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Revisiting the Hamiltonian theme in the square of a

block: the general case

HERBERT FLEISCHNER* AND GEK L. CHIA'

This is the second part of joint research in which we show that
every 2-connected graph G has the F; property. That is, given
distinct 2; € V(G), 1 <14 < 4, there is an x122-hamiltonian path in
G? containing different edges w33, z4y4 € F(G) for some y3,y4 €
V(G). However, it was shown already in [3, Theorem 2] that 2-
connected DT-graphs have the F; property; based on this result
we generalize it to arbitrary 2-connected graphs. We also show that
these results are best possible.
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This is the second part of joint research in which we establish the most
general result for the square of a block (i.e., a 2-connected graph) to be
hamiltonian connected. In the first part this was achieved in [3, Theorem 2]
for the case of DT-graphs (i.e., graphs in which every edge is incident to a
vertex of degree two). In the past, the approach to deal with 2-connected
DT-graphs first and then generalize the corresponding results to blocks in
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general, was a logical consequence of the proof methods developed in [6]-[9],
say. However, since the 1990’s shorter proofs of what has become known
as Fleischner’s Theorem, were developed first by Riha in [16] and later by
Georgakopoulos in [11]. A short proof of an even stronger version of that
theorem was proved by Miittel and Rautenbach in [13]. Unfortunately, the
methods developed for these shorter proofs do not seem to suffice to prove
the main result of this paper (Theorem 4). This is why we had to resort to
the concept of EPS-graphs (see, e.g., [6]).

All concepts not defined in this paper, can be found in the cited liter-
ature; in cases where contradictions regarding terminology may arise, we
prefer the definitions as given in the papers by Fleischner. We also included
some additional references to give the interested reader a better insight re-
garding past developments of the topic. However, to make it easier to read
this paper we repeat some definitions. In particular, by a uv-path we mean
a path from u to v. If a uv-path is hamiltonian, we call it a uv-hamiltonian
path. Also, we understand an eulerian graph to be a not necessarily con-
nected graph all of whose vertices have even degree. Moreover, we let du = u
if d(u) =1, and du = (), otherwise.

Next, we repeat some results quoted or proved in [3], using the same
numbering as in [3]. Theorems proved in the 1970’s and quoted already in
[3] are numbered by upper-case letters using the same letters as in [3].

Definition 1. Let G be a graph and let A = {z1,z2,...,x} be a set of k (>
3) distinct vertices in G. An xixo-hamiltonian path in G? which contains
k—2 distinct edges x;y; € E(G), i =3,...,k is said to be Fy,. Hence we speak
of an Fy, x1x2-hamiltonian path in G2. If z; is adjacent to xj, we insist that
x;y; and x;y; are distinct edges. A graph G is said to have the Fj property
if for any set A = {x1,z2..., 2} C V(G), there is an Fy x1x2-hamiltonian
path in G2.

By an EPS-graph, JEPS-graph of G, denoted S = FUP, S=JUFEUP
respectively, we mean a spanning connected subgraph S of G which is the
edge-disjoint union of an eulerian graph E (which may be disconnected) and

a linear forest P, respectively a linear forest P together with an open trail
J.

Lemma 1. (/3, Lemma 1]) Suppose G is a block chain with a cutvertex, v
and w are vertices in different endblocks of G and are not cutvertices. Then

(i) there exists an EPS-graph EU P C G such that dp(v), dp(w) < 1.

If the endblock which contains v is 2-connected, then we have dp(v) = 0 and
dp(w) < 1; and
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(ii) there exists a JEPS-graph JUE U P C G such that dp(v) =0 =
dp(w). Moreover, v,w are the only odd vertices of J. Also, we have dp(c) =
2 for at most one cutvertex ¢ of G (and hence dp(c’) < 1 for all other
cutvertices ¢ of G).

Theorem A. [3, Theorem 1]) Suppose G is a 2-connected graph and v,w
are two distinct vertices in G. Then either

(i) there exists an EPS-graph S = EUP C G with dp(v) = 0 = dp(w);

or

(1) there exists a JEPS-graph S = JUEUP C G with v,w being the
only odd vertices of J, and dp(v) =0 = dp(w).

By a [v;wy, . .., w,]-EPS-graph of G, we mean an EPS-graph S = EUP
of G such that dp(v) =0 and dp(w;) <1 foreveryi=1,...,n.

Theorem B. (/9, Theorem 3]) Let G be a 2-connected graph and let v, wq, we,
ws be distinct vertices of G. Suppose K is a cycle in G such that
{v,w1,we, w3} C K. Then G has a [v;wy,ws, ws]-EPS-graph S = E'U P
such that K C E.

Suppose G is a 2-connected graph and v, w;, ws are distinct vertices in
G. A cycle K in G is a [v;wy, wa]-mazimal cycle in G if {v,w;} C V(K),
and we € V(K) unless G has no cycle containing all of {v, wi,ws}.

Theorem C. (/9, Theorem 2]) Let G be a 2-connected graph and let v, wy, wa
be three distinct vertices of G. Suppose K is a [v;wy,wa]-mazimal cycle in
G. Then G has a [v;wy,ws]-EPS graph S = EU P such that K C E.

Theorem D. ([6, Theorem 2]) Let G be a 2-connected graph and let v, w
be two distinct vertices of G. Let K be a cycle through v,w. Then G has a
[v;w]-EPS-graph S = EU P with K C E.

Theorem E. ([8, Theorem 3]). Suppose v and w are two arbitrarily chosen
vertices of a 2-connected graph G. Then G? contains a hamiltonian cycle C
such that the edges of C incident to v are in G and at least one of the edges
of C incident to w is in G. Further, if v and w are adjacent in G, then these
are three different edges.

A hamiltonian cycle in G2 satisfying the conclusion of Theorem E is also
called a [v; w]-hamiltonian cycle. More generally, a hamiltonian cycle C' in
G? which contains two edges of G incident to v, and at least one edge G
incident to each w;, i = 1,...,k, is called a [v;wy, . .., wi]-hamiltonian cycle,
provided the edges in question are all different.
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Theorem F. (/8, Theorem 4]). Let G be a 2-connected graph. Then the
following hold.

(i) G has the F3 property.

(ii) For a given q € {x,y}, G? has an xy-hamiltonian path containing
an edge of G incident to q.

By applying Theorems E and F to each block of a block chain B, we
have the following.

Corollary 1. Suppose B is a non-trivial block chain with |V (B)| > 3 and v
and w are vertices in different endblocks of G. Assume further that v,w are
not cutvertices of B. Then

(i) B% has a hamiltonian cycle which contains an edge of B incident to v
and an edge of B incident to w. In the case that the endblock which contains
v is 2-connected, then B? has a hamiltonian cycle which contains two edges
of B incident to v and an edge of B incident to w. Also,

(ii) B? has a vw-hamiltonian path containing an edge of B incident to
v and an edge of B incident to w.

Recall that a graph is called a DT -graph if every edge is incident to a
2-valent vertex. If G is a graph, we let V2(G) denote the set of all vertices
of degree 2 in G.

The main result of [3] is the following result which is the larger part of
the proof of Theorem 4 below.

Theorem 1. Every 2-connected DT -graph has the Fy property.

In proving Theorem 1 we made use of the following Lemma which plays
a role also in this paper.

Lemma 2. Let G be a 2-connected DT-graph and let Gt = GU{z1y, 12y, y},
y & V(G) (see [3]), with N(xz3) € Va(G) and N(zx4) € Va(G). Suppose
N(z;) C Va(G) for some i € {1,2}. Assume further that every proper 2-
connected subgraph of G has the Fy property. Then (GT)? has a hamiltonian
cycle containing the edges x1y, oy, x323, Ta24 where x3z3, xqz4 are different
edges of G.

Note that in the ensuing discussion and proofs we make use of the fact
that in DT-graphs G, the existence of an EPS-graph of G yields a hamilto-
nian cycle of G2. In order to keep the paper as short as possible the reader
is referred to the constructions expounded in [6].

However, before dealing with the main result, Theorem 4 in section 3,
we need to prove several preliminary results.
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2. Beyond F;3

We now proceed to prove some results needed to shorten the proof of The-
orem 4.

Lemma 3. Let G be a 2-connected DT-graph with at least four vertices,
and let v,wi,we be three distinct vertices in G with N(v) C Va(G) and
N(wy) C Vo(G). Then G? has a [v; wy,ws]-hamiltonian cycle.

Proof: Since G is a 2-connected graph, G has a cycle K containing v, w;.
Suppose K has been chosen such that it is [v; w1, we]-maximal. Then G has
a [v;wy, wy]-EPS-graph S = E'U P with K C E by Theorem C.

If N(ws) C Va(G), then it is straightforward to see that S? yields
a hamiltonian cycle having the required properties. Note that the case
N(wz) = {v, w1} yields vw; ¢ E(G) in this case (since |V(G)| > 4) and
K contains a path vgvwowiwy or G = K = Cy (vg € N(v),wg € N(wn)) all
of whose vertices are 2-valent in G and thus the four edges of that path are
contained in some hamiltonian cycle of S?. Hence N (w2) SZ Vo(G) and wo
is a 2-valent vertex.

Depending on the position of wsy vis-a-vis v and w; we now consider the
following cases.

Case (A) N(w2) = {v,w;}. It is easy to see that vw; ¢ E(G).
Next we need to consider two cases separately.

(1) G — wo is 2-connected. We apply Theorem A and correspondingly
consider the following cases.

First we assume that G — w9 has an EPS-graph S = EUP with dp(v) =
dp(wy) = 0. By the construction according to the method developed in [6]
we have in (G — ws)? a hamiltonian cycle H whose edges in v and in w; are
in G — wy. Now it is trivial to expand H to a hamiltonian cycle in G? as
required.

On the other hand, if G—w, has a JEPS-graph S = JUEUP with v, w;
being the only odd vertices of J and dp(v) = dp(w1) = 0, then (G — ws)?
has a hamiltonian path P(v,w;) starting in v with an edge of G and ending
in wy with an edge of G, then P(v,w;) U {wiwsy, wev} defines a hamiltonian
cycle of G? as claimed by the lemma.

(2) G — wa is not 2-connected; hence it is a block chain with v and w,
belonging to different endblocks of G — ws, and they are not cutvertices
of G — wsy. By Corollary 1(4), (G — ws)? has a hamiltonian path P(v,w)
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starting in v with an edge of G and ending in w; with and edge of G. Thus
P(viwr) U {wiws, wev} defines hamiltonian cycle of G? as claimed by the
lemma and thus finishes Case (A).

Because of the cases already treated it follows that there is ¢t € V(G)
satisfying

Case (B) t € N(w2)—V2(G). We assume additionally | N (we2)N{v, w1 }| =

(i) t € {v,w1}. Let ' = N(wg2) — t. Hence vw; ¢ E(G) and ' ¢ {v,w;}.
Moreover, we € V(K) and t' € V5(G); otherwise we could treat ¢’ like ¢ in
(ii) below. In this case we can write

K=wv,...t we,w,wi,....,0" v ift =wun

or

/ / 1 :
K =v,wy,t,...,w,wy,...,v v ift=nw.

In any case, a [v;wy,ws]-EPS-graph S = EF U E with K C F exists by
Theorem C and yields in S? a hamiltonian cycle of G? as required.

(ii) t & {v,w;}. Since {v,w, w2} C V(K) we also have ¢t € V(K), and
by Theorem C, a [v;t, w;]-EPS-graph S = FUP with K C E exists. Also in
this case, S? has a hamiltonian cycle as claimed by the lemma (in particular,
it contains tws).

We are thus led to the following case.

Case (C) t € N(wz) — Va(G) and N(w2) N{v, w1} = 0.

Further we assume that ws is not contained in the cycle K; otherwise,
for t as above, K contains v, w;,we,t, and G has a [v; wi, ws, t]-EPS-graph
S = EUP with K C E by Theorem B. Again, S? yields a hamiltonian cycle
with the required properties.

Partition K into two vw;-paths, K = Pj(v, w1)U Pa(v,wy). Since G is 2-
connected, there exists a wouj-path P(wa, u1) and a woug-path P(we, ug) in
G which are internally disjoint, with wj,up € V(K) and such that
(P(wa,u;) —u)) N K = 0,i=1,2.

Suppose ui,uz € Pj(v,w;) for some j € {1,2}. Then there is a cycle K*
in G containing the vertices v, w1, ws,t which contradicts the choice of K.

Hence we assume that u; € P;(v,w;), i = 1,2; it is an internal vertex of
Pi(v,wy).
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Now consider

i i 1(P(ws, 1(P(ws, :
omin ul,ulgnel\I/l(K){ (P(w2,u1)) +1(P(w2,uz)) }

fix a cycle K and uj,us € V(K) together with P(ws,uq), P(w2,u2) which
satisfy this minimality condition.

Set P(wz) = P(wa,ui) U P(wz,u2) and let Go C G be induced by
V(P(ws)) and by all vertices y lying on a path P, with endvertices vy, w, €
V(P (wz)) such that {v,,wy} # {u1, us} and satisfying (V(P,) — {vy, wy,}) N
V(K) = 0. G2 is uniquely determined and it is a (trivial or non-trivial) block
chain with uy, us belonging to endblocks of Gg; they are not cutvertices of

Ga.

Likewise, define Gk as induced by all vertices z lying on a path P, with
endvertices v,,w, € V(K) and satisfying (V(P,) — {v,,w,}) N V(G2) = 0.
Gk is 2-connected because of K C Gg.

Observe, that the minimality condition guarantees that there is no path
P(z,y) with z € V(Gg) — {u1,us2} and y € V(Ga) — {u1,u2}. Now it is
straightforward to see that G = Gx U Ga, Gx N Gy = {u1,us} because of
the minimality condition.

Note that the above arguments apply to arbitrary 2-connected graphs.
In what follows we restrict ourselves to DT-graphs.

Also, from the choice of K it follows that {u1,us}N{v, w1} = (). However
K D {v,wi,u1,us} which is a set of four distinct vertices on K. Hence G
has a [v; w1, uy,us]-EPS graph Sk = Ex U P with K C Ex because of
Theorem B.

Now consider the graph Gs.

(a) Suppose wy is incident with a bridge of G2. Then G5 has an EPS-
graph
Sz = E2 UP2 with w9 ¢ EQ, dP2(w2) = 2 and dpz(ui) < 1, 1 = 1,2 by
Lemma 1 (i). It follows that for E = Ex U Ey and P = Pg U (Py — wat),
t € N(wz), S=EUP is an EPS-graph of G with K C E, dp(w2) = 1 and
wy is a pendant vertex in S, dp(v) =0, dp(w1) < 1,and dp(u;) <2,i=1,2.
It now follows that S? yields a hamiltonian cycle C' in G? as required: its
edges incident to v are edges of GG, and at least one edge of C' incident to w;
isin G, i=1,2.
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(b) Suppose wy lies in a cycle of Ga, i.e., ws lies in a 2-connected block
B(wsg) of Gy. Let z; € V(B(ws)) be such that z; = u; if u; € V(B(w2)),
1 = 1,2; otherwise, let z; be a cutvertex of Gs.

If G is a non-trivial block chain we apply Corollary 1(i) to obtain a
hamiltonian cycle Cy of G3. Cy contains u1y1, uiv1, uzve € E(Co) N E(Gy)
provided the endblock B(u) containing wu; is 2-connected; and {y;,v1} C
N(uyp), va € N(ug2). However, if B(u1) is a bridge u1y; then ujy; € E(Cy),
and wjv; € E(C2) — E(G). Moreover, in constructing Co (which results
from applying Theorem E to the 2-connected blocks of G2) we may apply
Lemma 3 by induction to the block B(wsz) containing also s € N(wz), to
obtain was € E(Csy) as well.

If however, G2 is 2-connected, we apply induction to G2 to obtain a
hamiltonian cycle Cy of G% where edges incident to u; are in Go and so is
swo and an edge incident to wus.

To obtain Hs missing u1, we make a ‘shortcut’ by replacing uyyi, uiv1
with yyv1.

Now, Sk yields a hamiltonian cycle Hx C (Gx)? with its two edges in v
belonging to G and in each of wi, uy,us, Hx traverses at least one edge of
Gk (note that N(wq)U N(u1) U N(uz) C Va(G)). Likewise, Ha contains an
edge of (G5 incident with wo, and one edge of (G5 incident with us. Denote
Vg € Hx NG, ugvg € HoNGo. Then H = (HK — UQ’UK) U (H2 — UQUQ) U
{vkwve} is a hamiltonian cycle C in G? as required. O

By an edge-critical block, we mean a block which fails to be a block when
any edge is deleted from it.

Let G be a graph and let D(G) = {uwv € E(G) | d(u) > 2,d(v) > 2}.
Note that G is a DT-graph if and only if D(G) = 0.

Theorem G. (/8, Theorem 1]) Suppose G is an edge-critical block which
is not a DT-graph. Let x,y be any two distinct vertices in G. Then D(G)
contains an edge e such that G — e has a DT-endblock B such that {z,y} ¢
V(B), and if x € V(B), then x is a cutvertex of G — e.

We shall now prove a stronger version of Theorem F (7).

Theorem 2. Let G be a 2-connected graph and let x,y be two vertices in
G. Then G? has an xy-hamiltonian path P(z,y) such that

(i) xz € E(G) N E(P(x,y)) for some z € V(G), and

(i) either yw € E(G) N E(P(x,y)) for some w € V(G), or else P(x,y)
contains an edge uwv for some vertices u,v € N(y).
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Proof: Without loss of generality, assume that G is edge-critical since oth-
erwise we can delete edges of G until we reach an edge-critical block. We
consider two cases.

Case (A) D(G) = 0.

Let G* denote the 2-connected graph obtained from G by adding a new
vertex z* and joining z* to both x and y.

First assume that x and y are not adjacent in G.

(i) Assume that Ng(z) U Ng(y) C Va(G).

Let C* denote any cycle containing z* and let S* = E*U P* be an [z;y]-
EPS-graph of G* with C* C E* by Theorem D. Let S = S* — z*. Then
S =JUFEUP is a JEPS-graph of G with P = P* and the component of 5*
containing C* becomes the open trail J from x to y in S. By following the
construction of an zy-hamiltonian path P(z,y) in S? which was used in [6],
it is clear that P(z,y) can start with an edge of S incident to z and ends
with an edge of S incident to y unless dp(y) = 1. If dp(y) = 1, we jump
from a vertex u preceding y in J to the vertex v in Py adjacent to y, where
Py is the component of P containing y.

(ii) Assume that Ng(x) € Va(G) and Ng(y) C Va(G).

Then at least one of the two neighbors of x, say 2’ has degree greater
than 2. Let C* be a cycle containing z* and the edge xx’. Note that this is
possible because G is 2-connected (so that there is an zy-path in G starting
with any given edge). In this case, let S* = E* U P* be an [z;2,y]-EPS-
graph of G* with C* C E* by Theorem C because C* is [z; 2/, y]-maximal.
Then proceed as in case (i) and note that = is a pendant vertex in S. A
required hamiltonian path in S? (with S = EU P U J as in case (i)) can be
constructed starting with the pendant edge incident to x.

(iii) Assume that Ng(y) € Vo(G) and Ng(z) C Va(G).

This case can be treated symmetrically to case (ii), starting with an
[z; v, y]-EPS-graph S* = E*U P* of G* and ¢/ € (Ng(y) — V2(G)) NV (C*).

(iv) Assume that Ng(z) € Va(G) and Ng(y) € Va(G).

Proceed as in case (ii) with C* as defined there. Here we operate with
an [z;2',y']-EPS-graph S* = E* U P* of G* with C* C E*, where y'y €
E(C* — 2*), assuming first that 2/ # ¢’ (ie., £(C*) > 4) and applying
Theorem C. Then dp-(y) < 1 (because dg-(y) = 3). Again we get a required
xy-hamiltonian path HP in G2.
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Note that, if ¥ € Ng(y) — ¢ and dp-(y") = 2, dp-(y) = 1 then yy” is
an end-edge of the path in P* incident to y and y'y” € E(HP).

Now assume that 2/ = ¢/, (i.e. £(C*) = 4). Since G is 2-connected,
there is an 2’'y-path P(2/,y) in G — z not containing z'y (z'y lies in a 2-
connected block of G — ). Then {za'} U P(2/,y) is an xzy-path in G which
together with zz*y yields a cycle " C G* — 2’y with ¢(C") > 4, for which
the preceding argument goes through if we operate with an [x; 2/, y"]-EPS-
graph of G* — z'y where y” is as above (2y is a chord of C" in G*).

Next we assume that x and y are adjacent. In this case, we take a longest
xy-path in G — zy and combine it with xz*y to form the cycle C*; [(C*) > 5
follows unless N(z) NN (y) # 0 in which case G = K3 since G is a DT-graph
and we are done. If /(C*) > 5 we proceed as before.

Case (B) D(G) # 0.

By [7, Theorem 1], D(G) contains an edge e = st such that G — e is a
block chain with at least one of its endblocks, say B., being a DT-block.
Without loss of generality ¢t € V(B.).

Suppose (V(Be) — ce) N{x,y} = 0, where ¢ is the cutvertex of G — e
belonging to B.. Then we replace B, by a path P* of length 3 joining ¢ and
ce. The resulting graph H is an edge-critical block and |D(H)| < |D(G)].
By induction H? has an xy-hamiltonian path with properties (i) and (%)
as stated by the theorem. Assuming that it contains as many edges of H
as possible, any such xy-hamiltonian path in H? can be converted into an
ry-hamiltonian path in G? having properties (i) and (i) of the theorem, by
the same method used in [7] as long as c. ¢ {x,y}. The same conclusion can
be drawn if said hamiltonian path in H? satisfies c. € {z,y}. For, we may
proceed as in [7, pp. 32-33], cases 2 and 4: we just look at the xy-hamiltonian
path

P(z,y) =ce...u"v*...r
(u* € V(P*),v* € V(H) — V(P*), {r,c.} = {z,y}) in H? just as we would
look at a hamiltonian cycle Hy in H? in [7]

Hi=co...u™v" .. .ce

and using a hamiltonian path in B? starting in ¢ and ending at ¢, with an
edge of B..

Hence we assume that for every DT-endblock B, of G — e (where e €
D(@)),
[(V(Be) —ce) N{z,y} =1
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(note that D(G) # () implies that G has at least two DT-endblocks like Be).
In particular, we assume x € V(Be) — ce.

Let B! be the other endblock of G — e. If Bl is a DT-block, then it
follows from the preceding argument that |(V(BL) — c,) N {x,y}| = 1 where
c, is the cutvertex of G — e belonging to B.. If B, is not a DT-endblock,
then B! contains a DT-endblock B, for some ¢’ € D(G), and we have the
same conclusion as in the preceding sentence. Thus we conclude in any case
that y € V(BY) — c.

Set Go = G — e — (B. UBY.); Gy is a (trivial or non-trivial) block chain.
Possibly G = () in which case ¢, = ¢.

By Theorem F (ii), (B.)? has an zc. hamiltonian path P(z,e.) starting
with an edge 221 of Be; (B.)? has an c,y-hamiltonian path P(c.,y) ending
with an edge zy of B.. By Corollary 1 (ii), (Go)? has a c.c.-hamiltonian
path Py(ce,cl), being just a vertex if ¢, = ¢,. Then

P(x,ce)Po(ce, ce) P(c,, y)

is an zy-hamiltonian path in G? having properties (i) and (ii) of the theo-
rem. L]

Definition 2. A graph G is said to have the strong Fs property if for any
set of three distinct vertices {x1,x2,x3} in G, there is an x1x2-hamiltonian
path in G? containing x3z3,x;2; which are distinct edges of G for a given
i € {1,2}. Such an x1x2-hamiltonian path in G? is called a strong Fs x1xo-
hamiltonian path.

Theorem 3. Every 2-connected graph has the strong F3 property.

Proof: Let G be a 2-connected graph. Without loss of generality, assume
that G is an edge-critical block; otherwise, we delete edges from G until we
reach an edge-critical block. Trivially, the theorem is true if G is a triangle.
Thus we assume that |V (G)| > 4.

(I) Assume that G is a DT-graph.

Proceeding analogously to what we did in proving ([3, Theorem 2]), let
G denote the graph obtained from G by adding a new vertex z and join z
to o1, z2. We shall show that (GT)? has a hamiltonian cycle C; containing
211, 29, T;%;, v3z3 which are distinct edges of G* for a given i € {1,2}.
Then C; — z = P;(x1,x2) is a required strong F3 x1x2-hamiltonian path in
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G? containing the edges x;z;, 323 of G. Basically, we apply the construction
of a hamiltonian cycle in the square of an EPS-graph in a DT-graph (see [6]
and Observation (*) in [3]). In some of the cases, however, we shall proceed
by induction, noting that the theorem is trivially true if it is a cycle; and
sometimes we proceed by a direct proof.

Let CT be a cycle in GT containing z, z1, T2, 3.

Case (A): N(z;) € Vo(G), j =1,2,3.

By Theorem C, let S = E U P be an [x;; x3_;, v3]-EPS-graph of G
with C*t C E. Hence (G1)? has an [z;; x3_;, x3]-hamiltonian cycle C; for
any i € {1,2} provided £(CT) > 4 (see the corresponding argument in the
proof of Theorem 2).

However, if /(CT) = 4, then G~ = G — z3 is a non-trivial block chain
(x122 € E(G) yields G being a triangle, contrary to the assumption at the
beginning of the proof).

Moreover, z; and z9 are pendant vertices of G~. By Corollary 1 (ii),
(G7)? has an z1xp-hamiltonian path P, starting with 210, € E(G) and
ending with voze € E(G). Thus

(P£2 — fL’l’Ul) @] {1‘11133,%3’[)1}

and
(P o — v2w2) U {x372, w302}
yield the hamiltonian paths in G? as required by the theorem.
Case (B): N(x;) C Vo(G), i = 1,2 and N(x3) Z Vao(G).
Then dg(x3) = 2. Let N(x3) = {us,v3}.
(a) {us,v3} # {x1,z2}. Without loss of generality assume that ug ¢
{1, 22}

Again, by Theorem C, let S = EF'U P be an [z;; x3_;, ug]-EPS-graph
of Gt with CT C E. A required hamiltonian cycle C; in (G1)? can be
constructed using S.

(b) {us,vs} = {x1, 22}
Consider the graph G’ = G — z3.

(b1) Suppose G’ is 2-connected. We apply Theorem A with 1,z
in place of v, w.
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(i) Suppose G’ has an EPS-graph S’ = E'UP’ with dp/(x;) = 0,1 =1, 2.
Let H' be a hamiltonian cycle of (S")?: the edges of H' incident to x;, i = 1,2
are in G’; denote them by e; = z;u;, fi = z;v;, 1 = 1,2. Without loss of
generality the notation is chosen in such a way that P(ej,eq) is the path in
H' starting in @1 with e; and ending in o with es; P(f2, f1) C H' is defined
analogously. Then

x1(P(e1, e2) — e2)ugva(P(fa, f1) — {f1, fa}) 17372

is a hamiltonian path as required for ¢ = 1. By a symmetrical argument one
obtains a hamiltonian path ending with fs, say, and containing z;xs.

(ii) Suppose G’ has a JEPS-graph S’ = J' U E' U P’ with 1, 25 being
the only odd vertices of J' and dp/(x;) = 0, i = 1,2. (S)? contains a
hamiltonian path P* starting with g1 = z1y1 and ending with go = x99,
{91,92} € E(G). We extend P* to a hamiltonian path P as required by
setting P = z123y1(P* — g1) or P = (P* — g2)y2x372.

(b2) Suppose G’ is not 2-connected. Then G’ is a block chain. By
Lemma 1 (%) with 1 = v and 9 = w, G’ hasa JEPS-graph S’ = JJUE'UP’
with dp/(z1) = 0 = dp/(22); and 1, x2 are the odd vertices of J'. Now pro-
ceed as in (b1)(ii): (S)? has an zjxp-hamiltonian path P* starting and
ending with edges hi, ho of G; one extends P* to a corresponding hamilto-
nian path in G? by either traversing z1z3 first and ending with hy in 3, or
traversing hq first and ending in z9 with z3x,.

Case (C): N(z1) C Va(G) and N(z2) € Va(G).

Then dg(z2) = 2; let N(z2) = {ug,v2}. Without loss of generality as-
sume that us is on the cycle CT.

(1) N(zs) € Va(G).

(a) Suppose x3 & N(z2).

By Theorem B, let S = E U P be an [x;;x3—;, ug, z3]-EPS-graph of
Gt with CT C E. Then a required hamiltonian cycle in (G*)? can be
constructed for each i € {1,2}.

(b) Suppose x5 € N(x2); that is, x5 = us.

Let G’ = GT — wow3 which is a DT-graph.

(i) Suppose G’ is 2-connected.

There is a cycle C’ in G’ containing z, x1, T2, v, x3: this follows from the
fact that G’ contains in this case a path P(x1,v2) with x3 € V(P(z1,v2)); it
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cannot contain z because dg (v2) = de(z) = 2. By Theorem C, let S = EUP
be an [z1;v9,x3]-EPS-graph of G’ with C' C E. Hence a required hamil-
tonian cycle C; of (G*)? can be constructed. A corresponding hamiltonian
path in G? starts and ends with edges of G.

(ii) Suppose G’ is not 2-connected.

Then G’ is a block chain with a 2-connected endblock B, containing
z,21,%2,v2, and a block chain G3 = G’ — B, containing z3 (which is not a
cutvertex of G5 and belongs to an endblock of G3). G3 is a DT-graph unless
G3 = K. Denote V(Bz) N V(Gg) = {C}

By Lemma 1(3), if G3 has a cutvertex, then it has an FPS-graph S5 =
E5 U Ps such that dp,(z3) < 1 and dp,(c) < 1. Moreover, if the endblock B,
in G3 containing c is 2-connected, then we may achieve dp,(c) = 0; if B, is
a bridge, then dp,(c) = 1 and ¢ is a pendant vertex in S3. However, if G is
2-connected, then we apply Theorem D to obtain such Ss. If G3 = Ky, then
Sy = {cxs} and E3 =0, P3 = {cx3} and dp,(c) = dp,(z3) = 1.

Let C, be a cycle in B, containing z, x1, T2, v2, ¢. Such C, exists because
d(l’g) = 2.

If ¢ € {x1,v2}, then by Theorem B, let S, = E, U P, be an [x1;v9, ¢, z]-
EPS-graph of B, with C, C E,. Set £ = E,UF3 and P = P,UPs. Then we
have an EPS-graph S = EUP in G with C, C E and dp(z1) = 0 = dp(z2),
dp(ve) <1 and dp(c) < 2, dp(z3) < 1. Thus a hamiltonian cycle in (GT)?
can be constructed which contains edges of GG incident with x1, x5 together
with another edge of G incident to x3,and also containing zxi, zxs.

If ¢ = v9, then vy is a cutvertex of G: for, (Gs U {cxa,z2x3}) N (B, —
{cxe} — 2) = c and (G3 U {cxa,zox3}) U (B, — {cx2} — 2z) = G. This yields
a contradiction.

Hence we are left with the case ¢ = x7.

Suppose dg,(z1) > 1. Then G3 has an [z1; x3]-FEPS-graph S = E3U Ps
which we combine with an [z;v9]-EPS-graph S, = E, U P, of B, (see
Theorem D) to obtain the FPS-graph S = E'U P by putting £ = E3 U E,
and P = P3UP,. We have dP(Il) =0= dp(xg), dp(xg) <1, dp(vg) <1, and
since G’ is a DT-graph, S? has a hamiltonian cycle as required containing
1wy, TV, x3wsg € E(G), and also containing zx1, zxs.

Finally, assume dg,(z1) = 1; i.e., G3 is a non-trivial block chain or
G'3 = K. Suppose first that G3 # K. By Corollary 1, (G3)? has a hamil-
tonian cycle Hs D {z1y1, zs3ws} with {x1y1,23ws} C E(G3); and it has a
hamiltonian path P; 3 starting with z1y; and ending with x323, say, which
are edges of G3. Likewise, since Go = (G—x223)—G3 = B,—z is a non-trivial
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block chain (z3 is a pendant vertex of Gy), (G — dz1)? has a hamiltonian
cycle Hy containing vexs and if dg, (1) > 1, then x1$1, x1t1 € F(G2) unless
G — 6x1 = K3 in which case Hy = zvs. It also has a hamiltonian path P 2
starting with x1z1, say, and ending with vexo which are edges of Gs.

Setting H) = Hj if dz1 = x1 and H) = (Hz — {z151,z1t1}) U {s1t1}
if 21 = (), we obtain hamiltonian paths Pj(x1,3), Py(x1,22) in G? as
required and defined by

E(Pl (xl, 1’2)) = E(PLg @) (Hé — xQUQ)) @] {xgvg}

E(Py(21,22)) = (E(P12U H3) — {z121, 7191 }) U {y121}.

If, however, G3 = Ko, then Ng+(2) = Ng+ (23) = {71, 22}, 1.e., Gt —x3 is
isomorphic to G. Since dg(z2) = 2 and because of the assumption dg, (1) =
1 and because ¢ = x1, it follows that G—z3 is a non-trivial block chain and xo
is an endvertex of G—1x3 and ¢ = x1 is not a cutvertex belonging to the other
endblock of G — 3 unless z129 € E(G — x3). However, if 129 € E(G — x3),
then we conclude that G is a triangle in this exceptional case, contradicting
the assumption |V(G)| > 4 at the beginning of the proof. Hence G — z3 is a
non-trivial block chain.

Now we apply Corollary 1(4) to obtain in (G — x3)? a hamiltonian path
PO) (21, 29) starting with z1v; € E(G) and ending in zo with vazs € E(G).
Now, for i =1, 2,

(PO (1, x9) — zv;) U {wix3, 230}

yields a hamiltonian path in G? as required.

(2) N(xz3) £ Va(G).

Then dg(x3) = 2. Let N(x3) = {us,vs}. Suppose without loss of gener-
ality that O is of the form zziug ... u3x3v3. .. usx92.

(a) {us,v3} # {w1, 22}
By Theorem B, let S = E'U P be an [x;;x3—;, 23, us]-EPS-graph of
G with CT C E, where 23 € {us,v3} — {1, z2}. If £(CT) > 5, then it is
straightforward to see that a required hamiltonian cycle C; in (GT)? can be

constructed from S for any i € {1,2}, independent of the size of N(z3) N
(N(x1) UN(z2)).

Observe that £(CT) > 4. However, £(C") = 4 implies N (z3) = {1, 22},
contrary to the assumption {us,vs} # {x1, z2}.
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To finish this case (a) we are thus left with the case ¢(Ct) = 5 which
implies [{us,vs} N {z1,22}| = 1. More precisely, we have

Ct = zzuiusxaz,

i.e., r3 € {ul,uQ}.

Suppose dg(uz2) = 2; then G- = G — {u1,u2} is a non-trivial block
chain (the case G~ = Kj is impossible). By Corollary 1(ii), (G~)? has a
hamiltonian path P~ starting with z1¢t; € F(G) and ending with voxs €
E(G). Now

(P~ — zit1) U {z1ug, ugur, urty }
and

(P_ — ’1)2.%2) U {UQUQ, UgU1, ule}
yield the required hamiltonian paths.
Finally, suppose dg(u2) > 2. Then x3 = w; since dg(z3) = 2.

Now G — x3 is either a non-trivial block chain or it is 2-connected. In
any case, 2 and ug are not cutvertices of G — x3 and they belong to the
same 2-connected block B* of G — x3. If G — x5 is not 2-connected, let c*
denote the cutvertex of G—uz3 in (the endblock) B*. Set G* = (G—x3) — B*.
By Corollary 1(ii) or if G* = K», (G*)? has an z1c*-hamiltonian path P*
starting with an edge x1t; € E(G), provided G* # ; if G* = () set P* = {).
In any case, however, (B*)? has by induction c¢*zs-hamiltonian paths, one
starting in ¢* with ¢*t* € E(B*), whereas the other ends in x5 with texy €
E(B*), and both containing an edge usws € E(B*). Denote these paths by
Py and Py, respectively. If G* = (), then set ¢* = 7.

It follows that for both i =1, 2,
P*uU (P;< — U2w2> U {wgul, U1U,2}

yield x1zo-hamiltonian paths as required. This finishes case (a).

(b) {’U,g,vg} = {xl,l’g}.
Then G’ = G —x3 is 2-connected; it contains a cycle C" D {z, 1, T2, v2}.
By Theorem D, let S’ = E'UP’ be an [z1; v9]-EPS-graph of G’ with ¢’ C FE'.
Then dp/(z) = 0 = dp/(x1) = dp/(x2) and dp/(v2) < 1. Let E = E’ and
P = P'U{z;z3}. Then S = EU P is an EPS-graph of G* and a required
hamiltonian cycle C; in (G)? containing x;23, 13 ;23 (23— € N(z3-4)),
which are edges of G, can be constructed for each i € {1, 2}.
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Since the case N(z1) € Vo(G) and N(z2) C Va(G) is symmetrical to
Case (C) just considered, we are left with the consideration of one more
large case for DT-graphs.

Case (D): N(x1) € Vo(G) and N (z2) € Va(G).

Then dg(z;) = 2 for i = 1,2. Let N(z;) = {u;,v;}, i € {1,2}. Suppose
C™ is of the form zxjuy ... u3z3v3 ... uswaz as in Case (C) (2) above.

(1) Suppose N (z3) C Va(G).
(a) Suppose z3 ¢ (N(z1) U N(z2)) N V(C™T); That is, x3 ¢ {u1,us}-
Let S = FU P be an [x;;u1,us, x3)-EPS-graph of G with C* C F

which exists by Theorem B. Then a required hamiltonian cycle C; in (G*)?
can be constructed for each i € {1,2}.

(b) Suppose x5 € N(x1) N N(z2) NV (CT); hence x3 = uy = us.

Suppose first that dg(z3) > 2. Consider G}, = G — x2x3. Note that xo is
a pendant vertex in G%. Let By be the endblock of G with z1, 23 € V(Bs),
and they are not cutvertices. Then G, — By # () is a trivial or non-trivial
block chain with ¢co = V(Bg2) NV (G, — Bs) being the cutvertex of G in
Bs. Using induction on By we have a hamiltonian path P(z1,cp) in (Bs)?
starting with z1s1 € E(Bz2) and containing another edge z3s3 € E(Bj3).
Moreover (G — Bg)? has a hamiltonian path P(ca, 79) starting with xgse €
E(GY, — Bs) by Corollary 1(ii) or if G, — By = Ks. Then P(z1,c2)P(ca, x2)
is a hamiltonian path as required.

If however, dg(x3) = 2, then we set G = G — x3 which is a non-trivial
block chain with pendant vertices x1,x2, otherwise G = K3 and this case
has been solved at the beginning of the proof. Thus (G”)? has a hamiltonian
path P(z1,z) starting and ending with edges in G”, by Corollary 1 (ii). Now
it is trivial to enlarge P(x1,72) to a hamiltonian path P of G? as required
by appropriately using zsz;, ¢ € {1,2} as the last edge in P. This finishes
case (b).

(c) Suppose z3 € (N(z;) — N(z3—;)) NV(CT), i € {1,2}. Without loss
of generality ¢ = 2. Hence x3 ¢ {u1,v1} and x3 = us.

Consider G' = Gt — z923.

If G’ is 2-connected, then we consider a cycle C* traversing z1, z, T2, v2, T3
in this order (observe that G’ contains a cycle through zo and z3, and
de(z) = dg/(z2) = 2). Because of case (b) before we may assume that
x123 ¢ E(G'). Therefore we denote t1 = Ng«(21) — {2}, hence t; ¢ {vo, 23}.
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Now we apply Theorem B to obtain an [z1;t1,ve, x3]-EPS-graph S* =
E*U P* of G’ with C* C E*. Now it is straightforward to see that (S*)? has
a hamiltonian cycle as required (containing an edge of G incident to x; for
both i =1 and i = 2).

If G’ is not 2-connected, we define B,, G3, and correspondingly S3 as in

Case (C)(1)(b)(ii).

Let C, be a cycle in B, containing z, x1, x2, v2, t1, ¢, where t; = N¢_(x1)—
{z}.

If ¢ ¢ {x1,v2,t1}, then by Theorem B let S, = E,UP, be an [x1; ve, ¢, t1]-
EPS-graph of B, with C, C E,. Now we continue as in Case (C)(1)(b)(ii),
additionally using that dp, < 1.

If ¢ = vq, then again vy is a cutvertex of G, a contradiction.

Now suppose ¢ = z1. Hence dg,(x1) = 1 and Gj3 is a non-trivial block
chain (note that G3 = K3 is not possible because of z3 ¢ N(x1) in this case).
Now we continue as in the corresponding subcase of Case (C)(1)(b)(ii) with
both of x1 and xo being pendant vertices of Gy = B, — z.

Finally suppose ¢ = t1. Because of C" we conclude that ¢; = u;. We have
{z, 21, 22,u1,v1,v2} C V(B,). Thus there is a cycle C; C B, traversing
r1u1, z1v1. Consequently, z,zo & Cy. In fact, C = CTAC is a cycle con-
taining ui,v1, 1, 2, T9, T3 in this order; i.e., x1u; is a chord of C. Hence
G" = Gt — zqu; is 2-connected. Therefore G = G — x9x3 is a non-trivial
block chain with one endblock BY' C B, since G3 C G" (2 € V(BY")). Thus
we can write

Gt — {xlul, .732:1,’3} =G" = B;” U Gg/ with BZ’ N Gg/ = {Co},
where ¢p is a cutvertex of G” (possibly ¢y = ¢).

Then (G%')? has a hamiltonian cycle Hs containing cowo, z3ws € E(GY')
by Corollary 1 (i) if G4 is a non-trivial block chain, or by Theorem E if
GY' is 2-connected. Note that G4 = Ky = w3 is not possible because of
da(u1) > 2 and N(z3) C V2(G) in this case.

Let C, be a cycle in BY' containing z, x1, 2, co.

If ¢o & {v1,v2}, we operate with a [v;;v3_;, col]-EPS-graph S = E" U
P" of BY with C, C E" i € {1,2}, which exists by Theorem C. (5")? con-
tains a hamiltonian cycle H"” containing zx1, zx2, 101, ¢020, T2v2 € E(B,).
(Hsz — cowo) U (H" — coz0) U{wozo} is a required hamiltonian cycle in (G*)?
with T1V1, X2V, T323 € E(G)
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If ¢ = v; and ¢y # v3—4, © € {1,2}, we operate with a [v;; v3_;]-EPS-
graph S” = E" U P" of BY with C, C E", which exists by Theorem D.
(8”2 contains a hamiltonian cycle H"” containing zx1, 222, 1101, co20, ToV2 €
E(B.). Again, (Hs — cowo) U (H" — cpz9) U{wpzp} is a required hamiltonian
cycle in (GT)? with z1vy, 29ve, 2323 € E(G).

If ¢ = v1 = vy, then BY = zx1cowa2. (Hs— cowp) U (BY —xzic0) U{zjwo }
is a required hamiltonian cycle in (G7)? with x3_;co, v323 € E(G) for each
ie{l,2}.

(2) Suppose N(z3) Z Va(Q).

Then dg(z3) = 2. Set N(x3) = {us,v3}. Now we set 235 € N(x3)—Va(G).
As before, let CT be of the form zzju - - - u3T3v3 - - - U2 2.

(a) Suppose z3 & N(x1) U N(z2).

(al) z3 & {u1,ua}.

By Theorem B, let S = E U P be an [z;; u1, ug, 25]-EPS-graph of Gt
with C* C F for any i € {1,2}. Since dp(x;) = 0 = dp(2), dp(u1) < 1 and
dp(ug) < 1, a required hamiltonian cycle C; in (G*)? can be constructed in
S2 for each i € {1,2} due to the restriction on z3.

(a2) 25 = ug = uy (the case x§ = ug is symmetrical and therefore
does not need separate consideration).

(i) v3 # we. In this case we operate with an [z;;u1, vs, us]-EPS-graph
S; = E;UP; with C* C E;, i = 1,2 (see Theorem B). The restrictions on z%
and v3 guarantee that (S1)? and (S2)? yield hamiltonian cycles as claimed
by the theorem.

(ii) v3 = ug. That is, CT = zx1u1T3ULT22.

Assume first that one of uy,uy is 2-valent, i.e., dg(uz) = 2 since u; =
x5 & Va(G). Then we operate with an [x;;uy, z3—;]-EPS-graph S; = E; U P,
with CT C E; for each i € {1,2}, which exists by Theorem C. A required
hamiltonian cycle in (G)? containing z;u;, z3u; € E(G) can be constructed
for each i € {1, 2}.

Hence assume that dg(u;) > 2, i = 1,2. G’ = G — x3 is a trivial or
non-trivial block chain.

Suppose G is 2-connected. Using induction, (G’)? has an z1x9-hamilton-
ian path P/(z1,z2) containing z;w;, u;z; € E(G") for each ¢ € {1,2}. Then

(Pi(xla x2) - Uizi) U {UZ':L’gzi}

is a required hamiltonian path in G? for each i € {1,2}.
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Finally assume that G’ is a non-trivial block chain. The endblock Bj
in G’ containing wu;,z; is 2-connected (since dgr(u;) > 2), i € {1,2}; it
also contains v; since dg(z;) = 2. Let P(x;,u;) denote an z;u;-path in B
containing v; for any i € {1,2}. Define the cycle C; by

E(Cz) = (E(CJr) — x,ul) U E(P(l’“’u,z))

Let CNJZ =Gt —zu;, i € {1,2); CNJZ is 2-connected because z;u; is a chord of
a. a contains z, x1, T2, T3, U1, U2, v;. By Theorem C, there is a [u;; v, ug—_;]-
EPS-graph §Z = E U ]51 C ZZ with 6’; - E A required hamiltonian cycle
in (5‘1)2 containing z;v;, xsu; € F(G) can be constructed, for each i € {1,2}.

(b) Suppose x5 € N(x1) but x5 &€ N(x2); that is, 3 = u;. By definition
of x5 we have z3 = v3.

Suppose vz # ug, i.e., N(x3) N N(x2) N CT = (. To get a required
hamiltonian cycle C; containing x;u;, x3x%, we operate with an [z;; ug, 23]
EPS-graph S; = E; U P; of G with CT C E;, which exists by Theorem C.

Hence suppose vz = ug, i.e., N(z3) N N(z2) N CT # . Because of
dg(xy) > 2 there exists ws € N(xj) — {x3,22}. There is a wsvy-path
P(ws,v2) in G not containing zj and therefore, z1,z2 ¢ P(ws,v2). Then
C* = zx1x3u2w3 P(W3, v2)vawaz is a cycle in GT with N (z3)NN (z2)NC* = (;
thus we are back to the preceding case.

(c) Suppose z3 € N(x1) but x3 € N(z2).

This case is symmetrical to case (b) above.

(d) Suppose x3 € N(x1) N N(xz2). This case is not possible because of

(IT) Assume that D(G) # 0.

We apply Theorem G to G with respect to {x1, 22} to conclude that
D(G) contains an edge e such that G — e has a DT-endblock B, such that
A ={x1,29} ¢ V(Be), and if z; € V(Be), then it is a cutvertex of G — e.
Let B, denote the other endblock of G — e. Also, let ¢ and ¢’ denote the
cutvertices of G — e belonging to B, and B, respectively. If ¢ # ¢/, set
Go = G — e — (B UB.); it is a block chain containing ¢, ¢ which are not
cutvertices of Gy. Also, for the above e, denote e = xaz’ where x € V(B.)
and 2’ € V(B.).
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Let X = {z1,x2,23}. Suppose X N V(B,) = (. Then we replace the
subgraph B, in G with a path of length 3 to obtain the 2-connected edge-
critical graph H. By induction, H has the strong F3 property. Moreover
any strong F3 z129-hamiltonian path in H? can be converted into a strong
F3 x1z9-hamiltonian path in G? by the method used in [7]. Hence we can
assume that X N V(B.) # 0. We also note that it is tacitly assumed that
the hamiltonian paths/cycles in the square of the smaller graphs contain as
many edges of the given graphs as possible. The purpose of this assump-
tion (already formulated in [7] and subsequent papers) is to facilitate the
induction step and to keep the various cases arising, under control.

With the same argument as above, we see that X NV (B.) # (0 if B, is a
DT-block. If B is not a DT-block, then there is an edge f € E(B.)ND(G)
such that one of the endblocks By of G — f is a DT-block and V(By) C
V(BY). This means that X N V(By) = 0 if X N V(B.) = 0, and again the
above argument can similarly be applied.

In the ensuing discussion we keep in mind that there are at least two
DT-endblocks B* and B** defined by the same element e* or by different
elements e*, f* € D(G); and B* N B** = (), or B* N B** = ¢* where ¢* is a
cutvertex of G — e*. Therefore, a case not considered in B* implies a (sort
of complementary) case in B** which is being taken care of when it occurs
in B*.

Next, we consider two special cases.

Case (A): XN(V(Be)—c) =0,0r x3 € V(Be)—{c,z} and ANV (Be) = 0.

In the first case, it follows from the preceding argument that ¢ € {x3, z;}
for some i € {1,2}. As before, we replace the subgraph B, in G with a path
of length 3 to obtain the 2-connected edge-critical graph H. By induction,
H has the strong F3 property. Moreover, by a careful study of the method
used in [7] one sees that any strong F3 x1z2-hamiltonian path Py in H? can
be converted into a strong F3 x122-hamiltonian path in G2. This applies, in
particular, to the case where ¢ € A and Py contains an edge of H incident
to ¢ (here, some of the 13 cases listed in [7] need not be considered). Hence
we are left with the case where X NV (B,) = z3 and z3 # ¢, .

We proceed as before, replacing B, with a path Ps of length 3; again,
the resulting graph is denoted by H. By induction on |D(G)|, H? has a
strong F3 xjxe-hamiltonian path containing e, € E(G) incident to u for
some u € V(G) — V(B.). In fact, a careful study of the procedure employed
before shows that Py can be converted into a strong F3 x1xo-hamiltonian
path P; 5 of G? containing an edge of G incident to x3. Namely, depending
on the various cases of the traversal of V(Ps) by Py,
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e one either applies Lemma 3 to use a hamiltonian cycle C, of (B,)? such
that C, traverses in ¢ edges of Be, and likewise, C¢ traverses at least
one edge in z and at least one edge in w3, belonging to B, (observe
that |V(B.)| > 4 since G is edge-critical and thus does not have a
triangle);

e or one applies induction to use a hamiltonian path P. of (B.)? joining
x and ¢ and containing at least one edge of B, incident to x3 and an
edge of B, incident to any given ¢ € {x, c}.

Case (B): XNV (Be) = x3 = x.

It follows that AN V(B)) # 0; without loss of generality z1 € V(BY.).
Assume the notation chosen in such a way that x; # ¢ if A C V(B.).
Moreover, if ANV(B.) = x; it follows from the preceding considerations
that x; belongs to the DT-endblock By C B, for some f € D(G) if E(B)N
D(G) # 0, or else Bes is a DT-endblock; and z1 # ¢ by Theorem G, where
cy is the cutvertex of G — f in By. Also, ¢y = ¢ if ¢ € V(By). Hence 1 # ¢/
can be assumed in any case.

Denote the blocks of G — e by By,..., By according to their order in
be(G — e) such that By = B, By = Be, and let j be the smallest index such
that xo € V(Bj); possibly j = 0. Set

J k
Go,j == U B; and G111 == U B;.
i=0 i=j+1

(i) Suppose j > 0. By applying induction to the individual 2-connected
blocks of Gy ; it follows that (Go,j)2 has a hamiltonian zz2-path P; 2 con-
taining z;y; € E(Goj),i = 1,2, for some y1,y2 € V(Go;), as well as
'y € E(B)),c'y* € E(Bj) where ¢* = Bj N Bjy1, and 2’y = zy; if
2’ = x1, ¢*Y* = zoys if ¢* = x9. Likewise by Corollary 1(4), (Gj414)? has a
hamiltonian cycle C containing z3ys, 323 € E(B.) and c¢*z* € E(Bj41).

In any case,

(PraUC —{cy" c*2* ) U {y*=*} (1)

defines a hamiltonian x;xo-path of G? containing z1y; and x3ys; it also
contains xoys if x9 # ¢*. On the other hand, if ¢* = x5 we construct a
hamiltonian 2 zo-path of G? containing xoys and x3ys as follows: if j+1 < k
and k(Bj;1) > 2, then C can be assumed to contain ¢*z*, ¢*z* € E(Bj11),
and we set

C=(C—{cz*, cz*}) U {z*2*}
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which defines a hamiltonian cycle of (Gj41% — c*)? containing x3y3, r323.
The same type of hamiltonian cycle is obtained if B;41 is a bridge of G —e.
Thus, in both cases

(P12 UC — {2'y, x323}) U {a' 23,y x5} (2)

defines a hamiltonian z;xo-path of G? containing zays and z3y3.

Thus we are left with the case j + 1 = k implying z2 # ¢ and thus
k(Bj) > 2. We now proceed as in (1) above.

(ii) j = 0. That is, Gop = B.; {z1,z2} C V(B.) follows.

If {z1,22} # {a',¢'} we obtain by induction a hamiltonian z7z2-path
(P1(2) of (B.)? containing z;y; € F(B.) for any i € {1, 2}, but also an edge
ey incident to ¢/ € {2/, '} —{x1,22}. I t/ = ¢/ we proceed as in (1), whereas
we proceed as in (2) if ¢/ = 2/

Thus we assume {x1,22} = {a/,¢'}; by the initial choice of notation,
x1 =’ and z9 = ¢ follows. Also, ¢’ # ¢ by the hypothesis of this Case (B).

Since ¢ # ¢, G’ :== G — e — Bl is a non-trivial block chain. By Corollary
1(ii), (G")? has a hamiltonian xoz3-path P, 3 containing edges z2y2, 3y3 €
E(G"). By Theorem E, (B%)? has an [z;; 23_;]-hamiltonian cycle C; for every
i € {1,2}. Denote the corresponding edges of C; N E(B.) by xlygl),mlzgl)
and $22’§1) if i =1, and by xlyEZ) and a:2ué2),x2z52) if 1 = 2.

Assume further the notation chosen in such a way that the xjxs-path
in C; containing mlygi) also contains azgzéi); denote it by Pl(i) and set PQ(i) =
c;— P,

(P — 22) U {28y} U (Pag — @) U{ast VU (ALY — 1)
defines a hamiltonian z;xo-path of G? starting with xlygl) € E(G). Likewise
(P — w2) U {ul? 287} U (P — {a1,02}) U {yP a3} U Pas

defines a hamiltonian xzo-path of G? ending with zoys € E (Q).
This finishes Case (B).

For the remaining cases of the proof of Theorem 3 we consider D;(G)
comprising those edges of D(G) such that for every g € Di(G) one of the
endblocks of G' — g, B, say, is a DT-graph. Let ¢, denote the cutvertex
of G — g in By. Having solved the Cases (A) and (B) we conclude that
XN(V(By)—cq) # 0 in any case. Note that G has at least two DT-endblocks
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as just described: one is the aforementioned B, another one is either B., or
B!, contains f € D;(G) such that the corresponding DT-endblock By is a
proper subgraph of B,. B. N By = () or B, N By = c where ¢ = ¢ = c..

We proceed analogous to Case (B) denoting the blocks of G — e by
By, ..., By with By = B., B, = B..

Suppose first that | X NV (B.)| = 1. In view of Cases (A) and (B) we
have

XNV(B)=ANV(B,) = AN (V(Be) —¢) = ; ;

without loss of generality i = 1. By the same token zo € V(By) C V(BY)
and x9 # .

Let P(c,r1) be a ¢, z1-hamiltonian path of B2 with x121 € (P(c,21)) N
E(B.), which exists by Theorem F (7i).

If x3 € V(B.) —{c'}, we operate with an z5¢-hamiltonian path P(z2,c)
of (B.)? with w929, 2323 € E(P(x2,c))NE(BL) using induction, and trivially
with a ¢/c-hamiltonian path Py of G2. Note that Py = ) if ¢ = ¢’ in this case.

If x3 ¢ V(B.) —{c'}, we operate with an x5¢’-hamiltonian path P(z2,c)
of (BL)? with x3 € E(P(x2,c)) N E(B.) which exists by Theorem F (ii),
and with a ¢/c-hamiltonian path Py of G2 containing z323 € E(Gp) applying
Theorem F to each 2-connected block of Gy. Note that ¢ = ¢ = z3 is
not possible by the assumption X N V(B,) = x; and it covers the case
x3=c #c.

Then

P(x9,c), Py, P(c, 1)

is a hamiltonian z1xo-path of G? containing r3z3, x;2; € E(G), for i = 1,2.
This settles the case | X NV (B,)| = 1.

Now suppose | X NV (B.)| = 2. Because of the case just settled we must
also have [ XNV (By)| = 2 implying ¢; = ¢/ = ¢ € X. Again, suppose without
loss of generality that x1 € Be.

If ¢ = 23, let Py be an xyz3-hamiltonian path of B2 such that z12; €
E(Py) N E(B) and P; be an x379-hamiltonian path of B2 such that x3z3 €
E(P1) N E(Be), which exist by Theorem F (7). Hence

PyPy

is an xyz9-hamiltonian path of G? with 12,7323 € E(G). We proceed
analogously to obtain an xsx;-hamiltonian path of G? with xoz29, 2323 €
E(G) as required by the theorem.

Now suppose without loss of generality that ¢ = z; and z3 € V(B,) —c.
Hence we have 1,22 € V(By), i.e., 1,22 € V(B,). We apply Theorem E
to B and either Theorem F (7)) or Theorem 2 to BY..
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By Theorem E, Bg contains a hamiltonian cycle C, with z1y;, 1121 €
E(Ce) N E(Be) and x3uz € E(Ce) N E(Be).

As for (B)?, it has an z1z9-hamiltonian path P 5 with z1u1 € E(Py2)N
E(B.), by Theorem F (4). Thus,

E(P1,2> U E(Ce) U {ulyl} — {:clul, xlyl}

defines on x;xo-hamiltonian path of G2, containing z12; € E(G), but also
zaus € E(G).

Likewise, Theorem 2 implies that (B)? has either an z1xo-hamiltonian
path Py o with zjuy, x920 € E(Py2) N E(BL), or it has an zjx2-hamiltonian
path Py o with z229 € E(P12) N E(B) and ujvy € E(P;2) for some ug,v; €
N (x1). In the first case, we define an x129-hamiltonian path of G as above;
it contains zy29, r3us € E(G). In the second case we proceed similarly: here,

E(Pi12)UE(Ce) U {uiyr,viz1} — {wiv, z1y1, 2121}

defines an 1 x9-hamiltonian path containing xezs, x3us € E(G). Thus G has
the strong F3 property.

The case X C V(Be) needs no separate consideration since it implies
| X NV (Byf)| < 1, in which case we may consider By instead of B.. This
finishes the proof of Theorem 3.

3. Arbitrary 2-connected graphs

We now proceed to prove the main result of this paper.
Theorem 4. Let G be a 2-connected graph. Then G has the F4 property.

Proof: We may assume that G is an edge-critical block since otherwise we
can delete edges of G until we reach an edge-critical block.

If G is a DT-block, then the result is true by Theorem 1. So assume
that G is not a DT-block. The rest of the proof is by induction on |D(G)],
or on |V(QG)|. That is, if H is an edge-critical block with |D(H)| < |D(G)|
or |V(H)| < |V(G)], then H has the Fy property.

By [7, Theorem 1], D(G) contains an edge e such that G — e is a block
chain with at least one of its endblocks, say Be, being a DT-block. Let B
be the other endblock of G — e.

Throughout, we let e = za’ where x € V(B,) and 2’ € V(B.).
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We claim that D(G) contains an edge e* such that G—e* has an endblock
Be- which is a DT-block satisfying |V (Be.)NV (Be-)| < 1. To see this, we note
that if B! is also a DT-block, then e* = e and B, = B, and the inequality
holds trivially. If B, is not a DT-block, then it is edge-critical and again [7,
Theorem 1] applies and e* is in D(G) N B., and B~ is a subgraph of B..
Since |V (B.) NV (B.)| <1 the claimed inequality holds.

Let X = {z1,x2,23,24} and let k = min {|V(B.) N X|, |V(Be) N X]|}.
Then clearly k < 2. Without loss of generality, we assume that |V (B.)NX| =
k.

We first dispose of the case kK = 0 proceeding as in the proof of Theo-
rem 3: we replace B, by a path of length 3. The resulting graph H is an
edge-critical block and |D(H)| < |D(G)|. By induction H has the F4 prop-
erty. Any F; hamiltonian path in H? can then be converted into an Fj
hamiltonian path in G2 by the same method used in [7].

Hence we assume that k € {1, 2}.

Let ¢ and ¢ be the cutvertices of G — e belonging to B. and B, respec-
tively. Note that if ¢ = ¢/, then G — e is a block chain with only 2 blocks B,
and BY.

If £ = 2, then we may assume without loss of generality that either
V(Be) N X = {x3,24} or V(Be) N X = {z2,24}, or V(B) N X = {x1, 22}
(namely, if ¢ = ¢ = x; € {x1, 22}, {23,724} C V(Be-), and B, = Be-).

If £ = 1, then we may assume without loss of generality that either
V(Be) N X = {x2} or V(B.) N X = {z4}. In any case, we note that ¢ &
{2, x4}: otherwise, we replace B, by a path of length 3 to obtain H which
has an F; xizo-hamiltonian path in H2. Again, as before, we apply the
method used in [7] to see that any corresponding F; hamiltonian path in
H? can be converted into an F; hamiltonian path in G2.

Case (A): c=¢

(1) Suppose k = 2.

(a) Suppose x3, 24 € V(B.). Then x1, 22 € V(B.) and there is an z1x5-
hamiltonian path P’(z1,22) in (B.)? containing an edge cw’ of B., by The-
orem F (note that ¢ ¢ {x1,z2} by assumption). Let w € N(c) N V(B).
Then, by Theorem 1, there is an F4 cw-hamiltonian path P(c,w) in (Be)?
containing x3z3, x4z4 which are edges of Be if {c,w} N{xs, x4} = 0.

Suppose |[{c,w} N {x3, x4} = 1. Without loss of generality, assume that
x3 € {c,w}. By Theorem 3, B, has the strong F3 property. Consequently,
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B? has a cw-hamiltonian path P(c,w) containing x424, cz € E(B.), cz # cw
if 3 = ¢; or it contains x4z4, wv € E(Be), wv # cw, if x3 = w.

Suppose {c,w} = {x3,z4}. If dp, (c) > 2, then consider u € N(c) N
V(Be) — w such that u ¢ {x3,z4} and argue with u in place of w as in
the preceding case. Thus we may assume that dp_(¢) = 2. By Theorem E,
(B.)? has a [c; w]-hamiltonian cycle C,, containing cw, vw, cz which are three
different edges of Be. Let C, — cw = P(c,w).

By deleting in all cases the edge cw’ from P’(x1,z9) and adding ww' €
E(G?), we have a required F; x1z2-hamiltonian path in G2.

(b) Suppose z2, x4 € V(Be). Then x1, 23 € V(B.). Note that ¢ € {1, x3}
since k = 2.

If 29 # ¢, then by Theorem F, there is an zoc-hamiltonian path P(x2, c)
in (B,)? containing an edge 424 of B, (independent of 2, = c or x4 # ¢) and
there is an z1c-hamiltonian path P'(x1, ¢) in (B.)? containing x3z3 € E(B.).
P'(x1,¢) and P(xy,c) form a required F4 x1w2-hamiltonian path in G2.

If 2o = ¢, we apply Theorem E to B, to obtain a hamiltonian cycle
C in (B)? containing zovy,rov2, 2424 which are edges of B.. By Theo-
rem 3, (B))? has a strong F3 x179-hamiltonian path P’(z1,72) containing
xow', x323 which are edges of B.. A required F; xjxo-hamiltonian path in
G? is given by (C — zov1) U (P'(21,22) — z2w’) U {v1w'}.

(¢) Suppose V(Be) N X = {x1,22} with x; = ¢ for some i € {1,2};
without loss of generality xo = ¢ = . x3, 24 € V(B.) follows (note that the
case ¢ € {x1,r2} can be treated symmetrically to case (a)). By Theorem
F, (B.)? has an z1xo-hamiltonian path P(z1,z2) containing an edge zov €
E(B,).

Suppose w' € (N(c') —{x3,74}) NV (B.) exists. By induction, (B.)? has
a w'zro-hamiltonian path P’ containing edges z323, 2424 € E(B.). Clearly,

(P(x1,72) U P — z9v) U{w'v}

defines an x;x2-hamiltonian path of G? as required.

Finally suppose N (¢)NV(B.) = {x3,z4}. That is, ¢ = ¢ = x9 is 2-valent
in B!. In this case we apply Theorem E to obtain a [¢/; x3]-hamiltonian cycle
C' in (B.)? containing three different edges c/z3,c 4, x323 € E(BL).

It follows that

(P(x1,79) — x90) U (C" — 23¢") U {vw3}
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defines an F, z1yo-hamiltonian path of G2 as required. This settles case (1).
(2) Suppose k = 1.

(a) Suppose z3 € V(B.). Then z1,z3,74 € V(B.) — c. Hence by in-
duction there is an JF; xjc-hamiltonian path P'(x1,c) in (B.)? containing
T323, 7424 € E(B.). In (Bc)?, there is an wpc-hamiltonian path P(z2,c)
which together with P’(z1,¢) form a required Fy z1z2-hamiltonian path in
G2

(b) Suppose x4 € V(Be). Then x1,22,23 € V(B.) — ¢ and by induc-
tion there is an F; ziwo-hamiltonian path P’(z1,72) in (B.)? containing
r323,cw’ € E(B)). In (B.)?, there is a hamiltonian cycle C, containing
three different edges cw, cz, 424 € E(B.) by Theorem E. Delete cw’ from
P'(z1,22) and cw from C. and join w' to w to obtain a required Fy z1xo-

hamiltonian path in G2. This settles case (2) and thus finishes the proof of
Case (A).

Case (B): c# ¢

Let Go =G — (eU B, U B.).

(1) Suppose k = 2.

In this case (V(Go) — {c,d}) N X = 0. By Corollary 1, (Go)? has a
hamiltonian cycle Cj containing ¢’wy, cwy which are edges of Gy, provided
G is a non-trivial block chain. If, however, Gy # K> is a block, then such
hamiltonian cycle Cj exists by Theorem E. Moreover, we only have to deal
with the cases (1.1), (1.2) below; otherwise, we could consider Bex C BL.

(1.1) Suppose x3,x4 € V(Be).

Then z1,79 € V(BL). If ¢ € {1, 22}, then by Theorem F (i), (B.)? has
an F3 x1re-hamiltonian path P’(x1,x2) containing an edge cdw’ of B.. If
€ {x1,x2}, say ¢ = x1, then we let P'(z1,x2) denote an x1xo-hamiltonian
path in (B%)? containing an edge z1w’ = ¢'w’ of B!, (see Theorem F(ii)).

(a) Suppose ¢ = z; for some i € {3,4}. Let C. denote an [z;;x7_;]-
hamiltonian cycle in (B.)? containing z;2;, r;w;, x7_;27_; which are edges of
B.. In this case,

(P'(z1,22) — dw') U (Cy — {wy, cwo}) U (Ce — mjw;) U {w'wf), wow; }

defines a required F; z1x9-hamiltonian path in G? provided Gy # Ko. If,
however, Gy = K>, then

(P'(z1,22) — ') U (Ce — mjw;) U {w;, cw'}
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yields the required result.

(b) Suppose ¢ # z; for any ¢ € {3,4}.

(i) Suppose N(c) N{xs, x4} = 0. Let w € N(c) NV (Be). By induction,
there is an 4 cw-hamiltonian path P.(c,w) in (B.)? containing 2323, 2424
which are edges of Be. In this case,

(P'(z1,22) — dw') U (Cy — {cwfy, cwo}) U Pe(c, w) U {w'wf, wwo }

yields a required F; z1z2-hamiltonian path in G?; and if Gy = K>, then we
obtain the required result analogously as in case (a).

(ii) Hence we assume that N(c) N {xs, x4} # 0.

If there exists w € N(c) N V(Be) such that w ¢ {x3,x4}, then the
argument used in (i) applies and we have a required F; zjz9-hamiltonian
path in G? as before.

So assume that N(c) N V(B.) = {x3,z4}. Let C. denote an [c;x3]-
hamiltonian cycle in (B.)? containing z3c, 323, 424 which are edges of B,.
Then

(P'(z1,22) — dw') U (Cy — {cwy, cwo}) U (C. — x3¢) U {w'wy, wors}

yields a required F4 z129-hamiltonian path in G? if Gy # Ky; and the case
Gy = K3 is treated analogously as before.

(1.2) Suppose x9, 24 € V(B,).

Then x1,23 € V(B.). If 21 # ¢, then by Theorem F, (B.)? has an
F3 x1c-hamiltonian path P’(z1,c’) containing an edge z3z3 of B, (even if
x3 = ). If ¢ = 1, then by Theorem E, (B.)? has an [z1; z3]-hamiltonian
cycle C’ containing three edges z1w1, 2121, 2323 € E(BL). In this case, let
P’(:):l,wl) = Cl — T1wi.

Consider B.. If m3 # c, then by Theorem F, (B.)? has an F3 wac-
hamiltonian path P(x2,c) containing an edge x424 of B, (even if x4 = ¢). If
¢ = x9, then by Theorem E, (B.)? has an [z2; x4]-hamiltonian cycle C' con-
taining xowse, roz9, x424 which are edges of Be. In this case, let P(z9,wy) =
C' — xows.

(a) Suppose Go # Ko.

By Corollary 1(4), Theorem F respectively, (Go)? has a cc-hamiltonian
path Py(c, ') containing an edge cwg of Gy incident to ¢, or an edge 'wy, of
Gy incident to . In the case that Gy has 2 or more blocks, then Py(c, )
can be chosen to contain both cwy and ¢'wy.
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(i) Suppose ¢ # x9 and ¢ # x;. Then P'(x1,d) U Py(c,c) U P(x2,¢)
yields a required F; z129-hamiltonian path in G?.

(ii) Suppose ¢ # x2 and ¢ = x1. Then P'(z1,w1) U (Py(d,c) — cwp) U
P(xg,c) U {wiw} yields a required Fy z1z2-hamiltonian path in G2.

(iii) Suppose ¢ = x5 and ¢ # x1. Then P'(z1,d) U (Py(d,¢) — cwp) U
P(z2,w2) U {wows} yields a required F; z1xo-hamiltonian path in G2.

(iv) Suppose ¢ = 3 and ¢ = z;.

First assume that GGy has 2 or more blocks. Then
P'(x1,w1) U (Po(c, ) — {w]), cwo}) U P(ma, ws) U {wjwy, wows }

yields a required F; x129-hamiltonian path in G?.

Next assume that Gy is 2-connected. By Theorem 2, (Gg)? has a cc'-
hamiltonian path Py(c, ') containing an edge cwy of G and Py(c, ') either
contains an edge c'wj of Gy or else contains an edge wv for some vertices
u,v € N() NV (Gyp). In the former case, we proceed as in the case where
Gy has 2 or more blocks, to obtain a required z1z9-hamiltonian path in G2.
In the latter case,

P(zg,we) U (Py(c, ) — {cwo, uv}) U (P (z1,w1) — {2171 }) U{wawp, wiv, z1u}

yields a required z1xo-hamiltonian path in G2.

(b) Suppose Gy = K.

If ¢ # x5 or ¢ # x1, then the methods used in the above cases (a)
(1), (ii), (iii) can be used to construct a required Fy xjz2-hamiltonian path
in G2. Hence we assume that ¢ = x3,¢ = z1. Then by Theorem F, (B.)?
(respectively (B.)?) has an F3 mpx-hamiltonian path P(z2,r) containing
x424 (respectively zj2’-hamiltonian path P’(x1,z") containing x323) where
w323, 1424 € E(G) (even if x4 = x and z3 = 2’). Then P(x9,z) U {za’'} U
P'(x1,2') is a required F; x1xo-hamiltonian path in G2.

(2) Suppose k = 1.

Recall that, in this case, either V(B.) N X = {z2} or else V(B.) N X =
{z4} and that ¢ & {2, 24}

(2.1) Suppose z3 € V(B,) and 23 = .

Write the block chain G—e as BiUBsU- - -UByg, k > 2 with B;NB;+1 = ¢
fori=1,2,...,k—1 where By = B, and By = B. so that ¢y = ¢, cx_1 = ¢
and Gop = BoU---U Bp_;.
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(a) Suppose (V(B.) —c1) N X =0 and ¢; = 7.

Then either (i) B. is a DT-graph or else (ii) B, contains an edge f €
D(G) such that one of its endblocks By of G — f is a DT-graph of B, (and
thus of G'— e). Moreover, if 1 € V(By), then x1 is a cutvertex of G — f (see
Theorem G).

In either case, we reduce G to the graph H by replacing either B, (in
case (i)) or else By (in case (ii)) by a path of length 3. By induction, H?
has an F4 z1xs-hamiltonian path. This hamiltonian path can be converted
to an F; z17o-hamiltonian path in G? by the same method used in [7].

(b) Suppose z1 € V(BL) — c;.

In (B;)?, we take an z1c1-hamiltonian path Py (z1, ¢1) containing edges of
By incident to x, if x, is in B for every r € {3,4}. Foreachi € {2,...,k—1},
we take a ¢;_jc;-hamiltonian path P;(c;_1,¢;) in (B;)? containing edges of
B; incident to z, if z, € V(B;), for every r € {3,4}. In (B})?, we take
a cg_1xo-hamiltonian path Py(cg_1,22). Note that this is always possible
either trivially or by induction (to get an F; hamiltonian path in (B;)?) or
by Theorem 3 (to get a strong F3 hamiltonian path in (B;)?).Then

Pi(x1,¢1) U Py(c1,¢c2) U+ - U Py(cg—1,22)

yields a required xjx2-hamiltonian path in G2.

Consequently, if 1 &€ V(B.) — ¢1, then x, € V(B.) — ¢; for at least one
r € {3,4}.

(c) Suppose z1 = ¢;.

Because of case (a) settled already, we have z,, € V(B.) — ¢; for at least
one r € {3,4}.

(i) Suppose x3, 24 € V(BL) — c1.

Proceeding as in case (b), we can construct a cjzg-hamiltonian path
Ps(c1,2) in (Gg U B,)? containing an edge cjw; of Bs.

If there is a vertex w € N(c1) N'V(By) such that w & {x3,x4}, then by
induction let P;(x1,w) be an F; xjw-hamiltonian path in (B;)? containing
an edge of B incident to x, for each r € {3,4}. A required zjz9-hamiltonian
path in G? is given by Pj(z1,w) U (Pa(c1,22) — cywr) U {wwy }.

So assume that N(c1)NV(By) = {x3,z4}. Then by Theorem E let C; be
an [x1; x3]-hamiltonian cycle in (B;)? containing 13, 174, z3ws which are
edges of By. Let Pj(x1,x3) = C1 — x123. Then a required x1xo-hamiltonian
path in G? is given by Pj(z1,23) U (Py(c1,22) — crwy) U {z3w: }.
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(i) Suppose z3 € V(B.) — ¢1 and z4 € V(Gy).

Let w € N(z1) NV(Bj1). By Theorem F, there is an zjw-hamiltonian
path Pj(x1,w) in (B1)? containing an edge x3ws of By. As in case (i), we can
construct an z1ro-hamiltonian path Py(z1,22) in (Go U Be)? containing an
edge x1w; of By and an edge x4wy of Gy (apply Theorem 3 if wy, x4 € V(Bs)
and apply Theorem F otherwise). Then a required zjxe-hamiltonian path
in G? is given by P (w1, w) U (Py(x1,22) — z1w1) U {ww }.

(d) Suppose z1 € V(Gp) — c1.

Then z; € V(By) for some ¢t € {2,...,k — 1}. In the case that z; is a

cutvertex of G — e, then 1 = ¢; witht <k —1. Let Gy = BiU---U B; and
H; =By U---UBg.

(i) Suppose {z3,z4} C V(Gy).

Then by induction or by applying Theorem F or Theorem 3 to each 2-
connected block of G, we can construct an xja’-hamiltonian path Py(xy,z")
in (G;)? containing z323, 2424 which are edges of Gy. Since X N (V(Hy) —
¢t) = {x2}, by applying Theorem E to each 2-connected block of Hy, we can
construct a hamiltonian cycle C, in (H;)? — ¢; containing an edge xov of

Be. Then a required x;z2-hamiltonian path in G? is defined by P;(z1,2') U
(Ce — z9v) U {2'v}.

(ii) Suppose {z3,24} NV (Gy) # 0 and {x3, 24} NV (Hy) # 0.
Assume without loss of generality that x5 € V(G;) and z4 € (V(Hy) —
V(By)). Because of the preceding discussion, we have x5 € V(B;) — ¢;.

Suppose x4 € V(B,) where t < ¢ < k. Split H; into two block chains
Ji and L, where J; = Byy1 U---U By and x4 is not a cutvertex of J;; and
Lq:Bq+1U'~-UBk.

Let Pi(z1,2') denote an z12’-hamiltonian path in (G¢)? containing z3ws,
ciwy which are edges of G;. Note that this is possible because z3 # ¢,
|V(By) N X| < 3 and by applying Theorem 3 or Theorem F, respectively.

Let C; denote an hamiltonian cycle in (J;)? containing c;2, 2424 which
are edges of J;. Note that this is possible by applying Theorem E to each
block of Jy, provided J; is not a bridge of H;. In the case that J; is a bridge
ciry, then Cy denotes cpry in (Jy)2.

Proceed analogously to case (i) to obtain a hamiltonian cycle C, in

L,)? — ¢, containing an edge zov of B.. Then a required zzs-hamiltonian
q q
path in G? is defined by

(P(z1,2") — cowy) U (Cy — crz) U (Ce — 220) U {wizy, 2’0}
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if J; is not a bridge; otherwise, it is defined by
(Py(x1,7") — cwy) U{cpwy} U (Ce — 2ov) U {wyay, 2'v}.
This settles case (d) and thus finishes the proof of case (2.1).

For the remaining cases of the proof of the theorem, we adopt a different
strategy of proof. For this purpose, let BT denote the graph obtained from
B! UGq by adding a new edge cz’. Then BT is an edge-critical block. Since
|[V(BT)| < |[V(G)|, by induction, BT has the F4 property. Also, as before it
is tacitly assumed that the hamiltonian paths constructed in the (B1)? will
traverse as many edges of BT as possible.

We note that, E((BT)?) = E((B., U Go)?) U E* where
ET = {ca'} U{2d'we,v'c | w. € N(c) NV (Gy),u' € N(2') NV (B)}.

In what follows, any vertex in N(c) NV (Gp) will be subscribed with ¢,
and any vertex in N(z') NV (B.) will be superscribed with ’. Also, we use y
to denote a neighbor of z in B..

(2.2) Suppose x2 € V(B,) and z3 # x.

Then z1,z3,24 € V(BT)—{c}. Let PT(x1,c) denote an F4 z1c-hamilton-
ian path in (BT)? containing w323, x424 which are different edges of BT using
induction. Note that x;z; = 2c is possible for i € {3,4}.

Set E* = E(P*(x1,¢)) N ET and set |E*| = r. Clearly, 0 < r < 3.
Observe that » = 4 would imply that 2’ and ¢ are internal vertices of the
corresponding hamiltonian path, which is not possible. However, the case
r = 3 could be reduced to the case (b) (i) below traversing more edges of
BT than the original path. Thus r = 3 is also impossible.

(a) Suppose r = 0 in which case z;z; # a'c for i = 3,4.

Trivially (B.)? has an xoc-hamiltonian path P (z2,c) (since 22 ¢ {c, x}).
Then PT(z1,c) U Py(x9,c) defines a required F; z1zo-hamiltonian path in
G?.

(b) Suppose r = 1.

By Theorem F (i), (B.)? has an zoz-hamiltonian path P(z2,) con-
taining an edge cw of B..

(i) If E* = {c2'}, then (Pt (x1,¢) — cx’) U Py(w2,x) U {zz'} defines a
required F; x1z2-hamiltonian path in G?. Note that z;z; = 2’c for i € {3,4}
is not an obstacle.
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From now on we can assume that xz;z; # 2’c for i = 3, 4.

(ii) If E* = {cu'}, then (P*(z1,¢) — cu') U Py(xg, ) U {zu'} defines a
required F; z122-hamiltonian path in G2.

(iii) If B* = {2'w.}, then (PT (z1, ¢)—2'w.)U(Pa(x2, ) —cw)U{zx’, ww,}
defines a required F,; x122-hamiltonian path in G2. This holds true even if
we € {z3,24} and wee € E(PT(21,¢)).

(c) Suppose r = 2.

By Theorem F, (B.)? has an zac-hamiltonian path P(z2,c) containing
an edge xy of Be.

(i) If B* = {c2/, 2'w.}, then
(P (x1,¢) — {ca’, 2'w.}) U (Py(w2, ¢) — zy) U {ya’, 22, cw.}

defines a required 4 21x2-hamiltonian path in G2, even if {x3, z4}N {2/, w.} #
(). Note that x;2; = 2'c for i € {3,4} is not an obstacle.

From now on we ca assume that x;2; # 2/c for i = 3, 4.
(ii) If E* = {2'uc, 2’w.}, then

(P (x1,¢) — {2'ue, 2'we}) U (P2, ¢) — zy) U {ya’, z2’, weue}

defines a required F; z1zs-hamiltonian path in G2.

(iii) If B* = {2'uc, w'c}, then
(PT(z1,¢) — {2'ue, w'c}) U (Py(xa, ¢)) U {cue, w'z'}

defines a required F; z1z2-hamiltonian path in G2.

(2.3) Suppose x4 € V(Be).

Then x1,x2,x3 € V(BT) — {c}. Let PT(z1,22) denote an Fy z1xo-
hamiltonian path in (B*)? containing w323, cc*, where ¢* € {w,, '}, which
are different edges of BT using induction. Note that x32z3 = z'c is possible.

Now set E* = E(P*(z1,22)) N E' and set |[E*| = r. Clearly, 0 < r < 4.
Note that the case r = 4 yields a contradiction just as did the case r = 3 in
the subcase (2.2) above.

(a) Suppose r = 0, in which case ¢* = w, and x323 # z’c.

By Theorem E, (B.)? has a [c; 24]-hamiltonian cycle C, containing cw, cz,
w424 which are edges of B.. Then (P*(z1,22) — cw.) U (Ce — cw) U {ww.}
defines a required F; x122-hamiltonian path in G2.
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(b) Suppose r = 1.

(i) Suppose E* = {2'c} or E* = {w'c}. By Theorem F, (B.)? has a cz-
hamiltonian path Py(c, z) containing an edge x424 of Be. Then (P (1, 12)—
zc) U Py(c,x) U{zx} is a required Fy x1z9-hamiltonian path in G? for any
vertex z € {z/,w'}. Note that either ¢* = ' or x32z3 = 2/c is not an obstacle.

(ii) Suppose E* = {z'u.}. Hence ¢* = w, and x3z3 # 2’c. By Theorem 3,
(Be)? has a cx-hamiltonian path Py(c, r) containing cw, 2424 which are edges
of Be. As for the z1xo-hamiltonian path P+ (z1,22) in (BT)? we possibly
have u. = we. In any case, (P (21, x2) — 2'u.) U (Py(c, z) — cw) U {2’ x, wu,}
defines a required F; x122-hamiltonian path in G2.

(c) Suppose r = 2. Note that x4 # ¢ in this case and xc ¢ F(B.) because
of G is edge-critical.

(c1) E* = {a'c,w'c}, in which case ¢* = 2/ and hence x3z3 # 2'c. By
Theorem F, (B.)? has an xy-hamiltonian path Pj(z,y) containing an edge
w424 of Be. Then (Pt (x1,22) — {2'c,w'c}) U Py(z,y) U {2'y,w'z} yields a
required F; z1z2-hamiltonian path in G2.

(c2) E* = {a'c, 2 uc}.

Let y € N(x) N V(Be) where y # x4, and let Py(z,y) be an Fy xy-
hamiltonian path in (B.)? containing x4z4,cw which are edges of B, (by
induction or by Theorem 3). Then (P*(x1,22) — {a'c,2'uc}) U (Py(z,y) —
cw) U {z'z, 2'y, wu,} results in a required F; z1xo-hamiltonian path in G2.
Note that either ¢* = 2’ or z323 = 2’c is not an obstacle.

From now on we can assume that ¢* = w,. and 323 # 2/c.

(e3) E* = {a'y., 2'u.}.

By Lemma 3, there is a [c; z, 74]-hamiltonian cycle Cp in (Be)? containing
cw, cu, xy, r4z4 which are edges of B, provided z4 # x; otherwise, let Cy be
an [c; 24]-hamiltonian cycle of (B.)? containing cw, cu, ry which are edges
of B, resulting from an application of Theorem E. Then

(P (z1,22) — {2"ye, 2'uc}) U (Ce — {cw, cu, zy}) U {wye, uue, za’, yz'}
defines a required F; z1z2-hamiltonian path in G? independent of the posi-
tion of x4.

(c4) E* = {a'y.,w'c}. Then there are two subcases to consider.

(i) Suppose y. = we. Let Py(z,y) be as defined in case (c2). Then

(P (21, 22) — {2'ye,w'e}) U (Py(x,y) — cw) U {w'z, 2"y, wy.}
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yields a required F; x129-hamiltonian path in G?.

(ii) Suppose y. # w.. There are four possibilities.

If P*(x1,22) takes the form xy - -- 2y, - - - wecw’ - - - x9, then proceed as
in (i) to obtain a required F4 z1w2-hamiltonian path in G2.

If P (z1,22) takes the form

/ / / /
mlycx e WeCW - X9 Orxl...l-yc...wcwc...xQ’

then we can reduce this case to case (a) where r = 0 as follows. Delete
2'ye,w'c from Pt (x1,22) and add to it the edges x'w’, cy.

If PT(z1,22) takes the form xy -« -y’ - - w'cwe - - - w2, then let Py(z,y)
denote an xy-hamiltonian path in (B,)? as defined in case (c2). Then

(P (21, 22) = {2y, w'e}) U (Pa(z,y) — cw) U {w'z, 2y, yew}

defines a required F; z1z2-hamiltonian path in G2.
The other cases are symmetrical.

(c5) E* = {cv, cw'}. This case cannot happen since E* N E(BT) = (),
but cw, € E(Py(x1,x2)) N E(BT).

(d) Suppose r = 3. Thus E* must be one of the following three sets:
E* ={2uc,2'c,w'c}t, E* = {a'uc, 2y, w'c}, E* = {w'e,v'¢c,x'u.}. Tt is now
straightforward to see that in each of these three cases the corresponding
P*(z1,22) can be modified so as to contain more edges of B* and satisfying
E* = {4'c}, i.e., r = 1. Namely, in the respective case

form ({a'uc,2'c,w'c} — {2'uc, w'e}) U{w'a, cuc};

replace {x'uc, 2'y., w'c} with {w'z’; 2'c, ucy.};

replace {w'c,v'c, 2'u.} with {w'v', 2'c, cu,}.

Theorem 4 now follows. O

As a special case of Theorem 4 we obtain the following.

Corollary 2. Let G be a 2-connected graph on n > 4 wvertices, and let
e =y € E(G) and u,v € V(G) such that {x,y} N {u,v} = 0. Then G* has
a hamiltonian cycle C with e € E(C), and at least one of the edges of u in
C at least one of the edges of v in C are edges of G.

4. Final remarks

In subsequent papers we shall use some of the theorems of this paper to
describe (among other results) the most general structure a graph may have
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such that its square is hamiltonian or hamiltonian connected, respectively.
This will also solve a problem raised in [4] in the affirmative and proves a
conjecture raised in [19]; we shall also present a partial solution of a conjec-
ture stated in [5].

It is easy to see that the complete bipartite graph K ;o does not have
the Fj, property for every integer k > 5. For example, take x1, x5 to be the
two vertices of degree k — 2 and x3,...,x; to be the rest of the vertices.
Hence, Theorem 4 is best possible.

A graph G is said to have the F property if it has three 2-valent vertices
x,y, z such that N(z) = N(y) = N(z). From the above observation, we see
that if G has the F property, then G does not have the Fj, property for any
k> 5.

While it is now known that Theorem F(i) can be generalized to Theorem
4, it is also of interest to know whether or not Theorem E can be generalized
to 3 given vertices. That is, given three arbitrary vertices v, wy,wy of a 2-
connected graph G, does G2 contain a [v; wy, we]-hamiltonian cycle C? The
following example shows that this is not true in general.

Let k > 5 be an integer and let vivs - - - v,v1 be a cycle with n vertices
where n > k + 3. Take a new vertex v and join it to v; and v; to get
the graph H. Let w; = v; and wy = wvg. Then it is easy to see that H?
admits no hamiltonian cycle C containing the edges vwi, vwe and w;z; where
zi € N(w;), i =1,2.
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