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Random subgraphs make identification affordable

FLORENT FoucAUD, GUILLEM PERARNAU, AND ORIOL SERRA®

An identifying code of a graph is a dominating set which uniquely
determines all the vertices by their neighborhood within the code.
Whereas graphs with large minimum degree have small domination
number, this is not the case for the identifying code number (the
size of a smallest identifying code), which indeed is not even a
monotone parameter with respect to graph inclusion.

We show that for every large enough A, every graph G on n ver-
tices with maximum degree A and minimum degree § > clog A,
for some constant ¢ > 0, contains a large spanning subgraph which

nlog A
0

admits an identifying code with size O ( . In particular, if

0 = ©(n), then G has a dense spanning subgraph with identifying
code O (logn), namely, of asymptotically optimal size. The sub-
graph we build is created using a probabilistic approach, and we
use an interplay of various random methods to analyze it. More-
over we show that the result is essentially best possible, both in
terms of the number of deleted edges and the size of the identifying
code.

AMS 2000 SUBJECT CLASSIFICATIONS: 05C69, 05C80, 05D40.
KEYWORDS AND PHRASES: Identifying codes, random subgraphs.

1. Introduction

Consider any graph parameter that is not monotone with respect to graph
inclusion. Given a graph G, a natural problem in this context is to study
the minimum value of this parameter over all spanning subgraphs of G. In
particular, how many edge deletions are sufficient in order to obtain from G
a graph with near-optimal value of the parameter? Herein, we use random
methods to study this question with respect to the identifying code number
of a graph, a well-studied non-monotone parameter. An identifying code of
graph G is a set C of vertices which is a dominating set, and such that the
closed neighborhood within C' of each vertex v uniquely determines v.
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Identifying codes were introduced in 1998 in [14] and have been studied
extensively in the literature since then (see [17] for an on-line bibliography
and [4, 13, 15, 16, 22| for some of its applications).

Let G be a simple, undirected and finite graph. The open neighborhood
of a vertex v in G is the set of vertices in V(G) that are adjacent to it,
and will be denoted Ng(v). The closed neighborhood of a vertex v in G
is defined as Ng[v] = Ng(v) U {v}. The degree of a vertex u € V(G),
is defined as d(v) = |Ng(v)|. Similarly, we define, for a set S C V(G),
Ng(S) = Upeg Na(v) and Ng[S] = U,cg Nalv]. If two distinct vertices u, v
are such that N[u] = N[v], they are called twins. A graph is called twin-free
if there is no pair of twins. The symmetric difference between two sets A
and B is denoted by A @ B. We use log(x) to denote the natural logarithm
of z.

Given a graph G and a subset C of vertices of G, C'is called a dominating
set if each vertex of V(G) \ C has at least one neighbor in C. The set C' is
called a separating set of G if for each pair u,v of vertices of G, N[u]|NC #
N[v] N C (equivalently, (N[u] & N[v]) NC # 0). If 2 € N[u], we say that x
dominates u. If € Nu] @ N[v], we say that x separates u,v.

Definition 1.1. A subset of vertices of a graph G which is both a dominat-
ing set and a separating set is called an identifying code of G.

Observe that the notion of separating set is very close to the one of
identifying code. The only difference is that in a separating set there is at
most one vertex which is not dominated, while in an identifying code, every
vertex is dominated. In particular, this implies that the size of a minimum
separating set and the size of a minimum identifying code differ at most by
one. Since all the results of this paper are asymptotic in the order of the
graph, any result stated for identifying codes can be directly translated to
separating sets.

The following observation gives an equivalent condition for a set to be
an identifying code, and follows from the fact that for two vertices u,v at
distance at least 3 from each other, N[u] & N[v] = N[u] U N[v].

Observation 1.2. For a graph G and a set C C V(QG), if C is dominating
and N[u] N C # Nv]NC for each pair of vertices u,v at distance at most
two from each other, then C is an identifying code of the graph.

The minimum size of a dominating set of graph G, its domination num-
ber, is denoted by «v(G). Similarly, the minimum size of an identifying code
of G, v'°(G), is the identifying code number of G. It is known [6, 12, 14]
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that for every twin-free graph G on n vertices having at least one edge, we
have the following tight bounds:

logy(n+1) <™ (G)<n-—-1.

In view of the above lower bound, we say that an identifying code C' of
G is asymptotically optimal if

|C| = O(logn) .

The problem we address in this paper is to deal with graphs that have a
large identifying code number, or are not even identifiable. Our approach will
consist in slightly modifying such a graph in order to decrease its identifying
code number and obtain an asymptotically optimal identifying code, unless
its domination number prevents us from doing so.

One of the reasons for a graph to have a large identifying code number is
that it has a large domination number (this one being a monotone parameter
under edge deletion). For instance, we need roughly n/3 vertices to dominate
all the vertices in a path of order n. When this is the case, we cannot expect
to decrease much the size of a minimum identifying code by deleting edges
from G, as the deletion of edges cannot decrease the domination number.

However, there are many graphs with small domination number where
the identifying code number is very large [9, 10]. For instance, consider the
complete graph minus a perfect matching: whilst the domination number is
2, it can be checked that the identifying code number is n — 1. Typically,
this phenomenon appears in graphs having a specific, “rigid”, structure.
Supporting this intuition, Frieze, Martin, Moncel, Ruszinké and Smyth [11]
have shown that the random graph G(n, p) with p € (0, 1), admits an asymp-
totically optimal identifying code. In particular, they prove in [11] that with
probability 1 — o(1), we have

2logn

YP(G(n,p)) = (1 + 0(1))m ;

where ¢ = p? + (1 — p)2. This suggests that the lack of structure in dense
graphs implies the existence of a small identifying code.

We will use standard asymptotic notation for classes of functions that
depend on n, the order of the graph.

Our results and structure of the paper. In Section 2, we prove our
main result by selecting at random a small set of edges that can be deleted
to “add some randomness” to the graph,
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Theorem 1.3. For every large enough A and every graph G on n vertices
with mazimum degree A and minimum degree § > 66log A, there exists a
subset of edges F C E(G) of size

|F| < 83nlog A,

such that
YP(G\ F) <134

nlog A
5

Observe that when § = O(n), the upper bound in Theorem 1.3 has the
same order of magnitude as the value obtained in [11] for dense random
graphs.

We then show in Section 3 that our result is asymptotically best possible
in terms of both the number of deleted edges and of the size of the final
identifying code for any graph with A = Poly(¢). For smaller values of the
minimum degree, we prove that our result is almost optimal. We also show
that the two assumptions, large enough A and é > clog A, for some constant
c > 0, are necessary.

We present some consequences of our result in Section 4. When consid-
ering the case of adding edges to the graph, we get analogous (symmetric)
results, showing that every graph is a large spanning subgraph of some graph
that admits a small identifying code. This result also turns out to be tight.
We also describe an application to the closely related topic of watching sys-
tems.

The paper concludes with some final remarks and open problems.

Our methods. The proofs of our results are based on defining a suit-
able random subgraph of G: we first randomly choose a code C, and then
we randomly delete edges among the edges containing vertices of C'. We
then analyze the construction by applying concentration inequalities and
the Lovasz Local Lemma.

A similar approach has been used in the literature when considering
random subgraphs of a graph: for every graph G, consider the graph G, to be
the subgraph of G obtained by keeping each edge from E(G) independently
with probability p. Our random subgraph model is adapted to the analysis
of identifying codes, and can be seen as a weighted version of Gp.

2. Main theorem

In this section, we prove Theorem 1.3. The proof is structured in the follow-
ing steps:
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1. We select a set C' at random, where each vertex is selected indepen-
dently with probability p. Let Ac be the event that C' is small enough.
The probability p is chosen to ensure that Ao holds with high proba-
bility. From C, we construct a spanning subgraph G(C, ) of G, to be
defined below, for some suitable function .

2. We use the Lovdsz Local Lemma (Lemma 2.4) and Lemma 2.3 to
bound from below the probability that the following events (whose
conjunction we call Aryp) hold jointly: (i) in G(C,w), each pair of
vertices that are at distance at most 2 from each other are separated
by C; and (ii) for each such pair and each member of this pair in G,
its degree within C' in G is close to its expected value d(v)p. We show
that with nonzero probability, Ac and Apr, hold jointly.

3. We find a dominating set D of G with |D| = O(|C|); by Observa-
tion 1.2, if Ary, holds, then C'U D is an identifying code.

4. Finally, we show that, conditional on A¢c and Ay r, the expected num-
ber of deleted edges is as small as desired.

2.1. Important tools and lemmas

In this section we include some lemmas we will use for the proof of the main
theorem.

We will repeatedly use the following version of the well-known Cher-
noff’s inequalities for the sum of independent bounded random variables (see
e.g. [2, Corollary A.1.14]):

Lemma 2.1. Let Xy,..., Xy be independent Bernoulli random wvariable
with probability p; and define X = Zfil X;. Then, for all € > 0,

Pr(|X — E(X)| > eE(X)) < 2e™BX)

where

2
Ce :min{(1+5)log(1+5) —5,%} .

In what follows, for each any of vertices B C V(G) and any v € V(G),
we let NE(v) = Ng(v) N B be the set of neighbors of v in B. Analogously,
NE[v] = Ng[v] N B. We denote by dp(v) = |[NE(v)|, the degree of v within
set B.

Definition 2.2. Given a graph G and B C V(G), a function 7 : V(G) —
[0, 1] is said to be (G, B)—bounded if for each pair u, v of vertices with dp(u) >
dp(v), we have w(u) < m(v). Given a (G, B)-bounded function 7, we define
the random spanning subgraph G(B, ) of G as follows:
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e G(B,m) contains all edges of the subgraph G[V(G) \ B] induced by
V(G) \ B, and

e cach edge uv incident with B is independently chosen to be in G(B, )
with probability 1 — py,, where

Duv = i (m(u) + m(v)) .

Observe that, since m(u) < 1 for each vertex u € V(G), we have
Puv < 1/2.

The next lemma gives an exponential upper bound on the probability
that two vertices of G(B, ) are not separated by B. This lemma is a crucial
one in our main proof.

Lemma 2.3. Let G be a graph, B C V(G), and 7 a (G, B)-bounded func-
tion. In the random subgraph G(B,7), for every pair u,v of distinct vertices
with dg(u) > dp(v), we have

_37(w) ”
Pr (NGB(BJr) [u] = Néip, M) <e e 4w

Proof. Consider the following partition of S = NE[u] U N5[v] into three
parts: Sy, the vertices of B dominating u but not v; S, the vertices of B
dominating v but not u; and S3, the vertices of B dominating both « and v.

Let D be the random variable which gives the size of the symmetric dif-

ference of NG( B, )[u] and Ng( Bom) [v]. The statement of the lemma is equiv-

alent to Pr(D = 0) < e 5" dB(“)
The random variable D = G( B
the sum of independent Bernoulh varlatles

D:ZDw,

wesS

u] @ NB ]| can be written as

where D,, = 1 if and only if w dominates precisely one of the two vertices u
or v in G(B, ). Therefore, for any w ¢ {u, v},

1 — puw w € Sy
Pr(Dy=1)=1¢ 1—pyw w € Sy
puw(l _pvw) +pvw(1 _puw) w e 53

Since we want to bound from above the probability that D = 0, we can
always assume that u,v ¢ N, G(B 7r)[ u] P Ng(B ) [v]. Recall that dp(u) >
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dp(v). By the definition of a (G, B)-bounded function, we have that py, <
Puw for each w € S3. Since z(1 — x) has a unique maximum at x = 1/2 and
Puw < 1/2, we also have:

) o) i= T (1= 7)< gt = )

for each w € 571 U S;5.
For w € S, denote by ¢, the expected value of the Bernoulli random
variable D,,. Then, using the definition of g(u) in (1) we get

E(D) > Z qu

weNE (u)
=2 dwt ) du
wWE S, WES3
= Z (1 _puw) + Z (puw(l _pvw) +pvw(1 _puw))
wGSl w€5'3
Z Z puw(l _puw) + Z puw(l _puw)
wES wES3

> g(u)dp(u)

) <1 - ”(4“>> ds(u)

(2) >
Finally, we conclude the proof of the lemma

Pr(D =0) = [J(1—qu) S e Tuest = ¢ B0 <= 5de) O
weS

In the proof of our main result, we will use the following version of the
Lovész Local Lemma, which can be found in e.g. [2, Corollary 5.1.2] (the
lower bound on Pr(ﬂi]\il E;) can be derived from the general Lovész Local
Lemma, see [2, Lemma 5.1.1], by setting x; = e - prr).

Lemma 2.4 (Symmetric Local Lemma). Let &€ = {E,...,Enm} be a set
of (typically “bad”) events such that each E; is mutually independent of
EN\ (D; U{E;}) for some D; C E. Let drr, = |D;|, and suppose that there
exists a real 0 < prr < 1 such that, for each 1 <i < M,

e Pr(E;) <prr, and
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e c-prr-(dpp +1) <1
Then Pr(ﬂi]\il Ej)>(1—e-prp)™ >0.

2.2. Proof of the main result

We are now ready to prove the main theorem.

Proof of Theorem 1.3. We will follow the four steps described in the begin-
ning of Section 2.

Step 1. Constructing C and G(C, )

Let C C V(G) be a subset of vertices, where each vertex v in G is chosen
to be in C' independently with probability p = %. Observe that p <1
since § > 66 log A.

Consider the random variable |C| and recall that E(|C|) = np. Define
Ac to be the event that

132nlog A

(4c) O] < 2np = =

Since the choices of the elements in C' are independent, by setting ¢ = 1 in

Lemma 2.1, we have ¢. > 1/3 and

- _ 22nlogA

(3) PI"(AC) <e 5

We let 7(u) = min (622‘)&)A, 1). Observe that 7 is (G, C)-bounded. We con-

struct G(C, 7) as the random spanning subgraph of G given in Definition 2.2,
where each edge uv incident to a vertex of C' is deleted with probability py,.
Step 2. Applying the Lovasz Local Lemma
Let uw,v be a pair of vertices at distance at most 2 in G. We define the
following events:

e A, is the event that there exists a vertex w € {u,v} such that the
degree of w within C' is deviating from its expected value d(w)p by

half, i.e. |do(w) — d(w)p| > 2Lk,
e By, is the event that Ng(o ) [u] = Ng(cw) [v];
e E,, is the event that A, or By, occurs;

e Aj; is the event that no event E,, occurs.

In order to apply the Lovasz Local Lemma, we wish to upper bound the
probability of E,,. We have:

Pr(Euy,) < Pr(Auy) + Pr(Buy)
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= Pr(Aw) + Pr(Buy|Auwy) - Pr(Auy) + Pr(Byy|Aw) - Pr(Ay,) .

Let us upper bound Pr(A,,). We use Lemma 2.1 with £ = 1/2. Observe
that c. > %, and thus

Pr(Au) < Pr <|dc(u) ~d(u)p| > d“‘)p) Pr (|dc(v) ~d(w)p] > d“’)p)

< 2~ 104WP | 9= 15dv)p

_ 66d(w) log A _66d(v) log A
= 2e 105 + 2e 108

33log A
—==0es

< A4e 5
<4ATF .

Next, we give an upper bound for Pr(By,| Ay ). For such a purpose, we apply
Lemma 2.3 with B = C and 7(u) = min(66 log A/dc(u), 1). Observe that ©
is (G, C')-bounded. Since A, does not hold, we know that d¢(u) and de(v)
are large enough, i.e. for w € {u,v}, do(w) > @ > %p = 33log A; thus
m(w)do(w) = min(66 log A, do(w)) > 33log A. We have:

_3-33log A

(4) Pr<Buv’A—uv) <e 16 < Ai% .

The probability that the event E,, holds is

Pr(E.,) <Pr(Ay) + Pr(Bu|Aw) - Pr(Aw) + Pr(Buy|Auw) - Pr(Aw)
<AATF 41-4A75 + AT -1
S 2A—% =PLL ,

where we used that A is large enough. We now note that each event FE,,
is mutually independent of all but at most 2A% events E, ., . Indeed, E,,
depends on the random variables determining the existence of the edges
incident to v and v. This is given by probabilities p,,, and p,, that depend
on do(w), where w is at distance at most one from either u or v. Thus,
FE, depends only on the vertices at distance at most two from either u or
v belonging to C. In other words, E,, and E,/,, are mutually independent
unless there exist a vertex w at distance at most two from both pairs; namely,
d({u,v},{u',v'}) < 4. Hence, there are at most 2A* choices for the vertex
among {u/,v'} that is closest from {u, v} (say '), and at most A? additional
choices for v', since d(u',v") < 2.
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Therefore, we can apply Lemma 2.4 if
e-2A7H - (2A°+1) <1,

which holds since A is large enough.
2
Now, by Lemma 2.4 and since there are at most % events Fy, (one for

each pair of vertices at distance at most 2 from each other) and pr;, = 2A7%,

(5) Pr(Azr) > (1—e -pLL)M > g 2P M > o2enA* TS ’

where we have used (1 — ) = e *(1=0() > =27 if 2 = o(1).

Step 3. Revealing the identifying code

Let us lower bound the probability that both Az and Ay, hold, by using
the inequalities (3) and (5):

PT(AC N ALL) > Pr(ALL) — PT(A—0)

99
299 22n log A
—2enA~" 16 —==noes
e — € 5

v

which is strictly positive if

221log A

5 > 2eA2 16 |

The latter inequality holds since 6 < A and A is large enough.

Hence, there exists a set C' of size 132% such that all vertices at
distance 2 from each other are separated by C' and such that the degree in
C of each vertex does not deviate much from its degree in G(C, ).

In order to build an identifying code, we must also make sure that all
vertices are dominated. It is well-known that for every graph G, v(G) <
(1+ 0(1))%@ (see e.g. [2, Theorem 1.2.2]). Hence, we select a dominating

set D of G with size (1+ 0(1))%@. Then, by Observation 1.2, CUD is an
identifying code of size at most

nlog A

nlogA§134 2

(132+1+0(1))

Step 4. Estimating the number of deleted edges

Let Y = |E(G) \ E(G(C,7))| be the number of edges we have deleted
from G to obtain G(C,m). Recall that each edge uwv € E(G) is deleted
independently from G with probability

puv = 3 (x() +7(v)
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if one of its endpoints is in C.

Since Pr(AcNAgpr) > 0, there is a small identifying code of G obtained
by deleting at most E(Y|AcN Arr) edges. We next give an upper bound for
E(Y|AC N ALL)- If both A¢ and Apy, hold, then

1 (6610gA 6610gA>
pUU g »
4\ do(u) de(v)

The expected number of deleted edges is

E(Y‘AC N ALL) = Z Puv -
weE(Q)
({u,v}NC)#D

Observe that in order to estimate this quantity, we can split the two additive

terms in each p,, and group them depending whether u belongs to C' or not:
for every u ¢ C', we sum all the terms (jffi O(g? for all v € C' being neighbors

of u; for every u € C, we sum all the terms iﬁdlozg? for all v € V(G) being

neighbors of u.

Z Z 6610gA Z Z 66logA

E(Y|AC N ALL) <

u¢CveNE (u) u€C vENg(u)

1 66 logA 66 log A
<> dou + > d(u) )
4 <u¢c de(u) 2= de(u)

1 66 log A

< Z .
_4<|V(G)\cy 6610gA+;2 . )

1
< 1 (n-66log A+ 2|C16)

66nlog A + 264nlog A
4
< 83nlogA ,

<

where we used the fact (implied by Arr) that for every vertex v, d(g)p <

dc(v) at the second line, and that A¢ implies |C| < 132% at the fifth
line.

Summarizing, we have shown the existence of a small identifying code
in a spanning subgraph of G obtained by deleting at most 83nlog A edges
from GG, which completes the proof. O
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3. Asymptotic optimality of Theorem 1.3

In this section, we discuss the optimality of Theorem 1.3, first with respect
to the size of the constructed code and the number of deleted edges, and
then with respect to the hypothesis that A is a sufficiently large constant
and that § > 66 log A.

3.1. On the size of the code and the number of deleted edges

Charon, Honkala, Hudry and Lobstein showed that deleting an edge from G
can decrease by at most 2 the identifying code number of a graph [8]. That
is, for every graph G and any edge uwv € E(G),

YP(G) <AP(G\ww) +2.

This directly implies that for every graph with linear identifying code
number, one needs to delete a subset F of at least Q2(n) edges, to get a graph
with v'°(G \ F) = o(n).

We will show that, indeed, one needs to delete at least Q(nlogn) edges
from the complete graph to get a graph with an asymptotically optimal
identifying code. Using this, we will derive a family of graphs with arbitrary
minimum degree §, that asymptotically attains the bound of Theorem 1.3,
both in number of edges and size of the minimum code, when A = Poly(J).

First of all, we prove that every graph with an asymptotically optimal
identifying code cannot contain too few edges.

Lemma 3.1. For every M' > 0, there exists a constant co > 0 such that
every graph G with v'P(G) < M'logn contains at least conlogn edges.

Proof. Set ag as the smallest positive root of

(6) f(a) = alog (M/Jae> —1/2.

Note that f(«) is well-defined since we have that lim,_,¢ f(a) = —1/2 and
that f(1) =log(M' +1)+1/2 > 0.

Suppose by contradiction that there exists a graph G containing less
than conlogn edges, with ¢y = /4, that admits an identifying code C
of size at most M'logn. Let U be the subset of vertices of degree at least
aplogn. Notice that
ABG)| 20

<

Ul < <
aglogn Qg
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Since |C| < M'logn and every v € V(G) \ U has degree smaller than
ap log n, the number of possible nonempty sets Ng[v] N C for some vertex v
with a small degree, is smaller than

aolfn |C| < M'logn + aglogn
i) aglogn

=1
_ (M’+a0)e ap logn
> 0

’
1 (1\/1 +ag )
nao og =0 e

N

that «ag is a root of (6) for the last inequality.

Since |V(G) \ U| > n/2 there must be at least two vertices v1,vy €
V(G) \ U such that Ng[vi] N C = Nglvo] N C, and thus C' cannot be an
identifying code, a contradiction. O

where we have used that (Z) < (%)b for the second inequality and the fact

The following lemma relates the identifying code number of a graph G
to the one of its complement G.

Lemma 3.2. Let G be a twin-free graph. If G is twin-free, then
7(G) < 29"(G) +1.

Proof. Let Cy be a minimum identifying code of G. We will show that there
exists a set Cp of size at most 7'°(G) and a special vertex v, such that
C = CyU Oy U {v} is an identifying code of G.

For the sake of simplicity, we define the following relation. Two vertices
u,v € V(@) are in relation with each other if and only if Ng(u) N Cy =
Ng(v) N Cy (notice that here we are considering the open neighborhoods)
and u is not adjacent to v (i.e. considering Cp in G, u,v are separated by
one of u,v). This will be denoted as u =¢ v. It can be checked that this is
an equivalence relation.

Claim. Every pair of distinct vertices u #Z¢ v is separated by Cp in G.

Proof. By the definition of =¢, either Ng(u) N Cy # Ng(v) N Cp or u ~ v.

If Ng(u) N Cy # Ng(v) N Co, there exists w € Cp (and w ¢ {u,v}) such
that w € Ng(u) ® Ng(v). Then, w € Ng(u)® Ne(v), hence w still separates
u,v in G.
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If Na(u)NCy = Ng(v)NCy, then u ~ v. If at least one of them belongs
to Cp, then this vertex separates u,v in G. Otherwise, u,v ¢ Cy and we
have Ng(u) N Cy = Ngu] N Cy and Nglv] N Cyp = Ng(v) N Cy. Hence
Nglu] N Cy = Nglv] N Cp. But then Cp does not separate u,v in G, a
contradiction. O

In particular, the above claim implies that every vertex in an equivalence
class of size one is separated by Cj from all other vertices in G.

Claim. Every equivalence class contains at most one element that is not in
Co.

Proof. Suppose that u =¢ v and that u,v ¢ Cp. Then, Ng[u]NCy = Ng(u)N
Co and Nglv] N Cy = Ng(v) N Cy. Using that they are equivalent, we have
that Ng[u]NCy = Ngl[v]NCy. Since C is an identifying code of G, we must
have u = v. O

Claim. Let U be an equivalence class of =g. Then all the pairs in U can
be separated in G by using |U| — 1 vertices.

Proof. We will prove by induction on s > 2 that every pair in every subset
of U’ C U with cardinality s can be separated in G by using s — 1 vertices.
Let uy,us,...,us denote the vertices of U’.

For s = 2 it holds: since G is twin-free, we can select w € Nglu1|®Nglua],
and w separates v and v in G.

For each s > 2, consider the vertices ui,us € U’ and let w € Ng[ui] @
Ngluz]. Since U’ forms a clique in G, w ¢ U’. Then w splits the set U’ into
Uy, the set of vertices of U’ adjacent to w in G, and Us, the set of vertices
in U’ non-adjacent to w in G. Let |U;| = s1 and |Us| = s3. We may assume
uy € Uy and ug € Us. Hence, s1,s9 > 1. Clearly s1 + s9 = s, which implies
51,82 < s. Now, the pairs of vertices of U’ with one vertex from U; and one
vertex from Us are separated by w. Since U; and Us are subsets of U of size
at most s — 1, by induction, the pairs of vertices in U; can be separated
using s1 — 1 vertices and the ones in Us using so — 1. Thus we need at most
(s1 — 1)+ (s — 1) +1 = s — 1 vertices to separate all the pairs of vertices
inU. L]

From the first claim we deduce that only the pairs belonging to the same
equivalence class need to be separated. From the second one, we know that
in each equivalence class there is at most one vertex that does not belong to
Cy. Thus, if there are t different equivalence classes, the number of vertices
in them is at most |Cp| + ¢t. Finally, it follows from the last claim, that at
most (|Cop|+1t) —t = |Cp| vertices suffice to separate all the pairs of vertices
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in the same equivalent class. Thus, there exists a set C) of size at most
|Co| vertices that separates all the pairs in G that are not separated by
Co.

Eventually, there might be a unique vertex v such that Ng[v] N (Cy U
Cy) = 0 (if there were two such vertices, they would not be separated by
Cp U C1, a contradiction). Hence, C' = Cy U C1 U {v} is an identifying code
of G of size at most 2|Cy| + 1 = 29(G) + 1. O

Proposition 3.3. For every M > 0, there exists a constant ¢ > 0 such
that, if Y"P(K, \ F) < Mlogn for some set of edges F C E(K,), then
|F| > enlogn.

Proof. Set M’ = 3M and let ¢ = cg be the constant given by Lemma 3.1 for
this M'. Suppose that there exists a set F' of edges, |F'| < cnlogn such that
G = K, \ F satisfies y*(G) < M logn. By Lemma 3.2, the graph G admits
an identifying code of size at most 2M logn +1 < M'logn. By Lemma 3.1,
we get a contradiction. O

Using the former proposition, for every § we can provide an example
of a graph with minimum degree § for which the result of Theorem 1.3 is
asymptotically tight when assuming that A = Poly(d).

Fix 6 > 0 and consider the graph Hj consisting of a disjoint union of

cliques of order 6+ 1. We may assume that §+1 divides n for the sake of sim-
n

plicity. Denote by Hgl), ceey Hés), = 511, the cliques composing Hs. Since

H(gi) is a connected component, an asymptotically optimal identifying code

for Hs must also be asymptotically optimal for each Hgi)

we must delete at least (d1og d) edges from Héi) to get an identifying code
of size O(log d). Thus, one must delete at least 2(sdlogd) = Q(nlogd) edges
from Hs to get an optimal identifying code.

. By Proposition 3.3,

Corollary 3.4. For every large enough & and every M > 0, there exists
a constant ¢ > 0 such that for every set of edges F' C FE(Hs) satisfying
yP(Hs \ F) < M”lggé, we have |F| > enlogd.

We remark that a connected counterexample can also be constructed
from Hgs by connecting its cliques using few edges, without affecting the
above result.

Corollary 3.4 implies that Theorem 1.3 is asymptotically tight when
A = Poly(9), since in that case log A = O(logd). However, when ¢ is sub-
polynomial with respect to A, we do not know if Theorem 1.3 is asymptot-
ically tight.
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3.2. On the hypothesis on A and §

We conclude this section by discussing the necessity of the hypothesis that
A should be sufficiently large and that § > 66 log A in Theorem 1.3.

First note that, if A is bounded by a constant, we need at least 77 =
©(n) vertices to dominate G. Thus, no code of size smaller than ©(n) can
be obtained by deleting edges of the graph.

On the other hand, the condition d§ > clog A for some constant ¢ > 0 is
also necessary to prove that there exists a subgraph with small identifying
code number (in the spirit of Theorem 1.3). This can be deduced from the
following proposition that also implies ¢ > (21og2)~!.

Proposition 3.5. For arbitrarily large values of A, there exists a graph G
with mazximum degree A and minimum degree § = % such that, for every
spanning subgraph H C G,

YP(H) = (1 —o(1))n .

Proof. Consider the bipartite complete graph G = K, , where s = 227,
Denote by Vi the stable set of size r and by V5 the stable set of size s.
Observe that 6 =r = logT28 = #.

For every given twin-free spanning subgraph H C G, let C' C V(G) be
an identifying code of H. Let us show that most of the vertices in V5 must
be in C. Let S C V5 be the subset of vertices in V5 that are not in the code.
Thus, for every u € S, N¢[u] = Ne(u). Observe that No(u) C Vi, and
hence, there are at most 2" possible candidates for such N¢(u). Since C' is
dominating and separating all the pairs in S, all the subsets N (u) must be
non empty and different, which implies, |S| < 2". Hence, we have

C1 2 [Va\ S| = 22 — 2" = (1 - 0(1))2" = (1 = o(1))n . O
4. Some consequences of Theorem 1.3

In the previous sections, we have studied how much the identifying code
number can decrease when we delete few edges from the original graph. The
next corollary deals with the symmetric question of how much the addition
of edges can help to decrease this parameter.

The question of how much can a parameter decrease when deleting or
adding edges has been widely studied in the literature for some monotone
parameters. However, if the parameter is monotone, only one of either delet-
ing or adding edges can help to decrease it. One of the interesting facts of
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the identifying code number, which is nonmonotone, is that one can have
similar results for both procedures.

Corollary 4.1. For every graph G on n wvertices, with minimum degree §
such that n — § is large enough, and mazimum degree A such that n — A >
66 log (n — §), there exists a set of edges F with F N E(G) =0 of size

[F| = O (nlog(n—9)) ,

such that

n—A

This can be proven by using Lemma 3.2 and by applying Theorem 1.3
to the graph G. Similar arguments than the ones shown before, prove that
this corollary is also asymptotically tight.

Theorem 1.3 also has a direct application to watching systems [3]. In
a watching system, we can place on each vertex v a set of watchers. To
each watcher w placed on v, we assign a nonempty subset Z(w) C NJv], its
watching zone. We now ask each vertex to belong to a unique and nonempty
set of watching zones; the minimum number of watchers that need to be
placed on the vertices of G to obtain a watching system is the watching
number w(G) of G.

In [3], the authors provide a tight upper bound on the watching number
of graphs with given maximum degree, w(G) < v(G)[logy(A + 2)]. Since
the domination number of a graph with minimum degree § satisfies v(G) <
(14 o(1))™982  this implies

VP(GUF) =0 <"1°g"> .

2
(7) w(G) < 4(G)[log A + 2] :Q(”lof 5) .

Nonetheless, observe that
w(G) < min{y™(H), where H is a spanning subgraph of G} .

Thus, Theorem 1.3 implies that

Corollary 4.2. For every large enough A and every graph G on n vertices
with maximum degree A and minimum degree § > 66log A, we have:

w(G) < 134"1(?A .

This bound asymptotically improves (7) when the maximum degree is
A = Poly(9).
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5. Concluding remarks and open questions

1. The kind of results we provide in this paper can be connected to the notion
of resilience (see e.g. [21]). Given a graph property P, the global resilience
of G with respect to P is the minimum number of edges one has to delete
to obtain a graph not satisfying P.

Our result can be interpreted in terms of the resilience of the following
(non-monotone) property P: “G has a large identifying code number in
terms of its degree parameters, § and A”. For every large enough A and
every graph G on n vertices with maximum degree A and minimum degree
0 > 661log A, Theorem 1.3 can be stated as follows: the resilience of G with
respect to P is O(nlog A). Moreover, Corollary 3.4 shows that there are
graphs that attain this value.

2. In Theorem 1.3, we show the existence of a small identifying code for
a large spanning subgraph of G. However, our proof is not constructive and,
besides, the probability that such pair exists is exponentially small, due to
the use of the Lovasz Local Lemma. However, the proof of the theorem can
probably be adapted to explicitly find them by using the algorithmic version
of the Lovész Local Lemma proposed by Moser and Tardos [18].

3. Note that a notion similar to identifying codes, locating-dominating
sets, has also been extensively studied in the literature (see e.g. [17] for many
references). In particular, it follows that every identifying code is a locating-
dominating set, hence Theorem 1.3 also holds for this notion. In fact, the
proof of Corollary 3.4 can be adapted for this case too.

4. Another notion on which we can apply our results is the metric di-
mension of a graph. A resolving set of a connected graph G is a set R of
vertices such that for every pair u, v of vertices of GG, there is a vertex x € R
such that the distance between x and w is different from the distance be-
tween x and v. The metric dimension of G is the smallest size of a resolving
set of GG. This parameter has been extensively studied since its introduction
in the mid-1970’s (see for example [5, 19, 20] and the references therein).
The metric dimension is also a non-monotone parameter with respect to
graph inclusion and therefore it is natural to study the same problem for it.
It is not difficult to see that any identifying code is a resolving set, there-
fore, Theorem 1.3 also holds if we change the identifying code number for the
metric dimension. However, in this case, we do not expect Theorem 1.3 to be
tight. Note that the metric dimension may be much smaller than ©(logn),
for example any path has metric dimension 1 [20], and the hypercube with
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n = 2¢ vertices has metric dimension © (1 Olgoﬁ)gn) [19]. The metric dimen-
sion of an Erd8s-Rényi random graph, has been recently studied in [7]. It
would be interesting to show how much can the metric dimension decrease,

by randomly perturbing some edges of the graph.

5. As further research, it would be very interesting to close the gap
between the result in Theorem 1.3 and the lower bound given by the example
in Corollary 3.4. Motivated by this example, we ask the following question:

Question 5.1. Is it true that for every graph G with minimum degree 0,
there exists a subset of edges F C E(G) of size

[F| = O(nlogé) ,

such that

YP(G\F) =0 (”lgg(S) ?

It seems to us that the techniques used in this paper will not provide an
answer to the previous question. The main obstacle is the use of the Lovasz
Local Lemma, which forces us to take into account the role of the maximum
degree of G.

References

[1] Alon, N. (1995). A note on network reliability. Discrete Probability and
Algorithms (Minneapolis, MN, 1993), IMA Volumes in Mathematics
and its Applications 72 11-14. MR1380518

[2] Alon, N. and Spencer, J. H. (2008). The probabilistic method, 3rd edi-
tion, Wiley-Interscience. MR2437651

[3] Auger, D., Charon, I., Hudry, O. and Lobstein, A. (2013). Watching
systems in graphs: an extension of identifying codes. Discrete Applied
Mathematics 161(12) 1674-1685. MR3044549

[4] Babai, L. (1980). On the complexity of canonical labeling of strongly
regular graphs. SIAM Journal of Computing 9 212-216. MR0557839

[5] Bailey, R. F. and Cameron, P. J. (2011). Base size, metric dimension
and other invariants of groups and graphs. Bulletin of the London Math-
ematical Society 43 209-242. MR2781204

[6] Bertrand, N. (2001). Codes identifiants et codes localisateurs-
dominateurs sur certains graphes. Master thesis, ENST, France.


http://www.ams.org/mathscinet-getitem?mr=1380518
http://www.ams.org/mathscinet-getitem?mr=2437651
http://www.ams.org/mathscinet-getitem?mr=3044549
http://www.ams.org/mathscinet-getitem?mr=0557839
http://www.ams.org/mathscinet-getitem?mr=2781204

76

[7]

[15]

[16]

[17]

[18]

Florent Foucaud et al.

Bollobas, B., Mitsche, D. and Pralat, P. (2013). Metric dimension for
random graphs. The Electronic Journal of Combinatorics 20(4) P1.
MR3139386

Charon, I., Honkala, I., Hudry, O. and Lobstein, A. (2013). Minimum
sizes of identifying codes in graphs differing by one vertex. Cryptography
and Communications 5(2) 1-18. MR3028675

Foucaud, F., Guerrini, E., Kovse, M., Naserasr, R., Parreau, A. and
Valicov, P. (2011). Extremal graphs for the identifying code problem.
European Journal of Combinatorics 32(4) 628-638. MR2780861

Foucaud, F. and Perarnau, G. (2012). Bounds for identifying codes in
terms of degree parameters. The FElectronic Journal of Combinatorics
19 P32. MR2880663

Frieze, A., Martin, R., Moncel, J., Ruszinkd, M. and Smyth, C. (2007).
Codes identifying sets of vertices in random networks. Discrete Mathe-
matics 307(9-10) 1094-1107. MR2292538

Gravier, S. and Moncel, J. (2007). On graphs having a V'\ {z} set as an
identifying code. Discrete Mathematics 307(3-5) 432-434. MR2287484

Haynes, T. W., Knisley, D. J., Seier, E. and Zou, Y. (2006). A quan-
titative analysis of secondary RNA structure using domination based
parameters on trees. BMC' Bioinformatics 7 108.

Karpovsky, M. G., Chakrabarty, K. and Levitin, L. B. (1998). On a new
class of codes for identifying vertices in graphs. IEEFE Transactions on
Information Theory 44 599-611. MR1607726

Kim, J. H., Pikhurko, O., Spencer, J. and Verbitsky, O. (2005). How
complex are random graphs in first ormder logic? Random Structures
and Algorithms 26(1-2) 119-145. MR2116579

Laifenfeld, M., Trachtenberg, A., Cohen, R. and Starobinski, D. (2007).
Joint monitoring and routing in wireless sensor networks using robust
identifying codes. Proc. IEEE Broadnets 2007, 197-206.

Lobstein, A. Watching systems, identifying, locating-dominating and
discriminating codes in graphs: a bibliography. http://www.infres.enst.
fr/"lobstein/debutBIBidetlocdom.pdf.

Moser, R. A. and Tardos, G. (2010). A constructive proof of the general
Lovész Local Lemma. Journal of the ACM 57(2) 1-11. MR2606086


http://www.ams.org/mathscinet-getitem?mr=3139386
http://www.ams.org/mathscinet-getitem?mr=3028675
http://www.ams.org/mathscinet-getitem?mr=2780861
http://www.ams.org/mathscinet-getitem?mr=2880663
http://www.ams.org/mathscinet-getitem?mr=2292538
http://www.ams.org/mathscinet-getitem?mr=2287484
http://www.ams.org/mathscinet-getitem?mr=1607726
http://www.ams.org/mathscinet-getitem?mr=2116579
http://www.infres.enst.fr/~lobstein/debutBIBidetlocdom.pdf
http://www.infres.enst.fr/~lobstein/debutBIBidetlocdom.pdf
http://www.ams.org/mathscinet-getitem?mr=2606086

Random subgraphs make identification affordable 7

[19] Sebd, A. and Tannier, E. (2004). On metric generators of graphs. Math-
ematics of Operations Research 29(2) 383-393. MR2065985

[20] Slater, P. J. (1975). Leaves of trees. Congressus Numerantium 14 549
559. MR0422062

[21] Sudakov, B. and Vu, V. H.(2008). Local resilience of graphs. Random
Structures Algorithms 33(4) 409-433. MR2462249

[22] Ungrangsi, R., Trachtenberg, A. and Starobinski, D. (2004). An im-
plementation of indoor location detection systems based on identifying
codes. Proc. Intelligence in Communication Systems, INTELLCOMM
2004, Lecture Notes in Computer Science 3283 175-189.

FLORENT FOUCAUD

LIMOS — CNRS UMR 6158

UNIVERSITE BLAISE PASCAL
CLERMONT-FERRAND

FRANCE

E-mail address: £lorent.foucaud@gmail . com

GUILLEM PERARNAU

SCHOOL OF MATHEMATICS
UNIVERSITY OF BIRMINGHAM
BirmiNGHAM, B15 21T

UK

E-mail address: p.melliug@gmail.com

ORIOL SERRA

DEPARTAMENT DE MATEMATIQUES
UNIVERSITAT POLITECNICA DE CATALUNYA
BARCELONA

SPAIN

E-mail address: oriol.serra@upc.edu

BARCELONA GRADUATE SCHOOL OF MATHEMATICS
BARCELONA
SPAIN

RECEIVED 4 SEPTEMBER 2014


http://www.ams.org/mathscinet-getitem?mr=2065985
http://www.ams.org/mathscinet-getitem?mr=0422062
http://www.ams.org/mathscinet-getitem?mr=2462249
mailto:florent.foucaud@gmail.com
mailto:p.melliug@gmail.com
mailto:oriol.serra@upc.edu

	Introduction
	Main theorem
	Important tools and lemmas
	Proof of the main result

	Asymptotic optimality of Theorem 1.3
	On the size of the code and the number of deleted edges
	On the hypothesis on Delta and delta

	Some consequences of Theorem 1.3
	Concluding remarks and open questions
	References

