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Counting subwords in flattened permutations

TOUFIK MANSOUR, MARK SHATTUCK, AND DAvID G. L. WANG

In this paper, we consider the number of occurrences of descents,
ascents, 123-subwords, 321-subwords, peaks and valleys in flat-
tened permutations, which were recently introduced by Callan in
his study of finite set partitions. For descents and ascents, we make
use of the kernel method and obtain an explicit formula (in terms
of Eulerian polynomials) for the distribution on §,, in the flat-
tened sense. For the other four patterns in question, we develop
a unified approach to obtain explicit formulas for the comparable
distributions. We find that the formulas so obtained for 123- and
321-subwords can be expressed in terms of the Chebyshev polyno-
mials of the second kind, while those for peaks and valleys are more
related to the Eulerian polynomials. We also provide a bijection
showing the equidistribution of descents in flattened permutations
of a given length with big descents in permutations of the same
length in the usual sense.
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1. Introduction

This paper concerns the enumeration problem for particular subwords of
length two or three. The subword counting problem for permutations has
been studied extensively from various perspectives in both enumerative and
algebraic combinatorics; see, e.g., [4, 9]. The comparable problem has also
been considered on other discrete structures such as k-ary words [2], com-
positions [12], and set partitions [11] (see also [7] and the references con-
tained therein). Here, we consider a variant of the subword problem using
the concept of a flattened permutation introduced recently by Callan [3] in
his study of set partitions (and considered further by two of the present
authors [10]).

Let ™ be a permutation of length n represented in standard cycle form,
i.e., cycles arranged from left to right in ascending order according to the size
of the smallest elements, where the smallest element is first within each cycle.
Define Flatten(w) to be the permutation of length n obtained by erasing the
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parentheses enclosing the cycles of m and considering the resulting word.
For example, if 7 = 71564328 € Sg, then the standard cycle form of 7 is
(172)(3546)(8) and Flatten(m) = 17235468. Throughout, S,, will denote the
set of permutations of size n.

Let m = mymo - - -, and 0 = 0109 - - - 04 be permutations of length n and
d, where n > d. In the typical setting, the permutation = is said to contain
o as a subword if there exists a set of consecutive letters mm;11 -« m1q-1
in 7 that is order-isomorphic to o. Otherwise, 7 is said to avoid o. In this
context, o is usually called a (subword) pattern. For example, the permu-
tation m = 1247653 € Sy (represented as a word) contains two occurrences
of the pattern 321 (corresponding to 765 and 653; note that occurrences
of a given pattern need not be disjoint) but avoids the pattern 213. Sub-
words of the form m;m;11, where 1 < ¢ < n—1 and m; > w1 (resp.,
m; < miy1), are called descents (resp., ascents). A set of letters m;m; 11712,
where 1 < i < n — 2, is said to be a 123-subword if m; < w41 < W42, a
321-subword if m; > w11 > Wita, a peak if w1 = max{m;, mi11,Tit2}, or a
valley if w41 = min{m;, mi+1, Tit2}

In this paper, we will consider an alternative definition of subword con-
tainment for permutations obtained by looking at the comparable problem
on Flatten(7). More specifically, we will say from now on that a permu-
tation 7 contains an occurrence of the subword pattern p in the flattened
sense if and only if Flatten(m) contains the subword p in the usual sense
(and say m avoids p otherwise). In the current paper, using this new defini-
tion, we will concentrate on the following three pairs of subword patterns,
namely, descents and ascents, 123- and 321-subwords, and peaks and val-
leys. We provide a unified approach below for dealing with these patterns
and determine in each case an explicit formula for the distribution of the
pattern on §,, in the flattened sense. Our results may often be expressed in
terms of either Kulerian or Chebyshev polynomials. In some cases, formulas
for the number of permutations having a fixed number of occurrences of the
pattern in question are also supplied. In all cases, we give simple formulas for
the average number of occurrences of each pattern, providing both algebraic
and combinatorial proofs.

In what follows, we will let st denote a statistic defined on flattened
permutations. Let g% denote the polynomial obtained by considering the
distribution of the statistic st = st(Flatten(w)) taken over all permutations
7 of length n, that is

gzt _ Z qst(Flatten(ﬂ'))‘
71'6871
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Define the generating function

G*(x Z 9n+1 _"

n>0

In the next section, we determine G5'(z) for the statistics recording
the number of descents and ascents in Flatten(7), making use of the kernel
method [1], from which one may deduce a formula for ¢ in these cases. In the
third section, we consider the comparable question for statistics recording
the number of 123-subwords, 321-subwords, peaks, and valleys. We remark
that in the case of descents, there are further combinatorial results. First,
it turns out that the descents statistic on permutations of a given length,
taken in the flattened sense, has the same distribution as does the statistic
on permutations of the same length for the number of descents of size two or
more, taken in the usual sense. We provide a combinatorial proof of this fact
by defining a suitable bijection of S,,. Furthermore, we also consider descents
of size d or more on flattened permutations, where d > 1, and provide a
combinatorial proof of an explicit formula for the number of permutations
of a given length having a fixed number of such descents.

We will use the following notation throughout this paper. If n is a posi-
tive integer, then let [n] = {1,2,...,n}, with [0] = (. If m and n are positive
integers, then let [m,n] = {m,m + 1,...,n} if m < n, with [m,n] = 0 if
m > n. Define the characteristic function x by

1, if P is true;
P — b )
X(P) {O, if P is false,

for any proposition P. Throughout, we let 8 = 1 — ¢, where ¢ is an indeter-
minate.
If n > 0, then the Eulerian polynomial A, (q) is defined by

ZAnkq —)"y i

Jz1

where A, ;, denotes the Fulerian number which counts the permutations
of length n having exactly k ascents (in the usual sense). Recall that the
generating function of A4, (q) is given by

n

x 1—q
:ZAn(Q)F: 6((171)1— 5

n>0 q
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see, for example, Graham et al. [6, p. 351]. (See also Hirzebruch [8] and
Foata [5] for further information on the Eulerian numbers and polynomials.)
The Eulerian numbers are sometimes defined as E,, , = A, p—1 when it is
more convenient. Note the generating function

_ R _ q(e™ —e)
(1) E(%Q)—ZZEn,kq H_Wu
n>1k>1

which will be used in the third section below.

Finally, recall that the Chebyshev polynomials U, (x) of the second kind
(see Rivlin [13]) are defined by the initial values U_5(t) = —1 and U_1(t) = 0,
along with the recurrence

(2) Un(t) =2t Un_l(t) - Un_g(t), n > 0.

It is well-known that

(t+vVe2—1)" — (t— V2 —1)nt!
2V12 — 1 '

(3) Un(t) =

2. Counting descents
2.1. Flattened descents

We will use a more explicit notation to denote the generating functions
under consideration in this section. Let F},(n; glaias - - - ai) be the generating
function which counts permutations w of length n according to the number
of occurrences of the subword p in Flatten(7) such that the first k& elements
of the first cycle in the standard form of 7 are ajasg - - - a. Clearly, Fo1(n;q) =
F51(n;q|1), for all n > 1. Considering whether or not the first cycle contains
exactly one element yields

(4) Fyi(n;ql) = Fn(n—1;9) + > Far(n; q|15),
=2

From the definitions, we have

(5) Fh1(n;912) = Far(n — 1;4[1) = Far(n — 1;9).
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Considering whether the first cycle contains two or more elements yields
for j > 3,

Fo1(n; g[15)
7j—1 n
= qFo(n—29)+ Y Fau(niglljk) + > Fa(n;ql1jk)
k=2 k=j+1
-1 n—1
= qFu(n—2q) + ¢ ) Fa(n—1iq|1k) + ) Fai(n — 1;41k)
k=2 k—j
j—1 n—1
=qFn(n—2q)+(q— 1)) Fa(n—1;q/lk) + Y _ Fan(n - 1;q|1k),
k=2 k=2
which, by (4), implies
(6)
Fo1(n; q|15)
i1
=Fi(n—1¢) +(¢—DFa(n—2;9)+ (¢ —1) Zle(n — 1iq[1k),
k=2

for j > 3.1f n > 2, then let F51(n;q,v) = Z?:Q F1(n; q|17)v7~2. Multiplying
(6) by v/=2 and summing over j = 3,4,...,n, we obtain

F1(n;q,v) — Fo1(n; q12)

U—’L)n_l ’U—’Un_l
A T N A S
T = La) + (¢ = D ———Fn(n - 2q)
q_ln—l
+ 1> (Fa(n = Ligl k)" ™! = Far(n — 13 g[1k)o" ).
k=2

By (5), this may be rewritten as

172}”_1 U—vn_l
(1) Fau(nigv) = F———Fuln - L¢)+ (g - 1)—7——Fuln - 2q)
-1
* z— ’U(UF21(n - 17q7 U) - F21(7’L - 17Q7 1)1}71—1)’

n > 2, with F51(1;¢,v) = 0, F21(2;q,v) = 1, F21(1;q) = 1 and F»1(2;q) = 2.
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Let Hgl(

tiq,v) = Zn>1 Fy1(n;q,v)t" and Hai(t;q) = ZnZl Foi(n; g)t™.
Multiplying (7)

by " and summing over n > 2, we obtain

t
Ho(t;q,v) = E(Hm(t;Q) — Hoi(vt; q))

+ W(I{m(t; q) — Ha1(vt; q))
(g —1)t

+ 1—vw

(vHa1(t; q,v) — Hay(vt; q,1)).

Note that by virtue of (4),

Ho(t;q,1 ZZFm n;q|1j)t" = (1 —t)Hai(t;q) — 1.
n>2 j=2

Hence,

t
Ho(t;9,0) = 7 (Ha1(t59) — Hx(vt;q))

+ W(Hzl(t; q) — Hai(vt; q))
+ (q1 - 1@)t<vﬂm(t; q,v) — (1 — vt)Hor (vt; q) + vt).

To solve this functional equation, we make use of the kernel method (see [1]).
Comparing the coefficients of Ho(¢; ¢, v) on both sides and solving for v = vy

in terms of t and ¢, we get vg = ﬁ. Setting v = vg in the above equation
implies
(1—q)t g1 —(1—q)t) t
8 Ho (t; H iq ).
) Huho) =755 T T T a g

Iterating (8) (assuming [t|, |¢| < 1) gives

- @1 - 0t)6t g™ (1 — 6t) t
H H :
u(t9) =) T —G+10) 1=m+nee *\T—mer'?

Jj=1

for any m > 1. Letting m — oo in the last expression, we see that the second
summand tends to zero, which implies

1 1
H (1- i—1
21(f:4) 03¢ ( G+ D)ot 1—j9t>

j>1
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Extracting the coefficient of ¢ in the last expression yields the following
result.

Theorem 2.1. For any n > 1, we have

Pur(nig) = (1= )™ 30 = D770 = - (Aula) + (0 = DAua (@),
i>1

where A (q) is the n-th Eulerian polynomial. Moreover,

" N2
9) ZFQI n+1; Q) (6(511) Y —q)2
n>0

= A(z,q)?,

where A(x,q) is the generating function of the Eulerian polynomials.

Corollary 2.2. The average number of descents in Flatten(w) over m € S,
(n—1)(n—2)
-

s given by
Proof. By differentiating the generating function > - Fo1(n; q) = ( ), in the
statement of Theorem 2.1 with respect to ¢ and taking the limit at ¢ = 1,

we obtain
n—1 2

d v -
Z 2 e G = g

n>1

which implies

P L= ("5 1) = =2

as required. O

Let us refer to a descent or ascent occurring within Flatten(o) as a
flattened descent or ascent, respectively, of a permutation ¢. Since each of
the n — 1 adjacencies within any member of S, is either a flattened descent
or ascent, the following corollary is immediate from Theorem 2.1.

Corollary 2.3. For anyn > 1, we have

Fia(niq) = " Far(niq") = (g - n+1z "t
j>1
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A proof similar to before then gives the following result.

Corollary 2.4. The average number of ascents in Flatten(w) over m € S,
s aiven by =D0+2)
is given by ~——5——=.
If mymy - - - My, is a permutation of length n, then we will call a position ¢ €

[n — 1] a big descent if m; — w41 > 2.

Theorem 2.5. The flattened descent and big descent statistics on S, are
equally distributed for all n > 1.

Proof. We will define a Foata style bijection showing this equivalence for
all n. To do so, first let A,,, where n > 2, be the set comprising all sequences
of length n — 1 of ordered pairs (a;, b;), i € [n — 1], satisfying the following
properties: (i) a; € {0,1} for all 4; (ii) (a1,b1) = (0,1) or (0,2); (iii) If
i > 2 and a; = 0, then let b; be any member of [s + 2], where s denotes
the number of 1’s occurring among the first coordinates of the ordered pairs
(a1,b1), (a2,b2),...,(a;—1,bi—1); and (iv) If i« > 2 and a; = 1, then let b; be
any member of [i —1— s|, where s is as in part (iii). Note that A,, = n! since
there are ¢ + 1 choices for the i-th ordered pair, 1 <i <n — 1.

We now define a bijection g between A,, and S,, such that the number
of 1’s among the first coordinates of m € A, corresponds to the number of
flattened descents within g(m). To create g(7) from

™= {(al,bl), (ag,bg), RN (an_l,bn_l)} S .An,

we first write 1 in a cycle by itself and call this permutation oy. We then
subsequently add members of [n] — {1} using 7 as an encoding and create a
recursive sequence of permutations o9, 03, ..., 0y, as follows. If a; = 0, where
J € [n — 1], then insert j + 1 either within a cycle of ¢; so that it goes in
between any two letters comprising a descent of Flatten(o;) (with the (-th
such descent from left-to-right selected for the insertion site if b; = ¢ € [s] C
[s + 2], assuming that there are s 1’s appearing as first coordinates within
the first j — 1 ordered pairs of m, with s = 0if j = 1) or at the end of the last
cycle of oj (if b = s+ 1) or as the 1-cycle (j + 1) (if bj = s+2). If a; =1,
then insert j + 1 into o; within one of its cycles so that it goes in between
two letters that create an ascent within Flatten(o;) (where one selects the
particular ascent in which to insert j + 1 from left to right based off of the
value of b; as before). In either case, we let 041 denote the permutation of
[7 + 1] that results after j + 1 has been inserted into o;. After adding all of
the letters from [n] — {1} in this way, the permutation o, results, which we
define to be g(m). It may be verified that g is the desired bijection between
the sets A, and S,,.
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For example, if n = 8 and

7 =1{(0,2),(1,1),(0,3),(1,2),(0,3),(1,1),(0,5)},
then we get

(1) = (1)(2) = (13)(2) = (13)(2)(4) — (13)(25)(4) — (13)(25)(46)
— (173)(25)(46) — (173)(25)(46)(8),

and thus, g(7) = (173)(25)(46)(8).

We next define a bijection h between A, and S,, in which the number of
1’s occurring among the first coordinates of m € A,,, represented as above,
corresponds to the number of big descents in h(w). Let p; denote the per-
mutation of length one. We subsequently add members of [n] — {1} using 7
as an encoding to generate a sequence of permutations ps, ps, ..., p, (repre-
sented as words) as follows. If a; = 0, where j € [n—1], then insert the letter
J + 1 into the permutation p; either between any two letters comprising a
big descent or just before j or at the very end (letting the value of b; dictate
the action taken here, much as before). If a; = 1, then we consider cases
on whether or not the letter j starts p;. If j starts p;, then insert j + 1 in
between any two letters of p; which do not form a big descent within p;. If
J does not start p;, then either add j +1 at the beginning or in between any
two letters which do not form a big descent, except directly before j. In ei-
ther case, let the value of b; determine the position chosen for this insertion
going from left to right as b; increases. Let h(m) = p,. It may be verified
that h is the desired bijection.

For instance, if 7 is as in the previous example, then we get

1 —12 — 312 — 3124 — 31524 — 316524 — 7316524 — 73165248,

and thus, h(m) = 73165248.

The composition h o g~! then provides a bijection of S, showing the
equivalence of the flattened descent and big descent statistics. Using the
previous examples, if ¢ = 75162438 = (173)(25)(46)(8) € Sg, which has
three flattened descents, then h o g~!(0) = 73165248, which has three big
descents. O

2.2. d-Descents

Suppose d > 1 and o € S, with Flatten(o) = o102 --0,. We will call
an index ¢ such that o; — 0,41 > d a (flattened) d-descent. For example,
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if d =3 and o = (1985)(24)(367) € Sy, then there are two 3-descents (at
positions 3 and 4) and four descents altogether. Let ap pmr = an m i (d) de-
note the number of permutations of [n] having exactly m d-descents and
k cycles. Note that if m > 0, then a, y,  is non-zero only when n > m +
d—+1.

Let ¢y, 1, denote the signless Stirling number of the first kind which counts
the permutations of [n] having exactly k cycles. Note that if 1 <n <d+1,

then
Cnk, ifm=0;
a k= .
ot 0, if m>0,

as there is no restriction on the positions of the letters. If n = d + 2, then
ad+2,1k = Cd+1,k and thus, agio0r = €442,k — Ci+1,k, Since the only possible
d-descent in this case occurs with the letter d + 2 coming just before 2 once
the permutation is flattened. The following proposition provides a recurrence
for ay . x when n > d + 3.

Proposition 2.6. Ifn>d+ 3 and k > 1, then
(10) Qnmk = an—l,m,k—l+(m+d)an—1,m,k+(n*m*d)an—l,m—l,kv m > 0,

where ap 11 =0 and apmo =0 if n > 0.

Proof. The first term on the right-hand side of (10) counts the permutations
enumerated by a, ,, 1 in which n occurs in a cycle by itself, while the second
term counts those in which n creates neither an additional d-descent nor
cycle when it is added to a permutation of length n — 1. Note that the
latter may be achieved only by adding n between two letters comprising a
d-descent or directly preceding some member of [n —d + 1,n — 1] or at the
end of the last cycle, whence there are m + d choices altogether. Finally,
if n is to create a new d-descent, then it must be inserted between two
letters not comprising a d-descent but not directly preceding a member
of [n —d+ 1,n — 1]. For this, there are (n —2) —(m —1) — (d—1) =
n —m — d choices for the position of n, by subtraction, which completes the
proof. O

Let apm = D) Gn,m,k denote the number of permutations of size n hav-
ing exactly m d-descents. Summing (10) over k implies

(11)  apm=m+d+1)apn—1m+n—m—d)ap—1m-1, n>m>0.

Using (11), it is possible to show by induction the following explicit
formula for a, .
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Proposition 2.7. Ifd>1, m >0, andn > m+d+ 1, then

m m+1
angn = (d+ 1)! > [IG++ij+1) J] (d+4)%.
i1+ +imp1=n—1—d—m j=1 7j=1

;20

Proof. We provide a combinatorial proof by showing that the right-hand
side counts the permutations of length n having exactly m d-descents, the
set of which we will denote here by S;, ;,,. To form a member of Sy, ;,,, where
n > m+d+ 1, we first write the elements of [d + 1] as any permutation in
standard cycle form, of which there are (d + 1)! possibilities. Observe that
there is no restriction on the positions of these letters since none of them
may be the larger letter in a d-descent (note that d+1 cannot precede 1 after
a permutation has been flattened). Once the positions for the members of
[d+1] have been determined, we subsequently insert the members of [d+2, n]
to form a permutation of size n in standard cycle form and classify each
member according to whether or not it created an additional d-descent in
the step at which it was inserted. More specifically, we will call r € [d+2,n]
a producer if r produces an additional d-descent when inserted into the
current permutation involving the letters in [r — 1] and a non-producer if
no additional d-descent is produced. Note than in forming any member of
Sn.m, there will be exactly m producers among the elements of [d+2, n| and
thus, n — 1 — d — m non-producers.

Let ij, 2 < j < m, denote the number of non-producers between the
(7 — 1)-st and j-th producers (with ¢; denoting the number of non-producers
prior to the first producer and 4,,41 the number following the m-th pro-
ducer). Then the sets comprising the producers and the non-producers within
a member of S, ,, are uniquely determined by the vector (iy, 2, ..., im+1),
where i1 + o + -+ + imy1 = n — 1 —d — m. To complete the proof, it suf-
fices to show that the number of permutations o € Sy, ,,, having fixed vector
(41,42, .,im+1) is given by

m+1
(i + D) +ig+ 1) (in iz 4 +im+ 1) [] (d+5)"
j=1

once the positions of the elements of [d + 1] have been specified.
Let p; denote the j-th producer within such a permutation o. Note first
that

pj=i1+i2+--+i;+5j+d+1, 1<j5<m.
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If t is a non-producer coming between the (j — 1)-st and j-th producers of
o, ie., if t € [pj_1 + 1,p; — 1], then ¢t must be inserted so that it either
(i) goes between two consecutive letters comprising a current d-descent,
(ii) precedes directly any letter in [t —d 4+ 1,¢ — 1], (iii) occurs at the end of
the last cycle in the present permutation, or (iv) occurs as the 1-cycle ().
In all, there are (j — 1)+ (d—1) +2 = j +d options regarding the placement
of such ¢ and p; — pj—1 — 1 = ¢ possible ¢, which implies that there are
(d + 7)% choices concerning the placement of all letters occurring between
pj—1 and pj, 2 < j < m. Similarly, there are (d + 1) choices for the non-
producers preceding p; and (d +m + 1)"=+ choices for those following p,,.
Finally, concerning the placement of the j-th producer p;, note that it must
be inserted between two members of [p; — 1] but not between two letters
that comprise a current d-descent or directly preceding some member of
[pj —d+1,p; — 1]. Thus, there are

(pj—2)—(G—1)—(d—1)=i1+ig+--+ij+1

choices regarding the placement of the j-th producer for all j, which com-
pletes the proof. O

Noting that n! = )" ay,m gives the following formula.

Corollary 2.8. Ifd > 1 and n > d+ 1, then

n! n—d—1 m+1 m 7
. . i .
TS VU VRN | (2101 (89 3]
m=0 i;+is+-+ipmp1=n—1—d—m j=1 j=1 /=1

;>0

Finally, it is possible to extend Theorem 2.5 as follows using the com-
binatorial argument given above for it, the details of which we leave to the
interested reader.

Proposition 2.9. The statistic which records the number of flattened de-
scents of size d or more has the same distribution on S, as does the one
recording the number of typical descents of size d+1 or more for alln,d > 1.

3. Counting 123-subwords, 321-subwords, peaks and valleys
In this section, we count the occurrences of 123-subwords, 321-subwords,

peaks, and valleys within flattened permutations of length n. We will use
the notation r, d, p and v to stand for these respective patterns. In the
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unified approach described below, we use the notation st to represent any
one of these statistics. Define

gzt (ala2 . ak) _ z qst(Flatten(w)),
™

where 7 ranges over all the permutations of length n such that Flatten(rw)
starts with the letters ajas - - - ag. It is clear that g5t (ajaz - - - ag) = 0if a; # 1.
Write g5 = ¢5!(1) for short. For example, the notation g, represents the
distribution for the number of 123-subwords in flattened permutations of
length n. By definition, we have

. gn(araz -+ ar) = Z gy (aray - - - agh)
he[n]\{a1,az,....ar}

forany 1 <k<n-—1.

Since the statistics r, d, p, v involve patterns of length three, we consider
k = 4 in (12). This leads us to find all of the ¢%*(1ijk). The following lemma
allows us to concentrate on those ¢%*(ajas - - - ay) with k < 3.

Lemma 3.1. Let n > 4. Suppose that i, j, k are all different numbers in the
set {2,3,...,n}. Then for any statistic st € {r,d,p, v}, we have

g (Ligk) = (1+ x(i = 2)g* 00 g2 | (157%),

where j' =5 —x(j > 1) and k' =k — x(k > 1).

Proof. Fix n > 4 and i,j,k. Let m be a permutation of length n such
that Flatten(m) starts with 1ijk. Let ¢)(7) be the permutation of length n—1
obtained from 7 by removing the letter ¢ in the cycle notation and replacing
all of the remaining letters h by A’ = h— x(h > i). In other words, we delete
the second letter in the cycle notation of m and translate the other letters
preserving the order to form a permutation of length n — 1. Since 4, j, k are
fixed, it is easy to see that the map v is a bijection. Since st is a statistic
involving three letters, we may deduce

(13) st(Flatten(r)) = st(Flatten((7))) + st(1ijk) — st(15'k")
= st(Flatten(y())) + st(1ijk) — st(1jk).
Conversely, let o be any permutation of length n—1 such that Flatten(o)

starts with 15'&’. If + > 3, then the letter 7 must be in the first cycle of .
In this case, the inverse 1 ~!(0) = 7 starts with 1ijk. Otherwise, i = 2.
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Then the letter 2 may be in either the first or the second cycle of 7. So the
inverse ¢~ 1(0) consists of two permutations {r, 7’} such that Flatten(n) =
Flatten(n’). Therefore, the permutation o contributes twice in this case.

In summary, we have

12]/6‘ Z qst(Flatten(ﬂ

— (1 + X(i — 2)) Z qst(Flatten(o))+st(1ijk)fst(1jk)

g

= (14 x(i = 2))g OB, g2t (17'K),

where 7 ranges over all permutations of length n starting with 1ijk and
o ranges over all permutations of length n — 1 starting with 1j’k’. This

completes the proof. O
Let us now consider g5*(1ij). Note that ¢5¢(1i5) with j > i can be reduced

via

(14) gn (1if) = gh1(1(5 = 1))(1 = 6- x(st = 1)),

which has only one variable j. For the sake of reducing ¢5'(145) in the other
case j < 1, we need an exchanging letters trick.

Lemma 3.2. Let n > 4. For any statistic st € {r,d,p,v} and any 2 < j <
1 < n, we have

g (Lig) = gy (1(5 + 1)j)-
Proof. Let 2 < j < ¢ and st € {r,d,p,v}. Assume that j < ¢ — 2. Let
7 be a permutation of length n. Denote by 7’ the permutation obtained

from Flatten(m) by exchanging the letters ¢ and i — 1. It is easy to see that
st(Flatten(m)) = st(Flatten(n’)). Iterating in this way, we get

gn (Lig) = g5/ (1(i = 1)7) = -~ = g5 (1(j + 1)J),
which completes the proof. O

Now, we can construct a recurrence for the sequence {gi'(1k)}7_5 by
finding ¢3*(1(i 4+ 1)i) in two different ways. Let 3 < i < n —1 and st €
{r,d,p,v}. On one hand, by Lemma 3.2 and (14), we have

(15) Y oglG+ D)= > gir(1ig)

2<j<i~1 2<j<i—1
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= gy (1i) = > gn(1ij)

J>t

= g5 (1) = Y git 1 (15)(1 = 6- x(st = 1))

j>t

Then the first-order difference transformation of the above formula gives us

(16) gy (16 +1)i) = gy (16 + 1)) — g5/ (1d) + gy (1) (1 — 8- x (st = 1)).
On the other hand, applying Lemma 3.1 to ¢5¢(1(i + 1)ik), we find

g (1(i + 1)ik)
B {[1 —O-x(st =d)]- gt (M(k+ k), if2<k<i-—1;
=0 xGst € {pvD)] gL (1(k—2), ifk>i+2.

Therefore, by using (15), we may deduce

(17)
g (1(i+1)i)
= Y g+ Dk + Y g+ 1)ik)

2<k<i—1 k>i+2
— [1— 6 x(st = d)]- g3l 4 (10) + [1 - 2x(st € {p,v})]-0- 3 g o (1).

k>i
Equating (16) and (17), we obtain a recurrence

0= [0 (1 + 1)) — g (10)]

= [x(st =) — x(st = d)]- g5" 1 (13) + [1 — 2x(st € {p,v})]- > _ g 5(1k

Let 3 < i < n — 2. For the sake of eliminating the sum, we apply the
first-order difference transformation to it and get

(18) 071 [gn (16 +2)) — 295 (1(i + 1)) + g5 (10)]
= [x(st = 1) = x(st = d)]- [g5"1 (1(i + 1)) — g7 1 (1)]
—[1 = 2x(st € {p, v})]- gp-a(19).

Our arguments will be based on the above recurrence.
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3.1. 123-Subwords

In this case, the recurrence (18) reads
(19)  g,(1k) = 29, (1(k = 1)) + g,,(1(k — 2))
—0[gn 1 (1(k = 1)) — g1 (1(k = 2)) — g, _»(1(k — 2))] =0,

for any 5 < k < n. Recall that U,(x) is the n-th Chebyshev polynomial of
the second kind. We will now solve the recurrence (19) for 3 < k <n —1,
with the initiation

(20) 9,(13) = (L = 0)gp_1 +20(2—0)gy,_o, n >4,
gn(14) = (1= 0)gy,_1 +30(2 — 0)g;,_, — 20(1 — 30+ 6)g),_3, n>5.
Theorem 3.3. For any 3 <k <n—1, we have

(21) gn lk Zak i b gn %

where oy, ; = (’; 11) (?_3) and b} = —00V/2U,,1(V/0/2).

Proof. Tt is straightforward to check that formula (21) admits the initia-
tion (20). It suffices to show that it satisfies the recurrence (19) as well.
Let 3 < k < n — 1. Note that a;; = 0 if « < 0 or ¢« > k. For notational
convenience, we rewrite (21) as

gr (1k) Za;“ bi - Gni>

where 4 Tuns over all integers. Since ay11,; — o, ; = oy, j—1 for any 7 and

(22) b — Oty —biy)
— _pli-1)/2 |:Ui+1(\/§/2) — V0 -Ui(V0/2) + U1 (V0/2)

we may deduce

k+1

Zak+2zbgn % 2Zak+lzbgn z+zak1brgn—i
- k-1

-0 [Z 1,3 i 1 — Z i b g1 — Y kb gqrv,—2—i]
i=1 i=1 i=1
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= Z Ak i—2° [bg - 9( i1~ bg—z)]'gfl—i =0.

i>1
This completes the proof. O

Corollary 3.4. For any n > 4, we have

n—2
(23) In = Z!]Z—z’ (Qn,ig1b] — 0 cn1,ibi_5).

Proof. Tt is routine to verify (23) for n = 4. Let n > 5. By (19) and (21), we
can derive a formula for g (1n) as follows:

g(ln) =g, —g,(12) = > g,(1k)

3<k<n—1
=g, =209 — Y, (q- Gt + Y kbl 92_1-)
3<k<n—1 1>2

:g (nilqgn 1= Z anlJrlb gnz

2<i<n—2
r T
= - E it 10} G
i>0

Using the above formula, and taking k¥ = n in recurrence (19), we find

0= g,(1n) —2g,(1(n — 1)) + g, (1(n — 2))
—0[gn_1(1(n = 1)) = gp_1(1(n = 2)) — gp_»(1(n — 2))]
= =Y aninibigh i —2Y an1ibign i+ anoibig,;
>0 >0 >0
01> on 11 bigh 1 i+ om2ibigh 1 i =Y om 201165 gn o),
>0 1>0 >0
which leads to
0= ghi[(—anit1 =21, + an-2,:)b}
>0

—0((—an-1i — an—2,i-1) bi_1 + an—2-1bj_5)]
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= ngz—z‘(‘g an—1,ibi_y — aniy1b}),
i>0

from which (23) follows immediately. O

To proceed further, we will need the generating function of b;,. By (3),
we have

" A(t)ZeA(t)ac _ B(t)QeB(t)a:
Upt1(t)— = — 2t,
ngl n! A(t) — B(t)
where A(t) = t+vt? — 1 and B(t) = t—+/t?> — 1. This gives us the generating

function

B'(z)
_ Zbr l._n _ _L ZUTH-I <ﬁ> (\/éw)n
= " nl N = 2 n!
s (\/5 _ \/M)?e(\/@—\/m)\/%/Q _ (\/§+ \/M)?e(\/@h/GTZL)\/@w/?.
4600 —4

By using Euler’s formula e’ = cos ¢ + isin ¢, one may show that

(24)  B(z)=1- % cos(M 4 arcsin<2 - 9))

We now give an explicit formula for G*(z).

Theorem 3.5. We have G*(x) = 1+ [ H(t)dt, where
(25) H(z) = 2V0(4 — 0)(1 + €)*H ),
with

() = (L= EWIZ00 = (1= 0)e ") + 2/0E(1 = (3= 0)e ")
(VOE+VE=0)3(V0 — VA= 0¢)?

and £ = tan(/0(4 — 0)x/4).

Proof. Recall that G*(z) =3, -, g;% Since

(7;_;) . (r;_;) _(n=3)[(n (;)_(q)!(?_i)(!i ~16-2)]

Qn i =

)
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multiplying (23) by (i%f)! and summing over n > 4 gives us

Zgn

n>4
n—4
_Zzgn Zan”rlb szgn iOn— 11 z 2 T
(n—4)!
n>4 i=1 >4 i=1
n—3 bl“ ) g —i—1
_Z Z ;Z—Zz—l)!'[(N—l)(n—Q)_i(i_l)]
n>4
n—2 br g i1
_92 Z 1—1 72_22_1)1[<n_2)(n_3)_(71_1)(2—2)]
n>4 i=1

Upon noting b* ; = —1/6 and b = —1, the preceding equation may then be
expressed as

3 2
@) = (60~ VBW) — ()~ 1) B

edd22 ((Gr( ) — 1)(% ot /;B(t) dt))

4 9<(Gr(a:) ). diB(x)>.

X

Letting H(z) = %Gr(az) reduces the last equation to

2

2(9 —0B(z) + %B@)) H(z)

4 (1 + 0z %B(m) - G/OxB(t) dt> %H(z) +(B(z) - 1)

With the boundary values H(0) = 2 and H'(0) = 6 — 46, we obtain the solu-
tion (25) from the preceding differential equation. Consequently, we obtain
G"(x), upon noting G*(0) = 1. O

After integration of H and several algebraic operations, one may derive
the further formula

2v/0 cos(Ty + 2Bx) — 4cos(2y + fz) — 4+ 6
4(1 — cos(4dy + Bx))?

G'(z) =
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6— (4—0)e b

* 2(1 — cos(4y + Bx))’

where = /60(4 — 0) and v = arccos 4. From this, one can find an explicit
formula for g;, using the Taylor expansion of G*(z), an exercise we leave to
the interested reader.

Differentiation of G"(z) with respect to ¢ yields the following result.

Corollary 3.6. If n > 3, then the average number of occurrences of 123-
subwords in Flatten(w) over m € S, is given by 4”2+6?;:“6,

3.2. 321-Subwords

Let n > 5. Then the recurrence (18) reads for any 3 <k <n — 2 as

gn(L(k +2)) = 2g5(1(k + 1)) + gp (1K)
T 0[gd_y (L0 + 1)) — gy (1K) + g2_o(1h)] =
It is easy to verify gd(13) = ¢ ; and gd(14) = g4 | — 20-g¢ .. Similar to
the proof of Theorem 3.3 above, one can derive a formula for gd as follows.

Theorem 3.7. For any n > k > 3, we have

gd(1k) Za;” bd.gd

where b) = (—1)"00—V/2U;_3(v/0/2). Moreover, G4(x) = (1 — BY(x))72,
where
B(z) -1

B (\/5_ VO —1)2e ~(VO+V0=2)Voz/2 _ (\/_+\/—) ~(VO—0=4)\0z /2
B 0(0 — 4) ‘

Consequently, for any n > 1, we have

~ 0= S (V) e

Jj=1
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Similar to (24), we have

—0z/2 _ —
Blz)=1- 2 cos( b4 = b) + arcsin<u>>.
0(4—6) 2 2

From this, one may obtain another expression for g¢ as

25—1 -1
I JZ Baj(—4)/(1 — 47) (2} )agﬂ amsmgj_l_%z - 9)7

I
=i 25 ( 2] —0)! 2
where ay = ¥ 2\} and B,, is the n-th Bernoulli number.
Corollary 3.8. If n > 2, then the average number of occurrences of 321-

(n=2)(n-3)

subwords in Flatten(w) over m € S, is given by G

Proof. Differentiating G4(x) with respect to ¢ and substituting ¢ = 1 yields
d d 1;3
e B Tr e
q q=1 ( l’)

Thus, the total number of occurrences of 321-subwords in Flatten(w) over
all m € S, is given by (n—2)! ("gl) for n > 2, which completes the proof. [
3.3. Peaks

Let n > 5. Then the recurrence (18) reads for any 3 <k <n — 2 as

gn(L(k +2)) = 297(1(k + 1)) + g (1k) — 0- g;;_5(1k) = 0.
With the initiation gh(13) = 92—1 —20- 92_2 and g, (14) = 95—1 —30- 95_2 +
20- 92_3, we can derive the next result.

Theorem 3.9. For any n > k > 3, we have

gh(1k) = Zﬁm b gh_,

where By = (F72) + (723) and ¥ = (~1)"*191/2. Moreover, GP(z) =

(1 — BP(z))~2, where

prN p 2" sinh(\/aa:) o .
B(:z)—;bnn!—l—k—\/g h(voz).



348 Toufik Mansour et al.

We shall give two formulas for gh,. For the first one, we will need the
following proposition whose proof is straightforward.

Proposition 3.10. Let G(z) = 3, Ini1Zr and B(z) = > n>1bn % be
two generating functions. If G(x) = (1 — B(z))™2, then for any n > 1,
have

= n
where the internal sum is over iy,...,1, > 1 such that i1 + --- + 1 = n.

For the second formula, we need a sequence t, ,, defined by

tnm = [2")(2* cot(z))™
m n—2m+1 5y
_ 2k‘31€+k€) o(n—2m+ (k)
—9n 2m (n m) | )
(-1 mz Z N+ B)(n—2m+ O

where s1(n, k) and sa(n, k) are the Stirling numbers of the first and second
kind, respectively; see Sequence A199542 in [14]. It follows that

(26) [2"](z? coth(z))™ = (—1)"=™)/ 2, ..

Now we can give the two formulas for gi,.

Theorem 3.11. For any n > 1, we have

n—1
-1 ko
27 P — kE+1 -1 n+k—1 < n . >92j=1 1%;/2]
EIES S0 S RIa A
(28) = Z(_l)(n+j+2)/2 : \/5n+jtn+2j,j,
jz1
where the internal sum is over iy,...,i > 1 such that i1+ ---+ip =n — 1.

Proof. The formula (27) follows immediately from Theorem 3.9 and Propo-
sition 3.10. To show (28), we deduce from (26) that

P () = 1 _ 1

(=BG (cosh(vfr) — 221/0) )’

d 1 d j ,
_ 4 LS ot (v
dz / coth(v/0z) — 1 dx ]Z:I coth?(v)
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= —% Z N (622 coth(\/éa:))j

Jj=1

= >3 2 ()G g et

j2lizj

Extracting the coefficient of 2”1 gives (28) and completes the proof. O

Corollary 3.12. Ifn > 2, then the average number of peaks in Flatten(m)
over ™ € Sy, is gi

Proof. Differentiating GP(x) with respect to ¢ and substituting ¢ = 1 yields

d 23—
Ler@)| = Lx?))
dq q=1 3(1 - '1")
Thus, the total number of peaks in Flatten(r7) over all w € S,, is given by
"T_Qn! for n > 3, which completes the proof. O
3.4. Valleys

Let n > 5. Then the recurrence (18) has the same form for v as it does for p.
So for any 3 < k < n — 2, we have

gn(1(k +2)) = 29, (1(k + 1)) + g (1K) = - g,_5(1k) =0,

with g7 (13) = g5, —20- g5 _» and g;(14) = g5y —30- gy, _5 +20- g _5. Note
that the formula for gY(13) does not hold when n = 3, in contrast to the
situation for peaks, which causes g¥(1k) to differ from gh(1k).

Theorem 3.13. For anyn > k > 3, we have
(29) gy (1k) Zﬁm bV gl_ +2V0" X (nis odd and k = n),

where by = (—1)"F19Li/2]

Since by, = by, the generating function BY(z) = 37, 5, by Lt is given by
BY(x) = BP(x).

Theorem 3.14. We have

VO(— sinh(2v/0zx) + V0 cosh(2v/0x) + 2v/0z + \/_)

¢le) = 2(— sinh(vz) + V8 cosh(v/6z))?
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Moreover, for any n > 2, we have

v o n .n—1 (1 B \/a)j_l
(30) 9n = n(z\/g) J;j (1 + \/§)j+1 .

Proof. By (29), we deduce

n—1
n—1
(31) Gn = E Brt1,i+1 - b) - gp_i + 2V0 " x(n is odd).
i=1

2

Multiplying (31) by %, and summing over n > 2, yields

d gy a2
@)= ZZ"' N (n—1—14)
n>21=1
n—1 b;; . gxfi X {L‘n_2 \/§n+1 "
+ZZ(”_1)'¢!-(n—1—¢)!+2 Z nl’
n>2 1=1 n>1,n is odd
which is equivalent to
L ¥ (@) = ¢V (@)L B (x) + (6" (2) B () + 2V/0 sinh(v/F)
Tr T) = T I T Ir T T S x).

Solving this equation gives

VO(—sinh(2v/0x) + v/ cosh(2v/0z) 4 2v/0x + V/6)
2(v/0 cosh(v/0z) — sinh(v/0x))?2
_ i( V(20 4 1) )
dr \ (VO —1)e2Ve 4/ + 1)

With the aid of (1), we obtain

. d T 1—+0
GY(z) = %<JJ+ mE(l‘(l-{—@),m))
1S DB (- VB (L VE

n!
n>1k>1

GY(x) =
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Extracting the coefficient of 2"~ ! yields

1—-+0 k=1
w=n(1+V0)" ) E, <—>
gn = ) 2 T8

=n(1+v0)" 24, , G J_r ﬁ)

_ n -n—1 (1 — \/g)jil
_n(2\/§) j;] (1_‘_\/5)]‘4_17

which completes the proof. O
Corollary 3.15. Ifn > 3, then the average number of valleys in Flatten(m)

over ™ € Sy, is given by ”53.

Proof. Differentiating GV (x) with respect to ¢ and substituting ¢ = 1 yields

d 223(2 — 1)
—GY(x) =

dq q=1 3(1 - x)S

Thus, the total number of valleys in Flatten(w) over all © € S, is given by
"szsn! for n > 3, which completes the proof. O

3.5. Combinatorial proofs

In this section, we explain, bijectively, the previous formulas for the average
number of occurrences of the various subword patterns. We first consider
the cases for descents, ascents, and 321-subwords.

Combinatorial proofs of Corollaries 2.2, 2.4 and 3.8. We first treat
Corollary 2.2. Upon multiplying by n!, one sees that the total number of
descents in the flattened sense within all of the permutations of [n] is given by
(";1) (n—1)!if n > 1. This formula may then be explained combinatorially
as follows. First select two members i < j of [2,n]. It is enough to show
that the number of permutations 7 of length n such that the letters ¢ and j
comprise a descent in Flatten(r) is (n — 1)!. To do so, first write the letters
in [i — 1] as a permutation in standard cycle form. Then add the letter i to
this permutation either within a current cycle (following some member of
[i —1]) or as a new cycle (i) of length one. In the former case, we then write
the letter j just before ¢ within its cycle, while in the latter case, we write
J at the end of the cycle directly preceding the 1-cycle (7). Finally, add the
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letters in [i + 1,n] — {j} so that no letter comes between j and i. Note that
there are (n — 1)! ways in which to arrange all of the letters in [n] subject
to the above restriction upon treating j¢ as a single letter, which completes
the proof of Corollary 2.2.

For Corollary 2.4, first note that each of the n — 1 adjacencies within
any member of S, is either a flattened ascent or descent. By subtraction
and Corollary 2.2, there are

(n —1)n! (";1>(n_ )l = W(n— 1!

flattened ascents within all of the permutations of length n.

A proof similar to the one given for Corollary 2.2 applies to Corollary 3.8
and shows that the total number of occurrence of 321 is (n — 2)!("51). One
would now choose three elements i < j < k in [2, n] and treat the string kji
as a single letter (equivalent to i) when forming a permutation of length n
having kji as a subword in the flattened form. Note that such a string may
lie completely within a cycle, or straddle two cycles, with ¢ being the first
letter of a new cycle. O

Combinatorial proofs of Corollaries 3.12 and 3.15. We first treat
Corollary 3.15 and show equivalently in this case that there are "Tf?’n! valleys
in the flattened sense within all of the members of S,,, where n > 3. We first
consider valleys of the form abc, where the letter ¢ is not the first letter of
some cycle within a permutation, while the letter b may or may not be. Note
that there are 2("?) choices for a, b, c € [2,n], as there is no restriction on
the relative sizes of a and ¢. Once a, b, and ¢ have been selected, there are
(n — 2)! permutations having a valley involving these letters (in the given
order), upon treating the string abc as a single letter (equivalent to the
letter b, in fact). In all, there are 2(”?) (n — 2)! valleys of the given form.
To complete the proof, we must show that there are

St U E R G e

valleys in the flattened sense of the form rst, where t starts a cycle, within
all of the members of S,,. To do so, we first count the number of occurrences
of rs within all the permutations of length n (expressed in standard cycle
form) such that (i) » > s; (ii) either r and s occur in the same cycle as the
last two letters in their cycle or r occurs at the end of a cycle, with (s) the
next cycle; and (iii) either no cycle follows the one containing s (in either
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case of (ii)) or the cycle directly following the one containing s starts with
a letter that is greater than s.

Note that there are 2(";1) (n — 2)! occurrences of rs satisfying the con-
ditions (i)-(iii). To see this, first pick any two elements r, s € [2,n] and then
arrange the remaining members of [n] as a permutation ¢ in standard cycle
form in any one of the possible (n — 2)! ways. Once this is done, either add
the string rs to the end of the cycle of & whose smallest element is largest
among those cycles whose smallest element is less than s, or add r to the end
of this cycle of o and then add the 1-cycle (s) directly after it. In the latter
case, note that the cycle (s) might possibly go between two cycles of o, but
that the ordering of the cycles would be preserved in this case nonetheless.

From all the occurrences of rs satisfying conditions (i)-(iii) above, we
subtract those occurrences in which no cycle follows the one containing s
in (iii). (Note that this will give the total number of valleys rst, where ¢
starts a cycle.) To count these occurrences of s, we equivalently count the
permutations 7 of [n] containing two letters r and s such that r > s, where
r and s are the last two letters in Flatten(r). To count such permutations,
first pick three numbers u < s < r of [n]. Arrange the members of [u—1] as a
permutation in standard form; then add u as a 1-cycle to this permutation;
then add the members of [u + 1,n] — {s,r} such that no letter starts a new
cycle; finally, either add r and s to the end of the cycle containing u or just
add r to the end of this cycle along with the 1-cycle (s). Note that there are

s—1 r—1 n
2u—1! ] -1 J] G-2) J] (k=3)=2(n-3)!
t=u+1 j=s+1 k=r+1

ways in which to arrange the members of [n] as described, once u, s and r
have been chosen.

This implies that there are 2(’;) (n — 3)! permutations of the form de-
scribed in the previous paragraph and thus, the same number of occurrences
of rs satisfying (i)-(iii) in which there is no cycle following the one contain-
ing s. By subtraction, we get

2<n;1>(n—2)!—2<§>(n—3)! —4<";1)(n—3)!

valleys of the form rst where ¢ starts a cycle within all of the members of S,
as desired, which completes the proof of Corollary 3.15.

For Corollary 3.12, first note that there are the same number of peaks as
there are valleys in the flattened sense within a permutation 7 if and only if
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the last two letters of Flatten(7m) comprise an ascent and there is one more
peak than valley if and only if the last two letters of Flatten(7) comprise a
descent. From the proof above for valleys, we see that there are 2(;) (n—3)! =
%! permutations of length n whose last two letters form a flattened descent.

Thus, there are %‘ more peaks than valleys within all of the members of S,
n—2

and so the total number of peaks is *5=n!, by the prior result. O

Combinatorial proof of Corollary 3.6. First note that, by subtraction,
we have

total(123) = total(ascents) — total(ascents at end) — total(peaks),

where total(st) denotes the total number occurrences of the statistic in the
flattened sense within all of the members of S,, (by ascent at end, we mean an
ascent involving the final two letters of the flattened form). From the proof
of Corollary 3.15 above, we see that there are 2(})(n — 3)! = %‘ flattened
descents in all involving the final two letters and hence n! — %‘ = 27”' ascents
in all involving these letters, by subtraction. By Corollaries 2.4 and 3.12, we

then have

—1 2 2n! -2
total(123) = W(n 1) ?n n . o
2 —
L EenTe —Hén 6(n—1)!,
which completes the proof. O

4. Conclusion

Lemma 3.1 holds for all patterns of length three and can even be generalized
to patterns of greater length. In fact, there are other patterns involving three
letters. For example, there are the patterns 132, 213, 231, 312, and those
of the form (i,7, k) where either i = max{i, j, k} or k = max{i,j,k} or
i = min{i, j, k} or k = min{i, j, k}. Among these eight patterns, only the
pattern of ¢ = min{4, j, k} admits to the exchanging trick, which is necessary
for solving it by the technique featured in the current paper. However, for
this pattern, we will need a different technique to deal with g,(1ij) in the
case when j > i.

We note further that the methods of the third section provide not only
explicit formulas for g5 but also formulas for ¢5'(1k), where 2 < k < n and
st € {r,d,p, v}, upon substituting the respective expressions for g5 back
into Theorems 3.3, 3.7, 3.9 and 3.13.
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We also remark that the method presented in the previous section ap-
plies to the descent statistic discussed in Section 2. Let g3 (ajas---ay) =
dYor gdes(Flatten(m)) “where 7 ranges over all permutations of length n such

that Flatten(m) starts with ajasg - - - ag. One may show for all £ > 3 that

k-1
gaS(1k) = > ani(=0)' " gn%,
i=1

where oy, ; = (];:11) — (f:g’) is as in Theorem 3.3 and g, = g,(1). Along these

same lines, we may deduce

i = ; [(”) - <”j§)] (-0~ g,

which implies the generating function (9).
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