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Two characterizations of the shape of the base
poset derived from the Lehmer code of a
permutation using permutation patterns

MAsaAyA TOMIE

The Lehmer code is a classical and fundamental permutation code
which encodes information about the inversions of a permutation.
Denoncourt constructed a poset M,, which is the subposet of join-
irreducible elements of the Lehmer codes of the permutations in
[en,w] in the left weak Bruhat order, i.e., the inversion order, on
S, for w € S,. In this paper, we investigate the poset structure
of M, in terms of pattern avoidance. First we show that M, is a
Bs-free poset if and only if w is a 3412-3421-avoiding permutation.
Next we prove that M, is poset isomorphic to the corresponding
root poset if and only if w is a 321-avoiding permutation.
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1. Introduction

The Lehmer code [6] is a classical and fundamental permutation code which
encodes information about the inversions of a permutation. The Lehmer code
of a permutation w € S, is an n-tuple of nonnegative integers. Therefore a set
of Lehmer codes has a poset structure under the product order on N™. In [3],
Denoncourt investigated the poset structure of the Lehmer codes of permuta-
tions in an interval in the left weak Bruhat order, i.e., the inversion order, and
he showed that the poset is a distributive lattice. He also described the sub-
poset of the join-irreducible elements of the distributive lattice and denoted
it by M, for w € S,,. In this paper, we extend Denoncourt’s work. More pre-
cisely, we investigate the poset structure of M, in terms of pattern avoidance.

In Section 2 we prove that M, does not have a subposet isomorphic to
Boolean algebra of rank 2 if and only if w is a 3412-3421-avoiding permu-
tation. We remark that the number of 3412-3421-avoiding permutations in
Sy is enumerated by Schroder numbers.
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In Section 3 we discuss a relation between M, and the corresponding
root poset A(w) which we introduce at the beginning of Section 3. The
posets M, and A(w) are both described by using inversions and the number
of elements of M, and that of A(w) are the number of inversions of w. Hence
it is natural to ask how these two structures are related. Indeed we show
that M,, and A(w) are order isomorphic if and only if w is a 321-avoiding
permutation.

In the remaining part of this section we give the definitions of pattern
avoidance for permutations and posets. After that we introduce the Lehmer
codes and Denoncourt’s previous results about the poset structure of Lehmer
codes of permutations in an interval.

1.1. Pattern avoidance for permutations and pattern avoidance
for posets

In this paper we use one-line notation. We denote a permutation w € S,
by the sequence w(1l)w(2)---w(n). For w € S, and 7 € S with k£ < n,
we say that a permutation w has a m-pattern if st(w(ii)w(iz) - w(ix)) =
7()7w(2)---mw(k) for some 1 < 43 < 49 < --- < i < n, where
st(w(i1)w(iz) - - -w(ix)) is a permutation in Sy defined by the following pro-
cess: the smallest value of w(i1)w(iz) - - - w(iy) is replaced with 1, the second-
smallest value is replaced with 2, and so on. We call st(w(i1)w(iz) - - w(ix))
the standardization of w(i1)w(iz) - w(ix). If st(w(iy)w(ie) - w(ix)) #
7()w(2)---m(k) for any 1 < i < ig < -+ < i < n, we say that w is
a m-avoiding permutation.

The most popular results on pattern avoidance are the enumerations of
permutations avoiding a pattern of length three, which is enumerated by the
Catalan numbers [4], [5]. For further information on pattern avoidance, see
Boéna’s text [2].

Next we introduce pattern avoidance for posets. Let P and () be posets.
A subposet R C P is called a Q-pattern subposet if R ~ () as a poset. We
say that P is Q-free if P has no QQ-pattern subposets. One interesting result
about pattern avoidance for posets is that the number of 1 + 3-free and
2 + 2-free posets is enumerated by the Catalan numbers [7]. In this paper
we consider Bo-free posets, where By is the Boolean algebra of rank 2.

1.2. The posets of Lehmer codes

Let Inv(w) = {(4,j)]1 < i < j < n,w(i) > w(j)}, the set of inversions
for w € S, and let A, := {o|Inv(c) C Inv(w)}. In other words, A, is the
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interval [e,,w], where e, is the identity permutation, in the left weak Bruhat
order, i.e., inversion order, on S, [1].
For i € [n] :={1,2,--- ,n}, let

(1) ci(w) == [{jll < i <j <nw(i) >w(j)},

the number of inversions of w € S, with the first coordinate equal to ¢. Then
the sequence

(2) c(w) = (a1(w), ca(w), -+, en(w))

is called the Lehmer code for w € S,,. For example, for w = 423615, the
inversions are

(3) (1,2),(1,3),(1,5),(2,5), (3,5), (4,5), (4, 6)
and we have
(4)  ca(w)=3, ca(w) =1, e3(w) =1, ca(w) =2, c5(w) =0, cg(w) =0

and the corresponding Lehmer code is (3,1, 1,2,0,0).
ForweS,and 1 <i<j<n+1,let

(5) cij(w) = {kli <k <j, w(i) > w(k)}],

the number of inversions (i, k) € Inv(w) with i < k < j [3].
For w € S, set

(6) c(Ay) = A{c(o) | o € Aut,

the set of Lehmer codes of permutations in [e,,w| in the inversion order.
Then c(A,) € N and c(A,) is a subposet of N™ with the obvious product
order. Denoncourt proved the following result.

Theorem 1.1 ([3]). Forw € S, the subposet c(Ay) of N is a distributive
lattice.

Let L be a distributive lattice and let P be the subposet of join-
irreducibles of L. Then L is poset isomorphic to J(P), where J(P) is the
poset of order ideals of P ordered by inclusion, see Theorem 3.4.1 in [7].
Denoncourt determined the subposet of join-irreducible elements in c(Ay)
[3]. We denote the j-th coordinate of & € N" by 7;(x).
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Definition 1.1 ([3]). For i € [n] such that ¢i(w) > 0 and for each x €
[ci(w)], define m; o (w) € N™ coordinate-wise by

1. mj(mie(w)) =0, if j <1,
- mi(my g (w)) ==, if j =1,

z(w)) =0, if j > and (3,])) € Inv(w), i.e., w(j) < w(i),

- (M z(w)) == max{0,z — ¢; j(w)}, if 7 > i and (i,j) ¢ Inv(w), i.e.,
w(j) > w(i).

In other words, if j > i and w(j) > w(i), then the j-th coordinate is
equal to x minus the number of 0 entries between i-th coordinate and j-th
coordinate, if not negative, or 0.

For w € S, Denoncourt set

B o e
3
—
3
8

(7) My, = {m;z(w)|]1 <i<n,cw) >0,z € [¢w)]},

which is a subposet of N in the product order. Denoncourt provided the
following result [3].

Theorem 1.2 ([3]). Forw € Sy, M,, is the subposet of join-irreducibles for
c(Ay,).

If w = 5371642, then we have

m1 4(5371642) = (4,0,3,0,2,0,0), my3(5371642) = (3,0,2,0,1,0,0),
m12(5371642) = (2,0,1,0,0,0,0), my,1(5371642) = (1,0,0,0,0,0,0),

Mmoo (5371642) = (0,2,2,0,1,1,0), ma,1(5371642) = (0,1,1,0,0,0,0),

ms 4(5371642) = (0,0,4,0,0,0,0), ms3(5371642) = (0,0,3,0,0,0,0),
ms.2(5371642) = (0,0,2,0,0,0,0), ms1(5371642) = (0,0,1,0,0,0,0),

ms 2(5371642) = (0,0,0,0,2,0,0), ms1(5371642) = (0,0,0,0,1,0,0),
me.1(5371642) = (0,0,0,0,0,1,0),

and c(w) = (4,2,4,0,2,1,0). Figure 1 shows the Hasse diagram of Ms371642.
Denoncourt set

(8) Ci(w) := {miz(w)lz € [ci(w)]},

for 1 < i < n with ¢;(w) # 0. The following results of Denoncourt will be
required for the proofs of our results.
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my4(w) mg4(w)

myi(w)  ma(w) m3,(w) ms, (w) me,1 (w)

Figure 1: Hasse diagram of M, with w = 5371642.

Lemma 1.1 ([3]). Let w € Sy,. For 1 < i < j < n with x € [¢;(w)] and
y € [cj(w)], we have m; z(w) £ mjy(w). If migz(w) > mjy(w) for some
1<i#j<n,z¢€[cw)] andy € [c;(w)], then i < j. ([3] Lemma 4.11.)

Lemma 1.2 ([3]). Let w € Sp,. For 1 < i < n with ¢;(w) # 0 and 1 <

y <z < ¢i(w), we have m;y(w) < myz(w) and hence Ci(w) is a chain.
([3] Lemma 4.10.)

Lemma 1.3 ([3]). Letw € S,,. For1 <i < j <n with (i,j) € Inv(w), every
element of C;(w) is incomparable with every element of Cj(w). Equwalently,
if mjg(w) > m;y(w) for some m; z(w) € Ci(w) and mjy(w) € Cj(w) with
1<i<j<n, then w(i) <w(j). ([3] Lemma 4.12.)

Lemma 1.4 ([3]). Forw € S, and1 <i < j <n withw(i) < w(j), we have
¢i(w) < ¢j(w) +¢ij(w). (/3] Lemma 2.6.)

The following statement is a trivial consequence of Definition 1.1, hence
we omit the proof.

Lemma 1.5. Let w € S,. For 1 < i < j < n with w(i) < w(j), suppose
that the j-th coordinate of m;.(w) is z > 1. Then ¢; j(w), the number of
i < k < j such that w(i) > w(k), is equal to the number of 0 between i-th
coordinate and j-th coordinate, and hence equals x — z.

We can write

(9) miq(w) = (0,---,0, za:th,--- ,j}thj... ,0)

for some z > 1.
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Proposition 1.1. If w is a 231-avoiding permutation then M, is a poset
which s the disjoint union of chains.

Proof. For m; z(w),mjy(w) € M, with 1 < i < j < n, z € [¢;(w)] and
y € [¢j(w)], if (4, ) € Inv(w), then m; »(w) and m;,(w) are incomparable by
Lemma 1.3. Suppose that (,j) ¢ Inv(w), then w(i) < w(k) for all j < k < n,
because w is a 231-avoiding permutation. The j-th coordinate of m; ,(w) is 0
and hence m; ;(w) and m;,(w) are incomparable. Now m; ;(w) and m; ,(w)
are incomparable for 1 <i < j < n and therefore M, is a disjoint union of
chains. O

The converse is false. For example, if w = 4231, then w has a 231-pattern
and Mys31 is disjoint union of 2 chains.

Remark 1.1. When we write m; z(w) for 1 < i < n and x € [¢;(w)], we
always assume that ¢;(w) > 0.

2. A relation between the shape of M, and the
corresponding permutation w

In this section we discuss the shape of M, in terms of pattern avoidance.

Definition 2.1. Let P be a poset. A 4-element subposet {a,b,c,d} C P
is called a Ba-pattern subposet if {a,b,c,d} ~ Bs, where By is a Boolean
algebra of rank 2. We say that P is a Ba-free poset if there are no 4-element
subposets isomorphic to Bs.

Next we define a parallelogram pattern subposet and a pseudo parallelo-
gram pattern subposet.

Definition 2.2. Suppose 1 <i < j <n,a<b € [¢;(w)] and c < d € [¢cj(w)]
with a+d =0b+c.

1. A subposet {m;q.(w), mip(w), mjc(w), mjq(w)} is called a parallelo-
gram pattern subposet if

(10) mia(w) > mj.(w) and mip(w) > m;jq(w)

in M, and m;q(w) and mjq(w) are incomparable. We say that M,
has a parallelogram pattern if M, contains a parallelogram pattern
subposet.

2. A subposet {m; q(w), m; p(w), mjc(w), m;q(w)} is called a pseudo par-
allelogram pattern subposet if

(11) mia(w) > mj.(w) and m;p(w) > m;q(w)
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Cilw)  Cj(w) Ci(w) Cj(w)
mip(w) m;p(w)
M0 (w) Mo (w)
m;q(w) mjq(w)
mjc(w) mje(w)
Parallelogram Pattern Pseudo Parallelogram Pattern

Figure 2: Illustration of a parallelogram pattern and a pseudo parallelogram
pattern.

in M, and m; qo(w) and m;jq(w) are comparable. We say that M, has
a pseudo parallelogram pattern if M,, contains a pseudo parallelogram
pattern subposet.

The left-hand side of Figure 2 shows a visualization of a parallelogram
pattern and the right-hand side shows a visualization of a pseudo parallelo-
gram pattern.

Remark 2.1. A parallelogram pattern subposet is isomorphic to Bo, the
Boolean algebra of rank 2.

Remark 2.2. Notation is as above, if {m;.(w),m;p(w), mjc(w), mjq(w)}
1 a pseudo parallelogram pattern subposet, then we have

(12) m;p(w) > miq(w) > mjgq(w) > m;je(w)

m M, by Lemma 1.1.
The following Lemma is a straightforward consequence of Definition 1.1.

Lemma 2.1. Forw e S,, 1 <i<n and x € [¢;(w)], we have

)

):0, ifj>1 andje{il,ig,--' ,iz},
y=x—U{k|ix < j, 1 <k <z}, ifj>iandj ¢
{217’527"' 7’5.3?}7

B WO O M~
N B I B
3
B
\_/E/
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Cilw) Cy(w) Cilw) C5(w)
miz(w) My (w) mi . (w) iy (w)
miz-1 (w) Mgt (w)
C,-(w) Cj((d) C,-(w) Cj(OJ)
m; - (w) ‘ i () mjy+1(w)
| m;y(w) mix(t) mjy(w)

Figure 3: A visualization of Lemma 2.2.

and we can write
(13)

m@x(w):(O,--‘,O,'x,x,‘--,a:, 0 ,[I?—l,"',fL'—l, 0 ,.Z'—Q,"‘,

where (i,11), (i,42), -, (i,i) are the inversions of w involving i with i <
<<ty <n.

The following fact easily follows from Lemma 2.1.
Lemma 2.2. Letw e S,, 1 <i<j<n, z € [¢w)] and y € [cj(w)].

L If z,y > 2 and miz(w) > myy(w) in My, then m;_1y(w) >

m])(y_l)(w)
2. If v < ¢i(w),y < ¢j(w) and m; z(w) > m;y(w), then miy(ﬁl)(w) >

mj (y+1)(w)-

Lemma 2.3. Forw e S,, 1 <i<j<n,z € |gw) andy € [¢j(w)], if
miq(w) > mjy(w) in M, then we have cj(w) + 2 > ¢;(w) +y and > y.

Figure 4 shows a visualization of Lemma 2.3.

Proof. We can write

- o
(14) mi’m(w):(()’...,o,zxth’...’];7...’0)
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Cilw) Cjw) Cilw)  Cj(w)

M c3(w) (W) M () (W) \

=

My z(w) : M 2(w)

Mjy (W) My (w)

Figure 4: A visualization of Lemma 2.3.

and

i—th i th
(15) mj,y((d):(o,---70710 a"',O,jyt;"',O)

for some z > y > 1. Obviously, we have x > z > y. By Lemma 1.3, we see
w(i) <w(j). Also ¢; j(w) =2 — 2z < x —y by Lemma 1.5. From Lemma 1.4,
we obtain ¢;(w) > ¢;(w) — ¢ j(w) and hence ¢j(w) > ¢;(w) — (z —y). We have
cj(w)+z > c¢i(w) +v. O
Remark 2.3. The above Lemma 2.2 and Lemma 2.3 show that if m; 5 (w) >
mjy(w), and notation is as above, then x >y, ¢;(w) +y —x € [¢j(w)],

(16) Mizr1(W) > mjyr1(w), Mizr2(w) >mjyaw), -,

M ¢, () (W) > M e, (w) 1y—a (W)

and

(17) Miz—1(w) > mjy1(w), Mz 2(w) >m;, 2(w), -,

Mi1tz—y(Ww) >mj1(w).
Figure 5 shows a visualization of Remark 2.3.

Proposition 2.1. For w € S,,, if M, has a pseudo parallelogram pattern,
then M,, has a parallelogram pattern.

Proof. Let {mjq(w), mip(w), mjc(w), mjq(w)} C M, be a pseudo parallel-
ogram pattern subposet such that m;;(w) > m;q(w) > mjq(w) > m;.(w)
with 1 <i<j<mn,a<bé€l¢gw)]and ¢ <dE€ [¢(w)] witha+d=0>b+c.
One will find that a > d.
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Cilw)  Cjw) Ci(w)  Cj(w)

M ci(w) (w) MM ci(w) (w)

Miz41(w)
m;z(w) -

\ Mz (w) \ mjy+1(w)
mj:y (UJ) %

Miz-1{w) mjy(w)

mjy-1(w)

m; (w)

Figure 5: A visualization of Remark 2.3.

We will prove the existence of a parallelogram pattern subposet by in-
duction on k =a — d.

Suppose that a = d. We show that {m;(w),m;q(w),mjat1(w),
mj.e+1(w)} is a parallelogram pattern subposet. Because m; o(w) > mjq(w)
and a < b € [¢;(w)], we have mjq11(w) € M, and m;p(w) > M4 aq1(w) >
mjat1(w) by Remark 2.3. Also we can see m; q(w) > mjq(w) = mjq(w) >
mjetr1(w) and hence m;q(w) > mjer1(w). We find that m;q(w) and
mjat1(w) are incomparable by Lemma 2.3. Therefore {m;(w), m;q(w),
Mjat1(w), mje(w)} is a parallelogram pattern subposet.

Let a —d = k > 1. We consider a subposet {m;p(w), m;q(w),
mjds1(w), Mjeqr1(w)} C M, where i,7,a,b,c and d are as above. Because
mia(w) > mjq(w), a <b € [ci(w)] and mjq41(w) € My, we have m;p(w) >
Miat1(w) > mjqgr1(w) by Remark 2.3. Also we can see m; o(w) > m; 4(w) >
mjet1(w).

If m;q(w) > mjq41(w), then there exists a parallelogram pattern sub-
poset of M, by the induction hypothesis.

If m; o(w) and m; q11(w) are incomparable in M, then {m; p(w), m; o(w),
mjd+1(w), mje1(w)} C M, is a parallelogram pattern subposet.

Now we conclude that if M, has a pseudo parallelogram pattern, then
M, contains a parallelogram pattern. O

Figure 6 shows a visualization of the argument.

Proposition 2.2. For w € S,,, the poset M, has a Bs-pattern subposet if
and only if M, has a parallelogram pattern subposet.
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Ciw) Cjw) Cilw) Cjw)
mip(w) m;p(w)
Miq (LU) » Mia (w)

Mjd (w)

? My a1 (w)

Mjet1 (LU)

mje(w)

Figure 6: Illustration of the proof of Proposition 2.1.

Proof. If M, has a parallelogram pattern subposet, then obviously M, has
a Bs-pattern subposet.

Conversely suppose that M, has a Bs-pattern subposet. Let {m; q(w),
mjp(w), mie(w), mpa(w)} with i,5, k1 € Nya € [¢i(w)],b € [¢cj(w)],c €
[k (w)] and d € [¢;(w)] be a Ba-pattern subposet of M,,. Without loss of gen-
erality, we can assume that m;,(w) (resp. my4(w)) is the maximum (resp.
minimum) element and m;;(w) and my.(w) are incomparable with j < k
and hence we can set {m;q(w), mjp(w), myc(w), myq(w)} with 1 <7 < j <
k<l<n.

It suffices to prove the existence of a pseudo parallelogram pattern sub-
poset or a parallelogram pattern subposet by Proposition 2.1. We give a
careful case-by-case proof.

Case 1: d > 2.

Because m;q(w) > myq(w) and Remark 2.3, we have a > d > 2 and
Miaq—1(w) > myg—1(w) in M,. Then the subposet {m;q(w), miq—1(w),
myd(w), myqg—1(w)} C M, is either a parallelogram pattern subposet or a
pseudo parallelogram pattern subposet.

Case 2: d=1and i =j.

Because m;q(w) > mip(w) > myi(w) = myq(w) and Remark 2.3, we
have a > b+1 and m; p+1(w) > my2(w) in M,,. Then the subposet {m; p+1(w),
mip(w), mya(w), myi(w)} C M, is either a parallelogram pattern subposet
or a pseudo parallelogram pattern subposet.

Case 3:d=1and k =1.

Because m; q(w) > my c(w) > my1(w) = my 1(w) and by Lemma 2.3 and
Remark 2.3, we have a > ¢ > 2 and m; o—1(w) > my c—1(w) in M,,. Then the
subposet {m; q(w), Mja—1(w), My c(w), M c—1(w)} is either a parallelogram
pattern subposet or a pseudo parallelogram pattern subposet.
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Cilw)  Ci(w) Cilw)  Ciw)

=)
Miq (w) i,a( )
\‘ myq(w) m:z_l(:)) % myq(w)

myd—-1 (w)

Figure 7: Hlustration of Case 1.

The remaining cases are the case of d =1 with i < j <k <.

Case 4: b>2or ¢c> 2.

Suppose b > 2, we have a > 2 by Lemma 2.3. Also we see m; q—1(w) >
m;p—1(w) because m; o(w) > mjp(w) with a,b > 2 and Lemma 2.2. Then the
subposet {m; o(w), Miq—1(w), mjp(w), m;p—1(w)} is either a parallelogram
pattern subposet or a pseudo parallelogram pattern subposet. We can use
the same argument for the case of ¢ > 2.

Case 5: b=c=1 and ¢;(w) > 2 or ¢(w) > 2.

Suppose ¢;j(w) > 2. We have ¢;(w) > 2 and mja(w) > my2(w) because
m;j1(w) > my1(w) and by Lemma 2.3 and Remark 2.3. Then the subposet
{mja(w), mj1(w), m2(w),my1(w)} is either a parallelogram pattern sub-
poset or a pseudo parallelogram pattern subposet. We can use the same
argument for the case of ¢(w) > 2.

Case 6: b=c=1 and ¢;(w) = c;(w) = 1.

Because mjq(w) > mji(w) > myi(w) (resp. miq(w) > myi(w) >
my1(w)) and Lemma 1.3, we have w(i) < w(j) < w(l) (resp. w(i) < w(k) <
w(l)), see Figure 8. We see w(j) < w(k) because if w(j) > w(k), then ¢j(w) is
larger than ¢ (w), which contradicts the assumption that ¢;(w) = ¢x(w) = 1.
Hence we obtain w(i) < w(j) < w(k) < w(l). There exists a unique p such
that j < p <n and w(j) > w(p) because ¢j(w) = 1.

If j < p <, then we see

p
(]‘8) mj71(w):(07'”707 1 717”'717 O 7"'707 0 70)"'70)7

Jj—th p—th I—th
(19) ml,l(w):(oa‘”707 0 707"'707 0 7"'707 1 717"‘1a07'”70)
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Ci (w)

mj,1(w) my,1(w) my1 (w)

Figure 8: Illustration of Case 6.

and m;1(w) and my 1 (w) are incomparable. This contradicts the assumption
and hence [ < p < n.

For I < p <wm, (j,p) (resp. (k,p)) is the unique inversion of w whose first
coordinate equals j (resp. k). Then we can write

(20)

] P
ij(w):(Ov"'?Oa r,t,---,1, 1 ,1,---,1, 1 ,1,---1, 0 aOa"'ao)a

(21)
j—th k—th [—th p—th
mk,l(w):(ov"'voa 0707"'707 1 717"'717 1717"'1a 0707"'a0)

and hence m;1(w) > my, 1(w). Therefore m;1(w) and my, 1 (w) are compara-
ble. This contradicts the assumption. Therefore Case 6 never happens.
From the above argument, we can conclude that if M, has a By pattern,
then M, contains a pseudo parallelogram pattern or a parallelogram pattern
and therefore M, has a parallelogram pattern by Proposition 2.1. O

Proposition 2.3. For w € S, the poset M,, has a parallelogram pattern
subposet if and only if w has a 3412-pattern or a 3421-pattern.

Proof. Suppose that w has a 3412-pattern. We will use the same argu-
ment if w has a 3421-pattern. There exists 1 < i < j < k <[ < n
such that st(w(i)w(j)w(k)w(l)) = 3412 and we have ¢;(w) > 2 and
¢j(w) > 2. We construct a parallelogram pattern subposet or a pseudo par-
allelogram pattern subposet. Now (i, k), (,1), (4, k) and (j,1) are inversions
of w and the j-th coordinate of m; (., (w) is greater than or equal to 2 by
Lemma 2.1.
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We can write

i—th j—th k—th [—th

(22) mi,ci(w)(w):(of"7O7Ci(w)7'”7 T oy, O y T 0 7”'0)7
(23)
i—th j—th k—th [—th
mi,c,;(w)—l(w):(of"70762'(("))_17"'758_1)"'7 0 y TN 0)0)7
i—th j—th k—th [—th
(24) mj,Q(W):(O,"',O, 0’...7 2’..., 0 R 070)
and
i—th j—th k—th [—th
(25) mj71<0.)):(07"',0, 07...’ 1,..., 07..., 070)7

for some x > 2.

Next we will show that m; ¢, y—1(w) > mj1(w) in My,

Let p be the minimum number such that (4, p) is an inversion of w, such
a number exists because ¢;j(w) > 2 and also we have p < k.

By Lemma 2.1, we can write

i—th j—th p—th

(26) mj,l(w):(()?”'?o? 0 7"'707 1 71"'717 0 707”'7
k—th l—th

0, 0 ,--, 0,--0).

For ¢ < j or p < g, the g-th coordinate of m;(w), which is equal to 0,
is less than or equal to that of m; . ()—1(w). For j < ¢ < p, the g-th
coordinate of mji(w) equals 1. Also we see that the g-th coordinate of
M; ¢, (w)—1(w) equals x — 1, which is greater than or equal to 1, because
w(i) <w(j) <w(l+1) < - <w(@) < <w(p—1) and by Lemma 2.1.
Hence we obtain m; ., ()—1(w) > mj1(w) in M.

For a subposet {m; () (W), M ¢, (w)—1(w), mj2(w),mj1(w)}, we have
M, (w)—1 (W) > my1(w) and m; . ) (w) > mja(w) by Lemma 2.2. Hence
this subposet is a parallelogram pattern subposet or a pseudo parallelogram
pattern subposet. Therefore M, has a parallelogram pattern subposet by
Proposition 2.1.

Also if w has a 3421-pattern, then M, has a parallelogram pattern by
the same argument.

Conversely suppose that M, has a parallelogram pattern subposet
{mo(w), m;p(w), mjc(w),mjq(w)} with 1 < i < j < n,a<be [gw)),
¢ < d € [¢j(w)] and a +d = b+ ¢, where m,;(w) (resp. mj.(w)) is the
maximum element (resp. minimum element) and m;,(w) and m;4(w) are
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incomparable. We remark that d > 2 because d > ¢ > 1. Also we find
w(i) < w(j) by Lemma 1.3.
We can write

(27) mip(w) =(0,--+,0, b -+, 2z ,--en- ,0)
and

i—th j—th
(28) mjqd(w)=(0,---,0, 0 ,---, d ,------ ,0)

for some z > d > 2.

The j-th coordinate of m;;(w), which is equal to z, is greater than or
equal to 2. By Lemma 2.1, there exists j < k < [ < n such that (i, k) and
(i,1) are inversions of w. Therefore we obtain st(w(i)w(j)w(k)w(l)) = 3412
or 3421.

Now we conclude that if M, contains a parallelogram pattern, then w
has a 3412-pattern or a 3421-pattern. ]

From Proposition 2.2 and Proposition 2.3, we obtain the following result.

Theorem 2.1. For w € Sy, the poset M, is a Ba-free poset if and only if
w is a 3412-3421-avoiding permutation.

3. A relation between M, and the corresponding root poset

In this section we endow the set of inversions of a permutation w with a
partial order < such that

(29) (p,q) 2 (r,s) <= [p,q] C[r,s],

where 1 < p,q,r,s < n and (p,q) and (r,s) are inversions of w. Note that
[p,q] :=={p,p+1, -+ ,q} and we denote the resulting poset by A(w).

Remark 3.1 ([1]). The symmetric group S, is the Coxeter group of type
Ap_1. Let A be the root system of type Ap—1 and {a1, a2, an_1} be a set
of fundamental roots. The root system A is the disjoint union of the positive
roots A" and the negative roots A~ corresponding to the fundamental roots
{an, a9, ap_1}. Endow an order structure on A" such that a < 8 if
and only if B —a € Y, Z>oo; and the resulting poset is called the root
poset of type An—1. The symmetric group S, naturally acts on A(A,—1).
Let N, :={a € At|w(a) € A™}. Then N, is a subposet of A*. Indeed N,
is order isomorphic to A(w). Remark that |A(w)| = [Inv(w)].
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It is natural to ask how the poset structures of M, and A(w) are related,
because they are constructed by using the inversions of w.

Definition 3.1. We define a map ¢, : M,, — A(w) by

(30) bu(Mmiz(w)) = (4,1z),
where i < iy < iy < o0 < gy < nowith (4,41), (i,92), 0, (4G, (w) €
Inv(w).

There are z — 1 zeros between i-th coordinate and i,-th coordinate in
mi z(w), see Lemma 2.1. One can write

i—th i1 —th ia—th ip_1—th
¢ ((0,---,0, =z 2,2, 2, 0 ;o —1l,z—1,---;z—1, 0 ,---, O ,

Lo 1,707,0,0,---,0)) = (ivia).
Example 3.1. For w = 5371642, we have
d(m1.4(5371642)) = (1,7), ¢(m13(5371642)) = (1,6),
d(m 2(5371642)) = (1,4),  ¢(m11(5371642)) = (1,2),
d(ma2(5371642)) = (2,7),  (ma1(5371642)) = (2,4),
d(ms3.4(5371642)) = (3,7), ¢(ms3(5371642)) = (3,6),
d(m32(5371642)) = (3,5), ¢(ms1(5371642)) = (3,4),

d(ms2(5371642)) = (5,7), ¢(ms1(5371642)) = (5,6),

d(me.1(5371642)) = (6,7).

Figure 9 shows the Hasse diagram of A(5371642).

The number of M, is that of inversions of w and hence we have |M,,| =
|A(w)| = [Inv(w)]. Also ¢, is injective and therefore ¢, is a bijection.

We give the following useful statement, which is a straightforward con-
sequence of Lemma 2.1 and we omit the proof.

Lemma 3.1. Form; z(w) € M, with1 <i < j<n andzx € [¢;(w)], suppose
that the j-th coordinate of mja(w) equals y > 1. Then the number of 0
between the j-th (resp. i-th) coordinate and the iz-th (resp. j-th) coordinate
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(1,7 (3,7)

(1,6) (3,6)

(1,4) 2,7 (3,5 \_ &7

1,2) (2,4) (3,4  (56) (6,7)

Figure 9: Hasse diagram of A(5371642).

The number of Qis ¥y —1

The number of Q is T—¥

Figure 10: A visualization of Lemma 3.1.

equals y—1 (resp. x—y), where (i,i1), (,42), - , (i,9¢,(w)) are the inversions
of w involving i with 11 < iz < -+ <l ()

Figure 10 shows a visualization of Lemma 3.1.
Proposition 3.1. ¢, is an order-preserving bijection.

Proof. 1t suffices to show that ¢, is an order-preserving map. Suppose that
mio(w) > mj,y(w) for some 1 <i,j < n, z € [¢j(w)] and y € [¢j(w)]. Then
t < j by Lemma 1.1. We have to prove i, > j,.

If i = j, then we have x > y by Lemma 1.2 and we see i, > j,. Hence
Gu(mia (@) = (iyiz) = du(miy (W) = (iriy):

Now we suppose 7 < j.

Because m; ;(w) > mjy,(w), the j-th coordinate of m;,(w) is greater
than or equal to y which is not 0. On the other hand every k-th coordinate
with i, < k equals 0. So we find j < 7.

We can write

i i—th iy, —th
(31) mm(w):(o,--- 7012-;}11"' 7]Zt ;oo 0 70)
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The number of Qis z—1

i—th j—th iz—th
eee z e cee

The number of } is y—1

Figure 11: Illustration of the proof of Proposition 3.1.

and

i—th j—th Jy—th
(32) mjy@) = (0,0, 0,0,y .0 0.

for some z > 2z >y > 1. Also we have w(i) < w(j) by Lemma 1.3.

For j < k < ig, if the k-th coordinate of m; »(w) is 0, then w(j) > w(i) >
w(k) and hence the k-th coordinate of m; ,(w) equals 0.

If j, > ig, then the number of 0 between j-th coordinate and j,-th
coordinate in m;,(w), which equals y — 1 by Lemma 3.1, is greater than
that of 0 between j-th coordinate and i,-th coordinate in m; ,(w), which
equals z — 1 by Lemma 3.1, because the i,-th coordinate of m;,(w) is 0, see
Figure 11. This contradicts the assumption that m; z(w) > m;,(w). Hence
we have j, < i, and (i,i;) > (4,7y) in A(w). Now we conclude that ¢,
preserves the order structure. O

It is natural to ask when ¢, becomes a poset isomorphism.

Proposition 3.2. If w € S, is a 321-avoiding permutation, then ¢, is a
poset isomorphism.

Proof. Because ¢,, is an order-preserving bijection, it suffices to show that
¢! is an order-preserving map. Suppose that ¢, (m;(w)) = ¢uw(m;y(w))
in A(w), where m; »(w),mj,(w) € M, with 1 < 4,5 < n,z € [¢;(w)] and
y € [¢j(w)]. It suffices to prove m; »(w) > myy(w) in M. Put ¢y, (m;.(w)) =
(7121) and ¢w(mj,y(w)) = (Ja]y) with ¢ < j < jy <'ig.



Two characterizations of the shape of the base poset 517

Jy S ig
i—th j—th i;—th
ml’z(w) = (0’ 0, PP ,0, .0, 0, ,0, ) 'Yy 0)
i-th j—th jy—th
Mig(w) = (0,-++,0, 0 yeee, Y yeeeens [0, eeeenees NIRTEeS 0,0,k 0)

Figure 12: Illustration of Claim 2 and Claim 3 of Proposition 3.2.

Case 1: i =j.
We see i = j < j, < iz and j, = iy. Then i, < i, and we have y < x.
By Lemma 1.2, we obtain m; z(w) > m;(w) in M,,.

Case 2: 1 < j.
We have i < j < j, < i;. Write

i—th j—th iz —th

(33) miz(w) = (0,---,0, x -, 2 o=, 0 ,0,---,0)
and
i—th j*th jy—th

(34) mj,y(w):(ov'”’oa 05"'7 Yy, 0 705”'70)'
for some z > 0.
Claim 1

w(i) < w(g).
Proof of Claim 1. If w(i) > w(j), then st(w(i)w(j)w(jy)) = 321 and this
contradicts the assumption. O
Claim 2

For j < k < jy, if the k-th coordinate of m;,(w) equals 0, then the k-th
coordinate of m; ;(w) is 0, see Figure 12.

Proof of Claim 2. Suppose that j, =i;. Then the j,-th coordinate of m; , (w)
and that of m;,(w) equal 0. If j < k < j, and the k-th coordinate of
mjy(w) equals 0, then w(j) > w(k) by Lemma 2.1. Because w(j) > w(k)
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and st(w(j)w(k)w(iz)) # 321, we have w(k) < w(iz) < w(i). Therefore the
k-th coordinate of m; »(w) equals 0.

Suppose that j, < iz, j < k < j, and the k-th coordinate of m;,(w)
equals 0. Because w(j) > w(k) and st(w(j)w(k)w(iz)) # 321, we have w(k) <
w(iy) < w(i). Therefore the k-th coordinate of m; ,(w) equals 0. O

Claim 3
For j < k < jy, if the k-th coordinate of m;,(w) is not 0, then the k-th
coordinate of m;,(w) is greater than or equal to that of m;,(w).

Proof of Claim 3. By assumption, we have w(j) < w(k) by Lemma 2.1 and
the k-th coordinate of m;,(w) equals the number of 0 between k-th coor-
dinate and j,-th coordinate +1 by Lemma 3.1. Also we see w(i) < w(k) by
Claim 1 and the k-th coordinate of m; ,(w) is also the number of 0 between
k-th coordinate and i,-th coordinate +1 by Lemma 3.1. Because j, < i,
and Claim 2, the number of 0 between k-th coordinate and i,-th coordinate
of m; z(w) is greater than or equal to that of 0 between k-th coordinate and
Jy-th coordinate of m;,(w). O

If k < j or j, <k, then the k-th coordinate of m;,(w), which is 0, is
less than or equal to that of m; ., (w).

Also for j < k < jy, from the above argument, the k-th coordinate of
m;jy(w) is less than or equal to that of m; ,(w) by Claim 3. Hence my; 5 (w) >
mjy(w) in M. Now we conclude that if w is a 321-avoiding permutation,
then ¢, is a poset isomorphism. O

Now we obtain the following result.

Theorem 3.1. Forw € Sy, ¢, is a poset isomorphism if and only if w is a
321-avoiding permutation.

Proof. Tt suffices to prove that if w has a 321-pattern, then ¢, is not a
poset isomorphism. By assumption, there exists 1 < ¢ < j < k < n such
that w(i) > w(j) > w(k). Without loss of generality, we can assume that
w(j) <w(p) forall j <p< k.

Put m; . (w) := ¢, 1((i,k)). We remark that (4,75), (i,k) € A(w) and the
Jj-th coordinate of m; »(w) is 0. We write

i j—th k—th
(35) mi,x(w):(()?"'7O¢Z£h>"'7 0,-,0 507"'70)7
and
i—th j—th k—th
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For j < p < k, the p-th coordinate of m;1(w) equals 1 because w(j) <
w(p) and by Lemma 2.1.

Now we have ¢, (mi(w)) = (i,k) = (j.k) = ¢u(mj1()) in Aw). On
the other hand, m; ;(w) and m; 1 (w) are incomparable by comparing their i-
th coordinates and j-th coordinates. We conclude that if w has a 321-pattern,
then ¢, is not poset isomorphism. O
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