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Rank of incidence matrix with applications to
digraph reconstruction

AYMEN BEN AMIRA AND JAMEL DAMMAK

The incidence matrix W; i is defined as follow: Let V' be a finite
set, with v elements. Given non-negative integers ¢, k, Wy is the
(V) by (;) matrix of 0’s and 1’s, the rows of which are indexed
by the t-element subsets T' of V', the columns are indexed by the
k-element subsets K of V', and where the entry W; (T, K) is 1 if
T C K and is 0 otherwise.

R.M. Wilson proved that for t < min(k,v — k), the rank of W
modulo a prime p is ZE:O (1;) — (121) where p does not divide the
binomial coefficient (’::Z)

In this paper, we begin by giving an analytic expression of the
rank of the matrix W, ,, when t = tg + t1p + top?, with tg,t1,ts €
[0,p — 1] and we characterize values of t and k& such that
dim Ker(*W; ) € {0,1}. Next, using this result we generalize a
result in the (< 6)-reconstruction of digraphs due to G. Lopez.
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1. Introduction

We consider the matrix W; ;. defined as follows: Let V be a finite set, with
v elements. Given non-negative integers t < k, let Wy be the (Qt)) by (Z)
matrix of 0’s and 1’s, the rows of which are indexed by the t-element subsets
T of V', the columns are indexed by the k-element subsets K of V', and where
the entry Wy (T, K) is 1 if T' C K and is 0 otherwise. The matrix transpose
of Wy is denoted "W, ;. Theorem 1.1, due to Gottlieb [8], shows the rank
over the field Q of Wy is (?) On the other hand rank, W;j over the field
Z]pZ, is given by Theorem 1.2 below, due to Wilson [17].

Theorem 1.1. (D.H. Gottlieb [8]) For t < min(k,v — k), the rank of Wy
over the field Q of rational numbers is () and thus Ker(‘W; ) = {0}.
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Theorem 1.2. (R.M. Wilson [17]) Fort < min(k,v — k), the rank of Wy,

modulo a prime p is
Z v _ v
i 1—1

where the sum is extended over those indices i, 0 < i <, such that p does
not divide the binomial coefficient (’f:f) In the statement of the theorem,
(fl) should be interpreted as zero.

Let k,p be positive integers, the decomposition of k = Zfip ) k;p' in the
basis p is also denoted [ko, k1, . . . , ky(p)lp Where k) # 0 if and only if k # 0
and 0 < k; < p for all 0 < i < k(p).

First, we give an analytic expression of the rank of the matrix W}, when
t = [to, t1, tap-

Theorem 1.3. Let p be a prime, t < k positive integers.
We assume that t = [to, t1,t2]p and k = [ko, k1, . . ., kg(p)lp-

1) If ko <to—1, k1 <ty and ko < to. Then rank,(W; ) =

ta t1

Z Z (i2P2+1i)1p+to) - (i2p2+;)1p+ko)'
k1

kg 7,1
2) If k‘o > to, kl < t1 — 1 and kz < to. Then rank‘p(Wt k) =

to ty

v
Z;g ; 7%:*_1 (i2p2+i1p+to) a (izp2+(i1v—1)p+ko)'
2—h2 01 —N1

3) If ko <tg—1, k1 >t1 +1 and ky <ty — 1. Then rank,(Wy ) =

ta—1 p—1 . ; to t ;
el il;ﬁ (i2p2+i1p+to) - (i2p2+i1p+kg) + iz:zkg—&-lz‘lz::() (¢2p2+z’1p+t0) -
(izpr"-‘r’;p"'ko) :
4) ]f ko Z t(), ]{31 Z tl and kg S tQ — 1. Then rankp(Wt k) =
ta—1  p—1 ; ; to t .
Z;Q . %Jr (i2p2+i1p+to) - (i2p2+(i171)p+k0) +i2:%+”20 (i2p2+i1p+t0) -

(i2p2+(i1v—1)17+k50) .
5) If ko <to—1, ki <t1 and ko > to + 1. Then rank,(W; ) =

to t1

Z Z (2'2]72+175)1p+t0) o (i2p2+;}1p+ko)'

=041=k1
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6) If ko > to, k1 <t1 —1 and kg >ty + 1. Then rank,(W; ) =

to t1

v v
iZ—:Oi %:H (iapoinprto) = (g k)
2—V 1=k

7) If ko <to—1, ki > t1 + 1 and ka > to. Then rank,(Wi ) =
t2—1 p*l . v to t1 v v
(aprriiprte) ~ Gaperioprre) T 22 22 (iperinprt) — (iapetisptio) -

'i2:0 ’ilzkl 12:0 11:0

8) If /ﬂ(] > to, ]{71 > t1 and /62 > to. Then rankp(Wt k:) =

to—1 p—1 v . to t1 .
. . Z (i2p2+i1p+to) B (i2p2+(i1—1)p+k0) + Z Z (i2p2+ilp+to) B
12=0 Z1:k1+1 190=01%,=0

(i2p2+(i1v— 1)p+k0) ’

As a consequence of Theorem 1.3, we have.

Corollary 1.1. Let p be a prime number. Let v,t and k be non-negative
integers.
We assume that we have:

1) Assumet <p
a) If kg > t. Then
rank,(Wi ) = (:) and Ke?"p(tWt k) = {0}.
b) If ko = 0. Then

rank,(Wy ) = (qt)) — 1, dim Ker, ("W i) = 1,
and {(1,1,---,1)} is a basis of Ker,(*W; ).

2) Assumet =ty +t1p
a) If ko =to and k1 > t1. Then
Ker,("Wy ) = {0}.
b) If t =t1p and ko = k1 = 0. Then
dim Ker,(‘Wy ) =1 and {(1,1,--- ,1)} is a basis of Ker,(*W; ).
3) Assume t = to + t1p + top?
a) If ko = to, k1 = t1 and kg > ta. Then
Ker,("Wy ) = {0}.
b) If t = top® and kg = k1 = ky = 0. Then
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dim Kerp,(‘Wy ) =1 and {(1,1,--- ,1)} is a basis of Ker,(*Wyy).

A directed graph or simply digraph G consists of a finite and nonempty
set V of vertices together with a prescribed collection F of ordered pairs of
distinct vertices, called the set of the arcs of G. Such a digraph is denoted
by (V(G), E(G)) or simply (V, E). Given a digraph G = (V, E) with each
nonempty subset X of V associate the subdigraph (X,E N (X x X)) of G
induced by X denoted by Gx. Given a proper subset X of V, Gy_x is
also denoted by G — X, and by G — v whenever X = {v}.

Let G = (V,FE) be a digraph, for z # y € V, 2 —_ yory «—_, =
means (x,y) € F and (y,z) ¢ E, =____y means (x,y) € F and (y,z) € E,
x...,y means (z,y) ¢ E and (y,z) ¢ E. For X,;)Y CV, X —_ Y (or
simply X — Y or X < Y if there is no confusion) signifies that for every
re€XandyeVY, 2z —,y For X, Y CV, XY and X...,Y are
defined in the same way. Given a digraph G = (V, E), two distinct vertices
x and y of G form an oriented pair or directed pair if either x+ —_ y or
x «—, y. Otherwise, {z,y} is a neutral pair; it is full if x____y, and void
when z ..., y. A digraph T'= (V, E) is a tournament whenever z —, y or
y —, z, for all z # y € V. A total order or a chain is a tournament 7'
such that for z,y,z € V(T), if v —, y and y —, z then z — . z. Given
a total order O = (V, E), for z,y € V, x < y means x — y, then O can
be denoted by vy < v1 -+ < v,—1 where n = |V|.

Given two digraphs G = (V, E) and G’ = (V', E’), a bijection ¢ from V
onto V' is an isomorphism from G onto G’ provided that for any =,y € V,
(x,y) € Eif and only if (o(x),0(y)) € E’. Two digraphs are then isomorphic
if there exists an isomorphism from one onto the other which is denoted by
G~dG.

Let G = (V,E) be a digraph. A digraph H embeds into a digraph G
or H is embeddable in G, if H is isomorphic to a subdigraph of G. The
digraph G* = (V, E*), dual of G, is defined by (z,y) € E* if (y,x) € E for
all x # y € V. A digraph is self-dual if it is isomorphic to its dual.

Two digraphs G and G’ on the same vertex set V are hereditarily iso-
morphic if for all X CV, G|x and G} are isomorphic.

Let k£ be a non-negative integer, G and G’ are {k}-hypomorphic if for
every k-element subset K of V', the induced subdigraphs G’r i and G are
isomorphic. We say that G and G’ are (< k)-hypomorphic if G and G’ are
{h}-hypomorphic for every integer h < k. Let k < |V| be an integer, the di-
graphs G and G’ are {—k}-hypomorphic if they are {|V|— k}-hypomorphic.
A digraph G is {k}-reconstructible (resp. {—k}-reconstructible) if any di-
graph {k}-hypomorphic (resp. {—k}-hypomorphic) to G is isomorphic to
it.
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A digraph G is (< k)-reconstructible if any digraph (< k)-hypomorphic
to G is isomorphic to it.

In 1977 P. K. Stockmeyer [15] showed that the tournaments are not, in
general, {—1}-reconstructible, invalidating the conjecture of Ulam [16] for
digraphs. Then, M. Pouzet [2, 3] proposed the {—k}-reconstruction problem
of digraphs. P. Ille [9], in 1988, established that a digraph with at least
11 vertices {—5}-reconstructible. G. Lopez and C. Rauzy [12, 13], in 1992,
showed that a digraph with at least 10 vertices is {—4}-reconstructible. In
1972, G. Lopez [10, 11], proved that the digraphs are (< 6)-reconstructible.

The incidence matrix is used in many reconstruction problems. For ex-
ample J. Dammak, G. Lopez, M. Pouzet and H. Si Kaddour, in 2009, have
used this matrix in a hypomorphy up to complementation problems [6]. As
well, A. Ben Amira, J. Dammak and H. Si Kaddour, in 2014, have used this
matrix in many construction of graphs and tournaments problems [1]. In
this paper we use the previous results of incidence matrix Theorem 1.3 to
prove Theorem 1.5 which is a generalization of Theorem 1.4.

Theorem 1.4. ([10, 11]) The digraphs are (< 6)-reconstructible.

Using the incidence matrix, we give a version modulo a prime of Theorem
1.4. To introduce this version we should define some digraphs of cardinality

5 which are not self-dual.

Oé; = {{Ul,U2,U3,t1,t2},{(1)1,'1)2),(Ul,tg),(’U2,t2),(t2,'[)3),(U3,U1),(U3,U2),

(U3¢t1)7 (t17t2)7(t27t1)7(t17vl)a(tlaUQ)}}a B;r = {{U17U27U3)t13t2}a{(U17U2)7
(v1,t2), (v2,t2), (t2,v3), (V3,01), (V3,02), (3, 11), (t1,01), (t1,v2)}}, 75 = {{v1,
t17t27t37t4}’ {(Uht?)’ (Ula t3)a (tQa t3)7 (t3a t4)a (t47 1)? (t47t1)7 (t13t3)7 (t3at1)a
(t1,v1)}}, o = (oz;r)*, By = (Bgr)* and v = (7;)* Obviously, a;,ﬁ;
and 'ygr are not self-dual.

t ty,

I\ N

v (v1 — v9) vs 1, (vg — v9)

N N

Figure 1: a;,ﬁ; and 'y;'.

We set 58_ the tournament defined in the set of vertices V =
{vo,v1,v2,v3,v4,v5} as follow, vo < vy < wa, v3 < v4, v5 — {vo,v1,V2} —
{’1)3, ’1)4} — V5.
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(Uo < < ’02)

v (vs < vq)

Figure 2: Bg.

According to these digraphs and for a digraph G = (V| E), we denote
the following sets and their cardinals, that will be used in the hypothesis of
Theorem 1.5.

A7 (G)
By (G)
)
(

{ THAD(G) ={X CV:Gix ~a3},

{XCV erﬁﬁ;},Bg(G) —{XCV:erﬁIBg},

{XCV G[X_;_ CgG)—{XCVZerﬁ”yg},
=| A7 (G) |, a5 (G) :=| A5 (G) |, b3 (G) =| BJ (G) |,

| B3 (G) |, 5 (G) = 5+( ) [ and ¢35 (G) :=| C5 (@) |.

(G):={X CV:Gix =85}, af (G) = |AL(Q)].

C5+(G
agr G

bs (G) :
Ag

||\—/H

+

Theorem 1.5. Let G, G’ be two {4}-hypomorphic digraphs on the same set

V' of v vertices. Let p be a prime number and k = [ko, k1, ...], be an integer;

6<k<wv-—6.
If one of the following conditions is satisfied,

1) a3 (Gix) = af (Glg), by (Gix) = b (Gg), 5 (Gix) = 3 (Glk) and
ad (Gik) = ad ( ‘i), for all k-elements subset K of V.

2) af (Gik) = af (G'g) (mod p), b3 (Gx) = b3 (Gl) (mod p), ¢5 (Gx) =
c;(G’rK) (mod p) and af (G k) = ag(G'[K) (mod p), for all k-elements
subset K of V., p>7 and (kg > 6 or kg = 0).

Then G and G’ are hereditarily isomorphic.
2. Rank of the matrix W, and kernel of *W,

The notation a | b (resp. a t b) means a divides b (resp. a does not divide b).

Theorem 2.1. (Lucas’s Theorem [7]) Let p be a prime number, t,k be
positive integers, t < k, t = [to,t1,...,typ)lp and k = [ko, k1, .., kip)lp-

Then
t(p)
(t) = | | <t1> (mod p), where <t2> =0 ift; > k.

=0

As a consequence of Theorem 2.1, we have.
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Corollary 2.1. Let p be a prime number, t,k be positive integers, t < k,
t= [t[), tl, Ceey tt(p)]p and k = [k‘o, kl, cee vkk(p)}p' Then

p|(’§) if and only if there is i € [0,t(p)] such that t; > k;.
Proof. We assume that t; < k; < p, for all i € [0,¢(p)], we will prove that

pt(3)-
We have t;!(k; —t;)! (’;) = k;! and p 1 k;!, thenpj(( ) for all i € [0,¢(p)].

t(p)
From Theorem 2.1, (’:) =] (’;) (mod p), then p { (’f) Inversely, we
i=0

1=

assume that there exist i € [0,¢(p)], such that ¢; > k;, so from Theorem 2.1
t(p)
(l:) =0 and (l;f) = 1:[0 (lz) (mod p), then p\(lf) O
Lemma 2.1. Let p be a prime number, t,k be positive integers, t < k,
t= [to,tl, .. tt( )] and k = [k:o, ki, .. kk(p)}p'
Wehavepjf( )t <k <p and( )—Oifti>k:i.

Proof. The proof follow immediately from Corollary 2.1. O
To prove Theorem 1.3, we use the following lemma:
Lemma 2.2. Let p be a prime, t, k and i be positive integers, 1 < t < k,
t=[to,t1,- - typ)lps k= ko, k1, .. Kyplp and @ = lio, i1, ..., i) |p-
p1 ((t—i)o) if and only if

1. ko <ty and iy € [k0+ 1,t()].
2. ko > tg and ig & [to + 1, ko]

Proof.

1. ko <ty
(a) If ig € [0 ]{70] then (t - Z) to —ig > ko — 19 = (]{7 — i)o. From

0=
Lemma 2.1, we have p | ((( ));’) then p | (’;:Z)

(b) If’LoE[k‘o—i—l to] then (ki—l)o—p—i—k‘o—ioZto—’ioz(t—i)g.

From Lemma 2.1, we have pt ((t :))0)

(c) Ifip € [to+1,p—1] then (t—i)g = p+to—ig > p-i—k()‘—io = (k—1)o.
From Lemma 2.1, we have p | ((t ;))0) then p | (]z;’)
2. ko > to
(a) If ip € [0,%0] then (k —z)o =ko—1i9 >ty —ip = (t —i)p. From

Lemma 2.1, we have p ¢t ( ))[‘:)
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(b) If ig € [to—{—l ko} then (t—i)o—p—f—to—io>k0—i0:(l€—i)0.
From Lemma 2.1, we have p | ( )) then p | ( )

t—i)o
(c) Ifip € [ko+1,p—1] then (k—i)o = p+ko—ip > p+to—io = (t—1i)o.
From Lemma 2.1, we have p ¢ ( e Z))S) O

Lemma 2.3. Let p be a prime, t, k and i be positive integers, 1 < t < k,
t=[to,t1, .- typ)lp, k= [k:o,k:l, s kg lp and i = [ioy i1, g p-
pJ((t l) ) andp)[((t i ) if and only if
1) ko < tp and ig € [ko + 1,t0].
a) k1 —1 <ty and iy € [k1,t1].
b) k1 —1 >ty and (iy € [0,t1] or iy € [k1,p —1]).
2) ko >ty and ig € [0, to).
a) k1 <ty and iy € [k1 + 1,t1].
b) k1>t and (i1 € [0,t1] oriy € [k1 +1,p—1]).
3) ko >ty and ig € [ko + 1,p — 1].
a) ki —1 <ty —1 and iy € [k1,t1 — 1].
b) ki —1>t1 —1 and (i; € [0,t1 — 1] oriy € [k1,p—1]).
Proof.
1) As ko <ig < tp, we have k—i = [ko—io+Dp,...]p and t—i = [to—1io, ... |p.
In Lemma 2.2, we replace kg by k1 — 1 and tg by ¢; we have
a) Assume k; — 1 < tj.
i) If i1 € [0, k1 — 1] then (t—z)l—tl—zl >k —ip—1=(k—1).
From Lemma 2.1, we have p | ( ))11)
ii) If 41 € [k, 1] then (k —i); —p+k1 - —1>t—i1=(t—1i)1.
From Lemma 2.1, we have p { ((t Z))l)
iii) If 4 € [t; +1,p—1] then (t —1); —p—i—tl—zl >pt+ki—i1—1=
(k —14)1. From Lemma 2.1, we have p | ((t 1))1)
b) Assume k1 — 1 > t3.
i) If iy € [0,t1] then (k—14); = k1 —i1 — 1 > t; — i1 = (t —i)1. From
Lemma 2.1, we have p { ( . Z))l)

ii) Ifi, € [t1+1 ki—1 ]then (t 7,)1 =p+t1—ip > ki1—i1—1= (k: i)l.

From Lemma 2.1, we have p | (( ))11)
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111) Ifi, € [kl,p—l] then (k—i)l =p+ki—i1—1>pt+t1—i; = (t—i)l.

From Lemma 2.1, we have p { (((]:::))11)

2) As io Sto Sko, we have k — i = [kﬁo—io,...]p and t —1 = [to—io,..
In Lemma 2.2, we replace kg by k1 and tg by t; we have the result.

3) Astg < ko <ig, we have k —i =[ko —ig+p,...]pand t —i = [tg —ig +
D ... ]p. In Lemma 2.2, we replace ko by k1 — 1 and to by ¢t; — 1 we the
result. O

v

Lemma 2.4. Let p be a prime, t, k and i be positive integers, 1 < t < k,
t = [to, t1,t2]p, k = [ko, k1, ..., kpplp and i = [ig, i1, 72]p-
p1 (((ltc::))) if and only if
1) ko < to, k1 —1 < tq,ip € [ko+ 1,t0] and i1 € [k1,t1].
a) ko <ty and iy € [k, to].
b) ka > to+ 1 and iy € [0, 12].
2) ko < to, k1 —1>1ty1, 149 € [ko+ 1,to] and i1 € [0,t1].
a) ko <to—1 and iy € [ko + 1,t3].
b) ko >to and is € [0, to].
3) ko <to, k1 —1>1ty, 9 € [ko + 1,to] and i1 € [k1,p — 1].
a) ke <ty —1 and iz € [ko,ta — 1].
b) ko > to and iy € [0,t — 1].
4) ko > to, k1 < t1, ip € [0,to] and iy € [k1 + 1,4].
a) ko <ty and iz € [k, ta].
b) ky >to+ 1 and iy € [0, t9].
5) ko > to, k1 > t1, io € [0,t0] and i1 € [0,t1].
a) ky <ty —1 andig € [ka + 1,t3].
b) ka > te and is € [0,t2].
6) ko > to, k1 > t1, i9 € [0,t0] and i1 € [k1 +1,p—1].
a) ko <ty —1 and iz € [ko,ta — 1].
b) ke > to and iy € [0,t — 1].
7) ko >to, k1 —1<t;—1,49 € lko+1,p—1] and iy € [k1,t1 — 1].
a) ko <ty andig € [ka,to].
b) ko >ta+1 and iz € [0, 1s].
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8) ko >to, k1 —1>t1—1,40 € [ko+ 1,p—1] and i; € [0,t1 — 1].
a) ko <to—1 and iy € [ko + 1,t3].
b) ko >te and iz € [0, o).

9) ko>to, ki—1>t1—1,i9 € [ko+1,p—1] and iy € [k1,p — 1].
a) ke <ty —1 and is € [ko,t2 — 1].
b) ko >ta and iz € [0,t2 — 1].

Proof. As i <t, we have iy < to.

1) As kg <ig<tpand k1 —1 < i1 <t1, we have k — i = [ko—io—f-p,kl—
in+p...]pand t —i = [tg —ip,t1 — i1 ...]p. In Lemma 2.2, we replace ko
by ko — 1 and ty by t2 we have

a) Assume ko < to.
i) If ig € [0, kg — 1] then (t—z)g—tQ—ZQ >l<:2—22—1—(k:—i)2.
From Lemma 2.1, we have p | ( ))) then p | ((t Z)
ii) If i9 € [ko,to] then (k —i)o —p+k:2 —ig— 1>ty —ig = (t —1)a.
From Lemma 2.1, we have p { ( )) ), then p ¢ ((k Z))
b) Assume kg > to + 1.
i) If ig € [0,t2] then (k—i)o = ko —ia —1 > tg — iy = (t —i)2. From

Lemma 2.1, we havep{(t Z))2) thenp)(((t Z))

2) As ko <ig <tp, iy <t1 <k —1,wehave k—i= [k0—20+p,k1—i1...]p
and t —i = [to — ig,t1 — 71 ...]p. In Lemma 2.2, we replace ko by ko and
to by to we have the result.

3) As kg <ig <tg,t1 < k1—1 <1y, wehave k—i = [k‘o—io—l—p, ki—i1+p.. -]p
and t—i = [to—ig,t1 —41+p...]p. In Lemma 2.2, we replace ko by ka2 — 1
and tg by to — 1 we have the result.

4) As ig < tg < kg, k1 < i1 <t1, we have k —i = [ko—io,kl—il —i—p...]p
and t — i = [tg —40,t1 — i1 ...]p. In Lemma 2.2, we replace ko by k2 — 1
and tg by t2 we have the result.

5) As i[) § t() § k‘(), il S tl S kl, we have k — 1 = [ko—i(),kl —il...]p and
t—i=[to—io,t1 —%1...]p. In Lemma 2.2, we replace ko by k2 and o by
to we have the result.

6) As io Sto < k:o, tl < kl <i1, we have k — i = [ko—io,k‘l —il -l-p...]p
and t—i = [to—ig,t1 —41+p...]p. In Lemma 2.2, we replace ko by ka2 — 1
and tg by t2 — 1 we have the result.

7) Astg < kg < 19, ki—1<14 <t —1, we have k — i = [ko—i0+p,k1—
in+p...Jpand t—i = [tg—ig+p,t1 —i1...]p. In Lemma 2.2, we replace
ko by k2 — 1 and tg by t2 we have the result.
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8) Asty < kg <ig,i1 <t1—1<ki—1,wehave k—i = [ko—i0+p, ki—iq .. .]p
and t —i = [to — 99+ p,t1 —i1...]p. In Lemma 2.2, we replace ko by ko
and tg by t5 we have the result.

9) Astyg < ky < 1, t1—1 < ki—1<iq,i9 € [l’u‘o—i—l,p—l], i1 € [kl,p—l], we
have k—i = [ko—io+p, ki —i1+p...]p and t—i = [to—io+p, t1—i1+Dp. .. |p.
In Lemma 2.2, we replace kg by ko — 1 and tg by to — 1 we have the
result. O

Proof of Theorem 1.3. Let p be a prime number, ¢,k be positive integers,
t < min(k,v — k‘), t= [to,tl,tﬂp and k = [kjg, k‘l, ey kk(p)]p'

() = (%)

1. We have kQ <tp—1, k1 <t; and kg < tg, then from 1)a) of Lemma
2.4, pJ[ (]::Z) if and only if i9 € [/6‘2, tQ], 11 € []{71, tﬂ and ig € [k?o +1, to].
From Theorem 1.2, rank(W; )

to t1 to
= Z Z , > (12p2+§1p+i0) - (i2p2+i11;)+i0—1)
22:](22 ’Ll:k‘l Zozko-"-l
Zk Z (i2P2+12')1p+t0) B (i2p2+;}1p+ko)'
2 1=k
2. We have kg > to, k1 < t1—1 and ko < to, then from 4)a) of Lemma 2.4,
p1 (t Z) if and only if is € [k, t2], i1 € [k1+1,¢1] and ig € [0, o], from
7)a) of Lemma 2.4, p 1 (?7;) if and only if ig € [ko,t2], i1 € [k1,t1 — 1]
and ig € [ko + 1,p — 1]. From Theorem 1.2, rank(W; )
to t1 to
= ng . =%:+1i2::0 (i2p2+¥1p+io) - (i2p2+z‘f;>+z'0—1)+
to t1—1 p—1 " .
’L;C Z; i :%:_'_1 (izp2+i1p+i0) o (i2p2+i1p+i071)
tg tl
= Z > (i2p2+1i)1p+t0) - (i2p2+1;1p—1)+

7,2:]62 11:]{?1+1

B
Obviously, we have - ) - (") =

ty  ti—1
Z;Cz 2121 (i2p2+i:}p+p*1) o (i2p2+;}1p+k0)
to ty
= iz;w il:%ﬂ (z‘2p2+1i]1p+to) - (i2p2+(z‘121)p+p—1)+
to t1
h;}ﬂ il:%ﬂ (i2p2+(i1i}1)p+p_1) B (izp2+(i1v—1)p+ko)
to t1

_ v v
2—h2 t1—Rh1
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3. We have ko < tg— 1, ky > t; +1 and ky <ty — 1, then from 2)a) of

Lemma 2.4, p t (k Z) if and only if ip € [ko + 1,t2], 41 € [0,¢1] and
ig € [ko + 1,t0] and from 3)a) of Lemma 2.4, p { (k Z) if and only if
ig € [ka,to — 1], 41 € [k1,p—1] and i € [ko + 1, to]. From Theorem 1.2,
rank(Wy )

to t1 to
= %4—1 le::() z‘O:ZkE—H (i2p2+1i)1p+’io) B (i2p2+i11;0+io*1)+
tg—l — to . .
Zkrz Z1§€1 202%44 (i2p2+i1p+io) - (i2P2+i1p+io—1)

to t1 v v
- izz%ﬂilz::o (izp2+i1p+to> - (i2p"‘+z’1p+ko)+
ta—1 p—1

Z (i2p2+1i)1p+t0) B (i2p2+;}1p+ko)'

ig=ky i1=kK;

. We have kg > tg, k1 > t1 and ko < t3 — 1, then from 5)a) of Lemma

2.4, pf (¥77) if and only if iz € [k + 1,t2], 41 € [0,t1] and iy € [0, %),
from 6)a) of Lemma 2.4, p { (]Z:Z) if and only if 7o € [ka,t2 — 1],
i1 € [k1 + 1,p — 1] and iy € [0, o], from 8)a) of Lemma 2.4, p { (?:f)
if and only if iy € [ky + 1,t2], i1 € [0,¢1 — 1] and iy € [ko + 1,p — 1]
and from 9)a) of Lemma 2.4, p { (l::;) if and only if iy € [ko,t2 — 1],

i1 € [k1,p —1] and ig € [ko + 1, p — 1]. From Theorem 1.2, rank(W; )
to t
- %Hzlzo 102_: (Zzp +le+20) B (i2p2+i:;o+io—1)+
t2—1 p—1 it . )
o=k i1=k1+1 zgo (i2p2+i1p+i0) B (i2p2+z‘1p+z‘0—1)
to ti—1 p—1
" Zk:—i-l 2207, %:—&— (i2p2+1i)1p+i0) B (i2p2+111;;+i0,1)+
tz—l ; 1 ' p_O ’ , )
2,62 11;1 o %Jr (i2p2+i1p+i0) - (i2p2+2-1pﬂ4071)
to t1
N iz=%+l ilZ::O (i2”2+glp+to) N (i2p2+zlp—1)+
to—1 p—1 ) .
to=kg i1=k1+1 (i2p2+i1p+t0) - (i2p2+i1p*1)
ta ti—1

+ . Z Z (i2p2+ifp+p—1) - (i2p2+;)1p+k0)+
12 :k’2+1 11 :0
tg*l p—l

2. (izp2+ifp+p71) - (i2P2+;}1p+ko)

2:,€2 i1=Fk;
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to t1

= 'QZ%Jrl 73120 (i2p2+1i]1p+to) - (z'2p2+1;1p—1)+
to ti—1 . .
%—i—l 1120 (igp2+i1p+p—l) - (i2p2+i1p+kg)
to—1  p—1

+ Zk ; %H (i2p2+1i)1p+t0) o (ing—‘:ilp—l)—i_

to—1 ; 1l ' v v

Z;Cz 1121 (i2p2+i1p+p—1) - (i2p2+i1p+k0)

t2 1 p—l
— v

tz tl
v v
i =§+1i§o (i2p2+z‘1p+to) o (i2P2+(i1—1)P+k0)'
5. We have kg < tg—1, k1 < t; and kg > ta+1, then from 1)b) of Lemma

2.4, pt (lt“:;) if and only if is € [0,t2], i1 € [k1,t1] and ig € [ko + 1, to].
From Theorem 1.2, rank(W;y )
to t1 to
= i;{)i ;{ ; :gﬂ (i2p2+1;1p+i0) - (i2p2+z‘f;+z‘0—1) =
to t1
12201 ; (i2p2+1i]1p+to) o (i2p2+$1p+ko)'
6. We have ky > to, kfl < t;1 —1 and ko > to + 1, then from 4)b) of
Lemma 2.4, p 1 (lz;l) if and only if is € [0,t2], i1 € [k1 + 1,¢1] and
ip € [0,%o], from 7)b) of Lemma 2.4, p { (l;:f) if and only if iy € [0, t2],

i1 € [k1,t1 — 1] and 79 € [ko + 1,p — 1]. From Theorem 1.2, rank(W; j)
to t to
= izZ::Oil:%H iOZ::O (i2p2+1;1p+i0) - (i2p2+i11;)+i0—1)+
ta t1—1 p—1 " Y
i;{)ﬁ;ﬁ z'o:%-&-l (igp2+ilp+i0) - (i2p2+i1p+igfl)
to t
= i;()ilz%ﬂ (i2p2+1i)1p+to) - (i2p2+1;1p—1)+
ty ti—1
12201231 (i2p2+z’fp+p—1) o (i2p2+;)1p+k0)
to t

— v v
2=011=k;
to t1 ; .
1-201. _§+1 (i2p2+(’i1—1)p+p—1) - (i2p2+(i1—1)p+ko)
2=011=k;
to t1

_ v v
2— 1—Nh1
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7. We have kg < to—1, k1 > t1+1 and ke > to, then from 2)b) of Lemma

2.4, p4 (lz:;) if and only if i9 € [0,t2], i1 € [0,¢1] and ig € [ko + 1, 0]
and from 3)b) of Lemma 2.4, p { (k Z) if and only if i3 € [0,t2 — 1],
i1 € [k1,p — 1] and ig € [ko + 1,%0]. From Theorem 1.2, rank(W, )

to t1
v v
lZO ZZOZ i (i2p2+i1p+i0) - (i2p2+i1p+i0—1)+
2— 1— 0= 0
to— 1 pP— 1 to v v
i 7%:“ (i2p2+i1p+io) N (izp2+ilp+io—1)
2— 1— 1 0—Rr0o

to t1

Z Z (2217 +le+to> o (i2p2+§1p+ko)+

’LQ O’Ll
to— 1 p— 1
(P )= (opors )
) i2p?+i1p+to iop?+ii1ptko/
12=014i1=k;

We have kg > to, k1 > t1 and ko > to9, then from 5)b) of Lemma 2.4,
pt (571 if and only if is € [0, 2], i1 € [0,¢1] and ig € [0, o], from 6)b)
of Lemma 2.4, p t (’;:Z) if and only if iy € [0,t2 — 1], i1 € [k1 +1,p—1]
and 9 € [0,t0], from 8)b) of Lemma 2.4, p { (lz:f) if and only if
ia € [0,t2], i1 € [0,¢; — 1] and ip € [ko + 1,p — 1] and from 9)b) of
Lemma 2.4, p { (k ;) if and only if 72 € [0,t2 — 1], i1 € [k1,p — 1] and
ip € [ko +1 p — 1]. From Theorem 1.2, rank(W, )

ta ti to
v
ZO zE ZZ (12p2+11p+20) o (i2p2+i1p+io*1)+
1=0149=0
ta—1 p—1 v
ZQZO i %Jrl 7,020 (%2p2+11p+10) o (i2P2+’i1p+io—1)
to tl—l p— 1 v »
+i2§0 i;ﬂ Z,O:%+1 (i2p2+i1p+io) - (i2p2+i1p+io—1)+
ta—1 p—1  p-—1 v "
PORDIEEDY (i2p2+i1p+io) o (izp2+i1p+irl)

15=0 i1:k1 tg=ko+1

2 1
Z Z (1217 +le+t0> - (i2p2+1;1p—1)+

10=014:=0
to—1 p—1 v v
204 T (i2p2+i1p+to) B (i2p2+i1p71)
to t1—1 v
+ 122_0 l1z— (12p2+11p+p 1) (i2p2+i1p+ko) +
ta—1 p—1 v "
(i2p2+i1p+p*1) B (12P2+i1p+k0)

12=01%,=k;
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ta 11
2 Z (zzp +'Llp+t0) - (i2p2+1;1p—1)+

12—0 ’Ll—

ty ti—1
v
Z Z (zzp 2+i1p+p— 1) (i2p2+i1p+ko)
7,2 Oll—
ta=1 pl v (2
+z§0 1/1 %J’_l (lgp2+11p+t0) - (22p2+11p—1)+
t271 p—l

(i2p2+ifp+p71) o (i2p2+;}1p+ko)

12=0141=Fk;

to—1 p—1 " "
= 1;2:0 o (i2p2+i1p+to) - (i2p2+(i1—1)p+k’o)+
to t1
Z Z (Z2p2+llp+to) - (7,2])2+(’le71)p+k0) D

1»2 0117

3. Proof of Theorem 1.5

Let k¥ > 1 be an integer and G be a digraph. G is {k}-monomorphic if
Gix ~ Gy for all k-element subsets X and Y of V.

Lemma 3.1. ([1}]) Let v,t,k be three integers, t < min(k,v — k) and G
and G’ be two graphs on the same set V of v wvertices. If G and G' are
{k}-hypomorphic (resp. G is {k}-monomorphic) then G and G' are {t}-
hypomorphic (resp. G is {t}-monomorphic).

Let G = (V,E) and G’ = (V, E’) be two digraph. G and G’ are {2}-
hypomorphic if and only if, for all z,y € V,if z____y (resp. ..., y), then
Y (resp. ..., y) and if {x,y} is an oriented pair in G then {z,y} is
oriented in G’.

From Lemma 3.1, follow immediately this result.

Corollary 3.1. If G = (V,E) and G’ = (V, E') are {4}-hypomorphic di-
graphs and |V| > 7, then G and G’ are (< 4)-hypomorphic.

A 3-cycle is a tournament isomorphic to C3 = ({vg,v1,v2}, {(vo,v1),
(v1,v2), (v2,v0)}).

Lemma 3.2.

1) Every digraph G with at least T vertices contains a restriction of cardi-
nality 5 not isomorphic to ag', nor B;, nor 'y;'.

2) Every digraph G with at least 9 vertices contains a restriction of cardi-
nality 6 not isomorphic to 68‘.
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Proof.

1) By contradiction, we assume that Gx ~ aF (resp. G1x ~ 83 or G x ~
~v:) for all 5-element subsets X, so G is {5}-monomorphic. From Lemma
3.1, we deduce G is (< 2)-monomorphic, then G is a tournament, or G
is the full graph, or G is the empty graph. A contradiction.

2) By contradiction, we assume that G;x ~ B¢ for all 6-element subsets
X, so G is {6}-monomorphic. From Lemma 3.1, we deduce G is (< 3)-
monomorphic. As B;{ embeds at least a 3-cycle and a 3-chain. A contra-
diction. O

A flag is a digraph isomorphic to ({vo, v1,v2}, {(v1, v0), (vo,v2), (v2,v0)})
or to its dual.

A full peak is a digraph isomorphic to ({vo,v1,v2},{(v1,v0), (ve,vo),
(v1,v2), (v2,v1)}) or to its dual.

A woid peak is a digraph isomorphic to ({vg,v1,v2}, {(v1,v0), (v2,v0)})
or to its dual.

A 3-consecutivity is a digraph isomorphic to ({vo,v1,v2},{(vo,v1),
(Ulv U2)}) or to ({7)07 U1, UQ}’ {(007 1)1), (Ulv 1)2), (02’ UO)? (UO’ U2)})'

Vo Vo Vo /'Ul U1
Flag Full peak Void peak 3-consecutivity

Figure 3: Flag, Full peak, Void peak, 3-consecutivity.

Let G = (V,E) and G’ = (V, E’) be two (< 2)-hypomorphic digraphs.
Denote D¢ ' the binary relation on V' such that: for x € V, 2®g ¢; and
for v #y € V, 29¢g gy if there exists a sequence z9 = z,...,z, = y of
elements of V satisfying (z;, x;+1) € E if and only if (x;,2,41) ¢ F’, for all
i, 0 <7 < n — 1. The relation Dg ¢ is an equivalence relation called the
difference relation, its classes are called difference classes. Let Dg ¢ denote
the set of difference classes. The © = xg, z1, ..., z, = y as above, are referred
to as Dq,g/-paths.

The families S,, and £(S,,) Let n > 1 be an integer. The integers below
are considered modulo 2n. An element of the family £(S,,) is a digraph, not
a tournament that embeds neither peaks nor diamonds nor adjacent neutral
pairs. The morphology of such a family is described by G. Lopez and C.
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Rauzy [12]. First we introduce a sub family S, of the family £(S,). For
n = 1, an element of the family S; is a digraph on 2 vertices with a neutral
pair. For n > 2, an element of the family S, is a digraph isomorphic to
gn = ({t1,...,tan}, Ep), where g, is defined by, {t;,t;} is a neutral pair of
gn ifand only if j = i+n and t; —, t; if there exists k € {1,...,n—1} such
that j =i + k. The two neutral pairs {¢;,t;+,} and {ti+1,ti4n+1} are called
successive for every i € {1,2,...,n — 1}. An element of the family E(Sy,)
is a digraph isomorphic to the digraph G, where G, is obtained from g,
by adding mutually disjoint sets s1, S2,. .., So, (the set s; is called a sector
and it could be empty) to the vertex set {t1,to,...,ta,} of g, satisfying the
following conditions:

(1) Gpnl{t1,te,...,tan}] = gn and for all i € {1,2,...,2n}, the subdigraph
Gnp [Si U {ti, ti+1}] is a finite chain such that ¢; —a,, Si and s; —aq, i+l
(ii) Fori e {1,2,...,2n}, {t;, tirn} are the only neutral pairs of G,,.
(iii) For i,j € {1,2,...,2n}, s; —¢, t; if there exists k € {1,...,n} such
that j =i+ k.
(iv) For 7,5 € {1,2,...,2n}, s; —q, s; if there exists k € {1,2...,n —
2,n — 1} such that j =i+ k.

A diamond is a tournament isomorphic to 6T = ({vg, v1, v, v3}, {(vo, v1),
(v1,v2), (v2,v0), (vo,v3), (v1,v3), (v2,v3)}), called a positive diamond, or to
its dual 6= = (67)*, called negative diamond. A tournament T is called a
diamond-free tournament if none of its subtournaments is a diamond.

Lemma 3.3.

1. Two (< 6)-hypomorphic digraphs are hereditarily isomorphic.

2. Let G and G’ be two digraphs. If for all C € Dg ¢ C is an interval of
G and G', and G, Gc are hereditarily isomorphic, then G and G’
are hereditarily isomorphic.

Proof. Let C € Dg .

1. Let G and G’ be two (< 6)-hypomorphic digraphs. Forall K C V, Gk
and G' - are (< 6)-hypomorphic. So, from Theorem 1.4, G and G
are isomorphic.

2. Let K CV.As K = U KNC and G, Gic are hereditarily

CeDg o
isomorphic, then G’r kne =~ Gignc and K N C is an interval of G x
and G' . So, Gk and G’ are isomorphic. O

Lemma 3.4. [12] Let G and G’ be two (< 4)-hypomorphic digraphs and
Ce DG,G/-
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~

If Gc is a tournament, then Gc is a diamond-free tournament.

2. If Gic has no 3-cycles, then G ¢ is either a chain or a near-chain or
a consecutivity or a cycle.

3. If Gic has a 3-cycle and G ¢ is not a tournament, then there exists
an integer n > 1 such that Gc is an element of £(Sy).

4. C is an interval of G and G'. Hence, if G/rC' and G ¢ are isomorphic
for each C' € D¢ ¢, then G and G’ are isomorphic.

5. Neither peaks nor flags and no diamonds are embeddable in the subdi-
graphs Gic and G'¢.

6. Every 3-consecutivity (resp. 3-cycle) in Gc is reversed in G/rC'

As a consequence from Lemma 3.4, we have:

Corollary 3.2. Let G and G’ be two (< 4)-hypomorphic digraphs, and C €
D¢g.qr.

1. If Gc is neither a diamond-free tournament nor an element of £(Sy),
then G'[C and Gc are hereditarily isomorphic.

2. If Gyc is either a diamond-free tournament or an element of £(Sy,),
then G’[C and Gy are hereditarily isomorphic.

Lemma 3.5. ([5]) Let T and T' be two (< 4)-hypomorphic tournaments on
at least 5 vertices. Then, T and T' are (< 5)-hypomorphic.

Lemma 3.6. ([4]) Let T and T' be two (< 5)-hypomorphic tournaments
defined on a vertex set V' such that for all X C V; if Tix is isomorphic
to Bg or to By, then Tix is isomorphic to Tx. Thus T and T" are (< 6)-
hypomorphic.

Lemma 3.7. Let G and G’ be two (< 4)-hypomorphic digraphs defined on
a vertex set V. Let C € Dg g such that Gic is an element of £(Sy) and
for all X C C; if Gx 1is isomorphic to a; or to oy or to B; or to s or
to v or to 5, then G'x is isomorphic to Gix. Thus Gic and G| are
(< 6)-hypomorphic.

Proof.
Fact 3.1. We have Gc does not embeds a;, Qs , ﬂ;, Bs ’y;r and 75 .
Indeed, if there exist X C C, such that Gx 1is isomorphic to a;r or to

ag or to ﬂ; or to B or to ’y;' or to 5 , then from Lemma 3.4, every 3-
consecutivity and 3-cycle of Gyc are reversed in G’rc, then G’[X} ~ G’FX,

thus Oz;_ or oy or B; or By or ’y; or 5 s self dual, that is impossible.

We have n < 3. Indeed, if n > 4 then Gy, 1, . tote,tarn} = oz; or ﬁ;,
that contradict Fact 3.1.
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1) If n = 3, then G|¢ € S3 and it’s neutral pairs have the same type.
Indeed if {t1,ts}, {t2,t5}, {t3,t6} are 3 neutral pairs of Gc. With-
out loss of generality, we assume that there is z in the sector si, then
Gty ta,aitarte) = a; or 6; that contradict Fact 3.1. Thus G ¢ € S3 and
from the fact that neither ’y;r nor 75 are embeddable in the subdigraph
Gc, the neutral pairs are all of the same type.

2) If n = 2, then G € S or Gj¢ € £(S52) and its two neutral pairs have
the same type and its sectors are empty except one of cardinality 1.
Indeed if {t1,t3}, {t2,t4} are 2 neutral pairs of Gc.

Case 1. If a1, by in the sector s1, then G4, a, b 4,60} = a; or 7.
Case 2. If a1 € s1 and ag € s3 then Gyq, 1, .a5,4,t:} = ad or .

Case 3. If a1 € s1, a3 € s3 and a1 —>¢ a3, then G4, 1, .15,05,64) = aF

or ﬁ;r .
All this cases contradict the Fact 3.1.
Since neither ,.y;- nor 5 are embeddable in the subdigraph G¢ and from
the 3 cases, Gjc € Sz or G¢ € £(S52) and its two neutral pairs have the
same type and its sectors are empty except one of cardinality 1.

3) If n = 1, then G\¢ is either a near-chain, or an element of £(S1) on 5
vertices with sectors s; = {b1,c1} and s9 = {ba} such that Giby by} s a
3-cycle, or an element of £(S1) on 4 vertices.

Clearly, in all of this cases, G/rc and G ¢ are (< 6)-hypomorphic. O

In the rest of this paper G = (V, E), G' = (V, E’) are supposed to be
(< 4)-hypomorphic digraph. Under the same hypothesis of Theorem 1.5, we
have the following results.

Lemma 3.8. 1) A} (G) = AZ(G'), B (G) = B (G"), CF (G) = CS(&).
2) A (G) = A§(Q").
Proof. Let te{5,6}. Let Th, T, ... ,T(u) be an enumeration of the t-elements

t

subsets of V. Let K1, Ko,... ,K() e an enumeration of the k-elements
k
subsets of V.

1) Let w¢ be the row matrix (g, g5, - . . ,g?

v
t

)) where g2 = 1if G171, ~ af, 0
otherwise.
Let w% be the row matrix (g3, g5, . .. ,gl()v)) where ¢¢ =1 if Gy, ~ B4, 0

otherwise.
Let w¢, be the row matrix (g¢f, g5, . .. ,gEv)) where gf = 1 if G, ~ 3, 0

otherwise.
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We have wg,Wsy, = (a;(G[Kl)va;(G[Kz)w--aa;(G[K(z)))v wiWs ), =
(bg (G1ri) b3 (Gs), - b3 (Grg) and wgWsie = (5 (Gi,),
e (Gix,), - - .,cgr(GrK(z))). And we do the same for G’.

(a)

Since az (Gix,) = a3 (G'g,), by (Gx,) = b3 (G'g,) and ¢5 (Gix,) =
i ( ix,) for all i € [1,(})], then wg — wg, € Kerg(‘Ws ), wh, —
wh, € Kerg(*Ws ) and w§, — wé, € Kerg(*Ws ). From Theorem
1.1, Kerg(*Ws ) = {0}, then wg = wd,, wl = wl, and w, = wg,.
Thus AF (G) = AF (G"), B (G) = B (G") and CF (G) = C (G).
Since ad (Gk,) = a;(G'rKi) (mod p), b (Gk,) = b;’(G'rKi) (mod p)
and ¢ (Gx,) = c;(G’rKi) (mod p) for all i € [1, (})], wl — wd, €
Ker("Ws ), wl — w2, € Kerp(*Ws ) and wg, —wé, € Kerp(*Ws ).
Case 1.p > 7,t =5 = [5]p, k = [ko,...]p and typ = 5 < ko,
then from 1.a) of Corollary 1.1, Ker,(‘W5 ) = {0} (mod p). Thus
A (G) = AJ(G"), B (G) = B (G") and C5 (G) = C5 (G).

Case 2. p > 7,t =5 = [5], and kg = 0, then from 1.b) of
Corollary 1.1 there is A1, A2, A3 € {0,1, —1} such that w% — wg, =
M(1,1..01), wl —wd = A(1,1...,1), and w¢ — wg, =
A3(1,1...,1). From 1) of Lemma 3.2 there exist Xj, Xy and X3
of cardinality 5 such that Gx, # a;r, Gix, # B; and Gx, # ’y5+,
then A\; = Ay = A3 = 0. Thus A} (G) = AF (G'), B (G) = B (G")
and C: (G) = C(G").

2) Let wg be the row matrix (¢¢, 95, ... ,gz‘v)) where g¢ = 1if Gy, ~ B4, 0

otherwise.

We have wgWe = (ag(G[Kl),aZ{(G[KZ),...,ag(GrK

(,U))). And we do

the same for G’.

(a)

(b)

(})], then w — wl, €

Since agf (Gk,) = ag(G’[Ki) for all i € [1,
r) = {0}, then w = w¢,.

Ker(*Wg ). From Theorem 1.1, Ker(*Wg
Thus A (G) = AL (G).

Since ad (Gk,) = aér(GHK,-) (mod p) for all i € [1, (})], then wl —
wl, € Ker(‘Wg ).

Casel.p>7,t=06=[6]p, k= [ko,...]p and tyg = 6 < ko, from 1.a)
of Corollary 1.1 Ker(*Ws ) = {0} (mod p). Thus Af(G) = AL (G").
Case 2. p > 7,t =6 = [6], and ko = 0, from 1.b) of Corollary 1.1
there is A € {0, 1, —1} such that w} — wg = A(1,1...,1). From 2)
of Lemma 3.2, there exist X of cardinality 6 such that Gx % ,Bgr
then A = 0. Thus A (G) = A (G). O
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Lemma 3.9. Let C € Dg . Gic and G/rC do mot embeds a;r, ag ﬁ;, Bs
Vs V55 By, and By .

Proof. By contradiction, we assume that there is S such that G\g is iso-
morphic to an element of the set {ad,az,B4, 85,74, 75, B¢ B }- From
Lemma 3.4, every 3-consecutivity and 3-cycle in G ¢ are reversed in Gerv
then G/rc ~ (¢ From Lemma 3.8, G,FS ~ G\s, so Gis =~ GYg, a contradic-
tion. ]

Proof of Theorem 1.5. Let C' € Dg . From Corollary 3.2, we can assume
that G¢ is a diamond free tournament or an element £(.S,).

Case 1. G¢ is a diamond free tournament. From Lemma 3.9, G¢ and
G'¢ do not embed B4 and B; . From Lemma 3.5, G)¢ and G'c are (< 5)-
hypomorphic, so by Lemma 3.6, Gc and G/rc are (< 6)-hypomorphic.

Case 2. Gi¢ is an element £(S5,). From Lemma 3.9, G¢ and G,rC do
not embed aF, az, B4, B5, 75 and 75, so by Lemma 3.7, Gj¢ and Gl
are (< 6)-hypomorphic, then, from Lemma 3.3, G and G’ are hereditarily
isomorphic. O
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