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Cyclable sets of vertices in 3-connected graphs

HAoO L1 AND YAN ZHU

Given a graph G, a set S C V(G) is called cyclable (in G) if G has
a cycle containing every vertex of S; G is hamiltonian if V/(G) is cy-
clable in G. Beginning with a result of Dirac in 1952, many results
on sufficient conditions that relate degree sum and neighborhood
conditions for hamiltonicity and cyclability, have been obtained.
We give a new sufficient condition on degree sums and neighbor-
hoods of any four independent vertices in a graph. We also study
the extremal cases of this condition.

1. Introduction and notation

All the graphs considered in this paper are undirected and simple. We use the
notation and terminology in [3]. In addition, for a graph G = (V(G), E(GQ))
and a subgraph H of G, the neighborhood in H of a vertex u € V(G) is
{veV(H) : uw € E(G)} and is denoted by Ny (u) and the degree of u
in H is dg(u) := |[Ng(u)|. In the case H = G, we use N (u),d(u) instead of
Ng(u),dg(u), respectively.

IfC=cicg----- cper is a cycle, we let Cle;, ¢j] (Cleg, ], resp.) be the
sub-path cijci11---¢; (cici—1--- ¢j, resp.), where the indices are taken mod-
ulo p. We will consider C[e;, ¢j] both as paths and as vertex sets. Define
C(Ci,Cj] = C[Ci_;,_l, Cj], C[Ci, Cj) = C[CZ‘, Cj_l] and C(Ci,Cj) = C[Ci_;,_l, Cj_l].
For any ¢, we put cj = Cit1, ¢; = Ci—1, ¢; = ¢Cip2 and ¢; 7 = ¢j_2.
For V(A) C V(C), we set V(AT = {vtjv € V(A)}L,V(A)™ = {v|v €
V(AL V(AT = V(AN and V(A)~2 = (V(A)~)". We will use similar
definitions for a path.

For any subset S of V(G) and any integer k£ > 1, denote by

or(S) = min{Zle d(v;) : {vi,v9, -+, v} is an independent set in S},
or(S) = min{Zle d(v;) — ]ﬂle N(v;)| : {vi,v2, -+ ,v;} is an indepen-
dent set in S} and

01(8) = min{ 31y d(v:) + [Ufzy N(wi)| — [Ny N(wi)| + {vr,v9,-++ v}
is an independent set in S}.

So 01(S) = 4(S) which we often use for the minimum degree (in G) of
the vertices of S. If S = V(G), we denote o, = 0;(G), 7 = 7x(G) and

495


http://www.intlpress.com/JOC/

496 Hao Li and Yan Zhu

o = 0;(G) respectively. A vertex v is called an S-vertez if v € S. By G[S]
we denote the subgraph of G induced by S. Let a(S) be the number of
vertices of a maximum independent set of G[S], obviously «(S) > k.

A subset S of V(G) is called cyclable in G if all the vertices of S belong
to a common cycle in G. A cycle C of G is called S-mazimum if |V (C)N S|
is maximum. Obviously, a V(G)-maximum cycle is a longest cycle in G. A
graph G is hamiltonian if V(G) is cyclable in G, i.e., there is a cycle that
contains all vertices of G. For example, the complete bipartite graph K,
with s < t is not hamiltonian and the subset of vertices in the part of s
vertices is cyclable and the subset of vertices in the part of ¢ vertices is
not cyclable. A cycle C is called S-weak-dominating if every component in
G —V(C) contains at most one S-vertex. A cycle C' is called S-dominating
if every component in G — V(C') that has S-vertex is of cardinality one. It
is clear that when S = V(G), an S-weak-dominating cycle is a dominating
cycle of G, (where a cycle C' is dominating if no component in G — V(C)
has more than one vertex).

The first important result in extremal hamiltonian graph theory is due
to Dirac.

Theorem 1 (Dirac 1952 [5]). If G is a graph of order n > 3 such that
o1 > 5, then G is hamiltonian. The bound is sharp.

Dirac’s theorem concerns a condition of 01(G), i.e., a degree condition
on every vertex. It is natural to generalize them into degree conditions on
more independent vertices for hamiltonicity. We summarize some of them
in the following theorem.

Theorem 2.

—(1) (Ore, 1960 [14]) Let G be a graph of order n > 3 such that oo > n.
Then G is hamiltonian. The bound is sharp.

—(2) (Schmeichel and Hayes, 1985 [15]) Let G' be a 2-connected graph of
order n such that o9 > n — 1. Then G is hamiltonian unless G is the
class of graphs that can be obtained from K(,_1)/2 (n+1)/2 by adding
some edges in the ”T_l—part.

—(3) (Bondy, 1980 [2]) Let G be a k-connected graph of order n > 3. If
01+1(G) > 3(k + 1)(n — 1), then G is hamiltonian. The bound is
sharp.

—(4) (Harkat, Li and Tian, 2000 [10]) Let G be a 3-connected graph of order
n. If o4 > n+ 2a — 2, then G is hamiltonian. The bound is sharp.

By an observation, the degree sums or neighborhood unions count rough-
ly %n for each vertex. For more results on sufficient conditions with degree
sums or neighborhood unions, please see [6],[7],[9] and [10].
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Cyclability is a natural generalization of hamiltonicity since clearly, if
S =V(G), “S is cyclable” is equivalent to “G is hamiltonian”. We summa-
rize the results related to the above ones in the following theorem.

Theorem 3.

—(1) (Bollobas and Brightwell, 1993 [1] and independently Shi, 1992 [16])
Let G be a 2-connected graph of order n and let S C V(G). If 01(S) >
%n, then S is cyclable. (in fact, this is a special case of a more general
result obtained in [1]).

—(2) (Ota, 1995 [13]) Let G be a 2-connected graph of order n and let
S CV(G). If 05(S) > n, then S is cyclable.

—(3) (Favaron, Flandrin, Li, Liu, Tian and Wu, 1996 [8]) Let G be a 2-
connected graph of order n and let S C V(G). If 3(S5) > n, then S is
cyclable in G.

—(4) (Harkat, Tian and Li, 2000 [10]) Let G be a 3-connected graph of order
n. If S C V(G) such that 04(S) > n+ 2a(S) — 2, then S is cyclable in
G.

—(5) (Li, 2000 [11]) Let G be a 3-connected graph of order n. If S C
V(G) such that 74(S) > n + 3, then G has an S-weak-dominating
S-maximum cycle.

The main result of this paper is about sufficient conditions on four in-
dependent vertices. We first define

— Ag is the class of graphs that can be obtained from K(,_1)/2 (n41)/2 in
which the ”Tﬂ—part entirely and exactly belongs to S, and then by
adding some edges (possibly no) to the %—part.

— Bg is the class of graphs in each G of which there are three vertices
v1, V2, v3 such that G—{vy, vy, v3} is an union of four disjoint subgraphs
H; (1 <i < 4)suchthat for 1 < <4, there exists at least one S-vertex
in H;, and for every S-vertex u in H;, N(u) = (H; — {u})U{v1,v2,v3}.

Theorem 4 (the main theorem). Let G be a 3-connected graph of order n.
If S CV(G), then

—if 04(S) > 2n — 1, S is cyclable in G and
—if 03(S) =2n—2, S is cyclable in G or G € AsUBgs or G is the Petersen
graph with S = V(G).

2. Proof of the main theorem

We shall use the following lemma.
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Lemma 1 ([11]). Let G = (V, E) be a graph, P = vvs...v, a path in G
and up,ugz,ug three vertices in V(G) — V(P) such that for every i€ {2,3},
Np(u;) " Np(u;)t =0 and for 1 <i < j < 3,Np(u;) N Np(u;)* = 0. Then

[ peAP) +L, v, ¢ N Np(w)

;d’)(%) : { p+AP)+2, ifv, €N, Np(u),

Xhe(re ;)(P) = ‘Auhuz,us(P” with Aul,w,us(P) = (ﬂ?:l NP(ui))+ N(Np(u1)U
plug)) .

Corollary A. Under the conditions of Lemma 1, we have

3 .

S < 1P IVOP) = (0] Uy No(u 41, 31y ¢ (. Vo
i=1 N ‘P‘+’V(P {vp} Uz lNP )‘_‘_2 lfvpeﬂz lNP( )
Proof of Corollary A. Since for every i € {2,3}, Np(u;) N Np(u;)™ =0 and
for 1 <i<yj<3 Np(’U,Z) N Np(uj)™ = 0, the corollary follows directly
from the fact that ((;_; Np(u;))* ﬂ(Np(ul) UNp(u2))” CV(P)—{vp} —
Uz 1NP(UZ) O

In the following two corollaries, we discuss the extremal cases.

Corollary B. Under the conditions of Lemma 1 and if

(1)

S ap(ug = {2 V) = (o) = UL N + 1 iy (1L, ()
; p+[V(P) = {up} — ULy Np(w)| +2, if v, € (7, Np(us).

then there are 1 =41 < ji <ipg < jo < -+ <ig < jg=p with ip1q > jr+2
for all f such that v+ ¢ U3 Np(u;) for 1 < f < ¢ — 1 and for any subpath
Py = Plvi,,vj,], when 1 < f<q—1, wehave Pf C Np(u1), Np(uz2) N Py =
Np(uz) N Py = {v;,} and for P, one of the following six cases occurs:

~(a) Py = Np(u1) and Np(ug) = Np(u3) = {vp};

~(b) Py = Np(ur), Np(uz) = {tp} and Np(us) = 0

—(c) Pq = Np(u1), Np(uz) = {vp} and Np(ug) = 0;

(d) —{vp} = Np(u1) and Np(uz) = Np(uz) = {vp};

—(e) Py —{vp} = Np(u1) and Np(uz) = Np(ug) = {vp—1}; and
~(f) Py —{vp} = Np(w1), Np(uz) = {vp-1} and Np(uz) = {vp}-

Proof of Corollary B. Suppose that (1) holds. It follows that
(M=t Np(ui) T N(Np(u) U Np(uz))™ = V(P) = {vp} = Uiy Np(wi).
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We use induction on p. When p = 1 and p = 2 the corollary can be
directly verified. Assume that it is also true for any path of fewer than p
vertices.

Suppose that usvy € E(G) for some 1 < d < p — 2 and d is minimum.
Then by the condition of Lemma 1, vg41 ¢ U?zl Np(uj) and hence vg1 €
(Nizy Ne(ua) ™ N(Np(ur) U Np(us)) ™

Since vg € ﬂ?zl Np(u;), from the condition that for every i € {2,3},
Np(u;) N Np(u;)™ = 0, it follows that either vg_q ¢ U?:1 Np(u;) or vg_1 €
Np(ul) - NP(UQ) U NP(U3). In the case that vg_1 € Np(ul) — NP(UQ) U
Np(us3), we deduce that vg_o € Np(u2) U Np(u3). If vg_o ¢ Np(ui) then
vg—3 & Np(uz2) U Np(us). We continue and let f = min{t : v, vp41,- -+ ,vg €
Np(uy) and either t =1 or v,y ¢ >, Np(us)}.

Put P = viva---vg and Py = v4420V443 - Up. Since Z§=1 dp, (u;) =
|P1| + 2, it gives

Yoy dp, (us) = 30 dp(us) — 320y dp, (u:)

_ oIV~ {o} —UL Ne(u)l + 1 —d =2, if v, ¢ (V. Np(u)
P+ IV(P) = {vp} = Uiy Np(ui)| +2—d =2, if v, € () Np(u;).
( (ui)

_ B+ IV(P2) = (v} = Uiy Ney(w)] + 1, if vp & o=y Np(ui
|Po] + |V (Po) = {wp} = Uiy N, (wi)] + 2, if v, € Mizy Np(w).
Then by using the induction hypothesis, we obtain the conclusion. Hence
we assume that Np(ug) N {vi,va,- -+ ,vp—2} = 0.

If uzv,—1 € E(G), vp ¢ Np(u1) UNp(uz) UNp(u3). We use Lemma 1 on
the subpath P’ = P[v1,vp_1] and the induction hypothesis. By the equality
condition in the corollary, we deduce that the only case (e) follows. So we
assume Np(uz) C {vp}.

It gives that A(P) = 0 and so V(P) C Np(u1) U Np(ug) U Np(usg). If
ugvg € E(G) with 1 < d < p— 2 it implies that vg11 ¢ Np(u1) U Np(ug) U
Np(us3), a contradiction. We obtain that Plv1,vp—2] € Np(u1). Moreover,
we can easily see that |[Np(u2) N {vp—1,vp}| + |Np(uz) N{vp—1,vp} < 2. We
deduce that Np(u1)N{vp—1,vp} # 0. When Np(u1)N{vp—1,vp} = {vp—1} we
have the cases (d), (e) and (f). When v, € Np(u1), vp—1 ¢ Np(uz2) UNp(u3)
and thus v,_1 € Np(u1). We finally obtain cases (a), (b) and (c). O

The following corollary follows directly from Corollary B.

Corollary C. Under the conditions of Lemma 1 and (1), if Np(uj) N
Np(u1)+ = @, then
—{v1,v3, -+ ,vp—a,vp—2} € Np(uy) N Np(uz) N Np(us) and v, is adjacent
to at least two of the ui,us,u3’s, when p is odd;
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— Np(u1) = {vi,v3,- -+ ,Vp—5,Up—3,Up—1} and either Np(ug) = Np(uz) =
{’Ulav?)av"' 7Up*57vpf3avp} or NP(UQ) = NP(U3) = {U17U37"' )
Up—5,Vp—3,Vp—1} or Np(ug) = {vi,v3, - ,0p—5,0p—3,0p—1} and
Np(uz) = {vi,v3, -+ ,vp—5,Vp—3,Up}, When p is even.

Proof of Theorem 4. To prove Theorem 4 by contradiction, suppose that a
graph G = (V, E) and a subset S of V' that verify the condition of Theorem 4
are given. Assume that .S is not cyclable.

The inserting method was be introduced for use on longest cycle prob-
lems in claw-free graphs by Zhang [17] and then has been widely developed
by many colleagues. It was generalized into the inserting methods on an S-
maximal cycle by in [8] and [10]. We follow [10] and [11] to have some basic
definitions and facts on the structures. The definitions and the lemmas 2, 3, 4
with their proofs can be found in [10] and [11].

Suppose that C' = cicac3 - - - ¢per is a cycle with an implicit orientation
according to the increasing subscripts in G such that

(I) C is an S-maximum cycle of G (i.e., C' contains maximum number of
S-vertices).

Since S is not cyclable, there exists a component H of G — V(C) with
V(H)NS # 0. Pick a vertex zg € V(H)NS. Suppose that there are ¢ paths
P{[xo,v1], Pjlxo, v5],..., and P/[xg, v;] from xq to C having only ¢ in common
pairwisely. We have ¢ > 3 since S is 3-connected. Let V(P/) NV (C) = {v}}
for each 4, and v{, v}, ..., v; occur in this order along the orientation of C. For
each i € {1,2,...,t}, let u; be the last S-vertex of P/[x¢,v}) ( the vertex u;
may be xg), and let v; be the last vertex of C[vj,v;, ) adjacent to P} (u;, v;)
if P!(u;,v}) # 0; otherwise let v; = v}, where the indices are taken modulo ¢.
Denote P;[zq, v;] = P][zo, u,]v; where u, € N (v;) NP/ (u;,v}), if P (u;,v}) # 0;
otherwise let P;[xo, v;] = P/[zo,v}]. We assume that

(IT) Subject to (I), the path system is chosen in such a way that ¢ is as large
as possible.

Since C' is an S-maximum cycle of GG, we have the followings.

Lemma 2 ([10]). Suppose that {u,v} C V(C). If there is a path Q[u,v]
such that Q(u,v) NV (C) =0 and Q(u,v) NS # @, then C(u,v) NS # (. In
particular, C(v;,vj ) NS # 0.

Now we give some definitions.

A segment C[u,v] is a set of consecutive vertices between v and v on C.
Two segments of C' are intersecting if their intersection contains at least two
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vertices. A segment is called a non-S-segment if it contains no S-vertices. If
X1, T2, Y1, Y2 are vertices of C' such that ya € C(y1, 1), x2 € C(z1,y1) and
C(y1,y2) is a non-S-segment, the two edges x1y; and zoys are called crossing
diagonals at x; and x2. An S-vertex u of a segment C; = C(v;, v;41) defined
above is said to be insertible if there is a non-S-segment C(z,y) C C(vjt1,v;)
such that ux and uy belong to E(G). In this case, the segment C[z,y] is
called an inserting segment for wu.

Lemma 3 ([10]). Let i € {1,2,---,t} and v € C(v;,viy1]. If there ex-
ists a path Q[u,v;] such that Q(u,v;) N V(C) = 0 and Q(u,v;) NS # 0,
then C(v;,u) contains at least one non-insertible S- vertex. In particular,
C(vs,vj, 1) contains at least one non-insertible S-vertex.

For each ¢ € {1,2,---,t}, let x; (y;, resp.) be the first (last, resp.)
non-insertible S-vertex of C(v;, viy1). Obviously, z; € C(v;, v;, ;) and hence
N(x,) N Pz(uu v;) = .

Remark 1 ([10]). For each w; € C(v;, x;],1 < i < t, w; has no neighbor in
U’_, Pi[zo,v;). In particular, zoz; ¢ E(G).

Remark 2 ([10]). For each w; € C(v;,z;],1 < ¢ < t, G contains no path
Pl[zg, w;] of length at most 2 such that Plxg,w;) NV (C) =0, i.e., N(w;)N
N(zo) N H =0 and wizg ¢ E(G).

Remark 3 ([10]). C(vj,y) NS # 0 for any v € C(v;,z;) and y € N(v) N
C(vjaijrl)ai # 7.

Lemma 4 ([10]). Let 1 < i # j < t, then for each w; € C(v;,z;] and each
wj € Cluvj, 2]

(1) G contains no path Plw;,w;| of length at most 2 that is internally
disjoint from C. In particular, wyw; ¢ E(G);

(2) There are no crossing diagonals at w; and wj.

Remark 4. Let 2, 1 <i <, be any vertex in C|x;, ”z'_+21] such that there is
a hamiltonian path J;[x}, v; ] of G[C[x;,v; | ]] connecting z} and v; ;. Then
by using J; instead of C[x;,v; ;] and by the same proof, we can show that
x} has the same properties as z; in the above Lemma 4 and Remarks 1, 2, 3.

Remark 5. X := {zg,2), -+ ,2;} is an independent set of G and any pair
of them do not have a common neighbor in G — V(C).
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Now since ¢ > 3, by Remark 4 and by putting x;, = xg, we consider an
independent set {x;,, i, , Ti,, i, }. Directly, we have

3

(2) > INgove)(i,)

h=0

<|G=V(C) —{zi} =n—|[V(O)] - L.

Take any segment C(vs,vpy1], 1 < f <t (with vi41 = v1) and without
loss of generality we assume Hy = C(v}", V1] == caCdy1 -+ cdrs © C(vz, v1].
Then x;,, z;,, z;, are not in Hy. Since they are non-insertible, for every h €
{2,3}, Nu,(xi,) N Ng,(z;,)" = 0. From Lemma 4 (2), we have that for
1 <h<k<3,Ng,(z;,) N Ng,(x;)" = 0. It follows from Corollary A that

(3)

3
> du, (i)
h=1

3
[Hyl + [V (Hp) = {vp41} = [ Mo, (3,) |+ 1, 3 cays & Moy Naz, (23,)
— 3

’Hf’ + |V(Hf) _{Uf-l—l} - U NHf(thN +27 if Cd+s € 02:1 NHf(xih)'
h=1

Note that by Lemma 4(1), v;{ ¢ UZ:O N(z;,). It is easy to see that

3
(4) {oi:1<i <t € () N(@i)}H + [N (i) N {v1, 02, 000 00}
h=1
3
<) N(wi,)| +t.
h=0

By using (2), (3) and (4) and by the fact that every vertex not in C' is
adjacent to at most one of the z;,’s, we finally get

3
> d(w,) <n—|V(C)| -1
h=0
3

t
+ ) (Hyl + [V(Hy) = {vpa} = | Na, (3,)] +1)
f=1 h=1
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3
+{vis1<i <t €[] N@i,)}
h=1

+ |N(zi,) N {v1,va, ...y v}

Sn_|‘/ |_1+2Z‘Hf’ Z|UNHf ‘/El;

=1 h=1
+\ﬂN(xz‘h)|+t

h=0
<n—V(O)=1+2(V(C) = {v) vy, v })

3 3
— U Ne@)l + 1 () N(a)| + 1
h=1 h=0

<n-1+|V(C \—t—]Uchlh y+|ﬂle,
h=1
3

<n—-14n—-1—-(n—-1—|V(CO)|+t+| UNC(%';L)D
h=1

3
+ () Nz,
h=0

3 3
<on—2—|J No(i,)|+ [ N,
h=0 h=0

It follows that the equalities above hold and hence the equality (3) holds for
every Hy and Vi, 2,i3. Moreover we deduce

Remark 6. If t > 4 or t = 3 and either z;fz; € E(G) for i # j or
Uiz (A 2,0 (C i, 031])) # 0, then G = C = {wo}, 2 = v and y; = vy,

We give a short proof of Remark 6. When ¢ > 4, pick any C(x;, v;i4+1] and
we have i1, 149,13 # i. Then by the equalities above, one of the i1, 19, i3, say 1
is adjacent to J:j, then we obtain a cycle obtained from
Pi[xo,v;)Clvg, x4, )xi, o C(z,vi, ) Pifvi,, m] by inserting the vertices in
C(vi,z; ] U C(viy, ], which contains V(C)U{zo} — {zi}. By the choice
of C and G — C = US_¢Ng_c(z;,), we deduce C(vj,z;] = 0 and N(z;) N
(G —C) = 0. When t = 3 and 2| (As, 202, (C(x,v11])) # 0, we have
a similar proof from a cycle containing V(C) U {zo} — {v} for a vertex

v € UL (M 0 (C (i, vi41))) # 0.
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We will use the following claim:
Claim.

—(a) Forany 1 <1i < j <t, {zjvj,yj—12;} N E(G)| < 1 since otherwise the
cycle

Pjz0,vj)v;z5Q (2, i) Clyis yj—1)yj—12;C(j,v;) P;[vi, 2o

(where Q(«},y;) is a hamiltonian path of C[z;,v;] between z and y;)
contains more S vertices than C, a contradiction.

—(b) For any 1 < i < t, there don’t have two consecutive vertices w’,
w” ¢ Clvj, viy1] such that w'z}, w”y; € E(G) since otherwise the cycle

Piy1[zo, vig1)Clvipr, w')w'=Q (], yi ) yiw” Clw”, v;) P lvg, 0]

contains more S vertices than C, a contradiction.

We also have

Remark 7 (Claims 2 and 3 in [10]). XU(U;:1 Ag; iy, (C(T),0541]) 18
independent.

We first discuss the case that ¢ > 4.

Pick up any segment, say H; = C[z],z5] = rira---rp. By Corol-
lary C and since zg,r;—; and x; are not insertible, then either |Hjp| is
odd and {ri,rs, - ,7p—a,7p—2} € Npg(xt) N Ng(xi—1) N Np(z2) and v,
is adjacent to at least two of the x,xi_1,29’s, or p s

i~

even, Ny(xy) = {rp—1,7p—3,7p—5, - ,r3,71} and either Ny(x;_1) =
NH(:L’Q) = {Tp,T’p_3,7’p_5,'” ,7’3,7"1} or NH(JZt_l) = NH(LL’Q) =
{Tp—larp—37rp—57 T ,7“3,?”1} or NH(xt—l) = {Tp—larp—3yrp—57 o ,7“3,’]”1}
and Ny (x2) = {rp,rp—3, p—5, -+ ,73,71}.

Now we take x1,x¢_1,x9 and from the positions of the vertices adjacent
to x4—1 or xp we deduce that when |Hi| is odd, {ri,rs,--- ,rp—a,7p—2} C
Ny (xz1) and |Hy| is even, Ny (x1) = {rp—1,7p—3, "p—5," -+ ,73,T1}.

We will show that if |H;| is even, then |H;| = 2. Suppose to the con-
trary that |H;| > 4. Then v, z; € E(G) and by considering (1,¢,¢ — 1) and
(t,t — 1,2) respectively, we obtain either z;_1vy € E(G) and 2] € E(G)
or ;105,205 € E(G) and vgxf,vt_le,vtxf € E(G). When z;_1vy €
E(G) and vaz] € E(G) we get a contradiction from Claim (b). When
Ti-1v5 20y, € E(G) and vox ], v 127, vix] € E(G), we consider y;’s in-
stead of x;’s and since H; is even and |Hp| > 4, we deduce that y;—121 €
E(G). We have a contradiction from Claim (a).
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Suppose |H;| = 2. By Corollary C and by considering (¢,t — 1,2), we
have x1y; € E(G) and either x;_jv2 € E(G) or x¢—jv, € E(G). Similarly,
we have yoz1 € E(G) and either y;_1v; € E(G) or y—121 € E(G). But
if z4_1v; € E(G), by Claim (a) we have y;—121 ¢ E(G) which implies
yi—1v1 € E(G). So without loss of generality we assume x;_1v2 € E(G). By
Claim (a), we have zoy;—1 ¢ E(G). By considering x¢, 1, zo and by using
Corollary C, we deduce that v;z1 € E(G). Now the cycle

Py [330, 711)6[111, xt)xtylfUlUtU[vt’ $t71)33t—1v20(v2, Utfl)ﬁtfl ['Utfla 960],

gives a contradiction.

We assume now that |H;| is odd for V1 < i < t. Let H; = Clz} Ty, vp41) =
aiaz - - - ap, with p odd. Put Oy = {a1,as,- -+ ,ap—4,ap—2}. By Corollary C,
for any 1,142,493 # f, Op € N(z3,) N N(z4,) N N(x4,). Then by considering
xf, T, %;,, and by using Corollary C, we deduce Oy C N(xy).

Let O = U!_,0;. We have O C N(z;) for Vi and by the definition O+ C
Ut Mgy 20,25 (C(i, vi11]). By Remark 7, {zo, 1, -+ ,2¢:}UO™ is an indepen-
dent set of "‘2"1 vertices and we obtain that G € Ag and {zg,z1, -+, 2} U
ot CSs.

Suppose now that ¢t = 3.

Suppose that | U?:l(Azthg (C(zi,vi+1]))| = 2. Without loss of general-
ity we have w; is the first vertex (direction of the cycle C) in
Ay ps (C1,09]) and wa € U2_; (A, oy (C(2i,vi11])). Then we have
C(z1,wy ] € N(z1). Since there is a path 6[w1,x1)x1wf0(wf,vg}, we can
use wy instead of z1 and consider xg, w1, x2, x3. It can be obtained that ei-
ther C(x1, wa] C N(wy) or it is empty. Let P = C’[xf, V9] = 212 - - - 2p With
w1 = z4. Suppose now that there is a vertex z; € Ay, 2, 2, (Clz1,25]). A path
a(z;, Zit1)zi41210(21, 2i) 2i24C (24, zp) and the edge zqzo contradict Remark
5. S0 Ay, 2y.2,(Clz1,25]) = 0 and hence by Remark 6, d(x1) = d(wy) =
d(wa) = d(xo) = 3. It follows that

2n—2< d(aﬁ) + d(wl) + d(wz) + d(ajo)
+ ‘N(l‘l) U N(wl) U N(wQ) U N(a}o)’
=124 (n—4),

and hence n < 10. But we have 11 vertices xg, v1, v2, v3, T1, T2, T3, W1, W] , W2
and w, , a contradiction.

Assume that |Ul 1(Azy 0,25 (C24,vi41]))| = 1 and without loss of gen-
erality, Jwi; € Ay, 2,2,(C(x1,v2]) (so w; = z7?). By the same argument
as above, we have d(z;) = d(w;) = d(xp) = 3. And without loss of gen-

erality, we assume |C(z2,vs]| < |C(z3,v1]|. Then by Corollary C, |N(z2) N
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C(z3,v1]| <1 and |N(z2) N Clxy,ve)| < ‘C[‘gﬂ These gives that d(zg) <
|Clza, vs]| -1+ M +1< ‘C[m’%]‘+|C[mz’v1“+|0[ml’v2}‘ = -1 We see that
vy € N(zp) N N(wl) N N(x1) N N(z2). It follows that

2n—2< d(l’o) + d(wl) + d(a:l) + d(xg)
+ |N(JJO) @] N(wl) U N(CEl) U N($2)|
— |N($0) M N(wl) N N(xl) N N(x2)|

(n—>5)—1

and n < 9, which implies vy = xf, vy = x; and then wjvs € E(G). So
v3 € N(z9) N N(wy) N N(xz1) N N(z2). Now

+|N((L‘0 (wl)UN(:cl)UN(:cg)|
—|N X0 (wl)ﬁN(:cl)ﬁN(:vgﬂ

2n — 2 < d(z) + d(w1) + d(x1) + d(x2)
)
(o)

UN
NN

1
=9+ +(n—>5)—2

and n < 7 which is not possible.

So we may suppose that |>_, (Ay, 2y, (C(24, Uz+1])) (). It follows from
Corollaries B and C, that C(x;,v; | C N(x;) for i = 1,2,3. Similarly we
have C[z;,y; | C N(y;) for i =1,2,3.

Suppose that Clzy,y;] contains at least three vertices. Since G is 3-
connected, it is easy to prove that either there is a vertex w; € C [xf,yl_ ]
which is adjacent to a vertex wy in Clza,y3] or one of y; and z1, say yi
is adjacent to a vertex wy in C[xg,y3] and vy is adjacent to one vertex
z € Clz1,y1 |- By Remark 4, wy ¢ Clza,y2] U Clxs,y3] and hence wy =
vs. If yyvs € E(G), since y; is not insertible, we have yiz3 ¢ E(G). If
y123,v2z € E(G), by Claim (a), we have a contradiction from a hamiltonian
path Clyi, 27)zt 210 (21, 2] of Clay,y1]. So we get y123 ¢ F(G). Similarly
from C[z1,27)2"y1C(y1, 2] and by Claim (a), we have yo71 ¢ E(G).

Suppose G ¢ Bs. Since G — {v1,v2,v3} is not a union of the 4 connected
components G(C[z1,y1]), G(Clz2,y2]), G(Clxs, y3]) and G — C, we deduce
|Clz2,y2]| > 2, |Clxs, y3]| > 2 and z2y3 € E(G). By Claim (a), no vertex in
Clzs,ys ] is adjacent to vo. If vq is adjacent to a vertex z € C[x3,y5 |, then
a cycle

Py[z,v2)Clva, v1)v12C (2, 23) 2321 C (27T, y3)yswaC(w2, v3) P3[vs, xo)

gives a contradiction. So we have shown that there is no edge between
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Clxs,ys ] and Clv1,y2] and therefore {v3,ys} is a cutset, a contradiction.
So we may assume that for any 1 < i < 3, C[x;,y;] contains at most two
vertices.

Suppose that G ¢ Bs. It is easy to see, without loss of generality, that

|Clz1,y1]| = |Clx2,y2]| = 2 and z1y2 € E(G). By a similar proof as above,
we may obtain that xo is not adjacent to z1,y1,v1,x3,vs. Since {va,ya} is
not a cutset, it follows that xey; € E(G). By the same argument, we get
z3y1 € E(G). Now G is the Petersen graph.

1]
2]

This completes the proof of Theorem 4. O
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