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Cyclic permutations realized by signed shifts

KASSIE ARCHER AND SERGI ELIZALDE*

The periodic (ordinal) patterns of a map are the permutations
realized by the relative order of the points in its periodic orbits. We
give a combinatorial characterization of the periodic patterns of an
arbitrary signed shift, in terms of the structure of the descent set of
a certain cyclic permutation associated to the pattern. Signed shifts
are an important family of one-dimensional dynamical systems that
includes shift maps and the tent map as particular cases. Defined as
a function on the set of infinite words on a finite alphabet, a signed
shift deletes the first letter and, depending on its value, possibly
applies the complementation operation on the remaining word. For
shift maps, reverse shift maps, and the tent map, we give exact
formulas for their number of periodic patterns. As a byproduct
of our work, we recover results of Gessel-Reutenauer and Weiss—
Rogers and obtain new enumeration formulas for pattern-avoiding
cycles.
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1. Introduction
1.1. Background and motivation

Permutations realized by the orbits of a map on a one-dimensional inter-
val have received a significant amount of attention in the last few years [2].
These are the permutations given by the relative order of the elements of
the sequence obtained by successively iterating the map, starting from any
point in the interval. On the one hand, understanding these permutations
provides a powerful tool to distinguish random from deterministic time se-
ries, based on the remarkable fact [9] that every piecewise monotone map
has forbidden patterns, i.e., permutations that are not realized by any orbit.
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Permutation-based tests for this purpose have been developed in [4, 5]. On
the other hand, the set of permutations realized by a map (also called allowed
patterns) is closed under consecutive pattern containment. This gives rise to
enumerative questions about pattern-avoiding permutations whose answers
provide information about the associated dynamical systems. For example,
determining the asymptotic growth of the number of allowed patterns of a
map reveals its so-called topological entropy, an important measure of the
complexity of the system.

Among the dynamical systems most commonly studied from the perspec-
tive of forbidden patterns are shifts, and, more generally, signed shifts [1].
Signed shifts form a large family of maps that includes the tent map, which is
equivalent to the logistic map in terms of forbidden patterns. As we will see,
signed shifts have a simple discrete structure which makes them amenable
to a combinatorial approach, yet they include many important chaotic dy-
namical systems.

Permutations realized by shifts were first considered in [3] and later
characterized and enumerated in [15]. More recently, permutations realized
by the more general -shifts have been studied in [16]. For the logistic map,
some properties of their set of forbidden patterns were given in [17].

If, instead of considering an arbitrary initial point in the domain of the
map, we restrict our attention to periodic points, the permutations realized
by the relative order of the entries in the corresponding orbits (up until the
first repetition) are called periodic patterns. In the case of continuous maps,
Sharkovskii’s theorem [23] gives a beautiful characterization of the possible
periods of these orbits. More refined results that consider which periodic
patterns are forced by others are known for continuous maps [10-12, 20, 22].
In an equivalent form, periodic orbits of the tent map were studied in [28]
in connection to bifurcations of stable periodic orbits in a certain family of
quadratic maps. However, little is known when the maps are not continuous,
as is the case for shifts and for most signed shifts.

This paper’s subject of study is periodic patterns of signed shifts. Our
main result is a characterization of the periodic patterns of an (almost)
arbitrary signed shift, given in Theorem 2.1. For some particular cases of
signed shifts we obtain exact enumeration formulas: the number of periodic
patterns of the tent map is given in Theorem 3.4, recovering a formula of
Weiss and Rogers [28], and the number of periodic patterns of the (unsigned)
shift map is given in Theorem 3.8. For the reverse shift, which is not cov-
ered in our main theorem, formulas for the number of periodic patterns,
which depend on the residue class of n mod 4, are given in Sections 3.3
and 3.4.
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An interesting consequence of our study of periodic patterns is that we
obtain new results (and some old ones) regarding the enumeration of cyclic
permutations that avoid certain patterns. These are described in Section 4.

1.2. Periodic patterns

Given a linearly ordered set X and amap f : X — X, consider the sequence
{f!(x)}i>0 obtained by iterating the function starting at a point z € X. If
there are no repetitions among the first n elements of this sequence, called
the orbit of z, then we define the pattern of length n of f at = to be

Pat(z, f,n) = st(z, f(2), f*(2),..., [ (2)),

where st is the reduction operation that outputs the permutation of [n] =
{1,2,...,n} whose entries are in the same relative order as n entries in the
input. For example, st(3.3,3.7,9,6,0.2) = 23541. If fi(x) = f/(x) for some
0 <i < j < n, then Pat(z, f,n) is not defined. The set of allowed patterns
of fis

A(f) = {Pat(z, f,n) :n >0,z € X}.

We say that x € X is an n-periodic point of f if f*(x) = x but f'(z) # z
for 1 < i < n, and in this case the set {f*(z) : 0 < i < n} is called an
n-periodic orbit. If z is an n-periodic point, the permutation Pat(x, f,n) is
denoted II(z, f), and is called the periodic pattern of f at x. Let

Pn(f) ={l(x, f) : x € X is an n-periodic point of f},

and let P(f) = U,,>¢ Pn(f) be the set of periodic patterns of f. For a permu-
tation m = w7y ... Ty € Sy, let [1] = {mimip1 .. w1 <0 < n}
denote the set of cyclic rotations of 7, which we call the equivalence class of
m. It is clear that if 7 € P(f), then [r] C P(f). Indeed, if 7 is the periodic
pattern at a point x, then the other permutations in [r] are realized at the
other points in the periodic orbit of x. Thus it is convenient to define the set
Po(f) = {[x] : # € Pu(f)}, consisting of the equivalence classes of periodic
patterns of f of length n. We will be interested in finding the cardinality of
this for certain maps f, which we denote p,(f) = |Pn(f)| = |Pu(f)|/n.
Given linearly ordered sets X and Y, twomaps f: X - X andg:Y —
Y are said to be order-isomorphic if there is an order-preserving bijection
¢ : X = Y such that ¢o f = go¢. In this case, Pat(z, f,n) = Pat(¢(x), g,n)
for every x € X and n > 1. In particular, A(f) = A(g) and P(f) = P(g).
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Figure 1: The graphs of M, foro = +—, 0 = ++ 4+, 0 = — — —— and

0 =+ + — — +, respectively.

1.3. Signed shifts

Let k& > 2 be fixed, and let W;, be the set of infinite words s = s1s9... over
the alphabet {0,1,...,k — 1}. Let <jox denote the lexicographic order on
these words. We use the notation S[i,00) = SiSitl-- - and §; =k—1—s;. If q
is a finite word, ¢ denotes concatenation of ¢ with itself m times, and ¢*°
is an infinite periodic word.

Fix 0 = 0901 ...05_1 € {+,—}F. Let TS ={t: 0y =4} and T, = {¢t:
oy = —}, and note that these sets form a partition of {0,1,...,k —1}. We
give two definitions of the signed shift with signature o, and show that they
are order-isomorphic to each other.

The first definition, which we denote by X/, is the map X/ : Wk, <iex) —
(W, <lex) defined by

$98384 ... if 81 € T;—,

¥ (51828384 ...) = {

528384 ... ifspeT,.
The order-preserving transformation
st : (Wk7 <lex) — ([07 1]7 <)
51528354 ... Y .~ sik—t1

can be used to show (see [1]) that 3/ is order-isomorphic to the piecewise
linear function M, : [0,1] — [0, 1] defined for = € [£, “HL), for each 0 < ¢ <

k—1, as
kx —t ift € T,f,
Mo () = : v
t+1—kx ifteT,.
As a consequence, the allowed patterns and the periodic patterns of ¥/ are

the same as those of M, respectively. A few examples of the function M,
are pictured in Figure 1.
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We next give another definition of the signed shift that will be more
convenient when studying its periodic patterns. Let <, be the linear order
on Wy defined by s = s18983... <, titats... = t if one of the following
holds:

1. s1 < ty,
2. 81:t1€TU+ and s983... <g tats..., or
3. 81:t1€TG_andtgtg...-<0-8283....

Equivalently, s <, t if, letting j > 1 be the smallest such that s; # ¢;, either
c:=NH1<i<j:s €T} iseven and s; < t;, or ¢ is odd and s; > t;.
The signed shift is the map ¥, : Wk, <) — (Wk, <) defined simply by
20(81828384 .. ) — 828384 ....

To show that the two definitions of the signed shift as ¥, and X/ are
order-isomorphic, consider the order-preserving bijection ¥, : (Wi, <5) —
(Wi, <iex) that maps a word s = s1s92s3 ... to the word a = ajagas ... where

s it {i<i:isj €T} is even,
s if|{j<i:s; e Ty} is odd.

It is easy to check that ¢, o ¥, = ¥/ 01),, and so P(X,) = P(X)). Using
the definition of the signed shift as X, it is clear that its n-periodic points
are the periodic words in W}, with period n, that is, words of the form s =
(s15283 ...5,)°° where s152...5, is primitive (sometimes called aperiodic),
that is, not a concatenation of copies of a strictly shorter word. We denote
by Wi the set of periodic words in W, with period n, and by ka the
set of m-periodic orbits, where each orbit consists of the n shifts of an n-
periodic word. For example, if ¢ = + — —, then s = (00110221)>° € Wy g is
an 8-periodic point of ¥, and Il(s, ¥,) = 12453786.

If o = 4%, then <, is the lexicographic order <jo, and >, is called
the k-shift. When o = —F, the map ¥, is called the reverse k-shift. When
o = +—, the map X, is the well-known tent map.

1.4. Pattern avoidance and the o-class

Let S, denote the set of permutations of [n]. We write permutations in
one line notation as m = mme...m, € S,. We say that 7 € §,, contains
p € Sy, if there exist indices i1 < iy < -+ < iy, such that st(r,7,...7, ) =
P1P2 - - - pm- Otherwise, we say that 7 avoids p. We denote by Av(p) the
set of permutations avoiding p, and we define Av(p(l)7 p2 . ) analogously
as the set of permutations avoiding all the patterns p(), p®) ... A set of
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permutations o7 is called a (permutation) class if it is closed under pattern
containment, that is, if a 7 € &/ and 7 contains p, then p € &7. Sets of the
form Av(p), p®)...) are permutation classes. For example, Av(12) is the
class of decreasing permutations.

Given classes o, o, ..., 9,1, their juxtaposition, denoted [« 7 ...
1], is the set of permutations that can be expressed as concatenations
apaq ... ax—1 where st(ay) € o for all 0 < ¢t < k. For example, [Av(21)
Av(12)] is the set of unimodal permutations, i.e., those 7 € S, satisfying
m <y < - <> mig > - > my for some 1 < j < n. The juxtaposition
of permutation classes is again a class, and as such, it can be characterized
in terms of pattern avoidance. For example, [Av(21) Av(12)] = Av(213,312)
(see [24]). Atkinson [7] showed that if <7 can be characterized by avoidance of
a finite set of patterns for each ¢, then the same is true for [« o ... 1]

Let 0 = 0901...0_1 € {+,—}* as before. In order to characterize
the periodic patterns of ¥,, we define a class S of permutations, called
the o-class, which also appeared in [6, 8]. Let S? be the juxtaposition
[ o) ... 1] where, for 0 <t <k,

Av(21) if oy =+,
o =
Av(12) if oy = —.

For example, ST~ is the class of unimodal permutations, and ST is the
class of Grassmannian permutations, i.e., those with at most one descent. Let
87 = 87NS,,. Some examples of elements in ST~ = [Av(21) Av(12) Av(12)]
are the permutations 358911761121042and259101184311276, drawn
in Figure 2. Note that the empty permutation belongs to Av(21) and to
Av(12), so one trivially has ST=~ C ST~ for example.

If 7 € 87, a o-segmentation of 7 is a sequence 0 = ey < e; < -+ <
er = n satisfying that each segment 7,11 ...7,,, is increasing if t € T and
decreasing if ¢ € T . By definition, permutations in S? are precisely those
that admit a o-segmentation.

We denote by C,, (respectively, C?, C7) the set of cyclic permutations in
Sy, (respectively, S7, §7). In Figure 2, the permutation on the right is in C?
while the permutation on the left is not. It will be useful to define the map

S, — Cp
T T,
where if 7 = w7 ... 7, in one-line notation, then # = (w1, m2,...,7,) in

cycle notation, that is, 7 is the cyclic permutation that sends m; to mg, o



Cyclic permutations realized by signed shifts 7

Figure 2: Two permutations in §?, where 0 = + — —, and their cycle struc-
ture. The permutation on the left has o-segmentations 0 < 4 < 8 < 12 and
0<h<8<L<12.

to 73, and so on. Writing @ = 7175 . .. 7, in one-line notation, we have that
e, = mig1 for 1 <4 < n, with the convention that m,41 := 7. For example,
if m = 17234856, then & = 73486125.

The map 7 — 7 also plays an important role in [15]. Note that all
the elements in the set [7] of cyclic rotations of 7w are mapped to the same
element 7 € C,. Thus, letting S,, = {[r] : 7 € S,}, this map induces a
bijection @ between S,, and C,, defined by 0([7]) = 7.

2. Description of periodic patterns of the signed shift

The main theorem of this paper is the following characterization of the
periodic patterns of the signed shift 3,, except in the case of the reverse
shift. Throughout the paper we assume that k > 2.

Theorem 2.1. Let 0 € {+,—}F, 0 # —F. Then © € P(Z,) if and only if
T eC.

An equivalent restatement of this theorem, whose proof will require a
few lemmas, is that @ restricts to a bijection between P, (X,) and CJ. The
following lemma describes some conditions satisfied by the periodic patterns
of 3, proving the forward direction of Theorem 2.1. For convenience, we will
use the notation ITx_(s) or I1,(s) instead of II(s, ¥, ). Thus, for o € {4, —}*,
II, is a surjective map from Wi, to P(3,). If 7 € S, we will say that a
word s189 ... 58, is m-monotone if s, < s, whenever w, < mp.
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Lemma 2.2. Let 0 € {+,—}* be arbitrary, let 7 € Py(X,), and let s =
(81...8n)%° € Wiy be such that m = Il,(s). For 1 <t <k, let d; = |{i €
[n] : s; < t}|, and let dy = 0. The following statements hold:

1. The word s1s3...S, is m-monotone, that is, s; =t if and only if d; <
i < diy.

2. If dy < m < mj < dyq1, then g1 < mjqq1 ift € Tj, and i1 > Tl
ift € T, where we let Ty 41 := 7.

3. The sequence dy,dq,...,dy is a o-segmentation of 7. In particular,
Tel.

Proof. Since 11, (s) = m, it is clear for all a,b € [n], 7, < 7, implies s, < Sp,
from where part 1 follows. To prove part 2, suppose that d; < m; < m; <
di+1, and S0 S[j o) <o S[j00)- By part 1, we have s; = s; = ¢. If t € T,
then S[i+1,00) =0 S[j+1,00)> and so w41 < mjg1. Similarly, if ¢ € T, then
8[j+1,00) <o S[i+1,00) and so w11 > Tj4+1-

Now let 0 < t < k, and suppose that the indices j such that s; =t
are ji,...,Jm, ordered in such a way that m; < m;, < --- < m;_ , where
m = dy¢y1—d;. Then part 1 implies that 7;, = d;_1+£ for 1 < /£ < m, and part
2 implies that mj, 11 < mj,41 < -+ < 7, 41 if t € TS, and 7j,41 > mj,41 >
o >mj 41 if t € T . Using that mj,41 = @r,, = 74,44, this is equivalent to
g1 < fg,ao <+ < fg,om if t € T, and g, 41 > fig,40 > -+ > Tg,1m if
t € T”. Note that d; +m = d¢11, so this condition states that do,d1,...,dg
is a o-segmentation of 7. Since 7 is a cyclic permutation, this proves that
Tel. O

The next three lemmas will be used in the proof of the backward direc-
tion of Theorem 2.1.

Lemma 2.3. Let 0 € {+,—}* be arbitrary, let 7 € S,,, and suppose that
0=¢e < e <--- < e =n is aoc-segmentation of 7. Suppose that e; <
i < 7 < ewp1 for some 1 < i,j < n. Then mip1 < mjy1 if t € TS, and
M1 > Tjy1 if t € T,7, where we let w41 = 1.

Proof. Since e; < m < m; < e4y1, both 77, and 7;, lie in the segment
Te,41---Te,,- If t € T;F, this segment is increasing, so mip1 = @y, < T,
mj+1. The argument is analogous if ¢ € 7.

Ol

It is important to note that for any m € S, and any sequence 0 = ey <
e1 < --- < e = n, there is a unique m-monotone word s1ss ... s, such that
{i € [n] : s; < t}| = e; for every t. This word is defined by letting s; =t
whenever e; < m; < epr1. We say that s1so...s, is the w-monotone word
induced by eg, e, ..., eg.
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Lemma 2.4. Let 0 € {+,—}* be arbitrary, and let 7 € S,, be such that
7 € C?. Take any o-segmentation of &, and let s1...s, be the m-monotone
word induced by it. Let s = (s182...5,)°. If 1 < 4,5 < n are such that
m < Tj, then either Sj o) = S[joc) OT S[ice) <o S[jec)- AN particular, if
S1...Sp 18 primitive, then 1l,(s) = .

Proof. Suppose that m; < mj. If s o) # S[j00), 16 @ > 0 be the smallest
such that sj1q # Sjyq, andlet h=[{0 <l <a—1:s, €T, }|. If his even,
then Lemma 2.3 applied a times shows that 714 < 7j1q. Since s;1q # 5j1a,
we must then have s;1, < sj44, because of m-monotonicity. Thus, S[i,00) <o
8[4,00) by definition of <, since the word s;5;11...8i14-1 = 5jSj41...5j4a-1
has an even number of letters in 7, . Similarly, if A is odd, then Lemma 2.3
shows that m; 4, > Tj4q. Since ;14 # Sjtq, Wwe must have s, > 5544, and
thus sj; o) <o S[j,00) Py definition of <,.

If s1... sy, is primitive, the case s; o) = 5[ o0) can never occur when i #
j,and so m; < 7; if and only if sj; o) <o 5[j,c)- It follows that I1,(s) = 7. O

Lemma 2.5. Let 0 € {4+, —}* be arbitrary. If o = —*, additionally assume
that n # 2mod 4. Let m € S, be such that # € C%. Then there exists a
o-segmentation of ™ such that the w-monotone word sy ... s, induced by it is
primitive, and the word s = (s1...s,)% satisfies I1,(s) = m. Furthermore,
if o = 4% or 0 = —*, then every o-segmentation of & has this property.

Proof. Since 7 € C7, it admits some o-segmentation. Pick one, say 0 = eg <
e1 <---<ep=mn,and let s1...5s, be the m-monotone word induced by it.
In this proof we take the indices of m mod n, that is, we define m;1;, = m;
for i € [n].

Suppose that si...s, is not primitive, so it can be written as ¢™ for
some m > 2 and some primitive word ¢ with |¢| = r = n/m. Then, s; = s; 4,
for all i. Let g = [{¢ € [r] : s; € T }|. Fix ¢, and let t = s; = s;4,. Because
of the way that s; ...s, is defined, we must have e; < m;, mj4, < €141, SO We
can apply Lemma 2.3 to this pair.

Suppose first that g is even. If m; < m;y,, then applying Lemma 2.3 r
times we get mi4, < Tit2r, since the inequality involving w1, and m;4,4¢
switches exactly ¢ times as ¢ increases from 0 to r. Starting with ¢ = 1
and applying this argument repeatedly, we see that if 7 < w14, then m <
Tipr < Tig2r < 0 < T (m-1)r < Tl4mr = T, which is a contradiction. A
symmetric argument shows that if 7 > w4, then m > 74, > w40 >
T2 Ty (m=1)r =~ Tldmr = T1-

It remains to consider the case that ¢ is odd. If m is even and m > 4,
then letting ¢’ = qq we have s155...5, = (¢')2. Letting ' = |¢/| = 2r and
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g =|{i€2r]:s; €T, }| =2g, the same argument as above using " and ¢
yields a contradiction. If m is odd, suppose without loss of generality that
w1 < m14,. Note that applying Lemma 2.3 r times to the inequality m; < 74
(respectively m; > m;4,) yields iy, > miro, (respectively mii, < miyo,) in
this case, since the inequality involving m;+, and m;4,4¢ switches an odd
number of times. Consider two cases:

o If m < miyor, then Lemma 2.3 applied repeatedly in blocks of 2r
times yields m3 < 49, < Mgy < -0 < Tip(m_1)r- APplying now
Lemma 2.3 r times starting with m < 1 (n_1), 8ives T4y > Tiq4my =
71, which contradicts the assumption 7 < 7mq4,.

o Ifm > w9, applying Lemma 2.3 r times we get m1, < T143,, and by
repeated application of the lemma in blocks of 2r times it follows that
Ty < Ta3r < Mg < 00 < T+ (m—2)r < TMigmer = T, contradicting
again the assumption m < m1,.

The only case left is when g is odd and m = 2, that is, when s1s2...5, =
¢ and ¢ has an odd number of letters in T);. Note that this situation does
not happen when o = +* (since in this case ¢ = 0) and, although it can
happen when o = —*, in this case we would have that T; = {0,1,...,k—1},
and so n = 2r = 2g = 2 mod 4, which we are excluding in the statement of
the theorem.

Thus, we can assume that there exists some 1 < ¢ < k such that o,_10y
is either +— or —+. We will show that there is a o-segmentation 0 = e <
e} <--- <€, =n of & such that the m-monotone word s}s5...s, induced
by it is primitive.

Suppose that oy_10, = +— (the case oy_10y = —+ is very similar). Then
Tep 141 < =o+ < Mg, and e, g1 > -+ > g, . U Te, < Te,41 (respectively,
Tte, > Te,+1), let €} := e + 1 (respectively, €} := e, — 1), and €] := ¢, for all
t # ¢. Clearly ef, €], ..., e} is a o-segmentation of 7. Its induced m-monotone
word s} ...s! differs from the original word sisy...s, = ¢® by one entry,
making the number of ¢s that appear in s} ...s, be odd instead of even.
Thus, s} ... s, can no longer be written as (¢')? for any ¢/, so it is primitive
by the above argument.

We have shown that there is always a o-segmentation of & such that the
m-monotone word induced by it is primitive. Denote this word by si ... sy,
and let s = (s1...5,)°. Now Lemma 2.4 shows that IL,(s) = 7. O

We can now combine the above lemmas to prove our main theorem.

Proof of Theorem 2.1. If m € P(%,), then 7 € C? by part 3 of Lemma 2.2.
Conversely, m € S, is such that # € C?, then the word s constructed in
Lemma 2.5 satisfies II,(s) = 7, and so m € P(3,). O
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For o = —F, the same proof yields the following weaker result.

Proposition 2.6. Let 0 = —F. If 1 € P,(%,), then 7 € CJ. Additionally,
the converse holds if n # 2 mod 4.

In Section 3.4, when we enumerate the periodic patterns of the reverse
shift, we will see exactly how many patterns the converse fails for when
n # 2 mod 4.

We end this section describing the effect (also mentioned in [1]) of revers-
ing o on the allowed patterns of ¥,. Define the reversal of 0 = ogoy...05_1
to be oft = o4_1...0100. If 7 € S,,, then the complement of 7 is the per-
mutation 7¢ where 7 =n +1 —m; for 1 <7 < n.

Proposition 2.7. For every o € {+,—}*, 7 € A(X,) if and only if ¢ €
A(Xyr), and m € P(3,) if and only if ¢ € P(Xyr).

Proof. Given s € Wy, let 5§ € Wy, be the word whose ith letter is §; = k—1—s;
for all 7. For the first statement, it is enough to show that Pat(s,¥,,n) =7
if and only if Pat($,¥,r) = 7¢. This will follow if we show that for words s
and t, s <, t if and only if £ <,» 5. To prove this claim, let j be the first
position where s and ¢ differ. Then j is also the first position where § and ¢
differ, and s; < t; if and only if §; > ¢;. By definition, s; € T, if and only
if 5; € T , from where the claim follows.

Since s is periodic of period n if and only if 5 is as well, the result for
periodic patterns holds as well. O

Proposition 2.7 can be stated more generally for any function f : [0, 1] —
[0,1] as follows. If we define g : [0,1] — [0,1] by g(z) =1 — f(1 — z), we
see by induction on i that g'(x) = 1 — f{(1 — z) for i > 1. It follows that
Pat(x,g,n) = Pat(l — z, f,n)¢ for all x € [0,1], and so f and g have the
same number of allowed and periodic patterns.

3. Enumeration for special cases

For particular values of o, we can give a formula for the number of periodic
patterns of ¥,. This is the case when o = +— (equivalently, when o = —+),
o =+% and 0 = —*, for any k > 2. Recall that p,(2,) = |Pn(Xs)| is the
number of equivalence classes [r] of periodic patterns of X,.

Lemma 3.1. For any o € {+,—}* with k > 2, the number of n-periodic
orbits of ¥, is

& Wial = Liln) = = 3 )k,
dln

where p denotes the Mobius function.
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I1,
Wk,n PH(ZU)
3 3 WW
T, 0
Whn Pn(Se) —— C°

Figure 3: Some maps used in Section 3. The map from W, ,, to Wk,n maps
each periodic point to its corresponding periodic orbit, and the map from
Pn(Zs) to Pn(X,) maps each permutation 7 to its equivalence class [r].
The map I, (equivalently, II,) is surjective by definition, but in general
not injective. By Theorem 2.1 and Proposition 2.6, the map 6 restricts to a
bijection between P, (X,) and CZ, unless ¢ = —* and n = 2 mod 4.

Proof. Recall that ka is the set of n-periodic orbits of Y., and that each
such orbit consists of the n shifts of an n-periodic point s = (s152...5,)> €
Wi.n, where s152. .. sy is primitive. Thus, [Wj, | is the number of primitive
words of length n over a k-letter alphabet up to cyclic rotation, which is
well-known (see [13]) to equal the formula in the statement. O

In some of the proofs in this section, it will be useful to refer to the
diagram in Figure 3, which summarizes some of the maps involved. If o €
{+, —}*, we denote by II,, (or IIy, ) the map from Wy, to P,,(%,) that sends
the periodic orbit of s € W}, ,, to the equivalence class [r], where m = II;(s).
This map is clearly well defined.

The following lemmas will also be needed when counting periodic pat-
terns of shifts and reverse shifts.

Lemma 3.2. Suppose that o = +*, or that 0 = —* and n # 2 mod 4. Let
T € Pn(Zs) (equivalently, by Theorem 2.1 and Proposition 2.6, © € C7),
and let s = (s1...5,)> € Wy pn. Then s satisfies Il,(s) = m if and only if
81 ...8n 18 the m-monotone word induced by some o-segmentation of 7.

Proof. 1f I1,(s) = m, then by Lemma 2.2, s;...s, is the m-monotone word
induced by the o-segmentation dg,ds,...,dy, where dy = |{i € [n] : s; <

t}|. Conversely, given any o-segmentation eg,eq, ..., e, of 7, then the last
statement in Lemma 2.5 implies that the m-monotone word s; ... s, induced
by it satisfies II;((s1...s,)>) = 7. O

3.1. The tent map

We denote the tent map by A = ¥, _. Recall that A is order-isomorphic to
the map on the unit interval whose graph appears on the left of Figure 3.
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The characterization of the periodic patterns of A follows from Theorem 2.1,
noticing that permutations in the class [Av(21) Av(12)] are precisely uni-
modal permutations.

Corollary 3.3. m € P(A) if and only if & is unimodal.

The proof of the next theorem, which gives a formula for the number
of periodic patterns of the tent map, is closely related to a construction
of Weiss and Rogers [28] aimed at counting unimodal cyclic permutations,
even though the notion of periodic patterns of a map had not yet been
developed.

Theorem 3.4. Forn > 1,

pa(A) = — 3 p(a)2i,

2
dln
d odd

Proof. Let O, be the set of binary words s = (s1...5,)* € Wh, where
the primitive word si ...s, has an odd number of ones. We will show that
the map II5 : Wy, — P, (A) restricts a bijection between O,, and P, (A).
We will prove that for each w € P,,(A) there are either one or two elements
s € Wh, such that II5(s) = 7, and that exactly one of them is in O,,.

Fix m € P,(A), and recall from Corollary 3.3 that 7 < 7o < -+ < 7, >
41 > -+ > T for some m. Let s = (s1...5,)> € Wh,, be such that
IIh(s) = m, and let d = |{1 < i < n:s; =0}. By part 3 of Lemma 2.2,
we have ] < g < -+ < g and gy > Agya > -+ > 7y 1t follows that
d=m or d=m-—1, corresponding to the two +—-segmentations of 7. Since
$1...8y is m-monotone by part 1 of Lemma 2.2, the words corresponding
to these two possibilities for d differ only in one position (specifically, in s;,
where j is such that 7; = m). In general, as shown in the proof of Lemma 2.5,
the word s7 ... sy, induced by a +—-segmentation of 7 may not be primitive.
However, this can only happen when 7 is even and s; ...s, = ¢2, in which
case S1...S, would have an even number of ones. Thus, among the two
possibilities for d, the one in which s;...s, has an odd number of ones
guarantees that this word is primitive, and so s € O,, and IIx(s) = .

To find |O,,| we use the Mobius inversion formula. Let a(n) be the num-
ber of primitive binary words of length n with an odd number of ones, and
note that a(n) = |Oy,| = |Pn(A)|. Let b(n) be the number of binary words
(not necessarily primitive) of length n with an odd number of ones. It is well
known that b(n) = 2"~L. Every such word can be written as s = q%, where
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q is primitive and has an odd number of ones, and d is an odd number that
divides n. It follows that

bn)= > aln/d)= > a(d).

dln din
d odd n/d odd

Writing n = 2"m, where m is odd, and letting b,(m) = b(2"m) and a,(m) =
a(2"m), the above formula becomes

by(m) =b(2"m) = Z a(2'd) = Z ar(d).

dlm dlm

Thus, by Mobius inversion,

ar(m) =y u(d)b,(m/d),

dlm

which is equivalent to

atn) = 3 pldbin/d) = 37 p(db(n/d) = 3 p(d)2/ .

dlm din dln

d odd d odd
It follows that
1 1
_ _ = /d
pn(A) = na(n) =3 Z p(d)2™e. O
dln
d odd

The proof of Theorem 3.4, in combination with Corollary 3.3, shows
that the map 0 oIl : ng — C~ is a bijection between primitive binary
necklaces (words up to cyclic rotation) with an odd number of ones and
unimodal cyclic permutations.

Corollary 3.5. Forn > 1,
(3-+) : > p(d)2i
= — d
Pnl&— 2n .

dln
d odd

Proof. This follows immediately from Proposition 2.7 and Theorem 3.4. [
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3.2. The k-shift

Recall that the k-shift is the map ¥, where 0 = +*. Let us denote this
map by 3 for convenience. The second picture in Figure 3 shows the graph
of a map on the unit interval that is order-isomorphic to 3. The allowed
patterns of the k-shift were characterized and enumerated by Elizalde [15],
building up on work by Amigé et al. [3].

In this section, we describe and enumerate the periodic patterns of the
k-shift. Denote the descent set of 7 € S, by Des(w) = {i € [n — 1] : m; >
mi+1}, and by des(m) = |Des(m)| the number of descents of 7. In the case
of the k-shift, Theorem 2.1 states that 7 € P(Xy) if and only if 7 is a
cyclic permutation that can be written as a concatenation of k increasing
sequences. The following corollary follows from this description.

Corollary 3.6. m € P(Xy) if and only if des(w) < k — 1.

In other words, 6 gives a bijection between P,, (X)) and permutations in
C,, with at most k — 1 descents. It will be convenient to define, for 1 < i < n,

C(n,i) = |{r €Cp:des(r) =i —1}|.

We start by giving a formula for the number of periodic patterns of the
binary shift. Recall the formula for Ly(n) given in Eq. (1).

Theorem 3.7. Forn > 2,
pn(22) = C(n,2) = La(n).

Proof. When n > 2, there are no permutations in C, with no descents. By
Proposition 2.6, the map @ gives a bijection between P(X3) and /'t = {7 €
Cp : des(T) =1}, so pn(X2) = C(n,2).

Next we show that the map IIy, : Wh,, — P,(X2) is a bijection, and
therefore so is the map Ily, : Wa,, — Pn(32) (see Figure 3), which im-
plies that p,(32) = La(n) by Lemma 3.1. By definition, the map Iy, :
Wan — Pn(22) is surjective, so we just need to show that it is injective
as well. Let m € Pp(X2), and let s = (s1...5,)° € Wh,, be such that
IIy,(s) = m. By Lemma 3.2, s;...sy is the m-monotone word induced by
some +--segmentation of 7. Since 7 has one descent, there is only one such
segmentation, so s is uniquely determined. O

For k > 3, we have the following result.
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Theorem 3.8. For k>3 and n > 2,

k—1 .
pn(zk‘) - pn(zkfl) = C(nv k) - Lk(n) - ZQ (n _/i:—ﬁl Z) C(nvz)
i=
Proof. By Corollary 3.6, m € Py, (X) \ Pn(Xk—1) if and only if des(7) = k—1,
and so 6 is a bijection between P, (1) \ Pn(Zk_1) and n-cycles with k — 1
descents, from where C(n, k) = pp (k) — pn(Zk—1)-

To prove the recursive formula for C'(n, k), we find the cardinality of
Wi in two ways. On one hand, this number equals Li(n) by Lemma 3.1.
On the other hand, consider the map Iy, : Wk,n — Pn(3k), which is
surjective, but in general not injective. We can obtain |Wkn\ by adding the
cardinalities of the preimages of the elements of P, (¥;) under this map.

For fixed m € Pn(Xj), let us count how many words s € Wy, sat-
isfy Iy, (s) = 7 (equivalently, how many orbits in Wy, are mapped to
[r] by Ig,). By Lemma 3.2, this number is equal to the number of 4-*-
segmentations of 7. If des(7) = i — 1, it is a simple exercise to show that
there are ("?iz_l) such segmentations 0 = eg < e; < --- < e = n, since
Des(7) has to be a subset of {eq,...,ex_1}.

By Corollary 3.6, for each 2 <4 < k, the number of equivalence classes
[7] € Pn(Xk) where des(7) =i — 1 is C(n,i). It follows that

Li(n) = Zk: (n Zf ; Z) C(n, i),

1=2
which is equivalent to the stated formula. O

It is clear from Theorem 3.8 that for n > 2,

k

Pa(Zk) = Y _ Cln, ).

=2

Let us show an example that illustrates how, in the above proof, the words
s € Wiy with Ily, (s) = 7 are constructed for given 7. Let k = 5, and
let m = 165398427 € Py(X5). Then 7 = 679235148, which has descent set
Des(#) = {3,6}. The +°-segmentation with e; = 3, ea = 6, e3 = e4 = 9
induces the m-monotone word si ...s9 = 011022102. The +°-segmentation
with e; = 2, es = 3, e3 = 6, e4 = 7 induces s7 ...s9 = 022144203.

We conclude by mentioning that the second equality in Theorem 3.8 also
follows from a result of Gessel and Reutenauer [19, Theorem 6.1], which is
proved using quasi-symmetric functions.
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3.3. The reverse k-shift, when n # 2 mod 4

The reverse k-shift is the map ¥, where 0 = —F. We denote this map by
¥, in this section. The third picture in Figure 3 shows the graph of a map
on the unit interval that is order-isomorphic to ;. Denote the ascent set
of m€ S, by Asc(m) = {i € [n—1] : m; < w11}, and by asc(m) = | Asc(m)| =
n — 1 — des(m) the number of ascents of 7.

Proposition 2.6 gives a partial characterization of the periodic patterns
of ¥, . For patterns of length n # 2 mod 4, it states that = € P, (¥, ) if and
only if © can be written as a concatenation of k decreasing sequences. The
next corollary follows from this description. The case n = 2 mod 4 will be
discussed in Section 3.4.

Corollary 3.9. Let m € S, where n # 2mod 4. Then m € P(X,)) if and
only if asc(m) < k — 1.

To enumerate periodic patterns of 3, of length n # 2 mod 4, we use an
argument very similar to the one we used for ¥j. For 1 < ¢ < n, let

C'(n,i) = |{T € Cp, : asc(1) =i — 1}|.

By definition, we have C’(n,i) = C(n,n — i + 1). The following result is
analogous to Theorem 3.7 for the reverse binary shift.

Theorem 3.10. For n > 3 with n # 2 mod 4,
pn(23) = C'(n,2) = La(n).

Proof. Since n > 3, there are no permutations in C, with no ascents. By
Theorem 2.1, the map 6 gives a bijection between P(X;) and C,~ = {7 €
Cy, :asc(T) = 1}, so pp(X5) = C'(n, 2).

Next we show that the map Ily- : Why, — Pn(Ey) is a bijection, and
therefore so is the map ﬁz; : Wan — Pp(X5 ), which implies that p,(35) =
Ls(n) by Lemma 3.1. As in the proof of Theorem 3.7, it is enough to show
that Ily- is injective. Let m € Pp(2;), and let s = (s1...5,) € Wa,
be such that Il (s) = 7. By Lemma 3.2, s1...s, is the 7-monotone word
induced by some ——-segmentation of 7. Since 7 has one ascent, there is
only one such segmentation, so s is uniquely determined. O

Theorem 3.11. For n > 3 with n # 2 mod 4 and k > 3,
Al n+k—1
() = pa(S) = ) = Lulo) - 3 (" E T e

=2
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Proof. This proof is analogous to that of Theorem 3.8. By Corollary 3.9,
7 € Pu(E;) \ Pu(X,_,) if and only if asc(7) = k — 1, and so @ is a bijection
between Pp(X;) \ Pn(X;_;) and cyclic permutations with k& — 1 ascents,
from where C'(n, k) = pn(X,) — pn(Z,_1)-

For the second equality of the statement, we find the cardinality of Wk,n
in two ways. By Lemma 3.1, this number equals Li(n). On the other hand,
since the map ﬁE; : ka — fn(E,;) is surjective, but in general not
injective, we can obtain |Wkn] by adding the cardinalities of the preimages
of the elements of P, (X, ) under this map.

For fixed 7 € P,(¥, ), we count how many words s € Wy, satisfy
Iy - (s) = m (equivalently, how many orbits in Wy, are mapped to [r] by

ﬁz;)- By Lemma 3.2, this number is equal to the number of —F-segmenta-

tions of 7. If asc(7) =i — 1, there are (”Zﬁ;l) such segmentations 0 = eg <
e1 < --- < e =n, since Asc(7) has to be a subset of {e1,...,ex_1}.

By Corollary 3.9, for each 2 < ¢ < k, the number of equivalence classes
(7] € Pn(X,) where asc(7) =i — 1 is C'(n,q). It follows that

k .
k—
=2
which is equivalent to the stated formula. Il

Combining Theorems 3.7, 3.8, 3.10, and 3.11, we obtain the following.
Corollary 3.12. Forn #2mod4 and 2 <k <n,

C(n, k) =C'(n,k).

This equality is equivalent to the symmetry C(n,k) = C(n,n — 1 — k),
which is not obvious from the recursive formula in Theorem 3.8. Corol-
lary 3.12 also follows from a more general result of Gessel and Reutenauer
[19, Theorem 4.1], which states that if n # 2 mod 4, then for any D C [n—1],

(2) {T € C, : Des(t) = D}| = |{T € C,, : Asc(1) = D}|.

The proof in [19] involves quasisymmetric functions. Even though we do not
know of a direct bijection proving Eq. (2), a bijection between {T € C, :
Des(t) € D} and {7 € C, : Asc(t) C D} appears in [26, Cor. 3.1]. Our
construction can be used to give another bijection d between these two sets
as follows.
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Given 7 € C, such that Des(7) C D = {d;,da,...,dr_1} (where d; <
<o+ < dg—1), let T € S, be such that @ = 7. Let s = (s1...5,)>° € Wy,
be defined by s; =t if dy < m; < dy11, for 1 < ¢ < n, where we let dyg = 0
and d = n (in our terminology, s18 ... S, is the m-monotone word induced
by the +*-segmentation 0, dy, . ..,ds_1,n of 7). Let n’ = HE; (s), and define

3(r) =7 = o([x')).

Proposition 3.13. When n # 2 mod 4, the map 0 defined above is a bijec-
tion between {1 € C,, : Des(1) C D} and {1 € C,, : Asc(1) C D}.

Proof. Let D = {dy,da,...,dg_1}, where 0 < dy < -+ < dg_1 < n, and let
W,fn be the set of words w = (w1 ... wy)>* € Wy, satistying |[{i € [n] : w; <
t}| = d; for all t.

First note that the map 9§ is well defined, in the sense that d(7) does not
depend on the choice of m € §,, with # = 7. This is because any other choice
of an element in [7] would produce a word in the same periodic orbit as s, and
so its image under Ily, - would still be a permutation in [7']. The map § can
thus be viewed as a composition § = #od’ 00!, where ¢’ maps [r] to [7'], with
7' as defined above. To conclude that ¢ is a bijection, we will show that the
map 7 +— 7' is a bijection between PP (%) := {7 € P,(Z;) : Des(#) C D}
and PP (X)) = {n’ € Pu(T;) : Asc(w') € D}.

Let us first show that the map Iy, : Wy, — Pn(Zg) restricts to a
bijection between W,fn and PP (2y). Given w € W,gn, it is clear that
Iy, (w) € PP(3%) by part 3 of Lemma 2.2. To see that the map is surjective,
suppose that m € PP(3;), and let s be as defined above (that is, s1s2. .. s,
is the m-monotone word induced by the +*-segmentation 0,d1,...,ds_1,n
of 7). Then s € W,fn and IIy, (s) = m by Lemma 3.2. Besides, since this
is the only segmentation of © whose induced m-monotone word is in Wlfn,
Lemma 3.2 implies that s is unique, and so the map is injective.

Similarly, the map Uy s W — Prn(X} ) restricts to a bijection be-
tween W,fn and PP (X;). Given w € W,fn, part 3 of Lemma 2.2 shows
that Ily-(w) € PD(,). To see that the map is surjective, suppose that
= 771?(2,;), and let s = (s182...,)°, where 5152 . .. 8, is the 7’-monotone
word induced by the —*-segmentation 0, d1, ..., d,_1,n of 7. Then s € W,fn
and I, (s) = 7’ by Lemma 3.2. Since this is the only segmentation of 7
whose induced 7/-monotone word is in W,fn, the word s is unique, and so
the map is injective.



20 Kassie Archer and Sergi Elizalde

Finally, the map 7 — 7’ is a bijection because it is the composition of
the above two bijections, as shown in this diagram:

sz HE; _
PY(Er) — WP, — PP(Ep) 0
T — s — 7.

Let us see an example of the bijection ¢ for k = 3 and n = 9. Let
D = {3,7}, and suppose that 7 = 245378916. Then we get

7 = 124357968 — s = (001011212)™ s 7’ = 317265849
— 6() = 7/ = 761985243.

In this case Des(7) = Asc(d(7)), but this is not the case in general.
Another consequence of Theorem 3.11 is that, when n # 2 mod 4,

k

pu(5) =D C'(n, k) = pu(Sk).
=2

3.4. The reverse k-shift, when n = 2 mod 4

Most of the results in Section 3.3 do not apply to the case n = 2 mod 4.
However, when k& = 2, part of Theorem 3.10 can be adapted as follows.

Proposition 3.14. For n > 3 with n = 2 mod 4,
Pn(33) = La(n).

Proof. We show that the map Iy : W, — P,(Z;) is a bijection, and
therefore so is the map ﬁz; : Way — Pn(X5). As in the proof of The-
orem 3.7, it is enough to show that Iy is injective. Let m € Pn(X3),
and note that asc(7) = 1 by Proposition 2.6, since there are no cycles
with no descents of length n > 3. Suppose that s = (s1...5,)® € Wa,
is such that Ily-(s) = 7. If d is the number of zeros in s1...sy, we have
by part 3 of Lemma 2.2 that 0 < d < n is a ——-segmentation of 7, and
so Asc(m) = {d}. It follows by part 1 of Lemma 2.2 the word sj...s, is
uniquely determined. O

The other equality in Theorem 3.10 does not hold when n = 2 mod 4. In
this case, Corollary 3.9 fails in that there are certain permutations = € S,
with asc(7) < k — 1 that are not periodic patterns of ¥, . In other words,
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(m €Sy :asc(i) < b—1}\ Pu(S;) —> {p € S, : asc(p) = k—1}
| 1 pr=p
— i _ ® — L 0
B={[n] € Sy, : asc(@t) < k—1}\ Pn(Z,) = {lp] € S : asc(p) = k—1} = {p € C;- : asc(p) = k—1}
2
¢\ 0P ()

Figure 4: The maps used in the proof of Theorem 3.20. Dashed arrows denote
maps sending permutations to their equivalence classes of cyclic rotations.
The symbols ~ indicate bijections.

the map 6 : P, (2;) — ;" is not surjective. To obtain a formula for Pn(X))
for arbitrary k, which will be given in Theorem 3.20, we need to count the
elements that are not in the image of this map.

For the remainder of this section, we set r := n/2. We will first introduce
amap ¢ from {7 € S, : asc(7) < k—1}\P, (X, ) to {p € S, : asc(p) = k—1},
which will be used to give a bijection  between the sets C,, ¥\ 0(P, (3, )) and
{lp] € S; : asc(p) = k—1}. A diagram of the maps used in this construction
appears in Figure 4.

Lemma 3.15. Let 7 € S, be such that m & Pp(X,) and asc(w) < k — 1.
Then asc(7) = k — 1.

Proof. For every —F-segmentation 0 = ey < --- < e, = n of 7, the n-
monotone word $j ...s, induced by it is not primitive, because otherwise,
by Lemma 2.4, it would satisfy Iy—((s1...s,)>) = 7, contradicting that
T ¢ Pn(X;). In fact, this word has to be of the form s;...s, = ¢?, and so
all the e; are even, since each letter appears an even number of times. But if
asc(#) < k — 1, then # would have —*-segmentations without this property,
since any sequence 0 = eg < --- < e, = n such that Asc(7) C {e1,...,ex_1}
would be a —F-segmentation of 7. O

Let us now define
p:{mr eS8, rasc(n) <k —1}\Pu(E,) = {p €S, :asc(p) =k — 1}.

Let m be a permutation in the domain. By Lemma 3.15, we have that
asc(m) = k— 1. Let s1 ... s, be the m-monotone word induced by the unique
—k_segmentation of #. This word cannot be primitive, because if it were,

then Lemma 2.4 would imply that IIy—((s1...s,)>°) = m, contradicting
that m ¢ P,,(X, ). In fact, the proof of Lemma 2.5 shows that the only way
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for this word not to be primitive is if s ... s,, = ¢? for some primitive word ¢
of length . Let p = Ily,—(¢*), and define (m) = p. The next lemma verifies
that the image of ¢ is 1ndeed contained in {p € S, : asc(p) =k — 1}.

Lemma 3.16. Let p = o(7) as defined above. Then asc(p) =k — 1.

Proof. Let s = (s1...5,)% = ¢>. Denote the k—1 ascents of 7 by ey, e, . ..,
er—1, in increasing order, so that 0 = ey < e; < --- < e = n is the
unique —*-segmentation of 7. Note that e; must be even for all ¢, since
each letter appears an even number of times in ¢?. Letting e; = 2d;, we
will show that d; € Asc(p) for 1 < ¢t < k — 1. Since k — 1 is an upper
bound on asc(p) by Pr0p081t10n 2.6, it will follow that asc(p) = k — 1. Let
i,J be such that m; = e; and 7; = e; + 1. By construction of s1...sp,,
we have s; = s; + 1, and so i # j mod r. Taking indices modn, we have
Tit1 = T, = e, < Te,+1 = Tz, = Mj+1. Thus, S[i+1,00) =0 S[j+1,00) because
by Lemma 2.4, for any 1 < a,b < n such that a # b mod r and 7, < m, we
must have $jg o) <o S[p,00)- By construction, the word sisg...s, = ¢? has
e; = 2d; entries less than or equal to s;, namely those entries s, for which
7y < m;. By Lemma 2.4, these entries satisfy sy ) <o S[i,00), With equality
only when ¢ = ¢ mod r. Thus, letting ¢/ = 7 mod r, the word s1s2...5, = ¢
has d; entries sg such that sy ) <o S[r,00), and so piy = d;. Similarly,
5182 ... Sp has n—2d; entries sy satisfying s(; o) = S[r,00), With equality only
when ¢ = j mod r. Thus, letting j/ = j mod r, the word ¢ has r —d; entries s,
such that s(j/ o) 2o S[r,00), and so pjr = dy+1. Since s[;41, 50) <o S[j+1,00)s We
have p; 11 < Pi+1; taking indices mod r. It follows that pg, = p,, = pi+1 <
Pj+1 = Pp, = Pd,+1, 50 di € Asc(p) as claimed. O

In the next two lemmas we show that ¢ is a 2-to-1 map, that is, each
p € S, with asc(p) = k — 1 has precisely two preimages under ¢

Lemma 3.17. The map ¢ is surjective.

Proof. Let p € 8" be such that asc(p) = k — 1. For convenience, define
pitr = p; for 1 <4 < r. Define a permutation m € S,, by
2p; —1 ifiis odd,
@ S
2p; if ¢ is even.

Note that this construction produces a permutation because r is odd. We
will show that asc(7) =k — 1, 7 ¢ Pp(X,), and ¢(m) = p.

We claim that for 1 < i < r, we have oi—1 = 2p; and 7o; = 2p; — 1.
Indeed, letting 1 < j < r be such that p; = 1, it follows from the definition
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of m that 79,1 = ﬁ'QPJ._l = 2pj+1 = Qﬁpj = 2p;, and similarly 7o; = ﬁ'gpj =
2pj41— 1 =2p,, —1 = 2p; — 1. It is clear from this description of 7 that
asc() = asc(p) = k — 1. Moreover, if Asc(p) = {di,ds,...,dx_1}, then
Asc(#t) = {2dy,2do, ..., 2d;_1}, which determines the unique —*-segmenta-
tion of 7.

Now suppose that there is some word w € Wy, ,, such that = = Iy, - (w).
By part 1 of Lemma 2.2, wjws . . . wy, is a m-monotone word having 2d;41—2d;
copies of the letter ¢ for 0 < ¢t < k — 1 (with the convention dy = 0 and
dr, = r). Since by construction {m;, T+, } = {2p;,2p; — 1} for all 1 < i <r,
a m-monotone word with an even number of copies of each letter satisfies
wiws - .. wy, = (wiws ... w,)%, and so it is not primitive, which contradicts
that w € Wg,. It follows that m ¢ P, (X,).

To show that ¢(m) = p, let s1s2...s, be the m-monotone word induced
by the unique —k—segmentation 0 <2dy <2dy < -+ < 2dp_1 < nof 7.
By definition, ¢(7) = II5,- ((s1...5,)%). On the other hand, s1s2...5s, is a
p-monotone word having kdt+1 — d; copies of t for each 0 <t < k —1, and
thus induced by the ——-segmentation 0 < dy < dy < --- < dp_1 < r of p.
Lemma 3.2 implies that IIy—((s1...s,)>) = p. O

Here is an example to illustrate the proof of the above lemma. Suppose
that p = 14523 € P5(X; ). Then Equation (3) yields m =18945271036. In
this case, p = 43152 and 7 = 8765211094 3. It is easy to check that indeed
p(m) = p, since the m-monotone word induced by the ——-segmentation
0 <6 <10 of 7 is 0110001100, and HE;((OHOO)”) = 14523.

Lemma 3.18. Every p € S, with asc(p) = k — 1 has ezxactly two preimages
under .

Proof. Since ¢ is surjective by Lemma 3.17, we can take 7 such that p(7) =
p. By construction of ¢, we have (741 ... w1 ... 7)) = p as well. We will
show that there are no other elements in {7 € S,, : asc(7) = k— 1} \ P, (%)
whose image by ¢ is p.

Since r is odd and asc(p) = k — 1, Proposition 2.6 implies that p €
Pr(X)), so there is some s € Wi, such that p = Il;-(s). In fact, such
an s is unique by Lemma 3.2, because it is the p-monotone word induced
by the unique —F-segmentation of p, which we denote by 0 < d; < --- <
dr_1 < n. Since (1) = p, we know that s1s2...5, = (5152...5,)? is the 7-
monotone word induced by the unique —*-segmentation of 7. It follows that
this segmentation must be 0 < 2d; < --- < 2dp_1 < n. If 1 <4,57 < n are
such that sj; o) # S[j,c0), then Lemma 2.4 implies that m; < m; if and only
if S[j,00) <o S[j,00)- 1t follows that p = st(my...7) and p = st(mp41...mp).
In addition, since s[; o) = S[i4roo) A0A S[joo) = S[jtreo) for 1 < 4,5 < 71,
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the four inequalities s|; o) <o S[j,00)s S[i+r,00) <o S[j+r,00)s S[i+r,00) <o S[j,00)
and S; o) <o S[j4ro00) are equivalent, and so the four inequalities m; < mj,
Tigr < Tjr, T < Tjqr, Titr < 7; must be either all true or all false. This
implies that {m;, mi1.} = {2p; — 1,2p;} for 1 < i < r. We claim that once
the relative order of m; and 4, is chosen, the rest of the entries of 7 are
uniquely determined by induction. Indeed, having determined the relative
order of m; and m;4,, say 2p; — 1 = m; < Wi, = 2p;, then Lemma 2.3 implies
that m;11 > mi1rt1, so these entries are forced to be w11 = 2p;41 and
Titr+1 = 2pi+1 — 1. Lemma 2.3 can be applied in this case because for every
1 <4 <7, we have 2d; < m;, Tiqyr < 2d4q for some 0 < ¢t < k — 1, where
do =0 and dj = r. O
It is clear from the definition of ¢ that cyclic rotations of 7 lead to cyclic
rotations of sq ... s,, which in turn lead to cyclic rotations of p. If ¢(7) = p,
then the n elements of [r] are mapped by ¢ to the r elements of [p], so
¢ induces a map p from B = {[r] € S, : asc(7) = k — 1} \ Pn(Z;) to
{lp] € Sy asc(p) =k —1}.
Lemma 3.19. The map ¢ : B — {[p] € S, : asc(p) = k — 1} is a bijection.

Proof. This follows from the construction of @ and the fact that ¢ is a 2-to-1
map, as proved in Lemmas 3.17 and 3.18. O

We can now give a formula for the number of periodic patterns of the
reverse k-shift in terms of the number of cyclic permutations with a fixed
number of ascents.

Theorem 3.20. Forn > 3 with n =2 mod 4 and k > 2,
b n
(4) Po(Zx) = D C'(nyi) - c’<§,k>.

Proof. By Proposition 2.6, the map 6 restricts to an injection from 5n(2,;)
to C;" = {7 € C, : asc(r) < k — 1}. Noting that |C;"| = Zf:2 C'(n,i), it
follows that

M=

pu(3) = C'(n,1) = [C," \ O(Pu ().
=2
Since 0-1(C;") = {[] € Eﬁ tasc(#) < k — 1}, the map 61 restricts to a
(%)) and 0-4(C,") \ Pu(Sy) = {[r] € Sn

bijection between C, "\ 6
asc(m) = k—1}\P, (X, ) = B. Lemma 3.19 gives a bijection between B and
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{[p] € S, : asc(p) = k — 1}, which in turn is in bijection, via 6, with the set
of cycles in C, with k — 1 ascents. It follows that |C;" \0(Pn(2;))| = |B|
C'(r, k).

ol

Theorem 3.20 alone does not give a practical way to compute p,(2,)
when n = 2 mod 4, unlike Theorem 3.11 for the case n # 2 mod 4. Note that
since § # 2 mod 4, the term C'(%§, k) on the right hand side of Equation (4)
can be easily computed by the recurrence in Theorem 3.11. Our next goal
is to give a recurrence to compute C’(n,4) when n = 2 mod 4.

Theorem 3.21. Forn > 3 withn =2 mod 4 and k > 2,

(11 e (111 (39)

1=2

Proof. Since Li(n) = [Wy| by Lemma 3.1, it is enough to show that the
right hand side also counts n-periodic orbits of ¥, .

Consider the map Hy— : Wi — Pr(E;) € {[r] € Sn :asc(n) < k—1}.
We can obtain |Wk‘n| by adding the cardinalities of the preimages of the
elements of fn(E;) under this map or, equivalently, the cardinalities of the
preimages of the elements of P,(X,) under the map HE;, as in the proof
of Theorems 3.8 and 3.11. However, the difference here is that not every
permutation 7 € S,, with asc(7) < k—1 is in the image of this map, because
when n = 2 mod 4, Corollary 3.9 does not apply.

Let m € S,, be such that asc(7) =i — 1, where 2 < i < k. If s € Wy,
is such that Hz; (s) = 7, then, by Lemma 2.2, s155... s, is the m-monotone

word induced by some —k—segmentation 0=e€e <e; <---< e, =mnof
7. There are ("Zf;l) such segmentations, since Asc(7) has to be a subset
of {e1,...,ex_1}. However, unlike in the proof of Theorem 3.11, it is not
the case that the m-monotone word induced by every such segmentation is
necessarily primitive. When this word is not primitive, the proof of Lemma
2.5 implies that it must be a square, i.e., a word of the form ¢* for some
primitive word ¢ of length r» = n/2. We will count how many times this in-
duced word is a square. First, note that if the m-monotone word induced by
some —F-segmentation of 7 is a square, then the m-monotone word induced
by the unique —‘-segmentation of # (which consists of the ascents of Asc(#),
and thus is a subset of any —*-segmentation) must be a square as well. It
follows that = ¢ P,(X;") in this case. For each such =, any —F_segmentation
0=¢y<e; <--- < e =nof 7 whose induced m-monotone word is a square
must satisfy Asc(7) C {e1,...,ex_1} (by definition of —*-segmentation) and



26 Kassie Archer and Sergi Elizalde

have all e; even. Conversely, every segmentation satisfying these conditions
induces a square m-monotone word, because, as shown in the proof of The-
orem 3.20, for every 1 < j < r the entries ; and 7,1, have consecutive
values, with the largest one being even. The number of —F-segmentations

satisfying the two conditions is (TZZ_Z)

For each 2 < i < k, there are C'(n,4) equivalence classes [r] € S,, with
asc(7) = i — 1. We showed in the proof of Theorem 3.20 that C’(r,i) of
them satisfy that 7 ¢ P,(X;); in other words, that |{[r] € S,, : asc(#) =
i — 1} \ Pn(Z;)| = C'(r,i). It follows that the number of preimages under
ﬁz; of the set {[7] € S,, : asc(7) =i — 1} is

<“Zfz )c’( ')-(”lgfl )c’(m) 0

Corollary 3.22. Forn > 3 withn =2 mod 4 and k > 2,

C'(n, k) = Li(n ki[(n% )C'( 0= <%Zf;l>0/<gl>}

o (3)

The equality C'(n, k) = C(n, k), which holds for n # 2 mod 4 (see Corol-
lary 3.12), is no longer valid when n = 2mod 4. For k = 2, we get the
following relationship between cycles with one ascent and cycles with one

|3

descent.

Corollary 3.23. Forn > 3,

C'(n,2) = C(n,2)+C(%,2) ifn= 2 mod 4,

C(n,2) otherwise.
Proof. The equality C(n,2) = C’(n,2) when n # 2mod 4 follows from
Corollary 3.12. When n = 2 mod 4, Theorems 3.7 and 3.21 imply that
C(n,2) = La(n) = C'(n,2) — C'(%,2) = C'(n,2) — C(%,2). O

For general k and n # 2 mod 4, an intricate formula expressing C’(n, k)
in terms of C'(n, k) and C(%, ) for i < k can be derived from Corollary 3.22.
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4. Pattern-avoiding cyclic permutations

Using Theorem 2.1, the formulas that we have found for the number of
periodic patterns of the tent map, the k-shift and the reverse k-shift have
implications to the enumeration of cyclic permutations that avoid certain
patterns.

We denote by C,,(p(), p®),...) = C,NAv(p™M), pF) . the set of cycles
of length n avoiding the patterns p™), p), ... The enumeration of pattern-
avoiding cycles is a wide-open problem, part of its difficulty stemming from
the fact that it combines two different ways to look at permutations: in
terms of their cycle structure and in terms of their one-line notation. The
question of finding a formula for |C,(c)| where o is a pattern of length 3
was proposed by Richard Stanley [25] and is still open. However, we are able
to answer some related questions in Theorem 4.1. The first formula below,
which counts unimodal cycles, was first obtained by Weiss and Rogers [28]
using methods from [21]. More generally, the cycle structure of unimodal
permutations has been studied by Gannon [18] and Thibon [27]. The other
formulas in Theorem 4.1 are new to the extent of our knowledge.

Theorem 4.1. Forn > 2,

1
,(213,312)| = n1221_—_§: on/d

din
dodd

1
Cn(321, 2143, 3142)| = La(n) = — > u(d)2n,
dln
1
La(n) =~ > ()2 if n # 2 mod 4,
din
La(n) + La(n/2)
Cn(123,2413,3412)| = ¢ _ 1 Jyon/d
- dz p(d)
—0—2 Z w(d)2?? if n =2 mod 4.
n
e

.

Proof. The formula for |C,(213,312)] is a consequence of Theorem 3.4 and
Corollary 3.3, together with the fact that a permutation is unimodal if and
only if it avoids the patterns 213 and 312. The equality with |C,(132,231)|
follows from Corollary 3.5. The second formula follows from Theorem 3.7, us-
ing that the set of permutations with at most one descent is [Av(21) Av(21)] =
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Av(321,2143,3142) (see [7]). Finally, the third formula is a consequence
of Corollary 3.23 and Theorem 3.7, noting that the class of permutations
with at most one ascent is [Av(12) Av(12)] = Av(123,2413,3412) (see [14,
Prop. 5]). O
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