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Induced forests in bipartite planar graphs

YAN WANG*, QIQIN XIE*, AND XINGXING YU'

Akiyama and Watanabe conjectured that every simple planar bi-
partite graph on n vertices contains an induced forest on at least
5n/8 vertices. We apply the discharging method to show that ev-
ery simple bipartite planar graph on n vertices contains an induced
forest on at least [(4n + 3)/7]| vertices.
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1. Introduction

In this paper, we consider simple graphs only. Clearly, every bipartite graph
contains an independent set of size at least half of its vertices. It is natural
to ask under what conditions can we find considerably larger sparse induced
subgraphs, for example, induced forests? The study of the maximum size of
induced forests was initiated by Erdés, Saks, and Sés in 1986 [10]. Later,
Matousek and Sdmal [12], and also Fox, Loh, and Sudakov [9] studied large
induced trees in triangle-free graphs and K,-free graphs, respectively.

For a graph G, let |G| = |V(G)| and let a(G) denote the largest number
of vertices of an induced forest in G. For later convenience, we use A(G) to
denote an induced forest in G of size a(G). Albertson and Berman [2] (also
see Albertson and Haas in [3]) conjectured in 1979 that a(G) > |G|/2 for
any planar graph G. For bipartite planar graphs, Akiyama and Watanabe
[1] made the following in 1987

Conjecture 1.1. If G is a bipartite planar graph, then a(G) > 5|G|/8.

The bound in Conjecture 1.1 is tight with Q3 (the 3-cube), and more
examples can be constructed, for example, by adding a matching between
two 4-cycles in two Q3’s.

Planar graphs have average degree strictly less than 6. Alon [4] consid-
ered bipartite graphs G with average degree at most d > 1, and showed that
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a(G) > (5 + e ")|G|, for some absolute constant b > 0. Conlon et al. [7]
improved Alon’s bound to (3 + d~"9)|G|, for some constant b > 0. Since
the average degree of any bipartite planar graph is less than 4, the above
results give a nontrivial bound for Conjecture 1.1.

There has been some recent activities on Conjecture 1.1. It is shown in
[13] (also see [11]) that if G is a triangle-free planar graph then a(G) >
(17|G| + 24)/32, which is improved to (6|/G|+ 7)/11 in [8]. In this paper, we
prove the following

Theorem 1.2. Let G be a bipartite planar graph. Then a(G) > [(4|G]| +
3)/7].

In our proof of Theorem 1.2, we apply the discharging method. Suppose
Theorem 1.2 is false, and let G be a counterexample with |G| minimum.
Using the discharging technique, we force some small configurations, which
are reducible in the sense that after certain operations we can use an induced
forest from a smaller graph to construct an induced forest in G. Often such
operations involve the identification of vertices, which may result in multiple
edges; we remove all but one such edges after the identification. Note that
we always identify vertices in the same color class of the bipartite graph G.
Hence, there will be no loop after the identification.

We need some notations and terminologies. Let v € V(G) and X,Y C
V(G). N(v) denotes the set of neighbors of v, and G[X] denotes the induced
subgraph of G on X. We define G—v := G[V(G) —{v}], G- X = G[V(G)—
X], G[X +v] := G[X U{v}] and G[X +Y] := G[X UY]. Let n be a positive
integer. We denote V,,, V<,, V>, the set of vertices of degree exactly n,
at most n, and at least n, respectively. We call a vertex v in G is a n-
vertex (nt-vertex, n”-vertex, respectively) if v € V,, (v € Vap, v € V<p,
respectively) If G is a planar graph and vy, v, ..., vg, are vertices of G incident
with a common face F', then G/vjva...v; denotes the simple plane graph
obtained from G by identifying vi,vs,...,v; in F' as a new vertex w. We
define G/{vyve, ..., vp_1v;} = (G/v1v2) /{v3vy, ..., vk_1Vk }. G + v1v2 denotes
the simple plane graph obtained from G by adding the edge vivy in F' if
vivg € E(G). XAY denotes the symmetric difference between X and Y. A
separation in a graph G consists of a pair of subgraphs G, G2, denoted as
(Gl,GQ), such that E(Gl) UE(GQ) = E(G), E(Gl ﬂGQ) = (Z), G1 < Go, and
G2 Z G1. e(X) denotes the number of edges in G[X] and e(X,Y’) denotes
the number of edges of G between vertices in X and vertices in Y.

The rest of the paper is organized as follows. In Section 2, we present
some inequalities that we use, which can be established by considering re-
mainders modular 7. We also set up some notation for a minimum coun-
terexample G of Theorem 1.2, and prove some basic properties about G.
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In Section 3, we derive information about the structures around a vertex of
degree 2 in G. In Section 4, we work on the neighbors of a degree 3 ver-
tex. In Section 5 and 6, we deal with two forbidden configurations around
a 3-vertex. In Section 7, we work with degree 5 and 6 vertices. We prove
Theorem 1.2 in Section 8 by giving discharging rules based on the structural
information obtained in the previous sections.

2. Useful inequalities and the minimum counterexample

We begin with some inequalities that will be used frequently throughout the
paper.

Lemma 2.1. Let ay,as > 1 be integers such that a1 + as = n+ 3 — k, with
k < 8. Then max{[(4a1 +3)/7| + [(4a2 +3)/7] + 2, [(4a1 — 1)/7] + [ (4a2 —
1)/7] 43} > [(4n+3)/7].

Proof. Note the symmetry between a1 and ao. If 4a1 +3 = 0 mod 7 then
[(day — 1)/7] + [(4a2 — 1)/7] +3 > (day — 14+ 4)/7+ (dag — 1)/7+ 3 =
(Adn +3 — 4k +32)/7 > (4n 4+ 3)/7.

So we may assume 4a; +3 Z 0 mod 7 for ¢ = 1,2. Let 4a; + 3 = r;
mod 7 with 1 <r; <6 for i =1,2. If 11 # 6 or ro # 6 then [(4a1 + 3)/7] +
[(4ag+3)/T|4+2 > (4a1+3)/7+(4as+3)/7T+24+3/7 = (4n+3—4k+32)/7 >
(4n+3)/7.

So assume 71 = r9 = 6. Then [(4da; — 1)/7| + [(4ag — 1)/7] + 3 >
(4ay —1+45)/7+ (4daa —1+5)/7+3 = (4n+ 3 — 4k +38)/7 > (4n+ 3)/7.

Therefore, the conclusion holds since the left hand side of the inequality
is an integer. L]

With similar, but more involved arguments, we have the following in-
equalities. We leave out the details.

Lemma 2.2. Let a,aq,as, ..., a, c,n be positive integers where k > 1. Let L
be a set of integers and b; be a positive integer for all j € L.

(1) If (4a+3)/7+ 3 (4a;+3)/7+ > (4bj+3)/T+c—k > (4n+3—-3k)/7,
=1 JjeL

then Ailél{afi { [(4(a— ; A)+3)/7]+ Zk:l [(4(ai—A:)+3)/7]+ ZL [(4b;+
vie(k] B = I€

/7] +e— 31— A} > [(4n+3)/7].

=1
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(2) If (4a+3)/7+ (4a1 +3)/7T+c—1> (4n—1)/7 and (4da+3,4a1 +3) #
(0,4),(4,0) mod 7, then Alrg?gfl}{ [(4(a—A1)+3)/7]+ [(4(a1 — A1)+

3)/Tl+c— (1= A1)} = [(4n +3)/7];

(3) If (4a+3)/74 (4a1 +3)/7T4+c > (4n—1)/7, then [(4da+3) /7] +[(4a1 +
3)/T+c = [(4n+3)/7] if (da+3,4a1+3) # (0,0),(0,6), (0,5), (0,4),
(4,0), (6,5), (5,6),(5,0), (6,6), (6,0) mod 7;

2
(4) If(4a+3)/7+¥(4ai+3)/7+c—2 > (4n—4)/7, then max {[(4(a—

Ai,A>€{0,1}
2

Z Aj )+3)/71+Z[( (a; ')+3)/71+c—§31(1—z4i)} > [(4n+3)/7],
nless (4a + 3, by + 3,4as + 3) = (1,0,0),(4,0,4), (4,4,0), (0,4, 4)
mod 7;

(5) If(4a+3)/7+22:(4ai+3)/7+c—2 > (4n—5)/7, then Ahgg}{(()’l}{[(ll(af

Z A )+3)/71+Z[( (s ')+3)/71+C—§%(1 Ai)} = [(4n+3)/7],

unless (4a + 3, 4a1 +3,4a2 + 3) = (0,0,0)1, (1,0,0), (4,0,3),(4,3,0),
(3,0,4),(4,0,4),(3,4,0), (4,4,0), (1,6,0), (1,0,6), (0,3,4), (0,4,3),
(0,4,4), (6,4,4), (4,4,6), (4,6,4) mod 7;

(6) If Z(4az+3)/7+c> (4n+2)/7, then Zk:[(4az+3)/ﬂ +c> [(4n+
)/ﬂ unless 4a; +3 =0 mod 7 fori € [k:],

k

(7) If Z(4al+3)/7+c> (An+1)/7, then > [(4a; +3)/T] + ¢ > [(4n +
i=1

)/ﬂ, unless there exists j € [n] such that 4a; +3 = 0,6 mod 7 and

4a; +3=0 mod 7 forie [k] —{j};

(8) If (4a+3)/7+(4a1+3)/T+c > 4n /7, then [(4a+3)/7]+[(4a1+3) /7] +
¢ > [(4n + 3)/7] unless (4a + 3,4a1 + 3) = (0,0), (0,6), (0,5), (5,0),
(6,6), (6,0) mod 7.

Note that in applications a1, as, ..., ag, b1, ..., b; are the numbers of ver-
tices in some subgraphs of a given graph, and A; is the indicator function
whether a vertex is included or not. Moreover, we have k < 4 and [ < 2 in
all applications.

We now set up some notation for the proof of Theorem 1.2. Throughtout
the remainder of this paper, let G be a bipartite plane graph with |G| = n
such that

(i) a(G) < [(4n+3)/7],
(ii) subject to (i), |G| is minimum, and
(iii) subject to (ii), |E(G)| is maximum.



Induced forests in bipartite planar graphs 97

Lemma 2.3. G is a connected quadrangulation, §(G) > 2, and for each
v € Vg we may choose A(G) so that v € A(G).

Proof. If G is disconnected, let Gy, ..., G be the components of G (hence
k > 2). By the choice of G, a(G;) > [(4|Gi| + 3)/7] for i € [k]. So a(G) >
S [(4]Gil +3)/7] > [(4n 4 3)/7], a contradiction. So G is connected.

If G is not a quadrangulation, then G has a facial walk ajas...apa; with
k > 6. By the choice of G, a(G + ajas) > [(4n + 3)/7]. This implies that
a(G) > [(4n + 3)/7], a contradiction. Thus G is a quadrangulation, and
hence, 0(G) > 2.

Now let F' = A(G) with v € Vg — V(F'). By the maximality of A(G),
N@)NV(F) # 0. If [V(F)N N(v)] < 2, then let w € V(F) N N(v); if
|[V(F)NN(v)| = 3, then there exists w € V(F') such that no two vertices in
V(F)NN (v) are contained in the same component of F'—w. Now G[F —w+v]
is a maximum induced forest in G' containing v. O

The following notation will be convenient when performing graph oper-
ations.

Notation 2.4. Let v € V(G) and U C N(v). Define Ry := R})’U U Rg’U
where R}j7U ={{r} C N(w)=U :r € Vza} and R%yU ={{ri,m2} CN(v)-U":
r1,r2 € V3 and r1,ry are cofacial}.

Lemma 2.5. For any v € V(G) and U C N(v), if Ri,R2 € R, vy, then
RiN Ry # .

Proof. First, assume that there exist distinct {z},{y} € R})’U. Let F' =
A(G—{v,z,y}). By the choice of G, |F'| = a(G") > [(4(n—3)+3)/7|. Hence
G[F' 4 {z,y}] is an induced forest in G; so a(G) > |F'|+2 > [(4n + 3)/7],
a contradiction.

Now assume there exist {z} € R ;,{y,2} € R, ;. Let w € V(G) such
that vywzv is a facial cycle. Let F' = A(G — {v,x,y,z,w}). Then |F'| >
[(4(n—5)+3)/7] by the choice of G. Clearly, G[F' +{z,y, z}] is an induced
forest in G; so a(G) > |F'| +3 > [(4n + 3)/7], a contradiction.

Finally, assume {z1,z2},{y1,y2} € R?},U with {x1, 22} N {y1,y2} = 0.
Let x3,y3 € V(G) such that vrixsrov and vy ysyov are facial cycles. Let
F' = A(G — {v,z1,22,23,y1,Y2,y3}). By the choice of G, |F'| > [(4(n —
7)+3)/7]. Now G[F' + {x1, 22,91, y2}] is an induced forest in G, implying
a(G) > |F'| +4 > [(4n + 3)/T], a contradiction. O

Notation 2.6. Let v € V(G) and U C N(v), and let R € R, 7. We define
G+«R=G—-{v,r} if R={r}, and Gx R = (G —v)/rire if R = {r1,m2}.
For F C G« R, define F-R=G[F+7r] if R={r}. If R = {r1,r2} and
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r € F where r denotes the identification of r1 and ro, then define F - R =
G[F —r+ {r1,ra2}].

Remark 2.7. Let v € V(G) and U C N(v). If R = {r1,r2} € R?}’U and
r denotes the identification of r1 and ro, then by Lemma 2.3 there exists

F = A(G % R) such thatr € F.
3. Structure around 2-vertices

The objective of this section is to prove the following lemma about neighbors
of a 2-vertex in (. This will be used later for discharging rules.

Lemma 3.1. For each x € Vs, there exist vs, vl € V>5 NN (x) or there exist
vy € Vey N N(z) and vg € Vo6 N N(x).

Remark 3.2. Apply Lemma 2.5 with v = vs and U = (), we have R, g =
{{z}} because any two elements in R, g intersect. Similarly, R, g = {{x}}

and R,, g = R, o = {{x}}.

Proof. First, e(V2) = 0. For, suppose there exists zy € F(G) with z,y € V5.
Let z € N(y)—{z} and F' = A(G—{x,y, z}). Then |F'| > [(4(n—3)+3)/7].
Clearly, G[F' + {z,y}] is an induced forest in G; so a(G) > |F'| +2 >
[(4n + 3)/7], a contradiction.

Next, we claim that for each y € V5, it is impossible that y has one neigh-
bor of degree 3 and the other neighbor of degree at most 5. For otherwise,
there exists a path zyz in G with « € V3,y € Va,z € V<5. Let N(x) —{y} =
{z1,z2}. Note that {z1,z2} C N(z) since G is a quadrangulation. Then,
d(z) = 5; otherwise, with F' = A(G — {z,y, z,21,22}), G[F' + {z,y, 2}
is an induced forest in G showing that a(G) > |F'| +3 > [(4(n — 5) +
3)/7] +3 > [(4n + 3)/7], a contradiction. So let N(z) = {x1,y, x2, 22,21}
such that z; and z; are cofacial for i = 1,2. If |[N(xz1) N N(z1)| < 2,
then let F' = A((G — {x,y,z,22})/x121) with w as the identification of
z1 and z1; now G[F' + {z,y,z}] if w & F') or G[F' — w + {z,y,z1,21}]
(if w € F’) is an induced forest in G showing that a(G) > |[F'| +3 >
[(4(n—=5)+3)/7] > [(4n+3)/7], a contradiction. Thus, let | N (z1)NN(z1)| >
3. Then there exist u € N(z1) N N(z1) — {#} and a separation (G1,G2)
in G such that V(G1 N Gs) = {x1,z21,u}, {z,y,2,22,220} C V(G1), and
N(z1) N N(z1) — {2} € V(G2). Let Fl(l) = A(Gy — {z1,21,2,y,2,22}) and
FY = A(Go—{z1,21}). Then GIFVUFY + {2, y, 2} — ({u}n(FV AED)))
is an induced forest in GG, which implies that

a(G) = [FV+ |V 42 > [(4(G1| —6) +3)/7] + [(4(G2| —2) +3) /7] +2.
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Now let FI(Q) = A(G1—{x1,21,2,y, 2,22, u}) and F2(2) = A(Gy—{x1,21,u}).
Then G[Fl(2) U F2(2) + {z,y, z}] is an induced forest in G, showing that

(@) 2 |FP )+ |EP ) +3 = [(4(1G1| —T7) +3) /7] + [(4(/Ga| - 3) +3)/7] + 3.

By Lemma 2.1, we have a(G) > [(4n + 3)/7], a contradiction.

Thus, to complete the proof of Lemma 3.1, it suffices to show that for
each y € Vb, it is impossible that y has one neighbor of degree 4 and the
other neighbor of degree at most 5. For otherwise, there exists a path zyz
such that € Vy,y € Vo and 2z € V<s. Thus, z € V4 U V5 by the above
claims. Let N(x) = {x1,x9,23,y} and N(z) = {21, 29, 2, z3,y} if 2 € V5 or
N(z) = {z1,x2,2z3,y} if z € V.

Case 1. N(x2)NN(z3) = {z, 2z} and either |[N(z1)NN(z2)| < 2o0r z € Vj.

Let F' = A(G—{x,y, 2})/{x2x3, z2122}) (when z € V5) and F' = A((G—
{z,y,2,21})/x2x3) (when z € Vj). Let a’ (respectively, 2z’ when z € V;)
denote the identification of z9 and x3 (respectively, z; and z3). Let 2’ = 21
if z € Vj. By the choice of G, |F'| > [(4(n — 5) + 3)/7]. It is easy to
see that one of the following is an induced forest in G: G[F' + {z,y, z}]
(if 2/, 2/ & F'), or G[(F' — 2') + {z,y,21,22}] (if ' ¢ F' and 2’ € F'), or
G[(F' — ') + {z2,x3,y,2}] (if ' € F' and 2/ € F'), or G[(F' — {,7'}) +
{z9, 23,9y, 21,22}] (if o', 2" € F’). Therefore, a(G) > |F'| +3 > [(4n + 3)/7],
a contradiction.

Case 2. [N(z2) N N(z3)| > 3 and either |[N(2z1) N N(z2)| <2 or z € Vj.

Then there exist w € N(z2) N N(x3) and a separation (Gp,G2) in G
such that V(G1 N G2) = {w, 9, 23,2}, {y, 2, 21,22} C V(G1), and N(z2) N
N(z3) — {2} C V(Ga). Let F\V = A((Gy — {w,z2,23,7,y,2})/2122) (when
z € V5) or Fl(l) = A(G1 — {w,x2,23,2,Y,2,21}) (when z € Vj), and let
F2(2) = A(G2 — {w, z2,x3,2}). Let 2’ denote the identification of z; and zs.
Then G[Fl(l) U F2(1) + {x,y,2}] (if z € Vyorif z € V5 and 2/ ¢ Fl(l)), or
G[Fl(l) U FZ(I) — 2+ {x,y,21,22}] (if z € V5 and 2/ € Fl(l)) is an induced
forest in GG, showing that

a(G) > [F{V+ [FyV | +3 > [(4(1G1| —7) +3)/7] + [(4(|Ga| — 4) +3) /7] +3.

Let F1(2) = A((G1 — {z, 2,23, 2,y,2})/2122) (when z € V5) with 2’ as the
identification of z; and 29, or F1(2) = A(G1 — {z2,23,2,y,2,21}) (when
2 €Vy), and let F\?) = A(Gy — {x2,23,2}). Then G[FP UF® + {z,y, 2} —
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{w}n ( AF(2)))] (ifzeViorzeVsand 2/ & Fl(z)), or G[F1(2) UF2(2) -
z 4+ {.fU,y,Zl,ZQ} — {w}n (F1(2)AF2(2)))] (if 2 € V5 and 2/ € F1(2)) is an
induced forest in G, giving

a(G) = [P+ [P |42 > [(4(G1| = 6) +3)/T] + [(4(|Ga| - 3) +3)/7] +2.

Hence, by Lemma 2.2(1) (with k =1, a = |G1| — 6,a1 = |G2| —3,c¢=3,L =
0), a(G) > [(4n + 3)/7], a contradiction.

Case 3. N(z2) N N(z3) = {x, 2} and |N(21) N N(z2)| > 3.

Then there exist u € N(z1) N N(z2) and a separation (G1,G2) in G
such that V(G1 N G2) = {z1, 22, u}, {z,y,2, 22,23} C V(G1), and N(z1) N
N(z) —{z} C V(G3). Let Fl(l) = A((G1 — {21, 22, %,y, 2}) /x2x3) with 2’ as
the identification of x9 and 333, and FQ(I) = A(G — {z1,22}). Then G[Fl(l) U

Voo = (0 (BYARY) (0’ g 1Y) or GUEY —a)u B!+
{zo, z3,y,2} — ({u} N ( AF( )))] (if ' € Fl(l)) is an induced forest in G,
which, by the choice of G 1mphes

a(G) > [PV |+ [V |42 > [(4(G1| = 6) +3)/7] + [(4(|Ga] = 2) +3)/7] +2.

Let F1(2) = A((Gy1 — {u, 21, 29, ,y, 2}) /xox3) with 2 as the identiﬁcation of
x2 and x3, and F2(2) A(Ga — {u 21, 22}). Then G[F(Q) UF +{x,y, z}] (if
2 ¢ F1(2)) or G[(Fl(2) z')U 2 ) 4 {z2,23,y,2}] (if 2’ € Fl( )) is an induced
forest in GG. So by the choice of G.

a(G) > [P+ B3| +3 > [(A(G1| = 7) +3)/7] + [(4(|Ga| - 3) +3)/7] +3.

So by Lemma 2.2(1) (with k =1, a = |G1| — 6,a1 = |G2| — 2,¢ =3, L = (),
a(G) > [(4n+ 3)/7], a contradiction.

Case 4. |[N(x2) N N(z3)| > 3 and |N(2z1) N N(z2)| > 3.

Then there exist w € N(z2) N N(x3) — {z,z}, u € N(z1) N N(z2) — {z},
and subgraphs G1,Gs, G of G such that G5 is the maximal subgraph of G
contained in the closed region of the plane bounded by the cycle wzozzsw
containing N(z2) N N(z3) — {z}, G3 is the maximal subgraph of G con-
tained in the closed region of the plane bounded by the cycle zzjuzez
containing N(z1) N N(z2) — {2z}, and G; is obtained from G by removing
Go — {w, z,z9, 23} and Gs — {u, z, 21, 22}.

Define A; = {u} for i = 1,3, A; = () for i = 2,4, and 4; = {u} — A;.
Define W; = {w} for i = 3,4, W; = 0 for i = 1,2 and W; = {w} —
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W;. For i € [4], let Fl(i) = A(Gy — {x,y, z,x2,23, 21,22} — A; — W;) and
F2() A(Gy — {wg,x3,0} — Wi) and F{" = A(Gs — {z1,22} — A;). Then
FO1 2 (GG =7~ A~ [Wl) + 97, (1] 2 [(1]Ga] 3 W) +
)/71 and |F\"| > [(4(1Gs| — 2 — |A;]) + 3)/7] + 3. Since G[F) U F{” U
F( + {z,y, 2} — {u,w} N (F ()A(F() U F( )))] is an induced forest in G,
a(G) = |Fy"| 15" + |5 43— (1= |Ai]) = (1= [Wi]). Let (n1,nz,ns) =
(4(|G1| = 7) + 3,4(|G2| — 3) + 3,4(|G3] — 2) + 3). So by Lemma 2.2(4) (with
a = |G1| — 7,a1 = |G2| *3,(12 = |G3| *2,62 3),
(n1,n2,n3) = (1,0,0), (4,0,4), (4,4,0),(0,4,4) mod 7.

Subcase 4.1. (n1,n2,n3) = (1,0,0) (resp. (4,4,0)) mod 7.
Let Wy = Ws = {w} and W = W5 = 0. Let i = 5 if (ny,n2,n3) =
(1,0,0) mod 7 and i = 6 if (n1,n2,n3) = (4,4,0) mod 7. Let F") =

A((G1 —{z,y, z, 2,23} — W;)/2z122) with 2’ as the identification of z; and
22, FQ( ) = A(Gq — {z2,x3,2} — W;), and F( ) = A(Gg) By the choice of G,
\F \> (4G | —6—[Wil)+3)/71, |F5”| > [(4 (\G2\ —[Wi|)+3)/7], and

IF\Y| > [(4]Gs|+3)/7]. Then GIFP UFY UFY + {a, y,z} {21, 22, u, w}N
(FOAFEDURD) (6t 2 ¢ FY) or GIFY — ) UF UFY +{x,y, 21, 22} —
{u, w, z1, zz}ﬂ((Fl(i)U{zl, @})A(Fg(i)UFéi))} (if 2/ € Fl(l)) is an induced forest
in G, showing that a(G) > |[F{)|+|F) |+ |F|+3-3—[W;| > [(4n+3)/7],
a contradiction.

Subcase 4.2. (n1,n2,n3) = (4,0,4) mod 7.

Let F1(7) = A(Gy —{z,y,z, 22,23, 21,w}), F2(7) = A(Gs — {mg,azg,x w})
and F\" = A(Gs — {=1}). Then IFD| > [(4(G1| = 7) + 3)/7], |FS| >
[(4(|Ga| — 4) + 3)/7], and |FS"| > [(4(|Gs| — 1) + 3)/7]. Clearly, G[F" U
F2(7) U F?£7) +{z,y, 2} — {u, 22} N (FlmA(FQm U F?E7))] is an induced forest
in G, showing that a(G) > \Flml + |F2(7)\ + ]F3(7)] +1> [(4n+3)/7], a
contradiction.

Subcase 4.3. (n1,m2,n3) = (0,4,4) mod 7.

Let Fl(g) = A(G1 — {y,z,x2,x3, 21} + x22), F2(8) = A(G2 — {azg,xg})
and F® = A(Gs — {=1}). Then IF®| > [(4(G1| = 5) + 3)/7], |F®| >
[(4(/Gal —2) +3)/7], and | Fy”| > [(4(1G3| —1)+3)/7]. Now G[F{Y UF) U
F?ES) +{y,z} — {u,w,z, 22} N (F( )A( ® U F( )))] is an induced forest in
G, which implies that a(G) > [F™| + [F¥| + |[F®] - 2 > [(4n + 3)/7], a
contradiction. This completes the proof of Lemma 3.1.
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4. Structure around 3-vertices

In this section, we derive useful information about strutures around a 3-
vertex.

Lemma 4.1. Let z1 € V3 and N(z1) = {x,y1,21}, with y1,21 € Vi, 29 €
N(x)NN(y1)—{x1} and xz1y1x97 be a facial cycle in G. Then z1z2 ¢ E(QG).

Proof. For, suppose z1z2 € E(G). Then G has a separation (G1,G2) such
that V(G1 N Ga) = {x1,29,21}, 11 € V(G1), and z € V(G2). For i =
1,2, let F\Y = A(G; — {z1,21,22}); s0 [FV] > [(4(Gs] — 3) + 3)/7]. Now
G[Fl(l) UF2(1) +x1] is an induced forest in G, giving a(G) > |F1(1)\+ \Fz(l)]—i—l.

Let F1(2) = A(G1 — {z1,21,22,y1}) and F2(2) = A(Ge — {z1,x1, 22, 2}).
Then |F®| > [(4(|G;|—4)+3)/7] for i = 1,2.1f N(21)NV(G1)— {21, 22} # 0
and N(z1) N V(G3) — {x1, 22} # 0, then G[F1(2) U F2(2) + {z1,21}] is an
induced forest in G, giving a(G) > |F1(2)] + |F2(2)| + 2. Thus, by Lemma 2.1,
a(G) > [(4n + 3)/7], a contradiction.

If N(z1) NV (G1) — {z1,22} = 0, then since G is a quadrangulation,
Y1,T1, 21, T2 are incident to a common face. This is a contradiction since
IN(y1)] = 4. So N(21) N V(G2) — {x1,22} = 0. Then since G is a quad-
rangulation, x,x1, 21, x2 are incident to a common face. This implies that
|IN(z)| = 2. So G[Fl(2) U F2(2) + {z1,x}] is an induced forest in G, giving
a(G) > |FP| + |F?| + 2. Thus, by Lemma 2.1, a(G) > [(4n + 3)/7], a
contradiction. O

Lemma 4.2. A(G[V<3]) < 1.

Proof. First, we claim e(V3) = 0. For, suppose there exists zy € F(G)
with 2,y € V5. Let 2 € N(y) — {z} and F' = A(G — {z,y,2}). Then
|F'| > [(4(n —3)+3)/7]. Clearly, G[F' 4+ {x,y}] is an induced forest in G;
so a(G) > |F'|+2 > [(4n + 3)/7], a contradiction.

Suppose G[V<3] contains a path, say xyz. By the claim above and
Lemma 2.5, we may assume that |N(y)| = |N(z)| = 3. Suppose |N(z)| = 2.
Since every face of G has length 4, x and z have a common neighbor,
say s. Let N(z) = {s,y}, N(y) = {y1,z,2} and N(z) = {z1,s,y}. Let
F' = A(G—{z,vy, z,,y1}). Then by the choice of G, |F'| > [(4(n—5)+3)/7].
Now G[F'+{z,y, z}] is an induced forest in G and, hence, a(G) > |F'|+3 >
[(4n+3)/7], a contradiction. So |N(x)| = 3.

Since every face of G has length 4, x and z have a common neighbor,
say s. Let N(z) = {z1,s,9}, N(y) = {y1,z,2} and N(z) = {z1,s,y}. If
x1 = 21, let F' = A(G — {x,y,2,8,21}). Then by the choice of G, |F'| >
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[(4(n—5)+3)/7]. Now G[F'+{z,y, z}] is an induced forest in G and, hence,
a(G) > |F'| +3 > [(4n + 3)/T7], a contradiction. So z1 # z1.

If N(z1) N N(z1) = {u1}, let F' = A((G — {x,y,z,s})/x121) with 2’
as the identification of x; and z;. Then |F'| > [(4(n — 5) + 3)/7]. Now
GIF' 4+ {z,y,2}] (if 2/ € F') or G[(F' — ') +{z, z,21,z21}] (if 2’ € F’) is an
induced forest in G. So a(G) > |F'| +3 > [(4n + 3)/7], a contradiction.

So |N(z1) N N(z1)| > 2. Then there exist w € N(z1) N N(z1) — {y1}
and a separation (G1,G2) in G such that V(G1 N Ge) = {w,z1,y1,21},
{x,9,2,5} CV(G1), and N(z1)NN(21) C V(Gs). Let Wi = Ws = {w} and
Wi =Wy =0.Fori=1,2, let Fl(l) = A(Gy1—{s,x,y,z,21,y1,21} — W;) and
F{Y = A(Gy—{z1, 21} — Wi). Then |[FY| > [(4(|G1| — 7— [Wi|) +3)/7] and
57] > [(4(1Ga] =2 = i) +3)/7]. Now GIF{" UF + {., 2} — ({w} 0
(Fl(i)AFéi)))] is an induced forest in G, giving a(G) > |F1(i)|+|F2(i)|+3— Wil
By Lemma 2.2(1) (with k = 1, a = |G1| — 7,a1 = |G2| — 2,L = 0,¢c = 3),
a(G) > [(4n + 3)/7], a contradiction. O

Lemma 4.3. Let v € V3. If y € N(z) and Ry (53 # 0 then for any z €
N(l‘) - {y}; Rz,{x} = 0.

Proof. For otherwise, suppose z € N(x) — {y} and R, 5 # 0. Let Ry €
Ry,{x} and Ry € Rz7{x}'

If |[Ri| =1or |Ry] =1, let F' = A(((G — {x,y,2}) * R1) * R2). Then
|F'| > [(4(n —5)+3)/7]. Now G[((F' 4+ ) - R1) - R2] is an induced forest in
G, showing a(G) > |F'| +3 > [(4n + 3) /7], a contradiction.

So |Ri| = |Ra| = 2, let Ry = {r1,72} and yriy'roy bound a 4-face.
Suppose 3y’ = z. Let F/ = A(G — {z,y,2,r1,72}). Then |F'| > [(4(n — 5) +
3)/7|. Now G[F' + {x,r1,72}] is an induced forest in G, showing a(G) >
|F'| +3 > [(4n + 3)/7], a contradiction.

Now, we may assume 3y’ # z. Suppose R; N Ry # (). Without loss of
generality, let Ry = {rq,r3}. Since G is a quadrangulation, zr2y/'r32z bounds a
4-face. Let F" = A(G—{x,y,z,r1,72,73,9y'}). Then |F"| > [(4(n—7)+3)/7].
Now G[F" +{x,r1,72,73}] is an induced forest in G, showing a(G) > |F"|+
4> [(4n+ 3)/7], a contradiction.

Finally, we may assume R1NRy = (). Let F""" = A((G—{x,y, z, 11,72,y })*
Ry). Then |F"'|>[(4(n —7) + 3)/7]. Now G[(F" + {x,r1,72}) - Ro] is an
induced forest in G, showing a(G) > |F"'| 4+ 4 > [(4n + 3)/7], a contradic-
tion. 0

Lemma 4.4. Let x € V3. If y € N(x) N V<y then for any z € N(z) — {y},
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Proof. Let N(v) = {u,y,2}, y € V<4 and R € R, 1,y. Let vyzzv be a facial
cycle, N(y) = {y1,z,v} if y € Va and N(y) = {y1,y2, z,v} if y € V4. In the
proof below, we assume y € V; as for y € V3. We simply delete y; instead
of identifying y; and y,. Define W; = {v} for i = 1,3,5,8 and W; = 0 if
i=2,4,6,7, and let W; = {v} — W, for i € [8].

Suppose R = {y2}. This implies that zys € E(G) and |N(y2)| = 2. Since
G is a plane graph, uwv € E(G). Let F = A(G —{x,y, 2,91, y2} +uv). By the
choice of G, |F| > [(4(n —5) 4+ 3)/7]. Then G[F + {z,y,y2}] is an induced
forest in G. So a(G) > |F|+3 > [(4n+3)/7], a contradiction. So R # {y2}.
Similarly, R # {y1}.

Case 1. |[N(y1) N N(y2)| <2 and uv € E(G).

Let F' = A((G — {z,y, 2}) * R) /y1y2 + uv) with y' as the identification
of y; and y. By the choice of G, |F'| > [(4(n —5) + 3)/7|. Then G[(F' +
{z,y}) - Rl (fy & F') or GI(F" — {y'} +{z,y1,92}) - R] (if y € F') is an
induced forest in G. So a(G) > |F'| + 3 > [(4n + 3)/7], a contradiction.

Case 2. [N(y1) N N(y2)| < 2 and uv € E(G).
Then G has a separation (G1,G2) such that V(G1 N G2) = {u,v,x},

{y,91,92} CV(G1), z € V(G3). For i = 1,2, let Fl(i) = A((G1 — {u,z,y} —
Wi)/y1y2)) with 3 as the identification of y; and ys, and F2(i) = A((Gy —
{u, @, 2} — W) % R). Then |F" | > [(4(1Gy —4— Im-l) +3)/7] for j =1,2.
Now G[(F{" U F{’ + {z,y}) - R = ({v} 0 (F"AF)) Gf ' ¢ F{”) or
GI(FY —yyu ( + {, yl,yQ}) ({u} N ( AF(”))] is an induced
forest in G, showmg that a(G) > |F |+ |F2 | +3 —|W;|. By Lemma 2.2(1)
(with k =1,a = |G1| —4,a1 = |G2| =4, L =0,¢ = 3), a(G) > [(4n + 3)/7],

a contradiction.

Case 3. |[N(y1) N N(y2)| > 3 and uv € E(G).

There exist w € N(y1)NN(y2) and a separation (G1,G2) in G such that
V(G1NG2) = {y1,y2, w}, {x,y, z,u,v} C V(G1), and N(y1)NN(y2) —{y} C
V(G2). Define A; = {w} if i = 1,3,4 and A; = (0 if i = 2,5,6, and let

A; = {w}—A;. Fori=1,2, let F(i) A((G’lf{x y,z,yl,yQ}—Ai)*RJruv),
and F“’ A(Ga—{y1,y2} — Ay). Then [F{"| > [(4(/G1| - 6 — | Ai]) +3)/7],
and | F")| > [(4(1Ga| — 2~ |4i]) + 3)/7]. Now Gl(F? UF( +{z,y}) R~
({w} N (F} AF( )))] is an induced forest in G, implying a(G) > |F(1)\ +
|F | + 3 — |4;]. So by Lemma 2.2(1) (with & = 1,a = |G1| — 6,a; =
|Go| —2,L =0,c=3), a(G) > [(4n + 3)/7], a contradiction.

Case 4. |[N(y1) N N(y2)| > 3 and uv € E(G).
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There exist w € N(y1) N N(y2) and subgraphs G1, G2, Gs of G such
that G is the maximal subgraph of G contained in the closed region of the
plane bounded by uzzvu and containing R, (3 is obtained by deleting y
from the maximal subgraph of G contained in the closed region bounded
by y1yyewy; and containing N (y1) N N(y2), and G is obtained from G by
removing Go — {u,v,z} and Gs — {w,y1,y2}. For i = 3,4,5,6, let Fl(i) =
A(Gr = {wu, gy, o) = Ai = W), By = A((Ga — {u,, 2} = Wi) * R), and
F§> <G3—{yl,y2}—A1> Then |7 > IS <\G1\—5—|wi\—|Ai|>+3>/ﬂ,
] > [(4(Ga| — 4= [Wil) +3)/7], and [F{"| > [(4(|Gs|—2— |As]) +3)/7].
Now G[(F\” U F{) UF( D4z} R - {w, w}ﬁ (P )A(F(Z) F{))] is an
induced forest in G, showing a(G) > \Fl(Z | + ]FQ )\ + \F?f )] +3— Wi — | Al
Let (nl,ng,ng) = (4(‘G1‘ — 5) + 3,4(|G2‘ — 4) + 3,4(‘G3‘ — 2) + 3). By
Lemma 2.2(4) (with a = |G1|—5,a1 = |G2|—4, a2 = |G3| —2), (n1,n2,n3) =
(1,0,0),(4,0,4),(4,4,0),(0,4,4) mod 7.

Subcase 4.1. (n1,m2,n3) = (1,0,0) (resp. (4,4,0) mod 7).
For ¢ = 7 (resp. i = 8), let Fl(i) = AGy — {u,z,y} — W;), FQ(i) =
(GQ—{U z} —W;) and F{) = A(Gs). Then |FV| > [(4(|G1| - 3) +3)/7],
IFY) > (( (1G2l = 2) +3)/7] and |EY| > [(4]Gs| + 3)/7]. Now G[F® U
F(Z) U F( +{x} - W, — {yl,yg,w} N ( ()AF( ))] is an induced forest in
G, showing a(G) > |F\| + [F{"| + |F{"| + 1= 3 = [W;| > [(4n + 3)/7],
contradiction.

Subcase 4.2. (n1,mn2,n3) = (4,0,4), (O 4,4) mod 7.

Let Fl(g) = A(G1 —{u,z,y,y1,v}), F. ) = A(Gy —{u, x U}) and F3(9) =
A(Gs — {un)). Then [FO)] > [(4(Gh| — 5) + 3)/7], |ES)] > [(4(C| -
3) +3)/7], and |F\”| > [(4(|Gs| — 1) + 3)/7]. Now G[F U F” U F{" +
{z,y} — {y2,w} N (FI(Q)AF:)EQ))] is an induced forest in G, showing a(G) Z
\Fl(g)] + |F2(9)\ + \Fég)] +2—2>[(4n+ 3)/7], a contradiction. O

Lemma 4.5. For each v € V3, N(z) € V<4.

Proof. Let € V3 with N(x) = {w,y,z} C V<y. By Lemma 4.2, |[N(z) N
Ves| <1;s0let N(z) = {z, 21, 22, w1 } and N(w) = {x, w1, ws,y1}. Suppose
y € Vo. Let N(y) = {z,y1}. Since G is a quadrangulation, we may assume
z1 =uy1. Let F = A(G—{z,y,z,w,y1, w1, 22}). Then |F| > [(4(n—7)+3)/7].
Therefore, G[F +{z,y, z,w}] is an induced forest in G, showing that a(G) >
|F| +4 > [(4n + 3)/7], a contradiction.
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Now let N(y) = {z,y1,21} if y € Vs and N(y) = {z,y1,92, 21} if y € V.
In the argument to follow, we treat the case y € Vy, as the proof for y € V3
is the same by replacing identification of y; and y» with the deletion of ;.

Case 1. [N(y1)NN (y2)| <2, |N(21)NN(22)| <2 and |N(w1) NN (w2)| < 2.

Let F' = A(G — {x,y, 2z, w}/{y1y2, 2122, wiwy}) with ¢/, 2/, w’ as the
identifications of y; and y», 21 and 23, and w; and we, respectively. Then
|F'| > [(4(n —7)+3)/7]. Let F = F' + {x,y,z,w} if w',y/,2" & F', and
otherwise, let F' be obtained from F’+ {x,y, z,w} by deleting w, w’ (respec-
tively, y,y/, 2, 2') adding {w1,ws} (respectively, {y1,y2}, {21, 22}) if w’ € F’
(respectively, ' € F', 2’ € F'). Then G[F] is an induced forest in G, showing
that a(G) > |F'| +4 > [(4n + 3)/7], a contradiction.

Case 2. Exactly one of [N (y1) NN (y2)|, |N(21) NN (22)], | N (w1) NN (w2)]
is greater than 2.

By symmetry, assume |N(z1) NN (z2)| > 3. Then there exist 2z’ € N(z1)N
N(z2) and a separation (G1,G2) in G such that V(G1 N Ga) = {z1, 22, 7'},
{a: Y, 2, W, Y1, Y2, wi, w2} € V(G1), N(z1) N N(z2) — {2} C V(GQ) Define

= {2} fori = 1,50r A4; = 0 for i = 2,6, and let A; = {2/} — A

For i=1,2, let F() A((G1 —{z,y, z,w, 21, 22} — A; )/{ylyg,wlwg}) Wlth
y,w' as the 1dent1ﬁcat10ns of y1 and yg, wy and we, respectively, and let
FQU A(Ga — {21, 20} — A;). Then |FY| > [(4(/Gy| - 8 \A ) +3)/7] and
Y [( (\Ggy —2—|A]) +3)/7]. Let FO = FY UFEY 4+ {a,y, 2,0} —
{Z'}n(F AF( ))) ifw' y & Fli , and otherwise, let F(’) be obtained from
Fl() U FQZ + {z,y,z,w} — ({7} N (F l)AFQl))) by deleting {y, v’} (respec-
tively, {w,w’}) and adding {y1,y2} (respectively, {w1,w2}) when ¢/ € Fl(i)
(respectively, w' 6 F (i)) Then G[F®] is an induced forest in G, giving
a(G) > |F ]+|F ]+4 |4;]. By Lemma 2.2(2) (with a = |G| — 8,a1 =
|Ga| —2,¢=4), (4(|G1| — 8) + 3,4(|G2| — 2) + 3) = (4,0),(0,4) mod 7.

Subcase 2.1. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (4,0) mod 7.

Let F1(3) = A((G1—{z,y, z, w}) /{y1y2, wiwa, z122}) with ¢/, w’, 2" as the
identification of y; and yg, wy and wsy, and z; and 29, respectlvely, and let
Fy® = A(Gz). Then |F{”) > [(4(Gal = 7) +3)/7] and 7Y = [(41Gal +

)/71 Let F® = 7® U B ({z 1, 2} 0 (P AFY)) where T =
% 4z, y, 2w} 1f w',y, 2" & F1 ; otherwise, let E(g) be obtained from
Fi®) 4+ {z,y, z,w} by deleting y,y (respectviely, w,w’, z,2") and adding
{y1,y2} (respectively, {w1,wa}, {21,22}) when ¢ € F1(3) (respectively, w' €
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F1(3), 2" e Fl(g)). Therefore, G[F®)] is an induced forest in G, showing that
a(G) > |F1(3)\ + |F2(3)| +4—-3>[(4n+ 3)/7], a contradiction.

Subcase 2.2. (4(|G1] — 8) + 3,4(|G2] — 2) + 3) = (0,4) mod 7.

If wze ¢ E(G), then let F1(4) = A((G1 — {z,y, 2z, z1, w1 }) /y1y2 + wz2)
with ¢/ as the identification of 1 and Yo, and F2(4) = A(G2 — {z1}). Then
F) 2 [(4(1G1| 6)+3)/7] and [F3”)] = [(4( el ~1)+8)/7]. Now G[F{*'U
By, 2p (2 (F AR )] Gy ¢ FY) or Gl —y)UE" +
{z,y1,92, 2} — ({#/, 2’2} N (F(4)AF(4)))] (ify € F1(4)) is an induced forest in
G, giving a(G) > ]F \ + \F ] +3—2>[(4n+3)/7], a contradiction.

So wze € E(G). Then there exist subgraphs G, Gh, GY of G such that
G = G2, GY% is the maximal subgraph of G contained in the closed region of
the plane bounded by the cycle wzzzow and containing N(w) NN (z) — {z},
and G is obtained from G by removing G5 —{z1, 22, 2’} and G4 — {w, z, 22 }.
For i = 5,6, let Fl(i) = A(G)—{w,z,z zl,z2} A;), F. Q(i) = A(G)—{z1, 22} —
Ay, and ;7 = (G~ {w, 2 22}). Then |F}")] > [(4(1G| =5 |44) +3)/7),
P37 > [(4(|GY| — 2 — |Ai]) +3)/7] and |F3 | > [(4(IG5] = 3) +3)/7]. So
G[F() U F() U F( + {:c z} — ({z'} N ( AF( )))] is an induced forest
in G, giving a(G) > [P+ |FS| +|FY| + 2 — [47]. By Lemma 2.2(1)
(with £ = 1,L = {1},a = |G}| — 5,a1 = |G5] — 2,b1 = |G| — 3,¢ = 2),
a(G) > [(4n + 3)/7], a contradiction.

Thus, by symmetry, we have Case 3. At least two of [N (y1) N N(y2)|,
|N(z1) NN (z2)| and |N(w1) N N(wsz)| are greater than 2, and at least two of
|IN(z1) N N(y2)|, |[N(w1) N N(z2)| and |N(w2) N N(y1)| are greater than 2.

First, suppose |N(y1) N N(y2)| > 2, [N(y1) N N(wz)| > 2, [N(w1) N
N(wz)| > 2 and |N(w1) N N(z2)| > 2. Then there exist ¢’ € N(y1) NN (y2)—
{y}, v € N(y1) N N(w2) — {w}, w"” € N(w1) N N(w2) — {w}, 2 € N(wi) N
N(z2) — {2z}, and subgraphs G1,G2,G3,G4, G5 of G such that Gy is the
maximal subgraph of G' contained in the closed region of the plane bounded
by the cycle yy1y'y2y and containing N (y1) N (y2) —{y}, G3 is the maximal
subgraph of G contained in the closed region of the plane bounded by the
cycle wyyw'wow and containing N(y1) N N(wz) — {w}, G4 is the maximal
subgraph of G contained in the closed region of the plane bounded by the
cycle wwiw”wow and containing N (wq) N N(wz) — {w}, G5 is the maximal
subgraph of G contained in the closed region of the plane bounded by the
cycle zwjw”z92z and containing N(z3) N N(wy) — {z}, and G; is obtained
from G by removing G — {y1,92,v'}, G — {y1, wa, w'}, G4 — {w1, w2, w"}
and G5 —{w1, 22,2'}. Let A1 C{y'}, B1 C{w'}, C1 C {w"}, Dy C {z'}. Let
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Ay ={y} - Ay, By = {w'} - By, C1 = {w"} — C1, D1 = {Z'} — D;. For all
choices of A1, By, C1, D1, let Fl(i) = AG1—{w,y,z,z, 21, 22,91, Y2, W1, Wa } —
AL =By~ C1—Dy), Fy) = A(Ga— {y1, 12} — A1), Fy = A(G3 — {y1, w2} —
Bl) () = A<G4 — {wl,wg} — Cl), and F() = A<G5 — {wl,ZQ} — Dl)
Then [FY] > [(4(Gal — 10 - Al = |Bil ~1Cil = IDa) +8)/7], 1F3') >
[(4(IGa| — 2 — A1) + 3)/71, |FS”| > [( (IGs| =2 = |Bi]) + 3)/7], | F{| =
[(4(IGa| = 2= |C1]) +3)/7], and [F"] > [(4(|G5| — 2 — | D1) + 3)/7]. Now
G[Fl(i)UFQ(')UF(')UF(')UF ) {w, g, 2 — (3N (FOAFD)) — ({w'yn
(FOAFD)) - ({w"} N (F(l)AFf))) {2 n (PP AR >))] 1s an induced
forest in G. Hence, a(G) > ]Fl |+]F H—|F1)H—|F4 ]+|F |+4 |Aq| —
|B1|—|C1|—|D1|. By Lemma 2.2(1) (with £ = 4,a = |G1]|-10, aj = |Gj41]|—2
for j =1,2,3,4, L =0,c=4), a(G) > [(4n + 3)/7], a contradiction.

Thus, by symmetry, we may assume that |N(y1) N N(y2)| > 2, |[N(y1) N
N(ws)| > 2, |N(21) N N(z2)| > 2 and |N(w1) N N(22)| > 2. Then there exist
y' € N(y1)NN (y2)—{y}, w' € N(y1)NN(wz2)—{w}, 2" € N(21)NN (22) —{w},
2" € N(wyp) N N(z2) — {2z}, and subgraphs G1, G2, Gs, G4, G5 of G such that
(G5 is the maximal subgraph of G contained in the closed region of the plane
bounded by the cycle yy13'yoy and containing N (y1) NN (y2) —{y}, G is the
maximal subgraph of G contained in the closed region of the plane bounded
by the cycle wyw'wsw and containing N(y;) N N(we) — {w}, G4 is the
maximal subgraph of G contained in the closed region of the plane bounded
by the cycle 2212’ 292 and containing N (21) NN (z2) —{z}, G5 is the maximal
subgraph of G contained in the closed region of the plane bounded by the
cycle zwi2"z22z and containing N(z2) N N(w1) — {2z}, and G; is obtained
from G by removing Go — {y1,v2,y'}, Gs —{y1, wa, w'}, G4 — {21, 22,2’} and
G5 — {wi,22,2"}. Let Ay C {y'}, B1 C {w'}, C1 C {7}, D1 C {2"}. Let
Ay ={y'} — A1, B = {w'} — By, C1 = {'} — C1, D1 = {z"} — D;. For all
choices of A1, B1,Cq, Dy, let F(i) = A(G1—{w,y,x, 2,21, 22, Y1, Y2, W1, W } —
Av—By—Ci— D), B = A(Ga— {yn, o} — Av), Y = A(Gs {1, wa) —
By), F <‘> = A(G4 — {21,220} — C1), and FV = A( 5 — {wr, 22} — Dl)
Then [F] 2 [(4(161| - 10 - Al = 1Bi] = |C1] = D1 +3)/7], | >
[(4(1Ga| — 2 = |44]) +3)/71, |Fy")| > [( (1G] — 2 — [Bi]) +3)/7], |F{"| >
[(4(IGal = 2 — |C1]) +3)/7], and || > [(4(G5| — 2 = | D1) + 3)/7]. Now
G[F(‘)UF(‘)UF“)UF(‘)UF +{w, 2,y 2} — (I EFEO AR — ({w'hn
(FOAFD) = ({3 (F )AF(”)) ({z"}m(ﬂ“AF(”))} is an induced forest
in G, showing a(G) > \F |+]F \—I—|F( )]—HF H—]F(Z)H-4 |A1| —|B1| —
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|C1| — |D1|. By Lemma 2.2(1) (with k = 4,a = |G1]| —10,a; = |G41| — 2 for
j=1,2,3,4, L=0,c=4), a(G) > [(4n + 3)/7], a contradiction. O
By Lemmas 4.3, 4.4, 4.5, we have the following;:
Corollary 4.6. Let © € V3. Then there exists v € N(x) N V>5 such that
R, Az} — 0.

5. A forbidden configuration around a 3-vertex

We prove the following, which eliminates two configurations around a 3-
vertex.

Lemma 5.1. Let z € V3, {y, 2z} C V<u, N(z) = {w,y, z}. Suppose zzvwx
is a facial cycle and w € V5. Then R, 1y, .y = 0 and v & Vy.

Proof. We may assume {y, z} C Vj because the case when y € V3 or z € V3
is identical by replacing identifying neighbors of 4-vertex with deleting a
neighbor of 3-vertex.

In the first part, we prove R, ¢, .3 = (). For, suppose R € R, (,.}. Let
N(y) = {z,y1,y2, 21}, N(2) = {z,v, 21,22} and yow € E(G).

First, we claim that wz; ¢ E(G). For, suppose wz; € E(G). There exists
a separation (Gp,G2) such that V(G N Ga2) = {w,z, 21}, {z,y,y1,y2} C
V(G1),and v € V(G2). Let Fl(l) = A(G1—{z1,2z,w,z}), and F2(1) = A((Ga—
{z1,2,w,v})*R). Then [F{"| > [(4(|G1|—4)+3)/7], and [F§V| > [(4(Ga|—
5)+3)/7]. Now G[(Fl(l) UF2(1) +{xz, z})- R] is an induced forest in G, showing
a(G) > |FV| + |F{V| + 3 > [(4n + 3)/7], a contradiction.

Secondly, we claim that wzo ¢ E(G). For otherwise, there exists a sep-
aration (G1,G2) such that V(G1 N Ga) = {w,v, 22}, {x,y,2,21,y1,y2} C
V(G1), and R C V(G2). Let F(z) = A(G1 — {z, z, 21, 22, w,v}), and FQ(Q) =
A(Gy—{z2,w}). Then |F?)| > [(4(/G1|—~6)+3)/7], and |F}”| > [(4(|Ga| -

2)+3)/7]. Now G[ FPu F( + {x, z}] is an induced forest in G, showing
a(G) > |F |+]F |+2 This implies 4(|G2| — 2) + 3 = 0,5,6 mod 7.
If [N(y1) N N(ya)| < 2, let F¥ = A((Gy — {z,y, 2, 21, w,0}) /y1y2) with
Y as the identification of {y1,y2}, and F( ) = = A((Gy — {w,v}) * R). Then
P 2 0GI =+ 8)/7], and || = (4G =) +3)/7], Now
F® = GIEPUFRY +{z,y,2}) R~ ({z2} 0 (F} AF“”»] ity ¢ V) or
ClUED =) UFD + {10021 - R (zah (PO AFS >m (ify € FY)
is an induced forest in G, showing a(G) > |F | + \F | +4 — 1. By
Lemma 2.2(1) (with £k = 1,a = |G1] — 6,a1 = |Ga| — 2,L = 0,c = 3),
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a(G) > [(4n + 3)/7], a contradiction. So |N(y1) N N(y2)| > 2. Then there
exist a; € N(y1) NN (y2) and subgraphs G', G, G4 of G such that G, = G,
G is the maximal subgraph of G contained in the closed region of the plane
bounded by the cycle yy;a1y2y and containing N (y1) NN (y2) —{y}, and Gy is
obtained from G by removing G5 —{w, v, 29} and G4—{a1, y2,y1}. Let Ay =0
and As = {a1}. For i = 4,5, let Fl(z) = A(G) —{x,y,z, 21, w,v,91, Y2, 22} —
A), By = A((Gh — {w,0,2}) « B), and Fy) = A(Gh — {y1, 2} - A).
Then [FO| 2 [(4(1GH] — 9 — |4i]) + 3)/7], IF] 2 [(4(GY) — 4) +3)/7],
and [F{"| > [(4(G} — 2 - - JAd) +3)/71. Now GI(F” U F" U R +
{z,y,z,w}) - R— ({a1} N ( ()))} is an induced forest in G, showing
a(@) > |[FO| + |FD| + |F3’)| +5— (1 - |A;]). By Lemma 2.2(1) (with
k= 1la = |G| —8a = |Gy —2,L = {1},by = |G| — 4,¢ = 5),
a(G) > [(4n + 3)/7], a contradiction.

Case 1. [N(y1) N N(y2)| <2 and |[N(z1) N N(22)| < 2.

Let F' = A((G — {=z,y,2,v}) * R)/{y1y2, 2122} + wz’) with ' (re-
spectively, 2’) as the identifications of {y1,ya} (respectively, {21, 22}). Then
|F'| > [(4(n —7) +3)/7]. Let F := (F' +{z,y,2})- Rif ¢,z ¢ F’, and
otherwise F’ obtained from (F' + {z,y,z}) - R by deleting {y,y'} (respec-
tively, {2’, z}) and adding {y2, 41} (respectively, {z1,22}) when ¢’ € F’ (re-
spectively, 2z’ € F’). Therefore, G[F'] is an induced forest in G, showing

G) > |F'|+4> [(4n+ 3)/T], a contradiction.

Case 2. [N(y1) N N(y2)| > 2.

There exist a; € N(y1) N N(y2) and a separation (G1,G2) such that
V(G1iNG2) = {y1,y2, a1}, and {z,y, z,w,v} C V(G1), N(y1)NN (y2)—{y} €
V(G3). Define A; = Ay = {a1} and Ay = A; = (). For i = 1,2, let Fl(i) =
A((Gr— {x Y, %, 21, U1, Yo, v} ) * R— Ai+w2y), and F” (Gg—{yl,yg}—Ai).
Then |F{"| > [(4(|G1|— 8~ |Ai]) +3)/7], and | Fy’ | > [(4(|G2| —2—Ai]) +

3)/7]. Now G[(F) UF{" + {, y,z}) — {ar}n(FY AFP))] is an induced
forest in G, showing a(G) > ]F |+ |F |+4 (1— |AZ|). By Lemma 2.2(2),
(4(/G1| — 8) + 3,4(|Ga| — 2) + 3) = (4,0), (0,4) mod 7.

Subcase 2.1. (4(|G1| —8) +3,4(|G2| —2) +3) = (4,0) mod 7.

Let F1(5) = A((G1 — {=,y, 2z, 21,v}) * R)/y1y2 + wzz) with 3/ as the
identification of {y1,72}, and F\”) = A(Gy). Then |F® | > [(4(|Gy| - 7) +
3)/7], and |F\Y| > [(4|Ga| + 3)/7]. Now G[(F{” U F® + {z,y,2}) - R —
(w192, a1} N (FPAED)] (i yf & FP) or GUEY UFP) + (@, 1,0, 2} -
W) B - ({a} 0 (FPAFY) - () — B (f v € F”) is an
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induced forest in G, showing a(G) > |F1(5)| + |F2(5)\ +4—-3>[(4n+3)/7],
a contradiction.

Subcase 2.2. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (0,4) mod 7.

If wy, ¢ E(G) and |[N(v) N N(z)| < 2, then let F\¥ = A(G; —
{z,y,2,21,y2})/vze+wy1) with 2’ as the identification of {v, 22}, and F2(6) =
A(Gy—y2). Then |F{")| > [(4(|G1| —6) +3)/7], and [F;"| > [(4(|Ga| = 1)+
3)/7). Let F = FYOUF® + {2,y 2} — ({1, a1} N (FPAFY)). Now G[F]
(if 2/ ¢ F1(6)) or G[F — {z 2'} —|— {v 29} (if 2 e F1(6)) is an induced forest in
G, showing a(G) > |F | + \F | +3—22> [(4n+ 3)/7], a contradiction.
So we have wy; € E(G) or |N(v )ON(22)| 2 3.

If wy; € E(G), then there exists a separation (G, G) such that V (G} N
GIQ) = {yl7y2>w}7 {x,y,z,’u} - V(G/1)7 and N(yl) n N(y2) - {y} < V(GIQ)'
Let Flm = A(G1—{w,z,y, 2,91, Y2, 21,v}) * R) and F2(7) = A(G2—{y1,w}).
Then |F{"| > [(4(|G;| ~9) +3)/7] and [F”| > [(4(/G5| ~2) +3)/7]. Now
G[(Fm ( + {x,y,2}) - R] is an induced forest in G, showing a(G) >
IFO + 1) + 4. Let ¥ = A(Gy — {w, 2,9, 2,51, y2, 21, 22, v}) *R) and
£ = A(Ga—{yn.w.a}). Then |7 = [(4(G5|~10)+3)/7], and |13 >
[(4(1Gh) — 3) +3)/7]. Now F® = G[(F( "uryY . {,y,2,w}) - R] is an
induced forest in G, showing a(G) > |F | + |F | + 5. By Lemma 2.2(1)
(with k=1,a=|G}| —9,a1 = |G| =2, L =0,c =4), a(G) > [(4n + 3)/7],
a contradiction.

If IN(v) N N(z2)| > 2, then there exist ¢; € N(v) N N(z2) and subgraphs

5,GY of G such that G = Ga, GY is the maximal subgraph of G
contained in the closed region of the plane bounded by the cycle zvcyzo and
containing N(v) N N(z2) — {z}, and G/ is obtained from G by removing
GY —{y1,y2,a1} and G — {v, 22, ¢1 }. By symmetry, assume R C GY. Define
Cs = Cy = {c1} and Cg = Cg = @Fori:891etF():A((G’1’—
{z,y, 2,92, 21, 22,0} — C)*R+wy1) (l) = A(G§ —ya2), and F() A(GY —
{c, 22} — C). Then |F > [(4(16y] - 8— Cil) +3)/71, |1 B3| > [(4(GY| -

1) +3)/7], and [F{"| > [(4(GY -2 - |C; |) +3)/7]. Now G[( FOUFR) U

F 4 {2,9,2}) - R — ({y1, a1} N (F ”AF )= (e} 0 < AFED)] is an
induced forest in G, showing a(G) > \Fl | + |F2 | + |F3 | +4—2—|Cy].
By Lemma 2.2(1) (with £ = 1,a = |GY| — 8,a1 = |G4| —2,L = {1},b; =
|GY| —1,¢=2), a(G) > [(4n+ 3)/7], a contradiction.

Case 3. [N(z1) N N(z2)| > 2.
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There exist by € N(z1) N N(z2) and a separation (Gi,G2) such that
V(GiNG3) = {z1, 22,01}, {z,y, z,w,v} CV(G1), and N(z1)NN(22)—{z} C
V(Gs). Let By = {b;} and By = 0. For i = 1,2, let F\") = A(((Gy —
{z,y,2,21,29,v} — B;)*R)/y1y2) with y as the 1dent1ﬁcat10n of {y1,y2}, and
FQU A(Gy— {21, 2} — B;). Then |F\"| > [(4(|G1| — 8 — |Bi|) +3)/7], and
[E"1 2 [(4(1Ga|=2~| Bil) +3)/7). Let F = (F{)UF;" +{x v, 2}) R=({ba}0
(Fy) AF)). Now GIF) (it y & F{") or G[F - (/)] (i € FY)
is an induced forest in G, showing a(G) > |F )|+ ]FQ |+4—(1—|By|). By
Lemma 2.2(2), (4(|G1| — 8) + 3,4(|G2| —2) +3) = (0,4),(4,0) mod 7.

Subcase 3.1. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (0,4) mod 7.

Let F1(3) = A((G1 — {z,y,2,v,21}) * R)/y1y2 + wz2) with 3/ as the
identification of {y1,y2}, and F2(3) = A(G2—21). Then \Fl(g)] > [(4(|G1|-7)+

3)/7], and yF )| > [(4(/Ga|-1)+3)/7). Let F = (FOUFY®) +{z,y, 2})-R—
({22, b0 }N(FP AF)). Now GIF) (if ' & Fy”)) or G[F— Lo/}l (i
y € Fl(g)) is an induced forest in G, showing a(G) > |F |+ ]F |+4 2>
[(4n+3)/7], a contradiction.

Subcase 3.2. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (4,0) mod 7.

Let F1(4) = A(((Gy — {z,y,z,v}) x R)/{y1y2, 2122} + wz’) with ¢/ (re-
spectively, 2’) as the 1dent1ﬁcation of {y1,y2} (respectively, {21,22}), and
Fy) = A(Gy). Then |F{"| > [(4(IG1] — 7) +3)/7], and |Fy"| > [(4]Gs| +
3)/7]. Now F = (Y UFYY . R — ({21, 20,00} 0 (F )AF(4))) where
Ew =W 4 {z vy 2}ify, 2 & F1 . or obtained from FyY) + {z,y, z} by

deleting {z, 2’ } ({y,y'} respectively) and adding {z1, 22} ({y1,y2} respec-
tively) when 2/ € F;® (y e F1™ respectively). Therefore, G[F] is an

induced forest of size \Fl ] +|F, 4)\ +4—3> [(4n+3)/7], a contradiction.

We now prove v ¢ V<4. By Lemma 3.1, v A%5. For otherwise, v € Vj.
The case v € V3 is identical by replacing identification of neighbors of v
with deletion of a neighbor of v. Let N(y) = {z,y1,%2,21} and N(z) =
{z,v,21,22} and yow € E(G). Let N(v) = {z,w,v1,v2} and vivzzov be a
facial cycle.

Claim 1. wz; € E(QG).

For, suppose wz; € E(G). There exists a separation (G1,G2) such that
V(GiNGe) =A{w,x,z1}, {y,y1,y2} C V(G1), and {z,v} C V(G2). For i =
1,2, let FY) = A(G; — {z1,w,z}). Then |[F\V| > [(4(|Gs| — 3) + 3)/7]. Now
G[Fl(l) UF2(1) +2z] is an induced forest in G, showing a(G) > \Fl(l)\—i— \FQ(I)H—I.
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By Lemma 2.2(7) (with £ = 1,a; = |G;| — 3 for i = 1,2), (4(|G1| —3) +
3,4(|G2| — 3) +3) = (0,0),(0,6), (6,0) mod 7.

If wzo & E(G) and wy; € E(G), let F(Q) A(Gy {zl,x Y, Y2} +wy1),
and F(Z) = A(Gy — {zl,z z,v} +wzy). Fori=1,2 |F | > [(4(|Gi| — 4) +
3)/7]. Now G[F} F )UF2 +{x y,z} ({w}ﬂ(Fl(Q)AFQ(Z)))] is an induced forest
in G, showing a(G) > |F |+ |F |+3— 1> [(4n+3)/7], a contradiction.

If wze € E(G), let F1( ) = A(Gy1 — {z1,w,z,y,y2}), and FQ( ) = A(Gy —
{z1,w, 2, 2,0, 20}). Then || > [(4(|G1]|—5)+3)/7], and |[F\¥| > [(4(|G2|—
6)+3)/7|. Now G[Fl(3) UF2(3) +{x,y, z,w}] is an induced forest in G, showing
a(G) > |F1(3)\ + ]F2(3)| +4> [(4n + 3)/7], a contradiction.

So wy; € E(G). Let F1(4) = A(G1 — {z1,w,x,y,y2,y1}), and F2(4) =
A(Gy — {z1,w, 2, z,0}). Then |[FY| > [(4(|G1| — 6) + 3)/7], and |F{Y| >
[(4(]G2] = 5) +3)/T7]. Now G[Fl( ) U F2( )+ {z,y,z,w}] is an induced forest
in G, showing a(G) > |F \ + \F | +4> [(4n+ 3)/7], a contradiction.

Claim 2. wze & E(G). (By symmetry, wy; ¢ E(G).)

For, suppose wze € E(G). There exists a separation (Gi,G2) such
that V(G1 N Ga) = {w,z, 22}, {z,y,y1,92} C V(Gy), and v € V(Gy).
Le t F( ) = A(Gy — {w, z, 22,2, 21}), and F( ) = = A(Gy — {w, z,22}). Then
IFV] > [(4(1G1| = 5) +3)/7], and [F3V| > [(4(Ga| — 3) + 3)/7]. NOW
G[Fl(l) U Fg(l) + {xz, z}] is an induced forest in G, showing a(G) > \F \ +
IFSY| + 2. By Lemma 2.2(8) (with a = |G1| — 5,a1 = |Ga| — 3), (4(|G1| —
5) +3,4(|G2| — 3) + 3) = (0,0),(0,6), (0,5), (5,0), (6,6), (6,0) mod 7.

If wy; € E(Q), let w' € N(w) — {ya2,v, 22, 2,9y1}. Let e = w'y if w' € Gy
and otherwise e = (). Let F1(2) = A(G1 — {w, z, z2,x,y2, 21} + €), and F2(2) =
A(Gy — {w, z,2,0}). Then |F?| > [(4(|G1| — 6) + 3)/7], and |F\?| >
[(4(|G2| —4) +3)/7]. Now G[Fl(z) U FQ(Q) + {w, z, z}] is an induced forest of
size ]F1(2)| + |F2(2)\ +3>[(4n+ 3)/7], a contradiction.

So wy; € E(G). By Lemma 3.1, |[N(y2)| > 2. There exist subgraphs

5, G5 of G such that G} = G, G4 is the maximal subgraph of G
contained in the closed region of the plane bounded by the cycle wyoyy;w
and containing N (y2), and G is obtained from G by removing G5 —{w, z, 22}
and G5 — {w,y2,y,y1}. Note Gy — {y,y1,92,w} # 0 since |N(y2)| > 2.
Let FY = A(G) — {z1,w, 2,9, 2,51, 42, 22}), BN = A(Gh — {z2,w, 2,0}),
and F{¥ = A(G} — {y1,2,w,y}). Then |F{" | (4G5 - 8) +3)/7],
FY) > [(4(1G}|—4)+3)/7] for i = 2, 3. Note |F 9] > > [(4(|G2|=4)+3)/7] =
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(4(|G2|—4)+3)/7+4/7. Now G[Fl(4) UF2(4)UF?E4) +{z,y, z,w}] is an induced
forest in G, showing a(G) > [FY| + |FSY | + |[FY| + 4 > [(4n + 3)/7], a
contradiction.

Note that we did not use the information on v in the above proof. So by
symmetry, wy; € E(G).

Claim 3. vazg & E(G).

For, suppose v222 € E(G). There exists a separation (G, Gz2) of G such
that V(G1 N Ga) = {v,ve, 22}, {z,y,y1,y2} C V(G1), and v; € V(G2). Let
Fl(l) = A(G1 — {v,v2, 22, z,x} + wz1), and FQ(I) = A(G2 — {#2,v,v2}). Then
F17) 2 [(4(Ga] = 5) +8)/7), and [F7] > [(4(Ga] = 3) +3)/7]. Now
G[Fl(l) U Fz(l) + {v, 2}] is an induced forest in G, showing a(G) > \F )|+
IFV| + 2. By Lemma 2.2(8) (with a = |G1| — 5,a1 = |Ga| — 3), (4(|G4| —
5) + 3,4(|G2| — 3) +3) = (0,0), (0,6), (0,5, (5,0), (6,6), (6,0) mod 7.

If [N(21) N N(2z2)| < 2, then let F1(2) = A((G1 — {z,z,v,w,v2})/z122)
With 7z as the identification of {z1, 22}, and F§2) = A(G2 — {v,v2}). Then
172 > [(4(IG1|—6)+3)/7], and || > [(4(/Gol-2)+3)/7]. Now GIF*u
FQ( +{z,v,2} — {22} (if 2/ & F(Q)) G[(Fl(2) —2') UF( +{x,v,29,21} —
({z2} — F2(2))] (if 2/ € F1(2)) is an induced forest of size |F12)\ + \FQ(Q)\ +3-1,
which implies a(G) > [(4n + 3)/7], a contradiction.

So |N(z1) N N(z2)| > 2. Then there exist a; € N(z1) N N(z2) and sub-
graphs G, G, G such that G, = G, G% is the maximal subgraph of G
contained in the closed region of the plane bounded by the cycle zz1a1202
and containing N(z1) NN (z2) —{z}, and G is obtained from G by removing
GIQ—{UQ, v, 2’2} and Gé—{ZQ,(Il,Zl}. Let A3 = {al} and A4 = (). For ¢ = 3, 4,
let Fl(i) = A(G) —{z,w,z,v, 21, 22,02} — Ai), FZ(i) = A(GY —{z2,v2,v}), and

F{) = A(G} — {z1,22} — Aj). Then 5 ">| > [(4(1GY] = 7~ |Ail) +3)/7,
|F | > [(41G5| - 3) +3)/7], and |F)| > [(4(GY| — 2 — |Ai]) + 3)/7].
Now FO) .= GIFY U F" UFY + {z,0,2} — a1} N (F()AF( )] is an
induced forest in G showing a(G) > |F1(3)\ FIFO +1EP 43— (1 14).
Let (n1,n2,n3) = (4(|G}| = 7) + 3,4(|G5| — 3) + 3,4(|G%| — 2) + 3). By
Lemma 2.2(2), (n1,n2,n3) = (0,0,4),(4,0,0) mod 7.

If (n1,mn2,n3) = (0,0,4) mod 7, let F(4) = A(G’ {z,y,2,v,21} +wz),
P = A(Ch—v), and FSY = A(@—=). Then [F)] > [(4(1G4|—5)+3)/7],
[F3Y] > [(4(/GS|~1)+3)/7], and |F§4)\ > [(4(G5|-1)+3)/7]. Now GIF FYU
F{O DR + (2,2} — on 220 (O AFE) = (.20} 1 (RO AF) i
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an induced forest in G, showing a(G) > |F1(4)] + |F2(4)| + |F§4)| +2—-4>
[(4n + 3)/7], a contradiction.

If (n1,n2,n3) = (4,0,0) mod 7, then by Lemma 4.1, yv ¢ E(G). Let
F1(5) = A(G} — {w,z,z,21,29,a1} + yv), F. ( ) = A(GYy — z9), and F§5) =
A(G —{21,22, 1)), Then [F| > [(4(G - 6)+3)/7], [FS”] > [(4(Gh| —
1) +3)/7], and |F{”| > [(4(1G4] — 3) + 3)/7]. Now G[FP UF® UFP 4+
{z,z} — ({v,v2} N (F1( )AFQ( )))] is an induced forest in G, showing a(G) >
\F1(5)] + ]FQ(E’)\ - \F3(5)] +2—2>[(4n+3)/7], a contradiction.

Claim 4. vaz1 ¢ E(G).

For, suppose v2z; € E(G). By Lemma 4.1, y & {vi,v2}. There exists a
separation (G1,G2) such that V(G1 N Ga) = {v,ve, 2,21}, {z,y,y1,y2} C
V(G1), and {z2,v1} C V(G2). Let F(l) = A(G1 — {v,v2,2, z1,w,2}) and
F2(1) A(Gy — {v,v2, 2,21, v1}). Then |FV| > [(4(|G1] — 6) + 3)/7], and
IFY) > (4 (|G2\ )+3)/7] Now G[FVUFY +{v, 2, 2}] is an induced for-
est of size |F |+|F ]+3 Let (n1,n2) := (4(|G1|—6)+3,4(|G2|—5)+3). B
Lemma 2.2(3), (n1,n2) = (0,0),(0,6),(0,5),(0,4), (4,0),(6,5), (5,6), (5,0),
(6,6),(6,0) mod 7.

If (n1,n2) = (0,0), (0,6), (0, 5), (0,4) mod 7, then for i = 1,2, let F\*) =
A(G {v,v,2,21}). Then |F?| > [(4 (|G\ )+3)/71 Now G[F¥ U
F( + {v}] is an induced forest of size |F | + |F | +1>[(4n+3)/7], a
contradlctlon

It (n1,m2) = (5,0),(6,0),(6,5),(5,6),(6,6) mod 7, then let F¥ =
A( —{z,y,z,v, 21, v2,y2} + wy1) and F( ) = = A(Gy — {v,v2,2,21}) Then
FP] > [(4(G1| = 7) + 3)/7] and |[E{| > [(4(|Ga| — 4) + 3)/7]. Now
G[Fl(s) F2(3) + {x,y,2}] is an induced forest of size |F1(3)| + |F2(3)] +3>
[(4n +3)/7], a contradiction.

So (ni,n2) = (4,0) mod 7, then let F(4) = A(G1 — {z,z1,v} + zv2)
and F(4) — A(Gy — {2,21,0}) Then |FY| > [(4(|G1| — 3) + 3)/7] and
15371 2 [(4(1Go] =3) +3)/7). Now GIIUE "+ {z}— (s} (1 AF )] is
an induced forest of size |F |+ ]F |+1 1> [(4n+3)/7], a contradiction.

Claim 5. yzo ¢ E(G), 11z € E(G).

By symmetry, suppose that y; = z9. By Lemma 3.1, |[N(z1)| > 3.
Then there exists a separation (G1,G2) such that V(G N Ga) = {z1,y1},

{z,9,2} € V(Gy), and N(z1) — {y,2} C V(Ga). Let FV = A(Gy —
{w,y.2,y1,21}), and Fy" = A(Gy — {y1,z1}). Then |F{"| > [(4(/G1| —
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5)+3)/7], and [F{"| > [(4(Gs| - 2)+3)/7]. Now GIF} FUURY 1 {y, 2} is
an induced forest in G, showing a(G) > |F |+ |F |—|—2 By Lemma 2.2(8)
(with a = |G1| = 5,a1 = |Ga| — 2,¢ = 2), (4(|G1| — 5) + 3,4(|G2| — 2) +3) =
(0,0), (0,6), (0,5), (5,0), (6,6), (6,0) mod 7. Let F\*) = A(Gy — {x,y, 2 y1,
zl,v}) and F\? = A(Gy — y1). Then |F?| > [(4(|G1] — 6) + 3)/7] and
|F | > [(4(]G2] —1)+3)/7]. Now G[Fl(z) UFQ(Q) +{y, z}| is an induced for-
est in G, showing a(G) > ]Fl(2)| + |F2(2)] +2 > [(4n+3)/7], a contradiction.

Next, we distinguish several cases.

Case 1. |[N(21)NN(22)| <2, |N(y1)NN(y2)| < 2 and |[N(w)NN(ve)| < 2.
Let F' = A((G — {x,y,z,v})/{z122, y1y2, wva} + v'z") with 2’ (respec-
tively, y/,v’) as the identification of {z1, 22} (respectively, {y1, y2}, {w,v2}).
Then |F'| > [(4(n —7) +3)/7]. Let F := F' + {x,y,v, 2z} if 2/,¢y/,v" & F’
and otherwise, let F' be obtained by F' + {z,y,v, z} by deleting {z,2'} (re-

spectively, {y, y'}, {v,v'}) and adding {z1, 22} (respectively, {y1,y2}, {ve, w})
when 2 € F’ (respectively, when y' € F',v" € F'). Therefore, G[F] is an
induced forest in G, showing |F'| +4 > [(4n + 3)/7], a contradiction.

Case 2. |[N(z1)NN(2z2)| > 2, |N(y1)NN(y2)| < 2 and |[N(w)NN(ve)| < 2.

There exist a1 € N(z1) N N(z2) and a separation (G1,G2) of G such
that V(G1NGz) = {21, 22, a1}, {z, y, 91,92} € V(G1), and N(21) NN (22) —
{2z} C V(G2). Let A1 = Ay = {a1} and Ay = Ay = (. For i = 1,2, let

i) = A((G1—{x,y,2,v, 21, 22} — A;) /{y1y2, wua }) with ¢/ (respectively, v')
as the identification of {y1 y2} (respectively, {w,v2}), and FQ(i) = A(Gy —
{21,202} — Ay). Then |F"| > [(4(|G1| — 8 — |A,]) + 3)/7), and |F}"| >
[(4(Ga| — 2 = |As]) + 3)/7]. Let FO = FO U EY + {2,y,0,2} — ({a1} N
(Fl(i)AFz(i))) if 4/,v' ¢ F’ and otherwise, let F() be obtained by Fl(i) UFQ(i) +
{z,y,v,2} — {a1} N (Fl(i)AFQ(i))) by deleting {y,y'} (respectively, {v,v'})
and adding {y1,y2} (respectively, {vy,w}) when y' € F’ (respectively, v’ €
F"). Therefore, G[F®] is an induced forest in G, showing a(G) > \Fl(i)] +
IF\)| + 4 — |4;]. By Lemma 2.2(2) (with a = |G| — 8,a1 = |Ga| — 2),
(4(|G1] — 8) +3,4(|G2| —2) +3) = (0,4), (4,0) mod 7.

Subcase 2.1. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (4,0) mod 7.

Let Fl(l) = A((G1—{z,y, z,v})/{z122, Y192, wva } + v'2’) with 2’ (respec-
tively, ¢/, v") as the identification of {z1, z2} (respectively, {y1,y2}, {w, va}),
and FY = A(Gy). Then |[FY| > [(4(IG1| — 7) + 3)/7], and |EY| >
[(4]Ga| +3)/7]. Let FO = BTV UEY — ({21, 29, a1} 1 (FLV AEY)Y), where
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F( ) =rnW —|— {z,y,v,2} if 2/,y/,v" € F' and otherwise, let Fl( ) be ob-
tained by F1(M 4+ {2, y,v, 2} by deleting {z, 2’} (respectlvely, {y,y'}, {v,v'})
and adding {21,22} (respectlvely, {y1,y2},{v2,w}) when 2’ € F’ (respec-
tively, when ¢/ € F’ v cFr ) Therefore, G[FM] is an induced forest in G,

showing a(G) > \F ] + |F2 \ +4—3>[(4n+ 3)/7], a contradiction.

Subcase 2.2. (4(|G1| —8) +3,4(|G2| —2) +3) = (0,4) mod 7.

Let F1(2) = A((G1 —{x,y,2z,v,21}) /y1y2 + wz2) with 3/ as the identifica-
tion of {yl, yo}, and F\2 = F(Gy— z1). Then [F?| > [(4(|G1| - 6) +3)/7],
and |FS?| > [(4(|Ga|—1)+3)/7]. Let F = FPUE? +{z,y, 2} — ({22, a1} N
(FOAF). Now GIF) (1Y & 1) or GIP—{y.¢/ - 1e)] (fy' € 1)
is an induced forest in G, showing a(G) > \F ]—HF ]—1—3 2> [(4n+3)/7],
a contradiction.

Case 3. [N (21)NN(22)| <2, |N(y1)NN(y2)| < 2 and |N(w)NN(ve)| > 2.

There exist ¢; € N(z1) N N(z2) and a separation (G1,G3) of G such
that V(G1 N Gz) = {w,va, c1}, {x,y,y1,92} € V(G1), and N(w) N N(v2) —
{v} C V(Gy). Let C; = Cy = {1} and C; = Cy = (. For i = 1,2,
let Fl(i) = A(G1 — {z,y, z,v,w,va} — C;)/{y1y2, z122}) with 3/ (respec-
tively, z') as the identification of {y1,y2} (respectively, {z1,22}) and F(i)

A(Gy —{w,v2} — C;). Then \F | > [(4(|G1] -8 |C’ |)+3)/7] and ]F | >
[(4(1Gol —2 = |Cil) + 3)/7]. Let FO = FUFY + {z,y,0,2} - ({1} N
(F ()AF( ))) if o, 2 ¢ F and otherwise, let F()) be obtained by Fl(i) U

2(2) + {z,y,v,2} — ({a1} N (Fl(i)AFQ(i))) by deleting {y,y'} (respectively,
{z,2'}) and adding {y1,y2} (respectively, {z1,22}) when 3 € F’ (respec-
tively, 2 E F "). Therefore, G[F®] is an induced forest in G, showing a(G) >

\F |—HF |+4 |C;|. By Lemma 2.2(2) (with a = |G1|—8,a1 = |Ga| —2),
(4(|G1| — 8) + 3,4(|G2] — 2) + 3) = (0,4), (4,0) mod 7.

Subcase 3.1. (4(|G1| —8) + 3,4(|G2| —2) +3) = (4,0) mod 7.

Let Fl(l) = A((G1—{z,y,z,v}) /{2122, Y192, wua } +v'2") with 2’ (respec-
tively, ¥/, v') as the identiﬁcation of {z1, 22} (respectively, {y1,y2}, {w UQ})
and F{" = A(G,). Then |[F| > (( (IG1] = 7) + 3)/7] and |F{Y| >
[(4|G2|+3)/71 Let F() = ( )UF - ({w, vg,cl}ﬂ(F( )AF( ))) where
?1( ) = = + {z,y,v,z} if 2/,y/,v" € F' and otherwise, let Fl( ) be ob-
tained by F1 ) +{x,y,v,z} by deleting {z, '} (respectlvely, {y,y'},{v,v'})

and adding {21, 22} (respectively, {y1,y2},{ve,w}) when 2’ € F’ (respec-
tively, y/ € F’',v’ € F'). Therefore, G[F"] is an induced forest in G, showing

a(G) > \Fl(l)\ + ]FQ(I)| +4—-3>[(4n+ 3)/7], a contradiction.
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Subcase 3.2. (4(|G1| — 8) +3,4(|G2| —2) +3) = (0,4) mod 7.

Let F1(2) = A(G1 —{w,z,y, 2} /{y1y2, z122}) with ¢/ (respectively, z’) as
the identiﬁcation of {y1,y2} (respectively, {21, 22}), and F2(2) = A(G2 — w).
Then |F?| > [(4 (\Gl\ —6)+3)/7], and |F{?| > [(4(|Ga| — 1) + 3)/7]. Let

F@ =7 )UF — ({2, e })N(FEPAFP)), where FL) = 1@ 4 {2y, 2}
ify, 2 & F1 , and otherwise, Fl( ) obtained from E(Q) =D {z,y, 2} by
deleting y,y" (respectively, z,z’) and adding {y1,y2} (respectively, {z1, 22})
when ¢ € Fl(z) (respectively, 2’ € Fl(z)). Therefore, G[F()] is an induced
forest in G, showing a(G) > |F1(2)\ + |F2(2)| +3—-2>[(4n+3)/7], a contra-
diction.

Case 4. [N(21)NN(22)| <2, |N(y1)NN(y2)| > 2 and [N(w)NN (ve)| < 2.

There exist by € N(y1)NN(y2) and a separation (G1,G2) of G such that
V(GiNG2) = {y1,y2, b1}, {x, 2,51, 42} € V(G1), and N(y1) NN (y2) —{y} C
V(G3). Let By = By = {b1}, and let By = By = (). For i = 1,2, let Fl(i) =
A((G1—{x,y, z,v,9y1,y2 } — B;) /{wva, 2122} +0'2") with v’ (respectively, 2’) as
the identification of {w,ve}, {21, 22} and FQ(i) = A(G2—{y1,y2} — B;). Then
BV > [(4(1Gh | =8 |Bi)) +3)/7) and [F5”] > [(4(|Gal ~2~|Bil)+3)/7]. Let
FO .= G[F(i)UF(i ({bl}ﬂ(Fl( )AFQ( )))] where Fl(i) = Fl(i +{z,y,v, 2z}
if v, 2 ¢ F1 , and otherwise let Fl() be obtained from Fy) + {z,y,v, 2}

by deletmg {z,2'} (respectively, {v,v'}) and adding {z1, 22} (respectively,
{va,w}) when 2’ € F® (respectively, 3’ € Fl()) Therefore, F(*) is an
induced forest in G, showing a(G) > \Flz |+]F22)]+4 |B;|. By Lemma 2.2(2)
(witha = |G1]-8, a1 = [G2|-2), (4(|G1|-8)+3,4(|G2|-2)+3) = (4,0), (0, 4)
mod 7.

Subcase 4.1. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (4,0) mod 7.

Let F( ) = = A((G1—{z,y, z,v})/{z122, Y192, wva } + v'2") with 2’ (respec-
tively, ¢/, v") as the identification of {z1, 20} (respectively, {y1,y2}, {w, vg})
and F2<> — A(Gs). Then |[FV| > [( (1G1] = 7) + 3)/7], and |FV| >
((4]G21+3)/71 Let FO = TV UED — ({y1, yo, b n (D AFEDY)), where
E( ) — F1 + {z,y,v, z} 1f 2y v € F', and otherwise, F1( ) obtained
from F1) + {z,y, v, z} by deleting {z, 2’} (respectlvely, {y,y'},{v,v'}) and

adding {z1, 22} (respectively, {y1,y2}, {va, w}) when 2’ € F’ (respectively,
y € F',v'/ € F'). Therefore, G[FM] is an induced forest in G, showing

G) > ]Fl(l)| + \Fz(l)\ +4—3> [(4n+ 3)/7], a contradiction.
Subcase 4.2. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (0,4) mod 7.
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By Claim 3, vyze € E(G); so |[N(v) N N(z2)| < 2. Let F1(2) = A((Gy —
{z1,2,y, 2,y2}) /vza+wyy) with 2’ as the identification of {v, 22}, and F2(2) =
A(Ga— ). Then |FP| > [(4(|G1| —6)+3)/7], and |Fy”| > [(4(|Ga| — 1)+
3)/7). Let F = FP UF® + {a,y, 2} — ({y1, b1} 0 (FPAFP)). Now G[F]
(if 2/ ¢ FI(Q)) or G[F —{z,2'} +{v,22}] (if 2/ € F1(2)) is an induced forest of
size ]Fl(z)] + \FQ(Q)\ +3—2>[(4n+3)/7], a contradiction.

Case 5. [N(z1) N N(z2)| > 2, |N(y1) N N(y2)| > 2.

There exist a1 € N(z1) N N(z2),b1 € N(y1) N N(y2) and subgraphs
G1,G9,G3 of G such that G is the maximal subgraph of G contained in
the closed region of the plane bounded by the cycle zz1a1 292z and containing
N(z1) N N(z2) — {z}, G5 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle yy1b1y2y and containing
N(y1)NN(y2)—{y}, and G, is obtained from G by removing Go—{z1, 22, a1}
and Gz — {yl,bl,yz}. Let A; = {al} if i =1,2and 4, = 0 if i« = 3,4.
Let B; = {b;} if i = 1,3 and B; = 0 if i = 2,4. For i € [4], let F =
A((G1—A{=x,y,2z,v,y1, Y2, 21, 22} — A; — B;) /wve) with v’ as the identification
of {w, va}, Fy) = A(Gy — {21, 22} — Ay), and Fy) = A('Gs —{y1, 92} — Bi).
Then |F}”| > (41| —9 — || - \B ) +3)/71, [Fy)] > [(4(IGa| — 2 -
|Ai) +3)/7], and | F§”| > [(4(|Gs| —2—|Bi|) +3)/7]. Let F = F{" UF}” U
FY + e} =~ () 0 (F ”AF@» ({1} N (K AFSY)). Now GIF]
(if v ¢ F ) or G[F {v v} + {w,ve}] (if V' € Fl(l)) is an induced forest
of size ]F | + |F | + |F | +4—(1—14;]) — (1 —|Bj])- Let (n1,n2,ns3) :=
(4(|G1] = 9) + 3,4(|G2| — 2) + 3,4(]Gs| — 2) + 3). By Lemma 2.2(5) (with
a = ’Gﬂ - 9,CL1 = ‘GQ‘ - 2,a2 = ’Gg’ — 2) nl,ng,ng) (0 0 0) (1,0,0),
(4,0,3), (4,3,0), (3,0,4), (4,0,4), (3,4,0), (4,4,0), (1,6,0), (1,0,6), (0,3, 4),
(0,4,3), (0,4, 4), (6,4,4), (4,4,6), (4,6,4) mod 7.

Subcase 5.1. (n1,mn2,mn3) = (0,0,0),(1,0,0) mod 7.

If [N (w) N (v2)] < 2, let FY = A(G1—{,y, 2,v}) /{2122, Y192, woo } +
v'2") with 2’ (respectively, ¢, v’) as the identification of {z1, 20} (respectively,
{y1, 2}, {w,v2}) and Fg(l) = A(G2), and Fél) = A(G3). Then \Fl(l)] >

1 1
[(4(G1| =7)+3)/7]. 7] = [(4]Ga| +3)/7], and [F5V]| > [(4]Gs| +3)/7].
Let FO .= GIE M URNUEDY — ({21, 22, a0 )n (B AFED)) = ({1, 2, b1 10
(ﬁ(l)AFél)))] where E(l) = F O 4 {z,y,v, 2} iV, Y, 2 & F(l) and oth-
erwise E( ) obtained from Y 4 {z,y,v,2} by deleting {z,2'} (respec-
tively, {0,v/}, {y,'}) and adding {z1, 2} (respectively, {v,w}, {y1,12))
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when 2’ € F;(V (respectively, v’ € Fl( ) Y E Fl( )) Therefore FW ig an in-
duced forest in G, showing a(G) > |F |+]F |+]F |+4 6 > [(4n+3)/7],
a contradiction.
If |[N(w) N N(v2)| > 2, there exist ¢; € N(w) N N(vz) and subgraphs
1, G, GY, G of G such that G, = G2, G4 = G3, Gy is the maximal sub-
graph of G contained in the closed region of the plane bounded by the cycle
vweyvgy and containing N(w) N N(vg) — {v}, and G} is obtained from G
by removing Ga — {z1,22,a1}, G5 — {y1,b1,y2} and G} — {w,ve,v}. Let
Cy =0 and Cy9 = {c1}. For i =9, 10, let Fl(i) = A(G} — {z,y,w, z,v,v2} —
Ci)/{y1y2, z122}) with  (respectively, 2’) as identification of {y1,y2} (re-
spectively, {z1,22}), F. (i) = A(GY), ng) = A(GY), and Fi) = A(Gy —
{w,v2} — Ci). Then |F 1> [(4 (!G'!—S— Cil) +3)/71, |FSV] > [(4]Gy| +
3)/71, [F5"| = [(4]G4|+3)/71, and [F}"| > [(4(|G}| — 2 — |Ci[) +8)/7]. Let
FO = GRVURUR U — ({21, 22, ayn (B AFY >>> ({y1,92,b1}0
FYAFRD)) - (e} n (Fl(”AF“)))] Where FY = RO 4 {a,y, 2,0} if
Yy, 2 & F(Z and Fl() obtained from Fy® + {z,y,z,v} by deleting y y' (re-
spectively, {z, 2/}) and adding {y1, y2} (respectively, {z1, 22}) when ¢/ € F;
(respectively, 2’ € Fl(i)). Therefore, F®) is an induced forest in G, showing
a(@) = |Fy" |+ F |4+ [ B || Ff [+ 4—6— (1= |Cil). Let (nf, n, m, ) =
(4(|GY|—8)+3,4(]G5]—2)+3, 4(|G5]|—2)+3, 4(|G4| —2)+3). By Lemma 2.2(2),
(n}, nh,n4,nly) = (4,0,0,0), (0,0,0,4) mod 7.

If (nf,nb,n5.n)) = (0,0,0,4) mod 7, let F1(11) = A(G} — {z,y, 2,
w})/{z122,y1y2}) with 2’ (respectively, y') as the identification of {21, 22}
(respectively, {y1,y2}), F: 11) = A(GY), F. (11) = A(GY), and F4(11) = A(G), —
w). Then [ 2 (4G} - 6)+3)/7] [ > 14631+ 371, 10D >
[(41G5| +3)/7] and [F{"™| > [(4(G)| — 1) +3)/7]. Let FOD .= G[R™ U
FWUFRY U R — ({21, 20, a ) 0 (FLVAFM)) — (G, o, b} 0 (FLD A
Fg(ll))) ({1)2,61} N (F (11)AF(11)))] where Fl( b_ = M 4 {z,y, 2} when
2y & F1 , and otherwise, let Fl(ll) be obtained from Fy 'Y by deleting
{z, 7'} (respectively, {y,y'}) and adding {z1, 22} (respectively, {y1,y2}) when
2 e i (respectively, y' € Fl(ll)). Therefore, F(1V) is an induced forest in
G, showing a(G) > |[FMV |+ [FMY |+ FSMY | 4 [FMY | +3 -8 > [(4n+3) /7],
a contradiction.

If (n},nh,nf,n}) =(4,0,0,0) mod 7, let F1(12) = A(G} — {z,y,z,v})/
{z122, Y192, wva} + v'2") with 2’ (respectively, ¢/, v’) as the identification of
{21, 22} (respectively, {y1,y2}, {w,v2}), F(m) A(GY), F. (12) = A(G%), and
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Ff” A(G)). Then |F{"?| > [(4(IG}|~7)+3)/7], [Fy™®)| > [(4]G4|+3)/7],
B > [(4IGY] + 3)/7] and [F{™)] > (G| + 3)/7]. Let F2) =
G U UFM UM — ({21, 20, ar )0 (B2 AFSY) = ({1, 2, b1}
(Fy “”AF“Q’)) ({w, v2,c1} m FEPAFDY)] where T = (12 4
{z,y,2,v} when 2/ ¢/ v & F , and otherwise, let ?1( )be obtained from

F112) by deleting {z 2'} (rebpectlvely, {y,y} {v v'}) and addlng {21,22}
(respectively, {y1, 2}, {w, v2}) when 2’ € F1(1?) (respectively, 3/, v/ € F1(1?).

Therefore, F1?) is an induced forest in G, showing a(G) > |F1(12)|+ |F2(12)|+
\F3(12)\ + ]F4(12)] +4—-9> [(4n+3)/7], a contradiction.

Subcase 5.2. (ni,n2,n3) = (3,0,4),(4,0,4),(3,4,0),(4,4,0),(0,4,4),
(6,4,4),(4,4,6), (4,6,4) mod 7.

Let F1(2) = A((G1 — {z,y,2,92,21})/vz2 + wy;) with v/ as the iden-
tiﬁcation of {v, 29}, F2(2) = A(Gg — 21), and Féz) = A(G3 — y2). Then
IE? > [(4(1G1| — 6) +3)/71, [Fy?| = [(4(|Ga| — 1) + 3)/7], and |F{”)| >
[(4(1Gs| — 1) + 3)/7]. Now G[F® U F® U F§2> + {z,y,2} — ({z2,a1} N
(FP AF)) — ({yr, b} (F <2>M<2>>>] (it v/ & F*) or G(F —v')UF U
F§2)+{x,y,v,zz} (e} N(FO Uz} AF)) - ({yl,blw DAF))
(if v € F( )) is an induced forest in G, showing a(G) > |F1 | + |F2(2)\ +
\F | +3—4>[(4n + 3)/7], a contradiction.

Subcase 5.3. (nl,ng,ng) (0,4,3) mod 7.

Let Fl(g) = A(G1 — {z,y,2z,v,y1,Yy2, 21} + wza), Fég) = A(G3 — 1), and
FP = Gy o)), Then |FO)] > [4(Gal - 7) + 371, F) >
[(4(/G2| — 1) +3)/7] and [F{¥] > [(4(\03\ —2) +3)/71. Now G[FP UFY® U
F¥ 4 {z,y, 2} — ({22, a1 Jn(FP AFP)) - ({b }m( AFP))]is an induced
forest in G, showing a(G) > |F ] —l— \F )|+ |F | +3-3> [(4n+3)/7],
a contradiction.

Subcase 5.4. (n1,n2,n3) = (0,3,4) mod 7.

Let F1(4) = A(G1 —{z,y,z,v yg,zl,zg} +wyr), F2(4) = A(G2 — {z1, 22}),
and F{) = A(Gs — ). Then FY > (4G - 1)+ 3)/71, 1B >
[(4(/G2l —2)+3)/7] and |Fy"| > [(4(IG5| —1)+3)/7]. Now G[F{ UEY U
FY 4 {a,y, 2} — ({a In(F )AF( ’)) ({bl yl}ﬂ( FYAFM))] s an induced
forest in G, showing a(G) > |F )|+ \F )|+ |F | +3-3>[(4n+3)/7],
a contradiction.

Subcase 5.5. (n1,n2,n3) =(4,3,0) mod 7 (respectively, (1,6,0) mod 7).
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If IN(w)N N(v2)| < 2,1let A5 = 0 and Ag = {a1}. For i = 5 (respec-
tively, i = 6), let F(i) = A((G1 — {z,y, z,v, 21, 22} — Ai)/{y1y2, wva}) with
y' (respectively, v') as the identification of {y1,y2} (respectively, {w,va}),
F{) = A(Gy—{z1, 2} — 4;) and F(’) A(Gs). Then |F{V| > [(4(|Gy| -8 —
|Ail)+3)/71, |FS”| > [(4(Ga|— 2 |4i]) +3)/7] and |F{”| > [(4]G3]+3)/7].
Let FO) = GF" u B U F“’ ({ar} 0 (FVAFD)) - ({yl,yQ,bl} N
(E(i)AFéi)))], where ﬁl(i) = 9+ {z,y,0,2} if v,y & F , and oth-
erwise, E(l) obtained from F1¥ + {z,y,v,z} by deleting {y,y'} (respec-
tively, {v,v'}) and adding {y1,y2} (respectively, {vy,w}) when ¢/ € F;
(respectively, v’ 6 2% )) Therefore, F(*) is an induced forest in G, show-
ing a(C) > [F] + |FD| + |FO] 44— 8- (1L |A) > [(4n + 3)/7],
contradiction.

If |[N(w) N N(v2)| > 2, there exist ¢; € N(w) N N(vz) and subgraphs

1, Gy, G, G of G such that Gy = Go, Gy = G, G is the maximal sub-
graph of G contained in the closed region of the plane bounded by the
cycle vweyvav and containing N(w) N N(vg) — {v}, and G is obtained
from G by removing Go — {z1, 22, a1}, G4 — {y1,b1,y2} and Gy — {w, v, v}.
Let A; = {ai} if i = 13,14,17,19 and A; = 0 if i = 15,16,18,20. Let
Ci:{cl}ifi:13 15 and C; = 0 if i« = 14,16. For i = 13,14,15,16,
let F(i) A((G) — {=, y,w 2,0,09, 21, 22} — Ai — C;)/y1y2) with ¢’ as the
identification of {y1 v}, Fy' @ A(G’ {z1,22} — A;), F. () = A(GY), and
F{" = A(G)—{w, v} — Cy). Note |F{"| > [(4(G3 -9 al-ic )+3)/7)
FP) > TG4 — 2 - 1A + 371, 7] > [(41Gy| +3)/71, and |} >
[(4(G, \_2_\cy)+3)/ﬂ Now GIFY UFY UFY UFD + {2,y, 2,0} —
(w32 b} (ROAFY) - ({a}n(ROAF) - (e} n(ROAFD))] (it
y' & F") or G(F" =y ) UFV UFT U R +{a,y1, 4, 2,0} = ({1, 2, b1} N
(R + {yl,w})AFé“)) - ({ar} 0 (BDAFY) - ({er} 0 (me%)]
(if y € Fl(z)) is an induced forest in G, showing a(G) > ]F \ + ]FQ | +
(574|443 (1= |Ai]) — (1= |Ci]). Let (nf,mb.mh, ) := (4(]G3 | -
9) + 3,4(|G4| — 2) + 3,4(|G5| — 2) + 3,4(|G)| — 2) + 3). By Lemma 2.2(2),
(n},nh,n%,nl) = (4,3,0,0),(4,6,0,0),(0,3,0,4),(0,6,0,4) mod 7.

If (nf,nb,nk,n)) = (4,6,0,0) mod 7 (respectively, (4,3,0,0) mod 7),
for i = 17 (respectively, i = 18), let Fl(i) = A(G} — {x,y,2z,v, 21,22} —

A;)/{y1y2, wua}) with ' (respectively, v') as the identification of {y1,y2}
(respectively {w,vs}), F. (l) = A(G, — {21,22} A;), F. () = A(GY), and
P = A(Gh). Then [F] > (4G4 —5 A1) +3)/7], |ES"] > (4163 -
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2— [Ail) +3)/7), [FS”] > [(4]G4| +3)/7), and |F{"| > [(4]G}| +3)/7]. Let
FO = GV UFDUFED UFED — ({y1, 12, b1} 0 (T AFD)) — ({w, va, 1}
(F 1<”AF< )) ({a1} N (Fl()AF(Z)))], where Fl() = RO 4 {2y, 2,0} if
Yy, v & 28 , and otherwise, Fl( 2 obtained from F; ¢ —i—{w Yy, z,v} by deleting

{y,y'} (respectively, {v,v'}) and adding {y1, y2} (respectively, {va,w}) when
y € F (@) (respectively, v' € Fy (’)). Therefore, F) is an induced forest in G,
showing a(G) > [F{"|+|F{" | +|F{" | +|F{” | +4—6- (1= | Ai]) > [(4n+3)/7],
a contradiction.
If (nf,nb,ns,n)) = (0,6,0,4) mod 7 (respectively, (0,3,0,4) mod 7),
for i = 19 (respectively, i = 20), let F() = A((G’ —A{z,y,z,w, 21,22} —
A;)/y1y2) with ¢/ as the identification of {y1,y2}, Fy' M = A(GY —{z1, 22} —
A;), FV = A(G’), and F{") = A(G} — w). Then \Fl | > [(4(G)) — 7 —
\A \)+3)/7W ] > [(4(1Gh | —2— | Ail)+3)/7], || > ((4!G’\+3)/7Raﬂd
F}7| > [(4(1GY|-1)+3)/7]. Now G UFS U UF +{,y, 2}~ ({a1}0
(F{ AF)) = ({yn, p, b} 0 <F“>AF<’>> — ({va, e} n (B AR (i y ¢
B or GUF —y ) U UEY {1, 2. 2} — ({a) 0 (R A ) -
T T N (v e} (A (ify € B)
is an induced forest in G, showing a(G) > |F1 | + |F ] + |F ] + |F4 | +
3—5—(1—]A4;]) > [(4n+ 3)/7], a contradiction.
Subcase 5.6. (n1,n2,n3) =(4,0,3) mod 7 (respectively, (1,0,6) mod 7).
If IN(v2) NN (w)| <2, let By = and Bg = {b1}. For i = 7 (respectively,
i =8), let F(l) = A((G1 — {z,y,2z,v,y1,y2} — B;)/{z122, wua} + 2/v") with
z' (respectlvely, ") as the identification of {z1, 20} (respectlvely, {w, v2}),
Fy) = A(Ga), and FY = A(Gs — {y1, 12} — By). Then P > [(4(1G| ~
8 — |Bil) +3)/71, |F21)\ > [(4]Ga| + 3)/7], and |E"| > [(4(|Gy —2 -
1By]) + 3)/7]. Let FO .= GIF" uF® U F” ({b1} N (Fl“AF(“))
({zl,zg,al}ﬂ(ﬁ(l)AF(z)))} where Fl() = P9+ {x,y,v,2}if 2/, ¢F
and otherwise, E(l) obtained from F1® + {z,y,v,z} by deleting {z, 2’ }
(respectively, {v,v'}) and adding {21, 22} (respectively, {v2,w}) when 2’ €
F® (respectively, v’ € Fl(l)). Therefore, F@ is an induced forest in G,
showing a(G) > |FV| + || + |[F{?| +4 -3 — (1 - |Bi]) > [(4n +3)/7], a
contradiction.
If |[N(v2) N N(w)| > 2, there exist ¢; 6 N(w) N N(vz) and subgraphs
1, GY, G5, G of G such that Gy = G2, G4 = G3, Gy is the maximal sub-
graph of G contained in the closed reglon of the plane bounded by the
cycle vweivav and containing N(w) N N(ve) — {v}, and G is obtained
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from G by removing Go — {z1, 22, a1}, G4 — {y1, b1, y2} and Gy — {w, v, v}.
Let By = {b1} if i = 21,22,25,27 and 0 if i = 23,24,26,28. Let C} =
{c1} if i = 21,23 and 0 if i = 22,24. For i = 21,22,23,24, let FV =
A((G) — {m,y,w,z,v,vg,yl,yg} — B; — C;)/z122) with 2/ as the identifica-
tion of {z1,22}, F} Qe A(GY), F. (') = A(G5 — {y1,y2} — B;), and Ff) =

A(C} — {wvs} - G). Then rF”\ > [(4(65] =9~ |4i| — Gi) + 3)/7),
ED] > TGS +3)/7], [FP] > TG — 2 — |Bif) + 3)/7] and || >
(4G — 2 = |Ci]) +3)/7]. Now GIF? UFS U FY U R + {a,y, 2,0} —
({2 23} 0 (F FOAFD)) — ({bi} 0 <F<”AF M) = (e} 0 (FOAFD)) (Gt
’¢F ) or G[(F} FY z’)UFé)UF?E)UFé +{z,y,21, 22,0} — ({71, 22,01} N
(PO & (1 aDAF) — () 0 (FODED) - (e b (ROARY) G
2 e F1() ) is an induced forest of size \Fl(z)| + |F2(Z | + |F3 | + |F4 | +4 —
3—(1—I[Bi]) = (1 = |Gi]). Let (nh,ny, nz,n}) := (4(|G1] - 2) + 3,4(|Gy| -
2) + 3,4(|G5| — 2) + 3,4(|GYy| — 2) + 3). By Lemma 2.2(2), (n},nb, ns,n}) =
(4,0,3,0), (4,0,6,0), (0,0,3,4), (0,0,6,4) mod 7.

If (nf,nb,nk,n)) = (4,0,6,0) mod 7 (respectively, (4,0,3,0) mod 7),

for i = 25 (respectively, i = 26), let F(i) = A(G} — {z,y,z,v,9y1,y2} —

B;)/{z122, wve }+2'v") with 2’ (respectlvely, v') as the identification of {z1 29}
(respectively {w, vg}) () = A(GY), F(l) A(GYy— {Z]_,ZQ} B;), and Ff)
A(G1). Then {2 QAR S #9)/7) F)| 2 [0 +3)/7],
F) 2 160G 2 = 1B + 9/7) and [F{'] 2 TG +3)/7]. Now

FO = GEYUFP UFRY UFY - ({21, 22,01} N (Fl‘”AF ) — ({bi} N
(Fl(i)AF?Si))) — ({w,v2, 1} N (Fl( )AF4( )))}, where Fl( - 1 +{z,y,z,v}
if 2/,v ¢ Fl(i), and otherwise, let Fl(i) be obtained from Fl(i) + {z,y,z,v}
by deleting {z,z'} (respectively, {v,v'}) and adding {z1, 22} (respectively,
{vg,w}) when 2’ € F(i) (respectively, v’ E F (-)) Therefore F® is an induced
forest in G, showing a(G) > \F |+]F H—]F ]—i—\F \—1—4 6—(1—|B;|) >
[(4n + 3)/7], a contradiction.

If (nf,n%,ns,n}) = (0,0,6,4) mod 7 (respectively, (0,0,3,4) mod 7),
for i = 27,28, let F(i) = A(G] —{x,y,z,w,y1,y2} — B;)/z122) with 2’ as the
identification of {z1, 22}, F( Q- = A(GY), F. () = A(G4 — {z1,22} — B;), and
Fy" = A(G)~w). Then [F{"| > [(4(|G} 7B, /7 IFS] > [(41G |+
3)/71, 1EP| > [(4(GY| —2— | Bil) +3)/7] and [F{] > [(4(1G}|— 1) +3)/7].
Now GIFUFPUFYUFY 4 {a,y, 2} — ({21,22,a1}ﬁ(F( IAF)) = ({b130
(F AED) — (om0} n(ED D)) (i ¢ FO ) or GI(ED — ) UFD U
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FOUFD 4 {2,y, 21,22} — (21,22, } 0 (F 4 {z1, 22D AFY)) — (b1}
(FOAFDy) - ({UQ,cl}m( ”AF“)))] (it # € FV ) is an induced forest in G,
showing a(G) > [F{V |+ |FS |+ F) |+ | FV | +3—5— (1| Bi|) > [(4n+3)/7],
a contradiction.

Case 6. [N(21)NN(z2)| > 2, |[N(y1)NN(y2)| < 2 and |N(w)NN(vg)| > 2.
There exist a1 € N(21) N N(22), c1 € N(w) N N(vz2) and subgraphs
G1,G9,G3 of G such that G5 is the maximal subgraph of G contained in
the closed region of the plane bounded by the cycle zz1a1 22z and containing
N(z1) N N(z2) — {z}, G5 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle vwecivev and containing
N(w)NN(ve) —{v}, and G is obtained from G by removing Gy —{z1, 22, a1}
and G3 — {w,c1,v2}. Let A; = {a1} if i = 1,2 and A; = @ if i = 3,4.
Let C; = {c1} ifi = 1,3 and C; = 0 if i = 2,4. For i € [4], let F¥ =
A((G1—A{x,y, z,v,w,v2, 21, 22} — A; — C;) /y1y2) with 3/ as the identification
of {yl,yg} F (@) = A(GQ — {Zl,ZQ} — Al), and Fgfz) = A(Gg — {’w,’Ug} — C@)
Then |F”| > [(4(1G1| — 9 — |Ai| — |Cil) + 3)/7], [E5”| > [(4(IGa| — 2 —
A + 8)/7), and |F°) > [(4(1Gs| ~ 2 [Ci) +3)/7). Let F = F7 U
FOUFY +{zy,v, 2} — {ar} 0 (FOAFD)) = (e} 0 (FPAFY)). Now
GIF] (if y' ¢ FI) or GIF — {y,y'} + {y1,52}] (if v/ € F) is an induced
forest of size a(G) > |F7| + |FS| + |FP| +4— (1 — |41]) — (1 — |Cy]). Let
(n1,n2,mn3) = (4(|G1|—9)+3,4(|G2|—2)+3,4(|G3|—2)+3). By Lemma 2.2(5)
(with a = |G1| — 9,a1 = |Ga| — 2,a2 = |Gs| — 2,¢ = 4), (n1,n9,n3) =
(Ov 0, O)a (17 0, O)a (4? 0, 3)7 (4? 3, 0)’ (3a 0, 4)7 (47 0, 4)a (3? 4, 0)7 (4a 4, 0)7 (17 6, O)a
(1,0,6), (0,3,4), (0,4,3), (0,4,4), (6,4,4), (4,4,6), (4,6,4) mod 7.
Subcase 6.1. |N(v1) N N(v2)| > 2.
There exist di € N(v1) N N(v2) and subgraphs G, G5, G/, such that
5 = G3, G} is the maximal subgraph of G contained in the Closed region of
the plane bounded by the cycle vv;divev and containing N (v1)NN (vy) —{v},
and G/ is obtained from G by removing G4 —{w, ¢1,v2} and Gy — {v1, v, v}.
Let C; ={c1}ifi=1,2and C; =0 if i = 3,4. Let D; = {d;} if i = 1,3 and
D; =0ifi=2,4. For i € [4], let Fl(i) = A(G) — {z,z,z1,v,w,v1,v2} — C; —
Di +yz), B\ = A(Gy — {w,va} — Cy), and F\" = A(G, — {v1,v9} — D;).
Then |F{”| > [(4 <\G’\ — 7 |Gl — D) + 3)/71, IFS"| > [(4(Ghl — 2 —
(Ci]) +3)/7], and |F{"| > (4G4 =2~ |Di) +3)/7]. Now GIFY U R U
F 4+ {2, 2,0} — e} 0 (FOAFD)) — ({dy} 0 (FP AFM))] is an induced
forest in G, showing a(G) > \Fl“ |+ FS |+ 1) +3— (1= |Ci]) — (1= | Di)).
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Let (nf,nb,n5) = (4(|G}| — 7) + 3,4(|G5] — 2) + 3,4(|G}| — 2) + 3). By
Lemma 2.2(4) (with a = |G| — 7,a1 = |G| — 2,a2 = |G)| — 2,¢c = 3),
(nf,nh,n%) = (1,0,0),(0,4,4), (4,4,0),(4,0,4) mod 7.

If (nf,nb,n5) = (0,4,4) mod 7, let F1(5) = A(G] — {z,z,w,v,v1}),
FE) = A(Gh—w), and F? = A(Gy—vy). Then [FO| > [(4(1G4|—5)+3)/7],
IEO) = [(4065|-1)-3)/7). and [F] > [(4(1G4~1)3)/7]. Now GIFL
U ED 4 (1,0} — (T, 2} 0 (O A D)) — ({dy, 02} 0 (FOAFI)] i
an induced forest in G, showing a(G) > ]F1(5)| + \FQ(S)] + \FS)\ +2—-4>
[(4n +3)/7], a contradiction.

If (nf,nb,n5) =(4,4,0) mod 7, let F1(6) =A(G)—{x, z,w,v, 21}) /vive+
yz2) with v’ as the identification of {vy,va}, Fy © _ = A(G% — w), and F3(6) =
A(GY). Then A > (4G = 6) +3)/71, [FV] > [(4(G5] — 1) +3)/7],
and |F\%| > [(4/G4|+3)/7]. Now G[F\O UFSY UFR® + {z,v, 2} — ({va, c1 1N
(FAF)) = ({vr,va, i} 0 (RO AE))] (i o' ¢ F®) or GIF® —v')U
FOUFY 4 {201,092} — {v2, 1} N (FY + 0) AFS)) = ({1, 09,d1} N
((Fl(G) + {1, vg})AFS(G)))] (if v’ ¢ Fl(G)) is an induced forest in G, showing

G)> ]F1(6)| + \FQ(G)\ + ]Féﬁ)\ +3—5>[(4n+ 3)/7], a contradiction.

If (nf,nh,n%) = (4,0,4) mod 7, let Flm = A(G| — {z,z,w,v 1)2,61})
F2(7) = A(Gs — {w, 7)2,61}) and Féﬂ = A(G) — {v2}). Then |F | >
(4G, = 6)+ 3)/71, [F)| > [(4(Ghl — 3)+3)/7], and |F”| > [(4(G}| -
1)+3)/7]. Now G[FOUFD UE + {z,v} — ({o1,dr } 0 (FV AF))] is an
induced forest in G, showing \Fl(7)| + |F2(7)] + |F§7)\ +2—-2>[(4n+3)/7],
a contradiction.

If (nl,nQ,ng) (1 0 0) mod 7, then there exist a; € N(z1)NN(z2) and
subgraphs GY, 4, G of G such that Gf = G4, G| = G}, GY is the max-
imal subgraph of G contained in the closed region of the plane bounded by
the cycle zz1a;1292 and containing N (v1) N N(v2) — {v}, and GY is obtained
from G by removing G5 —{z1, a1, 22}, G4 —{w, c1,v2} and G| —{v1, v, v}. Let
Ag = {a1} and Ag = (. For i = 8,9, let Fl(i) = A(G] —{x,y,z,v, 21,20} —

A;) /{y1y2, wua}) with ¢ (respectively, v') as the identification of {y1,y2}
(respectlvely, {w,v2}), F. () = A(GY — {21,22} A;), F. (‘) = A(GY), and
£} = A(G). Then |FY > (4G —8 -1 )+ 8/7 F) > [(a(6 -
2— Ail) +3)/71, 1] > [(4]G4| +3)/71 and |F{"| > [(4|GY] +3)/7]. Let
FO = GEPUED UFP UFY - ({ar} n P ARDY) - ({w v, e1} N
(Fl(i)AF?Si))) — ({v1, 2, dl}ﬂ(Fl( )AFi )))], where Fl( - =94 {xy 0,2}
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if /v & Fl(i), and otherwise, Fl(i) obtained from F; ¥ +{z,y,v, z} by delet-

ing {y,y'} (respectively, {v,v'}) and adding {y1,ya} (respectively, {w,v2})
when ¢ € F,® (respectively, v € Fl()) Therefore, F() is an induced

forest in G, showing a(G) > \F | + |F ] + | Fy Z)\ +4—-6—(1—|A4;]). By
Lemma 2.2(2), (4(|G7|—8)+3,4(|G5|—2)+3,4(|G4|—2)+3,4(|G}|-2)+3) =
(4,0,0,0), (0,4,0,0) mod 7.

If (4(|GY| — 8) + 3,4(|G5] — 2) + 3,4(|G4| — 2) + 3,4(|GY| —2) + 3) =
(4,0,0,0) mod 7, let Fl(m) = A(G] = {=x,y, z,v}) /{2122, y1y2, w2 } + v'2)
with 2’ (respectively, y/,v") as the identification of {z1, 22} (respectively,
{y1, 92}, {w, va}) and F' = AGY), F{'” = A(GY), and F' = A(GY).
Then |F{""| > [(4(1G1| - 7) +3)/7], [F3"] = [(41G3] +3)/7], B3] >
[(4]GY) + 3)/7], and [FM] > [(4|GY] + 3)/7]. Let F(O = G[FH" U
FOUF ({21, 20, )0 (0 AF) ~ ({w, 00, e} (Y AF)) -
({vl,vg,dl}ﬂ(ﬁ(w)AFéw)))], where ?1(1) = P00 fo g v, 2} iV, Y, 2 &
Fl(lo), and otherwise, E(w) obtained from F;(19 4+ {z,y,v,2z} by delet-
ing {z,2'} (respectively, {v,v'},{y,y'}) and adding {z1, 22} (respectively,
{va, w}, {y1,y2}) when 2/ € F1() (respectively, v’ € F{10, o e F00),
Therefore, F19) is an induced forest in G, showing a(G) > |F1(10)|+ \FQOO)H-
\F?Elo)\ + ]F4(10)] +4—9> [(4n+ 3)/7], a contradiction.

If (4(|GY|—8)+3, 4(|G5|—2)+3, 4(|G5]—2)+3, 4(|G]|-2)+3) = (0,4,0,0)
mod 7, let Fl(1 ) = = A(G]—{z,z,w,v,v1,v2, 21, ¢1,d1 } +y22), F( b= = A(GY—
{21}), F{" = A(GY — {w, vz, c1}), and F{"Y = A(GY — {v1,v2,d1}). Then
F] > [a(6H] - 9) +3)/71, 1B > [(d(as] - 1) +3)/7], B >
[(4(1G51=3)+3)/7], and [F{"| = [(4(1G}|-8)+3)/7]. Now G[F{ UF U
F?SH) U F4(11) +{z, z,v}] — ({zQ, ai} N ( 11)AF(11))). Therefore, F(19) is an
induced forest in G, showing a(G) > ]Fl ]—HFQ |+|F3511)|+|F4(11)|+3—2 >
[(4n + 3)/7], a contradiction.

Subcase 6.2. |N(vi) N N(v2)| < 2.

Subcase 6.2.1. (n1,n2,n3) = (0,0,0),(1,0,0) mod 7.
Let Fl(l) = A((G1 —{z,y, z,v}) /{z122, y1y2, wva } +v'2") with 2’ (respec-
tively, y',v") as the identification of {z1, 22} (respectively, {y1, y2}, {w,v2}),
F{Y = A(Gy), and F{" = A(Gg) Then |FV| > [(4(1Gy| — 7) + 3)/7],
\F )| > ((41G2| +3)/7], and |F{V| > [(4|Gs| +3)/7]. Let FO .= G[FTM U
FOURY — ({21, 22, a0 (FD AFD)) = ({w, v, e Jn (D AFD))], where

F (1) = F W 4 {z,y,0, 2} if v,y 2 & Fl(l), and otherwise, E(l) obtained
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from F1D + {z,y, v, z} by deleting {z, 2’} (respectlvely, {v,v'},{y,y'}) and
adding {z1, 22} (respectively, {va, w}, {y1,12}) when 2/ € F1(V (respectively,
v e W,y e F(M). Therefore, FM) is an induced forest in G, show-

ing a(G) > \Fl(l)] + ]FQ(I)| + |F3fl)\ +4—-6 > [(4n + 3)/7], a contradic-
tion.

Subcase 6.2.2. (n1,n2,n3) = (3,0,4),(4,0,4),(3,4,0), (4,4,0),(0,4,4),
(6,4,4), (4,4,6), (4,6,4) mod 7.

Let F1(2) = A(G1—{z, 2,21, w,v}/v1v2+yz2) with v as the identification
of {vy, v}, F{? = A(Gy — {z1}), and F\*) = A(G3 — {w}). Then |[F?| >
[(4(1G1| = 6) +3)/71, | FS?| > [(4(|Ga| —1) +3)/7], and | F§7| > [(4(|Gs| —
1)+3)/7]. Now G[FP UFP UFP + {20, 2} — ({22, a1} N (FP AFPY)) —
{er, v }n(FP AFEDY) (it o' ¢ FP) orG[(Ffz)—v’)UFQ(Q)UF(2)+{x v, 2} —
((z2,01) 0 (FPAED)) — ({er, 00} 0 (FD + m)AEDY)] (if of € EL >>
an induced forest in G, showing a(G) > ]F1(2)| + \FQ(Q)] + |F3(2)\ +3 -

[(4n + 3)/7], a contradiction.

Subcase 6.2.3. (n1,n2,n3) = (0,4,3) mod 7.

Let Fl(g) = A(G) — {z,z,v,w zl,vl,vz} + yz2), F2(3) = A(Gy — zl)
and F®) = A(Gs — {w,v5}). Then |F| > [(4(1G1| = 7) + 3)/7], |FY| >
[(4(Ga| —1)+3)/7] and |F§”| > [(4(|Gs|~2)+3)/7]. Then G[F{") UF{” U
F¥ 4,0, 2} — ({22, a Jn(FP AFD)) = ({er In(FP AFP)))] s an induced
forest in G, showing a(G) > |F| + |[F¥| + [F®)| +3 - 3 > [(4n + 3)/7],
a contradiction.

Subcase 6.2.4. (n1,n2,n3) = (0,3,4) mod 7.

Let F(4) A((G1—{x,y, z,w, 21, 22}) /y1y2) with v as the identiﬁcation
of {y1, 2}, FSY = A(G2 — {21, 2}), and F\*) = A(G3 — w). Then |FY| >
(4G |—-7)+3)/71, |FV| > [(4(Gal~2)+3)/7] and |F{Y| > [(4(1Gs|—1)+
3)/7]. Let F = FYUFRYUFRY +{a,y, 2} — {ar In(FY AFY)) = ({e1, 0930
(F{ AFY)). Now GIF] (it y' ¢ F{") or G[F— /bl ity © )
is an induced forest in G, showing a(G) > \F | + |F | + |F | +3-3>
[(4n +3)/7], a contradiction.

Subcase 6.2.5. (n1,n2,n3) = (4,3,0) mod 7 (respectively (1,6,0) mod 7).

Let A5 = 0 and Ag = {a1}. For i = 5,6, let Fl(z) = A((Gy —{z,y, z,v, 21,
20} — Aj)/{y1y2, wva}) with ' (respectively, v’) as the identification of
{y1,y2} (respectively, {w,va}), FQ(Z) = A(G2 — {z1,22} — Ai), and F:,EZ) =
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A(G3). Then [F{| > [(4(|G1|—8—|4:)+3)/7], |Fy"| > [(4(|Ga|—2—|Ai])+

3)/7] and |F D > 1(4]G5| +3)/7]. Let FO .= G[FR" ’UF“)uF —({ai}n
FHYAFD )) ({w, va, c1 J(FL Y AFDY)), where F1" = FLO 4 {2, y, v, 2} if
Yy, v & 28 , and otherwise, Fl( ? obtained from F19 by deleting {y,9'} (re-

spectively, {v,v'}) and adding {y1, y2} (respectively, {w, v2}) when y e
(respectively, v € Fy (’)). Therefore, F() is an induced forest in G, show-

ing a(G) > |F"] + |F”] + [F] +4 -3 = (1~ |4il) = [(4n +3)/7],
contradiction.

Subcase 6.2.6. (n1,n2,n3) =(4,0,3) mod 7 (respectively, (1,0,6) mod 7).

Let C7 =0 and Cs = {c¢1}. For i = 7,8, let F(i) = A(Gy — {z,y, z,v,w,
va} — Cy)/{z122,11y2}) with 2’ (respectively, y / ) as the identification of
{21, 22} (respectively, {y1,2}), Fy" = A(Gz), and F“> A(Gs — {w, v} —
C). Then 7| > (( (611 — 8~ [Cil) + 3)/7, 1) > [(41Gal +38)/7] and
F| > [(4(|Gs] —2—|Ci) +3)/7]. Let FO = GIFP UFP UFRY — ({e1}n
(Fy I )AF( )) ({zl,zg,al}ﬂ(Fl( )AFQ(i)))], where Fl( - P9+ {x,y, 0,2}
ify/, 2 & F® , and otherwise Fl( " obtained from F1 by deleting {y y'} (re-

spectively, {z, z }) and adding {y1, y2} (respectively, {21, 22}) when ¢/ € F®
(respectively, 2/ € Fl(l)) Therefore, F(*) is an induced forest in G, show-

ing a(G) > |F"| + [F| + [F)] + 43— (1 —|Ci) > [(4n +3)/7], a
contradiction.

Case 7. [N (21)NN(22)| <2, |N(y1)NN(y2)| > 2 and |N(w)NN(v2)| > 2.

There exist by € N(y1) N N(y2), c1 € N(w) N N(vy) and subgraphs
G1,Go,G3 of G such that G9 is the maximal subgraph of G contained in
the closed region of the plane bounded by the cycle yy1b1yoy and contain-
ing N(y1) N N(y2) — {y}, Gs is the maximal subgraph of G contained in
the closed region of the plane bounded by the cycle vwecivov and contain-
ing N(w) N N(v2) — {v}, and G is obtained from G by removing Go —
{yl,yg,bl} and G3 — {ZU,Cl,’UQ}. Let Bl = {bl} if 1 = 1,2 and Bl = @
if ¢ = 3,4 Let C; = {c1}ifi = 1,3 and C; = 0 if i = 2,4. For i €
[4], let Fl(l) = A((G1 — {z,y,2,v,y1,Y2,w,v2} — B; — C;)/z122) with 2’ as
the identification of {z1, 22}, F() = A(G2 — {y1,y2} — B;), and F(z) =
A(Gs — {ana) — €. Then [F] 2 [(4(G1] =5 1] ~ 1C4) + 3/7),
PS> [(4(|Gal-2 —|BD+3)/71 and [F}”| > [(4 (\G:a!— —[Ci])+3)/7]. Let
F= FF’UF%F +Ha,y,0, 23 (b (FEDARD)) ~ (e yn(FY AF)).
Now G[F] (if 2’ ¢ F) or G[F {2, z’} + {21, 2} (it 2 € F()) is an in-
duced forest of size |F( )] + \F | + ]F \ +4—(1—1|B;]) — (1 —|Ci|). Let
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(n1,n2,n3) :== (4(|G1]—9)+3,4(|G2|—2)+3,4(|G3|—2)+3). By Lemma 2.2(5)
(with a = |G1| — 9,a1 = |Ga| — 2,a2 = |Gs| — 2,¢ = 4), (n1,n2,n3) =
(0,0,0),(1,0,0),(4,0,3),(4,3,0),(3,0,4),(4,0,4),(3,4,0), (4,4,0), (1,6,0),
(1,0,6), (0,3,4), (0,4,3), (0,4,4), (6,4,4), (4,4,6), (4,6,4) mod 7. Let B; =
(Z)lf’L: 1,4,8 and Bl: {bl} 1fl=3,5,9

Subcase 7.1. (n1,n2,n3) = (0,0,0),(1,0,0) mod 7 (respectively (4,4,0)
mod 7).

Fori=1 (respectively, i=25),let F(i) A((G1—A{x,y, z,v} — B;) /{122,
y1y2, wue} +v'2") with 2’ (respectively, ¥/, v’) as the identification of {21, z2}
(respectlvely, {y1,y2}, {w,v2}) and F() = A(Gy — B;), and F() A(G3).
Then \F1 | > [(4(G1| = 7= |Bil) +3)/71, |F5"| > [(4(1Ga| — |Bl) +3)/7],
and |F\?| > [(4/Gs] +3)/7]. Let FO .= GF™ UF? UFY — ({y1, 52, b1} 0
(Fy N )AF(Z ))— ({w v, c1 } N (F ()AF( )))] where 7" = F1 O {z,y,v,2}
if o',y , 2 ¢ F1 , and otherwise, Fl() obtained from F; + {z,y,v,z} by
deleting {z,2'} (respectively, {v,v’'}, {y,vy'}) and adding {21, 22} (respec-
tively, {vg, w}, {y1,12}) when 2’ € F;) (respectively, v’ € ), ¢/ € ;).
Therefore F is an induced forest in G, showing a(G) > |F1(l)| + |F2(l)| +
|F | +4—5—(1—1|B;]) > [(4n + 3)/7], a contradiction.

Subcase 7.2. (n1,n2,n3) = (0,4,4),(6,4,4) mod 7.

Let F(Q) A(G1 —{x Y, w, 21, Y2} +Y12), F(Q) A(G2—1y2), and FB(Q) =
A(Gy—w). Then [F?] 2 [((G1|—5)+3)/71, || 2 [(40Gal ~1) +3)/7),
and |F{”)| > [(4(|Gs|~1)+3)/7]. Now GIFPUFS) UFY +{z, y}~({y1, b1}
(F I(Q)AFZ(Q))) — ({v2, 1} N (F1(2)AF3(2)))] is an induced forest in G, showing
a(G) > |F1(2)| + |F2(2)\ + |F3(2)| +2—4>[(4n+ 3)/7], a contradiction.

Subcase 7.3. (n1,n2,n3) = (4,0,4),(4,6,4) mod 7 (respectively, (0,3,4)
mod 7).

For i = 3 (respectively, i = 4), let F(i) = A((G1 — {x,y, z,w,y1,y2} —
B;)/z122) with 2’ as the identification of {21, 29}, F( Q- A(Gy — {y1,y2} —
By), and Fy) = A(Gy —w). Then |F{"| > [(4(|G:| - 7 — |Bil) + 3)/7],

[F0] > [(4(|Ga| — 2 — [Bi]) +3)/7] and |F{"| > [(4(|G3] — 1) +3)/7]. Let
F_FUMAMF-Hx%@ ({2, e IN(FOAFE)) — (o 3n(FD AFY)).
Now G[F] (if 2’ ¢ F ) or G[F — {z Z’}+{z1,z2}] (1fz € F( )) is an induced
forest in G, showing a(G) > |F1 | + |F(Z | + ]Fg |+3—-2—-(1—|Bj]) >
[(4n + 3)/7], a contradiction.
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Subcase 7.4. (n1,n2,n3) = (4,0,3) mod 7 (respectively, (1,0,6) mod 7).

Let Cs =0 and C7 ={c1}. Fori = 6,7, let Fl(i) = A((G1—{x,y, z,w,v,v2}
—Cy)/{y1y2, z122}) with 3/ (respectively, 2’) as the identification of {y1,y2}
(respectively, {z1, 22}), FQ(i) = A(G3), and Fgfi) = A(Gs—{w,v9} —C;). Then
V1 = [(@(1G1] = 8 = [Cil) +3)/71, |F3"| 2 [(41G| +8)/7], and | =
[(4(Gsl = 2= 1C:l) +3)/7). Let FO := GIR U R UFY = ({y1, 2,01} 0
(—“’AF( )) (et 0 (B AEDY), where F{™ = RO + {w,y,v, 2} if
v, 2 & F1 , and otherwise, Fl( D obtained from B9 4 {z,y,v, 2} by delet-

ing {2, 2'} (respectively, {y Yy }) and adding {21, 22} (respectively, {y1,y2})
when 2/ € F;(® (respectively, 3/ E P )) Therefore F) is an induced forest

in G, showing a(G) > [F7|+|F |+ |FY|+4—3—(1—|Cy]) > [(4n+3)/7],
a contradiction.
Subcase 7.5. (n1,n2,n3) = (4,3,0) mod 7 (respectively, (1,6,0) mod 7).
For ¢ = 8 (respectively, i = 9), let Fli) = A(G1 — {z,y,z,v,91,9y2} —
B;)/{wva, z120} + v'Z") with v’ (respectively, z’) as the identification of
{w, va} (respectlvely, {z1,22}), F () = A(G2 — {y1,y2} — Bi), and F?Ei) =
A(Gs). Then [F{"| > [(4(|G1|-8 |B D+3)/71, [F3”| > [(4(|Gal—2—|Bil)+
3)/7] and |E{"| > [(4]Gs| +3)/7]. Let FO .= G[F" U " F(Z — ({br}n
(Fy (Z)AFQ )) ({w, vg,cl}ﬁ(Fl( )AFSZ)))], where ﬁ(i) =R+ {z,y,0,2}
ifv, 2/ & Fr , and otherwise, F1( 2 obtained from F;® +{z,y,v, z} by delet-

ing {z 2'} (respectively, {v, v’ }) and adding {z1, 22} (respectively, {w,vs})
when 2/ € ;) (respectwely7 v € F{9). Therefore, F¥) is an induced forest

in G, showing a(G) > |F{"|+|F{" | +|F{|+4-3— (1= |Bi|) > [(4n+3)/7],
a contradiction.

Subcase 7.6. (n1,n2,n3) = (3,0,4) mod 7.

Let Fl(lo) = A((G1 — {x,y,z,w})/{y1y2, z122}) with 3/ (respectively, z’)
as the identification of {y1,y2} (respectively, {z1, 22}), F2(10) = A(G2), and
' = A(Gs —w). Then [F{"”| > [(4(IG1] = 6)+3)/7], |F;""| > [(4]Ga| +

)/ﬂ and |F{'"| > [(4(|Gs] — 1) + 3)/7]. Let F1O .= G[F") U F"” U
F' — (e b} 0 (FVVAEMY)) — (g, e} 0 BV AFM))], where
Fy (10) = F A0 4 f gy, 2V if i, 2 & Fy 10), and otherwise, E( 9 obtained

from F1 ) + {x,y, 2} by deleting {z, z’} (respectively, {y,y'}) and adding
{21, 20} (respectively, {y1,2}) when 2’ € F;(10 (respectively, 3/ € F;19).

Therefore, F(10) is an induced forest in G, showing a(G) > |F1(10)|+ |F2(10)|+
\Félo)\ +3—52>[(4n+ 3)/7], a contradiction.
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Subcase 7.7. (n1,n2,n3) = (4,4,6) mod 7.

By Claim 5, wy; € E(G). Let w' € N(w) — {v,c1,z,y2}. Let Fl(ll) =
A(Gy — {z, z,w,v,y2,v1,v2,c1 } + W'y), F2(11) = A(Gy — y2), and Féll) =
A(Gs—{w, v, c1})- Then [F{V| > [(4(|G1|—8)+3)/71, | FyV| > [(4(|Ga|—
1)+3)/7], and [F{™Y| > [(4(1Gs| - 3) +3)/7]. Now GIFM U FM UMY +
{z,w,v} — ({y1,b1} N (Fl(ll)AFZ(H)))] is an induced forest in G, showing
a(G) > ]Fl(n)] + |F2(11)| + |F(11)| +3—22>[(4n+ 3)/7], a contradiction.

Subcase 71.8. (n1,n2,n3) = (3,4,0) mod 7.

We claim that |V (y1) N N(z1)| < 2. Otherwise, there exist d; € N(y1) N
N(z1) and subgraphs G, G5, G%, Gy of G such that G5 = G2,G5 = Gs,
G, is the maximal subgraph of G contained in the closed region of the
plane bounded by the cycle zyid; 212z and containing N(y;) N N(z1) — {z},
and G’ is obtained from G by removing G4 — {y1,y2,b1}, G5 — {w, c1,v2}
and Gﬁl — {yl,dl,zl}. Let Dy = {dl} and D5 = @. For i = 14,15, let
FY = AG] — (w20, v oty om cn,a) = D), B = A(G = i aa)),
Féi) = A(G% — {w,v2,¢1}), and F4Z = A(G), —{y1,z1} — D;). Then |F ] >
[(4(1Gh | = 10 — |Di]) + 3)/71, |F5Y| > [(4 (!G'| —2)+3)/7] = [(4|G2| -

2) +3)/7] = (4(IGa| — 2) +3)/7 +3/7, [F{"| > [(4(|GY| —3)+3)/7] =
[(4(1G5] = 3) +3)/7] = (4(1G5] = 3) +3)/7 + 4/7, and |F}”| > [(4(1CG| -
2 — |Di|) + 3)/7]. Note N(w) — {y1,z,0} C V(G}). Now G[F) U F{ U
BT UEY + oy, 20} — (b} 0 (B AF)) = (i} 0 (B AF))] is an
induced forest of size |F\V| + |F{| + |F"| + |[F)| +4—1— (1—|D,|). B
Lemma 2.2(1) (with k¥ = 1,a = |G| — 10,a1 = |G| — 2, L = {1,2},b1 =
|G| — 2,be = |GY] — 3,¢ =3), a(G) > [(4n + 3)/7], a contradiction.

Let F1(12) = A((G1 — {z,y,z,y2, w,v,v2,¢1})/z1y1) with 3/ as the iden-
tification of {z1,y1}, F2(12) = A(G2 — y2) and F:,EIQ) = A(Gs — {w,va,c1}).
Then [F{™] = [(4(IG1| - 9) +3)/7], |F"| = [(4(G2| — 1) +3)/7] and
1| > [(4(Gs| — 3) + 3)/7]. Note N(w) — {ya,z,v} C V(Gs). Now
GIFPUESPUF™ +{a,y,w, v} = (b (FP AFS)] Gy ¢ 7))
or GI(E™ — y) U B U B+ (w00} = (b} 0 (B2 +
yl)AFQ(H)))] (if v € FI(IQ)) is an induced forest in G, showing a(G) >
IFO2) 4 | FM) 4 [P + 4 — 2> [(4n + 3)/7], a contradiction.

Subcase 7.9. (n1,n2,n3) = (0,4,3) mod 7.

We claim that |N(vi) N N(v2)| < 2. Otherwise, there exist e; € N(v1)N
N(vg) and subgraphs G, G%, G such that G4 = G3, G is the maximal
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subgraph of G contained in the closed region of the plane bounded by the
cycle vviejvev and containing N (v1) NN (ve) —{v}, and G/ is obtained from
G by removing G4 — {w, c1,v2} and G} — {v1,e1,v2}. Let Ejg = {e1} and
Ey7 = 0. For i = 16,17, let Fl(i) = A(G) — {z,z,w,v,v1,v2} — E;)/z122)
with 2" as the identification of {21, z2}, F?Ei) = A(Gs — {w, v2}), and F4(i) =
A(Gy — {v1,va} — ). Then [F{"| > [(4(|G}| - 7 — |Ei]) + 3)/7], | F§"| >
[(4 (|G'| —2)+3)/7] = [(4(lG3] = 2) +3)/7] = (4(IG3] = 2) +3)/7 + 4/7,
and |F{)| > [(4(G)] — 2 — |E|) +3)/7]. Let F = Fu FY U R +
{z,2,0} — {er} n (FOAFY)) — ({ea} n (FPOAFD)). Now GIF] (if 2/ ¢
FI(Z)) or G[F — {z, z’} + {zl,zz}] (if 2/ € F( )) is an induced forest in G,
showing a(G) > [F"| + | y+|F<>y+3—1 (1—|E;|). By Lemma 2.2(1)
(with k = 1,a = |G| — 7,a1 = |G| — 2,L = {1},b1 = |G| — 2,¢ = 2),
a(G) > [(4n + 3)/7], a contradiction.

Let F1(13) = A((G1 — {z,w,v,y2,c1})/{yz,viva}) with o’ (respectively,
v') as the identification of {y,z} (respectively, {vi,va}), F2(13) = A(Gs —
o), and F\"® = A(Gs — {w,c1}). Then |F™| > [(4(|G1| — 7) + 3)/7],
B > [(4(1Ga| — 1) +3)/7] and |F§™] > [(4(Gs| — 2) +3)/7]. Let
FO = G U E U E® — ({y, ) 0 G AF) - (e} 0
(E(ls)AFélg)))], where Fl(w) = P fg w,v}if 2! v & F1(13), and E(ls)
obtained from Fy) + {z w,v} by deleting {z,2'} (respectively, {v,v'})
and adding {y, 2z} (respectively, {vy,v2}) when 2/ € F1(13) (respectively,
v € F{19). Note N(w) — {y2, x,v} C V(G3). Therefore, F') is an induced
forest in G, showing a(G) > |F1(13)| + |F2(13)| + |F3(13)| +3-3>[(4n+3)/7],
a contradiction. O

6. Another forbidden configuration at a 3-vertex

In this section we prove that for any x € V3, N(z) N'V; = () for some
i€ {3,4,5}.

Lemma 6.1. Let x € V3. Then N(z) N'V3 = 0, or N(x) N Vy = 0, or
N(x)ﬂVg,:@.

Proof. 'We begin the proof by assuming that N(z) = {w,y, z} with y € V5,
z € Vyand w € V5. Let N(y) = {y1,2,21}, N(2) = {z, 21,29, 23}, and
N(w) = {x,y1, w1, ws, z3} where w; is co-facial with y;.

Claim 1. N(z1) " N(z3) = {z}.
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For, suppose |N(z1) N N(z3)| > 2. First, we claim that N(z1) N N(z3) N
N(wg) = (0. Otherwise, there exist a3 € N(z1) N N(z23) and subgraphs
G1,G9,Gy4 of G such that G5 is the maximal subgraph of G contained in
the closed region of the plane bounded by the cycle zz1a1232 and containing
N(z1) N N(z3) — {z}, G4 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle wwoaizzw, and Gy is ob-
tained from G by removing Go — {z, 21, a1, 23} and G4 — {w, wa, a1, z3}. Let
Fl(l) = A(Gy —{w,x,y, 2,11, 21, 23, a1, w2 }), F: (1) = A(Gy — {21, 2, 23,a1}),
and F(l) = A(G4 — {w, z3,a1,w2}). Then |F | > [(4(|G1] —9) + 3)/7],
53| = [(4(1G2| —4) +3)/7], and [F{"| = [(4(|Ga| — 4) + 3)/7]. Now
G[Fl( U F2( U F4(1) + {w, z,y, z}] is an induced forest in GG, showing that
a(G) > |FV ) +|FV) +|FY) +4. By Lemma 2.2(7) (with k = 3, a1 = |Gy|—
9,a9 = |Ga|—4,a3 = |G4|—4,¢ = 4), a(G) > [(4n+3)/7] unless (4(|G1|—9)+
3,4(|G2|—4)+3),4(|G4|—4)+3) = (0,0,0), (0,6,0), (0,0,6), (6,0,0) mod 7.
In first three cases, let F1( ) = = A(G1 —{w,x,y, z, Zl,Zg,(Il}) ( ) = A(Gs —
{z1,2,23,a1}), and F4(2) = A(G4—A{w, z3,a1}). Then \F | > (( (|IG1|—T7)+
3)/7), 1F5”| = [(4(1Ga| = 4) +3)/7], and |F{)| > [(4(| G| ~3)+3)/7]. Now
G[Fl(2) UFQ(Q) UF4(2) +{z,y, z}—{wg}ﬁ(F1(2)AF4(2))] is an induced forest in G,
showing a(G) > ]F1(2)1+]F2(2)\+\F4£2)]+3—1 > [(4n+3)/7], a contradiction.
Now, assume (4(|G1]|—9)+3, 4(|G2|—4)+3),4(|G4|—4)+3) = (6,0,0) mod 7.
If yia1 ¢ E(G), let F1(3) = A(G1 —{w,z y,zl,z;g} + y1a1), F2(3) = A(G2 —
{71, 23}), and F4(3) = A(G4 — {w, z3}). Then ]F | > [(4(|G1]| = 5) + 3)/7],
73] > [(4(1G2|~2)+3)/7] and |F(| > [(4(|G4|~2)+3)/7]. Now G[FPU
FOUFE® +{z, g} — ({wa, ar 10 (FE )AF( >)) ({z @ }ﬂ(F(3)AF(3)))] an in-
duced forest in G, showing a(G) > ]F |+]F |+]F |+2 4> [(4n+3)/7],
a contradiction. So y1a; € E(G). Then there exist subgraphs G, G5, G}, G§
of G such that G, = G2,G) = G4, G§ is the maximal subgraph of G con-
tained in the closed region of the plane bounded by the cycle yyia121y, and
G is obtained from G by removing G — {z, 21, a1, 23}, Gy — {w, w2, a1, 23},
and G§ — {y,v1,a1,21}. Let F1(4) = AG| — {w,z,y,z,y1, 21, 23, w2, a1}),
F2(4) = A(G, — {21, 2,23,a1}), F4(4) = A(G) — {w, z3,a1,ws}) and Fé4) =

A(Gs {yl’yvzlval}) Then |F{"| > [(4(|G}]-9 )+3)/71, [F3Y] > [(a(1Gy|-

2+ 3)/7, [F] > [(4(1G)) — 2) +3)/7], and [F{Y] 2 [(40GH] 1) +3)/7]
Now G[F( ) UF( ) UF( ) UF( + {w x y,z}] is an induced forest in G,
showing a(G) > |F |+ |F |+ ]F |+ ]F |+4 > [(4n + 3)/7], a con-
tradiction.
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Secondly, we claim that N(z1) NN (z3) NN (y1) = (). For otherwise, there
exist a; € N(z1) N N(z3) and subgraphs G1, G2, G5 of G such that G is the
maximal subgraph of G contained in the closed region of the plane bounded
by the cycle zz1a;1 232z and containing N (z1)NN(z3) —{z}, G5 is the maximal
subgraph of G contained in the closed region of the plane bounded by the
cycle yyiaiz1y, and G is obtained from G by removing G — {z, 21, a1, 23}
and G5 — {y,y1,a1,21}. Let Fl(l) = A(Gy — {z,y,2,11, 21, 23,a1}), Fz(l) =
A(Gy — {z1,2,23,a1}) and Fél) = A(Gs5 — {yl,y,zl,al}) Then \Fl(l)] >
[(4(1G1| = 7) +3)/71, [F§Y] > [(4(|Gal = 4) +3)/7] and [F{"] > [(4(|G5| -
4) 4 3)/7]. Now G[F(l) U F2(1) U F(1 + {x y, z}] is an induced forest in G,
showing that a(G) > \F ]—i— |F |—HF |+3 By Lemma 2.2(6) (with k =
3,a1 = |G1|—7 as = |G2| 4 a3 = ‘Gg,‘ 4 Cc = 3), ( (|G1|— )+3,4(|G2|—
4)+3),4(|Gs| —4)+3) = (0,0,0) mod 7. Let F?) = A(Gl—{w 2.y, 2, 21}),
F? = A(Gy—{z1, 2}), and F® = A(G5—{y,z1}). Then |[F?| > [(4(|G1|—
5)+3)/7], [F3”] > [(4(Cel =2) +3)/7]. and [ 5| > [(4(|G5| ~2) +3)/7].
Now G[F? U B U R + {w.y} — ({zs, a1} 0 (FP AFP)) — ({y,a1} 0
(F (2)AF(2)))] is an induced forest in G, showing that a(G) > ]F1(2)]+ ]FQ(Q) |+
\F ] +2—4>[(4n+3)/7], a contradiction.

Thirdly, we claim that [N(y;) N N(w1)| < 2. For otherwise, there exist
b1 € N(y1)NN(w1), a1 € N(21)NN(z3) and subgraphs G1, G2, G of G such
that G2 is the maximal subgraph of GG contained in the closed region of the
plane bounded by the cycle zzja1232z and containing N(z1) N N(z3) — {z},
(3 is the maximal subgraph of GG contained in the closed region of the plane
bounded by the cycle wy;bjwiw and containing N (y;) N N(w;) — {w}, and
GG is obtained from G by removing Go —{z, 21, a1, 23} and G3 —{y1, b1, w1 }.
Let31—Bg—BQ—B4—{b1}anng—Bl—B4—Bg—@ For
1=1,2, let F(Z) A(G1 —A{w,x,y, z,y1, 21, 23, a1, w1 } — B;), FQ( ) A(Ge —
(21,2, 23,a1}), and F( ) _ = A(Gs — {y1, w1} — B;). Then |[F\V| > [(4(|G4| —
9— [Bil) +3)/7], [F§"| > [(4(Gs| - )+3)/71 and |F{"| > [(4(|Gs| -2 -
1B|) + 3)/7]. Now G[F) U F) U FY U {w, z,y, 2} — {b1} m( FOAFM]
is an induced forest in G, showing that a(G) > \Fl | + ]Fz )] + \F3i)| +
4 — |By|. For j = 3,4, let Fl(j) = A(G1 —{w,z,y, 2,1, 21,23, w1} — Bj +
waay ), Fz( D = A(G2 —{z1,2,23}), and F:,Ej) = A(Gs —{y1, w1} — By). Then
) 2 [(4(G| =8 |Bi]) £ 8)/71. |F”| 2 [(4(1Gal — 3) + 3)/7], and
157 = [(4(1Gs] —2~1B]) +3)/7]. Now GIF UF UFS + {w, 2,2} -
({b1}N(F ])AF ))) ({a1 }ﬂ(F(j)AF(])))] is an induced forest in G, showing
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a(G) > |F1(j)] + |F2(j)| + |F§j)| +4—1—|By|. By Lemma 2.2(1) (with k& = 1),
a(G) > [(4n + 3)/7], a contradiction.

Since |N(z1) NN (z3)| > 2, there exist a; € N(z1) NN (z3) and subgraphs
G1,Go of G such that G9 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle zz1a1232 containing N(z1)N
N(z3)—{z}, and G is obtained from G by removing G2 —{z, z1, a1, z3}. Let
Fl(l) = A(G1—{w,z,y, 2,21, 23,01 } Jwiy1) with w’ as the identification of wq
and y1, and F2(1) = A(Go—{z1,2,23,a1}). Then ]F \ > ((4(]G1]—8)+3)/ﬂ,
and |Fy"| > [(4(|Ga| — 4) + 3)/7]. Now G[F\" U F{Y + {w,2,y,2}] (if
w' ¢ Fl(l)) or G[(Fl(l) —w') U F2(1) + {wi,y1, 2,9, 2} (f ' € Fl(l)) is an
induced forest in G, showing a(G) > |F1(1)\ + |F2(1)] + 4. By Lemma 2.2(6)
(With k=2a = ’Gly —8,a9 = ’Gg’ —4,¢c= 4), (4(|G1| - 8) + 3,4(|G2‘ —
4) + 3)) = (0,0) mod 7. Let F1(2) = A(Gy —{w,x,y,z,21,23} + ylal), and
FY = A(Gy— {21, 2, 23}). Then [F?| > [(4(|G1| - 6) +3)/71 and \F?)| >
[(4(1G2| =3)+3)/7). Now GIF{Y UE +{z.y. 2} — ({ar} N (F{ AF) ] s
an induced forest in G, showing a(G) > |F1(2)H— \F2(2)H—3— 1> ((471—1—3)/7]
This completes the proof of Claim 1.

Claim 2. wze ¢ E(G).
Otherwise, wze € E(G), there exists a separation (G1,G2) such that

V(GiNG2) ={w,x,z,22}, y € V(Gy), and z3 € V(G2). Let F(l) A(Gy —
(w, 2,2, 20,9, 21}), and F{Y = A(Gy—{w, z, 2, 25}). Then |[FV| > [(4(|G1|-
) +8)/7), and | ;7| 2 [(4(Ga] = 4) +8)/7]. Now GIFIU B U .. 2)
is an induced forest in G, showing a(G) > |F |+ |F |+3 > [(4n+3)/7],
a contradiction. This completes the proof of Claim 2.

Claim 3. wz; ¢ E(G).

Otherwise, wz; € E(G), there exists a separation (G1,G2) in G such
that V(G1 N Ga) = {w,z,y,21}, 11 € V(Gl) and z € V(Gq). For i = 1,2,
let FY = A(G; — {w,z,y,21}); so [FV| > [(4(Gs| — 4) + 3)/7]. Now
G[F(l) U F S {z,y}] is an induced forest in G, showing a(G) > ]F | +
]F \ + 2 > [(4n + 3)/7], a contradiction. This completes the proof of
Claim 3.

We now distinguish several cases.

Case 1. |N(y1)NN(w1)] < 2, |N(21)NN(22)| < 2 and |N(z2)NN(z3)] < 2.
Let F/ = A(G —{w, z,y, 2z} /{y1w1, 212223 }) with w’ (respectively, 2’) as
identifications of {y1, w1} (respectively, {z1,22,23}). Then |[F'| > [(4(n —
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7V +3)/7]. Let F = F' +{w,z,y,z} ifw', 2 & F'; F = F' +{wy,y1,2,y,2}
if 2/ ¢ F'ow € F's F=F +{x,y,21,20,23} — {Z'} if w & F',2' € F'; and
F=F +{wi,y,x, 21,220,283} —{w', 2’} if w', 2" € F'. Therefore, G[F] is an
induced forest in G, giving a(G) > |F'| +4 > [(4n + 3)/7], a contradiction.

Case 2. |N(y1)NN(w1)| > 3, |[N(21)NN(22)| < 2and |N(22)NN(z3)| < 2.

There exist by € N(y1) N N(w;y) and a separation (G1,G2) such that
V(G1NG2) =A{wi,y1, b1}, © € V(G1) and N(y1) N N(w1) — {w} € V(Ga).
Let By = By = {b} and By = B; = 0. For i = 1,2, let FY = A(G -
{w,z,y,z,y1, w1 } — B;) /{z12223}) with 2/ as the 1dent1ﬁcat10n of {z1, 22, 23},
and ? = A(Ga—{y1, w1} — By). Then |F{"| > [(4(|G1| -8~ |Bi|) +3)/7],
and |F} l)] > [(4(|Gs] — 2 — | B; |) +3)/7]. Now G[Fl(z) U FQ(z) +{w,z,y, 2z} —
(b} N (FOAF))] (if 2 ¢ FY) or GI(F” — ) UF + {2,y 21, 22, 23} -
({b }ﬂ (F( )AF( )))} (if 2/ € F(I)) is an induced forest in G, showing a(G) >
Jas \+;F“)y+4 B;|. By Lemma 2.2(2) (with a = |G1|—8, a1 = |Ga|—2,¢ =

4), (4(|G1| — 8) +3,4(|G2| — 2) + 3) = (4,0),(0,4) mod 7.

Subcase 2.1. (4(|G1| — 8) + 3,4(|G2] — 2) + 3) = (4,0) mod 7.

Let Fl(l) = A((G1—{w,z,y, 2})/{y1w1, z12223}) with w’ (respectively z’)
as the identiﬁcation of {y1, w1} (respectively {z1, 22, z3}), and F2(1) = A(G29).
Then |F\V| > [(4 (\Gl\ —7) +3)/7], and |[FY| > [(4]Go| + 3)/7]. Let
F(l) = F( ) 2 - {y1,w1,b1} N (ﬁ(l)AFél)) where ?1(1) = Fl(l) +
{w,z,y, 2} if w’jz’ ¢ Fl(l); ?1(1) = Fl(l) + {wr,y1,x,y, 2} if 2/ & Fl(l),w’ €

1), 71 _ p(1) Y ) 1), =0 _
F7 Y =Fy ey, 2,20, 3} — {2 ifw ¢ By 2 e Fysand By =
Fl(l) +{w1,y1,x, 21,20, 23} — {w', 2} ifw' 2 € Fl(l). Therefore, G[F(1] is an
induced forest in G, showing a(G) > |F1(1)| + |F2(1)| +4—-3>[(4n+3)/7],
a contradiction.

Subcase 2.2. (4(|G1| —8) + 3,4(|G2| —2) +3) = (0,4) mod 7.

Let F1(2) = A(G1 —{y1,z,v, z}/{zlzgzg}) with 2" as the identification of
{21, 22, 23}, and F\? = A(Gy —y1). Then |[FV| > [(4(|G1| — 6) +3)/7] and
I “”r > [( (IGa| = 1) +3)/7]. Now G[F{? U F{? + {5, 2} — ({wn, b1} 0
(F} >>1 (it ' ¢ ™)) or GI(F{ =) UFY? +{, 21, 29, 25} — ({wr, bi } N
( ))] (if 2/ € F(Q)) is an induced forest in G, showing a(G) >
\Fl ] + |F )| 432> [(4n+3)/7], a contradiction.

Case 3. [N(y1) N N(wy)| <2, [N(21) N N(22)| > 2, [N(z2) N N(z3)| < 2.

There exist a; € N(z1) N N(z2) and a separation (Gp,G2) such that
V(G1NGe) = {Z1,22,a1}, T € V(Gl), and N(z1) N N(z2) — {Z} - V(GQ)



138 Yan Wang et al.

Let A; = Ay = {a1} and Ay = A] = (). For i = 1,2, let Fl(i) = A((G1 —
{w,z,y, 2,21, 22, 23} — Aj)/y1w1) with w’ as the identification of {y;, w1},
andFQ(') —A(Gg—{zl,zg} A;). Then |[FV| > [(4 (\Gl\— —|A;)+3)/7] and
"] > [(4(1Gs) - ~|44)+3)/7. Now GIF’ >UF2 +{w,z,y, 2}~ ({ar }
(Fy) AF)] (if w' ¢ F") or GI(F" —w")UFY +{wy,y1, 2,9, 2} — (o)
(Fl(Z)AFQ(Z)))] (ifw' € Fl( )) is an induced forest in G, showing a(G) > ]F |+
IFY| + 4 — |4;]. By Lemma 2.2(2) (with a = |G4] — 8,a1 = |Ga| — 2, ¢ = 4),
(4(|G1| — 8) +3,4(|G2| —2) +3) = (4,0),(0,4) mod 7.

Subcase 3.1. (4(|G1| — 8) + 3,4(|G2| —2) + 3) = (4,0) mod 7.

Let Fl(g) = A((G1—{w, z,y, z}) /{yrw1, 212223 }) with w’ (respectively, z’)
as the identification of {y1, w1 } (respectively, {21, 22, z3}), and F2(3) = A(Gs).
Then |F1(3)| > [(4(|G1] = 7) + 3)/7], and |F | > [(4|Ga| + 3)/7]. Let
F® .= Fl(?)) U F2(3) — ({z1,22,a1} N (Fl( )AF2( ))) where E(?)) = F1(3) +
{w,z,y, 2} if w', 2 & F1(3); Fl(?’) = Fl(g) +{wi, 1, x,y, 2} if 2/ & Fl(g),w' €
F1(3); ﬁ(g) = F1(3)+{3:,y, 21,29, 23— {2'}ifw' & F1(3), e Fl(g); and ﬁ(g) =
F1(3)+{w1,y1,a:,21,22,z3}—{w 2'}if wf z € F( ). Therefore, G[F®)] is an
induced forest in G, showing a(G) > |F | + ]F | +4—-3>[(4n+3)/7],
a contradiction.

Subcase 3.2. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (0,4) mod 7.

Let F1(4) = A((G1 —{z1, 2,9, z,w})/2223) with 2’ as the identification of
{22, zg} and F\Y = A(Gy — z1). Then |[FY| > [(4(|G1| — 6) + 3)/7], and
7Y > [(4(1G2l = 1) +3)/7]. Now G[F) U BV + {w,y, 2} — ({z2,01} N
(FOAF)) (it 2’ ¢ FP) or GI(F{Y =2V UFY +{x,y, 20, 23} — ({22,01} 1
((F1(4) U {zg})AF2(4)))] (if 2/ € F1(2)) is an induced forest in G, showing
a(G) > ]F1(2)| + |F2(2)\ +3—22>[(4n+ 3)/7], a contradiction.

Case 4. |[N(y1) " N(w1)| <2, |[N(21) N N(22)] <2, |N(22) N N(z3)] > 2.

There exist ¢; € N(z2) N N(z3) and a separation (Gi,G2) such that
V(G1 N Ga) = {22,23,c1}, x € V(G1), and N(z2) N N(z3) — {2} C V(G2).
Let C; = Cy = {c1} and Cy = C1 = (). For i = 1,2, let F(i) = A((Gy —
{w,z,y, 2, 21,22,23} — C)/y1w1) with w' as the 1dent1ﬁcat10n of {y1, w1},
and F() _A(Gz—{22,23} C;). Then |[F\| > [(4 (\Gly_ —|Ci]) +3)/7],
and [F{] > [(4(|Ga| — 2 — |C; |)+3)/71 Now GIF U F + {w,z,y, 2} —
({er }m(F( INES))] (fw' ¢ FP) or GUFY —w')UEY Ufwy, y1, 2,5, 2} —
{atn(Fy AF( )))] (ifw' € F( )) is an induced forest in G, showing a(G) >
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[FO| 4 |Fy?| + 4~ Ci. By Lemma 2.2(2), (4(|G1| — 8) +3,4(|Ga| —2) +3) =
(4,0),(0,4) mod 7.

Subcase 4.1. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (4,0) mod 7.

Let Fl(g) = A((G1 — {w, z,y, z}) /{y1wn, z12223}) with w’ (respectively
2') as the identiﬁcation of {y1, w1} (respectively {21,22,,23}) and F2(3) =
A(Gs). Then [F®| > [A(Gy| - 7) +3)/7] and [FY| > [(41Ga| + 3)/7].
Let FO) = F AT F(3) {22,23,01} ﬂ (Fy I )AF(?’)) where F(3) F(3) +
{w,z,y,z} if W', 2 %F F(g) —|—{w1,y1,x y, 2} if 2/ ¢F(3) w €
Fl(g);?( ) = F13)+{:1:,y,z1,22,23}—{z’} ifw ¢ Fl(d),z € Fl( ), andF( ) =
F1(3) +{w1,y1,x, 21,29, 23} — {w', 2} if w2 € F1(3). Therefore, G[F®)] is an
induced forest in G, showing a(G) > \Fl(g)] + |F2(3)\ +4—-3>[(4n+3)/7],
a contradiction.

Subcase 4.2. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (0,4) mod 7.

Let F1(4) = A((G1—{y1,2,9,2,23}) /2122 —l—wz ") with 2" as the identifica-
tion of {zl,zQ}, and Y = A(Gy — z3). Then |FY| > [(4(/G1| — 6) +3)/7],
and [F{Y] > [(4(|G| - 1) +3)/7]. Now G[FY UF® + {2, y, 2} — ({22, c1} N
(FOARO)] (if 2’ ¢ FY) or GI(F{Y =2V UFSY +{z,y, 21, 20} = ({22, 1}
((Fy FYu {z })AF( )))} (if 2/ € F( )) is an induced forest in G, showing

a(G) > |F \ + |F | +3—22>[(4n+ 3)/7], a contradiction.

Case 5. [N(z1) N N(22)| > 2, [N(22) N N(z3)] > 2.

Subcase 5.1. |N(y1) N N(wy)| < 2.

There exist a; € N(z1) N N(22), c1 € N(22) N N(z3) and subgraphs
G1,Go, G5 such that G9 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle zzja1292z and containing
N(z1) N N(z2) — {z}, G5 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle zz3c1z0z and containing
N(z3)NN(z2)—{z}, and G is obtained from G by removing Ga—{z1, a1, 22}
and G3 — {23,c1,22}. Let A; = {a1} if i = 1,2 and 0 if i = 3,4 and A; =
{a1} — Aj. Let C; = {1} ifi = 1,3 and 0 if i = 2,4 and C; = {1} — C;.
For i € [4], let F() = A((Gy —{w,x,y, 2,21, 22,23} — A; — C;)/y1w1) with
w’ as the identification of {y;, wl} Fy @ — = A(Gy—{z1,22} — 4;), and F( D=

A(Gy (22,25} ~Co). Then [F{)| 2 [(4(61| 8|4 ~|Ci) +3)/7), 11| 2
(4Gl —2 = A4 +3)/7], and [E7] 2 [(4(G3] ~ 2~ [Ci) + 37 Now
GIFPI VR UFY +{w,2,y, 2}~ ({a ) n (FP AFD) — ({enyn (B AF))
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if w ¢ F") or GIFY —w') UFY U EY + {wi,yi,2,9,2} — (a1} N
(Fl(i)AFQ(i))) —({ea}n (Fl(i)AF?E )))] (if w' € Fl( )) is an induced forest in G,
showing a(G) > |F1(Z)\ + |F2(Z)| + |F3(Z)| +4 — |4;] — |C;]. By Lemma 2.2(1)
(with £ = 2,a = |G1]| — 8,a1 = |Ga| — 2,a2 = |G3| —2,L = 0,c = 4),
a(G) > [(4n+ 3)/7], a contradiction.

Subcase 5.2. |N(y1) N N(wy)| > 3.

There exist a1 € N(z1)NN(22), b1 € N(y1) NN(w1), c1 € N(z2) NN (z3)
and subgraphs G1, Ga, G3, G4 of G such that G5 is the maximal subgraph of
G contained in the closed region of the plane bounded by the cycle zz1a;1 202
and containing N (z1) N N(z2) — {2}, G5 is the maximal subgraph of G con-
tained in the closed region of the plane bounded by the cycle zz3¢1202 and
containing N(z3) N N(22) — {z}, G4 is the maximal subgraph of G con-
tained in the closed region of the plane bounded by the cycle wwibiyiw
and containing N(y;) N N(w;) — {w}, and G} is obtained from G by remov-
ing G_Q— {z1,a1, 22}, Gs — {z3,c1, 22} and @1 —{wi,b1,y1}. Let A; C {a1}
and Ai = {al} — Ai' Let Bi - {bl} and BZ‘ = {bl} — BZ'. Let Cz - {Cl}
and C; = {c1} — C;. For each choice of A;, B;,C;, let Fl(l) = A(G; —
{w xr,Y,z, 21,22,23,y1,w1} A B C) () A(GQ—{Zl,ZQ} A) and
F3() (Gg—{ZQ,Zg} C)and Ff)— (G4—{y1,w1}—B) Then |F ’ >

[(4(|G1| =9 — | 4i] = |Bi| - |Cil) +3)/7], |F r>(< <|G2|— —Al) +3)/7],
IE) > [(4(Gs| —2— |Cil) +3)/7], and [F{"| > [(4 <|G4| |B )+3)/71.
Now G[F UFR) UF{ U F(l+{w:ﬂy,z} (a1} n(FOAFED)) = (e}

(F 1()AF( ) — ({bl} N (Fy )AF()))] is an induced forest in G, showing
IEO )+ | B 4+ | ES |+ | FS? | + 4 — [4;] — |Bi| - [C3]. By Lemma 2.2(1) (with
k:3,a: |G1\—9,a1 = ’GQ’—Q,CLQ = |G3|—2,a3 = ‘G4’—2,L:@,C:4),
a(G) > [(4n + 3)/7], a contradiction.

Case 6. |[N(21)NN(z2)| > 2, |N(22)NN(z3)| < 2and |N(y1)NN(wy)] > 2.

There exist a1 € N(z1) N N(22),b1 € N(y1) N N(wy) and subgraphs
G1,G9,G3 of G such that G5 is the maximal subgraph of G contained in
the closed region of the plane bounded by the cycle zz1a1222z and containing
N(z1) N N(z2) — {2}, G3 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle wwibiy;w and containing
N(y1)NN(w1)—{w}, and G; is obtained from G by removing Go—{z1, a1, 22}
and Gg — {wl,bl,yl}. Let Ai = {al} if i = 1,2,5,6,9,10 and Az’ = @ if
i=3,4,7,8,11,12. Let A; = {a1} — A4;. Let B; = {b1} if i = 1,3,5,7 and
B; =0ifi=24,6,8 and B; = {b1}— B;. Fori = 1,2,3,4, let F") = A(G,—
{w,2,y, 2,21, 22, z3,y1, w1} — A; — By), Fy) = A(Ga — {21, 22} — A;), and
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Fy) = A(Ga—{un wn} = B). Note | "] > [(4(Ga] =9~ |Ai|—|Bi} +3)/7).
B3] > [(4(1Ga| — 2 — |Ai]) +3)/7], and |F{"| > [(4 (|G3| —2—|Bi]) +
3)/7]. Now GIFV UR UF + {w,,y, 2} — {a } 0 (FV AR )))—({bl}ﬂ
(F ()AF( )))] is an induced forest in G, showing a(G) > ]Fl | + |F2(i)] +
\F H—4 |A;|—|B;|. By Lemma 2.2(5) (with a = |G1]|—9,a1 = |G2|—2,a2 =
Gs|=2,c =4), (n1,n2,n3) := (4(|G1|—=9)+3,4(|G2|-2)+3, 4(|G3| —2)+3)
(0,0,0),(1,0,0),(4,0,3),(4,3,0),(3,0,4), (4,0,4), (3,4,0), (4,4,0), (1,6,0),
(1,0,6), (0,3,4), (0,4,3), (0,4,4), (6,4,4), (4,4,6), (4,6,4) mod 7.
We claim that 4(|G3| —2) + 3 # 4 mod 7. For, suppose that 4(|G3| —

2) +3 =4 mod 7. If [N(ws) N N(z3)] < 2, then for i = 5,7, let F\) =
A((G1 —{w,z,y, 2z, 21,22, y1} — A;)/waz3) with w' as the 1dent1ﬁcat10n of
{wy, 23}, FYY = A(Gy—{21, 22} —A;), and F" —A(G3 {n1}). Then]F |>
[(4(1G1] =8 = Ai]) +3)/7], [FS”] > [(4(|Gs| —2— | A]) +3)/7] and |F{”| >
[(4(|G3| — 1) +3)/7] = (4(|Gs| — 1)+3)/7+6/7. Now GIFV U R UFR{ 4+
{w.z,y, 2} = ({w b N (EVAR) ~ (a0 (B AE)] (i w' ¢ FY) or
GI(F —w UF UF) +{ws, 23, 3,9, 2} — ({wn, b} (FY) AFSY)) — ({a1 }0
(Fl(i)AFQ(i)))] is an induced forest in G, showing a(G) > ]Fl(z)\ + ]FQ(Z)] +
IF\"| +4—2— (1—|A]). By Lemma 2.2(1) (with k = 1,a = |Gy| — 8,41 =
|Go|—2,L = {1},b1 = |Gs|—1,c=2), a(G) > [(4n+3)/7], a contradiction.
So |N(w2) N N(z3)| > 2. Then there exist a; € N(z1) N N(z2),b1 € N(y1) N
N(w1),d; € N(wz) N N(z3) and subgraphs G, G, G5, G, of G such that
G, = G2, G4 = (3, Gy is the maximal subgraph of G contained in the closed
region of the plane bounded by the cycle wwadiz3w containing N (ws) N
N(z3) — {w}, and G; is obtained from G by removing Go — {z1,a1, 22},
Gsg — {wl,bl,yl} and G4 — {w27d1,2’3}. Let D; = {dl} if i = 9,11 and
D; =0 if i = 10,12, and let D; = {d1} — D;. For i = 9,10, 11,12, let F\") =
A(G) —{w,x,y, 2, 21, 22, Y1, w2, 23} — A — D;), FQ(l) A(GY —{z1,22} — A)

FyY) = A(G, — {y1}), and F\") = A(G’ — {wn, 23} — ) Then |F{"| >
[( (|G’| — 9 — [Ail = [Di]) + 3)/7], [FS"] > [(4(IGh| — 2 — [Ai]) + 3)/7),
EY] > [(a(l6s) - 1) +3)/7] = [(4(IG3] = 1) +3)/7] = (4(IG3| - 1) +
)/7+6/7 and |FV| > [(4(1G,| — 2 — \D ) +3)/7]. Now G[F U F{Y U

RV UFY : {w,z,y,2} — ({wi, b} N (FVAFY)) — ({ar} 0 (FVAFY >))
{d1} N (F1 AF4( )))] is an induced forest in G, showing a(G) > ]Fl )\ +
IED| + |FO) + |FY) + 4 — 2 — [4] — |D;| By Lemma 2.2(1) (with k =
2,a = |G| —9,a1 = |Gy — 2,a2 = |G)| —2,L = {1},b1 = |G| — 1,¢ = 2)
a(G) > [(4n + 3)/7], a contradiction.
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Hence, 4(|G3| — 2) + 3 # 4 mod 7. Therefore, (nl,ng,ng
(1,0,0), (4,0,3), (4,3,0), (3,4,0), (4,4,0), (1,6,0), (1,0,6), (0,
mod 7.

Subcase 6.1. (n1,n2,n3) = (0,0,0),(1,0,0) mod 7.

Let Fl(l) = A((G1—{w, z,y, z}) /{y1w1, 212223 }) with w’ (respectively z’)
as the identifications of {ylawl} (respectively, {z1, z2,23}), F. (1) = A(Ga),
and F{") = A(Gg) Then [FV| > [(4(1G1| - 7) +3)/7], |FS' |> [(4]G2| +
3)/7] and [F{Y| > [(4]Gs| + 3)/7]. Let FO = Y uFpd u EY -
({21, 22,01} N (FLVAFYY) = (yn,wr, b1} 0 (FLYAFD)) where Y =
Fl(l) +{w,z,y, 2} if w2 & Fl(l); Fl(l) = Fl(l) + {w1,y1,m,y, 2} if 2 &
Fl(l),w’ € Fl(l); ?1(1) = Fl(l) +{z,y, 21,220,235} — {Z'}if w & Fl(l),z' € Fl(l);
and Fl(l) = Fl(l) +{w1,y1, 1,21, 22,23} — {w', 2} if w2 € Fl(l). Therefore,
G[FM] is an induced forest in G, showing a(G) > |F1(1)| + |F2(1)\ +4—-6>
[(4n + 3)/7], a contradiction.

Subcase 6.2. (n1,n2,n3) = (4,3,0),(4,4,0) mod 7 (respectively, (1,6,0)
mod 7).

Let Ay = A3 = () and A3 = As = {a1}. For i = 2 (respectively, i = 3),
let Fl(i) = A((G1 —{w,z,y, 2,21, 22, 23} — A;)/y1w1) with w' as the identi-
ﬁcation of {y1, w1}, FQ(i) = A(Gg — {z1, 22} — 4A;), and Féi) = A(G3). Then
A7) > [0 = 8~ Ai)) +3)/7, F37] > [(4(Ga| — 2 = |A4) +3)/7]
and |F{"| > [(4|Gs| + 3)/7]. Now G[F” U F{" U F + {w,z,y,2} —
({y1, w1, b 3N (O AFY)) = ({a}n (A AF))] (i ¢ F{") or G[(F{" -

)UF(')UF(' w2y, 2t — ({yn,we, b 0 (Y Uy, w D) ARY)) —
({ar} N (Fy AF( )))] (if w' € Fl()) is an induced forest in G, showing
a(G) > |F1’>| + |F§1 |+ |FP| + 43— 4| > [(4n +3)/7], a contradiction.

Subcase 6.3. (n1,n2,n3) = (0,4,3) mod 7 (respectively, (4,4,6) mod 7).

Let By = Bs = ) and Bs = By = {b1}. For i = 4 (respectively, i = 5),
let Fli) = A(Gq — {w,z,y, 21, 23, y1, w1 } — B; + waz), FQ(i) = A(Gy — {z1}),
and Fy) = A(G3— {y1, w1} — By). Then IFD > [(4 (|G1|—7—\B,~\)+3)/71,
[F3"| > [(4(/Ga| — 1) +3)/7], and |F{”| > [(4(/Gs| 2~ |By) +3)/7]. Now
G UFUF 4 {w. 2.y}~ ({22, a1 )N (F <'>AF<'>>> (b AF))
is an induced forest in G, showing a(G) > |F1 |+|F(l |+|F3 |+3—-2—|B;| >
[(4n + 3)/7], a contradiction.

,.[;\_/
w
~—

Subcase 6.4. (n1,n2,n3) =(4,0,3) mod 7 (respectively, (1,0,6) mod 7).
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Let Bs = B; = () and By = = {b1}. For i = 6 (resp. i = T),
let F1() = A((Gy — {w,z,vy, z, yl,wl} B;)/{z12223}), FQ(i) = A(G2), and
Fg(i) = A(Gs — {y1, w1} — B). Then |F"| > [(4(|G1| —8—1Bi]) +3)/71,
1571 2 [(4[Gol +3)/7] and |7 2 [(4(1G5| =2~ | Bi)+3)/7). Now GF{"U
FPURY 4 {w,2,y,2} — ({21, 22,a1} N (F( )AF( ") = {i}n (FOAED))
(if 2/ ¢ F(Z ) or G[(F} FY - 2') UF( g UF( +{z,y,21,22,23} — ({z1,22,a1} N
((F1Z U {zl,zQ})AFQ( ))) ({bl} N (Flz)AFél)))] (if 2/ € F( )) is an induced
forest in G, showing a(G) > ]F H—]FQ \+]F3l)]+4 3—|B;| > [(4n+3)/7],
a contradiction.

Subcase 6.5. (n1,n2,n3) = (3,4,0) mod 7.

Let Fl(g) = AG1 —{w,z,y,z1} + zy1), F(B) = A(G2 — z1) and Féi) =
A(Gs). Then [FP] > [(4(IG1] — 4) +3)/7), [F)] > [4(Gal — 1) +3)/7)
and [F{"| > [(4]Gs| +3)/7]. Now G[FP UFE® UF® + {2, 9} — {22,011 N
(Fl(S)AFQ(S))) —({w1, 41, bl}ﬂ(Fl(s)AF?fg)))}] is an induced forest in G, show-
ing a(G) > |F1(8)\ + \F2(8)| + |F3E8)\ +2—-5>[(4n+ 3)/7], a contradiction.

Case 7. [N(z1)NN(z2)| < 2,|N(22)NN(z3)| > 2 and [N (y1)NN(wy)| > 2.

There exist ¢ € N(z2) N N(z3),b1 € N(y1) N N(w;) and subgraphs
G1,Go, G such that G9 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle zzac1232 and containing
N(z2) N N(z3) — {z}, G5 is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle ww;biy;w and containing
N(y1)NN(wi)—{w}, and G is obtained from G by removing Ga—{z2, c1, 23}
and Gg—{wl,bl,yl}. Let Bz‘ = {bl} ifi = 1,2 and Bi = @ ifi = 3,4 and Bi =
{bl}—Bi. Let Cl == {Cl} if i = 1,3 and Cz = @ ifi = 2,4 and Cz == {Cl}—Ci.
For i = 1,2,3,4, let Fl(i) = A(G1 — {w,z,y, 2, 21,22, 23, y1, w1 } — By — Cj),
Fg(i) = A(Gg — {22,723} — C}), and F(A) = A(Gs — {yl,wl} — B;). Then
[F) > [(41G1 | =9 |Bi| = Cil) +3)/71, |[F5"| > [(4(|Ga| -2~ |Ci]) +3)/7]
and |F{V| > [(4 (1031— —|B; |)+3)/71 Now G[FUFRYUR? —|—{w 2y, 2} —
({cl}ﬁ(F(Z)AF ))— ({b }ﬂ( AF(l)))] is an induced forest in G, showing
a(G) > |F ]+|F ]+|F3 | + 4 — |Ci| — |Bi|. By Lemma 2.2(5) (with
a = |G1|—9 ap = |G2|—2 ag = |G3‘—2,C—4) (nl,ng,ng) = ( (‘Gll—
9) 4+ 3,4(|Gs| — 2) +3,4(/G3| — 2) + 3) = (0,0,0), (1,0,0), (4,0,3), (4,3,0),
(3,0,4), (4,0,4), (3,4,0), (4,4,0), (1,6,0), (1,0,6), (0,3,4), (0,4, 3), (0,4, 4),
(6,4,4), (4,4,6), (4,6,4) mod 7.

Subcase 7.1. (n1,m2,n3) = (0,0,0),(1,0,0) mod 7.
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Let Fl(l) = A((G1—{w, z,y, 2}) /{y1w1, 212223 }) with w’ (respectively, 2’)
as the identification of {y1,w; } (respectively, {z1, 22, 23}) ( ) = A(G2), and
BV = A(Gy). Then ] > TG —7) 4 8)/7], [FD] > [(41Gl + 3)/7],
and |F{V| > [(4|Gs| +3)/7]. Let FO .= Y U RV UFEDY — {25, 2, e1} 0
(F (I)AF ) — {yl,wl,bl} N ( % )AFél)) where ;") = Fl(l) +{w,z,y,z}
if w', 2 € F(l) F(l) = ) + {w1,y1, 2, y,z} if z’ g Fl(l),w’ € Fl(l);
?1( ) = F ) 4 {z,vy, z17z2723} {Z'}ifw & F "e Fl(l); and Fl(l) =
F1(1 +{wy,y1,, 21, 20, 23} — {w', 2’} if W z € F( ) Therefore, G[F(l)] is an
induced forest in G, showing a(G) > |F | + ]F | +4—6>[(4n+3)/7],
a contradiction.

Subcase 7.2. (n1,n2,n3) = (4,4,0),(3,4,0) mod 7.

Let F1(2) = A((G1 — {w,z,y, 21, 23}) /w1 + {w'z,waz}) with w' as
the identiﬁcation of {y1,un}, FS? = A(Gy — {z3}), and F{¥ = A(Gs).
Then FP| > [(4G1] - 6) + 3)/7], |FY] > [(4(1Gel = 1) + 3)/7] and
IF?| > [(4]Gs| + 3)/7]. Now GIFP U F® U F® +{w 2,9} — ({z2sc1} N
(FDAED)) — (wnyn. b} 0(FOAFD)] (i’ ¢ F) or GED - w)U
FéQ’UFém+{w1,yl,m,y}—<{Z2,cl}m<Ff:’>AF§2>>> <{w1,yl,b1}n<<F<2>u
{wl,yl})AF 2)))] is an induced forest in G, showing a(G) > ]F |—|—|F H—
|F \ +3—52>[(4n+3)/7], a contradiction.

Subcase 7.3. (n1,n2,n3) = (0,4,3),(0,4,4) mod 7 (respectively, (4,4, 6)
mod 7).

Let By = By = () and By = B3 = {b1}. For i = 3 (respectively, i = 4),
let F() A(G1 —{w,x,y, 21, 23, Y1, w1 } — B; +waz), F. () = A(Gy— z3), and
£ = A(Gs ~ {n.wn} — By). Then |1yY| > a6 - 7 1B + 37,
F37] > [(4(Gl —1)+3)/ﬂ and || > (( (IG3| =2 —[Bi]) +3)/7]. Now
GIFUEUFY +{w,z,y} — ({b}n(FP AF)) - <{zz,cl}m<F“>AF<”>>1
is an induced forest in G, giving a(G) > |F(Z |+ | F z)\+\F3 |+3—2—|B;| >
[(4n + 3)/7], a contradiction.

Subcase 7.4. (n1,n2,n3) = (3,0,4),(4,0,4),(6,4,4),(4,6,4) mod 7.

Let F1(5) = A(Gy — {z,y,2,21,23,Y1} + 2w), F2(5) = A(G2 — z3), and
Fy® = A(Gs—{w1}). Then [F{”)| > [(4(/G1|—6)+3)/7, [F3”| > [(4(/Ga| -
1) +3)/7] and |F\”| > [(4(/Gs| — 1) + 3)/7]. Now G[FP u FY U F{Y +
{z, 2,9} — ({br, w1} N (FOAFD)) — ({221} 0 (FPYAFY))] is an induced
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forest in G, showing a(G) > [F™| + [FSV| + |FP| +3 — 4 > [(4n + 3)/7],
a contradiction.

Subcase 7.5. (n1,n2,n3) = (4,3,0) mod 7 (respectively, (1,6,0) mod 7).
Let C¢ = Cr = 0 and C7 = Cs = {c1}. For i = 6 (respectively,
i =17), let F() = A((Gy — {w,x,y,2,21,22,23} — C;)/y1wy) with w' as

the identification of {y1,w;}, F(i) = A(G2 — {z2,23} — C;), and Fg(i) =
A(Gs). Then [F] 2 (H(G:| = 8~ Ci) + 8)/7], [F)] = [(4(Gy| -
2 — |Cy]) +3)/7] and |E{Y| > [(4|Gs| + 3)/7]. Now G[F” u F{Y U F{" +
{22} = (b ) N ART) (e} 1 (R AR))] (! ¢ FY)
or G[(F} FY - )UF()UF( + {w1,y1, 2,9, 2} — ({y1,b1,w1} N ((F ()U
{wy, yl})AF?E ))) {cr} N (FlZ AFQ( )))] is an induced forest in G, showing
a(G) > |F1i)| + |F2(l)] + |F§Z)] +4—3—1|C;| > [(4n +3)/7], a contradiction.

Subcase 7.6. (n1,n2,n3) = (4,0,3) mod 7 (respectively (1,0,6) mod 7).

Let By = By = () and By = Bg = {b1}. Fori =8 (respectlvely, i=29),let
Fl(z) A((Gl—{w x,y, z,y1, w1 }—Bj) /{z12223}) with 2’ as the 1dent1ﬁcat10n
of {21, 22, 23}, Fy' M) = A(G2), and F( D= = A(Gs—{y1,w1}—B;). Then ]F \ >
[(4(1G1|—8—|Bil)+3)/7], |F5"| > (4162l +3)/7) and 1F57] > [(4(1Gs| -
1Bi|) +3)/7]. Now G[F{? UF{) U F{" —|—{w 2y, 2} — ({bl}ﬂ(F()AF()))
({22, 23,1} N (FOAFDY) (6f 22 ¢ FPY or GIFY — 2)yu B U B +
{2,9, 21,2, 28} — ({1} (P AFSY)) — ({zz,zg,q}m«F( ez 23)) 2 AFP))]
is an induced forest in G, showing a(G) > ]F H—]FQ ]—HF?) |+4—3—|B;| >
[(4n + 3)/7], a contradiction.

Subcase 7.7. (n1,n2,n3) = (0,3,4) mod 7.

Let Fl(lo) = A(G1 — {z,y,2,9y1, 21, 22, 23 }), FQ(IO) = A(Gy — {22,23}),
and Fy'” = A(Gs — {y1}). Then [F{'”| > [(4(IG\| - 7) + 3)/7], [F3"”|
[(4(1Gs] — 2) + 3)/7] and [F{"”| > [(4(|Gs| — 1) + 3)/7]. Now F(9) =
GIF' u F"” U F 4 {zay) - (bow} 0 (FPARY)
{ear} N (Fl(l)AFQ(Z)))] is an induced forest in G, showing a(G) > ]Fl(lo)\ +
\Félo)\ + ]Fg(lo)] +3—3>[(4n+ 3)/7], a contradiction. O

v

7. Configurations around 5-vertices and 6-vertices

First, we define certain configurations around a 5-vertex or 6-vertex.

Definition 7.1. Let x be a 5-vertex in G and x1,x2, x3, T4, T5 be neighbors
of x in cyclic order around x.
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(i) x is of type 5-2-A if {z1,x3} C V3, {x2, 24,25} C V>4 such that if
N(z1) = {a}, 2], 2} and N(x3) = {ah, 24,2}, then for v € {2},
either v € Vey or Ry, 15,y # 0; and for u € {x5, 23}, either u € V<y or
Ru,{xg} 7é Q);

(ii) x is of type 5-2-B if {x1,x3} C V3,{x2, 24,25} C V>4 such that if
N(z1) = {a},2],2} and N(xz3) = {ah, 24,2}, then for v € {4, 24},
either v € Vey or Ry 15,y # 0; and o) € Vo5 and Ry 15,y = 0;

(i1i) x is of type 5-2-C if {x1,23} C V3, {x2, 24,25} C V>4 such that if
N(x1) = {2}, 2}, 2} and N(x3) = {x3, 23, x}, thenx] € Va5, Ry 15,3 =
Q), .CU% S V25 and Rzg,{xg} = (Z),'

(iv) z is of type 5-1-A if x1 € V3, {w2, 23,724,205} C V>4 such that if
N(21) = {x}, 2,2}, then for v € {x}, 27}, eitherv € Vey or Ry, (5} #

(v) x is of type 5-1-B if v1 € V3, {wa,x3, 24,25} C V>4 such that if
N(x1) = {@), 2], 2}, then x] € Vo5 and Ry (o, = 0;

(vi) x is of type 5-0 if {x1,x2,x3, 74,25} C V4.

Definition 7.2. Let v be a 6-vertex in G and v1, v9, V3, V4, Vs, Vg be neighbors
of v in cyclic order around v.

(i) v is of type 6-3 if {v1,v3,v5} C V3 and {v2,v4,v6} C V>a;
(i) v is of type 6-2-A if {vi,v3} C V3 and {v2,v4,vs,v6} C V>4,
(11i) v is of type 6-2-B if {vi,va} C V3 and {va,v3,v5,v6} C V>4;
(iv) v is of type 6-1 if {v1} C V3 and {ve, v3,va,v5,v6} C V>u;
(U) v 1S Of type 6-0 Zf {Ul,UQ,Ug,U4,U5,'U6} - V24

Lemma 7.3. The following configuration is impossible in G: x is a 5-vertex
of type 5-2-B with neighbors x1,y, x3, z,x2 in cyclic order around z, {y,z} C
Vi, xy € Vi, N(z) = {21, 22} with {z129, 2023} C E(G), {z1,22} C V4, and
xxowxix forms a facial cycle where w € V3.

Proof. Let N(w) = {x1,wi,z2}, N(21) = {z,29,51,52} and N(z3) =
{z,x3,t, s2}.

First, we claim that [N (xz1) NN (y)| < 2. For otherwise, suppose N (x1)N
N(y) = {z,p1,p2}. There exists a separation (Gp,G2) such that V(G N
G2) = {p1,p2}, {z,y,21} C V(G1), and N(p1) N N(p2) — {y, 21} € V(G2).
Let Fl(l) = A(Gy — {z,y,z1,p1,p2}), and FQ(I) = A(G2 — p2). Then |F1(1)| >
[(4(1G1| =5)+3)/7], and || > [(4(] Gzl = 1) +3)/7]. Now G[F{ UE3" +
{z1,y}] is an induced forest in G, showing a(G) > \Fl(l)] + |F2(1)\ +2 >
[(4n + 3)/7], a contradiction. Thus, let N(x1) N N(y) = {z,y1}.

By Lemma 4.1, 2oz ¢ E(G) and z123 € E(G).

~

.
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We also claim that wizo ¢ E(G). Otherwise, there exists a separation
(G1,G2) such that V(G1 N Ga) = {w1,x9,2, 22}, {z,y,w,z1} C V(G1), and
{z1, 81,82} C V(G2). Let Fl(g) = A(Gy — {wr,z2, 2, 22, w,x,21,Y,Y1}), and
FY = A(Gy — {w1, 23,2, 2,71, 82)). Then [FP| > [(4(1G1| - 9) + 3)/7],
and |F{Y| > [(4(|Ga| — 6) + 3)/7]. Now G[F®) UF® + {2, 21, 20, w, 1, y}]
is an induced forest in G, showing a(G) > ‘F1(3)| + |F2(3)] +6 > [(4n+3)/7],
a contradiction.

We further claim that sjzo ¢ E(G). Otherwise, there exists a sep-
aration (G1,G2) such that V(G1 N Ga2) = {s1, 21,22}, {z,y,w,z1,2} C
V(G1), and s2 € V(Ga). Let F(4) = A(Gy — {s1, #1,22,2}), and F2(4) =
A(Ga — {51, 21,22, 52}). Then [F"| > [(4(IG1| — 4) +3)/7], and |Fy"| >
[(4(|G2| — 4) + 3)/7]. Now G[ FYu F(4) + {z1,2}] is an induced for-
est in G, showing a(G) > |F | + ]F | + 2. By Lemma 2.2(8) (with
a = |G| —4,a1 = |G| —4,¢ = 2) (4(|G1] — 4) + 3,4(|G2| — 4) +3) =
(0,0), (0,6), (0,5), (5,0), (6,6), (6,0) mod 7. Let F<5> = A(G1—{s1,21, 29,2
2}), and F( ) = A(Gy — {s1,21,2}). Then |F”)| > [(4 (|G1| —5) +3)/7],
and |F\”| > [(4(|Ga| — 3) + 3)/7]. Deﬁne G[F ()UF( + {2z, 2}] is an
induced forest in G, showing a(G) > ]F | + ]F | +2>[(4n+3)/7], a
contradiction.

Note that s;z ¢ E(G). Otherwise, since G is simple, s1 & {x2,2}. 51 ¢
{z1,y} by Lemma 2.3 (G is a quadrangulation). s; # 3 by second claim.
Similarly, tx ¢ E(G).

We now distinguish several cases.

Case 1. [N(w1) N N(z2)| <2 and |N(s1) N N(s2)| < 2.

Let F' = A((G —{w,z, z,z21}) /{z1y, w122, $152 } + 2ou2) with u; (respec-
tively, ug, ug) as the identification of {x1,y} (respectively, {wy,x2}, {51, s2}).
Then |F'| > [(4(n—7)+3)/7]. Note u; € F’ by Lemma 2.3 since | N (u1)| = 3.
Let F' = F' +{x1,y,2,21,w} — {u1} if ug,ug ¢ F’, and otherwise, F' ob-
tained from F’ + {x1,y, 2,21, w} — {u1} by deleting {us, w} (respectively,
{us,z1}) and adding {w1,x2} (respectively, {s1,s2}) when us € F’ (re-
spectively, ug € F'). Therefore, G[F] is an induced forest in G, showing
a(G) > |F'| +4 > [(4n + 3)/T], a contradiction.

Case 2. [N(w1) N N(x2)| <2 and |[N(s1) N N(s2)| > 2.

There exist a; € N(s1) N N(s2) and a separation (Gp,G2) such that
V(G N Gy) = {s1,89,a1}, {z,y,w,z,x1,29,23} C V(G1), and N(s1) N
N(s2) — {z1} € V(G2). Let A; = {a1} and A2 = 0. For i = 1,2, let
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Fl(i) = A((G1 — {w,x, 2,21, 81, 82} — A;)/{z1y, w12} + u229) with u; (re-
spectively, uz) as the identification of {xl,y} (respectlvely, {w1,x2}), and
Fy) = A(Gy— {s1, 52} — Ai). Then [F"| > [(4(|G1|— 8 |Ai]) +3)/7], and
|F2(i)| > [(4(|G2] — 2 — |As]) + 3)/7]. Note uy € F() by Lemma 2.3 since
IN(u1)| = 3. Let F' = (F() )UF(Z)+{x1,y,z z1,w}l— ({al}ﬁ(F( AF( )))
Now G[F] (if ug ¢ Fl(‘)) or G[F — {ug,w} + {wy,z2}] (if ug € F1( )) is an
induced forest in G, showing a(G) > ]Fl(l)\ + ]FQ(Z)\ +4 — (1 —|4;). By
Lemma 2.2(2) (with a = |G1| — 8,a1 = |G2| — 2,¢ = 4), (4(|G1| — 8) +
3,4(|G2| —2) + 3) = (4,0),(0,4) mod 7.

Subcase 2.1. (4(|G1| — 8) + 3,4(|G2| —2) + 3) = (4,0) mod 7.

Let Fl(g) = A((G1 —{w,x, z,21}) /{1y, wize, s152} + zouz) with uy (re-
spectively, ug,us) as the identification of {z1,y} (respectively, {wi,z2},
{s1,52}), and F{) = A(Gy). Then [F*| > [(4(|G1| — 7) + 3)/7] and
|F2(3)\ > [(4]Ga| + 3)/7]. Note u; € F(4) by Lemma 2.3 since |N(u1)| =
3. Let F®) .= E(S) U F( ({31,32,(11} ﬂ (Fy 7 )AF( ))), where E(S) =
G 4 {z1,y,2,21,w} — uy if ug,us & F1 , and otherwise, E(S) obtained
from F1®) + {21, y, z, 21, w} —uy by deleting {u, w} (respectively, {us, z1})
and adding {wy,z2} (respectively, {s1,s2}) when ug € F1®) (respectively,
uz € F1®). Therefore, G[F®)] is an induced forest in @, showing a(G) >
|F1(3)\ + \F2(3)| +4—3>[(4n+ 3)/7], a contradiction.

Subcase 2.2. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (0,4) mod 7.

If IN(z3) N N(t)] <2, let F1(4) = A((G1 — {s2, 22, 2, 21, 22}) w3t + slx)
with u as the identification of {z3,t}, and F2(4) A(Ga—{s2}). Then \F ] >
[(4(1G1| = 6) +3)/7]. and [F3"] > [(4(Cal = 1) +3)/7]. Let F = F¥ U
BV 1 {2,212} — ({s1,a1} 0 (FYAFY)). Now GF] (if u ¢ F{V) or
G[F — {u, 22} + {z3,t}] (if u € F1(4)) is an induced forest in G, showing
a(@) > |[FV| + |[FY| + 3 -2 > [(4n + 3)/7], a contradiction.

So, |N(x3) N N(t)| > 2. There exist by € N(z3) N N(t) and subgraphs

1, G5, G4 such that G = Go, GY% is the maximal subgraph of G contained in
the closed region of the plane bounded by the cycle zox3b1t2z2 and containing
N(z3)NN(t)—{22}, and G} is obtained from G by removing G5 —{s1, s2, a1 }
and G% — {x3,b1,t}. Let Bs = {b1} or Bs = (). For i = 5,6, let Fl(i) =
A(G) —{z, 21,22, 82, 3, t, T2} — B; + s1), Fz(i) = A(Gh —{s2}), and F3(i) =
(G — s, 1} — Bi). Then |F{"| > [(4(GY| = 7~ |Bi]) + 3)/7], |F"| >
[(4(1G5| =1)+3)/7] = [(4(|G2| =1)+3)/7] = (4(|G2| =1) +3)/7+6/7, and
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7] > (4 (G4 | ~2~|B) +3)/7]. Now G[ FOUF UF +{2,21,2) -
({s1,a1} N ( )) ({b N ( ))} is an induced forest in G,
showing a(G) > |F )y+yF |+ |FP |+3 - (1—|B;|) > [(4n+3)/7]. By
Lemma 2.2(2) (with a = |G| — 7,a1 = |G4| — 2,¢ = (4(|G2| — 1) +3)/7 +
6/7+1), (4(|G1| —7)+3,4(|G5] — 2) + 3,4(|G5| —2) +3) = (0,4, 4), (4,4,0)
mod 7.

If (4(|G%| — 7) +3,4(|GL| — 2) +3,4(|G4| —2) +3) = (4,4,0) mod 7, let
Flm = A((G} — {z, 21, 22, S2, x2}) /3t + s12) with u as the identification of
{w3,t}, Fy” = A(Gh — {s2}), and F{" = A(Gh). Then |F{"| > [(4(/G}| -
6)+3)/71, |[F3"| > [(4(1G4| = 1)+3)/7], and [F5(7)| > [(4]G4|+3)/7]. Now
GIFPuF" U FE" + {z, 21,2} — ({s1,a1} N (Fl(7)AF2(7))) — ({t, by, 23} N
(FOAFEM)) Gt w ¢ F7) or GIFT — )u FOUFED 4 {2, 21, 25,t} —
({s1, a1} N (FV AFY)) = ({t, b, 2} 0 (F] +{x3,t}>AF >>>1 (ifue F< >>
is an induced forest in G, showing a(G) > |F | + |F | + |F | +3-

[(4n + 3)/7], a contradiction.
If (4(|G)| = 7) +3,4(|GY| — 2) +3,4(|G4| —2) +3) = (0,4,4) mod 7, let
= A((G’l — {2, 29,89, 23})/x21) with u as the identification of {x, 21},
FY = AGY ~ {o}), and FY = AGY ~ {az}). Then IR > [(4(64) -
5)+3)/7], IF | > [(4(1Gy| —1)+3)/71 and [F§¥)| > [(4(IG}| - 1) +3)/7].
Let F = F® UFR® UF® 4 {2, 20} — {s1,a1} 0 (FOAF®)) — ({01} 0
(FOAF®)). Now G[F] (ifu ¢ F®) or G[F - {u 2} —i—{x 21}] (ifu e F®)
is an induced forest in G, showing a(G) > |F®| + |[F¥| + ]F N+2-4>
[(4n + 3)/7], a contradiction.

Case 3. |[N(w1) N N(z2)| > 2.

There exist ¢; € N(w;) N N(z2) and a separation (Gp,G2) such that
V(G1 N Ga) = {wr,x2,c1}, {x,y,w,z,x1,23, 21, 22, $1,52} C V(G1), and
N(w1)NN(z2) —{w} C V(G2). By the fourth claim, s;z2 ¢ E(G). Let C; =
{c1} and Cy = 0. For i = 1,2, let Fl(i) = A(G1 — {w,z, w1, 29,2, 21,82} —

Ci)/x1y + s122) with u as the identification of {z1,y}, and F2(i) = A(Gg -
{wy,x2} — C;). Then ]F | > [(4(|G1| — 8 — |Ci]) + 3)/7], and |F ] >
[(4(1Ga| -2~ |Ci]) + 3)/7}. Note u € F” by Lemma 2.3 since | N (u)| = 3.
Now G[(Fl(i)—u)UF ) {w, xl,y,z zl} ({cl}ﬁ(Fl(i)AFQ(i)))] is an induced
forest in G, showing a(G) > ]Fl |+ ]F |+4 (1—1C;]). By Lemma 2.2(2)
(with a = |G1]| = 8,a1 = |G2| —2,¢ =4), (4(|G1| —8) +3,4(|G2| —2) +3) =
(4,0),(0,4) mod 7.
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Subcase 3.1. (4(|G1| — 8) +3,4(|G2| —2) +3) = (4,0) mod 7.

If IN(s1)NN(s2)| < 2, then let FI(S) = A((G1—{w,x, z,21}) /{z1y, w122,
s182} 4 zoug) with u; (respectively, ug, us) as the identification of {x1,y} (re-
spectively, {w1,x2}, {s1,s2}), and F2(3) = A(G3). Then |F1(3)| > [(4(|G1| —
7)+3)/7], and |FS| > [(4]Go|+3) /ﬂ Note u; € F{'” by Lemma 2.3 since
IN(u1)| = 3. Let FO =7y P ({wl,xg,cl}ﬁ FEDAFP)), where
?( ) = = 0 4 {:z:l,y,z z1,w} — uy if ug,ug & F , and otherwise, ?1( )
obtained from F;® + {z1,y,2,21,w} —u1 by deletlng {ug,w} (respectively,

{us, z1}) and adding {wy, 22} (respectively, {s1,s2}) when uy € F;®) (re-

spectively, uz € Fy (3)). Therefore, G[F®)] is an induced forest in G, showing
a(G) > ’F1(3)| + |F2(3)\ +4—3>[(4n+ 3)/7], a contradiction.

So [N (s1) N N(s2)| > 2. There exist a; € N(s1) N N(s2) and subgraphs

5, G such that G = G2, GY is the maximal subgraph of G contained

in the closed region of the plane bounded by the cycle z1s1a15221 and con-

taining N(s1) N N(s2) — {z1}, and G} is obtained from G by removing

G4y — {w1,z2,w} and G§ — {s1,a1,s2}. Let Ay = {a1} and A5 = 0. For

i = 4,5, let Fl(z) = A(G) — {w,z, 2z, 21,81, 82} — Ai)/{z1y, w122} + u222)

with uy (respectively, ugz) as the identification of {z1,y}, F(z) = A(GY)), and

A(GY = {s1,50} — Ai). Then [F{"| > [(4(IG}| - 8 — |Ai]) + 3)/7],

|F“r > [(413] + 3)/7] = [(WIGa] + 3)/7] = (AIGs| + 3)/7 + 6/7, and
IFSD| > [(4(1GY] — 2 — |Ai]) + 3)/7]. Note uy € F\” by Lemma 2.3 since
]N(ul)\:3 Now G[(F; FY - )UF(Z)UF —|—{x1,y,z z1,w}—({wi, e, c1}N
(F{"AF)) - <{a1}m<F“>AF<”>>] (if up & F{" ) or GI(F}” — {u1,us}) U

FQ()UF3 —l—{xl,y,z 21, W1, Lo} — ({wl,xg,cl}ﬁ((Fl(l)U{wl,xg})AFél)))—
({a1} N (F AF(l)))] (if ug € F1() ) is an induced forest in G, showing
a(@) > [F) 4+ |FP| +4 -3 — (1 - |4]). By Lemma 2.2(2) (with a =
|G| —8,a1 = |G4] —2,¢ = (4|Ga|+3)/T+6/T+1), (4(|G}| —8) + 3, 4(|G4| —
2)+3,4(|G5| —2) +3) = (4,0,0),(0,0,4) mod 7.

If (4(|Gh| —8) + 3,4(|G5| — 2) + 3,4(|Gs| — 2) + 3) = (4,0,0) mod 7,
let F1(6) = A((G] —{w,z,z,21})/{z1y, w12, S152} + 2z2u2) with u; (respec-
tively, ug, ug) as the identification of {x1,y} (respectively, {w1, 2}, {51, s2}),

FyY = A(G)), and F® = A(G’) Then |F”| > [(4(|G}| — 7) + 3)/7],
|F )| > 1(4Gy| +3)/7], and |F®| > [(4|G4| + 3)/7]. Note u; € F\” by
Lemma 2.3 since |N(u;)| = 3. Let F©) .= F 1(6)UF2( )UF?)( )—({wl,ajg,cl}ﬂ
FVAED)) — ({51, 52, a1} N (F O AFEDY), where 7Y = B O) 4 {21,y »

1 9 1,52, 01 1 3)), 1 1 LY, 2,

zi,w} — up if ug,ug & F1(6), and otherwise, Fl((s) obtained from F;©) +
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{z1,y, 2, z1,w} — u; by deleting {ug, w} (respectively, {us, z1}) and adding
{w1, x5} (vespectively, {s1,s2}) when uy € F1(®) (respectively, uz € Fy©).
Therefore, F( is an induced forest in G, showing |F1(6 | + |F2(6)] + |F:,S6 | +
4—6> [(4n+3)/7], a contradiction.

If (4(|GY] — 8) + 3,4(|G5| — 2) + 3,4(|G4] — 2) + 3) = (0,0,4) mod 7,
let Flm = A((G} — {w1,x2,w,x, 2, 21,1, 82} + s122)/x1y) with u; as the
identification of {1, y}, F2(7) = A(GL, —{w1,z2,c1}), and F(7) A(GY, —82)
Then [F{"| > [(4(Gy|=9)+3)/71, |F3”| > [(4(1G4| ~3)+3)/7], and [ F5”| >
[(4(|G%] — 1) +3)/7]. Note u; € Flm by Lemma 2.3 since ]N(ul)] = 3. Now
G[(Flm —uy) U F2(7) U F:)E?) + {z1,y,2, 21, w} — ({sl,al} N (Fy )AF( )))]
an induced forest in G, showing a(G) > |F1(7)] + |F2 | + ]Fg | +4-2>
[(4n + 3)/7], a contradiction.

Subcase 3.2. (4(|G1| — 8) + 3,4(|G2| —2) +3) = (0,4) mod 7.

If [N(z3) N N(8)] < 2, let F®) = A((Gy — {z, 21, 22, 70, 52} + xsl)/xgt)
with u as the identification of {xg, t}, and F2(8) = A((G2—x2). Then |F | >
[4(1C11 =)+ 3)/7, and 1] > [(4(1Ca| = 1) +3)/7). Let F = VU
B 4 {z, 21,2} — ({wn, e} 0 (FOAFY)). Now GIF] (if u ¢ FP) or
G[F — {u,z2} + {z3,t}] (if u € Fl(g)) is an induced forest in G, showing
a(G) > |F1(8)\ + |F2(8)| +3—22>[(4n+ 3)/7], a contradiction.

So |[N(z3) N N(t)] > 2. There exist by € N(x3) N N(t) and subgraphs

b, G such that G5, = G, GY is the maximal subgraph of G contained in
the closed region of the plane bounded by the cycle zox3b1tzo and containing
N(z3)NN(t)—{22}, and G is obtained from G by removing G, —{w1, z2,¢1}
and G, {ﬁg,bl,t} Let Bg = (Z) and BlO = {bl} For ¢ = 9 10 let F()
A(G) —{z, 21, 22, 2, 2, 23, t} — B; + x51), Fz() A(GY — {x2}), and F()
A(GY — {ws,t} — Bi). Then [F{| > [(4(|G}| -7 — \B ) +3)/7, 1F)] >
[(4(1Gy| =1)+3)/7] = [(4(|G2| =1)+3)/7] = (4 (\G2\—1)+3)/7+6/7 and
IFD| > [(4(1G4] =2 |Bil) +3)/7]. Now GIFP U R U R + (2,21, 22 —
({er, w1} N (F ()AF( ) — ({bl} N (FAFM))] is an induced forest in G,
showing a(G) > \F | + |F2 | +3—-2—(1—|B;]). By Lemma 2.2(2) (with
a= |G —=T7,a1 =|Gs —2,¢c=(4(|G2| — 1) +3)/7T+6/7T+ 1), (4(|G}| —
7) + 3,4(]G’2] —2)+ 3,4(\Gg\ —2)+3)=(4,4,0),(0,4,4) mod 7.

If (4(|GY) = 7) + 3,4(|G5] — 2) + 3,4(|G5| —2) + 3) = (4,4,0) mod 7, let

(H) = A((G| — {2, 21, 22, T2, s2} + xs1)/x3t) with u as the identification of
{:Ug,t} M = A(G/ — 1), and F{"Y = A(G}). Then |[FMY| > [(4(|GY| -
6)+3)/7], 1F3"| > [(4(1 G5l 1) +3)/7], and [F5"| > [(4]G5] +3)/7]. Now
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G[Fl(n)UFz(H)UF?)(H)—|—{z,z1,22} ({wr, e} (F “)AF(“ ))—({xg,t,bl}ﬂ
(FM AR >))] (ifu g F'V) or G(FMY — )UFQ( DUEM 4 {2, 21, 03,1} —
({wn, e} 0V (FVAFY) = (st b} 0 (Y + {xg,t}mFé“)))] (if u €
Fl(u)) is an induced forest in G, showing a(G) > |F1(11)| + |F2(11)| + |F3(11)] +
3—5>[(4n+ 3)/7], a contradiction.

o (4(|GY] = T7)+3,4(|G5| —2) + 3,4(|G5| —2) +3) = (0,4,4) mod 7. If
|N(z2) NN (s1)| <2, let Fl(lz) = A((GL UG, —{z, 21,22, 82, x3}) /2281 + 2t)
with u as the identification of {z9,s1}, and F2(12) = A(G5 — {x3}). Then
F{] 2 [(4((n +3 — |G4]) — 6) +3)/7], and |F3™)| > [(4(|G5| ~ 1) +3)/7].
Let F = FM UFM™ 4 (2,21, 20} — ({br, 0 (PP AFM)). Now GIF] (it
u ¢ Fl(lz)) or G[F —{u,z1} + {x2,s1}] (if u € F1(12)) is an induced forest in
G, showing a(G) > [F!?| + |F{*| +3 -2 > [(4n+3)/7], a contradiction.
So |N(x2) N N(s1)|] > 2. There exist e1 € N(xz2) N N(s1) and subgraphs

1 4, G such that G = 4 = G4, G is the maximal subgraph of
G contamed in the closed region of the plane bounded by the cycle z1z2e15121
and containing N (s1)NN(z2)—{z1}, and GY is obtained from G by removing

{’wl,l‘Q,Cl} Gg {33‘3, bl,t} and GZ—{Sl, 9, 61}. Let E13 = @ and E14 =
{el} For i = 13,14, let F() = A(GY — {z, 21, 22, 2, 81, $2, 23} — E; + xt),
B = (G” {22})), B\ = A(GY—{x3}), and F(’) A(GY—{s1,29} — E)).
Then |F}”| > [(4 (\G"| 7= !E ) +3)/71, |F] > (4 (\G”! —1)+3)/7] =
(4164 — 1) +3)/7] = ((CH — 1) +3)/7 +6/7, [F] > [(4(1CH) ~ 1) +
3)/7) = [(4(1G4| = 1) +3)/7] = (4(G4| — 1) +3)/7 +6/7. and |F}"| >
[(4(|GY|—2—|E;|)+3)/7]. Now G[FUUF(')UFM{Z 21, 20} — ({wy, e} N
(FOAF)) = (o1, 8y 0 (FOAFD)) = ({er }m( AF4( )))] is an induced
forest in G, showing a(G) > |F1 ]+|Fz)\+|F3 H—]F4 |[+3—-2—(1—|E;]).
By Lemma 2.2(1) (with k = 1,a = |GY| — 7,a1 = |G| — 2, L = {1,2},b; =
|G| —1,b0 = |G4| — 1,¢ = 1), a(G) > [(4n + 3)/7], a contradiction. O
Lemma 7.4. The following configuration is impossible in G: x is a 5-vertex
of type 5-1-B in G with neighbors y1,ys,y4,Yy2,y5 n cyclic order around
T. TYWYRYIT, TYLYLY2x, TY121YsT, TY2z2ysx are facial cycles. {y1,y2} C
Vi, {z1, 22,95, 94} € V3, N(21) = {y1, 95, w1} and N(22) = {y2, y5, wa}.
Proof. Let N(y1) = {z,z1,v4,v,} and N(y2) = {z, 22, Y}, ¥4}

First, we claim that wix ¢ E(G). Otherwise wixz € E(G). Since G
is simple, w1 & {y1,y5}. If w1 = yo and 11y}, € E(G), then let F' =
A(G —{21,22,%,y5,y2} +119})- Then |F'| > [(4(n—5)+3)/7|. Now G[F' +
{21, 22,y2}] is an induced forest in G, showing a(G) > |F'| +3 > [(4n +
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3)/7], a contradiction. If wy = y2 and y1y) € E(G), let F/ = A(G —
{z1, 22, 2,95, 92, y1, Y4 }). Then |F'| > [(4(n—T7)+3)/7]. Now G[F' + {21, 22,
y2,y1}] is an induced forest in G, showing a(G) > |F'|+4 > [(4n + 3)/7],
a contradiction. If w; = ys, then since G is plane, there exists a separation
(G1,G2) such that V(G1 N G2) = {z1,y1,93}, ¥§ € V(G1), and {z,y5} C
V(Ga). Let F\V = A(Gy — {z1,45)), and F{" = A(Ga — {2191, 43, y5})-
Then |F{V| > [(4(IG1| - 2) + 3)/7], and [E{"| > [(4(Ga| - 4) + 3)/7].
Now G[Fl(l) U FZ(I) + {z1}] is an induced forest in G, showing a(G) >
IFY| + |FY] + 1. By Lemma 2.2(7) (with k = 2,a; = |G| — 2,02 =
|Ga| =4, c=1), (4(|G1]| —2)+3,4(|G2| —4)+3) = (0 6),(6,0),(0,0) mod 7.
Let F* ) = A(Gi—{z1,y1,y3}) fori = 1,2. Then |F%| > [(4(|Gs|-3)+3)/7].
Now G[F; r? F(Q) + {z1}] is an induced forest in G, showing a(G) >
\F |+ |F \+ 1> [(4n+3)/7], a contradiction. If wy = yq4, then since G is
plane, there exists a separation (G1, G2) such that V(G1NG2) = {z1,z,ys},
Y1 € V(Gl), and {yg,y5} - V(Gg) Let F() = A(Gl — {zl,x,y4,y1}),
and F<3> A(Gy — {z1,54}). Then |F®)| > [(4(|G1| — 4) + 3)/7], and
IE| > [(4(1Gs| — 2) + 3)/7]. Now G[F®) U F® + {z1}] is an induced
forest in G, showing a(G) > |F1(3)| + |F2(3)] + 1. By Lemma 2.2(7) (with
k=204 = ’Gﬂ —4,a9 = ’GQ’ —2,c = 1), (4(‘G1’ — 4) + 3,4(’G2’ —
2) +3) = (0,6),(6,0),(0,0) mod 7. Let F{Y = A(Gy — {21, 7, y4}) and
F{Y = A(Gy — {21, 7, y4}). Then |FY| > [(4(|G1| —3) +3)/7], and |F{Y| >
[(4(]G2] —3) +3)/7]. Now G[F1(4) U F2(4) + {z1}] is an induced forest in G,
showing a(G) > |F1(2)\ + ]F2(2)|—|—1 > [(4n+3)/7], a contradiction. Similarly,
waz & E(G).

Secondly, we claim that |N(y}) NN (y5)| < 2. Otherwise, there exist a; €
N(yy)NN(y4) and a separation (G, G2) such that V(G1NG2) = {y}, ¥4, a1},
{2, 91,92, 93,91, 95} € V(G1), and N(y)NN (gh) —{y1} C V(Ga). Let £V =
A( —{v1,v5,a1,y1,21,Y5 } + wiz), and F( ) = A(Ge —{y1,v5,a1}). Then
ALY > [(4(!G1| ~6) +3)/7], and |F}"| > [(4(Gs| - 3) + 3)/7]. NOW
G[F(I)UF( +{21,y1,y3}] is an induced forest in G, showing a(G) > |F |+
\F | +3 > [(4n + 3)/7], a contradiction.

Now we prove the lemma. If [N(y5) N N(yy)| < 2, let F/ = A((G —

{21, 22,91, 92, u5})/ {V1v5, vhvh} + {wiz, wex}) with uy (respectively, uz) as
the identification of {y{, 4} (respectively, {y5,y}}). Then |F’'| > [(4(n—7)+
3)/7|. Let F = F' +{z1,29,9y1,y2} if u1,us € F’, and otherwise F obtained
from F’ + {z1,22,y1,y2} by deleting {u1,y1} (respectively, {ua,y2}) and
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adding {v},y5} (respectively, {v),v4}) when uy € F” (respectively, uy € F”).
Therefore, G[F] is an induced forest in G, showing a(G) > |F'| +4 >
[(4n + 3)/7], a contradiction.

So, |N(y4) N N(yy)| > 2. Let By = {b1} and By = (). There exist b; €
N(y5)NN(y}) and a separation (G, Ge) such that V(G1NG2) = {v5, v}, b1},
{z,y1,92, 3,94, 45} € V(G1), and N(yp) N N(y}) — {2} € V(Ga). For i =
1,2, let Fl(l) = A((G1—{=1, 22, Y1, Y2, Y5, Y5, Yy } — Bi) /Y ys+{wiz, wex }) with
u as the identification of {y},v5}, and F2(i) = A(G2 — {9},y}} — Bi). Then
A7) > [(41G1|-8—[Bil)+3)/7], and | " | > [(4(|Ga|—2—|Bi|)+3)/7]. Let
F=FY0F" + {21, 2, 91,52} — (b1} n(FPAFD)). Now G[F] (u & F”)
or GIF — {u Y1} + {vi,v5}] (u e Fl(z)) is an induced forest in G, showing

a(G) > ]Fl H—]FQ |+4—(1—|B;|). By Lemma 2.2(2) (with a = |G1|-8,a1 =
|Ga| —2,c=4), (4(|G1| — 8) + 3,4(|G2| — 2) + 3) = (4,0),(0,4) mod 7.

If (4(|G1| — 8) +3,4(|G2| — 2) +3) = (4,0) mod 7, let F*) = A((G —
{z1, 22, y1, 92,5 })/ {vivh, vhys} + {wiz, wex}) with u; (respectively, ug) as
the identiﬁcation of {y},y4} (respectively, {v},v4}), and FQ(S) = A(G3). Then
FO| 2 (4G - 1)+ 3)/7], and [F®)] > [(4IGa| + 3)/7). Let FO =
F( )UF2(3 —({bl,yfl,yé}ﬁ(ﬁ(s)AFz(g))), where 71(3) = %) 4{z1, 20,1, 42}
if uy,us € F', and let ?1(3) obtained from Fy®) + {z1, 22, y1, y2} by deleting

{ui,y1} (vespectively, {u2,y2}) and adding {y},vy5} (respectively, {v5,v,})
when u; € F' (respectively, uy € F'). Therefore, G[F®)] is an induced forest

in G, showing a(G) > |F,®)|+|F,®)|+4—3 > [(4n+3)/7], a contradiction.
o (4(|G1] — 8) + 3,4(|G2] —2) + 3) = (0,4) mod 7. If ysy5 € E(G),
let F1(4) = A(Gy — {x,ya, Y}, Y2, 22, w2 } + ys5y4), and F2(4) = A(G2 — {y,})-
Then |Fy"| > [(4(G1| - 6)+3)/7], and |Fy”| > [(4(|Ga| — 1) +3)/7]. Now
G[Fl(4) U F2(4) +{ya, y2, 22} — ({b1,¥5} N (F1(4)AF2(4)))} is an induced forest in
G, showing a(G) > \Fl(4)] + |F2(4)\ +3—22>[(4n+ 3)/7], a contradiction.
So, ysy5 € E(G), then there exists a separation (G}, G%) such that
V(GY N GLY) = {vh, ys, 22}, {x,21,y2, 93,94} C V(G)), and we € V(GY). Let
Fl(s) = A((Gy—{¥5, ys, 22, 21, y1}) /Y ys+wix) with u as the identification of
{04, v4) and F3¥ = A(Gh ~ {uh. 15, 2)). Then |17 = [(4(1Ga| =6) +3)/7).
and [F”] > (( (IGa| —3) +3)/7]. Let F = F® UF® + {21, 29,31} Now
GIF) (ifu g F™) or GIF — {u,y1} + {y), 04} (if u € F1(5)) is an induced
forest of size a(G) > \Fl(m\ + \FQ(S)] +3 > [(4n +3)/7], a contradiction. [
Lemma 7.5. The following configuration is impossible in G: x is a 5T -vertex
in G with neighbors x1,x2,x3, ..., Ty in cyclic order around x. {z1,x} C
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‘/3} N(l’]_) - {xvzlvyl}; N(I‘k) = {.T,ZQ,yQ}, and {yl$2ay2xk—1} g E(G)
Moreover, for v € {y1,21}, either v C Veyq or Ry 5y # 0; and for v €
{y2, 22}, either v € Vey or Ry (5,1 # 0.

Proof. By Lemmas 4.3, 4.4, we may assume that {y1,z1,y2,22} C Vj. Let

N(z1) = {21, 21, Tm, wi}, N(y1) = {21, w1, 22,91}, N(22) = {23, Tk, Tp41, wa },
and N (y2) = {zk, w2, x—1,95}. By Lemma 4.1, z129 € E(G), y12m € E(G),
zap-1 ¢ E(G), and yowiy1 € E(G).

Claim 1. ziz & E(G), yijz € E(G), zhx & E(G) and yha & E(G).

For, suppose zjz € E(G). Then there exists a separation (G1,G2) of
G such that V(G1 N Ga) = {z, 21,21}, N(x) N N(z1) — {z1} € V(G;) and
{z1,91} C V(Ga). If [IN(w1) N N(y})| < 2, let F1 = A((G1 — {=z, z1, 2}, x1,
y1})/wiyy) with u as the identification of wy and yj, and F» = A(Ga —
{z,21,21}). Then |F1| > [(4(|G1|—6)+3)/7], and | Fy| > [(4(|G2|—6)+3)/7].
Let F' = F1 U Fy + {z1,21,y}. Now, G[F] (if u & Fy) or G[F — {u,y1} +
{w1,v}}] (if w € Fy) is an induced forest in G, showing a(G) > |F1| + |F2| +
3> [(4n+ 3)/7], a contradiction.

So |N(wi) N N(y})| > 2. Then there exist a; € N(w1) N N(y}) and
subgraphs G|, G5, G% of G such that G, = Go, G% is the maximal subgraph of
G contained in the closed region of the plane bounded by the cycle ywiaiy1y
and containing N (y; )N (w1)—{y1}, and G} is obtained from G by removing
GH—{z], z1, 2}, and G5—{v}, a1, w1 }. Let A} = {a1} and Ay = ). Fori =1, 2,
let Fl(i) = A(G) —{z, 21, 24, x1,y1, w1, 9  } — Ai), F. (i) = A(GY —{z, 21,21 }),
and Fy) = A(GY—{w1, ]} — A)) . Then, D) > TG~ | Ad) +3)/7],
P12 (4G5 3) +8)/7],and |1 2 [(4(1GE) ~2—| ) +3)/7]. Now,
Fl( Dy F2( Dy Fg(i) + {21, 371, Y1} — ({al} ﬂ (F} AFg( ))) is an induced forest in
G, showing a(G) > |F )|+ |F2 |+ |F3 ]+3 (1—|A4;|). Let (n1,n2,n3) :=
(4(|Gy|-7)+3,4(]GL]—7)+3,4(|G5|—7)+3). By Lemma 2.2(2), (n1, ng, ng) =
(4,0,0),(0,0,4) mod 7.If (n1,n,n3) = (4,0,0) mod 7, let F>) = A((G}—
{x,zl,zi,xl,yl})/wly’l) with u as the identiﬁcation of wy and yj, F2(3) =
A(G, — {z, 21, 1)), and F¥ = A(G5). Then, A > [(4(1G5] - 6) +3)/7],
I2% | > [(4(1GY| — 3) +3)/7], and |F{")| > ((4\@ y +3)/7. Now. G[Fl(3) U
FPY U B 4 {0, m) — (o gh,ank 0 (FPARED))] (it w ¢ FY) o
GIFPUE UFS 4z, 1w, 0}~ <{w1,y1,a1}n<< >u{w1,y1}>AF< )
(if u € F( )) is an induced forest in G, showing a(G) > |F | + |F | +
\F |+ 3—3 > [(4n + 3)/7], a contradiction. If (ny,nq,n3) = (0,0,4)
mod 7, let F1(4) = A(G) — {z,z1, 2], x1,w1}), F2(4) = A(G, — {x,z1,21}),
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and F{) = A(G} — wi). Then, [F{V| > [(4(G}| - 5) + 3)/7], [F{"| >
(G — 3) +3)/7], and ] > [(4(Gh| — 1) + 3)/7]. Now, GIF{" U
F2(4) U F3(4) +{z1, 21} — {y,aa} N (F1(4)AF3(4)))} is an induced forest in G,
showing a(G) > |F1(4)|+|F2(4)|—|—|F§4)]+2—2 > [(4n+3)/7], a contradiction.
By symmetry, we have yjz & E(G), zhx ¢ E(G) and yhx ¢ E(G).

Claim 2. If IN(y}) N N(w1)| > 2, |[N(2}) N N(w1)| > 2, and there exist
a1 € N(yy) N N(wy) and a separation (G1,G2) such that V(G1 N Gg) =
{wlﬁyival}/ {«Tl,yl} C V(Gl); and N(yi) N N(wl) - {yl} - V(G2)7 then
4(|Gs| —2) +3#4 mod 7.

For, suppose 4(|G2] —2) +3 = 4 mod 7. There exist a1 € N(yj) N

N(wy),b1 € N(z}) N N(w;) and subgraphs G, 5 such that G, = G,
G4 is the maximal subgraph of G contained in the closed region of the
plane bounded by the cycle zlziblwlzl and containing N (zi) N N(wy) —
{z1}, and G is obtained from G by removing G4 — {y},a1, w1}, and G§ —
{2},b1,w1}. Let By = {b1} and By = 0. If [N(y}) N N(z2)| <2, for i = 1,2,
let Fl(l) = A((G} — {z1,y1, 21, w1, T} — Bi)/yixe + 2ix) with u as the
identification of {y,z2}, Fz(l) = A(Gy — w1), and F3Z) = A(G4 — wy — By).
Then [F{"| > [(4(GY| — 6 — [Bi[) + 3)/7], |F§"| > [(4(G)| — 1) +3>/ﬂ
and [F\"| > [(4(/G4| — 1 — |Bi|) + 3)/7]. Now G[F()UF()UF()UF()+
{or 2} = (i a ) NV ARD) = ({4, by 0 (FVAFD)) (fu g KY)
or G[(FY —w)yu Ay U FY U F() {xl,zl,yi,xg} ({y}, a1} N ((F} P 4
y;)AFZ@)) ({2}, by} m (F(MF(’)))] (if u ¢ F) is an induced forest in
G, showing a(G) > |F )|+ |F )| +3—3—(1—|By|). By Lemma 2.2(1)
(with k = 1), a(G) > [(4n + 3)/7], a contradiction. Thus, |N(y}) Nxa| > 2.
Similarly, |N(2]) N N (x,)| > 2.

So |[N(y}) N N(z2)| > 2 and |[N(2]) N N(xy,)| > 2. There exist ¢; €
N(y;) N N(x2),dy € N(24) N N(xy,) and subgraphs G{", Gy, GY, G, GY
of G such that GY = G, GY = G4, G is the maximal subgraph of G
contained in the closed region of the plane bounded by the cycle 212} dyxm21
and containing N(z{) N N(zp,) — {21}, G¥' is the maximal subgraph of G
contained in the closed region of the plane bounded by the cycle y1y]c12211
and containing N (y])NN (z2)—{y1}, and GY is obtained from G by removing
Gy—{yi, a1, wit, G5—{21, b1, wi}, Gi—{21, d1, @} and G5 —{yy, c1, x2}. Let
B; C{b1},C; C{c1},and D; C {d;}. For each choice of B;, C;, D;, let Fl(z) =
A(GY {1,901, 21,01, 24, Y, o, 0}~ B —Ci—Dy), By = A(GY —{w1, 4},
Fy) = AGY — {wr, 24} = B)), F} = A(GY ~ {m, 51} — D), and F) =
A(GY ~{a2,94} — Cy). Then | F{"| > [(4(|G| ~8~ |Bi| ~|Ci| — | Dil) +3) /7],
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1BV > [(4(GY|—2)+3)/7] = [(4(|G’2|—2)+3)/71 = (4(|G’|— 2)+3)/7+
3/7, IF:Q | > [(4(GY -2~ |Bil)+3)/71, |F{?| > [(4(GY| -2~ |Di]) +3)/7],
and [F{V] > [(4(1GY) — 2 — |Ci]) + 3)/7]. Now G{FUUF@UFUUF“

F 4 {z1, 21,01} = ({an} 0 (BOARD) = (b1} 0 (B AEY)) = ({er} 0
(F' 1( )AF4( ))) {dq }ﬁ(Fl( )AF5( )))] is an induced forest in G, showing a(G) >
|+ [+ ) |+ B4 RO |4+3—1- (1= Bl ) - (1= |Ci) — (1= [ Dy]). B
Lemma 2.2(1) (with k = 3,a = |G| — 8,a2 = |GY'| — 2,a3 = |G| — 2,a4 =
|GY|—2,L = {1},b1 = |GY'|—2,¢ = 2), a(G) > [(4n+3)/7], a contradiction.

Now we distinguish several cases.

Case 1. Either [N(2]) N N(w1)| <2 or |[N(yy) N N(wy)| < 2; and either
[N (25) NN (w2)| <2 or [N(ys) N N(wz)| < 2.

We may assume that |[N(y}) N N(wq)|] < 2 and |[N(y5) N N(w2)| < 2.
Let F' = A((G — {z1, 2k, y1, y2, 2}) /{y w1, vhwa} + {z122, 2021 }) with uy
(respectively, ugz) as the identification of {y;, w1} (respectively, {yh,wa}).
Then [F'| > [(4(n —7) 4+ 3)/7]. Let F = F' + {x1, x5, y1,y2} if ug,us & F’,
and otherwise F' obtained from F' + {z1, zk,y1,y2} by deleting {y1,u1} (re-
spectively, {y2,u2}) and adding {y}, w1} (respectively, {vh, wa}). Therefore,
F is an induced forest in G, showing a(G) > |F'| +4 > [(4n + 3)/7], a
contradiction.

Then, we have (both |N(z}) N N(wy)| > 3 and |[N(y}) N N(wy)| > 3)
or (both |N(z5) N N(w2)| > 3 and |N(y5) N N(w2)| > 3). Suppose |N(z]) N
N(wq)| >3 and [N(yy) N N(wy)| > 3.

Case 2. |[N(z5) N N(w2)| <2 or |[N(yh) N N(ws)| < 2.

We may assume | N (y4)NN (w2)| < 2. There exist a; € N(y})NN(w) and
a separation (G1, Ga) of G such that V(G1NG2) = {w1,y}, a1}, {z, z1, 22, x3,
21,22} € V(Gy), and N(y}) N N(w1) — {t1} C V(G2). Let Ay = 0 and

= {a1}. For i = 1,2, let Fl(z) = A((Gy1 — {z1, 2k, Y1, Y2, T, Yy, w1} —
A;) /yhwe + zowp—1) with u as the identification of {y}, w2}, and FQ(Z) =
A(Gs — (i) = A). Then |F0) 2 [(4(16) =8 L4 +3)/7], and
FSY] > [(4(Gal — 2= | Ail) +3)/7). Let F = F{") U F” + {wy, 20, 91,10} —
({ar} 0 (B AF). Now GIF] (if u ¢ Fy) or G[F — {u,yn} + {v}, wa)]
(if u € Fl( )) is an induced forest in G, showing a(G) > |F1(Z)| + |F2(l)\ +
4 — (1 —14,;|). By Lemma 2.2(2) (with a = |G1| — 8,a2 = |G2| — 2,c = 4),
(4(|G1| —8) +3,4(|G2| —2) +3) = (4,0),(0,4) mod 7. By Claim 2, we have
(4(|G1| — 8) + 3,4(|G2] — 2) + 3) = (4,0) mod 7. So assume it’s the case.
Let Fy”) = A(G1 — {1, 7. y1, 92, 2})/{ylwr, yhwa} + {2122, 22111 }) with
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uy (respectively, uy) as the identiﬁcation of {y}, w1} (respectively, {5, wa}),
and F{” = A(G). Then |F}* | > [(4(1G1|~7)+3)/7], and [F§”| > [(4]Ga|+
3)/7]. Let F® = G P UER® — ({wr, o}, ar}n(FD AFPY)], where 71 =
PO 4+ {z1, 2k, y1,y2} if ui,ue & Fl( ), and otherwise, 71(3) obtained from
Fi®) 4 {x1, 21, y1, 42} by deleting {y1,u1} (respectively, {y2, uz}) and adding
{yy, w1} (respectively, {yQ,wg}) Therefore, F® is an induced forest in G,
showing a(G) > |F | + |F | +4—3>[(4n + 3)/7], a contradiction.

Case 3. [N (z5) N N(wz)| > 3 and |N(y5) N N(wz)| > 3.

There exist a1 € N(y}) N N(w1), e1 € N(yh) N N(ws), by € N(z]) N
N(wy), di € N(z5) N N(ws) and subgraphs G1, G, Gs, G4, G5 such that G
is the maximal subgraph of G contained in the closed region of the plane
bounded by the cycle y1y}a1wiy1 and containing N(y)) N N(w1) — {y1}, Gs
is the maximal subgraph of G contained in the closed region of the plane
bounded by the cycle yayhciways and containing N (y5) N N(w2) — {y2}, Ga
is the maximal subgraph of G contained in the closed region of the plane
bounded by the cycle z12]bjwi 21 and containing N(27) N N(wy) — {21}, G5
is the maximal subgraph of G contained in the closed region of the plane
bounded by the cycle z9z5diwaze and containing N(z5) N N(wz) — {22},
and G is obtained from G by removing Ga — {y}, a1, w1}, Gs — {5, c1, wa},
G4 - {zi,bl,wl} and G5 - {Zé,dl,’u@}. Let AZ g {al}, Bl g {bl}, Cz g {Cl}
and D; C {di}. Let G} = G1 U G4 U G5. For each choice of A;,C;, let
Fl(z) = A(G — {@1, y1, 01, w1, @, Tk, Y, wa, 2} — Ai = Ci + {2132, 20w }),

(Z) = A(Gy — {w1,y}} — A;), and Fg(l) = A(Gs — {wg,yz} C;). Then
RO > T4 (n6= G|~ [G5| 91 A =103 +3)/7), 118 2 (141Gl 2
|4;])+3) /7], and [F{"| > [(4(|G3|—2—|Ci])+3)/7]. Now G[FUFUFRY +
{1, 91, 2,2} — (a1} 0 (F )AF )) ({01} m (FOAFD))] s an induced
forest in G, showing a(G) > |F ]—HF \—HF |+4 (1—|Ai|)—(1—1]Ci]). By
Lemma 2.2(5) (with a = n+6—|G2|—|G3|—9,a1 = |G2|—2,a2 = |G3|—2,¢ =
4), 4(|G2| — 2) +3=10,3,4,6 mod 7 and 4(|G3| —2) +3 = 0,3,4,6 mod 7.
By Claim 2 and by symmetry, we have 4(|G;| —2) +3 =0,3,6 mod 7 for
i =2,3,4,5 and if 4(|G2| —2) +3 = 3,6 mod 7 or 4(|G4| —2) + 3 = 3,6
mod 7, then 4(|G3] —2) +3 = 4(|G5| —2) + 3 =0 mod 7 and vice versa.

If 4(]G2] —2) +3 = 3,6 mod 7, then 4(|G3| —2) +3 =0 mod 7. Let
Ay ={a1} if 4(]G2] —2) +3=6 mod 7 and A; = () otherwise. Let Fl(l) =
A((G —{z1, 91, ¥), w1, Ty g, yo } — A1) /yhwa + {z122, 20,1 }) with u as the
identification of {y5, wa}, F2(1) = A(Gg — {w1,y1} — A1), and F?El) = A(G3).
Then [F{"| > [(4(n+6—[Ga| —|Gs| =8~ |A41]) +3)/7], | ;"] > [(4(IGal -
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2 — |Ay]) +3)/7], and |F{V| > [(4]Gs| + 3)/7]. Now GIFY U RV u Y +
(a1, 51,292} — ({ar} 0 (FOAFNM) = ({wa, v e} 0 (FV AR (i ¢

FV) or G(F{" - >UF%F1 +{x1,y1,xk,yg,m}—({m}ﬂ(Ff”AFé”))—
({wa, yh,c1}nN (( Du {yQ,wQ})AF )))] (ifu e Fl(l)) is an induced forest in
G, showing a(G) > [F{"|+|F{V |+ [F{D| +4— (1—A1]) =3 > [(4n+3)/7],
a contradiction.

So 4(|G2] — 2) + 3 = 4(|G3] —2) +3 = 0 mod 7 by symmetry. Let
F? = A(G5 —{@1,y1,m, 2,52 1) /i wr, yhwa b+ {2122, z0mp 1 }) with upup
as the identification of {yl,wl} {yh, wa} respectively, and F2(2) = A(G2)
and Fy” = A(Gy). Then IF] > [(4(Ga| = 7) +3)/7], |F5P| > [(4|Ga| +
3)/7], and |F?| > [(4|Gs| + 3)/7]. Let F® = G[F® uF® uFP® -
{wn v, ar} (D)) = (e, 5.0} 0 (F1 2 AF)], where 7 =
B 4 {z1, 28, y1,y2} if ui,ue & F1(2), and otherwise, E@) obtained from
Fi®) 4 {x1, 2, y1,y2} by deleting {y1,u;} (respectively, {y2, uz}) and adding
{y}, w1} (respectively, {5, wa}) when u; € F1(2) (respectively, ug € F1(2)).
Therefore F® is an induced forest in G, showing a(G) > \F1(2)] + ]FQ(Q)\ +
\F ] +4—6> [(4n+3)/7], a contradiction. O

Lemma 7.6. The following configuration is impossible in G: v is a 5-
vertez of type 5-2-C with neighbors vy, va, vs, vy, vs in cyclic order, {vy,v3} C
V3, vugxvs is a facial cycle, vy is a 5-vertex of type 5-2-B with neighbors
x,v, V5,0, 0] in cyclic order, vs € Vi, {x,vj} C Vi, vgvhyvjv, vgv)zv]v,
vavja’xv are facial cycles and x' € Vj.

Proof. Let N(vs) = {z,v,vl,v]} where 2’vf € E(G) and v1v] € E(G).

Case 1. N(v]) N N(vi) = {2’} and [N(z) N N(y)| < 2.

Let F' = A((G — {2, z, vs, v}, v1, va, v, V), v5, v3}) /{v]vl, yz}) with ', ¢/
as the identification of {v], vf}, {y, z} respectively. Then |F’| > [(4(n—12)+
3)/7]. Let F = F' + {v1,v3,v4,v5,z, 2", vj} if v';y ¢ F’', and otherwise, F'
obtained from F’ + {v1,v3, v4, vs, 2, 2', v} } by deleting {y', v} } (respectively,
{v',2'}) and adding {y, z} (respectively, {v},vt}) when ¢/ € F’ (respectively,
v € F' ). Therefore, F is an induced forest in G, showing a(G) > |F'|+7 >
[(4n + 3)/7], a contradiction.

Case 2. N(v]) N N(v) = {2’} and |N(z) N N(y)| > 2.

There exist a; € N(z) N N(y) and a separation (Gi,G2) such that
V(G1 N Ga) = {y, z,a1}, {v,v1,v2,v3, 04,05, x,2",04,0], 04} C V(G1), and
N(z) N N(y) — {vj} € V(G2). Let Ay = 0 and Ay = {a1}. For i = 1,2,
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let Fl(i) = A((G1 — {2/, z,vs5, V], v1, 04,0, 05,03,y, 2, V) } — A;)/vjvl) with
v’ as the identification of {v/,v}}, and F(i) A(Gy — {y, 2z} — A;). Then
A >[4 (|G1|—13 |Ail)+3)/7], and |F{"| > [(4(Ga|—2—|4i])+3)/7].
Let F = F( )UF +{v1,v3, 04,05, x, 2", V) } — ({al}ﬂ(Fl(i)AFQ(i))). Now G[F]
(if v ¢ F1 ) or GIF — {v/, o'} + {v],vL}] (if v’ € Fl(i)) is an induced forest
in @, showing a(G) > |F\”| +|F3”| +7 — (1 - |Ai]). By Lemma 2.2(1) (with
k=1a=|Gi| —13,a1 = |Ga| —2,L = 0,c = 7), a(G) > [(4n + 3)/7], a
contradiction.

Case 3. |N(v] )ﬂN(v5)\ > 1.

There exist by € N(v)) N N(v§) and a separatlon (G1,G2) such that
V(G1 N Ga) = {v],vs,2", b1}, {v,v1,v2,v3, 04,05, 2, 2", v4,0], 05} C V(Gy),
and N (v])NN(vi)—{b1} C V(G2). Let F(l) =A(G,— {2,z v5,v1,v1,v4,v,
vk, vs, vy, vk, b1}), and F2(1) = A(Go— {2/, v}, v5,b1}). Then ]F | > [(4(|G4]
—12) + 3)/7], and |FV| > [(4(|Gs| — 4) + 3)/7]. Then G[FY U FY +
{vl,vg,v4,v5,:c z'}] is an induced forest in G, showing a(G) > |F1(1)\ +
|F |—|—6 If vjb1 & E(Q), let F(z) = A(G — {2 x 1)5,1)1,1)1,1}4,11 vk, U3, VY,
wl} + viby), and Y = A(Gy — {a/, v/, vl}). Then [FP| > [(4(|Gy] —
11) + 3)/7], and |FS?| > [(4(|Ga| — 3) + 3)/7]. Now G[F® U F? +
{v1, v3, v4, v5,$ :1: - ({bl} N(F (Z)AF(Q)))] is an induced forest in G, show-
ing a(G) > \F |—|—|F |—|—6—1 By Lemma 2.2(1) (with k = 1,a = |G;| —
11,a1 = |G2| = 3,L = 0,c = 6), a(G) > [(4n + 3)/7], a contradiction. So
vjar € E(G). Let Fl(g) = A(G) — {2,z 1)5,1)1,1)1,1)4,v,vg,vg,vf(,vg,bl,vﬁl}),
and F( ) = A(Gy—{a',v]l, v}, b1}). Then |FY)| > [(4(|G1|—13)+3)/7], and
|F | > [(4(|G2| — 4) + 3)/7]. Now G[F1(3) U FQ(S + {v1, v3,v4, V5, 2, 2", V) }]
is an induced forest in G, showing a(G) > |F1(3)| + ]F2(3)| +7> [(4n+3)/7],
a contradiction. O

Lemma 7.7. The following configuration is impossible in G: v is a 5-
vertex of type 5-2-C with neighbors v1, va, v3,v4,v5 in cyclic order, {vi,v3} C
Vs, UU4:UU5U is a facial cycle. vy is a 5-vertex of type 5-1-A with neigh-
bors x,v,vs, vy, vy in cyclic order, vs € Vi, x € V3; vavhyv)va, vavyz0)vy,
vgvi ' zvy are facial cycles, {y,z} C V3, and ' € Vy.

Proof. Let xa'vivs, vusvjv, bound 4-faces. Let F' = A(G—{vk, v}, 2/, vs, 2, v1,
vy, v4,0, 2,0}, y,v5,v3}). Then |F'| > [(4(n — 14) + 3)/7]. Now G[F’ +
{2/, z,v5,v1,v3, 04,9y, 2}] is an induced forest in G, showing a(G) > |F’'|+8 >
[(4n + 3)/7], a contradiction. O
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Lemma 7.8. The following configuration is impossible in G: v is a 5-vertex
of type 5-2-B with neighbors v1,va,v3,v4,v5 in cyclic order, {vi,v3} C V3,
N(Ul) = {v,v’l,v’l’}, N(’l)g) = {U,’Ué,’l) b, € Vas oand {vh,v§} C Vi;
VULV UV, VUUsV3Y, VU3V V4D, vv5v1v1v are facial cycles. vy is a H-vertex
of type 5-2-C with neighbors v, v}, vy, vy, vs in cyclic order, {v},v4} C V3.

Proof. Let t € N(v§) N N(v3) and vevitvivy bound a 4-face. Let N(vf) =
{1)3,1)4,31,32} and vzvgsevyusz bound a 4-face. Let w € N(v{) N N(v]) and
v1vfwvivr bound a 4-face.

By Lemma 4.1, vivy & E( ). We claim that vov] & E( ). Since G is
simple, v} & {v, vl} Since v € Vx5, v & {v§,v4}. If vf, = v, then since G
is a quadrangulation, vov]wvjve bound a 4-face and thus N(w) = {v{,v]}.
But this contradicts Lemma 4.2.

If [N (s1) N N(s2)| < 2, then let F' = A(G — {v,v1,v},v3,0§,w}/s152 +
{vhvg, vov)}) with ¢’ the identification of {s1,s2}. Then |F'| > [(4(n —7) +
3)/7]. Now G[F'+{v3,v4,v1,v{}] (if ' € F' ) or G[F'—s'+{vs, s1, s2,v1, 0] }]
(if s € F') is an induced forest in G, showing a(G) > |F'|+4 > [(4n+3)/7],
a contradiction.

So |N(s1)NN(s2)| > 2. There exist a; € N(s1)NN(s2) and a separation
(G1, G2) such that V(G1NG2) = {s1, s2, a1}, {v,v1, va, v3, v4, v5, V], 0], V5, V],
t,vh,v5} C V(G1), and N(s1) N N(s2) — {v§} C V(G2). Let A; = 0 and

= {a1}. For i = 1,2, let Fl(z) = A(G1 — {v,v1,v], 03,04, w, 81,82} —
A; + {vhvg, vovl'}) with s the identification of {s1,s2}, and F(Z) = A(Gg —
{s1,52} — A;). Then [FY| > [(4(|G1| — 8 — |4]) + 3)/7], and |F}Y] >
[(4 (ngy — 2 — |4;]) +3)/7]. Now F\" U Fy" + {vg,vg,vl,vl} ~ ({a} N
( ))) is an induced forest in G, showing a(G) > ]F \ + |F(l | +4—
(17 |A |) By Lemma 2.2(2) (with a = |G1| —8,a1 = |G2| —2,L = 0,c = 4),
(4 (|G1| —8)+3,4(|G2| = 2) +3) = (0,4), (4,0) mod 7.

If (4(|G1| — 8) + 3,4(|Ga| — 2) + 3) = (4,0) mod 7, then let F\*) =

A(G1 — {v,v1,v], 03,05, w}/s1s2 + {vivg, vavl}) with s” the identification
of {s1,50}, and F¥) = A(Gs). Then |F®| > [(4(|G1] — 7) + 3)/7], and
\F2(3)| > [(4|G2| +3)/7]. Now G[Fl(3) UF2(3) +{vs,v4, 01,01} — ({ar, s1, 2} N
(FYAED))] (if ' ¢ FY ) or GIF| FPUFP — o + {us, 51,8001, 0f} —
({a1,s1,s2} N ((F} F® 4 {81,32})AF )))] (if s € F(g) ) is an induced forest
in G, showing a(G) > |F H— ]F |+4 3> [(4n+3)/7], a contradiction.
o (4(|G1] —8) +3,4(|G2| —2) +3) = (0,4) mod 7. First, we claim that

vt & E(G). t & {va,v3} since G is simple. ¢ # v4 by Lemma 4.1. ¢ # v; since
v} € V>5 and v} € V3. Suppose ¢t = vs. Since G is a quadrangulation, vhvs €
E(G). let Fy = A(G — {vs, v4, 05, s2,v4,v, 02,05, 01,0}, 05, w}). Then |Fy| >
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[(4(n—12)+3)/7]. Now G[Fy+{v},v3,v§,v, v, v1,v]}] is an induced forest
in G, showing a(G) > |F4|+7 > [(4n+3)/7], a contradiction. Secondly, sup-
pose |N(s1) N N(vq)| < 2. Then let F1( ) = = A(G1 — {vf, s2,v3, 05,02} /s104 +
{vt}) with s’ the identification of {si,vs4}, and F2( ) = A(G2 — s2). Then
A > [(4 (|G1| ~6) +3)/7], and |F}”| > [(4(|Ga| — 1) + 3)/7]. Now
GIFP U FY + {og, 04,04} — ({ar,s1} 0 (FOAFRD)) (it & ¢ F ) or
G[Fl(5) U FQ(S) — 5"+ {s1,v4,03,05} — ({a1,s1} N ((F1(5) + sl)AF2(5)))] (if
s € F1(5) ) is an induced forest in G, showing a(G) > |F1(5)\ + ]F2(5)\ +
3—2 > [(4n + 3)/7], a contradiction. Now, |N(s1) N N(vq)| > 2. There
exist a1 € N(s1) N N(s2), b1 € N(s1) N N(vs) and subgraphs G, G5, G
such that G, = G2, GY% is the maximal subgraph of G contained in the
closed region of the plane bounded by the cycle v4s1bjv4v4 and containing
N(s1)NN(vs)—{v4}, and G} is obtained from G by removing G4—{s1, a1, s2}
and G — {s1,bi,va}. Let Br = {br} and By = 0. For i = 7.8, let F =

A((Gy — {vs,v4, 51,04} — B;)/vvh) with v’ as the identification of {v v3}
F{ = A(G) — {s1}), and F{” = A(G} — {s1,u4} — B;). Then |F\"| >
[(4(IGh] =5 = Bil) +3)/71, |F(Z | = [(4(1G5| = 1) +3)/7] = [(4(|G2| = 1) +
3)/7] = (4(Gel ~1)+3)/7+6/7. and |F5”| > [(4(|G5|-2—|Bi))+3)/7]. Now
GIFYUFRUFY + {vs, v} — ({ar, s2} N (F ()AF(”)) ({1 }m(F“’ AFDY)]
(if ' ¢ Fll)) or G[Fl( )UFQ( g F(l) v +{v, vh, vf ({al,SQ}ﬂ(F( AF( )))

({b1} N (Fli)AFéi)))] (if V' € Fl()) is an induced forest in G, showing
a(@) > |FD| + |[FP) +|FP| + 2 — 2 - (1 - |Bi|). By Lemma 2.2(1) (with
k= 1la = |G| —5a = |G —2,L = {1},by = |G, — 1,¢ = 0),
a(G) > [(4n+ 3)/7], a contradiction. O

8. Proof of Theorem 1.2
We define the discharging rules as follow: For each v € V(G), let ch(v) :=

|N(v)| — 4. Let F be the set of all the faces of graph G. For each f € F, let
ch(f) :=|f| — 4. Then, by Euler’s Formula, the total charge of graph G is

Yo ochw)+Y ch(f) = Y (N =4+ (fI-4)

veV(Q) ferF veV(Q) fer
= 4[E(G)| - 4V(G)| - 4|F]
= -8

Definition 8.1. For v € V(G), suppose |N(v)| > 5. We redistribute the
charges as follow:



Induced forests in bipartite planar graphs 163

(i) Suppose R,y # O for some U C V(G). If R,y = {{r}}, then v
sends charge |[N(v)| —4 tor; If R,y = {{r1,72}}, then v sends charge
(IN(v)] —4)/2 to both 1 and ro; If Ryy = {Ri1,Ra}, then v sends
charge |[N(v)| —4 to Ry N Ry;

(ii) Suppose R, 1,y = 0 and vu € E(G) for some u € V3. Let N(u) =
{v,ur, ug}. If for both w € {ur,uz}, either w € Vey or Ry, gy # 0,
then v sends charge 1 to u; If ug € V5 and Ry, 1,y = (0, then v sends
charge 1/2 to u;

(iii) Suppose R, 1,y = 0 and xwyvz is a facial cycle such that {x,y} C
N),x € V>5, w € V3 and y € Vy. If neither v nor x is of type 5-2-C,
then v sends charge 1/4 to x.

We denote the new charge of v as ch’(v). We remark that if v sends charge
1/4 to x in both faces bounded by zwiyjvz and xwseysvx by Definition 8.1
(iii), then v sends charge 1/2 to z.

We show that for v € V/(G), ch/(v) > 0.If [N (v)| = 2, then by Lemma 3.1
and Definition 8.1 (i), v either receives at least 1 from {vs,v5} C Va5 NN (v)
where R, 1y = Ry 3 = 0 or at least 2 from vg € V6 N N(v) where
Ryg fvy = 0. Hence, ch/(v) > ch(v) +2 = 0. Suppose |N(v)| = 3 with
N(v) = {v1,v2,v3}. If Ry, ¢,y # 0, then by Lemmas 4.3, 4.4, {v1,va} C Va5,
Ry, vy = Ry, o) = 0; thus, by Definition 8.1(ii), v receives 1/2 from each
of vy and vy, and ch/(v) = ch(v) +1/2 4+ 1/2 = 0. Now, assume R, 1,3 = 0
for i = 1,2,3. By Corollary 4.6, there exists v; € N(v) N V>5. By Defini-
tion 8.1(ii), v receives at least 1 from N (v) and thus ¢h/(v) > ch(v) +1 = 0.
If |[N(v)| = 4, then v does not receive or send charge to other vertices.
Therefore, ch/(v) = ch(v) = 0. If [N(v)] > 5 and R, # (), then by Def-
inition 8.1(i) and Lemma 2.5, v sends |N(v)| — 4 to R, only. Therefore,
ch’'(v) = ch(v) — (|N(v)| —4) = 0.

Next, assume [N(v)| > 5 and R,y = (. We distinguish the cases by
Definition 7.1:

e v isof type 5-2-A. By Lemma 7.5, v does not exist in G, a contradiction;

e visof type 5-2-B. Let N (v) = {vy1, va, v3, v4, v5} in order. Let {vy,v3} C
Vs, {va,v4,v5} C Vou, N(v1) = {v],v],v}, N(v3) = {v},v4,v}, u €
Veyq or Ru,{v3} % () for u € {Ué,vg} and Ui € V>s, Rv{,{vl} = 0. By
Definition 8.1(ii), v sends 1/2 to vy, 1 to v3. By Lemma 4.3, 4.4, 6.1,
Ry (v} = 0 and u € Vy for u € {v3,v5}. By Lemma 5.1, {va,v4} C Vo5
and R, 1,y = Ry, (v} = (). By Lemma 7.6, v4 is not of type 5-2-C. By
Lemma 7.8, vy is not of type 5-2-C. Hence, v receives 1/4 from each
of vg and vy by Definition 8.1(iii). In addition, by Lemma 7.3, v does
not send charge to vs4. So ¢h/(v) =ch(v) —1—1/241/441/4 = 0;
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e visoftype 5-2-C. Let N(v) = {v1, v2, v3,v4,v5} in order. Let {vy,v3} C
Vs, {1)2,1)4,'05} C V>y, N(v1) = {vi,vi’,v}, N(v3) = {vé,vé’,’u}, Uﬁ €
Vos, Ry (v} = 0, v3 € Vs, and Ry, g,y = 0. By Definition 8.1(ii)(iii),
v sends 1/2 to both v; and v3. So c¢h/(v) = ch(v) —1/2 —1/2 = 0;

e v is of type 5-1-A. Let N(v) = {v1,v2,v3,v4,v5} in order. Let v, €
V3, {va, v3, 04,05} C Vou, N(v1) = {v}, 07, v}, and u € Vegor Ry, g} #
(0 for u € {v],v}. Let vvaviusv, vugvguav, vogvjusv be facial cycles.
By Lemmas 4.3, 4.4, 6.1, Ry, (,,3 = 0 and v € Vj for u € {v},v{}. By
Lemma 5.1, {v,v5} € Vo5 and Ry, 1y = Ry, (v} = 0. If v, v5 are not
of type 5-2-C, then by Definition 8.1(iii) v receives 1/4 from each of
vg and vs. By Definition 8.1(ii)(iii), v sends 1 to v; and 1/4 to at most
two of {ve, v3,v4,v5}. So ch/(v) > ch(v)—1—1/4x2+1/4+1/4 = 0; If
both vg and vy are of type 5-2-C, then {v},v}} C V3 and by Lemma 7.7
vy & V3. By Definition 8.1(ii)(iii), v sends 1 to v; and no charge to
{va,v3,v4,v5}. So ch/(v) > ch(v) — 1 = 0; If exactly one of vy and
vs is of type 5-2-C, say va, then by Lemma 7.7, [{vf, v} N V3| < 1.
By Definition 8.1(ii)(iii), v sends 1 to v; and 1/4 to at most one of
{v3,v4,v5} and v receives 1/4 from vs. So ch/(v) > ch(v) +1/4 -1 —
1/4 =0;

e v is of type 5-1-B. Let N(v) = {v1,v2,v3,v4,v5} in order. Let v; €
Vs, {02,03,1)4,1)5} - V24, N(Ul) = {vi,vi’,v}, Ui S V25, and Rvﬂ,{vl} =
(. By Lemma 7.4 and Definition 8.1(ii)(iii), v sends 1/2 to v; and 1/4
to at most two of {ve, v3,v4,v5}. So ch/(v) > ch(v)—1/2—-1/4x2 = 0;

e v is of type 5-0. By Definition 8.1(iii), ch/(v) > ch(v) —1/4 x 4 = 0.

Suppose |[N(v)| = 6 and R,y = 0. We distinguish the cases by Defini-
tion 7.2:

e v is of type 6-3. By Lemma 7.5 and Definition 8.1(ii), v sends 1 to at
most one of {v1,vs,vs}. By Definition 8.1(iii), v sends no charge to
{va,v4,v6}. So ch/(v) > ch(v) —1—1/2 x 2 = 0;

e v is of type 6-2-A. By Lemma 7.5 and Definition 8.1(ii), v sends 1 to at
most one of {v, v3}. By Definition 8.1(iii), v sends no charge to vy and
1/4 to at most two of {vy, vs,v6}. So ch/(v) > ch(v)—1-1/2—2x1/4 =
0;

e v is of type 6-2-B. Let N(vy) = {v},v{,v} and N(v3) = {v},v4,v}. By
Lemma 7.5 and Definition 8.1(ii), v sends 1 to at most one of {vy,v4}.
By Definition 8.1(iii), v sends 1/4 to at most one of {v2,v3} and to at
most one of {vs,vg}. So ch/(v) > ch(v) —1—-1/2 -2 x1/4 =0;

e v is of type 6-1. By Definition 8.1(ii), v sends at most 1 to v;. By
Definition 8.1(iii), v sends 1/4 to at most four of {v2, v3, v4, vs,v6}. So
ch!'(v) > ch(v) —1—4x1/4=0;
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e v is of type 6-0. By Definition 8.1(iii), ch/(v) > ch(v) —6 x 1/4 = 1/2.

Suppose |N(v)| =7 and R,y = 0. Let N(v) := {v1,v2,v3,v4, V5, V6, 7}
in order. If |[N(v) N V3| = 3, then we may assume that they are vy, vs, vs.
By Lemma 7.5 and Definition 8.1(ii), v sends 1 to at most one of N(v)N V3.
So ch/(v) > ch(v) =1 —-2x1/2—-1/4 > 0. If |[N(v) N V3| < 2, then by
Definition 8.1(iii), v sends 1/4 to at most three of N(v). So, ch’(v) > ch(v)—
1—1-3x1/4> 0. Suppose |N(v)| > 8. We observe that if we amortize the
redistribution of charge to all the faces which v is incident with, then v sends
at most 1/2 in each face. So ch/(v) > ch(v)—1/2x|N(v)| = |N(v)|/2—4 > 0.

Therefore, ch/(v) > 0 for v € V(G). Since G is a quadrangulation by
Lemma 2.3, ch/(f) := ch(f) = 0. Then, the total charge after redistribution
is > ev(a) W' (V) + X per ¢/ (f) > 0, which contradicts Euler’s Formula.

To conclude, the minimum counterexample G does not exist. This com-
pletes the proof of Theorem 1.2.
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