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Chow rings of vector space matroids

THOMAS HAMEISTER, SUJIT RAO, AND CONNOR SIMPSON

The Chow ring of a matroid (or more generally, atomic lattice) is
an invariant whose importance was demonstrated by Adiprasito,
Huh and Katz, who used it to resolve the long-standing Heron-
Rota-Welsh conjecture. Here, we make a detailed study of the
Chow rings of uniform matroids and of matroids of finite vector
spaces. In particular, we express the Hilbert series of such ma-
troids in terms of permutation statistics; in the full rank case, our
formula yields the maj-exc g-Eulerian polynomials of Shareshian
and Wachs. We also provide a formula for the Charney-Davis quan-
tities of such matroids, which can be expressed in terms of either
determinants or g-secant numbers.
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1. Introduction

Since Stanley’s 1975 proof of the upper bound conjecture for simplicial
spheres via the Stanley-Reisner ring, the study of graded rings associated
to combinatorial objects has yielded many deep insights into combinatorics
(and vice versa). The usefulness of combining the two subjects has again
been made evident by the Chow ring of an atomic lattice, defined by Feicht-
ner and Yuzvinsky in [10].

The power of Feichtner and Yuzvinsky’s construction was demonstrated
by Adiprasito, Huh, and Katz, who applied it to the lattice of flats of a
matroid in order to resolve the long-standing Heron-Rota-Welsh conjecture.
Along the way, they also show that Chow rings arising from geometric lat-
tices satisfy versions of Poincaré duality, the hard Lefschetz theorem, and
the Hodge-Riemann relations. Here, we explore some of the combinatorial
structure of the Chow ring of a matroid.

Organization In the remainder of this section, we summarize our main
results; Section 2 contains the definitions of matroids and Chow rings. In
Section 3, we derive an explicit form (in terms of permutation statistics)
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for the Hilbert series of the Chow ring of the matroid associated to a finite
vector space. The Charney-Davis quantities of such matroids are computed
in Section 4. In Section 5 we state the specializations of our main results to
the case of uniform matroids. Finally, in Section 6 we present conjectures
and ideas for further work.

1.1. Summary of main results

Let IF, be the finite field of order ¢. Associated to the finite vector space
[y is the matroid M, (Fy) whose independent sets are linearly independent
subsets of Iy of size at most r. The lattice of flats of M, (Fy) is given by
the collection of subspaces of Fy of dimension at most 7 — 1 ordered by
inclusion together with the maximal subspace Fy. In other words, M, (Fy)
is the n — rth truncation of M,,(Fy) (see [6] §7.4).

In addition, let U,,, denote the uniform matroid of rank r on ground set
[n] :={1,2,...,n}. The lattice of flats of U, , consists of all subsets of [n]
of size at most r, together with [n], all ordered by inclusion. Finally, for any
matroid M, let A(M) be the Chow ring of M, and let H(A(M,(Fy)),t) be
the Hilbert series of A(M,(Fy)) (defined in Section 2.1).

Theorem 1.1. For r = 1,...,n the Hilbert series H(A(M,(F2)),t) of
A(MT(FZ)) s given by

(1) Z qrnaj(cr —exc cr)texc Z z qmaJ —exc(o )tj—exc(a)

ceS, Jj=r oc€F, n_;

where F, ,—; is the set of permutations in &, with at least n—j fized points.

In particular, when r = n, the Hilbert series of A(Mn(IFg)) is

H(A(M ) Z qmaj —exc U)texc(a) _ A»ﬂ,(q,t),
ceS,

the n-th maj-exc g-Eulerian polynomial considered by Shareshian and Wachs
n [22].
We also study the Charney-Davis quantity of A(M,(Fy)), defined as

r—1

(=1)=2 H(A(M,(F})),—1) for odd r (see Section 2.1). When r is even,
the Charney-Davis quantity vanishes (see Remark 4.2). When r is odd, the
Charney-Davis quantity has an interpretation in terms of the signature of
a quadratic form on the Chow ring (see Remark 2.6), and in this case, we
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derive two formulas for the for the Charney-Davis quantity, one in terms of
determinants and one in terms of the g-secant numbers.

Theorem 1.2. (a) For odd r, the Charney-Davis quantity ofA(MT(Fg))
18

35 [1]

k=0

where Eoy, 4 is the q-analog of the k-th secant number (see Definition

2.17).
(b) More explicitly, for odd r the Charney Davis quantity in part (a) is
equal to
—1)=
( ) n o 2a »q
for Ag 4 the determinant
1
e 1 0 0
1 1 0
(4], (2],
Agq = det : : : . :
1 ' 14 ' 1 L 1
[25‘712}'1' [2a71 lq! [2‘1716141' . 1
Bal,] a2, [2a—d,! B!

All of the invariants above specialize to the corresponding invariants for
the Chow ring of the uniform matroid when we take ¢ = 1; that is, if we
formally define M, (F}) := U, , to be the uniform matroid, then all results
above remain valid.

2. Definitions and background

In this section, we first define the Charney-Davis quantity. We then define
Chow rings and state some salient results on them. Finally, we give a brief
review of some permutation statistics, which we use to establish notation
and introduce some of the g-analogs that will later appear. We refer the
reader to [18] for information on matroids.

2.1. Hilbert series and the Charney-Davis quantity

Let R be an N-graded Z-algebra with the property that for all d € N, the
degree-d homogeneous component Ry of R is a torsion-free Z-module. We
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can then define the Hilbert function of R by h(R,d) := dimz R; and the
Hilbert series of R by H(R,t) = oy h(R, d)t?.

The Hilbert series of some rings, including those that we will study, are
symmetrical, meaning that there exists an r > 0 such that h(R,d) = 0 for
d>r, h(R,r)#0, and h(R,d) = h(R,r —d) for all 0 < d <.

When the Hilbert series of R is a polynomial of degree r, we call the
number

CD(R) := (_1)T/2H(R7—1), r even
' H(R,—1), r odd

the Charney-Davis quantity of R. In particular, if R has symmetric Hilbert
series of odd degree, then CD(R) = 0. The Charney-Davis quantity was
introduced in [7] and is related to a conjecture of Charney and Davis for
posets associated to flag simplicial complexes. Namely, the Charney-Davis
quantity of the h-polynomial of a flag simplicial complex coming from a
sphere (or more generally, from a Gorenstein complex) is conjectured to
be nonnegative. See [3] for a more recent framework towards approaching
questions stemming from Charney and Davis’ original conjecture. For an
alternative interpretation of the Charney-Davis quantity in the context of
the Chow ring of a matroid, see Remark 2.6.

2.2. Chow rings of matroids

Let M be a finite matroid on ground set F; that is, a pair (F,Z) where
@ C T C 2F is the collection of independent sets of M and satisfies

1. AecZT = 24 C7, and
2. if A,B € 7 with #A > #B then there exists x € A\ B such that
Bu{z}eZ.

The rank of S C E is the size of any maximal independent subset of S, and
the closure of S'is cl(S) == {x € E : rank(S U {z}) = rank(S)}. We will call
S a flat if c1(S) = S. The flats of M, ordered by inclusion, form a geometric
lattice L = L(M) called the lattice of flats of M. We will write L for the
minimal flat of M, and T for the maximal flat of M.

Definition 2.1. The Chow ring of M on ground set E with lattice of flats
Lis
A(L) =AM) =Zzp: F e L(M)\ {L}]/(I1 + I2)

where I and I are the ideals with generators

I = (zpxg : F and G are incomparable)
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Iy = Z tp:i€FE
i€FeL(M)

Each homogeneous component of a Chow ring is a torsion-free Z-module
(this can be seen from Theorem 2.4), so we may speak of its Hilbert function
and Hilbert series as a Z-algebra, as defined in Section 2.1.

Remark 2.2. Real coefficients are needed in [1] for continuity arguments to
prove that the Chow ring of a matroid satisfies versions of the hard Lefschetz
theorem and the Hodge-Riemann relations. For us, Z coefficients are enough,
as we require only Poincaré duality (Theorem 2.4).

We now state some results on Chow rings of matroids that we will make
use of later in the paper.

2.2.1. Grobner basis and Hilbert series Feichtner and Yuzvinsky
found a Grobner basis for this ring and proved the following theorem about
its Hilbert series in [10].

Theorem 2.3 ([10] Corollary 2). The Hilbert series of A(L) is

_ trankFifrank Fi_lfl)
1—1¢

H(AL),t) =1+ > ﬁ t

L=F<F < <Fpi=1

where the sum is taken over all chains of flats 1L = Fy < F1 < --- < Fy, in
L. In particular, the Hilbert function is given combinatorially as follows.

dim A(L)k: = # {x‘;ﬁi .. x%ﬁ . 1§ai§rank(§§i0)é::r%nk(ﬂ—1)*1}

where the set on the right ranges over all flats 1| = Fy < F1 < --- < Fp in
L(M).

2.2.2. Poincaré duality Adiprasito, Huh, and Katz show Chow rings of
matroids satisfy a form of Poincaré duality.

Theorem 2.4 (Poincaré duality; [1] Theorem 6.19). Let M be a matroid of
rank r. For ¢ < r — 1, the multiplication map

AY(M) x A7 YM) — ATH M)
defines an isomorphism

A™179( M) 2 Homg (AY(M), A= (M)
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Remark 2.5. It is an immediate consequence of Corollary 6.11 of [1] that
A"™"Y(M) = Z. Hence, from Theorem 2.4 it follows that dimgz A" '7¢(M) =
dimgz A9(M). This shows that A(M) has a symmetrical Hilbert series. If we
speak of the Hilbert series or Charney-Davis quantity of a matroid M, then
we are referring to that of its Chow ring A(M).

Remark 2.6. Since A™'(M) = Z, when r is odd, the squaring map Q :
AT=D2(M) x AC=D2(M) — A1 (M) with Q(z) = x? defines a quadratic
form on AT~Y/2(M). By Theorem 1.1 of [15], the fact that the Hodge-
Riemann relations hold for A(M) implies that the signature of this quadratic
form is equal to the Charney-Davis quantity of A(M).

2.3. Permutation statistics and polynomials

In this section, we will establish notation for permutation statistics. We will
also discuss Eulerian polynomials, which will appear when we examine the
Hilbert series of Chow rings, and the tangent-secant numbers, which will
appear when we examine the Charney-Davis quantities.

Let G,, denote the symmetric group on n letters.

Definition 2.7. Let 0 € &,, be a permutation. Then, define the statistics

inv(o) = #{(.]) : o) > o(j)}
des(o)=#{ien—-1 :0(+1)<o(i)}
exc(o) =#{ie€n] : o(i) >i}

maj(o) = Z i

i, 0(i)<o(i+1)

We also recall the definitions of some standard g-analogs.

Definition 2.8. For natural numbers k < n, define

[n]q = 11__(1: =l4q+-+q""
[n]q! = [nlgln — g - -~ [2]4[1]q

which are all elements of N[q].
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2.3.1. Eulerian polynomials Both the Eulerian polynomials and cer-
tain g-analogs of them appear as Hilbert series of the matroids that we
study. To motivate the g-analogs, we first review the classical Eulerian poly-
nomials.

Definition 2.9. The Eulerian polynomial A, (¢) is the polynomial

t) — Z texc(w)

weG,

These polynomials have many interesting applications; see [19] for fur-
ther exposition. The polynomials A, (t) satisfy the following

Proposition 2.10 ([19] Theorem 1.6). The exponential generating function
of the polynomials A, (t) is

x" t—1
E Ap(t)— = ————.
! _ a1
"0 n! t —e2(t-1)
The coefficient of t* in A, (t) is the n-th FEulerian number and is written

n

A(n, k) = <k> = #{0 €6, : exc(o) = k}.

Next, we discuss g-analogs of the classical objects above. Analogs for n! and

the binomial coefficient (Z) are [n]q! == lf_qq" and [ ] W7 respec-
tively. Shareshian and Wachs define a g-analog for the Eulerian polynomials
as follows.

Definition 2.11. The n-th maj-exc g-Eulerian polynomial (or merely g-
Eulerian polynomial) A4,(q,t) is the polynomial

An(q,t) = Agiaj,exc q tq~ 1 Z qmaJ (0)—exc U)texc(a-)
SIS

The non-negativity of maj(o) — exc(o) follows from Lemma 2.2 of [23]. As
above, define the g-Eulerian number <?>q to be the coefficient of ¢/

< > Z qmaJ —exc(o) _ Z qmaj(o')fj
q

ocS, 0e6,
exc(o)=j exc(o)=j

The following theorem gives a g-analog of Proposition 2.10.
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Theorem 2.12 ([22], Thm 1.1). The q-Eulerian polynomials A, (q,t) are
the unique polynomials with q-exponential generating function

a" (= 1)eg()
Z Anle,2) [n]g! — teq(w) — eq(ta)

n>0

where eq(x) =, < [ﬁ—f' is the q-exponential function.

2.3.2. Tangent-secant numbers The tangent-secant numbers and a g-
analog of them will appear in our investigation of Charney-Davis quantities.

Definition 2.13. The n-th tangent-secant number E, is the coefficient of

fl—, in the exponential generating function

n
tanh(z) + sech(x) = Z En$—|
n!

n>0

Remark 2.14. In the literature, the numbers FE5, are often referred to as
the Euler numbers. To avoid confusion with the Eulerian numbers, we will
refrain from using this language. Instead, we call the numbers FEs,, the secant
numbers and the numbers Fo, 1 the tangent numbers. The nomenclature
that we use is justified by the observation that, since tanh(z) is odd and
sech(z) even,

x2n+1 xQn
tanh(x) = Z EQ"“W and sech(x) = Z Egnm.
n>0 n>0
Hence,
" x2n+1 " $2n
tan(z) = Z(—l) EQ"HW and sec(x) = Z(—l) EQHW.

n>0 n>0

In Section 4, we will also prove g-analogs of the following.

Proposition 2.15 ([28], equation 1.8). For all n, we have Es, =
(=1)™(2n)!A,, for the following determinant

1 1 0 e 0
1
S 0
A, = det : :
L | ! | ! ! ]'
(2n1—2). (2n1—4). (2n1—6). 1
(2n)! (2n—2)!  (2n—4)! 2!
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— (2
Proposition 2.16 (cf. [30]). For all n, Es, = — Z < n) Eoy.

2k
k=0
To define the g-tangent-secant numbers, let

t2n+1 t2n

sinh,(t) = —_— coshy(t) ==

(! n%;] (45 @)20+1 ) 7;] (4 @)2n

1 sinhg(t)

h,(t) = —— tanh,(t) ==
sechy (1) coshy(t) anhy (1) cosh ( )

where (t;q), = (1 —t)(1 —tq)--- (1 — tg"~') is the Pochhamer symbol.

Definition 2.17. The n-th g-tangent-secant number, E, 4, is the coefficient
of t" in the generating function

sech,(t) + tanhg( Z E, TG
n>0

Up to signs, the tangent-secant numbers in Definition 2.17 agree with

those studied in the work of Foata and Han and of Josuat-Verges in [11] and
[14], respectively.
Remark 2.18. In the case ¢ = 1, E, , = E, is the classical n-th tangent-
secant number, and in this case, our results involving E, , specialize to
results about uniform matroids involving the classical tangent-secant num-
bers.

3. Hilbert series of vector space matroids

The main result of this section will be Theorem 1.1, the expression of the
Hilbert series in terms of g-Eulerian polynomials, and the resulting special-
ization to uniform matroids.

3.1. Method for calculating Hilbert series of Chow rings

We begin by deriving a useful recurrence for the Hilbert series of the Chow
ring of a matroid. The technique we present below makes use of Theorem
2.3 covered above to give a formula for the Hilbert series of any geometric
lattice L of rank r + 1 with the property

(%) (Z, T] = [Z',T] for all Z,Z' € L with rank(Z) = rank(Z’).
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In the following, we assume that L is such a lattice. There are lattices beyond
those that we consider that satisfy (x): for example, any product of lattices
satisfying () also satisfies (x).

Proposition 3.1. If L is a geometric lattice such that property (x) holds
and (Z1,...,2Z,) is a sequence of elements of L with rank(Z;) =i for all i,
then

H(A(L),t) = [r + 1] +tz #L; [ — 1] H(A([Z:, T]), t).
=2
Proof. From Theorem 2.3, we have

dimz AY(L) = # {g:?fi .. x% . 1S0<71Srankgio)éi—:rznk(Fi_l)—l}

where F; < Fy < --- < Fy ranges over all chains of elements of L (and
Fy = 1 has rank 0). For each 2 < j < r, define

= Ha 1<a; <rank(F;)—rank(F;_;)—1
q.j = F F - > a;=q, rank(Fy)=j

Then dimy, AY(L) = Z;I; Ng.j. Now for each 2 < j < r, property (*) implies

_— . Qi 0 Qp Zj:F1<F2<"'<Fg,
N(IJ - #LJ # {ijsz ng © 1<a;<rank(F;)—rank(F;_1)—1, > a;=q
J—1
_ . P o0n 0, Zj=F1<F><--<Fe
- #LJ i {ijsz TE, - 1<a;<rank(F;)—rank(F;_1)—1, 3¢, ay=q—p
p=1
J—1

= #LJ . dimZ Aq_p([Zj, T])
1

3
I

While Ng,41 = #{2%} = 1. Hence, we have

T i—1
dimg AYL) =1+ #L; ¥ dimg AT P([Z;, T]).
i=2 p=1
This recurrence for the dimension of a homogeneous component can be lifted
to a recurrence for the Hilbert series of A(L) in the following manner. For
afixed 0 <k <r—1,let (Z1,...,7Z,) be a sequence of elements of L with
rank(Z;) = i for all i. Then

H(L,t) =" dimg A%(L) t*
q=0
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r r i—1
=D (1D #Li Y dimg ATP([Z;,T)) | ¢
q=0 i=2 p=1

r i—1 r
=t U+ Y #Lie Y Y dimg AT((Z;,T]) 10

=2 p=1 ¢=0

Since dimy AY7P([Z;, T]) = 0 when ¢ — p < 0 by convention, the innermost
sum above really only runs from ¢ = p to ¢ = r. Making this change and
setting k = ¢ — p, we can rewrite the above as

—-p
[r+1 t—i—Z#L thZdnnZ ZZ,T])
p=1 k=0

Now, observe that rank([Z;, T]) =r+1—idand that p<i—1,s0r —p >
r —i+ 1. Hence, >, _b dimg, A*([Z;, T|)t" = H([Z;, T],t) for every p and i,
so we obtain the proposition. O

We will now state the recurrence for the Hilbert series that one gets by
applying Proposition (3.1) to matroids of special interest.

Uniform matroids Each upper interval of L(U,, »+1) is the lattice of flats
of a uniform matroid on a smaller ground set and of lower rank. Hence

H(A(Up 1), t) = [r +tz< >2—1 H(A(Un—ir41-1), 1)

In particular, if we define A(Up) = Z, then for the case r =n — 1 we have

Subspaces of vector spaces over finite fields The formula for vector
spaces over finite fields is a g-analog of the one for the uniform matroid.

H (A(Myi1 (F) 1) = [+ e+ _[i = s m H (A(M;i1-i(Fg ™)), 1)
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In particular, if we write M (Fy) = M,(Fy) and set A(M(IFS)) = Z, then
similar to the uniform case, for r =n — 1,

2)  H(AMFD), —1+tZz—1 H H (A(M(F27),t)

2. Full-rank vector space matroid

Write M (Fy;) = M, (Fy). The main result of this section is a proof that the
Hilbert series of A(M (Fg)) is the maj-exc ¢g-Eulerian polynomial of [22]. We
also find a new recurrence for the ¢-Fulerian polynomials.

To characterize the Hilbert series of A(M (Fg)), we compute its g-expo-
nential generating function.

Lemma 3.2. Define hg = 1. The q-exponential generating function of
hi(t) = H(A(M(Fg)),t) is given by

S ) = (= Deald)

= lg!  teq(t) — eq(tz)

where eq denotes the q-exponential function eq(x) = ano ﬁ

Proof. By equation (2), we have the relation

hy=1+tY [i— 1]tm i
1
=1 q

Then, the generating function F(¢,z) satisfies

1+Z +tzz<z—1 th_Z) [S;J!

n>1 n>11=1

+tZZ(H ) (=)

n>11=1

=eq(z) +tF(t,z)G(t, )

for G(t,z) = ;5 i — ]tm . We can rewrite G(t,z) as

amzi—wﬂwi=l(w@1ww“>

t—1 = [ilg!  t—1 t
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1

=5 (eq(tx) —teg(z) +t — 1)

Substituting into the equation above and solving for F', we get

¢q() __(t=TDey(z)

F(t,z) = =
(t,z) 1_ﬁ<eq(m)_ teq(x)) teg(x) — eq(tx)

Corollary 3.3. The Hilbert series of A(M(IFy)) is equal to An(q,t).

Proof. The g-exponential generating function of the Hilbert series h,,(t) =
H(A(M(Fy)),t) is the same as the one for the g-Eulerian polynomials given
in Theorem 2.12. O

As a corollary, we find an interpretation of the ¢g-Eulerian numbers.

Corollary 3.4.
n\ . . 0=VoCViC--CV, are subspaces of Fy
<k> = #{3331 Ty lgaigdimVide;mVi,lfl,Ziai:k}
q
Proof. By Theorem 2.3 and Corollary 3.4, both sides of the equality are
dim A(M (Fy))s- O

Remark 3.5. In the notation of Subsection 3.3, Corollary 3.4 states that

n
= Mnn
() -

Remark 3.6. In the course of proving the results above, we discovered the
following recurrence for the g-FEulerian polynomials.

Proposition 3.7. Let H,(t) = H(A(M(Fy)),t) denote the Hilbert series of
A(M(F?2)), and let (a; q)n = (1—a)(1—aq) - - - (1—aq™" ') be the Pochhammer
symbol. Then h,, satisfies the recurrence
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To the authors’ knowledge, the recurrence in Proposition 3.7 does not
yet appear in the literature, and it provides a g-analog for the following
well-known recurrence for the Eulerian polynomials

M=% () Astore = s

k=0

For a proof of Proposition 3.7, see our REU report [12].
3.3. Lower rank vector space matroids

Next, we find an explicit form for the Hilbert series of lower rank vector space
matroids M, (Fy) with r < n. The main result of this section is Theorem
1.1.

We will first give a brief overview of our methodology and set up some
notation. We study the Hilbert series of A(MT(IF'Z)) by descending induc-
tion on the rank r; in particular, we consider the differences A, (t) =

H(A(Myi1 (), 1)) = H(A(M (), 1)) for 1 <7 < n. Write

An,r,q (t) = ag?ﬂyqtr + a(r—l)tr—l 4y CL(O)

n,r,q n,r,q

for agf%q € Z. We will show that a;’fl,q is a g-analog of the number

#{o € Fynr : exc(o) =r—k}.

where Fy, ,,— == {0 € &, : #fix(c) > n —r}. In particular, we will express
T n T n
k
a7(1,1)3q = Z |:7,:| qu,rth = Z |:T B 7,:| qDT*iyk*i,q

i=0 =0

where D,, C &,, is the set of derangements, and D, 1, , is a g-analog of the
number

#{o €D, : exc(oc) =r—k}.

Define
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i V1C---CV,CF™ are subspaces of F” of rank <r
. — 7 [0 N e T2 1" =2Vezly p q ="
Nip = Nn,r(q) '_{‘”Txvl Ty, * i<r—dim(V;) and 1§a,igdim(m)—dim(w,l)—1}

My = My, 1(q) = {x’Tx{‘}ll . a:?,‘f € Ny, : deg x%x“"/ll x?}f = k}
Tokq = {x%x?‘,ll e xy € My i > 1}
Dn7k7q = #Tn7k7Q'

For notational convenience, we suppress the dependence on ¢ in Ny ,(q)
and M, ,1(q). By Theorem 2.3, dim (A(Mr (Fq)))k = #M,, 1. Note that we
have inclusions M,, ., € M, y41, and the complement of M,, ;. in My, p41 1
is the set

Mn,’l‘-l—l,k‘\Mn,r,k = {xzrx?;il o 333-: € Mn,r—‘rl,k : 0 < ? < T, dlm(‘/f) =T — 7/}

Identifying V; = Fg_i and setting Wy, ,—; = {Vg G Fy o dim(Vy) =7 — i},
we obtain for each fixed 0 < ¢ < r, a bijection

, « « . .
{x%xvll cayy € Npgg dim(Vy) =r — z} = Whr—i X Tr—ih—ig

1,00 oy aq Qy
x_l_xvl sz — (w,wvl sz)

Hence, summing over possible values of the exponent i of zT gives

. n

(4) #(Mn,k,r—I—l \ Mn,k,r) - ; |:T‘ o Z] qu—i,k—i,q'

We will now give a combinatorial description of D,, ;. , in terms of elementary
statistics on &,,. To do so, we establish some notation. For 0 € G 4 for A =
{a1 < --- < ai} an ordered set, let the reduction of o be the permutation
G in &, such that o(a;) = ag(;). For o € &, its derangement part dp(o) is
the reduction of ¢ along its nonfixed points. The following lemma of Wachs
will be essential.

Lemma 3.8 ([31] Corollary 3). For all v € Dy and n > k,

maj(o) _ maj(y) |
S g q [k]

dp(o)=v
geS,

From this lemma, another useful identity follows.
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Corollary 3.9. For any integers n,q,k > 0,

maj(o)—exc(o) n _ maj(o)—exc(o)
> 4 neil = 21
q

Ueani O'EGn
exc(o)=k exc(o)=k
# fix (o) =i

Proof. From Lemma 3.8, we have the identity

maj(y)—exc(y) | | _ — exe() maj(7)
2« noil = 2 2. 1
q

YEDn i YEDn s eSS,
exc(vy)=k exc(y)=k dp(o)=v
_ Z qmaj(o)fexc(g) )
geS,,
exc(o)=k
# fix(o)=i 0

We now make use of this identity to give a combinatorial interpretation
to both D, ;. , and agf7)~7q.

Lemma 3.10. For D, , as above,

Dn,k,q _ Z qmaj(a)—exc(U)

o€D,,
exc(o)=n—k

Proof. We proceed by induction on k. For k£ = 0, the result is vacuously
true. For k > 0, set

S = {afay - 2y € Mypp—1 = dim(Vy) =n—i—1}

S = Mn,n,k—l-
Then, the map on monomials taking z%a{" - 28 — 2'= 1o - 29 gives
an injective map

@ Tn,k,q - S.

Moreover, S is the disjoint union S = Im(¢) U ]],>o Se. Considering the
choice of the second largest subspace,

n
n—a—1

|

:| Dn—a—l,k—a—l,q
q
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While from Remark 3.5,

#=(),= (),

where the latter equality follows from Poincaré duality for A (M (IF’;)) . There-
fore, by induction,

n " n
Dn,k,q = #Tn kg = #S Z # = <n k‘> - Z |:TL . b:| an—b,k—b,q

a>0 b=1
(5) _ Z qmaj(o)fexc(cr) - Z qmaj('y)fexc('y) |: n :|
€GB, b=1 ~ED._» n—b q
exc(o):n—k exc('y):n—k

Then applying Corollary 3.9, the right-hand side of equation (5) can be
expanded as

Z qmaj (o) —exc( Z Z qmaj(cf)—exc(cr)

€6, = €S,
exc(o)=n—k exc( )—n k
# fix(o)=b
_ z qmaj(a)—exc(o)
UefDn

exc(o)=n—k
completing the induction. O

Lemma 3.11. Let F,;, = {0 €6, : #fix(oc) > k}. The difference of
Hilbert series Ay, r4(t) is given by

Anra(t) = H(A(Myi1 (F3), 1)) = H(A(M, (Fy), 1))
— Z trfexc(o) qmaj(a)fexc(a)

0EF, v

(k)

In particular, the coefficients ay.rq satisfy

(6) an]?ﬂ,q — Z qmaj (0)—exc(o)

o€l nor
exc(o)=r—k
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Proof. Applying Lemma 3.10 and Corollary 3.9 to equation (4) gives

L R e ol K I o

=0 0€D,_;
exc(o)=r—k

— i: Z qmaj(a)—exc(g)
1=0

e,
#fix(o)=n—r+i
exc(o)=r—k

— Z qmaj (o)—exc(o) )
o€l n_r
exc(o)=r—k O
These two lemmas yield the main result.
Proof of Theorem 1.1. Equation (1) follows from a direct substitution of (6)
into the formula

H(A(MT(FZ)a t) = H(A(MT—H(IFQ))v t) - A”J’,Q(t)
n—1
== H(AMFD),1) = 3 Anjalt)

When r =n — 1, the Hilbert series assumes a more pleasing form.

Corollary 3.12. If r =n — 1, the Hilbert series ofA(Mn_l(IE‘Z)) is

H{AQE) 1) = 3 e e

Proof. For the case r = n — 1, the coefficient of t*¥ in (1) can be simplified
as follows.

Z qmaj(a)—exc(a) o Z qmaj(a)—exc(a)

ceS, occF, 1
exc(o)=k exc(o)=n—k—1
_ Z qmaj(a)—exc(a) - Z qmaj(a)—exc(a)
ceS, ceF, 1
exc(o)=n—k—1 exc(o)=n—k—1
— Z qmaj(a)fexc(o')
o€D,

exc(o)=n—k—1
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Then,

H(AQEE).€) = 3 g
_ Z qmaj(U)—exc(a)texc(cr)—l
oeD,

where the last equality follows from Poincaré duality of A(M,_1(Fy)). O

Remark 3.13. The proof presented in the previous section can be reformu-
lated in terms of strong maps of Chow rings. Namely, consider the graded,
surjective ring homomorphisms

gt AMrq1 (F )) — A( (F"))

defined by taking variables zy € A(M,41(F7)) to zero if dim(V) = r 41
and to the corresponding variable zy € A(M, (F")) otherwise. Then, if
Ky pq = ker(my, rq), additivity of Hilbert series gives

H(Kpyght) = H(A(MTH(FZ’), t)) - H(A(MT(IFZ’), t)) = Aprg(t)

Therefore, Lemma 3.11 gives a formula for the Hilbert series of the ker-
nel of the map of Chow rings induced by a certain strong map on ma-
troids.

Remark 3.14. Note that the characterization of the Hilbert series of
A(M,(Fy)) for r = n —1,n together with the results of [1] give an alternate
proof of the unimodality and symmetry of the polynomials

Z qmaj —exc U)texc(a) and Z qmaj(a exc(a)texc(a) L
oe6, o€D,

However, it should be noted that in [24], Shareshian and Wachs prove more
general statements. Namely, they prove that the coefficients of the above
polynomials are g-unimodal and, in fact, g-y-nonnegative. That is, a dif-
ference of consecutive coefficients lies in N[g] as a polynomial in ¢, and
moreover, its -vector has coordinates in N[g]. See Theorems 4.4 and 6.1 of
[24] for more explicit formulae and a proof.
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4. Charney-Davis quantities of vector space matroids

The main result of this section is a proof of Theorem 1.2, which gives two
formulas for the Charney-Davis quantity of A(MT(FZ)), one in terms of
determinants and one in terms of g-tangent-secant numbers. We prove the
formula that is in terms of determinants immediately; we will prove the
formula in terms of g-tangent-secant numbers later.

Proof of Theorem 1.2 (b). If r = 1, then H(A(MT(FZ;)),t) = 1, and the
theorem follows trivially. Now suppose that > 1 is odd, and let CD(n,r) =
H(A( (F1)), —1) be the unsigned Charney-Davis quantity of A(M,(F7))).

Substituting t = —1 into Theorem 2.3, the formula for the Hilbert series from
[10] is

CD(n,r) =1+ > IrH[n ri- 1L

—Ti-1

r,rE<r i=1
Vi,r;—r;_1 is even
where |r| is the number of entries in the tuple r and the sum ranges over
all tuples of integers r = (r] < -+ < rg) with 71 > 0, rx < r, and such that
r; —r;—1 is even for all 7 (with ro = 0). Breaking into cases based on whether
r=(r; <---<rg) has rpy = r — 1, we get a decomposition of the above
as

T Ul 1 { e
T — T
r,r,<r—2 =1 ¢ i—1 q

Vi, r;—r;—1 even

+ S )i H {’” —Ti- 1]
T, —7T;
r,ry=r—1 =1 ¢ i-1
Vi, ri—r;—1 even

where the former term is CD(n,r — 2) and the latter we denote by T, 4(r —
1). Then, considering terms in the sum with r,_; = b, one obtains the
recurrence

[y

a—

n —2b
T.4(2a) bz: [2@ B Qb] n,q(2b) with initial condition 7T}, ,(0) =1
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Solving this linear recurrence with Cramer’s rule gives

[;L]q 1 0 0
G, [, 1+ - 0
(7) Tnq(2a) = (=1)" det : : : : :
Lo, Bocal, Bocel, = 1
e 2], Bad, - 7577,

Rewriting the determinant in (7) by pulling out common factors in the nu-
merator, resp. denominators, of each column, resp. row, gives

[21‘1! 1 0 0
1 1 e 0
[n],! [4]q! [2]4!
Thq(2a) = (—1)% = det : : : L
? [n — 2aly! ; 1 i L
a—2],! a—4],! a—6],!
2 12]q [2 14}q [2 16}q L
2al,] [R2a—2],! [2a-4],! 2],
a [n]q'
= (1) A,
(=1) [n —2a),!—“?

where A, 4 is defined to be the determinant that appears above, as in the
statement of Theorem 1.2. Then the unsigned Charney-Davis quantity for
odd r is

CD(n,r) = CD(n,r — 2) + T g(2k) = --- = CD(n, 1) + Y _ T g(20)

=Y [n(%):]q!A“’q'

The final result follows from multiplication by the appropriate sign. O

Ezxample 4.1. For the case n = r = 5, Theorem 1.2 becomes the following
identity

@ +2¢" +3¢° +4¢° + 3¢* + 2¢° + ¢*

_ b e L € [21(1! 1
=1+ [5]! [ 3, det ({2}(1!) - det ( [qu! i )]

which one can directly verify.
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Remark 4.2. For even r, Theorem 6.19 of [1] implies the Hilbert series of
A(M,(F})) is symmetric of even degree. Consequently, H (A(M,(F})),—1) =
0 and the Charney-Davis quantity vanishes.

Having the determinantal formula above, we now work towards a more
compact formula using the g-tangent-secant numbers.

Proposition 4.3. Let E,, denote the n-th q-tangent-secant number. The
following identities hold:

Eongq = (=" [Zn] A

n
( 1)(1

_ — | § EEA—

E2n+1,q = CD(QTL + 1, 2n + 1) 1+ [Qn + 1](1. . [2n 5 1]q!Aa7q

Proof. Let
Em,g = (—1)"[2n]g! Ap q

n
(-1
. | -
i1, =CD2n+1,2n+1) =1+ [2n+1],! 51 2n—2a 1]q!Aa,q.

Consider the generating functions

Z €2n,q q q and Z 82n+1,q

n>0 n>0

t2n+1

2n+1

It suffices to show F'(t) = sechy(t) and G(t) = tanh,(t). Observe that by
expanding by minors in the first column, A, , satisfies the recurrence
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2k
=1+ Z M Z(_l)r+1Ar,q(t(l . q))27"

k>1 [2K]q! >0
12k
=1- . m F(t) =1 — (coshy(t) — 1)F(t)

Therefore, solving for F'(t) gives
F(t) =1/ coshy(t) = sechy(t)

Since F'(t) = sechg(t) as power series in Q(q)[¢], it follows that £y, g = Eay, 4.
Now consider G(t). Set Ay, = 1. We have

0= (e S )
= q 2n —2a+1],' ") (¢;¢)2n+1

n>0 a=0
i (_1)aAa q 2n+1
— N T T (4] —
ng_()az() [2n — 2a + 1]q!(t( 9))
(*1)aAaq( 2(a+k)+1
= g (=)
22 e,
t2k+1 ( 1) A 9
— - _ a o t a
Z% (4 Q)2k+1 g o

= sinh, () sechy(t) = tanhy(t) .

Remark 4.4. With notation as in the proof above, equation (2.6) of [28]
immediately implies that £y, g = Eap 4. See equation (2.7) of the same article
for a determinantal formula for E3,41 4 and other formulae.

Remark 4.5. Proposition 4.3 implies that the numbers FE,, ; are the g-secant
and ¢-tangent numbers studied in [11] and [14]. In particular, we have

En,q _ Z qexc(a)

o€,

where J,, denotes the number of alternating permutations of size n.

Theorem 1.2(a) now follows from Thm 1.2(b) and Prop 4.3.
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5. Invariants of uniform matroids

Recall that the uniform matroid U, , is the matroid whose independent sets
consist of all subsets of [n] of cardinality at most r. Theorem 2.3 gives a
formula for the Hilbert series of A(M(F})),

n(a0nEp)) =1 S O]

where the sum is over all tuples of dimensionsr = (0 =79 <7y < -+ <7y <
7). In particular, when g = 1 the formula above specializes to what Theorem

2.3 gives for H (A(Um,), t). From this it follows that any invariant of A(U,, )

that can be computed in terms of its Hilbert series can be computed by
instead considering the corresponding invariant of A(M,(Fy)) and setting
q = 1. We record a number of results obtained this way below.

Theorem 5.1 (see Theorem 1.1). Forr =0,1,...,n, the Hilbert series of
A(UTM) s given by

n—1
U, r’ Z texc(a z Z t'r’—exc(cr)

ceG, j=r o€F, n_;

where F, i, = {0 € &, : #fix(c) > k}. In particular, if r = n, the Hilbert
series of A(Uyp) is the n-th Eulerian Polynomial and if r = n — 1, the
Hilbert series of A( Togm— 1) 18

H<A( e 1 ) gp: pexc(o)—

Theorem 5.2 (see Theorem 1.2). For odd r, the Charney-Davis quantity
for the uniform matroid, U, ., of rank r and dimension n is

r—1

2 ()

k=0

where Fop is the £-th secant number, i.e.

sech(t Z E% 20)1
>0
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Remark 5.3. For r = n odd, a standard recurrence shows

n—1

3 (;) Eg = Ey,

k=0

In particular, Theorem 5.2 specializes to those in page 275 of [21] and page
52 of [9].

Remark 5.4. Those interested in the v-polynomial of A(U, ;) for r =n,n—1
should see Theorem 11.1 of [20] and Theorem 4.1 of [2]. The former gives
the y-vector of A(U,, ) in the context of the y-vector of the permutohedron.
Since H (A(Un,n,l), t) is the local h-vector of the barycentric subdivision of
the permutohedron, Athanasiadis’ survey [2] gives the analogous interpreta-
tion of the y-vector of H(A(Unyn_l), t).

6. Conjectures and future work

Our data points to a possible relationship between order complexes and
Chow rings. Let A(P) be the order complex of a poset P, and for any
simplicial complex S, denote the h-polynomial of S by

dim(S)

WS,t) =" fia(z—1)mE=

=0

where f; is the number of j-dimensional faces of S and f_; = 1 by conven-
tion.

Proposition 6.1 ([19] Theorem 9.1, https://oeis.org/A008292). For all
n>1,
h(A(L(Upp)),t) = H(A(Unp), t)
The corresponding statement for the uniform matroids U, , with r < n
has small counterexamples, but can be modified as follows.

Conjecture 6.2. Forr < n, we have

1—1
—1

INGERIDESD S LG
=1

Since it is relatively simple to compute the f-vector of A(L(U,,)), this
would also give a formula for H(A(Up,it1),1).
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Remark 6.3. Conjecture 6.2 is equivalent to the equality F,,(t,u) = H,(t,u+
1) for the polynomials

n—2
Fu(t,u) = AALUnppa \{T, L})), Ju" 277
r=0
2
Hy(t,u) = H(AUprr1), hu" 27"
r=0

For more conjectures and some other results pertaining to Chow rings
of general atomic lattices, see [12].
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