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On sequences covering all rainbow k-progressions

LEONARDO ALESE®, STEFAN LENDL*, AND PAUL TABATABAI

Let ac(n,k) denote the smallest positive integer with the prop-
erty that there exists an n-colouring f of {1,...,ac(n,k)} such
that for every k-subset R C {1,...,n} there exists an (arithmetic)
k-progression A in {1,...,ac(n,k)} with {f(a) : a € A} = R.
Determining the behaviour of the function ac(n, k) is a previ-
ously unstudied problem. We use the first moment method to give
an asymptotic upper bound for ac(n, k) for the case k = o(n'/%).

KEYWORDS AND PHRASES: Rainbow arithmetic progression, colouring,
covering, arithmetic progression, probabilistic method, universal sequence.

1. Introduction

Let a,k,d € N. The set A ={a,a+d,a+2d,...,a+ (k—1)d} is called an
(arithmetic) k-progression. We say A has common difference d.

Let n, N € N (n < N) and let f : [N] — [n] be an n-colouring of [N]. Let
R e ([Z]) be a k-subset of [n]. We say a k-progression A in [N] is R-coloured
if {f(a):a€ A} = R. We call such a k-progression a rainbow k-progression.
We say f covers R if there is a k-progression in [N] that is R-coloured.

Example. The 6-colouring f = (4,6,5,1,3,4,2,5,6,3,1,4) of the interval

{1,2,...,14} covers every 3-subset of {1,...,6}; we give examples for some
subsets:

{1,2,3}: (4,6,5,1,3,4,2,5,6,3,1,4)

{3,4,5}: (4,6,5,1,3,4,2,5,6,3,1,4)

{3,4,6}: (4,6,5,1,3,4,2,5,6,3,1,4)

{2,5,6}: (4,6,5,1,3,4,2,5,6,3,1,4)
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For n, k € N (where k < n), let ac(n, k) denote the smallest positive inte-
ger such that there exists an n-colouring f of [ac(n, k)] = {1,2,...,ac(n, k)}
that covers every k-subset of [n].

Among related problems, the anti-van der Waerden numbers aw([N], k)
are well-studied in Ramsey theory. The number aw([N], k) is defined to be
the smallest positive integer r such that every surjective r-colouring of [N]
contains at least one rainbow k-progression.

Butler et al. [1] calculate exact values of aw([N], k) for small values of
N and k and give asymptotic results. Berikkyzy et al. [2] give an exact
formula for aw([V],3), proving a conjecture of Butler et al. [1]. Young [3]
and Schulte et al. [4] study generalizations of this problem to finite abelian
groups and graphs, respectively.

The problem of studying anti-van der Waerden numbers is about finding
colourings avoiding all rainbow k-progressions. Conversely, the problem we
study in this work is about finding colourings that do not avoid any rainbow
k-progressions.

A wide range of problems about covering all k-subsets of [n], on various
structures, are studied [5, 6, 7].

We prove the following asymptotic result.

Theorem. Asn tends to infinity, we have

ac<n,k>:9< k<k)>

If k = k(n) = o(n'/?), we have
ac(n, k) =0O <logn L P2 pRI245/4 nk/2> .

Comparing the asymptotic upper and the asymptotic lower bound for
the case k = o(n'/®), we see that the bounds differ by the factor klogn.

The proof of the theorem is given in Section 2. The main tool of the proof
(Lemma 1) is shown in Section 3. We achieve this by finding a lower bound
on the expected number of k-subsets of [n] covered by a random colouring.

2. Proof of theorem

All asymptotics are to be understood with respect to n, where n tends to
infinity.
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The lower bound in the theorem is a consequence of the fact that an
n-colouring of [N] can only cover all k-subsets of [n] if [N] contains at least
(}) k-progressions.

The remainder of this section is dedicated to proving the upper bound
given in the theorem. To this end, as claimed let k = k(n) = o(n'/%) and

N = N(n) = [\/ﬁ\/% : nk/Q—‘.

The proof of the following lemma is given in Section 3.

Lemma 1. Let F C ([Z]) be a family of k-subsets of [n]. There exists an
n-colouring f* of [N] such that the number of sets of F that are covered by
f* is at least | F| (3 + o(1)).

It follows that there exists an n-colouring go of [N] that covers at least
(1) (5 +0(1)) of the sets of Fy := ([z}).

Let F7 be the family of sets of Fy that have not been covered by gg.
Applying Lemma 1 again, we obtain an n-colouring g; of [N] that covers
at least [F1| (3 4+ o(1)) of the sets of ;. We repeat this process r times, by
defining F; to be the family of k-subsets of [n] not yet covered by any of the
colourings go, ..., gi—1-

After r iterations, the number of k-subsets of [n] that are not covered
by any of the constructed colourings is at most |Fy| (% + 0(1))r. Setting

r=r(n,k) = [a-klogn|, where a > @, we get

A (o) = (1) (5 row) ™ = o

Thus, for sufficiently large n, after r(n) iterations, every k-subset of [n] is
covered by at least one of the colourings

go; 915 - -+ 9r(n)—1-
From the colourings go, g1, - - -, gr(n)—1 We construct an n-colouring g of
S :=[r(n) - N]. We split S into r(n) intervals of length N and colour each

of these intervals with the corresponding colouring g;. Formally, we set

g(i-N+s)=ugi(s) 1€{0,...,7(n) —1}, s € [N].

The colouring g is an n-colouring of S = [[a -klogn] - [\/Z / % : nk/Q—H
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that covers all k-subsets of [n]. It follows that

ac(n, k) = 0O (k-logn- k};I -nk/2> .

If k = o(n'/?) tends to infinity as n — oo,
ac(n,k) = O (logn LR/ pmR/2H5/4 nk/Q)
holds.
3. Proof of Lemma 1 using the probabilistic method

For n, N,k € N (where & < n < N) let f be a random n-colouring of [N]
(chosen uniformly at random from all such colourings). For each R € ([Z]) let
Xp be the indicator variable of the event “f covers R”. Given a k-progression
Ain [N], let Y4 g be the event “The progression A is R-coloured”.

We are interested in the random variable Re(1) Xp, which counts the
number of k-subsets of [n] that are covered by f.

For the sake of brevity, let AP,(NN) denote the set of all k-progressions
in [N] and Hg(N) = (AP’CQ(N )) denote the set of all unordered pairs of
k-progressions in [N]. Note that Xp is the indicator variable of the event

U Yar
AEAP,(N)
Using a Bonferroni inequality we obtain the following lower bound for

EXp.
Lemma 2. For every k-subset R of [n], the following holds:

EXp=P(Xp=1)= IP’( U YA,R)
(V)

> > PYar)— Y. P(YarnYsg)
A€AP(N) {A,B}YeH,(N)

k-1 .
k! El(k —i)!
DI D DD Dl =

AEAPL(N) i=0 {A,B}eH(N) 0
|ANB|=i

To evaluate the lower bound from Lemma 2, we need to count the num-
ber h(N, k) = |APy(N)| of k-progressions in [N] and the numbers h;(N, k),
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defined as the number of unordered pairs of k-progressions in [/V] that in-
tersect in exactly ¢ positions.

Lemma 3. As N tends to infinity, the following asymptotic bounds hold:
o hN.K) = 5 + O(N),
ho(N, k) < ("59) = 5255 + O(N*/k),

o hi(N,k) < h(N,E)k2N = O (N*F),
o h;(N,E) < (3)(G)) = 0 (N24) for j > 2.

Proof. The formula for h(N, k) is obtained by counting the number of ways
to choose the initial term and common difference of a k-progression. We
bound ho(N, k) by the number of unordered pairs of k-progressions. The
bound for hi(N,k) is obtained by fixing a k-progression and an element
of that progression; there are at most kN k-progressions containing this
element. For each j > 2, h;(N, k) is bounded by the total number of pairs of
k-progressions intersecting in at least two positions. For each pair of distinct
elements there are at most (g) k-progressions containing both of them. [

We are ready to evaluate the lower bound from Lemma 2.

Lemma 4. Let k = k(n) = o(n'/%), N = N(n) = [\/Z/% -nk/Z-‘ and f

be a random n-colouring of [N]. Then, for every R € ([Z]) the inequality
1
EXp > B +0o(1)
holds.
Proof. Using Lemma 2 and the asymptotic bounds for h and the h;’s we get

k—1

k! k! !

BXp > AN~ ho() S ) P DN B D!
=2

N2 k! N4 klk!
> <2k — O(N)) 5 (78% ) +C’)(N3/k)) o

k—1 .
kl'(k —1)! k'(k —1)!
=2

Only the terms mn,i and S 41) k”f are asymptotically relevant. It fol-

lows from Stirling’s formula that O(N) % = o(1), O(N?/k)EE = o(1), and



744 Leonardo Alese et al.

O(Nsk)% = o(1). To see that O(N2k*) Zf:zl kiffkii)! = o(1), we use
the fact that the last term of the sum asymptotically dominates the sum of
all other terms and the assumption k = o(n'/%).

We are thus left with the following representation of L(n):

N2 k! Nt KR!
L(n) = S 1
() = e —2wF ~ 8=z oW
which, by our choice of N, gives L(n) = 1 + o(1). O

Lemma 1 follows from Lemma 4 by linearity of expectation.
4. Conclusion

Various generalizations of the problem we studied are possible, by replacing
[N] by another structure endowed with a sensible definition of k-progression.
Structures of interest include cycles Zy, abelian groups and graphs, which
are already studied for anti-van der Waerden numbers.
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