JOURNAL OF COMBINATORICS
Volume 12, Number 3, 389-412, 2021

On typical triangulations of a convex n-gon

TOUFIK MANSOUR AND REZA RASTEGAR

Let f, be a function assigning weight to each possible triangle
whose vertices are chosen from vertices of a convex polygon P,, of n
sides. Suppose T, is a random triangulation, sampled uniformly out
of all possible triangulations of P,,. We study the sum of weights of
triangles in 7, and give a general formula for average and variance
of this random variable. In addition, we look at several interesting
special cases of f, in which we obtain explicit forms of generating
functions for the sum of the weights. For example, among other
things, we give new proofs for already known results such as the
degree of a fixed vertex and the number of ears in 7,, as well
as, provide new results on the number of “blue” angles and refined
information on the distribution of angles at a fixed vertex. We note
that our approach is systematic and can be applied to many other
new examples while generalizing the existing results.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 52C05, 52C45, 05A15;
secondary 05A19, 05C05.
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1. Introduction

We consider a convex polygon P, with n vertices and label the vertices
Vip = {Un,j}{lgjgn} in clockwise order. A triangulation is a set of n — 3 non-
crossing diagonals vy, ;v, j with 1 <4 # 7 < n which partitions P, into n —2
triangles. Euler showed the number of possible triangulations for P, is C,_»
where C), = n%rl(zg) is the n-th Catalan number. Triangulation has been
extended to general point sets residing in various spaces and manifolds and
also found many applications in computer science, computer graphics, and
mathematics. We refer to [6, 10] and references within for a comprehensive
review. The theme of this paper is with respect to the properties of a typical
triangulation 7, of P,. Studying 7, was initiated in a paper of Poly& [13]
published in American Math Monthly in 1956. Among of large literature
published on the subject, we refer to [1, 2, 5, 7, 8, 15] where, among other
things, several aspects of 7, including the maximum degree of vertices, the
longest diagonal, the number of ears, the number of triangles with a side
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parallel to a fix side of P, are studied. Our objective in this paper is to de-
velop a somewhat systematic approach to address similar questions on 7.
To that end, we first formalize the property of interest by defining a function
that assigns weights to the triangles of each triangulation. Through a simple
constructive algorithm that samples a uniform triangulation of P,,, we next
derive a system of recursive equations for the generating functions corre-
sponding to that function. We then leverage certain invariance properties of
the function of interest to reduce the generating functions to solvable forms.
By obtaining explicit information on these generating functions, we are fi-
nally able to describe the random triangulation with respect to the property
of interest. To elaborate our approach, we give new proofs for already known
results, and in addition, discuss a few new examples.

We start with stating a few notations. Throughout this paper, R and C
refer to the set of all real and complex numbers. Let P, ;, be the convex-
hull of vertices Vi, 1, = {vn;}u<j<r). With this notation, P, := Py 1, is
the polygon of interest with n vertices and P, ;, is a convex polygon with
m :=r — [+ 1 sides. Let

Tn,l,r = {Tn,l,r,la Tt 7Tn,l,r,0m,2}

be the set of all triangulations of P, ;,. Suppose that we choose a triangu-
lation 7y, out of C),_2 triangulations in the set T}, (set T}, := T}, 1) with
uniform probability P : T,, — [0, 1]. In the following, we use E and Var to
refer to the expectation and the variance with respect to P. Let I';; be the
set of all triangles whose vertices are in V,,. Define f,, : I', — C to be a
function assigning weights to triangles in I',,. See Figure 1 for an example
of T, and how f, assigns weights.

8 9

Figure 1: A random triangulation of an irregular Py. The function fg assigns
weights to all the triangles in 7Tg.
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Let 75, be a random triangulation drawn from 7}, ;, with probability
C’T:llil and

nlr: Z fn

A€Tw 1

to be the sum of weights of triangles in 7,;,. We define the generating
function of S,,;, as

Gnir(2) = E(zs”“) for zeC.

Clearly, 7, is Tn,1,n- In the following, we set S, := Sp.1.n, 9n(2) = gn,1.n(2),
and fpn1jr = fu(Anyjr) where we use Ay, to refer to the triangle with
three vertices vy, 1, Vn j, Unr € Vp. In our presentation, we always sort the
indexes such that [ < j <r.

Our first result gives the expectation E(S,,) and variance Var(S,,) for a
large class of functions f,,.

Theorem 1. Suppose fy is a function where f,; ;, depends only on r — j,
r—1, 7 —1 and possibly n. For all n > 2,

1. E(Spn) = ﬁ Z &L,j (2] 21), where

n—1

(1) Bn,j = Z fn,j,s,ncsfjflcnfjfl-
s=j+1

When 1l =1, (1) gives us E(Sy,).

2. Var(S,) = 03_2 Z?:_lz Anj (2]7__12)

2
1_2 <Z /Bn,] (2] 2)) B where
Bn,j s given by (1) and
(2)
n—1

)‘n,s = Z Cj—s—lcn—j—l (fn2,s,j,n + 2fn,57jvn<E(8n,s+n—jm)
Jj=s+1

# (o) + 2E(Snetnein) ESuin) )
This general result can be applied to various interesting geometrical

examples including the cases where f, is the perimeter, the area, or the
radius of the inscribed circle of the input triangle. In the first case, S, is
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related to the minimum-weight triangulation problem also known as opti-
mal triangulation in computational geometry. Optimal triangulation is the
problem of finding a triangulation of minimal total edge length where an in-
put polygon must be subdivided into triangles that meet edge-to-edge and
vertex-to-vertex, in such a way as to minimize the sum of the perimeters of
the triangles [10, 19]. The two later cases are related to Japanese theorem
[9] (See Chapter 4, p. 193), which indicates that if f,, is radius of inscribed
circle of the input triangle, then §,, is constant. In addition, when n grows
to infinity this sum approaches the diameter of circumscribed circle of the
circular polygon P,.

We remark that it is easy to show that S, is a constant if and only if
for all quadrilateral components v, jvp jUniVn, With 1 <1 <j<i<r<n
we have f, i+ fniir = foljr + fnjir. This follows by a repeated appli-
cation of the rule, which “flips” one diagonal, will generate all the possible
triangulations from any given triangulation, with each “flip” preserving the
sum. See Figure 2, where the triangulation (Left) is flipped to (Right) by
flipping vg 2vg 9 to vg 109 6.

Figure 2: (Left) can be flipped to the (Right) by flipping vg 2v9 9 to vy 1v9 6.

We now present our examples. For these examples we will not apply
Theorem 1. We instead show most of our results by deriving an explicit
form for generating function g,(z). We remark, however, that application
of Theorem 1, when appropriate, can provide a different expression for E
and Var which may result in new identities for Catalan numbers in par-
ticular. For the first two examples, the results hold true for all convex
polygons. For the rest of examples, we assume, in addition, the polygon
is regular.

1.0.0.1. Triangles with one side on P, One would ask how many of the
triangles in the random triangulation 7, have exactly one side in common
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with perimeter of P,. To answer this question we define f,; ;, as follows:

ifi>1, j=1+1, r>j+1, r<n
ifli>1, 5>l+1, r=5+4+1, r<n
f2<j<n—-1, Il=1, r=n
ifl=1, =2, 3<r<n

ifl=1, 7>2, r=j+41, r<n
0.W.

(3) fn,l,j,r =

O R R R B

\

With this function, S,, counts the number of triangles of interest. The fol-
lowing lemma provides some information for S,,.

Lemma 2. We have
(1) For all n > 4,

1 n—2 . 9 . 1 A ‘
Bf(,7)- (25 )]s
-2 = n—2-—j n—2-j

(I) For all n > 4, E(S,) = 41=2).

(III) For all n > 5, Var(S,) = 281000,

In the next result, we extend the previous example to slightly more
general case where f,, is define as

1, oy
@ Frtir = 5@ w7 ) X Bq (3).

In particular, we have

Lemma 3.

2(2n —5)

=3 ( 2j> w =2 2 — 4 — 2j

— —3-7 2Cn72j:0 n—2-j
for alln > 4.

We remark that by using simple identities

o) - ()
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and
n—3 .
2n —4 — 2 2n — 3
‘ n—2—j n—1
Jj=0
we can show this Lemma gives the same result when w = 1 as Lemma 2.
This is another example

1.0.0.2. Triangles with two sides on P, (FEars) Next example is similar to
the previous case with the exception that, in this example, we would ask how
many of the triangles in 7, have at least two sides residing on the perimeter
of P,. To that end, we let f,;;, to be as follows:

if1<l,j=1l4+1, r=14+2, r<n
ifl=1, j=n-1, r=n
ifl=1, j=2, r=n

0.W.

(5) fn,l,j,r =

O R Rk

Next lemma provides detailed information on S,, which counts the number
of triangles of interest in 7Tp:

Lemma 4. For all n > 4, we have
_3 : ; o
(1) gul2) =1+ 5= 5520 G ((I5L) + 2,751 ) (2 = yr2a,

(1) B(S,) = 55m=2;-

(1) Var(S,) = "So0803) forn > 6.

Recall that there is a well-known bijection between binary trees with n—2
nodes and triangulations of P,. See [10] for a review of various interesting
bijections of similar nature. In [8], Hurtado and Noy use this bijection to
give a combinatorial proof for section (I) and (IT) of Lemma (4). We remark
that our method has the capability of generalizing this result to cases such as
the one described in (4), while it is not clear how a combinatorial argument
can provide such extension in a straightforward manner. Having the last
two examples, one can also provide the exact distribution on the number of
triangles with no side on the perimeter of P, also know as internal triangles.
One final remark is that Lemma 4-(II) and Lemma 2-(II) imply that the
average number of nodes with degree two (resp. one) in a uniformly sampled

binary trees of n — 2 nodes is nz(;b:g) (resp. 272(22__15))) See Figure 3 for an

example.
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N
o

Figure 3: (left) A triangulation of an irregular Py. The triangles with one
side (resp. two sides) on the perimeter of P, are marked by ‘O’ (resp. ‘T”).
There is also one internal triangle marked with 7. (right) A triangulation of
Ps with marked angles.

In the next few examples, we assume vy ; := (cosf, j,sinb, ;), where
Oni == % for 1 < ¢ < n. In other words, P, is a regular polygon
inscribed in the unit circle.

1.0.0.3. Degree of a vertex Our objective in this example is to obtain some
information on how a typical vertex of 7, looks. Let D, ; be the number
diagonals incident with i-th vertex in 7,. As it was shown in [7], any trian-
gulation can be fully characterized by the sequence of degrees of the polygon
vertices. Note that (a) by symmetry all D,, ; have identical distributions. (b)

Y1 Dpi = 2(n—3). Therefore, we have E(Dy, 1) = -+ = E(Dyn) = @
By item (b), however, D,, ; are dependent. Hence, in order to obtain the full
description of Dy, 1, we need to do a bit more work. Note that Bernasconi
et al. [1] provided an elegant means to study the vertices of 7, in a very
general sense. This is done by designing a Boltzmann sampler that re-
duces the study of D, ;s to properties of sequences of independent and
identical distributed random variables. At this point we are not able to
extend their approach to our model, however, we believe that the pro-
posed approach in [1] and [3] might be proven to be useful in our case
as well.

To that end, we let

0 o.w.

1 ifl=1
fn,l,j,r - {

With this function, S,, is indeed D,,; + 1. Then, we get
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Lemma 5. Forn > 4, we have

2 2 5)!
1. gn(z) = C’nl,2 Zg 1 (nS(sn2)S'(n)2)'Z

2. K(S,) =3 n_2) forn > 2.

3. Var(S,) = bon jg((zj)) ) forn > 2.

In addition to [1], Devroye et al. [2] also studied the maximum of this
sequence namely maxi<j<p, D, ; where they obtained same result for D, 1
(See Lemma 1 of [2]). Their proof is purely combinatorial while ours is
based on derivation of the generating function g, (z).

Our main result for this example is to characterize the distribution of
the portfolio of angles at the vertex 1. More precisely,

Theorem 6. Let A, ; be the number of angles of size i at vertex 1 of T,
Then, for a fix sequence 0 < ki,--+ kp_o < n —2 wzth Z,l ik; = n—2

we have

]P(An,l = klv te aAn,n—Q = kn—2)

= Chep ... oy
ZmKCn_Q(n — K — 2)'(n — 2)! <k‘1, s k‘n 2> 0 1 n=37

where K =" k; and

K
6 Zn i = Cy - Crs
(6) K Z <p1, . ) 0 n—3

* 3 Pn—2
Srlipj=n—2 e

1.0.0.4. Blue angles Suppose for all 1 < [ < j < r < n we mark the
triangle A, ;, such that Zv, v, v, is red, Zvy, jv, v, is green, and
ZUp, jUn rUp, is blue. In the next two examples we focus on various properties
of blue angles. Similar results hold for the other two colors by symmetrical
arguments therefore we will not present them. See Figure 3 for an example
on how the marking process works. We note that the total sum of blue angles
in 7T, can be studied by defining

(7) fn,l,j,r = .7 — L.

Then it is easy to show

22n75_(271*5)

n—2

Lemma 7. E(S,) = o
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Next, we count the number of blue angles equal to % for a fixed 1 <
p <n — 1. To that goal, we define

1 if—1=
8) Futi :{ j=l=»p

0 o.w.

Here, we only report the result for p = 1 and leave the general case to reader
with an understanding the general case follows from the same argument with
a slight modification in the initial conditions.

Theorem 8. Fizp=1. For n > 4, we have

1. gn(z) = ﬁ Z;:lz Ny—2.;27, where N, = %(2) (,",)s are Narayana

numbers.
2. E(Sn) = anl
3. Var(S,) = %

For more information on Narayana numbers, see the sequence A001263
in [16] and Exercise 6.36 in [17].

This paper is organized as follows. In Section 2 we introduced the main
tools and prove Theorem 1. Section 3 includes the proof of results for the
examples.

2. An algorithm and structure of g,(z)

We begin this section with describing an algorithm that generates a uni-
formly sampled random triangulation of P,. We note that are currently
various paradigms in the literature for sampling of a random triangulation.
We refer to [2] and [4] for algorithmic instances, to [11, 12, 14] for random
walk based samplers, and to [1] and [3] for Boltzmann samplers. Due to
its constructive recursive nature, we choose the following simple algorithm
belonging to the community folklore. For a given 1 <[ < r < n, we define
the function i, , such that

Ci—1-1Cr—j1

(9) Hnlr (]) = Co 1,

Note fiy, 1, is indeed a probability distribution on integer numbers between
I and r since by Catalan recursive identity we have

Co=1, and Cpi1= ZCsCm_S for m > 0.
s=0
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Next, we define our sampling algorithm. With an abuse of notation we refer
to this algorithm also as 7, ,. It should be clear from the context whether
we intend the algorithm or the triangulation itself.

2.0.0.1. Sampling algorithm: Ty,

1. Generate random integer J = j between [ and r with probability
Hn 1

2. If r > 1+ 2, then return 7,7 U Tnjr U Dy g

3. If r =1+ 2, then return Ay ;41,142-

4. If r <1+ 2, then return empty.

Note that for each fixed triangle A, ;;, there are exactly Ci_;_1Cr_;_1
triangulations with A, ; ;, among their triangles. Therefore, the probability
that a uniformly sampled triangulation from T, ;, has the triangle A, ; ;.
is exactly Cl_j_lCT_j_lC'r__ll_l. Given that 7, ; and 7, j, are independent,
an inductive argument implies that 7, is uniformly distributed on T,.

We are now ready to study ¢, (z) as the main tool in this paper. To that
end, we note that by the algorithm 7, ,, we have

(10) Sn,l,r = fn,l,],r + Sn,l,J + Sn,j,ra

for r,1 € [n] with » — [ > 2. Similarly,

(11) Snii+2 = fnlit1i+2, and S, 541 =0.

Recall (1) and (9). Define Ay, 1 ,(2) = Cr—i—19nr(2). By the recursive equa-
tions (10) and (11), we have

r—1
(12) hg(2) = Y 20 g () (2)
j=l+1

with hy1(2) = 1 and hy, g gp0(2) = 2/,
We first give the following lemma 9 that indicates, for a certain class of
functions f,,, rotation and shifts do not effect the form of h,,;,(2).

Lemma 9. Suppose fn 1, i a function of r — j, r — 1, j — 1 and possibly
n. Then

(I) Forall1 <l<r<n—1, hyir(2) = hpit10+1(2).
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(II) Supposen > 4. Additionally, assume fy ;, is independent of n. Then

hn,lm,(z) = hn—l,l—l,n—l (Z)

foralll=3,4,...,n—1.

Proof of (I). Since fy;;, is merely a function of r — j, r — 1, j — [ and
possibly n, we have that f, 11 41,41 = fagjr foralll1 <l <r <mn—2.
We proceed the proof by induction on p := r — [, that is, we show that
P 14p(2) = R g1, 14p+1(2) for all 1 < p < n—1 with an understanding that
1 <l <l+p<n By (12), we have that hy, j4+1(2) = hpy1,42(2) = 1 and
P 14+2(2) = hps1,043(2), which implies that the lemma hold for p = 1,2.
Next, we assume that the lemma holds for p = 1,2,--- ,s — 1 and prove it
also holds for p = s. In other words, we show Ay, 141 145+1(2) = hni+s(2).
To that end, by (12), we obtain

l+s
Pogt104s+1(2) = Z ghniniattesih, o (2 b garsa(2)
j=1+2
I+s
— Z zfn,lyj*Ll*Shnl’jf]_(Z)hn’jfl,l*FS(Z)
j=1+2
l+s—1
_ Z an,l,j,l+shn7lyj(z)hn7j7l+s(2'):hn,l,l+s(z)
Jj=l41

where for the second equality we used the induction hypothesis. O

Proof of (1I). By the assumption f, sjn = fn—1,s-1,j-1,n—1 forall 1 < s <
J < n. We proceed the proof by induction onl =n —1,n—2,...,3. By
(12), we have that hpp—1n(2) = hApn—in—2n-1(2) = 1 and hypp_2,(2) =
hp—1n-3n—1(%), which shows that the claim holds for l =n —1,n — 2. We
assume that the claim holds for l =n —1,n—2,...,s+ 1 and show that it
also holds for [ = s. By (12) and Lemma 9-(I), we have

n—1
hn,s,n(z) = Z an’s’j’nhn,s,j(z)hn,j,n(z)
Jj=s+1

n—1
= Z Zf"'s’j'" hn,s+n—j,n(z)hn7j7n(z)7
j=s+1
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and

n—2
hp-1s-1n-1(2) = Z glotectomaip, ()1 jn(2)
j=s

n—2

= ZZf"_l’s_l’j'n_lhnfl,nfjJrsz,nfl(Z)hnfl,j,nfl(z)
Jj=s
n—1

= > A hainsjrsota1(2)hno1o10-1(2)
Jj=s+1

n—1
= Z PRARER P, stn—jn(2)Pnjn(2).
j=s+1

Where we used the induction hypothesis for the last equality. Therefore, we
have shown hy, s (2) = hn—1,s—1,n—1(2), which completes the induction. [

Recall that h,,(z) = Cp,—29,(2). Therefore, E and Var follow from h,,(z):

1
13)  E(S,) = B, and Var(S,) = K.+ by — )%,
(13)  E(S,) = gt and Vax(S,) = oo (0 + ) — (i)
where
/. d n. d2
hy, == Ehn(z) |.=1 and h,, = Ehn(z) lo=1 -

Similarly, we define b’ , —and h”

n,l,r n,l,r:
Proof of Theorem 1. Suppose f, r is a function of r—j, r—[, j—1 and pos-
sibly n. We will calculate &/ , ~and h!,  to prove Theorem 1. To that end,
note that Lemma 9-(I) reduces the calculation I 1r(2) to that of hy, ., (2).
In other words, equation (12) is reduced to

(14) hogn(2) = Z?:_llJrl zf"’l’j’"hn,l+nfj,n(z)hn,j,n(Z)
with hppn—1,(2) =1 and by p—2,(2) = zfnm—2n-1n,

By hpin(1l) = Cp_i—1, we rewrite (14) as

n—1

(2 = D fargnCii1Cnj
j=l+1
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(15) + Z nl+n jmn Crnj1+Cj- 1hn]n)
J=l+1
with h;m 1n = 0 and hnn om = frn—2n-1,n- Now, define M, to be the

matrix (1m;)1<i j<n—1 Where

my =< —2Cji1 if1<i<j<n-—1
0 ifl<j<i<n-—1.

Recall (1). Then, the recurrence (15) can be written as

(16) Mn( /n,l,n’ SRR ;L,n—l,n)T - (571717 R Bn,n—% O)T

To solve this system of equations, we define the matrix D,, = (dij>1§i,j§n—la
where

J—1

LGN df1<i<i<n-1
Yolo ifl1<j<i<n-—1l

Recall the generating function of Catalan numbers:

an  cw=S o= — <21f:>t" _loviz4

= =0 n+1 2t

Since the matrices M,, and D,, are upper triangular with diagonal ones, we
have that Z?;l mijdj; =0 forall 1 <l <i<n-—1and Z;L;ll m;jdj; =1
forall 1 <i<mn—1. Suppose 1 <i <[ <n—1. We observe that from the
convolution

1 1
s %O g ZOZC(j)

2s — 2] 2542
2 C; .
sa(t )= (00)
Hence, Z?:_ll myjdj; = 0 for all 1 <4 <1 < n — 1. This shows that for all
n > 2, M,,D,, = I,,_1, where I, is the (n x n) identity matrix. Similarly,

we obtain
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(14) implies

n—1

i = Fatgn(fatin —1)Ci1-1Cn 1
j=l+1

n—1

/ /
+ Z fn,l,j,n(hn,lJrnfj,nCn—j—l + hn,j,an*lfl)
jfl-&-l

(18) + Z nl+n —j,n Cn— J— 1+2hnl+n —j,n nln—'_hf;]ncj - 1)
j=l+1

with hnn In = = 0 and hnn 2n<2) = fn,n—2,n—1,n(fn,n—2,n—1,n — 1). With

notation

n—1
Ynl = Z < Fogn(foign —1)Ci—1-1Cn—j—1

j=l+1
+2fnl,gn( n,l+n— ]ncn —Jj— 1+hn]nCJ - 1)

+2hy, 1 Jnh/n,z,n>
(18) can be written as
M, ( Z,l,nv RRE) 'Ir;,n—l,n)T = (M1, - 77n,n—270)T-
By (16) and the fact that M,,D,, = I,,_; for n > 2, we obtain
( ln,l,n7 SRR ;L,nq,n)T =Dn(Bn,--- s Brn—2, O)T
and

( Z,l,n? K Z,n—l,n)T = Dn(%%l’ <o Tnn—2s O)T-
Thus, foralll =1,2,...,n — 2,

n—2
25 — 21 7 — 21
n,l,n ZB”:J< j-l) nln Z’YMJ( i1 >’
7=l

which complete the proof of Theorem 1. O
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Example 10. If f,; ;=1 forall1 <1 < j <r <, then

n—=2—j
/Bn,j— § CZ] 1Cn7,1— E CCn2]z—Cnlja
i=j+1 =0

which leads to

n—2

oot = Sou(37)

_ ZC A2j—2 _(2n—3 B 2n —4

o4 n-l=g j—1) \(n-2 n—2
7j—1

= (n—Q)C'n,Q,

as expected.

Example 11. Suppose f, is a polynomial, where for a fized w € C,
1 j—1 r—j r—l
fogjr = g(w] +w' T+ w).

Then, for all n > 4, Theorem 1 implies

_ n—l_(n_l 4 2]
E(Sa) =w 3 3Cn22w0<n_ —J>

3. Examples

The main idea for all the proofs in this section is as follows. We define two
generating functions

Hy(t,2) =Y hnon(2)t" % and Hy(t,2) =Y hn(2)t".
n>3 n>3

Our end goal is to obtain Hj as h,(z) can be easily obtained by extracting
the coefficients of 3. However, in most cases, we first obtain Hs and then
solve Hy with respect to Hy. To that end, we first simplify (12) using certain
properties of f,, at hand and then derive explicit equations for H; and H»
through the application of recursion (12).
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3.1. Triangles with only one side on P,
In this subsection, we give the proof of Theorem 2. We Recall (3). Note that
by (12) and Lemma 9, we have

hpon(z) = 2zhp—12n-1( +Zh3 2,7 (2)hn—jt2,2n—j+2(2),

with hg23(2) = ha24(2) = 1. Multiplying by t"=3 and summing over n > 5,
we obtain

Ho(t,2) —t — 1 = 2z2t(Hy(t,2) — 1) + t(Ha(t, z) — 1)%

By solving this equation, we obtain

14+2(1—2)t— /1 —4t(z — 22t + t
s — L+20=2) ¢2t ( )

(19) = 1—z+4 (z4+t—22)C(tz +t - 2%)).

Thus, by (17), for all n > 4,

- 1 . .
n72’n Z (n j_+ > 22j+4—n(1 _ ZZ)n—?)—J‘

3—1J

By (12) with using Lemma 9, we have

n—2

hnin(z) = 2hn2n(2) + 2 Z hji1,2,4+1(2)hn—ji22n—j1+2(2)
=3

with hs13(2) = 1. By multiplying by "2 and summing over n > 4, we
obtain

Hi(t,z) =1+ 2(Hy(t, z) — 1) + z(Ho(t, z) — 1)%
By (20), we obtain

(20) H1 (t, Z) — 2tz3,3tt,2722+t — (2tz2—2t—?;)(z+t—z2t)c (t(z 4t th)) .

where C(.) is defined by (17). Hence, for all n > 4,

2_% [ < j_+2 y) - <n j_;iy)] AL = 2y,
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This finishes the proof of Theorem 2-(I).
Next, by (20), we have

20t? — 10t + 1)

0 ¢ ¢
Hi(t,1) i= 5-Hi(t,2) [om1= 5 —4t° 4 3¢° — ( —

The coefficient of "3 in Hj(t, 1) is

—1/2n -2 2n —4 2n—6
/o _ —
fin = 2<n—1>+5<n—2> 10<n—3>'
This completes the Proof of Theorem 2-(II). Similarly, (20) gives

82
5 Hi(t,2) [=1= 1263 — 4% +

462(1 — Ot + 2412 — 14¢3)
(1 —4t)3/2 ’

Extracting the coefficient of "~3 gives

1
C%—2

(n —1)(n? — 9n + 20)

fin = (2n—5)(2n—7)

Therefore, Var(S,,) is followed from (13).

8.1.0.1. A slight generalization By similar arguments as in the beginning
of this section, we have

3

n—2
hnan(2) = (Y 4+ 2" Vhno120-1(2) + D hyoj(2)hn-jro2njra(2),
=4

n—2
P

hnin(2) = 2hnan(z) + Y 2"
j=3

hjt12+1(2)hn—jr22n—j+2(2)

with hy24(2) = hs13(z) = 1. Differentiating h,(z) at z = 1 and using the
fact hy (1) = Cr_j—1, we obtain

n—2
! -3 ! /
hnom = (w+w"?)Cpg + 2k _19p-1t 2 E hjo i Cn—j—1,
Jj=4
n—2 n—2
! _ / =1, ) ’ '
n,ln — th,ln + Zw CJ—2Cn—J—1 +2 E hj+172,j+1cn—j—1
Jj=3 j=3

Wlth hﬁl,274 = hé7173 - 0
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Define H{(t) = Y ,53h),1,t" % and Hy(t) = > g hy 5 ,t" 3. Then,
the above recurrences can be rewritten in terms of Hj(t) and Hj(t) as
Hi(t) = wt(C(t) — 1) + wt(C(wt) — 1) + 2t Hy(t)C(t),

=w(C(wt) — 1)(C(t) — 1) + 2H5(t)C(¢).

Thus, H)(t) = wt(c(gfift)—” and

| 2wiC(B)(C(t) + Cluwt) ~2)

Hi(t) = w(C(wt) = 1)(C(t) — 1) =1

~w(l—4t)C(wt) w6t —1)C(wt)

= + —3w(C(t) —1).
2t 2t/1 — 4t w(C®) )
Recall the generating function (17) and \/ﬁ = > n>0 (*™)t". Thus, by

extracting the coefficient of "3 in H/(t) and by (13), we complete the
proof of Lemma 3.

3.2. Triangles with two sides on P,
In this subsection, we give the proof of Theorem 4. The proof is very similar

to that of the previous section. Note that h323(2) =1 and hy24(2) = 2. By
(12), (5), and Lemma 9, for n > 5 we have

(21) hnon(2) = hjo(2)hn—jy22mjra(2).
=3

Multiplying by "2 and summing over all terms, we obtain
Hy(t,z) — 2t — 1 = —t + t(Ha(t, 2))2.

Equivalently,

1—/1—4t+4(1—2)t2

(22 Hy(t, 2) = 5

Once again, (12) and Lemma 9 imply

n—1
(23) hin1n(2) = 22hn2n(2) + Z hj2,j(2)hn—ji32n-j+3(2),
j=4
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with h313(2) = 2z and ha14(2) = 222, Multiplying by "2 and summing
over n > 5, we obtain

H(t,z) — 22°t — 2 = 22(Hy(t, 2) — 2t — 1) + (Ha(t, 2) — 1)°.

Solving for H(t, z), and replacing Hs(z,t) from (22), we have

1—2(2—2)t+4(1 — 2)t2 — (1 = 2(1 — 2)t)y/1 — 4t + 4(1 — 2)t2
2t2 '

Hl(t, Z) =

Recall the generating function (17). To extract the coefficients of Hy, we
rewrite H; using C(t) function as follows

f 020200090 000 ﬂ
= (1201 - 2)t) 3 Gt (1 — (1 — )+t — ﬂ
j=>0
j+1 .
(24) =(1-2(1-2)t) ZJZC]. (J j 1>ti+j+1(z i 1- 2(2 —2)t
720 =0

Extracting the coefficient of "3, we have completed the proof Theorem 4-

(D)

From (24), we have

0 1 1—5¢
Hi(t,1) = =—H1(t,2) |sm1= 2+ > — ——r,
which leads to Cj_Qh; = 2"((27;:15)), for all n > 4. Moreover,
0? 2t(2 — Tt)
"
Hy(t,1) = @Hl(tu z) |=1= ma

which shows by = "GoU@ A0 for n > 5. Therefore, E(S,) and

Var(S,,) follow from (13).

3.3. Degree of vertex 1

Recall that conditions for Lemma 9 s not satisfied by f, for this exam-
ple, however, by a very similar type of argument we can show hy,,(z) =
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hpor—i+2(z) for all 2 <l <r <n—1and n > 3. Then, (12) implies

TL717TL =z : :hjv 7_] TL J+2727n_]+1(z)7

and
hn,2n(2 Zhy 2.5 (2)hn—jt+2.2n—j+1(2),

where hg12(2) = h323(2) = ha24(z) = 1. By translating these recurrence
in terms of generating functions H; (¢, z) and Ha(t, z), we obtain

H(t,2) = zHy(t, z) + ztH,(t, 2) Ho(t, z) and Hy(t,z) = 1+ t(Ha(t, 2))>.

Therefore,
2C(t)
1 —2tC(t)

_ Z zsts—lcs (t)

s>1

By Equation 2.5.16 [18], we obtain

t3H1 (t,2) = Z Z p %tﬁrwﬂ’

Hi(t,z) = and Ha(t,z) = C(t).

Thus,

which leads to

In addition, E(S,) and Var(S,,) easily follow from (13). This completes the
proof of Lemma 5.
Next, we give the proof of Theorem 6.

Proof of Theorem 6. Recall K = """} % ;. Note that
P(Ap1 =F1, - s Apn—2 = kn—2)

= P(An,l = kla e 7An,n—2 = kn_Q,Sn = K)
C P (Aps = k1 Anna = knoa | S = K)P(S, = K)
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The last term is given by Lemma 5. Hence, it is enough to calculate the first
term of the right-hand side of the equality. Given ky,--- ,k,—2 and K, we
count how many triangulations have this portfolio at vertex 1. Note that
there are (kl,---I,(knﬂ) choices of these angles. For each of these (kl,--f,(knfz)

choices, we have C’gleQ . -~C’;T32 triangulations that fit the description.

Therefore,

P (An,l =k, 7-/4n,nf2 = k’n72|3 = K)
K k1 ko Ko
= ﬁ(kl,---,kn,z)co cy - Oy,

where Z,, ;. is the number of triangulations with K angles at vertex “17,
defined by (6). This completes the proof. O

3.4. Blue angles

Proof of Lemma 7. Recall (8). Lemma 9 along with (12) implies

n—1

hnan(2) = 2 Z 2715 (2) Ay 1,111 (2),
=2

where hg12(2) = 1. Then by rewriting this recurrence in terms of the gen-
erating function Hy = Zn22 hn’lyn(z)tn_Q, we have

Hi(t,z) =1+ ztH(zt, 2)Hi(t, 2).

Hence H has the following form

~ 1
H1 (t, Z) =
zt
1= 2
2%t
1-— 5
12t
92n—5_ 2n—>5
Calculating the derivative at z = 1, we obtain E(S,,) = % forn >3
as claimed in Lemma 7. O

Proof of Theorem 8. Recall (7) and let p = 1. (12) along with Lemma 9
implies

n—1
hna0(2) = 2hao1,10-1(2) + ) Ry ()bt e (2),
=3
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where hg12(2) =1 and h3;3(2) = 2. By multiplying by

Toufik Mansour and Reza Rastegar

t"=3 and summing

over n > 4, we obtain

tHy(t,z) = z(tH1(t,z) + 1) + t(tH1(t, z) + 1) Hy (t, 2).

By solving this equation, we obtain

L—t—z2t— /21 —2)2-2t(1+2) +1
212 '

Hi(t,z) =

Once again extracting the coefficient of t"~3 in H;(t, z) completes the proof
of Theorem 8. U

1]

References

N. Bernasconi, K. Panagiotou, A. Steger, On properties of random
dissections and triangulations, Combinatorica, 30 (6), 627-654, 2010.
MR2789731

L. Devroye, P. Flajolet, F. Hurtado, M. Noy, W. Steiger, Properties of
random triangulations and trees, Discrete Comput Geom, 22 (1), 105—
117, 1999. MR1692686

P. Duchon, P. Flajolet, G. Louchard, G. Schaeffer, Boltzmann samplers
for the random generation of combinatorial structures, Combinatorics,
Probability, and Computing, 13 (4-5), 577-625, 2004. MR2095975

P. Epstein, J.R. Sack, Generating triangulations at random, ACM
Transactions on Modeling and Computer Simulation, 4 (3), 267-278,
1994.

Z. Gao, N.C. Wormald, The distribution of the mazimum vertex degree
in random planar maps, J. Combinatorial Theory Series A, 89 (2), 201—
230, 2000. MR1741015

J.E. Goodman, J. O’'Rourke, C.D. Téth (ed.) Handbook of Discrete and
Computational Geometry, Third Edition, CRC Press, 2017. MR3793131

F. Hurtado, M. Noy, Graph of triangulations of a convex polygon and
tree of triangulations, Computational Geometry, 13 (3), 179-188, 1999.
MR1723053

F. Hurtado, M. Noy, Fars of triangulations and Catalan numbers, Dis-
crete Mathematics, 149 (1-3), 319-324, 1996. MR1375121


http://www.ams.org/mathscinet-getitem?mr=2789731
http://www.ams.org/mathscinet-getitem?mr=1692686
http://www.ams.org/mathscinet-getitem?mr=2095975
http://www.ams.org/mathscinet-getitem?mr=1741015
http://www.ams.org/mathscinet-getitem?mr=3793131
http://www.ams.org/mathscinet-getitem?mr=1723053
http://www.ams.org/mathscinet-getitem?mr=1375121

On typical triangulations of a convex n-gon 411

[9] R. A. Johnson, Advanced FEuclidean Geometry, Dover reprint, 1925.
MR0120538

[10] J.A. De Loera, J Rambau, F. Santos, Triangulations: Structures for
Algorithms and Applications, Springer, 2010. MR2743368

[11] L. McShine, P. Tetali, On the mizing time of the triangulation walk
and other Catalan structures, Randomization Methods in Algorithm

Design, DIMACS-AMS Vol. 43, 147-160, 1998. MR1660784

[12] M. Molloy, B. Reed, W. Steiger, On the mizing rate of the triangu-
lation walk, Randomization Methods in Algorithm Design: DIMACS
Workshop, 179-190, 1997. MR1660786

[13] G. Polya, On picture-writing, American Math Monthly, 51, 689-697,
1956. MR0081865

[14] D. Randall, P. Tetali, Analyzing Glauber dynamics by comparison of
Markov chains, Journal of Mathematical Physics, 41 (3), 15-98, 2000.
MR1757972

[15] A. Regev, Enumerating trianulations by parallel diagonals, Journal of
Integer Sequences, 15, Article 12.8.5, 2012. MR2998666

[16] N.J.A. Sloane, The on-line encyclopedia of integer sequences. Available
at http://www.research.att.com/~njas/sequences.

[17] R.P. Stanley, Enumerative Combinatorics, Vol. 2, Cambridge University
Press, Cambridge, 1999. MR1676282

[18] H.S. Wilf, Generatingfunctionology, Academic Press, Inc., 1990.
MR1034250

[19] Y.F. Xu, Minimum weight triangulations, Handbook of Combinatorial
Optimization, Vol 2, Boston, MA: Kluwer Academic Publishers, pp.
617-634, 1998. MR1665412

TOUFIK MANSOUR

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF HAIFA

199 ABBA KHOUSHY AVE, 3498838 HAIFA
ISRAEL

E-mail address: tmansour@univ.haifa.ac.il


http://www.ams.org/mathscinet-getitem?mr=0120538
http://www.ams.org/mathscinet-getitem?mr=2743368
http://www.ams.org/mathscinet-getitem?mr=1660784
http://www.ams.org/mathscinet-getitem?mr=1660786
http://www.ams.org/mathscinet-getitem?mr=0081865
http://www.ams.org/mathscinet-getitem?mr=1757972
http://www.ams.org/mathscinet-getitem?mr=2998666
http://www.research.att.com/~njas/sequences
http://www.ams.org/mathscinet-getitem?mr=1676282
http://www.ams.org/mathscinet-getitem?mr=1034250
http://www.ams.org/mathscinet-getitem?mr=1665412
mailto:tmansour@univ.haifa.ac.il

412 Toufik Mansour and Reza Rastegar

REZA RASTEGAR

DEPARTMENTS OF MATHEMATICS AND ENGINEERING
UNIVERSITY OF TULSA

OK 74104

USA - ADJUNCT PROFESSOR;

OCCIDENTAL PETROLEUM CORPORATION

Houston, TX 77046

USA

E-mail address: reza_rastegar2@oxy.com

RECEIVED MARCH 27, 2020


mailto:reza_rastegar2@oxy.com

	Introduction
	An algorithm and structure of gn(z)
	Examples
	Triangles with only one side on Pn
	Triangles with two sides on Pn
	Degree of vertex 1
	Blue angles

	References

