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Properties of stochastic Kronecker graphs

MinyuN KANG*, MicHAE KARONSKI, CHRISTOPH KocHT,
AND TAMAS MAKAT

The stochastic Kronecker graph model introduced by Leskovec et
al. is a random graph with vertex set Z3 , where two vertices v and v
are connected with probability o v~ (1—)1-v)gn—uwv—(1-u)(1-v)
independently of the presence or absence of any other edge, for
fixed parameters 0 < «, 8,7 < 1. Leskovec et al. have shown em-
pirically that the degree sequence resembles a power law degree
distribution. In this paper we show that the stochastic Kronecker
graph a.a.s. does not feature a power law degree distribution for
any parameters 0 < «, 5,7 < 1. In addition, we analyze the num-
ber of subgraphs present in the stochastic Kronecker graph and
study the typical neighborhood of any given vertex.
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1. Introduction

Kronecker graphs were introduced by Leskovec, Chakrabarti, Kleinberg and
Faloutsos [9] in order to model real world networks. First they considered a
deterministic model based on Kronecker multiplication which creates graphs
exhibiting several properties of real world networks like heavy tailed degree
distribution and average degree that grows as a power law with the size of
the graph. They also introduced the random version of this model, called
the stochastic Kronecker graph.
Let n € N and 0 < a, 8,7 < 1 be probabilities and define

a fB
P = .
(5 7)
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The stochastic Kronecker graph K (n, P) is a graph whose vertex set is given
by the set Zi of all binary strings of length n. For any vertex u we denote
by uy its k-th digit. Then the probability that a pair of vertices {u,v} are
connected by an edge is

n
Pup = H Puk,vk
k=1

independently of the presence or absence of any other edge. Without loss of
generality we may assume that v < a.

The stochastic Kronecker graph extends the binomial random graph
model Gan), where every edge is inserted with probability p, independently
of the presence or absence of any other edge, because selecting a« = 8 =
in the stochastic Kronecker graph ensures that every edge is inserted with
the same probability p = o™.

Stochastic Kronecker graphs have been considered when «, 3, v are fixed
constants not depending on n. Mahdian and Xu [10] considered the graph
when o« > 8 > ~. They have shown that the diameter of the stochastic
Kronecker graph is bounded from above by a constant when it is connected.
The appearance of the giant component in this graph has also been investi-
gated. Horn and Radcliffe [6] extending the result of Mahdian and Xu [10]
showed that (a+3)(8+7y) > 1 is a necessary and sufficient condition for the
appearance of a unique giant component. They also determined the number
of vertices in the giant component. Radcliffe and Young [11] analyzed the
connectivity and the size of the giant component in a generalized version of
the stochastic Kronecker graph. Their results imply that the threshold for
connectivity in stochastic Kronecker graphsis 8+~ = 1.

Leskovec, Chakrabarti, Kleinberg and Faloutsos [9] have shown empiri-
cally that stochastic Kronecker graphs resemble several real world networks
and claimed that the model exhibits a power law degree distribution. Later,
Leskovec, Chakrabarti, Kleinberg, Faloutsos and Ghahramani [8] fitted the
model to several real world networks such as the Internet, citation graphs
and online social networks.

The R-MAT model, introduced by Chakrabarti, Zhan and Faloutsos [3],
is closely related. The vertex set of this model is also Z% and this model
also has parameters «, 3,v. However, in this case one needs the additional
condition that o + 28 + v = 1. In this model one generates m vertex pairs
(u,v) in such a way that

a ifa=b=1,
P((uk,vk):(a,b)) =< v ifa=b=0,
8 else,
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independently for each digit and inserts an edge between every generated
vertex pair. The process creates a multigraph with m edges and the graph
after the multi-edges have been merged is referred to as the R-MAT model.
The advantage of the R-MAT model over the stochastic Kronecker graph
is that it can be generated significantly faster when m is small. The degree
sequence of this model has been studied by Groér, Sullivan and Poole [5]
and by Seshadhri, Pinar and Kolda [12] when m = ©(2"), i.e. the number of
edges is linear in the number of vertices. They have shown that the degree
sequence of the model does not follow a power law distribution. However,
no rigorous proof exists for the equivalence of the two models and in the
stochastic Kronecker graph there is no restriction on the sum of the values

of a, B,7.

1.1. Main results

In this paper we examine the asymptotic behavior of the stochastic Kro-
necker graph K(n, P), when the entries of P are fixed constants (indepen-
dent of n). A property P holds asymptotically almost surely (in short a.a.s.)
if the probability that P holds tends to one as n — oo. Furthermore we ig-
nore floors and ceilings. The real world networks modeled with the stochastic
Kronecker graphs are claimed to have a power law degree distribution. We
show that this does not match the asymptotic behavior of the stochastic
Kronecker graph, which a.a.s. does not follow a power law degree distribu-
tion.

Theorem 1.1. For all parameters 0 < «a, 8,7 < 1 the stochastic Kronecker
graph K(n, P) a.a.s. does not have a power law degree distribution.

Recall that that the binomial random graph Gano» is a special case of
the stochastic Kronecker graph K(n, P) when a = 8 = «y. The question con-
cerning the degree distribution and the number of subgraphs in the binomial
random graph have been thoroughly studied.

Erdés and Rényi [4] showed that the degree distribution of Gan on follows
a Poisson distribution when o < 1/2, where the parameter of the distribution
depends on a. They also showed that if a > 1/2, then there are a.a.s. no
vertices of finite degree, in fact the degree of every vertex is a.a.s. (1 +
o(1))(2a)™.

The threshold for the appearance of subgraphs for G2 o~ has been estab-
lished by Bollobés [2]. Let G be a small graph and let v(G) and e(G) denote
the number of vertices and edges of GG. The threshold for the appearance
of G is the smallest value of o such that 2(G)ae(G) > 1 holds for every
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G’ C G. Additionally Alon and Spencer [1] show that if for every G' C G
we have that 2V(6)a®() > 1, then a.a.s. there are (1 4 o(1))(29(@) (@)
labeled copies of G present in Gagn .

We examine the subgraphs contained in the stochastic Kronecker graph.
The first result determines the expected number of copies of a given subgraph
present in K (n, P).

Lemma 1.2. Let G be a simple graph, let Xg be the number of labeled copies
of G in K(n, P) and let Lg be the set of functions g : V(G) — Za. Then we

have
n

EXe)=1+o) [ Y I Powsw

g€Lg {u,v}eE(G)

We also show concentration for several classes of graphs. In particular,
when o =+, the number of copies of a cycle of length k contained in K (n, P)
is concentrated around its mean.

Theorem 1.3. Let Cy be a cycle of length k and X¢, the number of labeled
copies of Cy in K(n,P). Assume that o = ~. Then the threshold for the
appearance of Cy, in the stochastic Kronecker graph is (a+B8)*+(a—B)* = 1.
Additionally, if (o + B)* + (a — B)* > 1, then a.a.s.

X, = (1+o(1)) ((a+B) +(a - B))"

Theorem 1.3 implies that the even cycles appear in the stochastic Kro-
necker graph in order of their length (or at the same time, when o = f3).
More precisely, one can find parameters «, 5 such that Cop_5 is a.a.s. present
in the stochastic Kronecker graph but Cyy is not, and for any parameter «, 3
for which Cy is a.a.s. present in the stochastic Kronecker graph then so is
Cok_2. The same holds for odd cycles when a > (, but the reverse is true
when $ > « as in this case Coyy1 appears before Co;_1. This is due to
the fact that in the stochastic Kronecker graph, when o = y, the neighbor-
hood of every vertex consists mostly of vertices that differ on approximately
Bn/(a+ B) digits. In order to state this more formally denote by N (u) the
neighborhood of a vertex u in K(n, P) and for vertices u,v in K(n, P) let
H(u,v) be the Hamming distance between v and v. Amongst other results
we prove the following theorem in Section 4.

Theorem 1.4. Assume that o« = v and o + 8 > 1. Then a.a.s. for all
vertices u in K (n, P) we have that

IN(u)] = (1+o(1))(a+pB)"
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and

=(14o0))(a+p)".

'{w € N(u) : H(u,w) = (1 +0(1))af—6n}
1.2. Outline of the proofs

The proof of Theorem 1.1 relies on calculating the expected number of ver-
tices of degree d. The probability that a vertex has degree d depends only on
its weight, i.e. the sum of its digits. To be more precise, the degree of a vertex
with weight w is a multinomial random variable, however it can be approx-
imated by a Poisson random variable with parameter (« + 3)“(8 + )" *.
Therefore, the expected number of vertices of degree d is approximately

n n\ (a dw d(n—w)
Z < >( +ﬁ) (ﬁ+’7) exp(_(a_’_ﬁ)w(ﬂ_i_,y)nfw).

= \w d!
The real difficulty in proving Theorem 1.1 lies in determining the value of this
sum. It turns out that the parameters «, 5, v have to satisfy a+5 = g+y =1
for this sum to be ©(2") for every finite value of d. However this would be a
necessary condition for the degree sequence of a graph to follow a power law
distribution. Therefore the parameters «, £, v must satisfy a+8 = +vy =1
for the graph to have a power law degree sequence. However, in this case

the sum simplifies to
5 () -
w) ed! ed!’

w=0
which indicates that the degree sequence follows a Poisson distribution with
parameter 1, not a power law.

In order to show concentration for subgraphs we use the second moment
method. As in Lemma 1.2, let X denote the number of labeled copies
of G in K(n,P). Then X¢ is concentrated if we can show that E(Xp) =
o((E(Xg))?) for every graph F which is the union of two edge-overlapping
copies of G. The major difficulty to overcome is that although Lemma 1.2
gives us a formula for calculating the expected number of labeled copies of
a graph it does not give us a closed formula or even a simple method to
compare the expected number of copies of two different graphs. We examine
classes of graphs where we can express E(X¢) in a closed form. However, it
is still difficult to compare (E(Xg))? to E(Xr) for most graphs F formed of
two edge-overlapping copies of G. It turns out that for the classes of graphs
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considered in this paper E(Xr) takes its maximum when the two copies of
G overlap in as many edges as possible or as few as possible. These graphs
resemble either two disjoint copies of G or a single copy of GG, enabling us
to compare the expected number of copies from these graphs.

Finally, we examine the neighborhood of the vertices in the stochastic
Kronecker graph when o« = v and o« + § > 1. Fix a vertex v. Under the
conditions we have that the expected number of neighbors that differ on
precisely k elements from v is

(Z) "k gk = (a4 B P <Bin <n - f /3) — k) :

which implies, by summing over all k € {0,...,n}, that the expected degree
of vis (a+ B)". Moreover it is a well-known fact that any binomial random
variable is concentrated around its mean. Therefore we would expect that
almost all of the contribution to the degree of v comes from the terms where
k=~ pn/(a+ B). In fact this already shows us that this holds in expectation
and one can show that this holds a.a.s. using the Chernoff bound.

2. Degree sequence: proof of Theorem 1.1

In order to establish the degree sequence of the stochastic Kronecker graph
we first need to determine the expectation and the variance of the degree of
a fixed vertex.

Lemma 2.1. Let u,v be two vertices in K(n,P). We denote by d(v) the
degree of v and by w(v) = > p_, vy its weight. Furthermore, let I, be the
event that the edge {u,v} is present in the graph. Then

E(d(v)) = (a + B)*)(8 + )W),
D7 (E(Luw))? = (o + B0 (52 4 42)n v,

u€Zy
Var(d(v)) = (a + )" (B + )" — (a® + 57)“ (8% 4 47)" 0,
Proof. We assume u can be created from v by changing ¢ ones to zeros

and j zeros to ones. Then the probability that the edge {u,v} is present is
@) =igian—w(v)=igi Thus we have

w(v) n—w(v)

E(d(w) = Y (“’(i”)> <” - ?"(W) ) i n ()3 i

i=0 ;=0 J



Properties of stochastic Kronecker graphs 401

_ <w(v)) Qv @)=igi n_zwfv) <” - w(v)> n—w(v)=j gi
I i J K

i 7=0
= (a+ B)") (5 +7)" 00,
Similarly, we get

w(v) n—w(v)

Y (E -y ¥ ( )( ;U(”)> (aw(vw/givnfw(v)—jﬁjf

UELY =0 j=0

n—w(v)
( RG> (")
Jj=
2 4 YO (4 ),

/—\ H
M

and these results together imply

Var Z Var uv = Z [E(Iu,v) - (E(IU,U))2]

uELy u€Zy
= (o B (B + 7)) - (a2 4 BB 4420 O

In order to better understand the behavior of the random variable given
by the number of vertices of a certain degree in K (n, P) we first examine the
distribution of the degree of a fixed vertex. We show a normal or a Poisson
approximation for the degree of a given vertex depending on its expected
degree. The existence of a normal approximation indicates that the vertices
with high expected degree are unlikely to have constant (independent of n)
degree.

Let S1,S59,... and Z be random variables. We say that the sequence

Sy converges in distribution to Z as n — oo, denoted by S, 4 Z, if
P(S, < z) — P(Z < z) for every real x that is a continuity point of
P(Z < z). For the normal approximation of the vertex degree we apply
the Chen-Stein method in the form of the following Theorem, which is a
simplified version of Theorem 6.33 in Janson, Luczak and Rucinski [7].

Theorem 2.2 (Chen-Stein method [7]). Suppose that (S,)3° is a sequence of
random wvariables such that S, = ZaeAn Xn,a, where for each n,
{Xn.ataca, is a family of mutually independent indicator random variables.
If

E(Sn)

(Var(Sp))32 0,
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then
Sp —E(Sp)
Var(Sy)

Using Lemma 2.1 and Theorem 2.2 we obtain the following normal ap-
proximation for the degree of a vertex in K (n, P).

4 N(0,1).

Lemma 2.3. For any fized vertex v € V(K (n, P)) with E(d(v)) — oo we
have

d(v) —E(d(v)) d
Var@())  VO.D.
Proof. Note that

(a2 +,B2)w(v)(ﬂ2 +"}/2)n_w(v)
(a + B)w(v) (6 + fy)n—w(v)

= o(1)

as a? + B2 < a+ B and B2 +42 < B+ and at least one of w(v) and
n —w(v) tends to infinity. Therefore, by Lemma 2.1, we have Var(d(v)) =
(14 0(1))E(d(v)). Thus the conditions of Theorem 2.2 are satisfied and the
statement follows. O

In order to determine whether the stochastic Kronecker graph can have
a power law degree distribution we need to consider the number of vertices of
a given fixed degree. The following lemma provides a Poisson approximation
for such a random variable if some conditions on its first and second moment
are satisfied.

Lemma 2.4. Let (X,){° be a sequence of random variables such that X, =
> acA, lan, where for each n the I,y ’s are mutually independent indicator
random variables. Define A, = E(X,). Further assume that the following
conditions are satisfied:

Z P(lopn = 1)2 = 0(/\%)7

acA,
P(l,,=1)=o0(1
gé%x (an ) = o(1),
Ap max P(1,, = 1) = o(1).
acA,

Then for every finite k we have

P(X, = k) = (1+ 0o(1))P (Po (M) = k).
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Proof. By the representation of X,, as the sum of the I,,’s we get

(1) PXp=k) = Y (H]P’ 1)) I PUew=

A'CA, \aeA’ aCAN\A’
| A=k
o) ¥ (H P, = 1>) ( T[ =2t 1>>> |
,|4’§|An acA’ a€A,
A'l=k

since P(l, = 1) < maxgea, P(Iyn = 1) = o(1) and |A’| is finite.

Using the standard estimate exp(—x) > 1 —x which holds for any = € R
and the fact that 1 —2 > exp(—xz(1 +)) for any = € [0, (v/5 —1)/2], we
have

exp(—A,) > H (1-P 1))2exp< An <1+£r€1axIP>(Ia7n:1)>>.
acA,

and furthermore the upper and lower bound coincide asymptotically due to
the condition A, maxsca, P({yn = 1) = o(1), hence, we have

(2) P(X, =k)=(1+o0(1))exp(—Apn) Sk,A, ,

where we abbreviate the sum over all subsets of A,, with size k by

Sk,An = Z H ]P)(Ian —

A'CA, a€ A’
|A'|=Fk

It remains to establish the asymptotic behavior of S, 4, . First we obtain
an upper bound by summing over all multi-sets of size k and applying the
Multinomial Theorem

k Ak
Sk, < [ Y. PUan=1) K=
a€A, ’

But this upper bound is asymptotically tight as seen by the following argu-
ment. Since we only added summands for multi-sets that have at least one
repetition we obtain the following upper bound for the difference

k—2
Ak
T T Sk, < Y Pllon=1) (Z P(lan = 1))

a€A, acA,
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=X P(lan = 1),

acA,

and note that this is o(A\¥) since Yaca, PUan = 1)2 = 0(\2). Hence, by
Equation (2) we have

)\k:

P (Xp = k) = (1+0(1)) exp(—An)

as claimed, completing the proof. O

In particular applying Lemma 2.4 to the stochastic Kronecker graph
K (n, P) provides a formula for the expected number of vertices of a given
fixed degree.

Lemma 2.5. Fix d € N and let Z; denote the number of vertices of degree
d in the stochastic Kronecker graph K(n, P). Then we have

dw d(n—w
(n) (a+ B)" (B + 7)™ )6—(a+ﬂ)w(ﬂ+w)"*w +o(1).

w d!

E(Z) = (1+0(1)) 3

w=0

Proof. Let n = max{«, 8} and note that =" grows exponentially with n,

since n < 1. Furthermore, let wp be the maximal weight w € {0, ...,n} such
that

(3) (a+B)"(B+7)""" <n"/logn.

In case no such w exists, we set wg = —1. We denote by Z;,,, the number

of vertices of degree d which have weight at most wy. Now consider any
vertex v in K(n, P) such that w(v) < wp. First note that there is an edge
between vertices u and v with probability at most ™ = max{a", "} = o(1),
uniformly for all such vertex pairs. Moreover since E(d(v)) < n~"/logn, by
Lemma 2.1 and Inequality (3), we get

E(d(v)) Pup = 0(1)7

for any vertex u € Zy. Moreover, by Lemma 2.1, we have that

(4) Z P(Iuﬂ) = 1)2 = (a2 + 52)“7(”) (/82 + 72>n7w(y)

u€zZy

=o((a+ 8" (847" ) =0 ((E(@d@)?).
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Hence, we can apply Lemma 2.4 to the summands of Z; ,,, and obtain

el dw d(n—w)
E(Zauw,) = (14 0(1)) Y (Z) ChaD) (§!+ ) e (@B (BHy)"

w=0

Now for any vertex v in K(n, P) with w(v) > wy, Inequality (3) does
not hold, which implies that the tail

z”: <n> (a+B)™(B+7)" )

i y exp (—(a+ B)° (8 +7)"")

w=wo+1

is dominated by the exponential term and hence o(1). Therefore, summing
up to n instead of wy implies only an additive error of order o(1).

To finish the proof we have to consider the contribution of vertices of
large weight. Let v be a vertex with w(v) > wy and observe that by the
definition of wy we have E(d(v)) — oo exponentially. Therefore, the Chernoff
bound yields that

2
P (d(v) = d) < exp <_2 <1+0<1>><E<c(z;v>>> )

[Var(d (v)) + E(d (v)) /3]
and furthermore, by Lemma 2.1, this implies
P(d(v) = d) < exp (~E(d (v)) /3) = 0 (")

Consequently the expected number of vertices of degree d with weight larger
than wy is also o(1) and the statement follows. O

Next we prove an auxiliary lemma that will be used frequently in the
remainder of this section.

Lemma 2.6. Let x,y > 0. For any ¢ < z/(x+vy) and any wy < cn we have

2l (]
w wo

w=0

and likewise, for any ¢ > x/(x +y) =1 —y/(x +y) and any wy > cn, we

have
w wo

wW=wop
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Proof. Due to symmetry we only consider the first statement. First observe
that the following elementary inequalities hold for all 1 < 5 < wy

wo—j+1< wo c

) 0< < ,
(5) n—wo+j5 n—wy+1 (1—6)

since wg < cn. But this already implies that

Wo
n w, n—w __ n wWo ,, N—Wo wo—]+1y
I G E D) (e

w=0 =0 j=1

(5) n Wo ¢y 7
< Wo ,, ,N—Wo J
(o) ()
()=o)
= (L’ y
wo

where the asymptotic statement holds since ¢ < —y implies %% < 1 and
therefore the sum is a partial sum of a convergent geometrlc serles The
proof follows from the fact that

Wo
Z <n>xwyn w o < n )xwoynwg' 0
w wo

w=0

In order to prove Theorem 1.1 we need one more lemma calculating
the asymptotic value of the expected number of vertices in the stochastic
Kronecker graph with a fixed degree.

Lemma 2.7. Let 0 < o, 8,7 < 1 be arbitrary parameters of K(n,P). For
any fized d € N denote by Zy the number of vertices of degree d in K(n, P)
as in Lemma 2.5. Then we have either

(6) E(Za) =0 (((a+ 8y +(B+")")
(™) E(Za) = 0(2")

Proof. There are six cases, according to the choice of a, § and -y, that require
different calculations depending on the terms that dominate the expectation
of the number of vertices of degree d in K(n,P). For this we will use the
asymptotic representation of E(Z;) given in Lemma 2.5.
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In order to shorten our notation we set

_ (n) (a4 B)™ (8 + 7))

Qi = i exp(—(a+B)"(B+7)""")

and we obtain the representation
(8) E(Zq) = E G+ f

Case 1: f+y<a+pf=1
Note that in this case

n d(n—w)
Qdw = <w> % exp(—(B+7)""").

Furthermore, since exp(—(8 + )"~ ") < 1, for every 0 < w < n, we get

(1+e+0)"

E(Zg) 2 Z g +0(1) < (14 0(1)) T

On the other hand, there is a constant € € (0, (8+)/(1+ 8+)) such that
for all w < (1 — €)n we have exp(—(8+v)"") =1+ o(1) and thus

adw—i-o

E(Zs) & Z
(1
> (1+0(1))

z @Ww
=0

(1+ @+
d!

25 (14 0(1))

and Statement (6) holds.

Case 2: 1=+y<a+p.
Let us first introduce two parameters:

= logn —loglog, ,glogn + (d + 1) log(a + ),

k =10gq4p (ﬁ) .
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Observe that, asymptotically, we have

9) K =(1+0(1))logn,
and thus
(10) k =log,, zlogn+ O(1).

Next, note that in this case for any weight w we have

G = (”)Mexm— (a+8)"),

w d!

and thus, using Estimates (9) and (10), we get
aqr =0 (Q"n_(1+0(1))(10g n)d) =o(2").

Therefore Statement (7) follows if we show that E(Z;) = O(ag). In fact, it
is sufficient to show that

n

(11) Y 4w _ o),

a
w=0 d.k

since E(Z4) > (1+0(1))aqx +o(1) and aqr = w(1). We can divide this sum
into three parts

n a k a n—k a
d,w d,k—w d,k+w
E A L § S 414 § ST

w—=0 ad,k we1 ad,k we1 ad,k

and analyze the parts of this sum separately. By the definition of aq,, we
get for the first part

k

k a E\Y ® _
Z d,k—w < (1+0(1))Z <E> (a_’_ﬁ)fdwe(a-i-ﬂ) (1—(a+8) w),

w=1

w=1

Furthermore, by the definition of k, we have

K 1—(a+p)""
at+f 1—(a+pB)"

(@+B8)" 1= (a+8)7") =
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K w—1
=277 E(a%—ﬁ)_l
=0

a+B>1  Kw
< )
a+p

and thus, extending the range of summation, we obtain

3 <o T (e (255))

we1 Gk w=1

Substituting K and using Estimate (10) for k yields

k < K > log,.+ 5 logn + O(1) (n(a + 5)d+1>1/(a+5)
(a+ B)in P + (a+ B)4n log,logn

atp—1
=0 < a5 log n)

and thus the first part of the sum in (11) is bounded by

i Ad k—w <Z( ( aziﬁllogn))w:O(l)'

wladk

Now it remains to consider the last term in the sum in (11). The argu-
ments involved in this step are similar to the ones just used, but we include
them for sake of completeness. By the definition of aq4,, we get

n—k n—=k

Z O d k+w < (1+o(1)) Z (g)w (o +5)dwe—(a+ﬁ)k((a+ﬁ)w—1).
w=1

a
d.k w=1

Furthermore, by the definition of k, we estimate

w _ (Oé"i'ﬂ)w_
—(a+B)" (e +B) *1)—*Km

w—1
=-KY (a+p)
=0

a+p>1
< —-Kuw.
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Thus, extending the range of summation, substituting K, and using Esti-
mate (10) for k shows that

n—~k 9] w 00
ad k+w . n(a + B)¢ oo _ 1+o0(1)\"
;Td,k <(1+4 (1));<7k p( K)) ;<7a+ﬂ ) .

Since a + 8 > 1 the last term is O(1) and, as stated earlier, Statement (7)
holds.

Case 3: f+v<l<a+f.
We start by defining two constants c1,co € (0,1): Let

(a+ )"
(a+B)"+(B+7)"

and let ¢o be the unique real solution of

(a+B) (87" =1.

Recall that a4, consists of a binomial part

1

biw = <Z) (a+ B)H (B + ~)dn—w)

and an exponential part

eaw =exp (— (a+B)" (B+7)"")

with aq = bgwedw- The choice of ¢; and ¢y allows us to analyze ag4,, more
systematically, due to the following two observations: When
w > (1 + o(1))cin, then the binomial term by, starts decreasing signifi-
cantly, and similarly when w > con, then the exponential term eg,, starts
decreasing at a significant rate. We need different arguments depending on
the relation between c¢; and co, thus we consider three cases.

(i) If ¢1 < c2, by application of the Binomial Theorem and since eq,, < 1,
we have that

((a+8)+ B+
d!

®)
E(Za) < (1+0(1))
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On the other hand, set ¢ = 9% € (c1, ¢2) and observe that

(12) asen =0 (((@+ )"+ (B+)")").
Moreover, we have for all w < c¢n that
(a+B)(B+y)""" =0(1),

and therefore the exponential term satisfies eg,, = 1+ 0(1). Thus, by drop-
ping some summands, it follows that

n) (o + B)(B +7)H )

w d!

((@+B)"+(B+79)"
d!

E(Z,) ¢ (1+o(1)) f: <

w=0

= (1+0(1))

by application of Lemma 2.6 and Estimate (12). Hence Statement (6) is
satisfied.

(ii) If ¢; = c9, we split the sum into three parts

(13)
(®) cin—logn cin+logn n
E(Zs) = (14o()) | D agw+ D, agw+ Y, agw |+o(l).
w=0 w=cin—logn w=cin+logn

Now note that we can express the binomial part b;,, of the summand ag,,
with the help of a binomially distributed random variable

(19) b= (@t B+ (B+2)") P (Bin(n) = w).

Using the normal approximation of the binomial distribution we will be able
to estimate the three parts of the sum in Equation (13). First of all, since
eqw < 1, we can estimate the second term

cin+logn 1 " :
> a0l (tasmt+ 5+0)?) B (N0 £ )

w=cin—logn

=o((a+p+B+1"").
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Similarly, since eq,, = o(1) for the summands of the last term, we also have

S (14) |1 d a\" logn
wzcgjﬂog:d,w u 0[5 ((a+ 8"+ (8 +7)") P(N(O,l)zicl(l_q)n)]

=o((a+n)+B+27)").

Finally, we have eq,, = 1 + o(1) for the summands in the first term, hence
we get

cin—logn n
S aaw @ W) ((a+ 8+ (5 +)) PONO,) <0)
w=0 ’
= (14 o) g ((a+ 8 + (3 +7)7)"

and thus Statement (6) holds.

(iii) If ¢1 > c2, the sum can be split into two parts,

con+t n
(15) E(Zy) © (I+0(1)) < Z aqp + Z ad7w> +o(1),
w=0 w=can—+t+1

where ¢ is some constant which will be determined later. Our goal is to
show E(Z;) = O(aqdc,n+.). This implies E(Zy) = o(2"), i.e. Statement (7)
holds, since by the definition of ¢y and Stirling’s approximation for binomial
coefficients we know that

1 n
Ad, con+u < bd,02n+L = E (CQ?’L + L> = 0(271)

We begin the analysis with the second sum of (15). Note that due to our
choice of ¢z, we have that for any m > 0

dm
Ad,con+m = (o + B)dczn(ﬁ + V)dCQn (Z—_‘::f’>

B+
B+ B+ '
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If we consider the quotient of two successive summands we obtain
Ad,contmsl <a+6>d (( a+6> (a+ﬁ>m>
= exp 1-—
Ad, con+m 6 + Y 6 + v /3 + v

and since (a + 8)/(8 + ) > 1 the sequence of these quotients is monotone
decreasing in m. Now define ¢ as the smallest positive integer such that

fa+p d a+p a+ B\
= <B+7> eXp<<1_5+7> <B+’y>><1

and note that the value of + does not depend on n. Therefore

n n—can—t
i
g Gdpw < Od,conte 5 (Cd,b) )
w=can—+t+1 =1

and since the sum can be bounded from above by a convergent geometric
series this is O(aq,con+1)-
On the other hand for the first summand in (15) we have that

con—+t con—+t

Z Ad w < Z bd,w'
w=0 w=0

Since can + ¢ = (1 4+ 0o(1))can and ¢z < ¢; thus Lemma 2.6 implies that

con+t

Z bd,w = O(bd,02n+L)-

w=0

Also ¢ does not depend on n thus egc,nt, is a constant and therefore
bd.cont+ie = O(ad cont.) completing Case 3(iii).

Case 4: f+y<a+p8<l1.
Note in this case that in this case eq,, = (1 + o(1)) uniformly and thus

E(Zd) (:) (1 + 0(1)) Z <ZL}> (Oé+,3)dw(,3 +,y)d(n—w) +0(1)

w=0

o d AN
= (1 4oy @FA) Z!(ﬂ”)) +o(1).
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Hence Statement (6) holds.
Case 5: 1<f+y<a+p.
Observe that we get

E () < (1+ o) exp(~(8+)") ((a+ )"+ (8 +7)%) " +0(1) = o),

—~
z

and Statement (7) holds.

Case 6: f+v=a+5=1.
We get
(8) 2"
E(Zg) = (1 1)) —
(Z) @ (o)
thus Statement (6) holds and thereby we complete the proof of
Lemma 2.7. 0

With the help of these preliminary results we can now prove Theo-
rem 1.1.

Proof of Theorem 1.1. In order for a graph to have a power law degree distri-
bution it is necessary that the number of vertices of degree d is approximately
cd=P|V|; in particular, for every finite d the expected number of vertices with
degree d has to be a linear fraction of all vertices. In Lemma 2.7 we have
shown that either

E(Za) = O(((a+ B)" + (B+)N)"),

E(Zg) = o0(2").

If E(Z4) = o(2"™), then Markov’s inequality implies that the stochastic Kro-
necker graph a.a.s. does not follow a power law degree distribution. Clearly,
the only parameter choice which can satisfy E(Z;) = ©(2") for every fi-
nite d is when (a + 8)? 4+ (8 + +)? = 2. However, this can hold only if
a+ =04~y =1. A closer examination of this case gives us that

2" 1
16 E(Z;) = (1 1)— =(1 1)—|V
(16) (Za) = (1+ (1)) = = (1+0(1))—=|V],
which indicates that the degree distribution follows a Poisson distribution
with parameter 1 and not a power law degree distribution. In fact, we will
show that a.a.s.

Zg= (14 0(1))E(Zyg).
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Recall that for a vertex u we denote by N(u) the set of its neighbors and
by d(u) = |N(u)| its degree. Conditioning on the edge {u, v} being present
or not, we can estimate

P(d (u) = d) — Puyw < IP(|N (u) \U‘ = d) < P(d (u) = d) + Puv,
and thus we have
(17) P(IN (u)\v|=d) = (14+0(1))P(d(u) =d) = (1+ 0(1))6_1/d!.

Since the events |V (u)\v| = d and | N (v)\u| = d are independent, the second
moment of Z; satisfies

E(Z7) =Y P(du)=d+ Y P(du)=d{)=d)

ueV u,veV
uFv
<E(Z)+ ), [P(lN(u) \v| = d)P(IN (v) \u| = d) + puw
u,veV
UFEV

17 e\ a6
D oy (S ) ko) @20
The statement follows by applying Chebyshev’s inequality. O
3. Small subgraphs: proofs of Lemma 1.2 and Theorem 1.3

Let G be a fixed simple graph and label the vertices of G with 1,...,|[V(G)].
Denote by X the number of labeled copies of GG in the stochastic Kronecker
graph K(n, P). Let Lg be the set of functions g : V(G) — Zs. Define the
base value of a graph to be

Be=>Y I Puwsw

9€Lc {uv}eE(G)
and for any fixed function g € Lg let its contribution to the base value of G

be

ba(g) = H Pyu),g(v)-
{u,v}€E(G)

We now establish the expectation of the number of subgraphs in K (n, P).
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Proof of Lemma 1.2. First we express X as a sum of indicator random
variables, one for each injective function of the vertex set V(&) into the
vertex set Zh of the stochastic Kronecker graph K(n, P). Then we obtain
an upper bound Ug for the expectation of the number of copies of G in
K (n, P) by summing over all mappings from V(G) into Z%.

E(XG) = Z H Po(u),p(v) < Z H Po(u),p(v) = =Ug.

9V (G) =23 {uv}€E(G) 0V (G)—2Zy {uv}EE(G)
® inj.

Using the digit-wise representation of the probabilities p, ;) ;) we get

Ue = Z H H p(u)ryp(v

e:V(G)—=Zy {uw}eE(G) k=1

Furthermore, note that, for any k£ € [n] and any function ¢ : V(G) — Z7,
restricting ¢ to the k-th digit defines a function gy € Lg with gi(w) = ¢(w)i
for all vertices w € V(G). Therefore by changing the order of summation we
can express the upper bound Ug in terms of the base value Bg

n

UG:HZ H Py(w),gn(v) = Z H ww).gw) | = (Ba)" -

k=1gr€Lc {uv}€E(Q) g€Lc {uv}eE(G)

It remains to show that this upper bound is asymptotically tight. There-
fore let us consider the error-term

(Bo)" ~E(Xg)= ) II rewew— D II rewew

»:V(G)—=Z3 {uv}eE(G) e:V(G)—Z3 {uv}EE(G)
© inj.

and note that the proof is complete if we show that it is o((Bg)").
Fix a pair of vertices {w, w2} C V(G) with w; # wy and note that by
a similar argument we have

n

> T Pewew = > II P

eV (G)=Z5 {un}eB(G) g€l {u}eE(G)
p(w1)=p(w2) g(w1)=g(w2)

Since all entries of the probability matrix P are positive, in other words
a, 3,7 > 0, every g € Lg has a positive contribution bg(g) > 0 to the base
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value of G and thus we have for every factor

9= Y II Pwsw<., 1l Pawsew =Be

g€Lg {u,v}€E(G) g€Lc {uv}EE(G)
g(w1)=g(w2)

Hence, as neither ¥ nor Bg depend on n we have that ¥ = o((Bg)")
completing the proof. O

In order to show concentration for X we will apply the second moment
method. This means that we want to compare the variance of X with its
expectation. By expressing Xg as a sum of indicator random variables we
shall calculate the covariance for any two of the indicator random variables
that are not independent. Therefore we have to consider any fixed graph F'
formed by two edge-overlapping copies of G and determine the expectation
of Xp, i.e. the expected number of copies of F' contained in K (n, P).

To this end, we characterize the set of graphs consisting of two overlap-
ping copies of a fixed graph with the help of graph homomorphisms. But
first note that, given two graphs H; and Hy, any graph homomorphism
Y : V(Hi) = V(Hz2) canonically extends to a function ¢ : E(H;) — E(H3),
&({u,v}) = {Y(u),1(v)}, which we call edge function.

Definition 3.1. Define Fg as the set of graphs F such that there exist

injective homomorphisms fi1, fo : V(G) — V(F) such that the following
holds.

2(E(G));
(E(G)) N f2(E(G)) # 0.

With this notation, the following concentration lemma is a direct appli-
cation of Chebyshev’s inequality.

Lemma 3.1 ([7]). Let G be a fized graph. If for every graph F € Fg we
have that E(XFr) = o((E(Xg))?), then a.a.s. Xg = (14 o(1))E(Xg).

)

Therefore, we shall compare the base values of two graphs H; and Hs.
The following Lemma will prove to be a useful tool for this.

Lemma 3.2. Let Hy and Hy be simple graphs. If there exists a surjective
homomorphism ¢ : V(Hy) — V(Hz2) such that ¢ is injective, then

By, > By, .
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Proof. Define a function ® : Ly, — Ly, by setting ®(hs2)(v) = ha(¢(v)) for
every v € V(Hy) and hy € Ly,. Note that ® is injective since ¢ is surjective,
providing a bijection

(18) ‘I’(LHQ)ZLHQ,

and similarly, since ¢ is also injective, a bijection

~

(19) ¢ (E(Hy)) ~ E(Hy).

Thus, we have

By, = Z H Py w)ha(v)

h2€Lm, {u,v}EE(H>)

< > I Pewnw

ha€Lm, {u,v}ed(E(Hy))

2SI Puemen

ho€L, {u,v}eE(H,)

= > I Porywomnm

h2€Lu, {u,v}eE(H;)

(18) Z H Ph, w) b (v)

hy E(I)(LHQ) {u,’U}EE(Hl)

= Z H Phl(“):hl(”) = BHI‘ Il
hi€Ly, {uw}eE(Hy)

The standard application of Lemma 3.2 is the following: for any graph
H and any two vertices u,v € V(H), we create a graph H' from H by
identifying v and v, i.e. removing v and all of the edges adjacent to v and
inserting an edge {u,w} when {v,w} € E(H) and w # v. If this does not
create any multiple edges, i.e. if H' is a simple graph, then Lemma 3.2
implies that By < Bpy.

With the help of this we will now study the thresholds for the appearance
of some classes of subgraphs and we start with stars.

Theorem 3.3. Let k € N. The threshold for the appearance of Ky in
the stochastic Kronecker graph is (o + B)* + (8 +)* = 1. Additionally, if
(a+B)*+(B+7)* > 1, then a.a.s. Xg, , = (1+0(1))((a+B)F +(B+7)F)".
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Proof. Assume that in a labeling g € Lk, , the central vertex is labeled
with 1 and exactly ¢ of the remaining vertices are labeled 1. Then we have
br, . (9) = o'BF=. Note that there are (’f) ways to create such a labeling.
Similarly, if the central vertex is labeled 0 and exactly ¢ of the remaining
vertices is labeled 0, then bx, , (g) = 7'#*=% and there are (lf) ways to create
such a labeling. Thus, we have

k

Bk, =Y <i>a’6’” +)° ()W“ = (a+ 8"+ B+,
i=0

i=0
and therefore, if (o + B)* + (8 +7)F < 1, we get
E (Xk,,) = (1+0(1)) (Bk,,)" = o(1).

In particular a.a.s. there is no copy of K contained in K(n, P).

Now for the rest of the proof we assume (a + 8)¥ 4+ (8 +v)*¥ > 1. Note
that, by Lemma 3.1, it is sufficient to show that for every F' € Fg , we have
Br < (BKM)Q. Fix a graph F' € Fk, , and let f; and f3 be as in Definition
3.1. Let u denote the central vertex of the star K ;. There are two options:
either the central vertices of the copies match, i.e. fi(u) = fa(u), or they do
not. If fi(u) = fa(u), then we have that F is a star, namely F' = K 1, for
some 0 < ¢ < k.

On the other hand, if fi(u) # fa(uw), then the two copies of K7 j found in
F overlap in exactly one edge, i.e. |f1(E(K1k)) N fz(E(KLk))] = 1. Now let
F* € Fg, , be the graph such that fi(u) # f2(u) and the two graphs overlap
only in the two end-vertices of the edge, i.e. fi(V(K1x)) N fo(V(K1x)) =
{fi(u)Uf2(u)}. Lemma 3.2 implies that for every graph F’ € F, , such that
the central vertices of the copies of K1 do not match, we have Bp: < Bp-
(see Figure 1).

Calculating the base value Bp- explicitly yields

Bps = a(a+ B)* 2+ 28(a+ B)F (B +9)F T+ (B + )2k
<(a+B)* T+ B+ = By,

Thus, we only have to show that Bg,,., < (Bk,,)? for 0 < ¢ < k. If
a+ B <1, we get, using (o + B)F + (8 +v)F > 1, that

(Br.) = ((a+ B8 + (B+2)"2 > (a+ B)F + (B +7)F
> (a+ B) ((a+ B+ (B+)F)
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fi(v1)  fa(ve2) Ji(v1) = fa(v2)
1e o . »1 1e KN »1
0 1\\ // i?\\\ //
U‘H u u w Folu
Sl ),1_ | /1\f\2( ) fi( )1 /1f\z( )
1e 1o ./’1 \\.1 1e 1o o1 \\.1
F* F’

Figure 1: Edge-overlapping copies of two K7 5. Solid lines indicate overlap-
ping edges, dashed and dotted lines indicate non-overlapping edges of the
individual copies. A particular vertex labeling (numbers) is given for F™*
which is not transferable to F’ in the sense that it cannot be decided what
the label of the identified vertex (fi(vi) = f2(v2)) should be, as the labels
for fi(v1) and fa(ve) differ.

> (a+ B+ (B+ )" = Bg, ., -

On the other hand, if (o« + ) > 1, then we have

a+ B)%k

)2+ (a+ B)F(B+9)"
a+ﬁ)2k

)

)

(Br.,)" = ((a+B)F + (B+7)")% >
> (a+ BB+ )kt

( +
( +
= (a+ B ((a+ B + (B4 )k

> (a4 B + (B4 ) = By, ,,, .0

Next we will show similar concentration results for trees and cycles, but
only in the case when o = . The arguments simplify if we examine edge
labelings of a simple graph G, i.e. functions g € Lg = {g: E(G) — {0,1}},
instead of vertex labelings of G. For this we define a function ¥ : Lg — ZG
by setting ¥(g)({u,v}) = |g(u)—g(v)| for all edges {u,v} € E(G) and vertex
labelings g € Lg. Note that, if G is connected, then there exist exactly two
labelings ¢1,92 € Lg such that ¥(g;) = ¥(g2). However, depending on
GG there might exist edge labelings, for which no equivalent vertex labelings
exist, e.g. labeling every edge of an odd cycle with 1. We call an edge labeling
g valid, if U=1(g) # 0. The set of all valid edge labelings of G is denoted by
U(Lg) C L. We will once again be interested in the base value of G but
now will calculate by summing over all valid edge labelings.

Now let a = ~. We define bg(g) := ol9 015187 (DI t6 be the contribution
to the base value of G of a fixed edge labeling g € ¥(Lg) and thus we get
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for every connected graph G that its base value satisfies

(20) Bg = Z be(g) = 2 Z Q7 Ol glg ()

g€La gev(Lg)

With the help of this observation we now establish concentration results
for trees and cycles.

Theorem 3.4. Let T be a tree and assume that o = ~. The threshold for
the appearance of T in the stochastic Kronecker graph is 2(a + 5)6(T 1.
Additionally, if 2(a+ 8)*™) > 1, then a.a.s. Xp = (1+0(1))(2(a+ B)sM))".

Proof. Note that for a tree T, every labeling is valid and Equation (20)
implies that

E(X7) = (L +o(1))(2(a + )",

and the first statement follows by Markov’s inequality.

Now assume Br > 1. We will again use the second moment method in
form of Lemma 3.3. Let F' € Fr and let F be a tree such that e(F) = e(F’).
Since every labeling of the edges of F'is valid but, on the other hand, some
labelings of F’ may not be valid, we have Br > Bp. Therefore, it is enough
to show that for every tree F' such that e(T') < e(F) < 2e(T') we have that
Br < (Bp)% If a + 8 < 1, we have

(Br)® = 2(a+ B)"M)* > 2(a + 8)°T) > 2(a + 8)°") = B
On the other hand, if a + 8 > 1, we have
(Br)? = 2(a+ B)"M)? = 4(a + B)*T) > 2(a + B)*F) = By,

completing the proof. O

We conclude this section with the proof of Theorem 1.3 concerning the
threshold for the appearance of cycles in K(n, P).

Proof of Theorem 1.3. Unlike in the case of trees, the edge labelings of Cj
are not necessarily valid. However, note that the only reason for a label-
ing not be valid is because it contains an odd number of ones. Therefore,
Equation (20) implies that

_2L§< >521 k— 22—(oz+ﬁ)k+(oé—ﬁ)k,
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and thereby the first statement of Theorem 1.3 holds due to Markov’s in-
equality.

So now assume B¢, > 1 and proceed analogously to the proof of Theo-
rem 3.4. First, for every F’ € F¢,, we will determine a graph F such that
€(F) = B(F/) and BF > BF/.

Let Fy be the graph created from two overlapping k-cycles such that
the two cycles overlap in exactly £ consecutive edges. Equivalently, Fy is a
pair of vertices u,v which are connected by 3 vertex disjoint paths, where
one consists of £ edges and the other two consist of £ — ¢ edges. Note that a
labeling of Fy is valid if and only if the parity of the number of ones assigned
to each of these paths is equal. Therefore, by Equation (20) we have

2

k=02 0, N\ (o, o
BFg -9 Z ( 0 >ak222621 Z (21) 0/72152@
i=0 1=0
& k-1t k—0—(2i—1) p2i—1 2 & ¢ 0—2i+1 p2i—1
2 ; <2i—1)0‘ b ;<2z‘—1>a b
. ((a+ﬁ)“+(a—ﬂ)“>2 <<a+ﬁ>f+<a—5>f>
2 2
+2 ((am)k—f <aﬁ>k—f>2 ((am)f - <aﬂ>f>
2 2 ’

where the second equality holds by several applications of the Binomial
Theorem. Furthermore, this simplifies to

(21) Br=g((a+ B + (a+B)(a— B +2(a+ ) (0 — 5)F)

o e (v (55 (52))

Now let F' € F¢, such that e(F’) = 2k — ¢ and let f], f} be the corre-
sponding functions as in Definition 3.1. The edges of F’ can be partitioned
into three sets:

Eo := f{(E(Cy)) N [3(E(Cy)),
Eq = [(E(CO)\JH(E(CY),
By = fH(E(CO)\FL(E(Cy))
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R R A .
N .
. < . .
/N
. ~ Yo ) <o o o o
p N N p
e A A 7/
e AN AY e
7
o- - — —0- - - ¢
!
F Fy

Figure 2: Two copies of Cg which overlap in four edges. Solid lines indicate
overlapping edges (Ey), dashed and dotted lines indicate non-overlapping
edges of the individual copies (E1, E2). Labeling every edge with 1 is a valid
labeling for Fy. However, since F’ contains an odd cycle, this labeling is not
valid for F".

Note that for a labeling of edges to be valid the number of ones assigned
to each of these sets must have the same parity. Therefore, the previous
calculation for B, already implies Br, > B/, as we may sum over at most
as many terms as before (see Figure 2).

Now, by Lemma 3.3 it is sufficient to show that Br, < (Bg,)? for 0 <
¢ < k — 1. Observe that by Equation (22) we have that B, > Bp,_, if and
only if

(23)
o B\ o B\F
1+<a+6> +2<a+ﬁ>

o 2k—20+2 PN
2(a+6)<1+<—z+g> +2<Z+g>>,
or equivalently

(a =B\ (a—B\* a— B\
24 1— >a+8-1)|1+2(—— .
(24) < a+f a+p zla+p-1) a+f
Note that the left hand side of Inequality (24) increases as ¢ increases, while

the right hand side does not depend on ¢. Thus it is enough to show that
Br, < (Bg,)? and Br,_, < (Bg,)?. We will distinguish three cases for this.

1. If a + 8 < 1, then we obtain

2k—2¢ k
Br, (2:2)%(a+ﬁ)2k_é <1+ <—Z;§> +2<z;§> )
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< La+p) ( (Z;g)%%+2 <Z;g>k>
<wa+mk0+(§§§y>:4a+mk+m—ﬁﬁ:3q7

where the last inequality follows from |a— 8| < |a+ . Since B, > 1
the claim follows.

2. fa+pf>1land o> B or a+ > 1 and k is even, then we have

(22) 1 Ut AN a—f
Br, 2( a+ ) <1+< +5) +2< +ﬁ>
o B\ o8
(a + B)% <1+1+2(—a+ﬁ> +4<—a+ﬁ>>

<a+ﬁﬁ+wa—ﬁ%f=43@f.

\)

/~ l\’)lr—t

3. If a+ 8 > 1, 8> « and k is odd. Note that under these conditions
(a — B)* < 0 and therefore

(a =B+

(25) (@480 B <

implying

Br_, = 5 ((a+ )2+ (a+ B Ha— B + 2(a+ B a - H)F)

< 5 ((a+8) +(a—5)) ((“+ﬁ)2+%>'

Furthermore note that for every odd i € N we have

(a+B)' +(a—B) < (a+ BT+ (a— B,

and therefore Br, , < (Bc,)? follows if we can show

o — B)4
5 (a4 O <@t 0P+ (a0
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On the one hand, if & > 1/5 we have

S+ 8+ (a = B)) = a + 6a25% +
< 20+ 58)a* + 10(a + B)a2 % + 5a84
<(a+B)P5 +a°—p°
< (a+B)° + (a+B)*(a - p)*.
On the other hand, if o < 1/3, then we have

(Oé—ﬁ)4> _ Oé4+60(252+ﬁ4
(@+B)2)  a?+2af+ 5
since a* < o2, p* < B2 and 6026% < 2a8.

Hence, all that is left is to show that Bp, < (Bg,)?. Assume
(a+ B)F1 < 2. Then we have

%((aw)% <1,

Br = 5(a+ ) (@ + ) + (a— )Y
+ oot B)a— B+ B+ (a— /)
< et B8 (@t B)F + (a - B
< (a+p)" +(a—H)* = Be, < (Bg,)*.

However, if (o + 8)*~! > 2, then we have

(a - ﬁ)QH L (a - 6)’“ _(@=p)*2—2a+B)**a— )"
a+f a+f (a+ B)2k—2
L 1-2(0 = B (a0~ p)?
B (o + B)2=2
14 2(a— B)?
< pEr

3
<-<1
— 4

Thus we have, as desired,

2k—2 k
Bﬂzzga+ﬁﬁhi<1+<%i%> -+2<Z;§>)
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< Yatp> 2+2<ﬂ>2k+4<0‘_5>k = (Bg,)?. O
2 a+p a+p TG

4. Structural properties: proof of Theorem 1.4

In this section we study the stochastic Kronecker graph when o = v and
a+ f > 1. In particular, we are interested in the neighborhood N(u) of a
vertex u and its degree d(u) = |N(u)|. We prove Theorem 1.4 stating that
all vertices have the same degree and for almost all edges the end points
have asymptotically the same Hamming distance from one another.

Proof of Theorem 1.4. Recall that for every vertex u we have
E(d(u)) = (1 +o(1))(a + B)"

and
Var (d (v)) = (14 o(1))E (d (v)),

by Lemma 2.1. Thus, for a fixed vertex u the Chernoff bound implies that

P (yd(u) ~E(d(w))] > 1ogm/nE(d(u))) — o(exp(—n)).

The first statement follows by applying the union bound.

In order to prove the second statement we now define for each k£ €
{0,...,n} a random variable Y,, ;, that counts the number of neighbors of
u at Hamming distance k£ and recall that by representing Y, 5 as a sum of
indicator variables we get

(26)  E(Yis)— (Z) A" RBE = (a4 B)" P (Bin (n . f 5) _ ) .

Now we define a subset of the natural numbers

(27) j:{ke{o,...,n}:'k—a‘%ﬁn’> 2$logn\/ﬁ},

and call a neighbor w of u bad if

H(w,u) € J,
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i.e. w is either too far or too close in Hamming distance to u. Then we set
Yu = Z Yu,ka
keJ

i.e. Y, is the random variable that counts the number of bad neighbors of
u. By linearity of expectation we get

(26) ) B
ZE wk) () (a+pB)" (Bm<n’a—l—ﬁ>€j)'

keJ

Moreover, by Definition (27), the Chernoff bound provides the following
upper bound for this probability

P(‘Bin(n,afﬁ>afﬁn‘> /9 B logn\/_> < 2~ (14o0(1 ))log2n7

and thus we get for the expected number of bad neighbors of u

E(Y,) < 2exp (—(1 4 o(1))log? n) (a + B)".

Furthermore, note that the random variable Y,, is the sum of independent
Bernoulli random variables, hence Var(Y,) < E(Y,), and thus the Chernoff
bound implies

« n 14+ 0(1))(« 2 oxp((1 + o(1)) log? n
P(Yu>%> <exp<_< +o(1)( +3i)2<a+pé(>n+ (1)) log >>

= o(exp(—n)).

Hence, with probability at least 1 —o(exp(—n)), almost all neighbors of u are
not bad, i.e. their Hamming distance is not “too far” from a’%ﬂn Applying

the union bound completes the proof. O

We have just proved that for every vertex u in the stochastic Kronecker
graph K (n, P), with a = v and a + 8 > 1, that almost all of its neighbors
have asymptotically the same Hamming distance from w. Intuitively, for
“small enough” a > 0 a.a.s. there should not even be a single edge between
two vertices with a “small” Hamming distance, since the probability of hav-
ing a fixed edge of that sort decreases rapidly with e — 0. More precisely, we
will now show that if & < 1/2 then a.a.s. there are no edges between vertices
that have Hamming distance at most cn for some 0 < ¢ < 3/(a+ ) < 1.



428 Mihyun Kang et al.

Similarly if 5 < 1/2 then a.a.s. there are no edges between vertices that have
Hamming distance at least c¢n for some 0 < 5/(a+ ) < ¢ < 1. In fact these
constants ¢ can be determined as the solutions of the following equation.

Lemma 4.1. Assume that o + 8 > 1. Then there is at most one solution

c € (0,1) of the equation
é c a l1—c B 1
c l1—c¢ 2

In addition, if a < 1/2, then there is exactly one solution and

0<c<p/(a+p) <1
However, if 8 < 1/2, then there is exactly one solution and
0<p/(a+p)<c<l.

Proof. Let us define a function ¢ : (0,1) — R by setting

wo-(2) (%)

and note that 1 is continuous on (0, 1). Furthermore, 1 is differentiable on
(0,1) and we have that

¥(c) = n (/3%7—)) (g) (11)1_6-

Note that 1'(¢) < 0if and only if 5(1—¢) < ac, or equivalently ¢ > /(a+0),
and 1'(c) > 0 if and only if (1 — ¢) > ac or equivalently ¢ < /(a + B).
Therefore 1(c) strictly increases on (0,3/(cv + )) and strictly decreases
on (B/(a+ B),1). Furthermore ¥(c) — a as ¢ — 0, ¢¥(¢) — p as ¢ — 1.
Let cg = /(a4 ), i.e. ¢o is the point where 9 attains its unique, global
maximum and note that we have

Co 1700

@ Co —Co _—

ven=(2) (155)  mlarmas s =) >
Co 1-— Co

Therefore, if v < 1/2, then there is a solution to ¢ (¢) = 1/2 on (0, 8/(a+p3))

and if 8 < 1/2 there is a solution on (a/(a + 3),1). The statement follows

from the fact that at most one of «, 8 can be < 1/2. O
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From Theorem 1.4 and by application of Lemma 2.6 we deduce the
following theorem.

Theorem 4.2. Assume that o =~ and o+ > 1. Let ¢ € (0,1) satisfy

() (1) -t

Then, if a < 1/2, a.a.s. no vertex u has a neighbor w such that

H(u,w) < cn.
However, if f < 1/2, then a.a.s. no vertex u has a neighbor w such that
H(u,w) > cn.

Proof. Assume that o < 1/2. The expected number of neighbors of vertex
u at distance at most cn is

o (7 n—igi
;(Z)a Gt

Lemma 4.1 implies that ¢ < 8/(a + ). Therefore, according to Lemma 2.6

we have
Z <n> an—iﬁi Lg6 0] ((n)a(l—c)nﬁcn)
i—0 (3 cn

-((==5=) )
LA ooy,

The result follows by applying the union bound to the 2" vertices and
Markov’s inequality. The case when § < 1/2 is analogous. O

Furthermore, the constant ¢ in Theorem 4.2 is optimal in the following
sense.

Theorem 4.3. Assume that o =~ and o+ > 1. Let ¢ € (0,1) satisfy

() (%) -
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Then, if « < 1/2, a.a.s. there is an edge connecting two vertices u,v such
that

H(u,w) = cn + log?n,

and if B < 1/2, then a.a.s. there is an edge connecting two vertices u,v such
that

H(u,w) = cn — log?n.

Proof. Assume « < 1/2 and note that this implies that a < . The proba-
bility ¢ that no two vertices at distance cn + log? n are connected satisfies

og®n 2n_1(cn+17;g,2n)
q= (1 _a(lfc)nﬂcn (é)l ¢ )
(6%
logZn
< exp <_a(1—c)n/3cn <§> 2n—1(1 +o0(1)) (51))
1 al=ege \" /g\lEm\
e (9 () Car=a=) (2) ) -

as f > 1/2 > «. Hence, a.a.s. there is an edge between two vertices at
distance en + log® n. The case § < 1 /2 is analogous. U
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