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An infinite cardinal version of Gallai’s Theorem
for colorings of the plane

Jeremy F. Alm

We generalize a result of Tibor Gallai as follows: for any finite set
of points S in the plane, if the plane is colored in finitely many
colors, then there exist 2ℵ0 monochromatic subsets of the plane
homothetic to S. Furthermore, we prove an even stronger result
for n-dimensional Euclidean space.
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1. Introduction

1.1. History

In the late 1930s, Tibor Gallai proved the following result, which is a gener-

alization to multiple dimensions of Van der Waerden’s celebrated theorem

on arithmetic progressions in the integers:

Theorem 1.1 (Gallai’s Theorem on Z
n). Let S be a finite subset of Zn.

Then any finite coloring of Zn contains a monochromatic subset homothetic

to S, i.e. a monochromatic subset of the form a+ bS for some a ∈ Z
n and

b ∈ Z.

Gallai himself did not publish the result; a proof first appeared in the

literature in [4]. (For an interesting history, see Chapter 42 of Soifer’s book

[5].) A derivation of Theorem 1.1 from the Hales-Jewett Theorem can be

found in [3]. A Euclidean-space-version of Gallai’s Theorem is as follows:

Theorem 1.2 (Gallai’s Theorem on E
n). Let S be any finite subset of En.

Then any finite coloring of En contains a monochromatic subset homothetic

to S, i.e. a monochromatic subset of the form a+ bS for a ∈ E
n and b ∈ R.

arXiv: 1304.3154

445

http://www.intlpress.com/JOC/
http://arxiv.org/abs/1304.3154


446 Jeremy F. Alm

These two theorems are fundamental in Euclidean Ramsey theory. It

seems natural, however, to suspect that Theorem 1.2 can be strengthened.

Surely, we can find more than one monochromatic homothetic copy, no? In

this paper, we generalize Theorem 1.2 by showing that there must in fact

be uncountably many monochromatic homothetic copies.

To the best of our knowledge, the first uncountability result of this type

appeared in [2]:

Theorem 1.3. For every 2-coloring of E
2, there exist uncountably many

r ∈ R
+ such that there exists a monochromatic equilateral triangle of side-

length r.

The author’s first attempt to strengthen Gallai’s Theorem resulted in the

following two theorems from [1], the second of which strengthens Theorem

1.3:

Theorem 1.4. Let S be a finite configuration of points in the integer lattice

Z
2. In any finite coloring of the plane E

2, there exist 2ℵ0 monochromatic

homothetic copies of S.

Theorem 1.5. For any finite coloring of E2 there exist 2ℵ0 monochromatic

equilateral triangles, i.e., subsets homothetic to {(0, 0), (1, 0), (1/2,
√
3/2)}.

In fact, the argument given in [1] for Theorem 1.5 will work for any 3-

point configuration in E
2. The problem for an arbitrary finite subset S ⊂ E

2

was left open. The main result of the present paper is a solution to that

problem:

Theorem 1.6. Let S be any finite set of points in E
2. If the points of

E
2 are colored in finitely many colors, then there exist 2ℵ0 pairwise-disjoint

monochromatic subsets of E2 homothetic to S.

1.2. Notation

For a positive integer m, we let [m] denote {1, 2, 3, . . . ,m}. We let En denote

n-dimensional Euclidean space, and R the real line. For n > 1, elements of

E
n will be denoted with boldface, as in y, and 0 will denote the origin.

Subsets of R and E
n will be denoted with capital script (“mathcal”) letters.

For X ⊆ E
n, a ∈ R, and d ∈ E

n, let aX + d = {ax+ d : x ∈ X}.
Recall that for all n ∈ Z

+, the cardinality of En is 2ℵ0 .
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2. Main results

We will prove the following two results, whose conjunction is equivalent to
Theorem 1.6.

Theorem 2.1. Let S be any finite set of points in E
2, not all on a line.

If the points of E2 are colored in finitely many colors, then there exist 2ℵ0

pairwise-disjoint monochromatic subsets of E2 homothetic to S.
Theorem 2.2. Let S be any finite set of points in R. If the points of R
are colored in finitely many colors, then there exist 2ℵ0 pairwise-disjoint
monochromatic subsets of R homothetic to S.
Proof of Theorem 2.1. Let S ⊂ E

2, with |S| = n. Assume without loss of
generality that S contains the origin 0, so that S = {0,y1, . . . ,yn−1}. Let
A be a 2-by-(n − 1) matrix whose jth column is yj (considered as a 2-by-1
column vector):

A := [y1y2 · · ·yn−1].

Let T : En−1 → E
2 be given by T (v) = Av. Note that since the points of

S do not lie all on a line, the set {y1, . . . ,yn−1} spans E
2 and hence T is

surjective.
Let c ∈ Z

+, and let χ : E
2 → [c] be a coloring of the plane with c

colors. Define χ′ : En−1 → [c] by χ′(v) = χ(T (v)). Let {u1, . . . ,un−1} be
the standard basis for En−1, and let U = {0,u1, . . . ,un−1}.

We must now partition E
n−1 into 2ℵ0 parts. Consider the collection of

cosets E
n−1/Zn−1. Each coset C ∈ E

n−1/Zn−1 is of the form Z
n−1 + e for

some e ∈ [0, 1)n−1. Hence C is a translation of Zn−1. It will prove useful
later in the proof to index the cosets by translation vectors from [0, 1)n−1,
as in Ce. Note that each e ∈ [0, 1)n−1 uniquely identifies a coset.

Each coset Ce is colored by χ′, so by Gallai’s Theorem on Z
n we may

conclude that there exists some monochromatic subset of Ce homothetic to
U . This subset will have the form aU + d+ e, where a ∈ Z

+ and d ∈ Z
n−1.

Now define

Se = T (aU + d+ e) = {T (v) : v ∈ aU + d+ e}.

It is clear that Se is monochromatic (under χ). To see that Se is homothetic
to S, we recall that T was defined by T (v) = Av, where the columns of A
were the yi’s, so T sends the unit basis vectors in U to the yi’s in S. Hence
T (U) = S, and we have

T (aU + d+ e) = aT (U) + T (d+ e) = aS + T (d+ e).
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Therefore Se is homothetic to S. Since there are 2ℵ0 cosets, we have 2ℵ0

monochromatic homothetic copics of S.
It remains to show that, while many of these Se may overlap, it is possible

to find 2ℵ0 of them that are pairwise-disjoint.

Since A has rank 2, the image under T of [0, 1)n−1 contains a parallel-

ogram P . Let Y = {m(yi − yj) : m ∈ Z, 1 ≤ i ≤ j < n}, and define an

equivalence relation ∼ on P as follows:

p ∼ q if and only if p− q ∈ Y.

Let P0 be a subset of P formed by choosing exactly one representative from

each equivalence class. Since each equivalence class is at most countable,

|P0| = 2ℵ0 . For each p ∈ P0, choose ep ∈ [0, 1)n−1 such that T (ep) = p, and

let E = {ep : p ∈ P0}. Note that T is 1-1 on E , and that |E| = |P0| = 2ℵ0 .

Now for each ep ∈ E there is a coset Cep
that contains a monochromatic

set homothetic to U of the form aU + d+ ep, where a ∈ Z
+ and d ∈ Z

n−1.

Since Z
+ and Z

n−1 are countable, there must be some a0 ∈ Z
+ and d0 ∈

Z
n−1 such that for 2ℵ0 of the cosets Cep

, the monochromatic subset of Cep

homothetic to U has the form a0U + d0 + ep.

Let E ′ be the subset of E consisting of all ep such that a0U + d0 + ep is

monochromatic; note that |E ′| = 2ℵ0 . We show that for any two distinct ep,

eq ∈ E ′, Sep
and Seq

are disjoint.

Now

Sep
= T (a0U + d0 + ep) = a0S + T (d0) + p

and

Seq
= T (a0U + d0 + eq) = a0S + T (d0) + q.

Suppose there is some point common to both sets. Then there are yi, yj ∈ S
such that

a0yi + T (d0) + p = a0yj + T (d0) + q.

Rearranging yields

a0(yi − yj) = q− p.

Hence p ∼ q, a contradiction.

Therefore the sets Sep
, for ep ∈ E ′, are pairwise disjoint. Since |E ′| = 2ℵ0 ,

the proof is complete.

The next proof will run in parallel to the previous one.
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Proof of Theorem 2.2. Let S ⊂ R, with |S| = n. Assume without loss of

generality that 0 is the smallest number in S, so that S contains 0 < x1 <

x2 < . . . < xn−1. Let A be a 1-by-(n− 1) row vector

A := [x1x2 · · ·xn−1].

Let T : En−1 → R be given by T (v) = Av.

Let c ∈ Z
+, and let χ : R → [c] be a coloring of the real line with c

colors. Define χ′ : En−1 → [c] by χ′(v) = χ(T (v)). Let {u1, . . . ,un−1} be

the standard basis for En−1, and let U = {0,u1, . . . ,un−1}.
As in the proof of Theorem 2.1, we have for each e ∈ [0, 1)n−1 a monochro-

matic subset of aU +d+e and its image Se under T . The image of [0, 1)n−1

under T contains an interval (a, b). Let Y = {m(xi − xj) : m ∈ Z, 1 ≤ i ≤
j < n}, and define an equivalence relation ∼ on (a, b) as follows:

p ∼ q if and only if p− q ∈ Y.

Let (a, b)� be a subset of (a, b) containing exactly one representative from

each equivalence class. Define ep, E , and E ′ as in the proof of Theorem 2.1.

Then by the same argument given at the end of that proof, we have that for

distinct ep and eq ∈ E ′, Sep
and Seq

are disjoint.

It is not hard to see how to extend this argument to k-dimensional

Euclidean space. We have the following:

Theorem 2.3. Let n, k ∈ Z
+, with n > k. Let S be an n-element subset of

E
k, whose points are not all contained in any (k−1)-dimensional hyperplane.

If the points of Ek are colored in finitely many colors, then there exist 2ℵ0

pairwise-disjoint monochromatic subsets homothetic to S.

Instead of proving Theorem 2.3, we will state and prove an even stronger

version. Note that in the proof of Theorem 2.1, the sets Sep
all had the form

a0S + d+ e, where a0 was a positive integer. Let us call the multiplicative

constant a0 the dilation factor. We can use the fact that these dilation factors

are integer-valued to get a stronger result.

Theorem 2.4. Let n, k ∈ Z
+, with n > k. Let S be an n-element subset of

E
k, whose points are not all contained in any (k−1)-dimensional hyperplane.

If the points of Ek are colored in finitely many colors, then there exist 2ℵ0

positive numbers r such that for each such r, there exist 2ℵ0 pairwise-disjoint

monochromatic subsets homothetic to S with dilation factor r.
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Proof of Theorem 2.4. Let S ⊂ E
k, with |S| = n. Assume without loss of

generality that S contains the origin 0, so that S = {0,y1, . . . ,yn−1}. Let
A be a k-by-(n− 1) matrix whose jth column is yj (considered as a k-by-1
column vector):

A := [y1y2 · · ·yn−1].

Let T : En−1 → E
k be given by T (v) = Av. Note that since the points of

S do not lie on any (k − 1)-dimensional hyperplane, the set {y1, . . . ,yn−1}
spans Ek and hence T is surjective.

Let c ∈ Z
+, and let χ : Ek → [c] be a coloring of Ek with c colors. Define

χ′ : En−1 → [c] by χ′(v) = χ(T (v)). Let {u1, . . . ,un−1} be the standard
basis for En−1, and let U = {0,u1, . . . ,un−1}.

Now we partition E
n−1 into cosets. Let r ∈ R

+, and rZ := {rn : n ∈ Z}.
We consider E

n−1/(rZ)n−1. Each coset C is a translation of (rZ)n−1 by a
vector e ∈ [0, r)n−1. Again, we index the cosets by the vectors e.

Each coset Ce is colored by χ′, so by Gallai’s Theorem on Z
n we may

conclude that there exists some monochromatic subset of Ce homothetic
to rU . This subset will have the form raU + d + e, where a ∈ Z

+ and
d ∈ (rZ)n−1. Now define

Se = T (raU + d+ e) = {T (v) : v ∈ raU + d+ e}.

Again, Se is a monochromatic. We have

Se = T (raU + d+ e) = raS + T (d+ e),

so Se is homothetic to S with dilation factor ra.
It remains to show that, while many of these Se may overlap, it is possible

to find 2ℵ0 of them that are pairwise disjoint.
SinceA has rank k, the image under T of [0, r)n−1 contains a k-dimension-

al parallelotope P . Let Y = {m(yi−yj) : m ∈ Z, 1 ≤ i ≤ j < n}, and define
an equivalence relation ∼ on P as follows:

p ∼ q if and only if p− q ∈ Y.

Let P0 be a subset of P formed by choosing exactly one representative from
each equivalence class. As before, for each p ∈ P0 we choose ep ∈ [0, r)n−1

such that T (ep) = p, and let E = {ep : p ∈ P0}.
Now for each ep ∈ E there is a coset Cep

which contains a monochromatic
set homothetic to U of the form raU + d + e, where a ∈ Z

+ and d ∈
(rZ)n−1. Again, there are a0 ∈ Z

+ and d0 ∈ (rZ)n−1 such that for 2ℵ0 of the
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cosets Cep
, the monochromatic subset of Cep

homothetic to U has the form
ra0U + d0 + ep.

Let E ′ be the subset of E consisting of all ep such that ra0U +d0+ep is
monochromatic. Then by the same argument given at the end of the proof
of Theorem 2.1, we have that Sep

and Seq
are disjoint for distinct ep and

eq.
Now letR be a maximal subset of R+ that is linearly independent over Z.

For each r ∈ R there is some a0 such that there are 2ℵ0 pairwise-disjoint
subsets Sep

with dilation factor ra0. Since R is linearly independent over Z,
no two dilation factors ra0 coincide. Since R is maximal, |R| = 2ℵ0 . This
concludes the proof.

Finally, we note that the method of using linear transformations affords
us an easy derivation of Gallai’s Theorem on E

n from Gallai’s Theorem
on Z

n. We leave this derivation to the reader, since the necessary details are
given above.

Acknowledgments

The author wishes to thank Jacob Manske for very many productive con-
versations, and for critiquing an earlier draft of this paper. This paper is
dedicated to my son Thomas, who was born three days after final accep-
tance.

References

[1] J. Alm, Toward an uncountable analogue of Gallai’s Theorem for color-
ings of the plane, Geombinatorics 22 (2012), no. 3, 45–50. MR3185581

[2] N. Brown, N. Dunfield, and G. Perry, Colorings of the plane I, Geombi-
natorics 3 (1993), no. 2, 24–31. MR1241304

[3] R. Graham, B. Rothschild, and J. Spencer, Ramsey Theory, second ed.,
Wiley-Interscience Series in Discrete Mathematics and Optimization,
John Wiley & Sons Inc., New York, 1990, A Wiley-Interscience Pub-
lication. MR1044995

[4] R. Rado, Note on combinatorial analysis, Proc. London Math. Soc. (2)
48 (1943), 122–160. MR0009007

[5] A. Soifer, The Mathematical Coloring Book: Mathematics of Color-
ing and the Colorful Life of Its Creators, Springer, New York, 2009.
MR2458293

http://www.ams.org/mathscinet-getitem?mr=3185581
http://www.ams.org/mathscinet-getitem?mr=1241304
http://www.ams.org/mathscinet-getitem?mr=1044995
http://www.ams.org/mathscinet-getitem?mr=0009007
http://www.ams.org/mathscinet-getitem?mr=2458293


452 Jeremy F. Alm

Jeremy F. Alm

Department of Mathematics

Illinois College

Jacksonville, IL 62650

USA

E-mail address: alm.academic@gmail.com

Received 26 October 2013

mailto:alm.academic@gmail.com

	Introduction
	History
	Notation

	Main results
	Acknowledgments
	References

