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Monochromatic homeomorphically irreducible trees
in 2-edge-colored complete graphs*

MIcHITAKA FURUYA AND SHOICHI TSUCHIYA

It has been known that every 2-edge-colored complete graph has
a monochromatic connected spanning subgraph. In this paper, we
study a condition which can be imposed on such a monochromatic
subgraph, and show that almost all 2-edge-colored complete graphs
have a monochromatic spanning tree with no vertices of degree 2.
As a corollary of our main theorem, we obtain a Ramsey type
result: Every 2-edge-colored complete graph of order n > 8 has a
monochromatic tree T' with no vertices of degree 2 and |V(T)| >
n—1.
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1. Introduction

All graphs considered here are finite simple graphs.

It has been known that every 2-edge-colored complete graph has a mono-
chromatic connected spanning subgraph. One may impose an additional
condition on monochromatic spanning trees in a 2-edge-colored complete
graph. For example, the following theorems are known (where a broom is a
tree obtained from a star and a path by identifying the center of the star
and one endpoint of the path).

Theorem A ([3]). Every 2-edge-colored complete graph has a monochro-
matic spanning broom.

Theorem B ([1, 8, 9]). Fvery 2-edge-colored complete graph has a monochro-
matic spanning subgraph of diameter at most three.

However, for a property P of graphs, it is not always true that every
2-edge-colored complete graph has a monochromatic connected spanning
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subgraph satisfying P. Thus a natural Ramsey type problem arises: For a
property P of graphs and a natural number mg, determine the minimum
number ng such that every 2-edge-colored complete graph of order n > ng
has a monochromatic subgraph of order m > myg satisfying P. To put it sim-
ply, we want to find a large monochromatic subgraph satisfying a given prop-
erty in 2-edge-colored complete graphs. In 2-edge-colored complete graphs,
Gyarfas [6] found a large monochromatic path, Erdés and Fowler [5] found
a large monochromatic subgraph of diameter at most two, and Bollobas and
Gyérfas [2] found a large monochromatic 2-connected subgraph. Further-
more, Gyérfds and Sarkozy [7] proved the following theorem.

Theorem C ([7]). Every 2-edge-colored complete graph of order n has a
monochromatic tree of diameter at most three and order at least (3n+1)/4.

Considering Theorem C, it is natural to find a large subtree having small
diameter in a 2-edge-colored complete graph. Now we focus on a special class
of trees having small diameter. A tree T' is a homeomorphically irreducible
tree (or HIT) if T has no vertices of degree 2. The diameter of HITs tends
to be small. Indeed, many trees of diameter at most three are HITs, and so
it seems that the class of HITs is wider than the class of trees of diameter
at most three. In particular, one may expect that a 2-edge-colored complete
graph of order n has a HIT of order larger than (3n + 1)/4. In this paper,
we give an affirmative result for this expectation.

Theorem 1. Every 2-edge-colored complete graph of order n > 8 has a
monochromatic HIT of order at least n — 1.

In fact, we prove a stronger theorem which gives a necessary and suffi-
cient condition for a 2-edge-colored complete graph to have a monochromatic
spanning HIT (or HIST). Let K, ,, denote the complete bipartite graph with
partite sets having cardinality m and n. Let K, ,, denote the graph obtained
from K,,,, by deleting one edge, and Z,, denote the complement of K, _,
(see Figure 1). Our main result is the following. 7

Theorem 2. Let G be a 2-edge-colored complete graph of order n > 8 colored
with 1 and 2, and for each i € {1,2}, let G; be the spanning subgraph of G
induced by all edges of color i. Then G has a monochromatic HIST if and
only if G is isomorphic to neither Koo nor Ky, o for each i € {1,2}.

Since we can easily check that Ko, _2 and KQ_ n—o have a HIT of order
n — 1, Theorem 1 follows from Theorem 2.

Remark 1. If n = 7, Theorem 2 does not hold. For example, the graph G
of order 7 depicted in Figure 2 is a counterexample. In fact, both G and
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Ky, s Zn,
Figure 1: Graphs K, _, and Z,.

Figure 2: A graph G of order 7.

the complement of G are not isomorphic to Ka,—9 or Ky, o and have no
HIST.

Our notation and terminology are standard, and mostly taken from [4].
Possible exceptions are as follows. Let G be a graph. For x,y € V(G), we
let dg(z,y) denote the distance between x and y. When G is connected, we
define the diameter of G by diam(G) := max{dg(z,y) | z,y € V(G)}. For
x € V(G), we let Ng(x) denote the neighborhood of x, and dg(z) denote the
degree of x in G. We let A(G) and 6(G) denote the mazimum degree and
the minimum degree of G, respectively. For two disjoint sets X,Y C V(G),
we let Eq(X,Y) = {zy € E(G) | x € X,y € Y}. A maximal 2-connected
subgraph of G containing at most one cutvertex of GG is called an endblock

of G.
2. Fundamental properties

In this section, we give two useful lemmas.
Let G be a graph. A pair (x1,x2) of vertices of G is branchable if

(Pl) 1T € E(G),

(P2) Ng(z1) U Ng(z2) = V(G), and
(P3) for i € {1,2}, if dg(x;) = 2, then dg(z3—;) = |V(G)| — 1.
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A quadruplet (z1,z2,x3;y) of vertices of G is branchable if

(Ql) z173, w213, 23y € E(G),
(Q2) Ng(z1) U Ng(z2) 2 V(G) — {21, 22, ¥y}, and
(Q3) |Ng(zi) — {x3—i,x3,y}| > 2 for each i € {1, 2}.

Lemma 1. Let G be a graph of order n > 8. If G has a branchable pair or
a branchable quadruplet, then G has a HIST.

Proof. Assume that G has a branchable pair or a branchable quadruplet.

Case 1: G has a branchable pair (x1, z2).

We may assume that |Ng(z1) — (Ng(x2) U{z2})| > |Ng(x2) — (Ng(z1)U
{z1})]. If dg(z1) = n — 1, then G has a spanning star with the center z1,
as desired. Thus we may assume that dg(x1) < n — 2. By (P2) and (P3),
we have Ng(z2) — (Ng(z1) U {x1}) # 0 and dg(x2) > 3. Then there exists
a subset X9 of Ng(z2) — {x1} satisfying Xo O Ng(z2) — (Ng(z1) U {z1})
and |X3| > 2. Choose X2 so that |Xs| is as small as possible. Let X7 =
Neg(z1) — (X2U{z2}). Then X; and X5 are disjoint and by (P2), X; UXy =
V(G) = {z1,x2}. If | Xa| = 2, then | X;| > 2 because |V (G)| > 8; if | Xa| > 3,
then |Ng(xz2) — (Ng(z1)U{z1})| > 3, and hence | X;| > |[Ng(x1) — (Ng(z2)U
{z2})] > |Ng(x2) — (Ng(z1) U {z1})| > 3. Hence the spanning subgraph T'
of G with E(T) = {122} U (Ujequ oy {wiv | v € X;}) is a HIST of G.

Case 2: G has a branchable quadruplet (zy, z2, z3;y).

We may assume that |[Ng(z1) — (Ng(z2) U {z2,23,y})| > |Ng(x2) —
(Ng(z1) U {z1,23,y})]. By (Q3), there exists a subset X of Ng(z2) —
{z1, 23, y} satisfying Xo 2 Na(z2) — (Na(z1) U{z1, 23,9}) and | X[ > 2.
Choose Xs so that |X»| is as small as possible. Let X; = Ng(z1) — (Xa U
{z2,23,y}). Then X; and X, are disjoint and by (Q2), X1 U X2 2 V(G) —
{z1,29,23,y}. If | X2| = 2, then | X;| > 2 because |V(G)| > 8; if |Xa| > 3,
then |Ng(z2) — (Ng(z1) U {z1,z3,y})| > 3, and hence |X;| > |[Ng(z1) —
(Ng(z2) U{z2,23,y})| > |Na(z2) — (Ng(x1) U{z1,23,y})| > 3. Hence the
spanning subgraph 1" of G with E(T) = {z123, 2223, 23y} U (U1 2y {zi |
u € X;}) is a HIST of G. O

Lemma 2. Let G be a graph, and let x,y € V(G) be two distinct vertices
with Ng(z) N Ng(y) # 0. If G —{x,y} has a HIST, then G also has a HIST.

Proof. Let z € Ng(x) N Ng(y), and let T be a HIST of G — {z, y}. Then the
spanning graph 7" of G with E(T") = E(T) U {zz,yz} isa HIST of G. O
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3. Proof of Theorem 2

In this section, we prove Theorem 2. We start with a key lemma.

Lemma 3. Let G, n, G1 and G2 be as in Theorem 2. If G has no monochro-
matic HIST and for each i € {1,2}, G; is isomorphic to neither K, o
nor K5, o, then for each i € {1,2}, G; is connected, §(G;) > 3 and
diam(G;) = 2.

Proof. Assume that G has no monochromatic HIST and for each i € {1, 2},
G; is isomorphic to neither Kj, o nor K5, 5 By Lemma 1, for each i €
{1,2}, G; has no branchable pair and no branchable quadruplet. We first
show some claims.

Claim 1. For each i € {1,2}, G; is connected.

Proof. Suppose that G; is disconnected for some ¢ € {1,2}. Then there
exist disjoint non-empty subsets X and Y of V(G) with X UY = V(G) and
Eg,(X,Y) = 0. We may assume that |X| > |Y|. Let z € X and y € Y. Then
Ng, .(x) DY and Ng, ,(y) 2 X, and in particular, Ng, ,(x) U Ng, ,(y) =
V(Gs—;). Since (z,y) is not branchable and |X| > |Y|, this implies that
dg, ,(x) = 2 and dg, ,(y) < n—2. Hence Y| < dg, ,(x) = 2 and | X| <
da, ,(y) < n —2. Since | X| + |Y| = n, this forces | X| =n -2, |Y] = 2,
Ng, .(x) =Y and Ng, ,(y) = X. Since = and y are arbitrary, Gs_; is
isomorphic to Kz ,_2, which is a contradiction. O

Claim 2. For each i € {1,2}, G; has no endblock C which is a clique of
order at most three. In particular, §(G;) > 2 for each i € {1,2}.

Proof. Suppose that G; has an endblock C' which is a clique of order at most
three for some ¢ € {1,2}. Since |V(C)| < 3 and G; is connected by Claim 1,
C' contains a cutvertex z of G;. If dg,(2) = n—1, then G; has a HIST, which
is a contradiction. Thus V(G) — (Ng,(2) U{z}) # 0. Let z € V(C) — {z}
and y € V(G) — (Ng,(2) U {z}). Since dg,(z,y) > 3, zy € E(G3_;) and
Ng, () U Ng,_.(y) = V(G). Since dg,_,(x) > n — 3 and (z,y) is not
branchable in G3_;, dg, ,(y) = 2, and hence Ng, ,(y) = {x, z}. This implies
that V(C) = {z, z} and y is adjacent to all vertices in V(G)—{x,y, z} in G;.
Since y is arbitrary, every vertex in Ng,(z) — {z} is adjacent to all vertices
in V(G) — (Ng,(2) U{z}) in G; and V(G) — (Ng,(2) U{z}) induces a clique
in G;. Let w € Ng,(2) — {z}. Since Ng,(2) U Ng, (w) = V(G) and (z,w) is
not branchable in G, either dg,(z) = 2 or dg, (w) = 2. If dg,(z) = 2, then
Ng,(z) = {x,w}, and hence G; is isomorphic to Z,, which is a contradiction.
Thus dg,(w) = 2. Since w is arbitrary, |V(G) — (Ng,(2) U {z})| = 1 and
Ng,(z) —{x} is an independent set of G;. This implies that G; is isomorphic
to K2_ n—o, Which is a contradiction. OJ
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Claim 3. For each i € {1,2}, 0(G;) > 3.

Proof. We first show that for each i € {1,2}, G; has no edge zjxy with
dg,(x1) = dg,(z2) = 2. Suppose that for some ¢ € {1,2}, G; has an edge
x1x2 with dg, (1) = dg,(x2) = 2. For each j € {1,2}, write Ng,(z;) =
{x3—j,y;}. If y1 = yo, then {1, 22,91} induces an endblock of G;, which
contradicts Claim 2. Thus y; # yo. For j € {1,2}, if there exists a vertex
w € V(G) — (Ng, (yj) U{zs—j, y1,92}), then N, . (z;) = V(G) — {xs3—;,y;}
and {x1,22,y;} € Ng, ,(w), and hence (z;,w) is a branchable pair of G5,
which is a contradiction. Thus for each j € {1,2}, V(G) — {x3—;,y1, 92} C
Ng,(y;) (ie., Na,_,(y;) C {@ws—j,ys—;})- If y1y2 € E(Gi), then (y1,y2) is
a branchable pair of G;, which is a contradiction. Thus y1y2 € E(Gs—;).
Let z,2" € V(G) — {x1,22,y1,y2} with z # z’. Then either 22’ € E(G)) or
zz' € E(Gy). If z2' € E(G}), then (y1, y2, 2; 2’) is a branchable quadruplet of
Gy; if 22/ € E(Gs—;), then (z1,x9, z; 2') is a branchable quadruplet of Gs_;.
In either case, we get a contradiction. Thus

(1) G; has no edge x1x9 with dg,(z1) = dg, (z2) = 2 for each i € {1,2}.

Suppose that for some i € {1,2}, G; has a vertex = of degree 2, and
write Ng,(x) = {y1,y2}. Since Ng, ,(x) = V(G) — {z,y1, y2}, if there ex-
ists a vertex z € Ng,_,(y1) N Ng,_,(y2), then (z,z) is a branchable pair of
G's_i, which is a contradiction. Thus Ng, .(y1) N Ng,_,(y2) = 0, and hence
Nea,(y1)UNg, (y2) 2 V(G)—{y1,y2}. Since dg, (y;) > 3 for each j € {1,2} by
(1), if y1y2 € E(G;), then (y1,y2) is a branchable pair of G;, which is a con-
tradiction. Thus y1y2 € F(G;), and so y1y2 € E(Gs_;). For each j € {1,2},

write Ng,_,(yj) = {y3— ],ZEJ),- zg)} where s; = dg, ,(y;) — 1.
Subclaim 3.1. For some j € {1,2}, if dg, ,(y;) > 3, then for each s €
{12}, No, . (2") € {5,257}
Proof. Suppose that Ng,_, zs ) {z, y],z3 8} # (,andlet w € Ng, (= ('))—
{z,yj, 23 } Since Ng,_,(y1) N NG3 (y2) =0, w # ys_;. Since Ng, ,(z) =
V( )_ {.’L’ y17y2} and {y3 ]723 s} - NG?, z(yJ) NG3 L( )UNGS 7(y]) 2
V(G) — {z,y;,w} and |Ng,_,(y;) — {=, 2 ,w}| > 2. Hence (z, y],zgj),w) is
a branchable quadruplet of G3_;, which is a contradiction. Il
Since y1y2 € E(G3—;), da,_,(y;) > 3 for some j € {1,2} by (1). We may
assume that dg,_, (yl) > 3. Suppose that dg, ,(y2) = 2. Then Ng,(y2) =
V(G) — {yl,yg,zl } Since |V(G)| > 8, there exists a vertex u € V(G) —
{w,yl,yg,z§1),z2 ),z12)} Then by Subclaim 3.1, ygz§ ), (1)u z% )z?),zg )y 1,
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252)%1) € E(G;). This implies that (y2, zf), z%l); u) is a branchable quadru-

plet of G;, which is a contradiction. Thus dg, ,(y2) > 3. Then by Sub-
claim 3.1, Ng, (252)) D V(G)—{x,ya2, 252)}. Furthermore, ny,ygzél) € E(G;).
This implies that (yo, zf), zil); z§2)) is a branchable quadruplet of G;, which

is a contradiction. O

By Claims 1 and 3, it suffices to show that diam(G;) = 2 for each
i € {1,2}. Suppose that diam(G;) # 2 for some i € {1,2}. Since G; has
no vertex of degree n — 1, diam(G;) # 1, and so diam(G;) > 3. Then there
exist vertices x,y € V(G) with dg,(x,y) = 3. Note that xy € F(G3_;) and
Neg,_.(x)UNg,_.(y) = V(G) because Ng, (£)NNg, (y) = 0. Since 6(G3—;) > 3
by Claim 3, (z,y) is a branchable pair of G3_;, which is a contradiction.
Consequently diam(G;) = 2 for each ¢ € {1,2}.

This completes the proof of Lemma 3. O

Now we prove Theorem 2.

Proof of Theorem 2. By the definition of HISTSs, if a graph is disconnected,
then the graph has no HIST. Also, if a graph has a cutset each of whose ver-
tices has degree 2, then the graph has no HIST. So, we obtain the following
fact which guarantees the “only if” part of Theorem 2.

Fact 4. Let G, n, G1 and G2 be as in Theorem 2. For some i € {1,2}, if
either G; ~ Ko 2 or G; ~ K, then G has no monochromatic HIST.

n—2

Thus it suffices to show the “if” part of Theorem 2. Let G, n, G; and
G4 as in Theorem 2, and assume that for each ¢ € {1,2}, G; is isomorphic
to neither K, nor Kin_2. Suppose that G has no monochromatic HIST.
Choose n (> 8) so that n is as small as possible. By Lemma 3, G; is con-
nected, 0(G;) > 3 and diam(G;) = 2. Furthermore, by Lemma 1, for each
i € {1,2}, G; has no branchable pair and no branchable quadruplet.

Claim 5. n > 10.

Proof. Suppose that n € {8,9}. We may assume that A(G1) > A(Ga).
Let z € V(G) with dg,(z) = A(G1). Since dg, (z) + dg,(x) = n — 1 and
dg,(x) > 3, one of the following holds;

- dg, () =n—4;or
- n=9 and G, is 4-regular.

Write Ng, () = {y1, - ,u}, where | = dg, (z), and write V(G) — (Ng, (z)U
{z}) = {z1, -+ ,zn_1—1}. Note that if dg,(z) =n — 4, thenn -1 —1 = 3;
if n = 9 and G is 4-regular, then n — 1 — 1 = 4. If a vertex y € Ng, ()
is adjacent to all of 21, -+ ,2,-;—1 in Gy, then (z,y) is a branchable pair,
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which is a contradiction. Thus no vertex in Ng, (z) is adjacent to all of
21,7 Zp—1—1 in G1.

We first suppose that a vertex in Ng,(z) is adjacent to n — [ — 2 of
21,y Zn—i—1 in G1. We may assume that {z1, -, 2,2} C Ng,(y1). For
each 7 (2 <1 <), the graph T; on V(G) — {vi, zn—i1—1} with E(T;) = {zy; |
J#1pU{yiz; |1 <j<n—1-2}isaHIST of G — {y;, 2,—1—1}. Hence by
Lemma 2,

(2) Ng,(zn—1-1) N Ng, (y;) = 0 for each i (2 <7 <1).

Since diam(G1) = 2, this leads to {y; | 2 < i <1} C Ng,(2p—1—1). Again
by (2), {y; | 2 < i <[} is an independent set of G;. If y1y; € E(G) for
some i (2 <4 <1), then (y1,2n—1—1,¥i; z) is a branchable quadruplet of G,
which is a contradiction. Hence {y; | 1 < i < [} is an independent set of
G1. Since dg, (Y1, 2n—1-1) < 2 and y12,—1—1 & E(G1), z,—1—1 is adjacent to
one of 21, ,2z,_;_2 in G1. We may assume that z12, ;1 € FE(G1). By
(2), yiz1 & E(G1) for every i (2 < i < ). Since {y; | 1 < i <[} is an
independent set of G, Ng, (yi) C {z} U{z; | 2 < j <n—1—1} for each
i (2 < i <1). Suppose that dg,(z) = n —4 (i.e, n —1—1 = 3). Since
da, (y2) > 3, this forces Ng, (y2) = {z, 22, 23(= zp—1—1)}. Then (z, 23, y2; 22)
is a branchable quadruplet of G1, which is a contradiction. Thus n = 9 and
G is 4-regular (i.e., n—1—2 =4). Then Ng, (v;) = {z, 22, 23, 24(= 2p—1-1) }
for each i (2 < i <1). This forces Ng, (22) = N, (23) = Ng, (), and hence
Neg, (z1) = {y1, 24}, which contradicts the 4-regularity of G. Therefore

3)

every vertex in Ng, (x) is adjacent to at most n —1 — 3 of z1,--+ , 2,11
in Gl.

Case 1: dg,(vr) =n—4 (e, n—1—1=23).

By (3), the number of edges of G1 between Ng, (z) and {z1, 22, 23} is at
most [ (< 5). This together with the fact that dg, (21)+dg, (22)+dg, (23) > 9
implies that the subgraph of Gp induced by {z1, 22,23} has at least two
edges. We may assume that z1z9,2123 € FE(G1). Since diam(Gp) = 2,
Ng, (21) N Ng, () # 0. We may assume that z1y; € E(G1). Since dg, (y1) >
3, Ng, (y1) N Ng, (x) # 0 by (3). We may assume that y1y2 € E(G1). Then
(z,21,y1;y2) is a branchable quadruplet of G, which is a contradiction.

Case 2: n =9 and G is 4-regular (i.e., n —1 —1=4).

Suppose that a vertex in Ng, (z) is adjacent to two of z1,--- , z4 in Gj.
We may assume that y121,y122 € E(Gp). For each ¢ € {3,4}, since G;
is 4-regular and z;y1 ¢ E(G1) by (3), |Ng,(z) N {y2,y3,v4, 21,22} > 3.
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In particular, Ng, (z3) N Ng, (z14) # 0. On the other hand, the graph 7' on
V(G)—{z3, 24} with E(T) = {ay; | 1 <1i < 4}U{y121,y122} isa HIST of G1—
{23, z4}. Hence by Lemma 2, G also has a HIST, which is a contradiction.
Thus every vertex in Ng, (z) is adjacent to at most one of z1,--- , 24 in Gy.
Since diam(G1) = 2, Ng, (2;) N Ng, (z) # 0 for each i (1 <i < 4). We may
assume that y;z; € E(Gq) for each i (1 < i <4). Since G is 4-regular, this
implies that Ng, (21) = {y1, 22, 23, 24} and Ng, (y1) N Ng, (z) # 0. We may
assume that y1y2 € E(G1). Then (x, z1,y1;y2) is a branchable quadruplet
of GG1, which contradicts Lemma 1.
This completes the proof of Claim 5.

Claim 6. There ezist two distinct vertices x,y € V(G) with Ng,(x) N
Ng, (y) # 0 and Ng, (z) N Ng,(y) # 0.

Proof. Let p and ¢ be vertices of G with p # ¢. Without loss of generality, we
may assume that pg € E(G1). Since diam(G2) = 2 and pg ¢ E(G2), Ng,(p)N
Ng,(q) # 0. If Ng,(p)NNg, (q) # 0, then the desired conclusion holds. Thus
we may assume that Ng, (p) N Ng, (¢) = 0. Since 6(G1) > 3, there exist two
distinct vertices u,v € Ng, (p) —{¢}. Note that p € N¢g, (u) N Ng, (v), and so
Na, (1) 1 Ng, (v) # 0. Since Na, () N Na, (q) = 0, u,v & N, (), and hence
u,v € Ng,(q). Therefore Ng,(u) N Ng,(v) # 0. O

Let z,y € V(G) be vertices assured in Claim 6. Let G’ be the 2-edge-
colored complete graph obtained from G by deleting  and y, and for each
i € {1,2}, let G’ be the spanning subgraph of G’ induced by all edges of
color i. Note that |V(G')| = n—2 > 8 by Claim 5. If G’ has a monochromatic
HIST, then G also has a monochromatic HIST by Lemma 2. Thus we may
assume that G’ has no monochromatic HIST. Then by the minimality of n,
for some i € {1, 2}, either G ~ K3 ,_4 or G} ~~ Ky g

Case 1: G, ~ Ky 4.

Let A and B be the bipartition of G} with |A| = 2 and |B| = n — 4.
Suppose that Ng,(z) N Ng,(y) N B # 0. Let a € A and b € Ng,(z) N
Ng,(y) N B. Then (a,b) is a branchable pair of G;, which is a contradiction.
Thus Ng,(x) N Ng,(y) N B = . Since Ng,(x) N Ng,(y) # 0, there exists
a vertex ' € A with d'z,d'y € E(G;). Let VY € B. Since 6(G;) > 3, b is
adjacent to at least one of z and y. Then (d’,¥’) is a branchable pair of G;,
which is a contradiction.

Case 2: G, ~ Ky g
Note that G5_, ~ Z,_. Let a be the unique vertex of G%_, with
de,_(a) = 1. Write Ng;_(a) = {b}, and write Ng,  (b) = {a,c}. Note
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that dg,  (c) = n—4. Since 6(G3—;) > 3, xa,ya € E(G3—;) and b is adjacent
to at least one of x and y in G3—_;. We may assume that b € E(Gs—;). If ei-
ther yb € E(Gs—;) or yc € E(G3_;), then (b, c) is a branchable pair of G_;,
which is a contradiction. Thus yb, yc ¢ E(G3—;). Since §(G3—;) > 3, y is ad-
jacent to a vertex u € V(G) —{a,b,c,x,y}. Let v € V(G) — {a,b,c,x,y, u}.
Note that Ng, ,(u) 2 V(G)—{a,b,z} and cv € E(G3_;). Then we can check
that (b, u, c;v) is a branchable quadruplet of G's—;, which is a contradiction.

This completes the proof of Theorem 2. O
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