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Extending the work of Yakoubov, we enumerate the linear exten-
sions of comb posets that avoid certain length-3 patterns. We re-
solve many of Yakoubov’s open problems and prove both of the
conjectures from her paper.
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1. Introduction

A linear extension of a partially ordered set P is an order-preserving bijec-
tion from P to a totally ordered set. We may view a linear extension as a
permutation 7 of the elements of P with the property that x precedes y in 7
whenever x <p y. Determining e(P), the number of linear extensions of the
poset P, is a problem that has motivated an enormous amount of research in
order theory. Indeed, Richard Stanley [13, p. 258] states that e(P) “is proba-~
bly the single most useful number for measuring the ‘complexity’ of P.” The
problem of determining e(P) for various posets P is of crucial importance
in the study of sorting algorithms, particularly when one has incomplete
information concerning the objects that need to be sorted. Brightwell and
Winkler showed that, in general, this problem is # P-complete [5]. However,
several authors have developed algorithms to perform tasks such as quickly
approximating e(P) or generating random linear extensions of P [2, 7, 10].

Another field of study that has spawned a great deal of research is that
of permutation pattern avoidance. Suppose m# = mymo---m, € S, and T =
TITo - - T € Sk. We say that m contains the pattern 7 if there are indices
11,12, ...,i% € [n] with 41 < i9 < --- < i such that for all j,¢ € [k], we
have m;, < m;, if and only if 7; < 74. If m does not contain the pattern ,
we say that 7 avoids 7. Miklés Béna’s book Combinatorics of Permutations
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and Sergey Kitaev’'s book Patterns in Permutations and Words provide
excellent references for anyone wishing to learn more about the flourishing
area of research that deals with permutation patterns [4].

Recently, Sophia Yakoubov posed a natural question that links the study
of linear extensions of posets with that of permutation patterns [14]. Sup-
pose we are given a finite poset P with |P| = n. In addition, suppose we
bijectively label the elements of P with the elements of [n]. Using this label-
ing, we may view each linear extension of P as a permutation in 5,,. Given
T € Sk, we wish to compute A, (P), the number of linear extensions of P that
avoid 7. As stated, this is a very general and difficult problem. Therefore,
Yakoubov devoted her attention to a specific class of posets called combs.
Anderson, Egge, Riehl, Ryan, Steinke, and Vaughan recently extended this
line of research by investigating pattern-avoiding linear extensions of “rect-
angular posets” [1].

The comb K, is specified by two parameters: the spine length s and
the tooth length ¢. The base set for this poset is {e; j: 1 <i <s,1 < j <t}
We define the partial ordering on K, ; by specifying the covering relations
as follows:

(i) €i1 << €i4+1,1 forall 1 <i¢<s—1;
(ii) €ij <€j+1 foralll <i<sand 1< j <t-—1.

The comb Ky 3 is displayed as the leftmost image in Figure 1.

Yakoubov considers two canonical ways to label the elements of K ; with
the elements of [st]. In the first labeling, called an a-labeling, we give the
element e; j the label (j —1)s+ 1. In the second labeling, called a (-labeling,
we give e; j the label (i — 1)t 4+ j. We denote the a-labeled (respectively, (-
labeled) comb K, by K¢ (respectively, K f ;). The middle and right images
in Figure 1 portray the labeled posets Kf'5 and K ﬁ 3, respectively.

Yakoubov enumerated the linear extensions of K¢, and K SB , that avoid
various patterns of length 3. However, she did not enumerate these linear
extensions for all choices of patterns. In the following section, we summarize
the results, open problems, and conjectures given in Yakoubov’s paper. In
the third section, we resolve many of those open problems and conjectures.
We end with some suggestions for further research.

2. Yakoubov’s results, open problems, and conjectures

In this section, we summarize the paper [14], omitting all proofs. Recall
the definitions of the labeled combs K¢, and K f ; from the introduction.
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Figure 1: The leftmost figure is the Hasse diagram of the comb Ky 3. The
image in the center is the Hasse diagram of the a-labeled comb Kf;. On

the right is the Hasse diagram of K ﬁ 3-

Figure 2: The Hasse diagram of the uneven comb Ug; . 5 1o.

When applying inductive arguments to these labeled posets, one often needs
to build large combs from smaller combs by annexing one element at a
time. Therefore, we will be working with what Yakoubov calls “uneven
combs.” The labeled uneven comb Ugy . ., is the labeled subposet of
K;Jf[n /s] obtained by removing all elements whose labels are larger than

n (80 [Ugine—s.nl = n). Figure 2 shows the labeled uneven comb Ug; .5 15-

Recall that A;(P) is the number of linear extensions of the labeled poset
P that avoid the pattern 7. More generally, denote by A, -, . . (P) the

number of linear extensions of P avoiding all of the patterns 71, 19,..., 7.
Theorem 2.1. (Yakoubov, [14, Theorems 3-6]). Let C,, = mLH(%f:) be the

m' Catalan number. We have

[ ] A123(Ka ) =0 ifs,t Z 2,’

st

(] A132(K§ft) = 1,’
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° A213(K§ft) = CS ift > 1,’
o Az12(Kgy) = Csp1 — Cs.

Yakoubov leaves the determination of Azja(K¢,) for ¢ > 2 as an open
problem. She also leaves open the determination of Aagy (K¢';) and Asar (K¢)
and makes the following conjecture.

Conjecture 2.1 (Yakoubov, [14]). We have

Z Az (KQp)x® = C(z - C(x)),

s>0
1—-+v1-4
where C'(x) = 2730 is the generating function of the Catalan num-
x
bers.

In Section 3, we show that

ZA231<Usort)ine:s,2sfh)xs = (.’IJ ’ C(x))hC(x ’ C($))

s>0
for each h > 0. When h = 0, this is exactly Conjecture 2.1 because Ug,; o o
= K¢'5. We also derive simple recurrence relations for Asz1(Ugye—s.,) and

A312(U§)ine:87n). This settles the problems of determining A231(K§jt) and

A312(K§jt). Furthermore, we derive a method for computing A321(K§fz) and
show that

(2t — 1)21

t—2 im ¢
7B +2v2) < lim {/Aan (K3) < i

for each fixed t > 2.
The next theorem concerns linear extensions of S-labeled combs.

Theorem 2.2. (Yakoubov, [14, Theorems 2, 7-10]). We have

o Apy(KL) =0 if s,t>2

° A132(K£t) =1,

o Ayis(KD,) = Assi(KD)) =71,

o Aga(KDy) = g ((UY) it > 1

o Aga(Ko) = 5 (Y)-

Yakoubov leaves the enumeration of the 321-avoiding linear extensions
of K SB ; for t > 3 as an open problem. In Section 3, we define numbers F; ;(k)

recursively and give a formula for Asa; (K f ;) involving the numbers F; (k).
We then show that
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tlggo Vt A321(Ksﬁ,t) =2
for each fixed s > 2.

The following theorem focuses on the enumeration of linear extensions
of combs that avoid two different length-3 patterns.
Theorem 2.3. (Yakoubov, [14, Theorems 11-20]). If s,t > 2 and T €
S3, then Aios-(KS,) = Arss-(KD,) = 0. If 7 € {213,231,312,321}, then
A2 (KSy) = A1327T(K§7t) = 1. Furthermore,

o Ansos(KS) = Anssin(KS) = Anssin(KLD,) = Awigin(KL,) =
2571;

o Agizzn(K2y) = () +1;

o A312,391(Ugpine=s n) = A231,312(Ugpine=s n)

L, n < s;
= ¢ 2"75, s <n<2s;
2A2317312(U§Jine:s,n—1) - A2317312(U5apine:s,n—l—s)7 2s < n;

o As31 301 Kft =51
o A312391 K;Bt) = (t+1)°.

Yakoubov did not enumerate the linear extensions of K¢, avoiding 231
and 321. She did, however, make the following conjecture.

Conjecture 2.2 (Yakoubov, [14]). For all s > 1, Aaz1 321(K¢y) = 25 1(s —
1) +1.

In the following section, we prove that A231,321(U§)inezs N =

> 5=14231,321(Uginems ;) for all n > s. Conjecture 2.2 will then follow
as an immediate consequence.

(K. =1;

° A2137321(K£t) = (S — 1)(t — 1) +1;
(Ky)
(

3. New enumerative results

We now settle many of the open problems that Yakoubov proposed. Let

Cp = mLH (27;”) denote the m™ Catalan number, and let

1—I—4z .

m>0
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3.1. A231 (Ksoft)

: I, . o
To begin, let us enumerate 231-avoiding linear extensions of Ugy; . -

When decomposing these linear extensions into simpler parts, we will obtain
231-avoiding permutations that start with their largest entries and have the
entry 1 in a fixed position. Therefore, we need the following lemma.

Lemma 3.1. Fiz k > 1. Let Xo(k,m) be the set of 231-avoiding permuta-
tions p = p1p2 - - Pm € Sm such that py = m and pr = 1. We have

> 1 Xo(k,m)|a™ = 2*C(x)* .

m>1

Proof. The lemma is obvious when k& = 1, so assume k > 2. Let u(¢,n)
be the number of 123-avoiding permutations in S, in which the entry n
appears in the ¢ position. For ¢ > 1, Connolly, Gabor, and Godbole have
shown that Y - u(f,n)z" = z°C(x)* [6, Corollary 1]. We will show that
| Xo(k,m)| = u(k —1,m — 1), and the lemma will follow immediately.

A left-to-right minimum of a permutation m = w7y - - - 7w, IS an entry
such that m; < m; for all j < 4. Simion and Schmidt constructed a specific
bijection ¢ (now called the Simion-Schmidt bijection) from the set of 123-
avoiding permutations in .S, to the set of 132-avoiding permutations in S,
[12]. The Simion-Schmidt bijection has the additional property that it fixes
the values and the positions of the left-to-right minima of its argument. In
particular, the position of 1 in 7 is the same as the position of 1 in ¥ (7).

For each m = mymo---m, € Sy, let ¢ be the complement of 7. That
is, the ith entry of ¢ is n + 1 — m;. Furthermore, let 7" = m,m_1 - 71
be the reverse of w. By simply removing the largest entry of a permutation
in Xo(k,m), we see that | Xo(k,m)| is equal to the number of 231-avoiding
permutations in Sy, 1 whose (k — 1) entry is 1. Observe that 7 is a 123-
avoiding permutation in S, 1 whose (k — 1) entry is m — 1 if and only if
(Y((7€)"))" is a 231-avoiding permutation in S,,_1 whose (k — 1) entry is
1. It follows that | Xo(k,m)| = u(k —1,m —1). O

While reading the proof of the following theorem, one might wish to
refer to Example 3.1 below.
Theorem 3.1. For each h > 0,
ZA231(U§;me=5,2s—h)ms = (l’ ’ C(l’))hC(QT ’ C("L‘))

s>0
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Forn > 28 we have A231(U ZijlAzgl(Ua i o )

spine=s n spine=s,n—j
j=1

Proof. Fix h > 0, and suppose s > h + 1. Let X(k,m) be the set of 231-
avoiding permutations of the elements of {s+1,s+2,...,s+m} whose first
entry is s +m and whose k' entry is s + 1. Let Y ;,(m) be the set of 231-
avoiding permutations of {s+m+1,s+m+2,...,2s—h}. Let Zs(k,m) be
the set of (s —m)-element subsets of {m+1,m+2,...,s+k}. We will give
a bijection ¢ from the set of 231-avoiding linear extensions of U

to U U s(k,m) x Y p(m) x Zs(k,m)).

spine=s,2s—h

k>1m>1
Let m = mymg - - - mas_p, be a 231-avoiding linear extension of U, spine—s 2s—h-
If we remove the entries 1,2,...,s from 7, we obtain a 231-avoiding permu-
tation 0 = o109 0s_p of the elements of {s + 1,...,2s — h}. Suppose

o1 = s+ m and o, = s+ 1. It follows from the fact that o avoids 231 that
k < m. Moreover, 0103 - - - 0, € Xg(k,m) and opmq10m2 -+ 0s—p € Y5 p(m).

The entries of 0109 - - - 0 must appear in decreasing order since o avoids
231 and o = s + 1 is the smallest entry in 0. Because 7 is a linear ex-
tension of Uplne 25— M precedes s +m = o1 in w. We also know that
the elements of [s] must appear in increasing order in 7. This means that
T -+ Ty = 12---m. Observe that the entry s must precede oy1q in 7
since opok115 would form a 231 pattern in 7w otherwise. This means that
Motk t1TMstkt2 Tos—h = Ok+10k+2 " - Os—p. We deduce that mp,41mpm40 - -
Ts+k 18 a permutation of {m + 1,m + 2,...,s} U{o1,09,...,0%}. Let T =
{e{m+1m+2,...,s+k}:m € {m+1,m+2,...,s}}. Note that
T € Zs(k,m). We define p(7) = (0102 * Omy Omt+10m+2 - - - Os—h, I).

It is straightforward to check that we may recover the 231-avoiding linear
extension m = mwymy - - - Mos_p, from the triple

(0102 Om, Oms10my2 -+ 0s—p, 1) € Xs(k,m) X Y, p(m) x Zs(k,m)

by reversing the above procedure (see Example 3.1 for additional clarity).
Therefore,

Z Agzi (Usclyaine:s,2s—h)xs

s>h+1

&) = > 3D Xtk )l [Yan(m)] - 1 Z (k)

s>h+1k>1m>1

From the definitions of Y; ;(m) and Z(k, m) (and the fact that 231-avoiding
permutations are counted by the Catalan numbers), we see that |Y; ,(m)| =
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Cs—men and |Zy(k,m)| = ("), Moreover, | X (k,m)| = |Xo(k,m)|,

S—m

where Xo(k, m) is the set defined in Lemma 3.1. When s < m+nh, |Y; ,(m)| =
0. Hence, we may rewrite (1) as

a s
E A231(Uspine:s,2$7h)x
s>h+1

SO 3D DI DI (i TN

k>1m>1s>m+h

Substituting n = s — m, invoking Lemma 3.1, and rearranging yields

DIRTHCNINEES ) DN LR FELD BIEICN0®

s>h+1 n>h k>1 m>1

) e (” ’ k) 22 O ()1

n>h k>1
@) DI CREE

k>1

EAN 1
We now combine the identities Z < ;]>z3 = e and C(z) =
—z

j=0
mtoseethat
n-+k B n+k AN 1 B
;( e ‘Zg( ) N (e ) i
=C(x)"*

Substituting this into (2), we find that

Z A231 Usplne 5,25— hx _ch hx C $ ZCH hx

s>h+1 n>h n>h
= (z-Cx)'C(zx- C(z)) —

The first statement in the theorem now follows from the observation that

A231(Usol‘)me:h7h) =1 and A231(U§)ine:s,2s—h) =0forall s € {0,1,...,h—1}.
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To prove the second statement in the theorem, consider a 231-avoiding
linear extension ¢ = qig2- - qn of Ug;pemy . Where n > 2s. Let j be the
smallest positive integer such that n — j precedes n in q. Because ¢ respects
the ordering on Sof)ine:sm, n — s must precede n in ¢. Thus, j < s. Each
i€ {1,2,...,n —j — 1} must also precede n in ¢ lest (n — j)ni form a
231 pattern in g. This means that ¢ = ¢'ng”, where ¢’ is a 231-avoiding
linear extension of Ug;,—,—; and ¢” is a 231-avoiding permutation of the
elements of {n —j+ 1,n —j+2,...,n — 1}. On the other hand, if 7’ is
any 231-avoiding linear extension of Ug;, ., j and 7" is any 231-avoiding
permutation of {n—j+1,n—j+2,...,n—1}, then 7'n7” is a 231-avoiding
linear extension of Ug;,._ - The number of 231-avoiding permutations of

{n—j+1,n—35+2,...,n—1} is Cj_1, so the second statement in the
theorem follows. O

Remark 3.1. Theorem 3.1 completes the enumeration of the 231-avoiding
linear extensions of the labeled uneven combs Ug,;,._ ,,- Indeed, the second
statement in the theorem provides a recurrence relation that can be used
to compute A231(U§)ine:87n) for any n > 2s so long as we know the values

of Ag31 (UL ) for s < m < 2s. We may use the first statement in the

spine=s,m
theorem to compute these initial values.
Example 3.1. In the proof of Theorem 3.1, we showed how to decompose
a 231-avoiding linear extension 7 of U< , into a triple

spine=s,2s—

(010'2 T Oms Om+10m+42 *° ’Us—haT) € Xs(kam) X }/s,h(m) X Zs(kym)'

Suppose s = 5, h = 1, and m = 123846579. Then o = 8679 = (s + 3)(s +
1)(s+2)(s+4),s0 k =2and m = 3. Also, T = {j € {4,5,6,7}: 7; €
{4,5}} = {5, 7}. Therefore, = decomposes into the triple (867,9,{5,7}).

Suppose that we were given the triple (867, 9, {5, 7}) without knowing 7.
We could recover 7 as follows. We know that 1,2, 3,4, 5 appear in increasing
order in 7 and that the other entries appear in the order 8, 6,7, 9. The entries
7 and 9 must appear to the right of 5 in 7 (otherwise, 675 would be a 231-
pattern). Because 7 is a linear extension of S’i‘)ine:579, 3 must precede 8 in
m. Finally, the set T' = {5, 7} tells us that 75 = 4 and 7y = 5. This forces
m = 123846579.

3.2 A312(K§ft)

Recall from Theorem 2.1 that Yakoubov proved that A312(K§fz) = Csy1
—(C. The following theorem generalizes this result by enumerating the 312-

avoiding linear extensions of U¢ for all n,s > 1.

spine=s,n
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Theorem 3.2. Let s be a positive integer. Put ds(0) =1 and ds(k) =0 for
all integers k < 0. For k > 1, define ds(k) by ds(k) = 35—, ds(j—1)ds(k—j).
If n > s, then
A312(Uso;7ine:s,n) =ds (n — s+ 1)

Proof. Choose n > s. In any linear extension of Ugy . . the entries
1,2,...,s must form an increasing subsequence. If 7 is such a linear ex-
tension that also avoids the pattern 312, then the first s — 1 entries of 7
must be 1,2,...,s — 1. This is because if > s — 1 and x precedes s — 1,
then x(s — 1)s is a 312 pattern. Therefore, 7 = 12--- (s — 1)p, where p is a
312-avoiding linear extension of the labeled subposet of Ugy,. ,, obtained
by removing from spine—s,n, the elements whose labels are in [s — 1]. Denote
this subposet by V7,. If ¢ is any 312-avoiding linear extension of V7, then

S,n?

12--- (s — 1)g is a 312-avoiding linear extension of Ugy . . Consequently,
A312(Ugpine=s n) = Az12(Vih).

Say a permutation ¢ = o109 - - - oy, Of some set of integers is s-stratified
if 0; < 054 for all 1 <4 <m — s. The linear extensions of V7, are precisely
the s-stratified permutations of the set {s,s + 1,...,n}. By decreasing the
entries of such a linear extension by s — 1, we see that Azia(Vy3,) is equal
to the number of 312-avoiding s-stratified permutations in S, —s+1. We will
show that the number of 312-avoiding s-stratified permutations in Sy is
ds(k); this will complete the proof of the theorem.

Let 0 = o0109---0} be a 312-avoiding s-stratified permutation in Sy
for some k > 1. Suppose o; = 1. Because o avoids 312, all the entries to
the left of 1 in ¢ must be smaller than all of the entries to the right of
1. Therefore, we may write o = 717/, where 7 is a 312-avoiding s-stratified
permutation of {2,3,...,7} and 7’ is a 312-avoiding s-stratified permutation
of {j+1,7+2,...,k}. The entry s + 1 cannot precede 1 in o because o
is s-stratified. This forces j < s. On the other hand, if ¢ is a 312-avoiding
s-stratified permutation of {2,3,...,j} and ¢’ is a 312-avoiding s-stratified
permutation of {j+1,j+2,...,k} for some j < s, then ¢1¢’ is a 312-avoiding
s-stratified permutation in Si. It follows that the number of 312-avoiding
s-stratified permutations in Sy is ds(k). O

In this section, we write {aj,as,...,ar}< to denote a set of integers
ai,ag,...,ax such that a; < ag < .-+ < ag. In other words, the subscript
“<” is simply used to emphasize that we have written the elements of the
set in increasing order.

We now consider 321-avoiding linear extensions of K¢;. Recall that an
entry m; of a permutation m = mme---m, € S, is called a right-to-left
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minimum if m; < m; for all j € {i+1,i+2,...,n}. The right-to-left minima
of m necessarily appear in increasing order. If 7 avoids the pattern 321, then
the entries that are not right-to-left minima also appear in increasing order.
Indeed, suppose m; > 7; and 7 < j for some entries m;,m; that are not
right-to-left minima. Since 7; is not a right-to-left minimum, there is some
k > j such that 7, < m;. Then m;m;m; forms a 321 pattern in 7, contrary to
assumption. It follows that each 321-avoiding permutation in S5, is uniquely
determined by specifying the entries that are not right-to-left minima and
the positions in the permutation that those entries occupy.

Assume s,¢ > 2. In any linear extension of K¢, the entries 1,2,...,s
must be right-to-left minima because they appear in increasing order. Let us
fix a subset W = {wq,wa, ..., wi}< of {s+1,s+2,...,st}. Define Qg (W)
to be the collection of all sets of integers I = {i1,ia,...,i;}< satisfying
we —s+ L < ip < wp—1 for all £. Let Ay (W) be the set of all 321-
avoiding linear extensions of Kg'; whose right-to-left minima are precisely
the elements of [st] \ W. Our goal is to construct an injection from (W)
to Ag+(W) which is a bijection if ¢ = 2. By estimating the size of Q;2(W),
we will then be able to deduce a lower bound for A3z (Kg5). From there,
we will deduce lower bounds for Aszg; (K¢;) for general t.

Suppose we are given a set of integers I = {iy,42,...,i;}< in Qg (W).
Define a permutation p = pyw (1) = pipe - - - s as follows. For each ¢ € [k],
let i, = wy. Place the elements of [st]\ W in increasing order in the remain-
ing unfilled positions of . For example, if s =4, ¢t = 2, W = {6,7}, and
I = {4,6}, then puw (I) = 12364758. In this example, puw (1) is an element
of Ag+(W). The following lemma tells us that this is not a coincidence.

Lemma 3.2. Fix integers s,t > 2 and a subset W = {wy,wa,...,wi}< of
{s+1,s+2,...,st}. Preserving the notation from the previous two para-
graphs, let I = {iy1,ia,...,ix}< be a set of integers in Qs (W). The permu-
tation pyw (I) is an element of Ag(W).

Proof. The permutation pw (I) is a union of two increasing subsequences
(the elements of W form one, and the elements of [st] \ W form the other),
so puw (I) avoids 321. Choose some ¢ € [k]. By the definition of uy (1), the
igh entry of uy (I) is wy. Because iy < wy—1, there is some entry a < wy that
appears to the right of wy in py (). This means that wy is not a right-to-left
minimum. Since ¢ was arbitrary, none of the elements of W are right-to-left
minima of pyy (I).

Suppose there is some z € [st] \ W that is not a right-to-left minimum
of uw(I). This means that there is some entry 2’ < z that appears to
the right of z in uw (I). Since pw (I) avoids 321, 2z’ must be a right-to-left
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minimum of py (I). It follows that 2’ € [st]\ W. However, since z € [st]\ W,
this contradicts the fact that the elements of [st] \ W form an increasing
subsequence of pw (I). From this contradiction, we deduce that the right-
to-left minima of pyy (I) are precisely the elements of [st] \ W.

To see why pw (1) is a linear extension of K¢, note first that the entries
1,2,...,s appear in increasing order since they are all in [st] \ . Suppose,
by way of contradiction, that there is some y € [st—s]| such that y+s appears
to the left of y in puw (I). Then y+ s is not a right-to-left minimum of pyy (7).
In addition, y is a right-to-left minimum of py (1) because puyw (I) avoids 321.
It follows that y+s € W and y € [st] \ W. Say y + s = wy. By the definition
of uw (I), wy is the it entry of uw (I). By hypothesis, iy > wy—s+£ = y+/.
Since the elements of W form an increasing subsequence of uyy (1), there are
exactly £—1 elements of W to the left of w,. Consequently, there are at least
y elements of [st] \ W to the left of wy. The elements of [st] \ W also appear
in increasing order in uyy (I), so the smallest y elements of [st] \ W appear
to the left of wy. However, this is a contradiction since y is necessarily one of
the y smallest elements of [st] \ W. Hence, y appears before y + s in pyy (1)
for each y € [st —s]. This proves that uy (1) is a linear extension of Kg;. [J

Lemma 3.2 tells us that we have a well-defined map py: Qs,(W) —
A (W). This map, which we defined in the paragraph immediately preced-
ing Lemma 3.2, is actually an injection. Indeed, if we are given uy (1), we
can easily recover the set I from the observation that ¢ € I if and only if the
ith entry of uyy(I) is in W. This proves the first statement in the following
theorem.

Theorem 3.3. Preserve the notation from the preceding paragraph. The
map pw: Qs (W) — Ag (W) is a well-defined injection. If t = 2, this map
is bijective.
Proof. We are left to show that pp: Qg+(W) — Ag (W) is surjective if
t = 2. We may assume W is nonempty. Indeed, if W = (), then uy is
a bijection because Qs (W) = {0} and Ay (W) = {12---(st)}. Suppose
t = 2, and choose some 7 = mmy - - - a5 € Ag2(W). For each ¢ € [k], let iy
be the integer satisfying m;, = wy. Put I = {i1, 12, ...,ix}. We will prove that
m = pw (I). To do so, we simply need to show that I € Q2(W). Indeed, we
know the sets W and [2s] \ W form increasing subsequences of 7 because
[2s] \ W consists of the right-to-left minima of 7 and 7 avoids 321. Choose
some £ € [k]. We need to show that wy — s+ ¢ < ip < wy — 1.

Note that wy € {s+1,5+2,...,2s} by the definition of W. Because 7 is a
linear extension of K¢y, wy — s precedes wy in w. The entries 1,2,... ,wy—s
all precede wy in m because they appear in increasing order. The entries
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wy,Wws, ..., wp_1 also precede wy in 7 since the elements of W appear in
increasing order. Observe that the sets {wy, wa, ..., wye—1} and {1,2,...,wy—
s} are disjoint because all of the elements of the latter set are less than or
equal to s. This proves that there are at least wy — s + £ — 1 entries to the
left of wy in 7, which means that i, > w; — s + £.

Now, because wy is not a right-to-left minimum of 7, there is an entry
x < wy that appears to the right of wy. Since 7 avoids 321, all of the entries
to the left of wy, are elements of the set {1,2,...,wp — 1} \ {z}. This shows
that there are at most wy — 2 entries to the left of wy, so iy < wy — 1. O

Using the second statement in Theorem 3.3, we have computed
Aggl(Kson) for 1 < s < 13. These values, starting with s = 1, are

1,3,13,67,378,2244,13737,85767, 542685, 3466515,
22298796, 144210388, 936575968.

This extends the list of known values of this sequence since Yakoubov only
computed Az ( ?2) for 1 < s <6.
For fixed t > 2, it is natural to ask about the growth rate

lim ¢/ A321(Kg;) of the sequence (As21(Kg,))sZ,. First of all, how do we

S—
know this limit even exists? We say a sequence of real numbers (am,)50_,

is supermultiplicative if apa, < amiyn for all positive integers m,n. The
multiplicative version of Fekete’s lemma [8] states that if (a,,)00_; is a su-

permultiplicative sequence, then li_r)n W an, exists and equals sup {/a,. We
m—0o0 le

claim that (As1(Kg;))52, is a supermultiplicative sequence.
Ifr=mmy---mp € Spand 7 =170 -7, €5, are permutations, then
m @ 7 is the permutation pips - - - pm+n € Sm+n defined by

[e.9]

) T, 1f1§z§m,
Pi= m+Ti—m, ifm+1<i<m-+n.

It is easy to see that if m and 7 are 321-avoiding linear extensions of K¢, and
Kg ., respectively, then m @ 7 is a 321-avoiding linear extension of K\ ;.
Therefore, A321(K§ft)A321(K§57t) < A321(K§‘+s,,t). By Fekete’s lemma, the
limit lim A321(th) exists.
§—00 ’

Theorem 3.4 provides upper and lower bounds for the growth rate
lim /A3 (K¢,) for each fixed t > 2. The proof of the lower bound relies
$—00 ’

heavily upon Theorem 3.3, which is why we cared so deeply about proving
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that result. The idea behind the proof is to find a lower bound for the size
of the set Q2(W) and then use the bijection from Theorem 3.3 to deduce
a lower bound for A 2(W). We derive a lower bound for [Q, ()| in the
following lemma.

Lemma 3.3. Let W = {wy,wa, ..., wi}< be a subset of {s+1,s+2,...,st},
and let Qg +(W) be as in Theorem 3.3. We have

s—k(s+k—-1
Qs (W) > .
L

Proof. Let us begin by choosing a lattice path L from (0,0) to (s—1, k) that
uses steps (0,1) and (1,0) and never passes above the line y = z. Let J(L)
be the set of all j € [s + k — 1] such that the j*" step in L is a (0,1) step.
Let us write J(L) = {j1, j2,- .., jr}<. Observe that 2¢ < j, < s+ ¢ — 1. Let
Z(J (L)) = {i1,d2,...,ik}, where iy = jy +wp — s — £. For all £ € [k — 1], we
have

t41 = = Jep1 — JeF wepr —we — 12 Jeg1 — Je = 1,
80 11 < iy < -+- < 1. From the inequalities 2¢ < j, < s + £ — 1, we obtain
wy — s + ¢ < iy < wy— 1. This shows that Z(J (L)) € Qs+(W). The maps
L— J(L) and J(L) — Z(J (L)) are both injective, so |Q (W] is at least
the number of possible choices for L. A variant of Bertrand’s ballot theorem
[3] states that the number of choices for L is

s—k(s+k—-1
. O
=)

Theorem 3.4. Fort > 2,

= V3) < lim o/ Aegr (KO <(2t—1)2t—1
(3+2 2)_8Lngom_m'

Proof. We first prove the lower bound when ¢t = 2. Recall that Ag(W) is
the set of 321-avoiding linear extensions of K¢, whose right-to-left minima
are the elements of [2s] \ W. This means that

(3) Asn (K2 = > [A2(W)].
WC{s+1,...,2s}

From Theorem 3.3 and Lemma 3.3, we deduce that if W is a k-element subset

—k k—1
of {s+1,54+2,...,2s}, then |[A; 2(W)| > i (S + i > Partitioning the
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subsets of {s + 1,5+ 2,...,2s} in the summation in (3) according to their
sizes, we find that

Ao (K2) = Z S Ae(W)| 2 % s - k (Z) <s+1;— 1)

k=0 WC{s+1,...,2s}
W=k

== () ()

We chose to extract the term in which k = | s/ \/§J in order to maximize our
obtained lower bound. Using Stirling’s approximation, it is straightforward
to show that

=) ()

— (L+1/v2)H12 =3+ 2V2.

(a/v) a1y

Next, suppose t > 3. Let 7 be a 321-avoiding linear extension of Ky
For each r € {2,3,...,t — 1}, let 0, be a 321-avoiding permutation of the

elements of {rs+ 1,rs+2,...,(r + 1)s}. The permutation 70203 - 0y_1 is
a 321-avoiding linear extension of K¢;. There are Aszai( 80‘72)02*2 ways to
choose the permutations 7,09,03,...,0:_1, SO

Jim (/ Azo1 (Ky) > lim {/A321(K§fg)0§_2 > 4723+ 2V/2).

Let us now proceed to prove the upper bound stated in the theorem.
Suppose we wish to construct a 321-avoiding linear extension of K¢, that
has st — k right-to-left minima. We must have & < st — s since the entries
1,2, ..., s will be right-to-left minima. By the same token, all entries that are
not right-to-left minima must belong to the set {s+1, s+2, ..., st}. There are
(Stk_s) ways to choose the k entries that are not right-to-left minima. There
are then at most (Skt) ways to choose the positions in the permutation that
these k entries will occupy. After we make these choices, the permutation is
determined by the assumption that it avoids the pattern 321. Indeed, the
right-to-left minima must appear in increasing order, and the other entries
must also appear in increasing order.
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This shows that
py (t—1)s\ (st
4 Aa01(KS) < .
(4) 321( s,t)—kzzo< k )(k:)

Let us (k) = ( (¢ 1)8) (3)). Let r4(t) be one of the integers k € {0,1,..., st—s}
that maximizes u,¢(k), and put v4(t) = r4(t)/s. We have

use(k) (k+1)2
use(k+1)  ((t—1)s—k)(st — k)’

s0 us (k) < ust(k+ 1) if and only if (k + 1)* < ((t — 1)s — k)(st — k). This

tt—1)s*—1
occurs if and only if k£ < ﬁ Consequently,
1/ttt —1)s> -1 tt—1)
(t)=— —F—— 1)) = 1
(5) 7s(t) s<(2t—1)s—|—2+0( )> 2t — 1 +0(1/s)

for each fixed t > 2. Using (4), we find that

lim ¢/ Az21(K$,) < lim /(st — s+ Dust(vs(t)s).

S§—00 S§—00
. . ¢t - 1)
To ease notation, let us write f(z) = 2® and v(t) = T . Using Stirling’s
approximation and (5), it is straightforward to show that
: fE=1)f @)
6 lim (/ (st — s+ 1)us(vs(t)s) = .
O Ji v R ET0) N RO PT)

Elementary algebraic manipulations show that the right-hand side of (6) is
Lo =D .
equal to —————.
g #(t— 1)1

3.4 Az (KLY

Until now, we have limited our focus to linear extensions of a-labeled combs.
At this point, we turn our attention to S-labeled combs. Recall from the end
of the introduction that the S-labeled comb K p st 18 obtained from Kg; by
assigning each element e; ; the label (i — 1)t + j.
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In her paper, Yakoubov finds explicit formulas for A, (K f ,) for every

length-3 pattern 7. She also finds formulas for A, (K S’B ;) for all t > 3 when-
ever 7 is a length-3 pattern other than 321. It is our goal to give a gen-
eral formula for Agg; (K f ). We will also show that for each fixed s > 2,

. ¢ /8 Y
Jim 4/ Agor (Kgp) = 2°.

Theorem 3.5. Fort > 2, let

1, if2<k<t+1;

0, otherwise.

Fou(k) = {

For s > 3 and t > 2, define Fs (k) recursively by

k—1 t—1
> Faq4(i) oMY, ifs<k<(s—Dt+1;
Fsvt(k) = Vi=s—1 j=max{0,k—(s—2)t—2}
0, otherwise.
We have
(s—1)t+1 st—
Az (KL = g; <t_1>P;AM.

Proof. Let Fs (k) be the set of words w = wjws - - - wy, of length k over the
alphabet {a, b, c} that satisfy the following properties:

(i) There are indices ¢1,0a,...,0s € [k] such that 1 =0} < ly < -+ < s =
kand wy, =wyp, =+ =wyp, =c¢;
(ii) If j € [k]\ {€1,€2,...,Ls}, then wj # ¢;
(iii) For each i € [s], ¢; < (i — 1)t + 1.
(iv) If B; denotes the number of occurrences of the letter b in the word
Wy, ,41We, 42 W, —1, then £; — (i —2)t —2 < B; <t — 1.

We claim that |F,;(k)| = Fs.(k). To see this, first observe that (i) forces
Fsi(k) = 0 if k < s. Similarly, (i) and (iii) guarantee that F,;(k) = 0 if
k> (s —1)t+ 1. Now, suppose s < k < (s — 1)t + 1. If s = 2, one may use
(i), (iii), and (iv) to see that Fs (k) = {cb*~2c}. Hence, |Fas(k)| = Fo (k).

Assume s > 3. We will build a word w = wyws - - - wy, in Fs (k). Preserve
the notation from properties (i)—(iv) above. The word wjws - - - wy,_, must be
an element of F,_1+(€s—1). The word wy, ,y1wp, ,+o---wg—1 can use only
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the letters a and b, and wy must be ¢. By (iv), there are

SN

j=max{0,k—(s—2)t—2}

ways to choose which of the letters in wy, 11wy, 42 wi—1 are b’s. There
are |Fs_1+(ls—1)| ways to choose wiws - - -wy,_,. It follows that

k—1 t—1
Fu®l= Y Feutl S (’“ - 1).

Ly 1=s5—1 j=max{0,k—(s—2)t—2} J

Our claim follows by induction on s.

Now, let m = mymo - - - mt be a 321-avoiding linear extension of K f ;- Let
k be the index such that 7 = (s — 1)t 4+ 1. The elements 1,¢ + 1,2t +1,.. .,
(s — 1)t + 1 must form an increasing subsequence of 7, as must (s — 1)t +
1,(s —1)t+2,...,st. This forces s < k < (s — 1)t + 1. We can encode the
string w7y - - - T with a word w = wyws - - - wy, as follows. If 7y =1 (mod t),
let wy = c. If my is a left-to-right maximum of 7 (meaning 7y is greater than
all entries to its left) and mp Z 1 (mod t), let wy = b. Otherwise, let w; = a.
We will show that w € Fy (k) and that every word in F; (k) is obtained
uniquely in this way.

For each i € [s], let ¢; be the index such that 7y, = (i—1)t+ 1. Properties
(i), (ii), and (iii) follow immediately from the definition of w and the fact
that 7 is a linear extension of K SB ;. Furthermore, B; is equal to the number
of elements of {(i —2)t+2, (i —2)t+3,..., (i — 1)t} lying between 7y, , and
me, in 7. This implies that B; <t — 1. All of the entries of 7 to the left of
me, = (i — 1)t + 1 are less than (i — 1)t + 1. At most (¢ — 2)¢t + 1 of these
entries are in the set {1,2,...,(i — 2)t + 1}, and exactly B; are in the set
{(i—2)t+2,(i —2)t+3,...,(i — 1)t}. Therefore, {; — 1 < (i — 2)t + 1+ B;.
It follows that (iv) holds, so w € Fys (k).

Suppose, now, that we are given the word w € Fy (k). We may recover
mymy - - -y, as follows. First, we know that m; = 1. Suppose we have already
determined 71, o, . .., m. Let j be the largest integer such that (j—1)t+1 €
{m,ma,...,m}. i wpy1 = ¢, then we must put mpr 1 = jt + 1. If weyq = b,
then g1 must be the smallest element of {(j —1)t+2,(j — 1)t +3,...,jt}
that is not in the set {m,m2,...,m}. The inequality Bj1; < ¢t —1 in (iv)
guarantees that such an element exists. If wy, 1 = a, then w1 must be an
element of {1,2,...,(j — 1)t} that is not in the set {mi,m2,...,m}. One
may use the inequality ¢;11 — (j — 1)t —2 < Bj4; in (iv) to show that an
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element of {1,2,...,(j — 1)t} \ {m,m2,..., 7} actually exists. In fact, mp11
must be the smallest such element. Indeed, if there were some x € {1,2,.. .,
(7 — Dt} \{m1,ma,...,m¢} with © < mpy1, then the entries (j — 1)t + 1, mp41,
and = would form a 321 pattern in 7. This shows that each word in F ;(k) is
obtained uniquely from an initial string mms - - - m; of a 321-avoiding linear
extension of K f "

We now construct a 321-avoiding linear extension m = mwymg - --ms of
th. Let k be the index such that 7, = (s — 1)t + 1. By the preceding
discussion, there are F (k) ways to choose w7y - - - 7. After doing so, there
are st —k entries left to use to form the string w4172 - - - ;. Those entries
of Ty 1Tk 4o - - - s that are less than (s — 1)t + 1 should appear in increasing
order since m must avoid 321. The entries (s — 1)t +2,(s — 1)t +3,..., st
should form an increasing subsequence of myi171o---Ts because 7 is a
linear extension of K f ;- Therefore, mj4 740 - - - g is completely determined
by the choice of the ¢ — 1 positions in this string that the entries (s —
Dt+2,(s—1)t+3,...,st will occupy. There are (Stt__lk) ways to make this
choice. Summing over k, we obtain the formula in the final statement of the
theorem. OJ

Remark 3.2. In the preceding proof, we showed that F,;(k) = |Fs(k)|.
Each element of F, (k) is a word of length k over the alphabet {a,b,c} in
which the letter ¢ appears exactly s times. The number of such words is
ok—s (’;), so it follows from Theorem 3.5 that

(s—1)t+1

Am(KP) < Y 21“_8(:) (stt—_ A )

k=s

We have used Theorem 3.5 to calculate several new values of Aga; (K f ‘)
for various s and t. Some of these values are shown in Table 1. We have
entered the values of Asg; (Kg ;) for t < 40 and the values of Asyi(K z ‘)
for ¢ < 20 into the Online Encyclopedia of Integer Sequences (sequences
A275941 and A275942).

Suppose P is a finite poset whose Hasse diagram is a rooted tree. For
x € P, let d(x) be the number of elements y € P such that y >p z. A well-
known formula due to Knuth [11] states that the number of linear extensions

of Pis
n!

erP d(i[}) ’

where n = |P|. It follows that the number of linear extensions of KQB , 1s

%(2;) Observe that each linear extension of Kg ; is a union of two increasing
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Table 1: Values of A321(K£t) for some small s, ¢

s|t=2 t=3 t=4 t=5 t=6

213 10 35 126 462

3112 127 1222 11096 97140

4| 55 1866 49523 1147175 24446239

5| 273 29839 2182844 128783730 6664055770

6 | 1428 504265 101666026 | 15268771939 1917617336329
7| 7752 8859742 4922704260 | 1881489465581

8 | 43263 | 160216631

9 | 246675 | 2962451668

subsequences (one formed by the entries 1,2, ...,t and the other formed by
t+1,t+2,...,2t). This means that every linear extension of K f , avoids

321, so A321(K§t) = %(Qtt) As a consequence, tlim \/ A321(K§t) = 4. In the
b *)oo b
following theorem, we use Theorem 3.5 to prove a more general statement.

Theorem 3.6. For each s > 2,

. ¢ /B Y
Jim 4/ Agor (Kg) = 2°.

Proof. We have just seen that this theorem holds when s = 2, so assume
s > 3. Let Fs(k) be as defined in the statement of Theorem 3.5. We will
prove that
(7)

2k75

F > h <k< —1 1.
’t(k)*(k:—2)(k—3)---(k—s—|—1) whenever s <k < (s )t +

If3<k<2t+1, then

k1 —1 ki1
Fyu(k) = Fauli) > ( , >
1=2 j=max{0,k—t—2} J

k—3 2k=3

>

[(k—3)/2|) — k-2

because I ;(2) = 1. This proves (7) in the case s = 3. Now, assume s > 4,
t>2,and s <k < (s—1)t+1 Wehave 0 < (s —3)t+3 —s,s0 k <
(s—1)t+1<2(s—2)t+4—s. This implies that 2k —2(s —2)t —4 < k — s,
SO

> Faa2)

(8) s—1<k—1-2ws(k)<k-—1,
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where ws (k) = max{0,k — (s — 2)t — 2}. Now,

Fou(k) = % Foo1,4(4) § (k_lz_1>

i=s—1 =t (k) J

> Foo1i(k — 1= 2w (k) <’€ - (k- Zj;a)s,t(k)) - 1)
©) = Fuora(k =1 = 2wss(k)) @(@)

From the definition of w; +(k), we see that k—(s—2)t—2 < 2w, +(k). Rewriting
this inequality yields k — 1 — 2w (k) < (s — 2)t + 1. We also know from (8)
that s —1 <k — 1 — 2w, +(k). Inducting on s, we see from (7) that

stl,t(k’ —1- 2ws,t(k:))
2k—5—2ws,t(k)
k—3—2ws(k))(k—4—2ws(k)) - (k—s+1—2ws(k))
ok—5—2w. . (k)

“ ) E D) kst 1)

o

(10)

Because k < (s—1)t+1 < 2(s—2)t+1, we have 2(k— (s —2)t—2)+1 < k—2.
This implies that 2ws (k) +1 < k — 2, so

2ws7t(k) S 22ws,t(k) N 22w51t(,€)
wsvt(k) N Qws,t(k) +1 k—2

Combining this last inequality with (9) and (10), we obtain (7).
We may now combine Theorem 3.5 with (7) to find that

(s—1)t+1 k—s
N st —k 2
A321(K5,t)— kZ:;s <t—1 (k—2)(k—3)---(k—s+1)
S G
o= \t-1 ) (k—2)

v

st — (st —2(t — 1)) 2(st=2(t=1))=s
( t—1 )((st—Q(t— 1)) —2)5—2

Q(t _ 1) 9st—=2(t—1)—s
( t—1 )(st—Qt—éL)sz'
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Consequently,

3 t _ 1 9st—2(t—1)—s s
liminf {/ A K > i ¢ = 2°,
im inf {/ Asan (Kyp) > lim /{0, st_zt_4>s—z

From Remark 3.2, we know that

(s—1)t+1
A321 2k s k st — k
— S t—1

(s—1)t+1

<((s—1)t+1 Z gk—s <5tt__1k>.

=S

It is straightforward to show that the maximum value of 2F~% (Stt__lk) for
s <k <(s—1)t+1 occurs when k = st — 2(t — 1). Therefore,

Aso1(KLD,) < (s — 1t +1)%((s — 1)t — s + 2)25 21 =s <2it_—11>).

As a consequence,

lim sup \/ Azo1 (K K )

t—o00

t—o00 t—1

< lim \t/((s — 1)t +1)5((s — 1)t — s + 2)25t=2(t=1)=s (2(15 - 1)) — 95 [

3.5 Agz1321(KSy)

Suppose o and 7 are two patterns of length 3. Yakoubov enumerated the
linear extensions of K p ¢ that avoid both ¢ and 7 (see Theorem 2.3). She
also enumerated the linear extensions of K st avoiding these two patterns in
all cases except that in which ¢ and 7 are the patterns 231 and 321. The
following theorem provides a simple recurrence relation for the numbers
A3y 321(Uspme s n) This serves to enumerate the linear extensions of K¢,
avoiding 231 and 321 because U<, = K¢

spine=s,st ~
Theorem 3.7. Ifn < s, then Agz1321(US: )=1.Ifn>s, then

spme s,n

S
A231,321 (Ulpinems.n) = Y 4231321 (Ulpinems.ns)-
j=1
Proof. The labeled poset Uspine—s,n only has one linear extension if n <

s because it is a totally ordered set. This linear extension is the identity
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permutation in S,, so A231»321(Usof)ine=s,n) =1lifn <s.
Suppose n > s, and let 7 be a linear extension of Ug; . , that avoids

231 and 321. Let j be the smallest positive integer such that n — j precedes
n in w. We know that n — s must precede n in m, so 7 < s. Because w
avoids 231, all of the entries to the left of n in m must be smaller than
all of the entries to the right of n. Furthermore, the entries to the right
of n must be in increasing order because 7 avoids 321. This means that
Tm=onn—j+1)(n—j4+2)---(n—1), where o is a linear extension of

spine—sn—j that avoids 231 and 321. On the other hand, if 1 < j < s

and 7 is a linear extension of sof>ine=s n—j that avoids 231 and 321, then

mn(n—j+1)(n—j+2)---(n—1)is a linear extension of Uy .., that avoids

231 and 321. The recurrence relation stated in the theorem now follows. [

Yakoubov conjectured that A2317321(K:2) = 2571(s—1)+1. This follows
as an easy corollary of Theorem 3.7.

Corollary 3.1. For all s > 1, A231’321(K22) = 25_1(8 — 1) + 1.
Proof. Using Theorem 3.7, it is straightforward to prove by induction on ¢

that A2317321(Us();)ine:s,s+€) = 2£_1(S— 1) +1forall ¢ € [8] Since %ine:s,Zs =
K¢y, the desired result follows. O

4. Concluding remarks

The idea to study pattern-avoiding linear extensions of partially ordered
sets is quite new, so there are certainly many open problems left in this line
of research. As Anderson et al. [1] have done, one might wish to continue
this line of work by studying linear extensions of other families of partially
ordered sets. Even with respect to comb posets, there are several problems
left unsettled. For example, is there a reasonably nice closed formula for
Azo1(Kgy) or A321(K5t) for general s,t? Even if we are not able to find
a closed formula for Asgi(Kg;), it would be interesting to find the true

value of the growth rate lim ¢/ Asz21(KS,) (we derived upper and lower
5—00 ’

bounds in Theorem 3.4). Another natural direction to follow in extending
this work would involve enumerating linear extensions of comb posets that
avoid patterns of length 4 or more.
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