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On enumerators of Smirnov words by descents
and cyclic descents
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A Smirnov word is a word over the positive integers in which adja-
cent letters must be different. A symmetric function enumerating
these words by descent number arose in the work of Shareshian
and the second named author on g-Eulerian polynomials, where a
t-analog of a formula of Carlitz, Scoville, and Vaughan for enumer-
ating Smirnov words is proved. A symmetric function enumerating
a circular version of these words by cyclic descent number arose
in the work of the first named author on chromatic quasisymmet-
ric functions of directed graphs, where a t-analog of a formula of
Stanley for enumerating circular Smirnov words is proved.

In this paper we obtain new t-analogs of the Carlitz—Scoville—
Vaughan formula and the Stanley formula in which the roles of
descent number and cyclic descent number are switched. These
formulas show that the Smirnov word enumerators are polynomi-
als in ¢t whose coefficients are e-positive symmetric functions. We
also obtain expansions in the power sum basis and the fundamen-
tal quasisymmetric function basis, complementing earlier results of
Shareshian and the authors.

Our work relies on studying refinements of the Smirnov word
enumerators that count certain restricted classes of Smirnov words
by descent number. Applications to variations of ¢-Eulerian poly-
nomials and to the chromatic quasisymmetric functions introduced
by Shareshian and the second named author are also presented.
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metric function, chromatic quasisymmetric function.
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1. Introduction

We consider words w = wiws . ..w, over the alphabet of positive integers
P with no adjacent repeated letters; that is w; # w;+1 for all i € [n — 1] :=
{1,...,n — 1}. We refer to these words as Smirnov words as is often done
in the literature; see e.g. [17, 14, 22, 3, 24, 15, 25].

For n > 1, let W, be the set of Smirnov words of length n. Now define
the Smirnov word enumerator

Wy (x) = Z T,

we Wn

where x := x1,29,... is a sequence of indeterminates and =z, :=
Ty, Tapy * * * Tay,, - Clearly W, (x) is a symmetric function. Carlitz, Scoville, and
Vaughan [7, equation (7.12)] derived the generating function formula

n_ ZiZIi ei(X)Zi
(1.1) n; Wi (x)2" = > = Da(s

where e;(x) is the elementary symmetric function of degree 7. An important
consequence of this formula is that W, (x) is e-positive, which means that
when expanded in the elementary symmetric function basis for the ring of
symmetric functions, the coefficients are nonnegative.

The symmetric function W, (x) was also considered by Stanley [35] in
the context of chromatic symmetric functions and by Dollhopf, Goulden,
and Greene [10] in the context of pair avoiding word enumerators. Stanley
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also considered a circular version of Smirnov words, that is, Smirnov words
whose first and last letter are different. Let

Stanley [35, Proposition 5.4] proved

Ying (i = 1) ei(x)’
#* x)2" = = -
(12) nzz:l Wn ( ) 1— 2122(2‘ _ 1)67;(X)ZZ

It follows from this formula that W; (x) is e-positive.
Given any word w € P", where n > 1, the descent number of w is defined
by
des(w) :==[|{i € [n — 1] : w; > wiy1}|

and the cyclic descent number is defined by
(1.3) cdes(w) := [{i € [n] : w; > wiy1}],
where wy11 := wi1. Now define the refined Smirnov word enumerators

Wh(x,t) = Z pdes(w) g,
weW,

Wa(x,t) = Z gedes(w) g,
wEWn

W7 (x,t) = Z tdes@lg

w e Wy
w1 # Wn

Wf(x, t) = Z pedes(w) .
w e Wy,
w1 # Wn

The first and fourth of these Smirnov word enumerators have been studied
before. The main objective of this paper is to study the other two Smirnov
word enumerators. We start with a brief review of what is known for W,,(x, t)
and W (x,1).
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1.1. Summary of known results

The refined Smirnov word enumerator W, (x, t) arose in the work of Sharesh-
ian and the second named author on ¢-Eulerian polynomials [29]. Stanley
(personal communication) observed that the r = 1 case of [29, Theorem 1.2]
is equivalent to the following t-analog of (1.1),

Zizﬂi]t ei(x)z'

(1.4) ZWn(x,t)z” =7

n>1 = Diza tli — r ei(x)2"
where
" -1
=Tt b=

Indeed, this follows from [29, Equation (7.7) and Theorem 3.6]; see [33,
Section 4.1]. (For another proof of (1.4), see Remark 5.6.) It follows from
(1.4) that Wy, (x,1) is e-positive, that is, W), (x,t) is a polynomial in ¢ whose
coefficients are e-positive symmetric functions.

Equation (1.4) can be restated as

(1.5) 1+ S W(x, £)2" = %

where

E(z) := Z en(x)2".

The expression on the right hand side of (1.5) (or its image under the invo-
lution w that takes e, (x) to the complete homogeneous symmetric function
hn(x)) has arisen in various other contexts. Stanley obtained the expres-
sion when considering the representation of the symmetric group on the
cohomology of the toric variety associated with the dual permutohedron
[34]. A conjecture of Shareshian and the second named author [31, 32, 33],
proved by Brosnan and Chow [5] and subsequently by Guay-Paquet [20],
generalizes the connection between the Smirnov word enumerator and the
toric varieties to a connection between chromatic quasisymmetric functions
and Hessenberg varieties. The expression also arose in the work of Shareshian
and the second named author on the representation of the symmetric group
on homology of Rees products of posets [30].
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By combining (1.5) with a result of Stembridge [38], one obtains an
expansion of wW,(x,t) in the power sum symmetric functions py(x). The
expansion is given by

L(X) (X)
(1.6) Wa(x,1) = S [ Ay (8) TT M pAzA :
AFn =1

where A, (t) is the mth Eulerian polynomial, z) is a constant associated
with the partition A = (A1 > Ap > -+ > Ayy)), and £(A) is the length of A.

Recall that the Eulerian polynomials A, (¢) have two well-known combi-
natorial interpretations, which are given by

(1.7) An(t) _ Z 7tdes(o) _ Z texc(o)

cceG, ceS,

where &,, is the symmetric group on [n], and des and exc are MacMa-
hon’s classical equidistributed permutation statistics, descent number and
excedance number, respectively.

In [28, 29] Shareshian and the second named author introduce a ¢g-analog
of the exc interpretation of A, (t) and in [32] they introduce a g-analog of
the des interpretation of A, (t). These g-analogs are shown to be equal in
[32, Theorem 9.7]. They are defined by

t) — Z qmaj(cr)fexc o texc(o Z qmaJ>2 tdes(o)

oe6, oe6,

where maj is MacMahon’s classical major index and majs; is a more gen-
eral permutation statistic introduced by Rawlings in [26]. These permutation
statistics are defined in Section 6. By taking the stable principal specializa-
tion of both sides of (1.5), the following g-analog of Euler’s classical formula
is established in [29] for the exc interpretation of A, (q,t) and in [32] for the
des interpretation:

o (1 —1t)exp,(z)
1.8 1+ An(y, - \ ’
(1.8) 7; (g, [n]g!  exp,(tz) — texp,(2)

where
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[nlg! == [nlgln —1]g...[1]; and exp,(z):=) o
n>0 q

In [27], Sagan, Shareshian and the second named author use the expansion
(1.6) of wWp(x,t) in the power sum basis to show that A, (q,t) evaluated at
any nth root of unity is a polynomial in ¢ with positive integer coefficients.
For results on cycle-type refinements of the exc interpretation of A, (q,t) see
29, 21, 27].

The Smirnov word enumerator W (x, t) arose in the work [11, 12, 13] of
the first named author on chromatic quasisymmetric functions of directed
graphs. The first named author proves the t-analog of (1.2),

i Do dtli — 1] ei(X)Zi
#(x,t)2" = = ,
(19) T; Wn ( ’t) 1— Zig?t[i _ 1]t€i(x)zl

from which e-positivity of Wi (x,t) follows. (A subsequent alternative proof
of (1.9) was given in [1].) As a consequence of a general result obtained in
[11, 12, 13] on power sum expansions of chromatic quasisymmetric functions,
the first named author also obtains the following expansion analogous to
(1.6):

e
i _ A 2 _q, B
(1.10) wW7 (x,t) = ;F ntAg()\)l(t)l_[l[)\,]t o ntfn — 1],

LX) >1
1.2. New results

In this paper we obtain results for W, (x,t) and Wi (x,t), analogous to those
described above. For instance, in Section 2 we prove the ¢-analog of (1.1)
given by

ZZ-Zl it~ le;(x) 2
L= s tli — 1t ei(x)2"’

(1.11) > Walx,t)2" =
n>1

and the t-analog of (1.2) given by
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S WE(x, )" = > iso([d]e +atfi — 2]y) ez‘(x)zi.

(1.12) 1= o tli — 1] ei(x)2?

n>1

From this it follows that W, (x,t) and W (x,t) are symmetric in x and
e-positive. We also obtain expansions in the power sum symmetric functions
analogous to (1.6) and (1.10) in Section 4.

Equation (1.11) can be restated as

_ )9 z
(1.13) > Walx,1)2" = %

n>1

By specializing (1.13), using an expansion of W, (x) in the fundamental
quasisymmetric functions derived in Section 5, we obtain in Section 6, the
cyclic analog of (1.8),

Z Z qmajzz(a’l)tcdes(a) z" — (1 _t)%equ(tz)
[n]q!  exp,(tz) —texp,(z)

n>1 \oc€eS,

Our work relies on studying certain restricted Smirnov word enumera-
tors, which are components of all the Smirnov word enumerators discussed
above. For n > 1, let

WS(x,t) = E sy,
w e Wy
w1 < Wy
W2 (x,t) = Z tdes(w):vw
w e Wy
w1 > Wy
Wo(x,t) = Z gdes@ly
w € Wy
Clearly
(1.14) Walkt) = W t)+ W2 (k1) + Wi (x, 1)
(1.15) Wa(x,t) = tW(x,t) + W, (x,t) + Wi (x,1)
(1.16) W7 (x,t) = Wi(xt)+ W, (x.1)
(1.17) VE(,8) = IWE(x, 1) + W (x,0).
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It is an exercise in [18, Exercise 2.9.11] that W, (x,t), W, (x,t), and
W~ (x,t) are symmetric in x. In Section 2, we derive results for W, (x,t),
W (x,t), and W (x,t) analogous to those of W,,(x,t), which not only es-
tablish symmetry, but also e-positivity of W~(x,t) and W~ (x,t). When
appropriately combined they yield the above mentioned results for W, (x, t)
and W, (x,t). They also enable us to recover the previous results for W, (x, t)
and Wf (x,t). However they do not provide new proofs of the previous re-
sults since their proofs rely on these results.

The Smirnov word enumerator Wy, (x,t) is an example of a chromatic
quasisymmetric function. (The chromatic quasisymmetric functions are a re-
finement of Stanley’s chromatic symmetric functions, which were introduced
by Shareshian and the second named author in [31, 32]). Indeed, W,,(x,t) is
the chromatic quasisymmetric function of the naturally labeled path graph
with n nodes. In Section 3 our results for W, =(x,t) and W, (x,t) are used
to obtain new results in the study of chromatic quasisymmetric functions.
For instance, we use e-positivity of W,~(x,t) and W, (x,t) to establish e-
positivity of the chromatic quasisymmetric function of the naturally labeled
cycle (), providing an example of an e-positive chromatic quasisymmet-
ric function not covered by the refinement of the Stanley—Stembridge e-
positivity conjecture appearing in [31, 32] nor by the directed graph version
appearing in [11, 12, 13].

Smirnov words have been used in the literature to enumerate uncon-
strained words; see e.g. [14, 23, 24, 25]. In a forthcoming paper we use
results discussed in this paper to obtain analogous results for unconstrained
words.

The paper is organized as follows. In Section 2, we derive our e-positivity
results for the Smirnov word enumerators W, (x, t), Wi (x,t), W;s(x,t), and
W2 (x,t). Our e-positivity results for the chromatic quasisymmetric func-
tion of the naturally labeled cycle appear in Section 3. In Section 4, we
obtain the power sum expansions of the various Smirnov word enumerators.
Section 5 deals with expansions in Gessel’s basis of fundamental quasisym-
metric functions and consequences obtained by setting x; = 1 for i € [m]
and z; = 0 otherwise. Finally, in Section 6, we apply stable principal special-
ization to the results of the previous sections to obtain results on variations
of g-Eulerian polynomials.

2. Expansion in the elementary symmetric functions

In this section we derive formulas that refine (1.4) and (1.9) and then use
the refinements to prove (1.11) and (1.12).
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Theorem 2.1. Let

(2.1) D(x,t,z) = 1—=Y tli—1]ei(x)?,
1>2
i—2
o) = Gl =26+ 0P
i—1
bi(t) = t7la; 7Y =) (i)Y,
j=1
ci(t) = it[i — 2]y,

for alli > 2. Then

1 .
< no _ . . t
(2:2) Z Wy (x,t)z" = Dix.1,2) Z ai(t) ei(x)z
n>1 1>2
1 .
> no_ . . 4
(2.3) > Wy (x,t)z _MM@ZWMMZ
n>1 i>2
_ 1 )
4 - no - - _ X . 7 )
@) Wi = pemlel0: =Y al) a0
n>1 1>2
Before proving the theorem, we observe that
ai(t) +0i(t) = 1+ G+D)t+ G+ )2+ G+ D)2 !

= [i)e + itli — 2.

Hence,
a;i(t) + bi(t) — ci(t) = [ie,

which shows that Theorem 2.1 refines (1.4) since W,=(x,t) + W, (x,t) +
W= (x,t) = Wy(x,t). Also

ta;(t) + bi(t) = itfi — 1],

which shows that Theorem 2.1 also refines (1.9) since tW, = (x, t)+W,” (x,t) =
Wi (x,1).

We prove (2.4) first. Then we use (2.4), (1.4), and (1.9) to derive (2.2).
Equation (2.3) follows from (2.2). Our proof of (2.4) uses the transfer-matrix
method discussed in [36, Section 4.7] and borrows ingredients from the first
named author’s proof of (1.9) in [12].
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Before presenting the proof of (2.4), we give a brief review of the transfer-
matrix method. A walk of length n on a directed graph G = ([k], E) is a
sequence of vertices v, vy, ..., v, such that (v;_1,v;) € E for all i € [n].
A walk is closed if vg = v,. We attach weights in some commutative ring
R to the edges of G. Let wt : E — R be the weight function. Now de-
fine the weight wt(w) of a walk w := wvg,v1,...,v, to be the product
wt(vo, v1)wt(vi,v2) ... wt(vp—1,v,). For each 4,5 € [k], define W, ;, to be
the set of walks of length n from ¢ to j and let

Uijn = z wt(w).

weWi,j,n

The transfer-matrix method enables one to express the generating func-
tion >, <o Ui jnz" in terms of the adjacency matrix A for the edge-weighted
digraph G. That is, A is the k x k matrix whose (i, j)-entry is

o Jwt(i ) if(i,j) € B
70 otherwise.

Theorem 4.7.2 of [36] states that for all 7, j € [k],

2.5) Z U (=) det(I — 2A : 5,14)
. 1,7,1 -

= det(I — zA) ’

where (B : 7,7) is the matrix obtained from matrix B by removing row 4
and column j.

Proof of (2.4). As in [35] and [12], we view a Smirnov word wjws...w,
over the alphabet [k] as a walk wy, wa, ..., w, of length n —1 on the digraph
G = ([k], E), where

E={(i,j) : 4,5 € [k] and i # j}.

We let the edge weights belong to the commutative ring Z[x1, ..., zk, t] and
for all (i, j) € E, and we set

Wt(i ) Ty ifi<j
I ey it > .

Note that if w is a Smirnov word over the alphabet [k] then

1465 g = o, wh(w),
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where wq is the first letter of w. Hence
k
W (z1,...,xp,t) =W, (x1,...,2,0,0,...,t) = inUi7i7n_1.

It follows from this and (2.5) that

ZW Tly..., T, t)2" = szzZUm7n2"

n>1 i=1  n>0
(2.6) B 22121 x;det(I — zA 1 4,1)
’ N det(I — zA) ’
where
[0 xo a3 ... ]
tey 0 =3 ... xp
A= |tx1 txza 0 ... =z
|txy twe txg ... O]

In [12, Proof of Theorem 6.1], [13, p. 71], the first named author proves
that!

(2.7) det(I — zA) =1-Y ej(zr,...,ax) t[j — 127

j=>2
It follows that

det(I — zA: )—1—Zej(:vl,...,:ﬁi,...,xk)t[j—1]tzj,

where &; denotes deletion of z;. Multiplying both sides by z; and summing
over all ¢ € [k] yields,

k k k
indet(I— zA i) = z::):Z — Zinej(:rl,...,aﬁi,...,xk)t[j — 1]tzj.
i=1 i=1

i>2 i=1

IThis is obtained from the formula in [12, 13] by replacing ¢ with ¢t~! and each
r; with tx;.
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One can see that

leej L1yew- xz,..., ):(j+1)ej+1(x1,...,wk),

since both sides enumerate (j+1)-subsets of [k] with a distinguished element.
Hence

k
in det(I—zA: 1) =ei(xq,..., xk)—Z(j—i—l)ejH(xl, )t —1]27

i=1 §>2

Upon multiplying both sides by z, we see that the numerator of the right
hand side of (2.6) is

e1(xy,...,x8)z — Zj ej(@1, .. ap)t]j — 227
Jj=3
It therefore follows from (2.6) and (2.7) that
e1(x1, ., ak)2 = s g €@, )t —2]e2?
Z W 331, = — .

coxp, t)2"t = . ~
= 1=3 iso€i(@,. .. zp) t[j — 12

The desired result (2.4) follows by taking the limit as k goes to infinity. [
Proof of (2.2). 1t follows from (1.14), (1.4), and (2.4) that

(2.8)
SWE(x )+ Y W (x )" = D Walxt) = > Wi(x,t)
n>1 n>1 n>1 n>1
_ Bxt.z2)
~ D(x,t,2)
where

B(x,t,z) = Y [ihei(x)z' — (er(x)z — > _it[i — 2] e;(x)2")

i>1 i>2
= g i]iei(x z+§ itli — 2] e;(x
i>2 i>2

(2.9) = > ([l + it — 2])ei(x)2"

i>2
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It follows from (1.17) and (1.9) that

(2.10) tz WS (x,t)2" + ZWi(x, t)z" = Z V7 (x,t)2"

n>1 n>1 n>1
_ O(xt,2)
- D(x,t,2)’

where

C(x,t,2) =Y it[i — 1]; es(x)2".

1>2

By subtracting (2.8) from (2.10), we obtain

C(x,t,z) — B(x,t,2)

(t=1)) Wi (x,t)2"

= D(x,t,z2)
it = [i]e)es(x)2!
D(x,t,z) )
Note that
(t—1D)A+2+32 4+ + (- D) = (G- D —[i—1]
(2.11) = it —[i],.
Hence

S Wi yor - izl 2B G )9
oA D(x,t,z)

n>1

as desired. 0

Proof of (2.3). This follows immediately from (2.2), (2.8), and (2.9). For an
alternative proof, one can use (2.2) and the fact that W (x,t) =
t" W S(x,t71), which follows from the involution on the set of Smirnov

words that reverses each word. O
Since
m
1 ) )
(212) m = Z Zt[l - 1]t€i(X)ZZ 5
m>0 1>2

we have the following consequence of Theorem 2.1.
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Corollary 2.2. For all n > 1, the polynomials W, (x,t) and W7 (x,t) are
e-positive.

Note that it follows from Theorem 2.1 that the coefficient of e,(x) in
the e-basis expansion of W (x,t) is —nt[n — 2]; if n > 2. Hence W (x,t)
fails to be e-positive. However, observe that the coefficient cy(t) of e)(x) is
in N[t] if the smallest part of A is 1, and —c)(t) € NJt] otherwise.

We obtain equivalent formulations of (2.2) and of (2.3) by multiplying
the numerators and denominators of the right hand sides of the equations
by 1 —t.

Corollary 2.3. We have

1-t)2 i~ iy ei(x) 2
(2.13) ZWE(XJ)Z” _ ( t)a(ttZ’L_Q[] (x)

n>1 E(tz) —tE(z) ’
1-— o i':li—'jeixzi
n>1

where E(z) ==}, en(Xx)z".

We now use Theorem 2.1 to prove (1.12) and (1.11), which we restate
here.

Corollary 2.4. We have

Z W (x,1)2" = > iso([ile +itfi — Q]t)ei(x)zi.

= D(x,t,z)

Consequently, 1178 (x,t) is e-positive.

Proof. We use the facts that W) (x,t) = W (x,t) + W, (x,t) and a;(t) +
bi(t) = [i]y + it[i — 2];. O

Corollary 2.5. We have

2221 it~ le;(x) 2
D(x,t,z2)

Z Wi(x,t)2" =

n>1

Consequently, Wy(x,t) is e-positive.
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Proof. We use the fact that

(2.15) Wa(x, 1) = tW (%, 1) + (W (x,t) = W (x,1))
and equations (2.2), (2.11), and (1.4). O

Corollary 2.6. We have

N2 Bt
(2.16) > Walx, )" = %

In [29, Theorem 5.1] (see also [32, Corollary C.5]), it is observed that
(1.4) implies that the Smirnov enumerator W, (x, ¢) has a stronger property
than e-positivity, namely e-unimodality, and in [11, 12] the same is observed
for W7 (x,t) as a consequence of (1.9). Here we show that Wy, (x, ¢) also has
the stronger property, while W, (x,t) does not.

A polynomial A(t) = ag+ait+---+ayt™ € Q[t] is said to be unimodal®
if

0<ap<a; < <1< Q> 01 2+ 2 ap 20,

for some c. Let Ag denote the Q-algebra of symmetric functions over x :=
x1,%2,.... Given r,s € Ag, we say that r <. s if s —r is e-positive. A poly-
nomial A(t) = ag + a1t + - - - + ant”™ € Aglt] is said to be e-unimodal if

0<cap <ecar <¢--- <¢ Qe <e Q¢ Ze Qet1 Ze * 0 Ze A > 0,

for some c. We say that A(t) (over any coefficient ring) is palindromic with
center of symmetry % if a; = a,—; for 0 < j < n. (Note that the center of
symmetry is unique unless A(t) is the zero polynomial, in which case every
number of the form §, where n € N, satisfies the definition of center of
symmetry.) It is easy to see that A(t) € Aglt] is e-unimodal and palindromic
with center of symmetry c if and only if the coefficient of each ey in the e-
expansion of A(t) is a unimodal, palindromic polynomial in Q[t] with center
of symmetry c¢; see [32, Proposition B.3].

Lemma 2.7. Let (gn(t))n>2 be a sequence of polynomials in Q[t], such that

each g, (t) is unimodal and palindromic with center of symmetry ";FT, where

2Note that our definition is nonstandard in that positivity of the coefficients is
also required.
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r > —2is a fived integer. If (Gpn(x,t))n>2 is a sequence of polynomials in
Aglt] that satisfies

Z G (X t)z” _ ZnZQ gn(t)en(x)zn

= D(x,t,z)

where D(x,t,z) is defined in (2.1), then each Gn(x,t) is e-unimodal and
palindromic with center of symmetry ”J“”

Proof. By (2.12),

(2.17) Gn(x,t) = Z Z hy - ep t" Lgr (t ﬁ ki — 1

Since the product of nonzero palindromic, unimodal polynomials is palin-
dromic, unimodal with center of symmetry equal to the sum of the centers
of symmetry of the factors (see e.g. [32, Proposition B.1]), for each nonzero
gk, (t), the polynomial t™ g (¢) [Ti%,[k; — 1] is palindromic and unimodal
with center of symmetry equal to

k m
m—14 1—i—r Z 7n—i—r
=2

Since the sum of palindromic, unimodal polynomials with the same center of
symmetry is palindromic and unimodal with the same center of symmetry
as the summands (see e.g. [32, Proposition B.3]), it follows from (2.17) that
Gr(x,t) is palindromic and e-unimodal with center of symmetry ”""' O

Corollary 2.8 (of Corollary 2.4). For all n > 2, the Smirnov word enu-

merator W,?f (x,t) is e-unimodal and palindromic with center of symmetry
n—1

5
Proof. Since []t + it[i — 2]; is unimodal and palindromic with center of
symmetry 5=, the result follows from Lemma 2.7 O

We note that although W, (x,t), Wi (x,1), and W#(x,t) are all e-
unimodal and palindromic, this is not the case for W, (x, t). Indeed, it follows
from Corollary 2.5 that

Wi(x,t) = eq1t + (e22.1 + a1 + 2e32)t2 + (ea1 + 5ez2)t® + (5es)t?,
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which is neither palindromic nor e-unimodal. However, for certain partitions
A, the coefficient of ey is a palindromic, unimodal polynomial in t.

Corollary 2.9 (of Corollary 2.5). For A& n, let c\(t) be the coefficient of
ex in the expansion of Wy (x,t) in the elementary symmetric functions. If

k—1
ex(t) =t TN = 1,
=1

which is palindromic and unimodal. If X = j* then
ex(t) = "2l =]
which is palindromic and unimodal.
3. Chromatic quasisymmetric function of the cycle

In this section, we discuss the connection between the Smirnov word enumer-
ators and the chromatic quasisymmetric functions introduced by Shareshian
and the second named author in [31, 32]. We use results of the previous sec-
tion to provide an example of an e-positive chromatic quasisymmetric func-
tion not covered by the refinement of the Stanley—Stembridge e-positivity
conjecture appearing in [31, 32] or its directed graph extension appearing in
[11, 12].

A map k : [n] — PP is said to be a proper coloring of a graph G = ([n], E)
if k(i) # k(j) for all {i,j} € E. Now define the chromatic quasisymmetric
function® of G as

Xa(x,t) = Y 9y a0 2,
k€C(Q)

where C(QG) is the set of proper colorings « : [n] — P of G and
(3.1) des(k) := |{{i,j} € E:i < j and k(i) > k(j)}|-

When ¢t = 1, X¢g(x,t) is Stanley’s chromatic symmetric function X¢g(x).
Note that X (x,t) is a polynomial in ¢t whose coefficients are quasisymmetric

3In the definition given in [32] ascents are counted instead of descents, but in
the case that X¢(x,t) is symmetric, it is shown in [32, Corollary 2.7] that the
definitions are equivalent.
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functions. We view G as a labeled graph and note that the definition of
Xa(x,t) depends on the vertex labeling, and not just on the isomorphism
class of G, as is the case for Xg(x).

Since Smirnov words of length n can be viewed as proper colorings of
the naturally labeled path

Bo=([n], {1 + 1} si € [n = 1]}),

it follows that
w, (X, t) = Xp" (X, t).

The Smirnov word enumerator W, (x,t) can also be viewed as a chro-
matic quasisymmetric function, but in the more general sense considered by
the first named author in [11, 12, 13] and Awan-Bernardi in [4, Section 8],
in which labeled graphs are replaced by directed graphs and the definition
of des(k) given in (3.1) is replaced by

des(x) = {(i.j) € E : 5(i) > n(j)} -

Labeled graphs can be viewed as directed graphs by orienting each edge
from smaller vertex to larger vertex; so the digraph version of chromatic
quasisymmetric function is more general than the labeled graph version.
One can see that

W7 (x,t) = Xg (x,1),
where Bn is the directed cycle defined by
Ci= (Il i+ 1) i € =1 U {(n 1)}).

The longstanding Stanley—Stembridge conjecture [35] asserts that X (x)
is e-positive when G is the incomparability graph of a (3 + 1)-free poset. In
[19], Guay-Paquet proves that if the Stanley-Stembridge conjecture holds for
incomparability graphs of posets that are both (3 + 1)-free and (2 + 2)-free
(known as unit interval graphs) then it holds in general.

In [32] Shareshian and the second named author show that Xq(x,t)
is symmetric when G is a unit interval graph with a certain natural la-
beling; these are called natural unit interval graphs. They also conjecture
that X (x,t) is e-positive and e-unimodal when G is a natural unit interval
graph. The path P, is an example of a natural unit interval graph for which
the conjecture holds since Xp, (x,t) = W,,(x,t). The symmetry result and
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e-positivity conjecture of [32] are generalized in [11, 12, 13] to a class of di-
rected graphs called circular indifference digraphs in [12, 13]. With the view
that a labeled graph is an acyclic digraph, the natural unit interval graphs
form the class of acyclic circular indifference digraphs. The directed cycle
n 1s an example of a circular indifference digraph for which the extended
conjecture holds since Xz (x,t) = W,T(X, t).
Here we consider the labeled cycle

(3.2) Co = (], {{i,i+ 1} i € [n— 1]} U{{L,n}}).

If we view C), as a directed graph (by orienting its edges from smaller vertex
to larger vertex), we get a directed graph that is identical to the directed
cycle Bn except for the edge (n,1) in 8,1, which is oriented as (1,n) in C),.
For n > 4, the labeled cycle C), is not a natural unit interval graph, nor is
it a circular indifference digraph. Nevertheless, since
(3.3) Xo, (x,t) = WS (x,t) + W, (x, 1),
it follows from Corollary 2.2 that X¢ (x,t) is symmetric and e-positive.
This shows that the class of labeled graphs with e-positive chromatic qua-
sisymmetric function is strictly larger than the class of natural unit interval
graphs, and the class of digraphs with e-positive chromatic quasisymmetric
function is strictly larger than the class of indifference digraphs.

Next we address the question of e-unimodality of X¢, (x,t). From The-
orem 2.1 and equation (3.3), we obtain the next result. For n > 0, let

[—n]; = = —t""[n).
Corollary 3.1 (of Theorem 2.1). We have

> iso([2]elile + it?[i — 3]y)ei(x) 2!
D(x,t,z) ’

(3.4) Z Xeo, (x,t)2" =

n>2
where D(x,t,z) is defined in (2.1).
Theorem 3.2. Let n > 2.

1. If n is odd, X¢, (x,t) is e-unimodal and palindromic with center of
symmetry 3.
2. If n is even,
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(a) X, (x,t) is e-positive and palindromic with center of symmetry
5, but is not e-unimodal.

(b) Xc, (x,t) +t2 eys (%) is e-unimodal and palindromic with center
of symmetry 5

Proof. Let Uy(x,t) and V,,(x,t) be defined respectively by

Z Un(x,1)2" = ([2]¢[2]: + 2t2[2 — 3];)ea(x) 22

= D(x,t,z)

and

n_ > isz([2elile + it%[i — 3]¢)ei(x) 2

%:2 Vi(x,t)2" = SIERNS '

Then Xc, (x,t) = Upn(x,t) + Va(x, ).
We have

ZUXt M.

= D(x,t, z)

It follows from (2.12) that

(3.5)  Up(x,t) = Z Z €2k, - - - e, "1 4 12) ﬁ[k: — 1.

Note that for any k > 3
(L+ )k =1+t 4+ 26+ - 4 2871 P b

and for k = 2,
(L+ [kl =1+t -+ + 1

In either case, (1 + t2)[k]; is unimodal and palindromic with center of sym-
metry k“

As in the proof of Lemma 2.7, we use Propositions B.1 and B.3 of [32].
Consider the term of the right side of (3.5) corresponding to the (m — 1)-
tuple (kz2,...,km). If k; > 3 for some j > 2 then since (1 + t%)[k; — 1]; is

unimodal and palindromic, ™! (14-¢%) [[/%,[k: — 1]; is a product of nonzero
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unimodal and palindromic polynomials. Hence ™~ 1(1 + ¢2) [TI%, [k; — 1] is
unimodal and palindromic with center of symmetry

ki k-2 n
— 1+ - 2 _
m +2+Z 9 2

=2
i#£]

It follows that if A has a part of size at least 3 then the coefficient of ey in
Un(x,t) is palindromic and unimodal with center of symmetry . If X does
not have a part of size at least 3 then all the parts must be 2, which means
that n is even. Hence if n is odd then U, (x,t) is e-unimodal and palindromic
with center of symmetry 5.

Now if A does not have a part of size at least 3 then A = 2™, where
n = 2m. By (3.5), the coefficient of ey in U, (x,t) is ™ 1(1 +t2). Hence if A
does not have a part of size at least 3 then coefficient of ey in U, (x,t)+t™egm
is unimodal and palindromic with center of symmetry m = 7. From the
argument in the previous paragraph, the same is true if A has a part of size
at least 3. It follows that if n is even, U, (x,t) + t"eam is e-unimodal and
palindromic with center of symmetry m = 3.

It follows from Lemma 2.7 that V,(x,t) is also palindromic and e-
unimodal with center of symmetry 5. Since X¢, (x,t) = Uy, (x,t) + Vo (x, 1),
Parts (1) and (2b) hold. Palindromicity of X¢, (x,t) in the even case follows
from Part (2b). The assertion in Part (2a) that X (x,t) is not e-unimodal
in the even case follows from the fact the coefficient of eam (x) is t™~1(1+¢2),
which is not unimodal. O

4. Expansion in the power sum symmetric functions

In this section we use the e-expansion for Wn(x, t) given in Corollary 2.6 to
derive a power sum expansion for Wn(x, t). From this we obtain power sum
expansions for the other Smirnov word enumerators.

Let A, (t) be the Eulerian polynomial defined in (1.7) for n > 1 and let

Ag(t) :==t7L.

Recall that w is the standard involution on Ag taking the elementary sym-
metric function e, to the complete homogeneous symmetric function h,,
and let

H(z):= Z hn(x)2",

n>0
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where hy(x) is the complete homogenous symmetric function of degree n.
Stembridge [38, Proposition 3.3] proves that

>

()

P, (-DH()
D122 | A ® TIN5 = =

where A = (A1 > Ag > -+ > Ayy)) and

Z)\ = Hzmlmz'

i>1

if X\ has m; parts of size ¢ for each i. By combining this with (1.5) one obtains
the expansion of wW,(x,t) in the power sum symmetric functions given in
(1.6).

We will use the e-expansion for W, (x, ) obtained in Section 2 to obtain
the following analog of (1.6), which expresses the coefficients of mz—(;() in
the power sum expansion of an(x, t) as a polynomial in ¢ with positive
integer coefficients. (A combinatorial proof that does not make use of the
e-expansion is given in [13, Section 6.5].)

Theorem 4.1. For alln > 1,

o)
(4.2) wWhp(x,t) = Z Az(A)A(t)Z)\it)" H [Ajle 2 )v
An i=1 JeleMN{d}
where A = (A1 > A2 > -+ > Agy))-

We will need the following Lemma, which is implicit in the proof of (4.1)
in [38]. We include the proof for the sake of completeness.

Lemma 4.2. Forallk > 1,

ZA)

(4.3) <§(; ) =1+3 3 (K™ oy | A

n>1An 1:1 ZA

—~

Proof. For each k > 1, let ¢, : Ag[z] = Aglt, z] be the algebra homomor-
phism determined by

er(pr(x) = k(1 = 1")pr(x)
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for all » > 1. Since H(z) =1+ Zn21 S en %Zn,
£(N) P
ol ) =1+ 3 (KO T - ) | 2an.
n>1 Akn i=1

To complete the proof we show that ¢ (H(z)) is equal to the left hand
side of (4.3). We use the fact that

(4.4) H(z) =exp (Z p:(f()zr)

r>1

to obtain

r>1

= exp (Z ML= e —Tt’")pr zT)

r>1
k
€xp (Z’!‘>1 ];’_Tzr>
exp (ZQI t’"fzr)
k
_ (HE) -
H(tz)) ~
Proof of Theorem 4.1. For each A F n, set

on(H(2) = exp (Z@’ff}”)g)

‘)
ex(t) == Agpy_1 D _xt J e
i= JElE\ i}

We will prove that

\2AK) (1—t)2 H(tz)
(45) PIPBLNC o :H(tz)ftH(z)’

n>1 \Fn

which by Corollary 2.6 is equivalent to (4.2).
We have

(@) o)

— Ai A
e(t) = (t—l t—l Ty Zu 11 ‘(t 1)
jelN i}
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R o)
— (- 1)(—1)“”%% [T -1

J=1

tAyn-1(t) d ]
- (t—l)ma [Ta-#)

For the case ¢(\) = 1, we have
_ n—1
C(n) (t) =nt .

For the case £(\) > 1, we use the classical identity® (see [36, Proposition
1.4.4 and equation (1.36)]),

tAm 1 m—14k
(4.6) T = k"l
k>1

for all m > 1. This yields

d £(N)
alt) = (=1 KWk 7 [Ta-
k>1 j=1
f(A)
th d )
= (t—1 — — 1 —
( ) k dt
k>1 j=1
It follows that
n th o
ZD P DL pESLTL RN phat A
n>1 A\Fn n>1 k>1

where

(x,t,2) Z Z k) H )z”
n>l  Abkn
LX) >1

Note that the first summation on the right hand side of (4.7) can be

4This is Euler’s original definition of what we now call Eulerian polynomials.
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expressed as

—1DPn 0 DPn
ptnTIEE L = = th—2z"

n>1 n>1

(4.8) = S

with the second equality following from (4.4).
To evaluate the second summation on the right hand side of (4.7), we
use Lemma 4.2 to obtain

78N
Uk(x,t,z) = ZZI{:Z()‘)H ()z”—Zk(l—tn)}#z”

n>1 \n >1

H(z) \" . n

(H( ) 1 k; :

By (4.8),

d H)\""' o (H(z - .
Ukt 2) = k< (m)) ot (H(m)JFth n(x)2

Hence the second summation is

5 (H(t2)) H(z) \"
_8H(tz) Ztk<<H(tz)> -1

k>1

Plugging this and (4.8) into (4.7) yields

> > an”

n>1 Akn
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_ A=)
- H(tz)
4(H(2) H()
_ 0t k —_
My e ((H(tz))

9 (H(tz)) H(z)

_ di . k . k

- B 1-(1 t)k§>0t + (1 t)k§>0t ( (m)))
9 (H(tz)) 1

__ Ot _
H(tz) (1 t)ltg((;))

_ (1-— t)%H(tz)
H(tz) —tH(2)’
which establishes (4.5). O
The following result expresses the coefficients of z%;c) in the power sum
expansion of wW,S (x, t) as a polynomial in ¢ with positive integer coefficients.

Theorem 4.3. For alln > 1,

£(X) ( )
WV (x,8) Zdt (tAg &) [Tnile ) “ZA .

AFn i=1

Proof. Let ¢ (t) be the coefficient of (z)) !pa(x) in wW,(x,t). By (1.14)
and (1.15), wW,S(x,t) = (t— 1)~ (WW,(x,t) —wW,(x,t)). Hence from (4.2)
and (1.6), we obtain,

LX) £(N)
i) = (=17 [ Ay D Xt T ke — Ao @) TN
o1 GO =1
) L)

| Agin (1)
- t_le(A Z)\t’\ H (Y —1) — (t_ziA)HlH

JeONa}

tAg()\)_l(t) i Z(l—)\f(tAi _ 1) )\ t 5()\)
(t _ 1)€(>\) dt e} ) 1+ 1)eN)+1 +1
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From (4.6), one can see that

d <tA£(>\)—1(t)) A (@)
(

dt \ (1 —t)fW 1— t)f)+1°
Hence,
‘) ‘)
tAyn-1(t) d , d (tAg (1) |
<) = A 7 o1 a [(tAgn-1lt) N
e () (t— 1) dt g(t )|+ dt < (t — 1){) ) i:1( )
d [ tAun-1(t) 1(75)
dt \ (1= H( )
p )
= g | tAan-(t) i:1[)\i]t : .

Corollary 4.4. For A - n, let c5(t) be the coefficient of z) 'px(x) in the
power sum expansion of wW,=(x,t) and c5 (t) be the coefficient of z 'px(x)
in the power sum expansion of WW,” (x,t). If (ag,a1,...,an—1) satisfies

L(N)

(4.9) tAg( A)— H it = Z alt’
=1

then

n—2

x(t) =
i=0

Consequently for A = (n),

(4.10)

Proof. We use the fact that W (x, t)

n—2

n—1

Z(z + Da;11t" and 5 (t) = Z(n — ) an_it".

i=1

n—1

Gy =D [+t and i, (t) = (n—i)t"

1=0

i=1

=W (x, t7h). O

One can use Corollary 4.4 to expand the other Smirnov word enumer-
ators in the power sum basis. For instance, one can recover the expansion
given in (1.10), which we restate now.
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Corollary 4.5 (Ellzey [12]). For A\ + n, let 6f(t) be the coefficient of
2y 'pA(X) in the power sum expansion of wa(x,t). Then

Z(t) = {”tAw)l(t) MY if ) > 1
nt[n —1]; if L\ = 1.

Proof. We have

G1) = 1)+ (1)
n—1 n—1

= Z ial-ti + Z(TL - i)an,iti,
=1 =1

where the a; are as in (4.9).

Now let £(A) > 1. We claim that a; = a,,—; for all i € [n — 1]. Indeed, it
is well known that the Eulerian polynomials are palindromic and unimodal.
Clearly the same is true for each [)\;];. Hence 2?2—01 a;t* is the product of
palindromic, unimodal polynomials, which implies by [32, Proposition B.1]
that it is palindromic (and unimodal). Note that ag = 0 when ¢(\) > 1 and
a1, an—1 # 0. Hence the claim holds. It follows that

n—1 n—1
) = D it +Y (n—i)at’
i=1 i=1
n—1 '
= Z na;t"
i=1
o)
= ntAg -1 () [T
i=1
The case ¢(\) = 1 follows immediately from (4.10). O

For the Smirnov word enumerator Wy, (x,t) and the chromatic quasisym-
metric function X¢, (x,t), the formulas for the expansion coefficients in the
power sum basis that follow from Corollary 4.4 do not seem to reduce to
simple formulas except when A = (n). We have the following result in this
case.

Corollary 4.6. The coefficient of n™1p,(x) in the power sum expansion of
wWi (%, t) is [n]s +ntln—2]; and in the power sum expansion of wXc, (x,t)
is [2)¢[n]s + nt?[n — 3);.
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Remark 4.7. Corollary 4.6 also follows from Corollaries 2.4 and 3.1 since
the coefficient of h,, in the h-expansion of a symmetric function equals the
coefficient of n~!p,, in the power sum expansion.

5. Expansion in the fundamental quasisymmetric functions

n [32], Shareshian and the second named author derive, for all labeled
incomparability graphs, an expansion of the chromatic quasisymmetic func-
tion in Gessel’s basis of fundamental quasisymmetric functions, and the first
named author does the same for all directed graphs in [12]. The expansion
formula in [32, Theorem 3.1] applied to wXp, (x,t) = wW,(x,t) is given in
(5.2) below. (A different expansion formula is obtained by applying the for-
mula in [12].) Here we give analogous expansions for wW,=(x,t), W, (x, ),
and wW,(x,t). These expansions immediately yield expansion formulas for
the Chromatlc quasisymmetric functions Xz (x,t) and X¢, (x,t), which are
different from the ones obtained by applying the formula in [12].

Forn > 1and S C [n—1], let D(S) be the set of all functions f : [n] — P
such that

o f(i)> f(i+1) for all i € [n — 1], and
o f(i)> f(i+1)forallieS.

The fundamental quasisymmetric function associated with S C [n] is defined

5
= > o

as
feD(s

where z 1= x4(1)Tp(2) - - Tf(n)- In fact, the set {F, 5 : .5 C [n—1]} is a basis
for the vector space of homogeneous quasisymmetric functions of degree n;
see [37, Proposition 7.19.1].

Let w be the linear involution on the ring of quasisymmetric functions
defined on the basis of fundamental quasisymmetric functions by

(5.1) Whp 5 = Fyp_1\s-

It can be shown that w is a ring automorphism; see [37, Exercise 7.94 a.
Since w takes hy, = F, g to e, = F,, ,_1), the involution w restricts to the
usual involution w on the ring of symmetric functions.

This is nonstandard notation for Gessel’s fundamental quasisymmetric function.
Our F, s is equal to Ly(g) in [37], where a(S) is the reverse of the composition
associated with S.
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For o0 € G,, and k € [n], define

DES(o):={ie[n—1]:0() >0o(i+ 1)},
DESsi(o) :={ien—1]:0() —o(i+1) >k},
ASCsp(o):={ien—-1]:0(+1)—0o(i) > k}.

Note that DES(0) = DES>1(0) and des(c) = [DES(0)|.
The expansion formula in [32, Theorem 3.1] applied to Xp, (x,t) =
Wh(x,t) yields

(52) WWn(th) = z tdeS(U)Fn,DESZQ(Jfl)(X)'
ce6,

Now we give analogous expansions.

Theorem 5.1. For alln > 1,

(53) WWn< (Xa t) = Z tdes(g)Fn,DESzz(o‘—l)(X)
ceES,
o(1)<o(n)
(54) CUWn> (X,t) = Z tdes(U)Fn’ASC22(U—1)(X).

eSS,
o(1l)>o(n)

Proof of (5.3). The first part of the proof is similar to that of [32, Theorem
3.1], which is based on the ¢t = 1 case in [8, Corollary 2], and to that of [12,
Theorem 3.1]. The second part diverges somewhat from these proofs.

Part 1 An acyclic orientation of a graph G = (V, E) is an assignment
of a direction to each e € E that produces no directed cycles. An acyclic
orientation yields an acyclic directed graph on V whose edges are of the
form (u,v) where {u,v} € E. Clearly, to avoid cycles, only one of (u,v) and
(v,u) can be an edge of the directed graph.

Given an acyclic orientation a of the labeled path P,, let E(a) be the set
of directed edges of P, under the orientation a. Let AO, be the set of all
acyclic orientations a of P, except for the one for which E(a) = {(,i+ 1) :
i€n—1]}.

For each a € AO;, let W5 be the set of Smirnov words w = wyws -+ - wy,
such that the following hold:

® W1 > Wn,
o w; <wiyy if (4,44 1) € E(a) and i € [n — 1],
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o w; >wiy if (i+1,7) € E(a) and ¢ € [n — 1].

For a € AO;, let asc(a) be the number of directed edges in F(a) of the
form (i,i+1) where i € [n—1]. For w € Wy, let asc(w) := |{i € [n—1] : w; <
wit+1}|. Clearly if w € W5 then asc(w) = asc(a). Also each w € W, for which
wy > wy, belongs to a unique W5, where a € AO;’. Thus by the involution
on W, that reverses Smirnov words, i.e. sends wyws - - - Wy, t0 WpWp_1 - - - W1,
we can see that

(65 Wit = 3w = T @ 3

weW, acAO> weWs
W1 >Wn,

Now for each acyclic orientation a € AO,,, define a poset P; on [n] by
letting ¢ <p, j if (i,7) € E(a) U{(n,1)} and taking the transitive closure of
this antisymmetric relation. Let us define a labeling of P; to be a bijection
from P; to [n], so a labeling is just a permutation in &,. A labeling p is
said to be decreasing if p(i) > p(j) for all i <p, j. A linear extension of P;
under a labeling p is a listing of its labeled elements p(p1), p(p2), .- -, p(Pn)
such that if p; <p, p; then i < j. We view this list as a permutation in &,
written in one line notation. Let L(P5, p) be the set of linear extensions of
P; under the labeling p.

Now fix a decreasing labeling pz of P for each a € AO; . For any subset
S C [n—1],definen—S = {i | n—i € S}. Then by the theory of P-partitions
[37, Corollary 7.19.5], we have that

(56) Z Xw = Z Fn,n—DES(a)v

weWs O'GL(P&,P&)

where DES(¢) is the usual descent set of a permutation, i.e. DES(0) = {i €
[n—1]:0(i) >0o(i+1)}.

Let e : P; — [n] be the identity labeling of P;. Hence L(Pj5,e€) is the set
of linear extensions of P; with its original labeling. Note that o € L(P;,e€)
if and only if pzo € L(Pj, pz), where pzo denotes the product of pz and o
in &,,. Hence from (5.6), we have

(5.7) Z Xy = Z Fon—DES(pao)-

Note that if @ € AO; and ¢ € L(Ps,¢) then o7 1(1) > o71(n). Con-
versely, every permutation o € &, with 0=1(1) > 0~!(n) is a linear exten-
sion in L(P;,e) for a unique a € AO;’. Let a(o) denote this unique element
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of AO; associated with o. Now combining (5.7) with (5.5) yields

Wi,t) = > @ N B DES(pee)
aGAOi gEL(Paae)
_ Z tasC(a(U))an_DES(pa(U)O—)’
ceS,

“H(1)>0 (n)

where recall ps () is a decreasing labeling of P;(,y. Note that asc(a(o)) =
des((cf)71), where o® is the reverse of o. Hence

(58) Wn< (X7 t) = Z tdeS((UR)_I)Fn,nfDES(pa(a)o')'
gES,
o (1)>o"(n)

Part 2 As in the proof of [32, Theorem 3.1], our next step is to construct
a particular decreasing labeling p; of P; for each a € AO,; . However the
construction in the proof of [32, Theorem 3.1] does not work in this case
because E(a) U {(n,1)} is not the edge set of an acyclic orientation of an
incomparability graph. The construction used here is also quite different
from that of [12, Theorem 3.1].

Let P be the poset whose covering relations are those of P; minus the
relation n <p, 1. One can see that the covering relations of P are given by
one of the following:

1.1>p2>p--->pn
2.1>p2>p--->pii<pii+1l<p---<pig>pio+1>p---
3. 1<p2<p---<puyu>pi1+1>p--->pisa<pisa+1<p---

where 1 < i1 <o < --- < i <nand k > 1. In the first case let

In the second case let

E,()—lpa()—2 "7ﬁ@(i1_1):i1_17
pa(iz) =11, paia —1) =di1+1 ..., palir) = i,
paliz + ) 2+170a(22+2)222+2,.--,ﬁa(i:s—l):i?,—la

In the third case let

pa(in) =1, pa(ir — 1) =2, ..., pa(l) =11,
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ﬁa(il—l—l):il—i—l,ﬁa(il-i-Q) =1+2, ..., ﬁa(ig—l):ig—l,
paliz) =12, paliz — 1) =ia + 1, ..., pa(iz) = i3,

One can see that in all three cases pg is a decreasing labeling of P;. Also
it is easy to see that in all three cases the following claim holds.

Claim. For each a € AO;, if z and y are incomparable in P; and
x <y then pa(x) < pa(y).

We use the claim to show that
(5.9) DES (fa(o)7) = [n — 1]\ ASC2(0),

for all o € 6,,. If i € DES(ﬁa(U)U) then ﬁ&(o)a(i) > ﬁa(o)a(i + 1). It thus
follows from the claim that if (i) and o(i + 1) are incomparable in Py,
then o(i) > o(i + 1), which implies i ¢ ASC>2(0). On the other hand if
o(i) and o(i + 1) are comparable in P;,y then o(i + 1) covers o(i) since
0 € L(P;(s),e). This implies that one of the following holds

e o(i+1)=0(i) +1,
e o(i+1)=0(i) — 1,
e o(i+1)=1and o(i) =n.

In all cases, i ¢ ASC>2(0). Thus
DES(pa(s)0) C [n — 1]\ ASCx2(0).

Conversely, if i ¢ DES(pz(0)0) then pa0)0(i) < pao(i+ 1). It thus
follows from the claim that if (i) and o(i + 1) are incomparable in Py,
then o(i) < o(i + 1). Since j and j + 1 are comparable in Py, for all
j € [n—1], we have 0(i + 1) — o(i) > 2. Thus i € ASC>2(0). On the other
hand, if o(7) and o(i + 1) are comparable in Py, then o(i) <p,,, o(i + 1)
since 0 € L(Py(4),¢e). But since pz(,) is a decreasing labeling, pg(s)0 (i) >
Pa(o)0 (i+1), which contradicts our assumption that i ¢ DES(p5(s)0). Hence
this case is impossible. We have shown

DES(ﬁ&(U)U) 2 [TL - 1] \ASCZQ(U)v

which completes the proof of (5.9).
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Hence by (5.1) and (5.9), equation (5.8) becomes

WIS (x,8) = S IE, s
e,
o~ (1)>0"1(n)

= Z tdes(ail)Fn,DEszz(a)'
0'66n
o t(1)<o"(n) Il

Remark 5.2. There is an alternative proof of Theorem 5.1 involving stan-
dardization, which will be given in a forthcoming paper.

Proof of (5.4). A similar proof can be given here. One can also use (5.3) to
prove this. Indeed, by the involution on W, that reverses Smirnov words,
we obtain

W2 (x,t) = t" 1w, (x,t71).

By the involution on &,, that reverses permutations,

Z tdeS(U)Fn,ASsz(U”) = Z tnilideS(U)anDEszz(Ufl)'

oe6, oe6,
o(1)>o(n) o(l)<o(n)
The result now follows from (5.3). O

By combining (5.2), (5.3), and (5.4), one gets fundamental quasisymmet-
ric function expansions of the other Smirnov word enumerators W, (x,t),
Wi (x,1), W (x,1), |lle (x,t) and of the chromatic quasisymmetric function
X¢, (x,t). The resulting expansion for W, (x, ) has a particularly nice form.

Corollary 5.3. For alln > 1,

(5.10) WwWn(x,t) = Y 9O F, peg o) (%).
0'6677,

Proof. We use the fact that W, (x,t) = tW,=(x,t) + (Wa(x,t) — W,S(x,1)).
By (5.2) and (5.3),

WWh(x,t) — wW,S(x,t) = Z tdeS(U)FmDESZQ(Uq).

ce6,
o(1)>a(n)
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It follows from this and (5.3) that

an(X, ) = Z 75des(0)+1Fn’DESZ2(a,l) + Z tdeS(U)Fn,DESZQ(U’l)
0€eG, oES,
o(l)<o(n) o(1)>o(n)
= 2t Epes.ao.
oe6, U

There are various ways to specialize expansions in the fundamental qua-
sisymmetric functions to obtain enumerative results. One way is by setting
x; = 1if i € [m] and x; = 0 otherwise, in a formal power series f(x). We
denote this specialization by f(1™). (Another way is discussed in the next
section.) It is not difficult to show that (see [37, Section 7.19]),

n

m m+n—1—|S
Fys(1 >=( | ’>,

for all S C [n — 1]. It is clear that

W1ty = Yy e,

weW,N[m]"

Hence by (5.2) and the fact that wF, s = F}, ,_1)\ s>

(5.11) Z tdes(w) _ Z 75des(a) <m + |DESZQ(01)|>

n
weW,N[m|” ceS,

for all m,n € P. Analogous formulas can be obtained by applying the same
specialization to the expansions (5.3), (5.4), and (5.10). The expansions (5.3)
and (5.10) yield the following result.

Corollary 5.4. For all m,n > 1,

(5.12) PN tdes(o><m+\DES>2(ff—1)l)

n
weW,N[m|™ oe6,
Wy <wp, o(l)<o(n)

and

(513) Z tcdes(w) _ Z theS(g) <m + ’DES>2(0'_1)‘) )

n
weW,N[m|" o€G,
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Remark 5.5. In [23, 24], LoBue Tiefenbruck and Remmel study the distri-
bution of a pair of interesting statistics on Smirnov words in [m|" different
from des and cdes. They use the fact that their statistics are preserved by
a contraction map from unconstrained words to Smirnov words to transfer
their results from Smirnov words to unconstrained words. Since des and cdes
are also preserved by the contraction map, we can also transfer our results
to unconstrained words.

Remark 5.6. We now describe a proof of (1.4) that is different from the proof
in [29] discussed in the introduction. Theorem 3.1 of [32] gives a fundamental
quasisymmetric function expansion of the chromatic quasisymmetric func-
tion Xg(x,t) when G is an incomparability graph. (This reduces to (5.2)
when G is the path P,.) In [2], Athanasiadis proves that the fundamental
quasisymmetric function expansion implies the conjectured formula (7.14)
of [32], which gives a power sum symmetric function expansion of X (x,t)
when G is a natural unit interval graph. It is shown in [32, Proof of Propo-
sition 7.9] that when G = P,,, the power sum symmetric function expansion
reduces to (7.15) of [32], which is

I76))

wXp, () = Y | Ay (&) [Tl PAx)

V4
An i=1 A

Hence since W, (x,t) = Xp, (x,t), Stembridge’s formula (4.1) implies (1.5),
which is equivalent to (1.4).

6. Variations of g-Eulerian polynomials

Recall that the Eulerian polynomials A, (t) have two well-known combina-
torial interpretations, which are given by

An(t) = Z pdes(o) — Z texc(a),

ceS, ceS,

where des(o) = [{i € [n —1] : (i) > o(i +1)}| and exc(o) = [{i € [n — 1] :
o(i) > i}|. Also recall that Euler’s exponential generating function for the
Fulerian polynomials is given by

2" (1—=t)e?

n!  et* —te*’

14> An(t)

n>1
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In [29] and [32], Shareshian and the second named author obtained com-
binatorial interpretations of the ¢-Eulerian polynomials A, (q,t) that satisfy
the g-exponential generating function formula

2 (Do)
[n]g! exp,(tz) — texp,(2)

(1 =) Cialilefin

exp,(tz) — texp,(z)’

(6.1) 1+ An(g,t)

n>1

where

The interpretation in [29] is given by

(6.2) An(q,t) — Z qmaj(a)—exc(a)texc(g)
e,

and the interpretation in [32] is given by

(6.3) An(q,t) — Z qmajZQ(a*l)tdes(g)
ceS,

where

maj(o) = Z i and majs(o) = Z i,
i€[n—1] i€[n—1]

o(i+1)>0(i) o(i+l)—o(i) =k
for all & > 1. (The permutation statistic maj~, + inv<x, where inv g (o) =
{(i,§) : i < 4,0 < 0(i) — o(j) < k}|, was introduced by Rawlings in [26]
who showed it was equidistributed with maj.) Both g-analogs of A, (t) were
obtained by expanding wW,(x,t) in the fundamental quasisymmetric func-
tions and then taking the stable principal specialization. A formulation of
the expansion obtained in [29] yields (6.2), while the formulation (5.2) ob-
tained in [32] yields (6.3); see [32, Proof of Theorem 9.7]. From this it follows
that the two g-analogs are equal. (A subsequent bijective proof was obtained

by Bigeni in [6].)

In this section, we use results of the previous sections to obtain analogs
of (6.1) for variations of the interpretation of A,(q,t) given by (6.3). The
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variations are defined by

A;(qv t) = Z qmajzz(o'_l)tdes(o')
o€6,
o(l)<o(n)

and

An(q,t) = Z quajzz(O'fl)theS(U).
oeS,

We also obtain nice formulas for A< (g, t) and A, (g, t) evaluated at nth roots
of unity.

The stable principal specialization ps(G(x)) of a quasisymmetric function
G(x) is obtained from G(x) by substituting ¢'~! for z; for all i > 1. By [16,
Lemma 5.2],

Yiesd'
Q=q)(1—=g¢*)--(1-q")
for all S C [n — 1]. Hence by (5.2), (5.3), and (5.10), respectively,

ps(F,s(x)) =

B An (g, t)

(6.4) ps(wWn(x,t)) = (1—q)(1—¢q2)---(1—q")
- _ A (g:t)

(6.5) ps(wW, (x,t)) = (1-¢)(1 - @) (1—qm)
66) (Wi, £)) = Anl.?)

1-q)1—¢*)---(1—qm)

In [29, 32], first w is applied to both sides of (1.5), then the stable
principal specialization is taken using (6.4), and finally z is replaced by
(1 — ¢)z resulting in (6.1). By doing the same to (2.13) and (2.16), using
(6.5) and (6.6), respectively, we obtain the following result.

Theorem 6.1. We have

n (1 _t)% leg[l]tﬁ

;A’f(q’t) [n]q! B exp,(tz) — texp,(2)
- 2 (1- t)% exp, (t2)
1; An(Qa t) [n]q| - equ<tZ) — tequ(Z) .

In [27, Corollary 6.2], Sagan, Shareshian and the second named author
show that for every nth root of unity &, the coefficients of the polynomial
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Ay (&,t) are positive integers. More precisely, they show that if k|n and &
is any primitive kth root of unity then

(6.7) An(Ert) = As (1) [K]}-

Consequently, A, ({k,t) is a palindromic, unimodal polynomial in N[¢]. Here
we prove analogous results for other Smirnov word enumerators.

A key tool in the proof of (6.7) is the following result, which is implicit
in [9] and stated explicitly in [27].

Lemma 6.2 (see [27, Proposition 3.1]). Let R be a commutative ring. Sup-
pose u(q) € Rlq] and there exists a homogeneous symmetric function U(x)
of degree n with coefficients in R such that

w(@) =(1-q)(1—¢%)...(1—q") ps(U(x)).

If k|n then u(&y) is the coefficient of z(fklI Pt in the expansion of U(x) in

the power sum basis.

In [27], (6.7) is proved by setting R = Q[t] and U(x) = wW,(x,t) in
Lemma 6.2. By (6.4), u(q) = An(q,t). Hence it follows from Lemma 6.2 that
Ay (&g, t) equals the coefficient of z(;l%)p(k%) in the expansion of wW,(x,t)

in the power sum basis, which by (1.6) equals A= (¢) [k}; . We use a similar
argument to obtain the following result. Indeed, to prove (6.8) below, we set
U(x) = wW,(x,t) and use (6.5) and Theorem 4.3. To prove (6.9) below, we
set U(x) = wW,(x,t) and use (6.6) and Theorem 4.1.

Theorem 6.3. Let n > 2 and k|n. If & is any primitive kth root of unity

then
(63) A6 1) = (1A (1) W)])
and

(6.9) A€t = nt* Ay (1) (K]

Consequently, A,f(ﬁk,t),fln(fk,t) € N[t] and Ay (&, t) is palindromic and
unimodal.

Remark 6.4. Equation (6.7) arises in connection with the cyclic sieving phe-
nominon in [27]. It would be interesting to find cyclic sieving interpretations
of (6.8) and (6.9).
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Corollary 6.5. For all n > 2,

(6.10) A4S0 = S (04,1 ()
and
(6.11) A, (1,t) = ntA,_1(t).

Equations (6.10) and (6.11) have elementary bijective proofs. Indeed, for
each o € &, such that o(n) = n, let C, be the set of circular rearrangements
of 0. Clearly, |C,| = n and for each 7 € C,, we have cdes(7) = des(o) + 1.
Hence,

An(l,t) _ Z Ztcdes(r)

0e6G, T€C,
o(n)=n

_ Z ntdes(o)—l—l

oceG,
o(n)=n

- n Z 75des(0')—|—l
0'6an1
= ntAn_l(t).
Now for each o € &, such that o(n) = n, let

Cs:={reC:7(1) <7(n)}.

Clearly, |Cs| = des(o) + 1 and for each 7 € C5, we have des(7) = des(o).
Hence

AZ() = ) Y el

0€ES, TECS
o(n)=n

= ) (des(o) + 1)t4=®)
oc6,
o(n)=n

= > (des(o) + 1)td=()
0'667171
d

= LA, ).

dt
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By combining (6.7) with (6.8) and with (6.9), we obtain the following
generalization of the previous corollary.

Corollary 6.6. Let n > 2 and k|n. If & is any primitive kth root of unity
then
d

A; (gk, t) = a(t[k]tAn—k(gkv t))

and
A (&g t) = nt* Ay (&, 1).
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