|t 2 m[n] > 1
Fix any z1 € Ng(y1,U1) for which ¢({y1,21}) is not blue. Since c¢({x1,y1})
is blue, we infer that (z1,y1, 21) is a rainbow path where ¢, # c({z1,11}) =
blue is guaranteed by y1 € By, from (98). Thus, Statement (2) of Corol-
lary 7.2 guarantees from the rainbow Uj-path (x1,y1,21) (where ¢, #
c({x1,y1}) = blue) that (G, c) admits a properly colored ¢-cycle Cy, again
contradicting (95).

8. Proof of Lemma 2.9 — Part 3: strong or short cycles and
the case £ =1 (mod 3)

Continuing from the previous sections, we prove Lemma 2.9 in the case £ = 1
(mod 3). For this, we will need a number of supporting details, where we
begin by establishing an analogue of Corollary 7.2 for £ = 1 (mod 3) (another
corollary of Proposition 7.1). We use the following terminology and notation.
For a fixed j € Zs, recall the set U; = U]‘?’TOOd U U]'-Jad (cf. (74)). We shall say
that a vertex u; € U}Dad is an internal (bad) vertex if degg (u;,U;) > 3, and
that u; € U]ba@1 is an external (bad) verter otherwise. We then define

Ijbad = {'LL]‘ € U}Dad o degg(uy,Uj) > 3} and
(101)

E;)ad — {uj c U]bad : degcg(uj7Uj) < 2} :
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Corollary 8.1. Let ¢ =1 (mod 3). Fiz an index j € Zs3, a vertex uj € U]gOOd,
and an edge {uj,v} € E.

1. IfveUjorve I]bi‘f, then c({uj,v}) = cy, is the primary color of u;.

2. The edges Eg(u;,Uj—1) admit at least degg(uj) — 1 — [Ujyr \ I]bjf‘ﬂ
non-c,, colors.

3. Ifve U}-’f‘? and c({uj,v}) # cy,, then deg&:(v,U;) > ((1/6)—37AY4)n.

4. Ifv e E;?ﬁ‘% and c({uj,v}) # cu,, then deg (v, U;) > degg(v) — 3.

5. Ifv e U]gfgd and c({uj, v}) # cu,, then degg (v, Uj \ I7%9) > degfy(v) —
1.

Proof of Corollary 8.1. Let ¢ = 1 (mod 3). Fix an index j € Zs, and
w.lo.g. let 7 = 0 € Zs. Fix a good vertex ug € UgOOd, and fix an edge
{ug,v} € E.

For Statement (1), assume first that v € Up. If c({up,v}) # cy,, then
P = (ug,v) is a ¢y,-free rainbow path which Proposition 7.1 extends to a
strong rainbow ¢-cycle Cy (using i = j =0, k=2, and K = ¢ =1 (mod 3)),
contradicting (66). Assume next that v € 1?24, in which case v sees at least
three colors in Uj. If e({ug,v}) # cy,, then v admits a neighbor w; € U;
where c({v,w;1}) is neither ¢,, nor c({ug,v}). Now, P = (up,v,w1) is a
Cuy-free rainbow path which Proposition 7.1 extends to a strong rainbow
t-cycle Cp (using i = 0, j = 1, k = 3, and K = ¢ = 1 (mod 3)), again
contradicting (66).

Statement (2) is an easy consequence of Statement (1). For ug € UgOOd
satisfies

(102) degé(uo) = degg (uo, Up) + degé(uo, Ur) + degg (uo, Ua),

where Statement (1) guarantees that all edges of Eg(ug, UgUIPd) are colored
Cu,- However colors are assigned to Eg(ug, Up \ IP?), at least degl (ug) —1—
|U1 \ IP24| many non-c,, colors remain, and these must occur on the edges
of Eg(uo,Uz).

For Statement (3), we prepare an observation used multiple times below.
For an edge {ug,u2} € Eg(uo,Us) satisfying c¢({ug,u2}) # cu,, we observe
that

(103) every edge {ua,u1} € Eg(ua,Uy)

must be colored either c({ug,us}) or cy,,

lest (up,u2,u1) is a ¢y, -free rainbow path which Proposition 7.1 extends to
a strong rainbow f-cycle Cy (using i = 0,5 =1,k =3,and K = ¢ =1

(mod 3)), contradicting (66). Now, as in Statement (3), assume v € U
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where ¢({ug,v}) # cu,. Then (103) gives deg% (v, US°Y) < 2, where (72)
and (73) add that v € Ub2d satisfies

degf, (v, UagOOd)
> max { degé, (v, UE**?), deg; (v UgOOd)} > degf; (v, UE™Y).
Since V = U U Ug°t U Ut U vhad i a partition,

deg;(v) = degh (v, Ugoo ) + degg; (v ( UgOOd)
+ degg; (v U. gOOd) + degg (v Vbad)

< deg (v, UEY) + degg, (v, UEY)
+ degg; (v, UgOOd) + }Vbad‘
(104) (1%3) degf; (v, UgOOd) + 2 + deg§ (v, UQgOOd) + |Vbad‘
2 2dess, (v (0, U5 + 2+ [P
(7§4) 2degg (v, UgOOd + 24+ 7224
<

( )
2 degé, (v, US™Y) + 73A1/4n.
)

Thus, we conclude Statement (3) from

g, (104)
deg§; (v, Up) > deg§ (v, US*Y) > L (degh(v) — 730Y*n)
> 2(0°(G) — 73AM4n) > F(mH — 73MY4n) > (& - 37AM)n,

For Statement (4), assume that v € E5® and that c({ug,v}) # cu,- As
before with (102), we have

degi(v) = degg (v, Up) + degg (v, Ur) + degg (v, Us).

By the definition of EYd in (101), we have degS (v,Usz) < 2. Moreover,
(103) gives degq(v,Ur) < 2, where these colors can only be ¢({up,v}) and
Cuy- Since c({ug, v}) is used on Eg(v,Up), Statement (4) follows.

For Statement (5), assume that v € U and that ¢({ug, v}) # cy,. As
before with (102), we have

degi (v) = degg (v, Up) + deggi (v, Ur) + degg (v, Us).

Statement (1) ensures that all edges of Eg(v,Us U I52d) are assigned the
primary color ¢,. Moreover, (103) gives all edges of Eg(v,U;) are assigned
¢({uo,v}) and ¢, which must include ¢,. Now, all non-{¢,,, ¢, } colors in-
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cident to v must be on the edges Eg(v,Up \ I}*9), where c({ug,v}) is one
such color used. In either case of ¢, € {cy,,c({uo,v})}, only ¢, is possibly
not used on Eg (v, Up \ 1529). O

8.1. On 4-cycles C4 in (G,c) when £ =1 (mod 3)

Since 4 = 1 (mod 3), which is the modular case of Lemma 2.9 we seek to
prove, we study 4-cycles Cy in (G, ¢) from the point of view of Proposition 7.1
and Corollary 8.1. We begin with the following notation and terminology. For
J € Z3 and u; € Uj, recall from (77) that an edge {u;,uj—1} € Eq(u;,Uj—1)
is said to be typical when c({uj, u;_1}) = ¢y, is the primary color of u;, and
is said to be special otherwise. In the reverse of (77), we write

typ Ugood

Uj_1, {u] € Ng (u] 1 UgOOd) ce({uj—1,uj}) = cu_j} ,
{us € No (1, UE) s el{ujo,05)) # e, |
‘Nyp Uj_1 ,UgOOd)}, and

‘Nspec( w1, Ugood) )

9

(
spec (U] 1 Ugood
°(

ood
deg uj_1, Ug

)=
) =
) =
deg®®® (uj_1, good) ;

We proceed with an initial observation.

Observation 8.2. Let ¢ = 1 (mod 3). Fiz j € Z3, uj—1 € Uj_1, and
uj # v € ngec(uj_l,UngOd). Then c({uj—1,u;}), c({uj-1,v;}), cu,, and
¢y, can’t all be distinct.

Proof of Observation 8.2. Let £ =1 (mod 3). Fix j € Z3, and w.l.o.g. let j =
0. Fix up € Us and fix ug # vg € Ng&*(us, UgOOd). We apply Proposition 6.2
and Corollary 6.3 to each of ug # vy € UOgOOd to determine at least

(74) /1 64
U5 — 4820140 > <§ —~ 557)\1/4> n'S o

many vertices wy € U2gOOd for which {ug, w2}, {vo, ws} € E and

c({ug, wa}) = cyy # cy, = c({vo, wa}).

If Observation 8.2 is false, then (ug,ws,vo,u2) is a strong rainbow 4-cycle
which Statement (3) of Proposition 7.1 extends to a strong rainbow ¢-cycle
Cy, contradicting (66). O

We continue with a second observation, which is a corollary of the one
above.
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Corollary 8.3. Let { = 1 (mod 3). Fiz j € Zz and uj—1 € Uj—y. If
deg*“(uj_1, UJgOOd) > 4, then all but at most one of the edges {uj_1,u;} €

E, where uj € N3 (uj—1, UfOOd) are monochromatic. Thus,
t d d
deg P (uj_l, Ujgoo ) > deg, (uj_l, U]goo ) -3,

where in particular

L 110)\1/4)71 if deg?h (uj— UgOOd) >1
d typ . ,USOOd > (6 G j—1,Y; =4
egd” (uj-1 J ) > { (% _ 144)\1/4)71 otherwise.

Proof of Corollary 8.3. Let £ =1 (mod 3). Fix j € Zs and w.l.o.g. assume

j = 0. Fix up € Uy and assume that degSC?eC(uQ,UgOOd) > 4. For sake of
argument,

(105) we assume the special edges {ug,uo} € E,

d . .
where ug € N (uz, US**?), are not entirely monochromatic.
We consider two cases.

Case 1 (3 ug # vy € NP (ug, U c({ug,u0}) = c({ug,v})). Fix
up # vy € ngec(ug,U(%OOd) with c({ug,up}) = c({uz,v0}). Using (105), we

infer the existence of an edge {u2,wo} € E, where wy € N (us, UOgOOd),
for which c({ug,wo}) # c({ua,up}) = c({uz,vo}). We claim that

(106) c({ug,up}) = c({ug,vo}) = Cuy-

Indeed, pivoting {us,up} against {ug,wo}, Observation 8.2 ensures
c({uz,uo}) = cw, or c({uz,wp}) = cy,. In the former case, (106) holds
by the hypothesis of Case 1. In the latter case, we pivot {ug,vp} against
{u2,wp}, where Observation 8.2 gives c¢({ua,v0}) = ¢y, or c({uz, wo}) = cy,-
If c({ug,wo}) = cy,, then Corollary 6.3 gives c({u2,wo}) # cy,, and so
c({uz,v0}) = ¢y, and again (106) holds.

If the first conclusion of Corollary 8.3 does not hold, we ignore the
edge {ug,wo} to infer the existence of an edge {u2,zo} € FE, where xy €
NP (ug, USY), for which ¢({ua, zo}) # c({uz, uo}). By (106),

Czy = c({uz, uo}) = c({uz,v0}) = cu,,

and xg # wp € U§°°d contradicts Corollary 6.3. O
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Case 2 (V ug # vo € NFP(uz, UEY), e({uz,up}) # c({us,v})). Since
degscf?ec(uQ,UgOOd) > 4, fix distinct ug, vy, wo, xg € ngec(ug,Ugow). Using
Observation 8.2, we take w.l.o.g. c({u2,up}) = ¢,. Observation 8.2 then
ensures that c({ua,wo}) = ¢y, (since ¢,, # cy, from Corollary 6.3) and
c({ug,z0}) = cy,, which contradicts the hypothesis of Case 2. O

The remaining assertions of Corollary 8.3 are now easy to establish.
When deg? (uz, UOgOOd) =0, all edges of Eg(u2, U§°°d) are typical, and so

deggp (u2, U§°°d) > degg, (uz, U§°°d)

74

When deggh (ue, UgOOd) > 1, the first assertion of Corollary 8.3 guarantees

that edges {uz,up} € E with ug € NP (ug, UE*?) are colored with at most
three colors. Thus,

degll® (un, UE™Y) > deg?s (ua, UEY) =3 2" (L—37AY4)n—722/4—3
= (3 =109\ n — 3 > (3 — 110AY)n,

as promised. O

Definition 8.4 (j-special). A 4-cycle (uj, u;j—1,vj,vj—1) is j-special for some
j € Zsg if Uj, V5 € U]gOOd, Uj—1,Vj-1 € Ujfl, {uj,uj,l},{vj,vjfl} € FE are
typical, and {u;,vj—1},{vj,uj—1} € E are special.

Observation 8.5. Let { = 1 (mod 3), and fix j € Zs. A j-special 4-
cycle (uj,u;j—1,v;,vj—1) receives precisely three colors, where in particular
c({uj,vj-1}) = c({vj, uj—1}).

Proof of Observation 8.5. Let £ = 1 (mod 3). Fix j € Z3, and w.l.o.g. let
j = 0. Fix a 0O-special 4-cycle (ug,u2,v0,v2). By its definition, we infer
c({ug,uo}) = ¢y, and c({va,v0}) = ¢, are primary, which Corollary 6.3
ensures are distinct. By its definition, c({ug,v2}) # ¢y, and c({vo,u2}) #
¢y, are special. Observe that c({ug,v2}) # ¢y, since otherwise Proposi-
tion 6.2 guarantees that G — {vp,v2} (here denoting edge-removal) con-
tradicts (67). Similarly, c({vg, us}) # cy,- Thus, if c({ug, va}) # c({vo, uz}),
then (ug, u2, vo, v2) is a strong rainbow 4-cycle which Statement (3) of Propo-
sition 7.1 extends to a strong rainbow ¢-cycle Cy, contradicting (66). O

We conclude this subsection with a corollary of the preceding observa-
tion.



646 Andrzej Czygrinow et al.

Corollary 8.6. Let { =1 (mod 3). Fiz j € Z3, uj—1 # vj—1 € Uj_1, and a
color a from c. Set

A= Aa(uj_l) = {’U,j € ngec(’u,j_l,Uj) : c({uj,uj_l}) = a} and
B = Ba(vj,l) = {Uj S N(s;peC(Ujil’ Uj) : c({vj,vj,l}) 75 Oé} .

Then |AU B| < ((1/6) + 258\Y*)n.

Proof of Corollary 8.6. Let £ =1 (mod 3). Fix j € Z3, and w.l.o.g. let j = 0.
Fix ug # v9 € Us and fix a color « of ¢. Let A = A(ug) and B = B(v2) be
defined as above, but assume for contradiction that

(107) |AUB| > (% + 2584 n.
We will use (107) to guarantee distinct vertices
(108) NZP(us, UE*Y) N (AU B) 3 ug # vo € NP (9, UE*Y) N (AU B).

If (108) holds, then it will conclude our proof, because (us, ug, v2, vg) would
be a rainbow 0-special 4-cycle, contradicting Observation 8.5. To see this,
we first note from (108) that ug # vy € Ug(md are good vertices, where ug €
NZP(us, UE°Y) guarantees c({ug, u}) = ¢y, and vy € NEP (va, Ug°?) guar-
antees c({vo, v2}) = ¢y, and where ¢, # ¢, is guaranteed by Corollary 6.3.
Since ug € AU B happens only from ug € B\ A (because c({ug,u2}) = cy,
is not special for ug), we infer ¢({up, v2}) # « is some non-« special color for
up. Since vg € AUB happens only from vy € A\ B (because c¢({vo, v2}) = ¢y,
is not special for vg), we infer ¢({vg,u2}) = « is special for vg. (Note: the
existence of vertices ug and vy in (108) implies they are necessarily distinct.)
Thus, (ug,up,v2,v0) is a rainbow 0-special 4-cycle, as claimed.
To prove (108) (from (107)), define

Agood — AN Uogood and Beeed — BN U(;gOOd-
Then
(109) | Agood  peood| (724) |AU B| — 7224 “%” (3 +186A1)n,
and so one of | A8°°4| or | B8°°Y| is large. Our proof will ultimately show that

both are large, and so we begin by assuming the former is non-empty. We
therefore infer that degl™ (usa, UOgOOd) > |Ag°°d| > 0, and so Corollary 8.3



On even rainbow or nontriangular directed cycles 647

gives
(110) deg®® (us, UEY) > (& — 110AY4)n.
If NtGyp(UQ, UgOOd) and A U B were disjoint, we would have
t ood (110) 1 1/4
(111)  |[Uo| > degd® (u2, U§™) +|AUB| > (g —110AY")n+]AU B]
(107) (74)
> (3= 11000+ (3 + 2582\ )0 = (3 + 1480\ > (U,
a contradiction. This guarantees the existence of the vertex wug in (108).
To guarantee the existence of the vertex vy in (108), we argue similarly.
For that, Néy P(ug, UgOOd) and A8°°d are disjoint subsets of U§°°d, and so
(11
(112) |Az°d| + ( 110/\1/4)n < \Agood\ + degl® (us, U™
74)

< \Uog"od\ < (3 + 70 = 420 < (L +185014)n.

Thus,
degspec (U Ugood) > ‘Bgood \ Agood‘ _ ‘Agood U Bgood’ _ {Agood}
(109) 12)
> (341860 \Agood\ > Ay s 0,
and so Corollary 8.3 gives
degl® (va, UF™Y) > (& — 120AY*)n.
We now proceed identically to before with (110)—(111). O
8.2. Amenable elements of Zg

Recall the partition V(G) = UyUU;UU; of (G, ¢) from (74). For each j € Zs,
recall the (so-called internal and external) sets of bad vertices

Ibad {u; € Ubad degg(uj, Uj) > 3} and
Ebad {u; € Ubad degg;(u;,Uj) < 2}

from (101). In particular, U Jbad = I;’ad U E;?ad is a partition, and so

~ __ rrgood bad good bad bad
(113) Uy = Ut Uk = pEeet y el g g
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are partitions. We set
(114) U; = thf)’ﬁoodUE]baLOl and  A;=m—|Uj],

where m = |n/3] from (68). The following observation follows by elementary
means (independent from ¢ (mod 3)), and plays an important role in our
proof of Lemma 2.9.

Observation 8.7. There exists j € Z3 so that

1. Aj Z 0,’
2. |1p3q] < 245
3. ’Uj+2’§m+2A]’+2.

We say that an element j € Z3 satisfying Conclusions (1)—(3) of Obser-
vation 8.7 is amenable.

Proof of Observation 8.7. Without loss of generality, let
(115) AO = maX{Ag,Al,Ag}.

Conclusion (1) now holds with j = 0 (cf. 115), lest Ay, Ay < Ay < —1
and m = |n/3] > (n—2)/3 give

3m — |0 — |0h] = |02] "2 Ag + Ay + Ay < —3

. . ., (113),(114)
= 3m+3 < |Uo|+|Uh|+|U2| < |Uo|+|U1|+|Uz| = n < 3m+2,

a contradiction. Conclusion (3) also holds with j = 0 (cf. 115), since

(113),(114 -

‘UQ’ = n—]U0|—|U1\ = )n—‘f(l))ad|— Uo Ul <n— U()

_|[‘10ad‘_

~|0n]

N N (115)
< mt2+ (m— |Oo] ) + (m— |a] ) (L 24 Ag+AT < mA200+2.

For sake of argument, we assume that Conclusion (2) fails with j = 0
(cf. 115):
(116) |174] > 240 + 1.

Observe that

(117) ‘I(l)aad‘ 4 ‘I})ad| S ‘I(l)aad‘ 4 ‘I})ad} 4 ‘Igad‘
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(113),(114) Uo| — |Un| — |02

<24 (m—[00]) + (m = [00]) + (m = [0a]) "= 2+ B0+ A1 4 2o

bad bad (116)
— 0< |[Ip* <24 A0+ A1+ A — || < 1+ A1+ A=A,

We claim that, when A; < —1 holds, j = 2 satisfies Observation 8.7. Indeed,

(117)
0§|I(l)aad‘ < 1—|—A1+A2—A0§0

follows from (115) and our current assumption A; < —1. Necessarily then,
I =0, Ay = —1, and Ay = Ag > 0 also achieves the maximum in (115).
In particular, j = 2 satisfies Conclusion (2) of Observation 8.7 by |I}2d| =
0 < 2A,, and it satisfies Conclusions (1) and (3) of Observation 8.7 by
Ay = max{Ag, A1, As} (see our work between (115) and (116)).

For sake of argument, we assume that

(118) Ay > 0.

Note that (118) says Conclusion (1) holds with j = 1. Conclusion (3) also
holds with j = 1, since

. R air) .
\Uo| (113)£(114) Ul + ‘Igadl < }Uo‘ T14+ A+ Ay — A

(115) (114) (115) (118)
< |Oo|+1+A1 =" m=Dg+1+A1 < m+1+A1 < m+2A1+2,

where we used Ay > 0. For sake of argument, we assume Conclusion (2)
fails with j = 1:

(119) |12 > 2A; + 1.

We conclude that Observation 8.7 holds with 5 = 2. For that, observe
that

| 102 +200+2A1 +2 e 197 |+ 172 |+ 132 ot At A,
(115) (118)
— 0< LLgad} < ZXQ — Z&O — le < ——le < 0.

Thus, I('fad =0, Ay =0, and Ay = Ag is the maximum from (115). As Ay =
Ay is the maximum from (115), we already observed that Conclusion (1)
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holds, i.e., Ag > 0, and that Conclusion (3) holds, i.e., |U1| < m + 2Aq + 2.
Since A1 = 0 and I}* = (), Conclusion (2) also holds, i.e., [I}2d]| = 0 < 2A,,
which completes the proof of Observation 8.7. O

Observation 8.7 guarantees at least one amenable element j € Zs, i.e.,
one where Conclusions (1)—(3) of Observation 8.7 hold. We next consider
properties of an amenable j € Z3 when £ =1 (mod 3).

Fact 8.8. Let { =1 (mod 3). Let j € Z3 be amenable, and fix ujr1 € Uji1.
Then

spec(

Ugood> < { QA]' +5 ifu]+1 € UjJr]_ (Cf. (114)),

deg Uj+1s Jj+2 n/(lO) ifu]'+1 S Ijb_?:cll (Cf (101) and (114))

Proof of Fact 8.8. Let =1 (mod 3). Fix an amenable j € Z3, and w.l.o.g. let
j = 0. Note first that

(10)  degt;(v, Us) > degis(v) 3
for every v € Uy with degf°(v, U. gOOd) >0,

since ug € N5*(v ,UEY) gives ug € U and ¢({ug,v}) # cu,, and v €
U, = Ut good U Ebad allows us to apply Statement (4) or (5) of Corollary 8.1.

Fix a vertex u; € Uj, and first let u; € U;. Assume, on the contrary,
that

spec good Obs. 8.7
(121) deg ( Uy, U2 ) >2A0+6 > 6.

Now, the edges Eg(u1,Usz) consist of degg (ui,Us) many distinctly col-
ored edges together with some number of edges of repeated colors. By
Corollary 8.3, the special edges ESpeC(ul,U§°°d), i.e., those of the form
{ur,u2} € E for ug € NZ*“(w ,UgOOd), come in at most two colors, so
we have

‘UQ’ > degG(ul, Ug) > degG(Ul, UQ) + degspec (u17 Ugood) _9
(120) . (121) (68)
> degG(u1)+deg spec (ul,UgOO ) =5 > degi(ur)+2A0+1 > m+2A0+3,

which contradicts Conclusion (3) of Observation 8.7.
Now let up € I %ad. Assume, on the contrary, that

(122) degl¥ (u1, US™Y) > 1.
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By Corollary 8.3, all but one of the edges EJ(u1,U. gOOd) are monochro-
matic, and in some color a of ¢. To prepare an upcoming application of
Corollary 8.6, we define

(123) Ay = As(w1) = {W € N&F*(ur, US*) : e({ur, va}) = a},

here 14z %" degt® (w5 12 8 1
where |As| > degG (U17U2 )_1 > 1_0_1—

H|§

For Corollary 8.6, we will identify a set By C U§°°d corresponding to As
above?. For that, we first consider the following superset By O Bs, from
which we will later extract Bs:

— C .
(124) By = NYP(ur, UE),  where  |Ba| = (41103740,
We claim that for fixed us € B,
(125) deg®(v1, Az) > 0 for every v; € NeP(uy, Uy),

since then deg>* (v, UE?) > 0 (with uy € NP (vy, UE°?)) and inclusion-
exclusion gives

Uégood ») AQ U Ntyp( Ugood)
‘Ugood

&P (01, U gOOd) degdP(v1, As)

_—
- degG (v1,Ag) > |Asg| —I—degtyp (017U§00d) - |U§00d‘

123

(>) 1 +degtyp( 17U§OOd) - ‘U2g00d‘
(74) t; d 1/4
> 4 degd® (vr, US*Y) — (3 + 7500

Cor. 8.
S 1t degl; (v1, UEY) —3 — (3 + 7504

> 2+ degh(v1, Uz) — 3 — (5 + 14701 4)n
(120)
> 2 degl(vr) —6— (L + 14TAY D > B 4 5.(G) — 6 — (L +147AYY)n

v 64
2 % —6— 147)\1/411 > % _ 148)\1/471 (>) 0.

3Strictly speaking, the set By we will define below will be a subset of that in the
hypothesis of Corollary 8.6.
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We can now show that
(126) c({uz,v1}) = a for every vy € NP (ug, Uy).

Indeed, by (125), there exists vo € Ng’p(vl,Ag). Note that v € Ay im-
plies that {uj,v2} is a special edge with color «. Furthemore, both uy €
By and vy € Ay are good vertices, both {us,u1} and {vo,v1} are typical
edges, and both {ug,v1} and {vy,u1} are special edges. Thus, the 4-cycle
(uq,ug,v1,v2) is 2-special (cf. Definition 8.4), so Observation 8.5 guarantees
that c({ug,v1}) = c({ve,u1}) = a.

To extract the desired subset By C Bs from (124), we double-count

7 = {{ug,vl} €E:uy€ By, v € ngec(uQ,I})ad), and c({v1,us}) # a}.

For each uy € Bj, Statement (2) of Corollary 8.1 ensures that Eg(uz, U)
admits at least

deg(ug) — 1 — ’Ug \ Igad‘ (114) deg(u2) — 1 — ‘Uo‘

many special colors for uy. By (126), every special edge {ug, v1} € Eg(us, Uy)
is colored ¢({ug,v1}) = o, which is forbidden in Z. Thus,

A (68) .
|Z] > Z (degCG(uQ)—Z—‘UOD > Z (m— U())
usEBy u2EBo
LS g =aofBs| T ET | [
u2€B;

Averaging |Z| over I }’ad, we infer the existence of a vertex vy € I {Jad where
(127) Bg = BQ(Ul) = {u2 S ngec (Ul,Fg) : C({UQ,Ul}) 7'5 Oé}

satisfies

1B (124) 1(1 1/4
(128) |Ba| > 2[Bs| > 1(%—110A"")n.

Consider the sets Ay = Aa(u;) and By = Ba(v;) from (123) and (127).
Since By C By where Ay N By = () from (124), we infer that Ay U B is a
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disjoint union of size

(123) (128) 14
|A2 U Bo| = |Ao| +|Ba| > &+ By > &+ 1(L—1100"")n

= (& 550" S (L + 258\ ")n,

which contradicts Corollary 8.6, and concludes the proof of Fact 8.8. O
Fact 8.8 admits the following easy but useful corollary.

Corollary 8.9. Let ¢ =1 (mod 3), and fiz an amenable element j € Zs. Fix
an integer A > max{1,A;}, and fivr Wi 1 C Uj11 of size [Wjy1| < n/(100).
Then

spec good 3
B (Wi, U3 )‘ < 104n,

where EX (W1, Ujgigd) includes all {wjy1,uj42} € E with wjy1 € Wity
spec good
and Ujt2 € NG (ZUj+1, Uj+2 )

Proof of Corollary 8.9. Let £ =1 (mod 3). Fix an amenable element j € Zs,
and w.l.o.g. let 7 = 0. Fix an integer A > max{1, A}, and fix W; C U; of
size |W1| < n/(100). Then

‘Estec (Wl, Uégood) ’ _ Z degscg)ec (w17 UngOd)
w1 €W

= Z degscg’ec (wl, UQgOOd) + Z degSGpeC (w17 U§OOd)
wy €WLNT;, wy EWyNIbad
Fct. 8.8 R b
< [WinUi| (280 +5) + Wi 0 Y

< [Whl(240 + 5) + [I7*| %
Obs. 8.7
< W|(280 +5) + 24 < 18524 +5) + 24,
and the quantity above is at most 27An/100. ]

8.3. Proof of Lemma 2.9 in the case £ =1 (mod 3)

We now prove Lemma 2.9 in the case £ = 1 (mod 3). For this case, recall
from (65) that the hypotheses of Lemma 2.9 assume

. (n+5)/3 in Statement (1) with £ =1 (mod 3),
(129) (G = { (n+4)/3 in Statement (2) with £ =1 (mod 3).
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We begin our work with Statement (2).

8.3.1. Statement (2) of Lemma 2.9 Statement (2) of Lemma 2.9 seeks
to conclude that (G, ¢) admits a properly colored ¢-cycle Cy. To prove this,
we proceed by fixing an amenable element j € Zs from Observation 8.7. We
first claim that

spec ood ood
(130) EFUES, UBsh) £ 0.

To prove (130), we consider the identity

(131) |EG™ (U, USESY) | = [B* (U, URSY) [+ [ B (U, UF25Y)

We will use Corollary 8.9 to bound ]Eg’ec(U})f_‘f, U figd)], and we will use
Corollary 8.1 to bound |EZ(Uj41, Ujg_igdﬂ. First, in the context of Corol-
lary 8.9, we set A =1+ A; > max{1,A;}, where we used A; > 0 from the

amenability of j € Zz. We also set W; 1 = U })j‘li, where

(74) (64)
(Wil = |UPM| < 720V < .
Consequently, Corollary 8.9 guarantees
bad d
(132) [ (U, US| < fyan.

Second, Statement (2) of Corollary 8.1 guarantees that every uj;o € U ]g::gd
satisfies

(133)  |EF*(ujra,Uji1)| > degls(ujra) — 1 — |Uy \ 17|

114 .~ (68) Ay (114
(:)degccr(u]'_;_g)—l—’Uj‘ > m—l—l—‘Uj’(:)l_;_Aj:A’
and so
(134)  |EZ*(Uj4, Ufigd)] = Z deg* (ujy2, Ujt1) > A}Ufjgd\.
’U,J'JrQGUjgi;d

Applying (132) and (134) to (131) yields

AJUES) < B (U, VRS < don+ | EF (U U,
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and so

EE (U US| = AU - dom)

(74) (64)
> An(3 =75 — 3 > An(5 — T5AYY) S0,
where we used A = 1+ A; > 1 from the amenability of j € Zs. This
proves (130).

To prove Statement (2) of Lemma 2.9, fix an edge {uji1,uji2} €

spec /7 rgood good good good
EG (U7, Uy ) from (130), where ujp € UG} and ujio € UGy . We

claim that
spec ood
(135) B (NEP (w52, Ujin), NP (i1, URS') ) # 0.

If (135) holds, then it concludes our proof, as follows. Fix {vjq1,vj42} € E
of (135), where vj11 € NtGyp(ujJrQ,UjH) and vjio € Ng’p(ujH,Uf_igd).
We first observe that (ujt2,vj41,vj42,uj41) is a (j + 2)-special 4-cycle
(cf. Definition 8.4). Indeed, uj;o € U9 is good from (130) and Vjya €

42
Ujgi%d is good from (135). The edge {uji2,vj41} € E is typical because

Vjy1 € ng(ujJrz, Uj41) from (135), and the edge {vj12,uj+1} € E is typ-
ical because vj42 € N&P(ujy1, U]gigd) from (135). The edge {ujt2,ujt1} €
E is special from from (130), and the edge {vj2,vj41} € E is special
from (135). Since the 4-cycle (ujt2,vj41,Vj42,uj41) is (j + 2)-special, Ob-
servation 8.5 guarantees that its edges receive precisely 3-colors, where the
special edges ({¢j42,uj4+1}) and {vjy2,v;41} match in color and the typical
edges {uj12,vj41} and {vjy2,uj41} do not. Thus, (ujt2,vj41,vj42, ujr1) is
a properly colored 4-cycle. Equivalently, (ujy2, w11, vjt2,vj4+1) is a strong
properly colored 4-cycle which Proposition 7.1 extends to a strong properly
colored {-cycle Cy, as promised by Statement (2) of Lemma 2.9.

To prove (135), we proceed similarly to (130), and begin by considering
the identity

(136) | EZ (Ujsr, NEP (uj1, US5"Y)) |
= |B2 (Up1 \ NEP(ujra, Upsn), N&P (w1, US|
+ [BF (NEP (uy2, Uppr), NEP (w1, UESY)) |

As before, Corollary 8.9 will bound the first summand of (136), and Corol-
lary 8.1 will bound the left hand side of (136). First, we again set A =1+
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Aj > 0, but we now set Wj+1 == Uj_|_1 \NtGyp(Uj+2, Uj+1). Since Uj42 S U]g_?_gd

is a good vertex, Proposition 6.2 guarantees

(64)
<

’Wj—I—l’ = ‘Uj+1 \ ng(Uj+2,Uj+1)| S 313)\1/4')1 100

Consequently, Corollary 8.9 guarantees

(137)  |EZ* (U1 \ N&P(wj12, Ujsr), NEP (ujin, U5 |
< EZ (U1 \ NEP (w2, Uj), USSY)) | < 5An.

Second, and identically to (133) and (134),

(138) | EZ (Ujsr, NP (uj1, USY) |
— Z degsé)ec(vj+2,Uj+1) > A|ng (uj+1vU§i3d)"

typ good
Vi+2€NG" (us11,U5757)

Applying (137) and (138) to (136) yields

(139)  |EZ*(NE® (ujra, Uj), NG (uj11, UESY)|
Cor. 8.3

> A(NGP (ujn, UFS | = dom) = A(degl (w1, URS) =3 = fym)
(74)
> A((3 = 76M)n -3 — 3n) > An(5d; — T6A/1) o,

where we used that A =1+ A; > 1 and that n is sufficiently large. This
proves (135), and completes the proof of Statement (2) of Lemma 2.9.

8.3.2. Statement (1) of Lemma 2.9 Statement (1) of Lemma 2.9 as-
sumes that 0(G) > (n + 5)/3 and seeks to conclude that (G,c) admits*
a rainbow f-cycle Cp. The argument here is similar to that of the previ-
ous subsection, where in fact we build upon that same argument. For that,
note that 0¢(G) > (n +5)/3 > (n + 4)/3 allows all conclusions of the pre-
vious subsection to hold for the amenable element j € Zs. As before, let

4Throughout our proof, we have assumed in (66) that (G,c) avoids rainbow
l-cycles Cy. Finding one now shows that our assumption (66) is flawed.
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Ujt1, ujr2} € EX(U good 17800d) 16 fixed. We first observe that
7+ J+ j+1 Jj+2
(140) Ajio < -1,

since

‘Uj+2! > deg; (uj41, Uj+2)

Cor. 8.1 683)
= deg; (uj1, Ujp2 \ 1719) > degg(ujpn) —1 > m+1
— 1> m— U B A,
Second, we observe that
(141) n =2 (mod 3) or A; > 1.

To argue (141),
(142) we assume, on the contrary, that n # 2 (mod 3) and Aj; = 0.

From (142), we will conclude that j+1 € Zs is also amenable, whence (140)
also holds for j +1 € Z3, in which case Aj 140 = A; < —1 contradicts
Aj; = 0 of (142). To see that j + 1 € Z3 is amenable, we note from (114)
that

(14 42) (140)

(143) ‘U! and > m+1 = }ﬁj+1‘ < m,

lest 3m + 2 < |Ug| + |U1| + |Us| < n contradicts (142) (recall m = |n/3]
from (68)). Thus,

114 ~
(144) A]’Jrl (:) m — ‘Uj+1’ Z 0

satisfies the first condition of amenability in Observation 8.7. Moreover,

(145) bad) < 37 [pped| UL ST,
kELs kEZs
(142) 14)
< 1+Z< }Uk) 1+ZAk=1+Aj+Aj+1+Aj+2
kELs kELs
(140) (142 (144)

< Aj+Aj :)Aj+1 < 2441,
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and so |1 ba%\ < 2A,41 satisfies the second condition of amenability in Ob-
servation 8.7. Finally,

(113),(114)
|Ujya| = |Uj ’

2t (1]

(145)
< m+2A]~+1 < m+2Aj+1 +2,

and so |Ujis| < m+ 2A,41 + 2 satisfies the third condition of amenability
in Observation 8.7.

The remainder of our proof for Statement (1) of Lemma 2.9 splits into the
two cases of (141). For these, recall that {u;y1,uj42} € Egec(Ujgfl’d, Ujgigd)
was fixed at the start of this proof, where we now set c({uj+1,uj42}) =

for a # ¢y,,, on account that {u; 1, u;42} is a special edge.
Case 1 (n =2 (mod 3)). We revisit (135) by confirming that

0 # EZ% (NP (wji2,Ujr1), Ng™ (w41, Uygigd))
(146) = {{vj41,vj+2} €

d
Eg* (NEP (uje2, Ujn), NEP (w1, URSY)) = el{vje,05423) # o,

where the set above consists of those edges of (135) which are not colored
a. If true, then any {vji1,vj42} € E of (146) gives a strong rainbow 4-
cycle (wjt2, ujt1,vj42,v41) (recall Observation 8.5) which Proposition 7.1
extends to a strong rainbow f-cycle Cy, as promised by Statement (1) of
Lemma 2.9. To see (146), we replay the details of (136)-(139) with the
added hypothesis n = 3m + 2. We again have

(147) ‘ESGpeCa (Uj+1, Ntyp (Uj—i-b Ujgigd)) |
= |EZ (Uj11 \ NP (w12, Uja), NEP (w41, U5 |
+ | EZ (NP (ujra, Ujr), NEP (uj41, UESY)

)

where the left hand side and first summand of (147) are defined analogously
o (146). Setting A = A; +1 > max{A;, 1}, we clearly have

(148) |EZ ( Ujs1 \ N& (uj+2,Uj+1),Né:yp(“j+1aU]g$d))‘

(137)

< |BF(Uj1 \ NEP(ujyn, Ujsr), NEP (w1, USSY)) | < A0,
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Moreover, 6°(G) > (n+5)/3 for n = 2 (mod 3) ensures §°(G) > m + 3,

d
and so Statement (2) of Corollary 8.1 guarantees that every vj;o € U ]g+c2’
satisfies

149 ‘Espec U]+2, Uj+1)| > degCG(vj+2 —1- ‘U \ Ibad‘
Uy)degg(vﬁg 1—}U‘>m+2—|U‘ 1142+A =1+4+A.

Consequently, those edges EZ?, “ (vj42,Uj41) above not colored o satisfy
|Eg 2o (vj+2,Ujy1)| > A, and so similarly to (138), we have

G,a

(150) | EE (NP (uj42, Uj1), NEP (uj41, USS) |
> AINGP (w1, UFS)].

Similarly to (139), we apply (148) and (150) to (147) to infer

(151)  |EE (NP (wj42, Uj1), NEP (w41, USS) |

o (139)
> A(|INEP (wjn, USRS | = f5m) >0,

which proves (146).

Case 2 (A; > 1). We again confirm (146), in which case any {vj;1,v;42} €
E(G) of (146) gives a strong rainbow 4-cycle (ujt2,uj41,vj42,vj41) which
Proposition 7.1 extends to a strong rainbow {-cycle Cy, as promised by
Statement (1) of Lemma 2.9. We again replay the details of (147)—(151),
only this time we set A = A; > 1 (as opposed to before, when A =1+ A;).
Then (148) is updated to say that

(152)  |EZS, (Uj1 \ NP (w42, Ujgr), NEP (w41, US5Y)) |
(137)
< |EE*(Uj \ NG (w2, Upr), NEP (ujn, UES)) | < f54um,

while (149) is updated to say that each vjyo € U, +2 4 satisfies

. (68) .
‘Egjec(vj+2,Uj+1)| > degg(vj2) —1— ‘Uj‘ zm+1- ‘Uj‘ =1+4;
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Consequently, (150) is updated to say

(153) ‘Espec (Néyp(ujﬂ, Uj+1), Né:yp (wjt1, U;gigd)) ‘

> Aj|Néyp(“j+17Ufi3d)‘-

We apply (152) and (153) to (147) to infer

| EE (NP (w42, Ujr1), NGP (uj41, USSY)) |
(139)
> A (INEP (w1, US| = f5m) >0,

where we used Aj; > 1 from Case 2. This confirms (146), and concludes our
proof of Lemma 2.9.

Appendix: Proof-sketch for case 3 from the introduction

Recall the partition V = UyUU UUs U{z}U{y} from Case 3 of Section 1.1.
Let G1 = (V, E1) be the oriented graph whereby (u,v) € Ej if, and only if,
(u,v) is an element of one of the following sets:

UgxUy, Ui xUsy, UsyxUy, (U()UUQ)X{?J}, {x}x({y}UUl), {y}ng.

Let Gy = (V, Ey) satisfy (u,v) € Ej if, and only if, (u,v) is an element of
one of the following sets:

Upx Uy, Ui xUs, UyxUy, A{x}xU, U x{y}, {y}x{z}uly).

One can see that neither G1 = (V,E)) nor Gy = (V, Ey) admit directed
(-cycles Cy when ¢ = 2 (mod 3). Recalling (G, ¢) from (5), construct G; € G
by removing all edges between U; and y, and set ¢ = ¢ B(Ch)" Construct

G’g - G by removing all edges between Uy U Us and x, and set ¢ = é|E(C¥2)‘

Then E(G) = E(G1) U E(Gy), and (Gi, &), i = 1,2, is isomorphic to the
edge-colored graph determined by Gi. Therefore, a rambow £-cycle of (G ¢)
can coincide entirely with neither G1 nor G5, and must admit an edge from
E(G1)\ E(G3) and an edge from E(G)\ E(G1). But this is impossible, be-
cause (5) ensures that every edge in the symmetric difference E(G1)AE(Gs)
is assigned the color *.
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UO U1 U2 Uo Ul/\ U2

L4 L4

(a) The oriented graph (b) The oriented graph

—

Gy = (V, Ey). G2 = (V, Ez).

Figure 1: Neither Gh nor G admit directed ¢-cycles when ¢ =2 (mod 3).
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