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Quadrant marked mesh patterns in alternating
permutations 11

SERGEY KITAEV AND JEFFREY REMMEL

This paper is a continuation of the systematic study of distribu-
tion of quadrant marked mesh patterns initiated in [7]. We study
quadrant marked mesh patterns on up-down and down-up permu-
tations.

1. Introduction

Let 0 = 01 --- 0, be a permutation in the symmetric group S, written in
one-line notation. Then we will consider the graph of o, G(o), to be the set
of points (i,0;) for i = 1,...,n. For example, the graph of the permutation
o = 471569283 is pictured in Figure 1. Then if we draw a coordinate system
centered at a point (4, 0;), we will be interested in the points that lie in the
four quadrants I, II, ITI, and IV of that coordinate system as pictured in
Figure 1.

For any a,b,c,d € N where N = {0,1,2,...} is the set of natural numbers
and any ¢ = o1 ---0, € Sy, we say that o; matches the quadrant marked
mesh pattern MM P(a,b,c,d) in o if in G(o) relative to the coordinate sys-
tem which has the point (i, 0;) as its origin, there are > a points in quadrant
I, > b points in quadrant II, > ¢ points in quadrant III, and > d points in
quadrant IV. For example, if 0 = 471569283, the point ¢4 = 5 matches the
quadrant marked mesh pattern MM P(2,1,2,1) since relative to the coor-
dinate system with origin (4,5), there are 3 points in G(0) in quadrant I, 1
point in G(o) in quadrant II, 2 points in G(o) in quadrant III, and 2 points
in G(o) in quadrant IV.

Note that if a coordinate in MM P(a,b,c,d) is 0, then there is no con-
dition imposed on the points in the corresponding quadrant. In addition,
we shall consider patterns M M P(a,b,c,d) where a,b,c,d € NU {0}. Here
when one of the parameters a, b, ¢, or d in MM P(a,b,c,d) is the empty
set, then for o; to match MM P(a,b,c,d) in 0 = 010, € Sy, it must be
the case that there are no points in G(o) relative to coordinate system with
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Figure 1: The graph of o = 471569283.

origin (i, 0;) in the corresponding quadrant. For example, if o = 471569283,
the point o3 = 1 matches the marked mesh pattern MM P(4,2,0,() since
relative to the coordinate system with origin (3,1), there are 6 points in
G(o) in quadrant I, 2 points in G(o) in quadrant II, no points in G(o) in
quadrant III, and no points in G(o) in quadrant IV. We let mmp(@:b:¢:d) (o)
denote the number of ¢ such that o; matches the marked mesh pattern
MMP(a,b,c,d) in o.

The notion of mesh patterns was introduced by Bréandén and Claesson [4]
to provide explicit expansions for certain permutation statistics as, possibly
infinite, linear combinations of (classical) permutation patterns (see [6] for
a comprehensive introduction to the theory of permutation patterns). This
notion was further studied in [3, 5, 7-11, 14].

Note how the (two-dimensional) notation of Ulfarsson [14] for marked
mesh patterns corresponds to our (one-line) notation for quadrant marked
mesh patterns. For example,

k
MMP(0,0,k,0) = , MMP(k,0,0,0) = ,
k
MMP(0,a,b,c) = and MMP(0,0,0,k) = %
Ic

Kitaev and Remmel [7] studied the distribution of quadrant marked
mesh patterns in the symmetrlc group S, and Kitaev, Remmel, and Tiefen-
bruck [9, 10] studied the distribution of quadrant marked mesh patterns
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in 132-avoiding permutations in S,. In [8], Kitaev and Remmel studied
the distribution of the statistics mmp(:090) mmp©:L0.0)  mmp0.0.1.0) and
mmp(09%1) in the set of up-down and down-up permutations. The main
goal of this paper is to study the distribution of the statistics mmp(1:0:0.0),
mmp L0 mmp©0.0.1) and mmp(w’o’l’o) in the set of up-down and down-
up permutations. Given a permutation o = oy --- 0y, € Sy, we let Des(o) =
{i : 0y > oi41}. Then we say that o is an up-down permutation if Des(o) is
the set of all even numbers less than or equal to n and a down-up permuta-
tion if Des(o) is the set of all odd numbers less than or equal to n. That is,
o is an up-down permutation if

01 <02>03<04>05<---
and o is an down-up permutation if
01 >09<03>04<05>+"".

Let UD,, denote the set of all up-down permutations in S,, and DU, de-
note the set of all down-up permutations in .S,,. Given a permutation o =
o1+ -0y € 8,, we define the reverse of o, ¢”, to be 0,0,_1 0201 and the
complement of o, 6¢, tobe (n+1—01)---(n+1—0,).

Forn > 1, we let

(a,b,c,d) _ mmp(®?ed (g (a,b,c,d) _ mmp(®?¢d (o
Ay, (z) = E x @, By 1 (x) = E z @

9

ocUDs, o€UDzp 1
(a,b,c,d) _ mmp(®*dd) (g (a,b,c,d) _ mmp(®ted) (g
Cy,, (x) = E x (@) and Dy, 7 (x) = E x (@),
oc€DUs,, o€DUzp 1

We then have the following simple proposition.

Proposition 1. For alln > 1,

a,b,c,d b,a,d,c d,c,b,a c,d,a,b
(1) AL (@) = 4" (@) = O (@) = A5 (@),

a,b,c,d b,a,d,c d,c,b,a c,d,a,b
(2) CLD () = AL () = ALPD) (z) = CLoBHD) (),

a,b,c,d b,a,d,c d,c,b,a c,d,a,b
(8) Byt (@) = Byl (@) = Dot (@) = Dyt (a), and

- 2n—
a,b,c,d b,a,d,c d,c,b,a c,d,a,b
(4) D200 @) = DG (@) = BEe (@) = BEATY (@),

Proof. 1t is easy to see that for any o € .S,

mmp(a’b’c’d) (U) _ mmp(b’a7dvc) (o) = mmp(d,c,b,a)(00> — mmp(cyd,(hb)((o.’r‘)c)'
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Then part 1 easily follows since
0 € UDsy,, < o € DUy, <= 0° € DUy, < (0")° € UD2,.

Parts 2, 3, and 4 are proved in a similar manner. O

In [8], we studied the distribution of the statistics mmp(10:9:0),

mmp(®1 0,0.1,0) " and mmp(@901) in the set of up-down and down-
up permutations. It follows from Proposition 1 that the study of the distribu-
tion of the statistics mmp-0090) mmp©:L0.0)  mmp0.0.1.0)  and mmp(©:0:0.1)
in the set of up-down and down-up permutations can be reduced to the
study of the following generating functions:

0.0) mmp(

2n
A(lOOO)(t ) _1+ZA(1000)(z) ¢

n>1 (271)"

BL0.00) (¢, ZBlooo 2t
= 2n—1 2n— ny

2n

CHO00) (¢ 4) —1+2021000)(:1:) 7, and

n>1 (2n)!
D(l 0,0 0) Z D21 0;)0) t2n—1 |
n>1 " 2n — 1)'

In the case when & = 1, these generating functions are well known. That

is, for any (a,b,¢,d), let Ag,(1) = ALY (1), By,yi(1) = BELOD (1),
Con(1) = C’ézbc’d)(l), and Do, (1) = Déﬁl’b’c’d)(l). The operation of comple-
mentation shows that As,(1) = C2,(1) and Ba,—1(1) = Da,—1(1) for all

n > 1. André [1, 2] proved that

(1) 1+ Ag(l = sec(t)
n>0 !
and
t2n+1
2 By, = tan(t).
(2) ; 2n—1( 2t an(t)

In [8], we proved the following which can be viewed as a refinement of
André’s results.



Quadrant marked mesh patterns in alternating permutations I 35

Theorem 1.

(3) ABOO (1, ) = (sec(at))V/*,
(4) B(1,0,0,0) (t,z) = (sec(mt))l/x /t(sec(:cz))l/xdz,
0

t N Y
(5) CHO00) (¢ 4y =1+ / (sec(zy)) = / (sec(zz))Y/dz dy, and
0 0

t
(6) UD(l’O’O’O)(t,l‘):/ (sec(xz))Hidz.
0

In this paper, we prove a different refinement of André’s results by study-
ing the distribution of the statistics mmp(lﬁovwﬁo), mmp(wﬁo’ (071’0’@),
and mmp(o’@’o’l) in the set of up-down and down-up permutations. It fol-
lows from Proposition 1 that the study of the distribution of the statistics
mmpH020) mmp@0.1.0) mmp@L00 and mmp©®?0-1) in the set of up-down
and down-up permutations can be reduced to the study of the following gen-

1,0
)7 mmp

erating functions:

2n
AWOD0) (¢ oy — 1 4 57 L0080 (o 17
1; (2n)!

(1,0,0,0) _ (1,0,0,0) 2t
B (t,z) = ZBM 1 ($)ma
n>1 )

(1,0,0,0) _ (1,000, "

C (t,z) 1—1—202 (x)—', and

n>1 (2n)!

t2n71
DIOID ¢ 4y = 37 pYLod0 gy F
; 2n—1 (2n —1)!

The main goal of this paper is prove the following theorem.
Theorem 2.

A(l’o’@’o) (t,x) = (sec(t))w,

< (=02 (5 55 52
raoahi (5 255 S ).
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(cos(z))*dz + (1 —x) /0 (sec(z))*dz, and

z

0
cos(y)dy] dz

t
+(1—=x) / BLOLO) (¢ 2)dz.
0

Here o Fy(a,b;c;2) =Y 00, Mz_ where (), = x(x—1)--- (x—n+1)

(©)n

ifn>1and (z)) =1.

One can use these generating functions to find some initial values of

the polynomials A(1 0.0, 0)(33), BS{E’?’O)( ) C’(1 0., 0)( ), and Dgﬁ’?’o) (x). For
example, we have used Mathematica to compute the following tables.

1,0,0,0
AR ()

n

0 1

1 x

2 x(2 + 3z)

3 z (16 + 30z + 1527)

4 x (272 + 588z + 4202° + 10527)

5 x (7936 + 18960 + 1638027 + 63002° + 945z7)

6 x (353792 + 911328 + 8936402 + 4296602 + 1039502 4 103952°)

n By, ()

0 1

1 2z

2 x (7 4+ 9z)

3 T (77 + 135z + 60x2)

4 x (1657 + 3444z + 231022 + 5252°)

5 x (58457 4 135945x 4 112770z 4 409502 + 5670x")

6 (3056557 + 7715664z + 734794527 + 33957002% 4 7776254
+727652°)

n C(l ,0,0, 0)( )

0 1

1

2 x (2 + 3x)

3 x (7 + 35z 4 1927)

4 (77 + 581z + 571a* + 15627)

5 x (1657 4 16428z 4 210662> 4 9738z° 4 1587x7)

6 x (58457 4 712579z 4 10797472 4 6524522° + 180240z + 1929027)
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Dyyir ()

1

x(1+ x)

x (2 + 9z + 5z2)

z (16 + 110z + 113z* 4 3327%)

x (272 + 2492z + 328827 4 16052° + 27927)

x (7936 + 90384 4 13975627 + 87456x° + 253652 + 28952°)

(353792 + 4803040z + 832381622 + 61101002° + 2297778z
+4440452° + 356852°)

ol ix|w|o|—|ols

The outline of this paper is as follows. In Section 2, we shall prove
Theorem 2. Then in Section 3, we shall show how several of the entries of
the tables above can be explained. In particular, we will derive formulas for
the coefficient of the highest and lowest coefficient of z in the polynomials
the polynomials A%’O’@’O) (x), Bé;’i’?’o) (x), 05711,07(2),0) (x), and Dé}l’g’?’o) (x), as
well as formulas for the second highest and second lowest coefficient of x in
these polynomials. Finally, in Section 4, we shall discuss some connections
with our previous work [8] on quadrant marked mesh patterns in alternating
permutations, as well as some directions for further research.

In this paper, we need the following notation. Given a sequence o =
o1 -0y, of distinct integers, we let red(c) be the permutation found by
replacing the ith largest integer that appears in ¢ by . For example, if
o = 2854, then red(o) = 1432.

2. Proof of Theorem 2

The proof of all parts of Theorem 2 proceed in the same manner. That

is, there are simple recursions satisfied by the polynomials Aé}l’o’@’o)(x),

Bé}lﬁ’l@’o) (x), 05711,0,@70) (), and Dgz%),o) (z) based on the possible positions
of 1 in an up-down or a down-up permutation.

2.1. The generating function A®10:2:0) (¢, 1)

If o =01 09, € UDs,, then 1 must occur in one of the positions 1,3, ...,

2n — 1. Let U Déikﬂ) denote the set of permutations o € UDsy, such that

02k+1 = 1. A schematic diagram of an element in U Déikﬂ)

Figure 2.
Consider a ¢ = g1 ---09, € UDéikH) where 0 < k < n — 1. Note that
there are (2321) ways to pick the elements which occur to the right of posi-

is pictured in
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\ |1 \

\ o \
2k ! 2n-2k-1

position
2k+1

Figure 2: The graph of a o € UD(%H).

tion 2k +1 in such a o and there are Do, _ok—1(1) = Baj—2r—1(1) ways to or-
der them since the elements to the right of position 2k+1 must form a down-
up permutation of length 2n — 2k — 1. The fact that ogr11 = 1 implies that
o9k+1 matches MM P(1,0,0,0) in o and that none of the elements to the
right of position 2k 4+ 1 match MM P(1,0,(,0) in o. Thus, the contribution
of the elements to the right of position 2k + 1 in ZanDgff“) gmmpt 00 (o)
is Bo,—_ok—1(1). Now the only possible elements of o1, ..., 09 that can con-
tribute to mmp(:0:0:0) (o) are 01,03, ...,09;,_1. Since each of the elements
have an element to its right in o; - - - o9 which is larger than that element,
it follows that the elements to the right of position 2k 4+ 1 have no effect on
whether o1, ..., 09, can contribute to mmp(l’o’m’o) (o). Hence, the contribu-
tion of the elements to the left of position 2k+11in prmp 00 ()

oeUDSFY
is A%O,@,o) (z). It thus follows that for n > 1,

n—1
2n -1
A" (@) = xZ( o )an_%_l(l)Agz’O’“"’)(m)

k=0
or, equivalently,
(7) AQZOQO)( xnz:l Bon—2k— 1 ) A;LO(DO)( )
(2n —1)! (2n —2k—1)!  (2k)!
k:O

Multiplying both sides of (7) by t?"~! and summing for n > 1, we see that

5 AL @yt ) B (11271 A" @yt
(2n —1)! (2k — 1)! (2)!

n>1 E>1 k>0
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By (2),
Bow_ 1 (1)42k-1
Z % = tan(t)
k>1 '
so that
® 0 ABO99) (1, 2) = tan(1) AL 1, 7).

Our initial condition is that A(L%0:0)(0, ) = 1. It is easy to check that the
solution to this differential equation is

ALODO) 4 2y = (sec(t))”.
2.2. The generating function B(1:0:0:0)(¢, )

If o = 01---09n41 € UDay41, then 1 must occur in one of the positions

1,3,...,2n+ 1. Let UD%T;) denote the set of permutations o € UDap 1

such that o911 = 1. A schematic diagram of an element in UDéikH) is

pictured in Figure 3.

A permutation o = g1 - 0op41 € UD%TEU ends with 1 so that oo, +1 =
1 does not match MM P(1,0,0,0) in o. Moreover, red(cy - - - 0a9y,) € UDay,
and 9,41 = 1 cannot affect whether any of the other elements in ¢ match

MMP(1,0,0,0). Thus,

ST ) 4(L000)

06(]1)&?1?”

Next, consider U Dgi]fll) where 0 < k£ < n — 1. Note that there are @2)
ways to pick the elements which occur to the right of position 2k + 1 in
such a o and there are Cy,_o(1) = Ag,—2x(1) ways to order them since
the elements to the right of position 2k 4+ 1 form a down-up permutation of
length 2n — 2k. That is, the fact that o9;+1 = 1 implies that o941 matches
MMP(1,0,0,0) in o and that none of the elements to the right of position
2k +1 matches MM P(1,0,(,0) in o. Thus, the contribution of the elements
to the right of position 2k + 1 in » __/ pero gmmp 000 (a) 4o Con_ok(1) =

2n41

Aoy ok (1) since the elements to the right of position 2k+1 must form a down-
up permutation of length 2n — 2k. As we proved above, the elements to the
right of position 2k 4 1 have no effect on whether o1, ..., 09; can contribute
to mmp(L%20)(g). Tt follows that the contribution of the elements to the
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\ | |
\ o \
2k : 2n-2k

position
2k+1

Figure 3: The graph of a 0 € U D;i]fll).

left of position 2k + 1 in > eUDEED rmp 00 (o) g ASC’Ov@vO) (z). Tt thus
follows that for n > 1,

n—1

Béiﬁ’?’o)(x) = ASL’O’@O Z ( )Agn ok ( )ASC’O’@’O)(J:)
k=0

or, equivalently,

(1,0,0,0) 1,0,0,0 1,0,0,0
o  Bant@ A" ZA% (1) Ay ()

(2n)!  (2n)! 2n—2k: (Qk).

Note that Bgl’o’w’o)(:v) = 1. Multiplying both sides of (9) by #*” and summing
for n > 1, we see that

B(LO,@,O) (I’)t2n

Z 2n+(12n) :

_y A A ZA&’“’”’O)W%
(2n)! v (2k)! (2k)!

n>0 E>1 k>0

By (1),
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so that

%B(l’o’m’o) (t,z) = (sec(t))” + x(sec(t))*(sec(t) — 1)).
Thus,
(10) %B(I’O’@’O) (t,z) = (sec(t))®(1 — z + x sec(t)).

Our initial condition is that B(LO’@’O)(O,x) = 0. We used Mathematica to
solve this differential equation which gave the following formula for
BLO00) (1 ).

sin(t) cos(t)(1 — x + x sec(t))
x4+ (1 —x) cos(t)

X <(1—x) o F) <1 e s (sin(t>)2)

B(l,O,@,O) (t, .’1}') —

2 o 'Y

1 2+2 3 . 9
m(z, 2252 .
+x 9 1(2, 5 ,2,(8111(75))))

2.3. The generating function D1:0:8:0) (¢, 1)

If o =01 0941 € DUgpy1, then 1 must occur in one of the positions

2,4,...,2n. Let DUQ(ii)l denote the set of permutations ¢ € DUs,4+1 such

that o9, = 1. A schematic diagram of an element in DUQ(ii)I is pictured in

Figure 4.
Let

LT )
0€DUzpn 41

First, we want to study the polynomial 5&’2’?’0) (x) = Dé}z’_?_’?’o) (x,z). Sup-

pose that ¢ = 01 ---09p+1 is an element of DUsp 1. If 01 < 2n + 1, then

o1 will automatically contribute to mmp(l’o’@’o)(a). However, if 01 = 2n+1,

then oy will not contribute to mmp(!:0:2.0) (). Thus, the difference between
Egﬁ’?’o)(x) and Dg}lg? 0) (x) is that o7 always contributes a factor of x to
xmmp(l'o’mm(U)xx(0'1:2n+1).

First, we shall prove a simple recursion for ﬁ;{i’?’o) (). That is, con-

sider a ¢ = 01+ 0941 € DUz(lei)1 where 1 < k < n. Note that there

are (2§f1) ways to pick the elements which occur to the right of position
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2k-1 2n-2k+1

position

2k

Figure 4: The graph of a 0 € DUz(Zli)l

2k in such a o and there are Do, 9r11(1) = Boy_or—1(1) ways to order
them since the elements to the right of position 2k form a down-up per-
mutation of length 2n — 2k + 1. For a ¢ = o1+ 09541 € DUQ(ELIE_)17 none
of the elements o; for i > 2k matches MM P(1,0,0,0) in o and o9 = 1
always matches MM P(1,0,0,0) in o. Thus, the only other elements of

o that can possibly contribute to mmp(:0:9:0) 71=2n+1) are the ele-

1,0,0,0 .
ments o1,09,04,...,09,_2. Since in Dén+1 )(3:), o1 always contributes to

mmp(l’o’w’o)(a)a:X("l_Q"H) and the elements to the right of position 2k have
no effect on whether oo, ..., 09;_o contribute to mmp(l’o’@’o) (0), it follows
that the contribution of the elements to the left of position 2k to

(a)a:X(

Z xmmp(l’o’m’o)(o)xx(0'1:2n+1)
oeDUSR),
is Dog_1(z). Hence, for n > 1,
—(1,0,0,0) = 2n (10(/)0)
Dy (2) == Z 2% — D2 (z) Ban—2k+1(1)

k=1

or, equivalently,
—=(1,0,0,0) n —=(1,0,0,0)

ay Dl SO st
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Note that ﬁgl’o’w’o) () = x. Multiplying both sides of (11) by #*® and sum-

ming for n > 1, we see that

—(1,0,0,0 " —(1,0,0,0 (1,0,0,0)
Z DénJrl )(x)t2 e Z DgnJrl )(x)tzk Z Byyy (D)t
27 () 247 (2h) 247 (2k+ 1)
By (2),
ng,l(l)t%*l B

2. k-1 tan(?)

k>1
so that

I B0, 2y — o 4 wtan(@) D00 ¢, ).

ot
o e —(1,0,0,0) .
Our initial condition is that D (0,z) = 0. One can easily check that

the solution to this differential equation is

t
(12) D0 (4 1) = 2 (sec(t))® / (cos(z))®dz.
0
As observed above, the difference between Déhi? ’0)(:3) and 5&1? 0) (x)
is that the permutations ¢ = 01 --- 09p41 € DUspy1 such that o1 =2n+1

are weighted differently in that such permutations are weighted with an
+(1,0,0,0) (1,0,0,0)

extra power of z in Dy, 'y (z) than they are in Dy, """ (). That is,
(1,0,0,0) (1,0,0,0) —
z § : L mp (o) — § : 2P (a)xx(al—Qn—‘rl)‘
c€DUsp41,01=2n+1 c€DUsp41,01=2n+1

It is easy to see that

(1,0,0,0) (1,0,0,0)
mmp o s W,y
E x (@) = Ay, (x).
0€DUsp41,01=2n+1

Thus, it follows that

1,0,0,0 —(1,0,0,0 1,0,0,0

(13) DG @) = Dy (@) + (1 - 2) 450 (@),

Multiplying both sides of (13) by % and summing for n > 0, we see
that

1707®70)

t
DO 1,5) = DM (1,0 4 (1 - ) [ 40000z, 0
0
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\ | \
| | \
2k-1 ! 2n-2k

posftion
2k

Figure 5: The graph of a o € DUZ(ik).

Hence,
DEOD0) (4 1) = p(sec(t))® /0 (cos(2))%dz + (1 — x) /0 (sec(z))"dz.

2.4. The generating function C(1:0:0:0)(¢, )

If o =01 09, € DUs,, then 1 must occur in one of the positions 2,4, ...,
2n. Let DUQ(ZIC) denote the set of permutations o € DUy, such that o9 = 1.

A schematic diagram of an element in DUéik) is pictured in Figure 5.
Let

C%;O’@’O)(:L‘,y)z Z pnp 000 (3, (o =20)

oc€DUs,
First, we want to study the polynomial 6&’0’@’0) (x) = glﬂ’l@’o)(:c,x). As
was the case with Débg’?’o) (x), if 0 =01+ 09, € DUy, and 01 < 2n, then
o1 will automatically contribute to mmp(l’o’w’o) (o). However, if o1 = 2n,

then oy will not contribute to mmp(%%%9)(¢). Thus, the difference between

US;O’Q”O) () and Céil’o’@’o) (x) is that o1 always contributes a factor of x to
xmmp“’o'w‘o)(J)xx(crl:2n)_

. . 2 . .
First, consider 0 = o1+ - 09, € DUz(nn). Since o9, = 1, it is easy to see

that

S o e 0 )

ceDUS™
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Next, consider a 0 = 01 --- 09, € DUQ(ka) where 1 < k < n. Note that
there are @Z:D ways to pick the elements which occur to the right of posi-
tion 2k in such a o and there are Co,_9x(1) = Ag,—or(1) ways to order them
since the elements to the right of position 2k form a down-up permutation
of length 2n — 2k. For a 0 = 01 --- 0941 € DUQ(ik), none of the elements
o; for i > 2k matches MM P(1,0,0,0) in o and o9, = 1 always matches
MMP(1,0,0,0) in 0. Thus, the only other elements of o that can possibly
contribute to mmp(19:0.0) () zx(71=2n)

Since in C%i? 0) (), o1 always contributes to mmp1-0:0:0)(g)x(1=2n) 5pq

are the elements 01, 09,04, ...,09,_9.

the elements to the right of position 2k have no effect on whether o, ...,

o9r_o contribute to mmp(l’o’m’o)(a), it follows that the contribution of the

elements to the left of position 2k to > _ ./ cw gmp 00O (e) x(01=2n) g
2n

Do_1(x). Hence, for n > 1,

n—1
1,0,0,0 1,0,0,0 2n —1 1,0,0,0
4@ =D @)+ 0 X () DR @)z n)
k=1
or, equivalently,
1,0,0,0 1,0,0,0 (1,0,0,0
an  Ca@)  Da )+wZD2’“ 1 () Ag_(1)
(2n — 1)! (2n—1 (2k —1)! (2n — 2k)!°

Multiplying both sides of (14) by #2*~! and summing for n > 1, we see
that

chlowo)( )21 ZDSO(/)O)( )21
= (2n —1)! = (2n —1)!
-(1,0,0,0) 2n+1 2k
Dy ()t Agi (1)t
+x Z Z _—
= (2n +1)! = (2k)!
By (1),
Ao (1)t2F
Z 2(162(15! = sec(t)
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so that

950000 1y = B oy 4 DO o (sec(t) — 1)

— DO (1 — & 1 wsec(t))
t

= z(sec(t))*(1 — z + xsec(t)) / (cos(z))*dz.

0
Our initial condition is that 6(1’0’0)’0)(0,1‘)
to this differential equation, but it is a complicated expression which is not
particularly useful for our purposes so that we will simply record the solution

= 1. Maple will give a solution

to this differential equation as
(15)

oMMy =14 /0 t [az(sec(z))x(l — 4+ zsec(2)) /0 z(cos(y))xdy] dz.

As observed above, the difference between 05111,0,0),0) () and 6&’0’@’0) (x)

is that the permutations o = o1 ---02,41 € DUy, such that o1 = 2n are
weighted differently in that such permutations are weighted with an extra
power of z in U;{O’M) () than they are in 05711,0,0),0) (x). That is,

(1,0,0,0) (1,0,0,0) —
T § : 2 mp (o) — § : 2 mp (U)xX(Ul 2n).

0€DUsp,01=2n 0€DUsp,01=2n

It is easy to see that

(1,0,0,0) (1,0,0,0)
mmp o) __ 0,0,
E €T @ = By, ().
0€DUsp,01=2n

Thus, it follows that
1,0,0,0 —(1,0,0,0 1,0,0,0
(16) L0 () = T (@) + (1 — 2) BP0 (@),

2

Multiplying both sides of (16) by % and summing for n > 0, we see that

t
C000) (¢ 2y =00 1y (1 - ) / B0 (2, 2)d.
0
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Hence,

CHOD0) (¢ 4y =1+ /Ot [m(sec(z))x(l —x + xsec(z)) /Oz(cos(y))‘rdy] dz

t
+(1- x)/ BI0OO) (2 3Vdz.
0

3. The coefficients of the polynomials A(]L 09, 0)( ),
1,0,0,0 1,0,0,0 1.0.0.0
§n+1 )( ), C ( )( ), and D§n+1 )( ).

The main goal of this section is to explain several of the coefficients of
the polynomials A(QL’O’Q’O)( ) Bé;?_? 0) (x), CS{O’@’O)( ), and Déig_? 0)( ). For
n > 1, let 2n)!! = []";2¢ and (2n — D! = ] (2 — 1). First, it is
easy to understand the coefficients of the lowest power of x in each of these
polynomials. That is, we have the following theorem.

Theorem 3.

(1) Foralln >1,
A;{O’@’O)(x)’z = Bop—1(1).
(2) Foralln>1,

BSL0Y0) (4], = Ay, (1) + Ban1(1).

(3) For alln > 2,

CSLO0) (4)] = Aops(1) + Ban_s(1).

(4) For alln >1,
1,0,0,0
D§n+1 )(x) x = Ban-1(1).

Proof. For (1), note that if 0 = o1---09, € UDs, where n > 1, then oy
always matches MM P(1,0,(,0) in o. Moreover if o1 # 1, then o941 = 1
for some k > 1 in which case o941 will also match MM P(1,0,0,0) in o.
Thus, the only possible way to have mmp(:929)(¢) = 1 is if o1 = 1 in which
case none of o9, ..., 09, will match MM P(1,0,0,0) in o. Clearly, in such a
situation, red(og - --agn) € DUsy—1 so that we have Day,_1(1) = Ba2,—1(1)
ways to choose o9 - - - 09, It follows that A(1 0., 0)( )|z = Ban—1(1) for n > 1.

For (2), note that if 0 = o1+ 09p41 € UDgy41 where n > 1, then
again oy always matches MMP(I,O,@,O) in 0. However, in this case, if
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o1 # 1, then 09,11 = 1 for some k& > 1 in which case o941 will also match
MMP(1,0,0,0) in o if 1 < k < n, but it will not match MM P(1,0,0,0)
in o if kK = n. Thus, if 0 = 01--- 02,41 € UDgp41 and mmp(l’o’m’o)(a) =
1, it must be the case that 01 = 1 or o9,+1 = 1. Now if oy = 1, then
none of og,...,09,+1 will match MM P(1,0,0,0) in o. Clearly, in such a
situation, red(og - - - 0ap+1) € DUsayp, so that we have Coy,(1) = Az, (1) ways
to choose o2 - - gopy1. If 0941 = 1, then it must be the case that o; = 2
since otherwise og;41 = 2 for some k£ > 1 in which case o1 and o911 = 2 will
match MM P(1,0,0,0) in o. But then red(os - - - 02,) € DUs;,—1 so that we
have Doy, _1(1) = Ba,—1(1) ways to choose o3 - - - 09,,. Hence, Bé}{?_’?’o) ()| =
AQn(l) + anfl(l) for n > 1.

For (3), note that if 0 = oy - - - 09, € DUy, where n > 2, then oy always
matches MM P(1,0,0,0) in o. Moreover, if oy # 1, then o9 = 1 for some
k > 2 in which case o9 will also match MM P(1,0,0,0) in o for 1 <k <mn
but will not match MM P(1,0,0,0) in o if k = n. In addition, o1 will match
MMP(1,0,0,0) in o unless o7 = 2n. Thus, if 0 = 0109, € DUy, and
mmp 000 (5) = 1, then we must have oy = 2n and either oo = 1 or
o9, = 1. If 09 = 1, then none of o3, ..., 09, will match MM P(1,0,0,0) in
0. Clearly, in such a situation, red(os3---09,) € DUs,—2 so that we have
Con—2(1) = Ag,—2(1) ways to choose o3 - - g9y, If 09, = 1, then it must be
the case that o9 = 2 since otherwise o9, = 2 for some k > 2 in which case oy
and o9 = 2 will match MM P(1,0,0,0) in o. But then red(os---o9,-1) €
DUy, —3 so that we have Ds,_3(1) = Ba,_3(1) ways to choose o3+ 09,—1.
Hence, Cgl,o,@,o) (2)|z = A2n—2(1) + Bap—3(1) for n > 2.

For (4), note that if 0 = 010941 € DUzptq1 where n > 1, then o9
always matches MM P(1,0,(0,0) in o. Moreover if o9 # 1, then o9 = 1
for some k > 2 in which case o9 will also match MM P(1,0,0,0) in o.
Finally, o1 will also match MM P(1,0,0,0) in o unless o1 = 2n + 1. Thus,
if o =01 0941 € DUzpy1 and mmp(l’o’wvo)(a) = 1, it must be the case
that o1 = 2n+ 1 and 02 = 1 in which case none of o3, - - - , 02,41 Will match
MMP(1,0,0,0) in 0. Clearly, in such a situation, red(os - - o2,) € DUsy—1
so that we have Dg,_1(1) = Ba,—1(1) ways to choose 03 - - - 09,41. It follows

that DS@’R’?’O) ()| = Bap—1(1) for n > 1. O

We can also explain the coefficients of the highest power of x in each
of the polynomials Ag,(z), Bopt+1(z), and Dayy1(x). That is, we have the
following theorem.

Theorem 4.

1,0,0,0)

(1) For allm > 1, the highest power of x that appears in Agn (x) is z™

which appears with coefficient (2n — 1)!1.
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(2) For allm > 1, the highest power of x that appears in Bg;’?_’?’o) () is z™

which appears with coefficient (n + 1)((2n — 1)1).
(3) For alln > 2, the highest power of x that appears in C’éi’o’@’o) (x) is ™
which appears with coefficient (2n? —n —1)((2n —4)!) —n((2n — 3)!1).
(4) For all m > 2, the highest power of x that appears in Dékg’?’o)(x) is
™1 which appears with coefficient (2n)!! — (2n — 1)IL.

Proof. For (1), we proceed by induction on n. Clearly, the formula holds

gl,o,@,o)(x) = z. Thus, assume that n > 1, and that by

induction, we know that A%’O_’g’o) ()|gn-1 = (2n — 3)!1. Tt is easy to see that

for n = 1 since A

the maximum that mmp(l’o’@’o)(a) can be is n since for any ¢ = o1 -+ - 09, €
UDs,, only 01,03, ,02,—1 can match MM P(1,0,0,0) in o. If o941 = 1
for some k < n — 1, then o943, ...,09,—1 will not match MM P(1,0,0,0)
in 0. Thus, if 0 = 0109, € UDs, is such that mmp(l’o’w’o)(o) = n, then
oon—1 = 1 and mmp(1-0:0:0) (01 02p—2) = n—1. We then have (2n—1) ways
to choose the value 09,, and once we have chosen the value of os,, we have
(2n — 3)!! ways to choose o7 - - - 09— Hence, ALOD0) (2)] . = (20 — 1)1,
For (2), it is easy to see that our formula holds for n = 1 and n = 2 since
Bél’o’w’o) ()|, = 2and Bél’o’w’o) (2)|z2 =9 = 3(3!!). So assume that n > 3 and
suppose that ¢ = 01:--09p41 € UDop41. Then only o01,03,...,09,-1 can
match the MM P(1,0,0,0) in o. Thus, the maximum that mmp(%:0:0.0) (o)
can be is n. Note that if o951 = 1 where 0 < k£ < n—1, then none of 09,1 for
j > k will match the MM P(1,0,0,0) in 0. It follows that if mmp®%:0.9)(¢) =
n, then it must be the case that g9,41 =1 or 09,1 = 1. Now if 09,1 = 1,
then we have (22") ways to choose the values of g9, and 09,41, and it must be
the case that red(oy - - - 09,—2) = 7 where 7 € U Dag,,_9 and mmp(1:0:0:0) (1) =
n — 1. It then follows from part (1) that we have (2n — 3)!! ways to choose
01 - -+ Oan—2 so that the set of permutations 0 = o1 - - - o9p+1 € UDaypq1 with

oon—1 = 1 contributes (22")(2n =3 =n(2n - 1)) to BSL’S_’?’O)(;UHM. If
Oon+1 = 1, then it must be the case that 09,1 = 2 and red(oy - - - 09,-2) =T
where 7 € UDs, 5 and mmp*%9(7) = n — 1. Thus, we have 2n — 1
choices for the value of 09,, and then as before we have (2n — 3)!! to choose
01+ 0on—o. Thus, the set of permutations o = g1 -+ - 0941 € UD2op 1 with
oon+1 = 1 contributes (2n — 1)!! to Bézg?o)(x)\x Hence, Bé}]’i’?’o) (2)|gn =
(n+1)(2n — .

For (4), it is easy to see that if 0 = o7+ 09p41 € DUap1, then only
01,09,04,...,09, can match MMP(1,0,0,0) in ¢. Thus, mmp(%2.0)(s)
is at most n + 1. It is also easy to see that if o9 = 1 for k < n, then
O9k+2, - - -y 02, Will not match MM P(1,0,0,0) in o so that if mmp(1:0:0:0) (0)=
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n + 1, then it must be the case that o9, = 1. Thus, assume that ¢ =
01 0op+1 € DUgpy1 is such that mmp(l’o’m’o)(a) =n+ 1. Since o9, = 1,
we have two cases.

Case 1. 09,41 = 2n + 1. In this case, we know that o7 will always match

MMP(1,0,0,0) in 0. Thus, as far as o1 - - - 02,1 is concerned, we are dealing

with the polynomial Egﬁ’fm) (x). We then have the following lemma.

Lemma 5. Forn > 1, the highest power of x which occurs in 5;’2’?’0) ()

is 2" which occurs with a coefficient of (2n)!!.

Proof. We proceed by induction on n. Our theorem holds for n = 1 since

Egl’o’w’o)(m) = 222, Now assume that n > 1 and the lemma holds for n — 1.
As in our discussion for Dy, 1(z), if 0 = 01 -+ - 09p4+1 € DUzp41 is such that
x(o1 = 2n + 1) + mmp099(5) = n + 1, then it must be the case that
o2n, = 1. But then we have 2n choices for g9,41, and once we have chosen
O9n+1, then 7 =red(oy - - - 095,—1) must be an element of DUy, 1 such that
x(m1 = 2n — 1) + mmpH%00) (1) = n. By induction, we have (2(n — 1))!!

ways to pick o - - 09,—1. Thus, ﬁg{i’?’o) (@) |zn = (2n)!. O

It follows that in Case 1, we have (2n — 2)!! ways to pick o7 - - 09,1
so that the permutations such that o9, = 1 and 02,41 = 2n + 1 contribute

1,0,0,0
(2n —2)11 to DOV ()] .

Case 2. o9p,41 < 2n + 1. In this case, 7 = red(o;---092,—1) must be
an element of DUs,_1 such that mmp(l’O’Q)’O)(T) = n. It then follows by
induction that we have (2n — 1) ways to pick 09,41, and once we have
chosen 09,411, we have (2n — 2)!l — (2n — 3)!l ways to pick o1 09,-1.
Hence, the permutations such that o9, = 1 and 09,41 < 2n + 1 contribute
2n —1)(2n —2)1 = 2n = 3)!I") = 2n — 1)((2n — 2)!1) — (2n — D!! to

1,0,0,0
Dén-ﬁ-l )(:L’)

Thus,

xn+l.

DSOS () s = (20— 201+ (20 — 1)((2n — 2)11) — (20— DI
=(2n)!1 — (2n — 1)IL

For (3), observe that if 0 = o1 - -- 09, € DUy, then only 01,09, 04,...,
09n—2 can match MMP(1,0,0,0) so that mmp%0.9(g) is at most n. It is
also easy to see that if oo, = 1 for k < n — 1, then g9py9,...,09,—2 will not
match MM P(1,0,0,0) in o so that if mmp(:0%9(5) = n, then it must be
the case that o9, = 1 or o9,_o = 1. Suppose that 0 = o109, € DUsp,
and mmp(1029) (¢) = n. We then have three cases.
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Case I. 09, = 1. In this case, it must be that 7 = red(o;---09,-1) €
DUy, —1 and mmp090(7) = n. Thus, by part (3), we have (2n — 2)!! —
(2n — 3)!! choices for o1 - - - o9y,

Case II. 09,2 = 1 and 09,,—1 = 2n. In this case, we have (2n—2) choices for
o9n. The fact that og,—1 = 2n implies that o1 will always match M M P(1,0,
0,0) so that v = red(oy---09,—3) is a permutation in DUs,_3 such that
x(o1 = 2n—3)4+mmp-090 (y) = n—1. By Lemma 5, we will have (2n—4)!!
choices for o7 - - - 09,3 once we have chosen oy,. Thus, the permutations in
Case II will contribute (2n — 2)!! to C,;ll,o,(b,o) ()]

Case IIlL. 05, 2 = 1 and 09,1 < 2n. In this case, 7 = red(o; - 02,—3)
must be an element of DUs,_3 such that mmp®%%0(7) = n — 1. Then we

have (2”; 2) ways to pick 09,1 and o9,, and once we have chosen 09,1 and

o2n, we have (2n — 4)!l — (2n — 5)!! ways to pick oy ---o2,—3 by part (4).
It follows that the permutations in Case III contribute (2”2_ 2)( (2n — 4HN —
(2n = 5)11) to CS-0%0) ().

Thus,

CSM000) ()0 = (20— 2)11 — (20 — )1 + (2n — 2)!!
+ (2”2_ 2) ((2n — 4! — (2n — 5)1)
=2((2n — 2)I1) — (2n — 3)N!
+(n—1)(2n —3)((2n — 4! — (2n — 5)I1)
=(22n—-2)+ (n—1)(2n —3))((2n —H!) —n((2n — 3)!1)
= (202 —n —1)((2n — 4)!) — n((2n — 3)!). O

Next, we give formulas for the coefficient of z? in the polynomials
1,0,0,0 1,0,0,0 1,0,0,0 1,0,0,0
Agn )( )s B£n+1 )( )s Cén )( ), and B£n+1 )( ). None of the corre-
sponding sequences had previously appeared in the OEIS [12].

Theorem 6.

(1) Forn>2,

n—

1
,0,0, n—1
ASLO 0 < >B2k—1(1)B2n—2k—1(1)~
=1
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(2) Forn >3,

BS{%?D( oz = A5 00 ()2 +Z( >B2k 1(1) Agp—2k(1).

(3) Forn > 2,

2n —1
D& (@) 42 = (2n—1) 1 (1 )+kz <2k B 2) Boj—3(1) Bap—ak+1(1).

(4) Formn > 2,

CSE00 () ]2 = DS ()] ,2 + (20 — 2) Asya(1)
n—1
2n — 2
+ kZ_Q (% B 2) Bog-3(1)Azp—2k(1).

Proof. For (1), suppose that o = o7 - - - 09, € UDy3,, and mmp(lvo’Q’O) (o) =2.
Then it cannot be that o1 = 1 since that would force that os,..., 09, do
not match MMP(1,0,0,0) in 0. Thus, 1 € {oogs1 : k = 1,...,n — 1}.
Now suppose that o911 = 1 where 1 < k < n — 1. Then o9xy1 will match
MMP(1,0,0,0) in o and o912, ..., 02, will not match MM P(1,0,0,0) in
0. Hence, it must be the case that 7 = red(oy - - o9i) is a permutation in
U Doy, such that mmp(:09:0(7) = 1. Thus, we have (2221) ways to choose
the set of elements for oq,...,09;, and by Theorem 3, we have Boj_1(1)
ways to order them. We also have Bg, _or_1(1) ways to order ookyo - 0ap.
Hence,

n—1
2n —1
AGOPO ()]0 = > ( o >B2k—1(1)BQn—2k—1(1)-

k=1

The argument for (2) is similar. That is, suppose 0 = 01+ 0241 €
UDgp41 and mmp(1:0:0:0) (o) = 2. Then again we cannot have o7 = 1. Thus,
1 € {o9k+1 : kK = 1,...,n}. Now suppose o941 = 1 where 1 < k <
n — 1. Then o9x41 will match MM P(1,0,0,0) in o and oog12,.--,02m+1
will not match MM P(1,0,0,0) in o. Hence, it must be the case that 7 =
red(oq - - - o9) is a permutation in U Dy, such that mmp(1:0:0:0) (1) = 1. Thus,
we have @Z) ways to choose the set of elements for oy, ..., 09, and by The-
orem 3, we have Boy_1(1) ways to order them. We also have Ag,_ox(1) ways

to order ogk12 - - - 0op+1. However if 09,41 = 1, then 02,41 does not match
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MMP(1,0,0,0) in o so that it must be the case that o = red(oq - - 02,)
is an element of U Dy, such that mmp™®0%:0 (1) = 2. Tt follows that in this

1,0,0,0
case, we have Aén )(33)|x2 ways to choose o7 - - - 09,,. Hence,

Béiﬁ?o)(w)\ —AIOM )2 +Z< >B2k 1(1) Azn—2k(1).

For part (3), suppose that ¢ = o1--09p41 € DUz and
mmp(1’07@’0)(0) = 2. Then 1 € {02,04,...,09,}. Now if o9 = 1, then we
cannot have o1 = 2n 4 1 because that would force mmp(1%0.0)(g) = 1.

Thus, if o9 = 1, then 2 < o1 < 2n in which case o1 and o9 will be the only
two elements of o to match MM P(1,0,(,0) in . We then have Dy, _1(1) =
Bay,—1(1) ways to pick o3 - - 09p4+1 as red(os - - - 02p41) € DUgy—1. Thus, the
number of ¢ = o1+ 09,41 € DUszp41 such that mmp(l’o’w’o)(a) = 2 and
o9 = 1is (2n — 1)Bgy,—1(1). Next, assume that o9 = 1 where 2 < k < n.
Then o9 matches MMP(1,0,0,0) in o. It follows that we cannot have
2n + 1 € {o3,...,00,+1} since otherwise o1 and o9 would also match
MMP(1,0,0,0) in o which would force mmp(l’o’m’o)(a) > 3. Thus, it must
be the case that o1 = 2n+ 1. Moreover, if s = min({o9,...,09—_1}), then it
must be the case that o9 = s since otherwise s = o9 forsome 2 < j < k—11in
which case both o3 and o9; would match MM P(1,0,0,0) in o which would
mean mmp(L%2.0)(5) > 3. Thus, we have (g;‘:;) ways to choose the elements
03,...,095—1 and then we have Byi_3(1) ways to order o3,...,09;_1 since
red(os -+ - 09x—1) must be an element of DUy;_3, and we have B, ok11(1)
ways to order ooky1 -+ 0opt1 since red(oggiq - - - 02p41) must be an element
of DUy;,—9p+1. Hence,

0,0, 2n -1
Déh—?—l 0)($)|$2 - ( n—1 B2n 1 + Z < >ng_3(1)Bgn_2k+1(l).

For part (4), suppose that o = o1 - - - 09, € DUs, and mmp90.0)(5) =
2. Then 1 € {09,04,...,02,}. We then have three cases.

Case 1. 09, = 1. In this case, o9, does not match MM P(1,0,0,0) in o so
that it must be the case that if 7 = red(oy - - - 095,—1), then 7 is a permutation

in DUy, 1 such that mmp(:029)(7) = 2. Thus, , we have Dg;o?o)( )| z2
choices for o1 -+ 09p—1-

Case 2. 09 = 1. In this case, we cannot have o1 = 2n because that
would force mmp(l’o’w’o)(a) = 1. Thus, if 0o = 1, then 2 < 01 < 2n —1
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in which case o; and o9 will be the only two elements of ¢ to match
MMP(1,0,0,0) in 0. We then have Cg,—2(1) = Agp_o(1) ways to pick
0309, as red(o3 - - - 09y, ) € DUsy—9. Thus, the number of 0 = 01 -+ - 09, €
DU, such that mmp%%9) (¢) = 2 and o9 = 1 is (2n — 2) Az, _o(1).

Case 3. o9, = 1 where 2 < k < n — 1. Then o9, matches MM P(1,0,0,0)
in o. It follows that we cannot have 2n + 1 € {o3,...,09,} since other-
wise o1 and oy would also match MM P(1,0,0,0) in ¢ which would force
mmp%0.9(5) > 3. Thus, it must be the case that oy = 2n. Again, if
s =min({o9,...,09t_1}), then it must be the case that oo = s since other-

wise s = og; for some 2 < j < k — 1 in which case both o2 and og; would
match MM P(1,0,0,0) in ¢ which would force mmp*%:9)(¢) > 3. Tt fol-

lows that we have (%Z:g) ways to choose the elements o9, ..., 09,_1 and then
we have Boy_3(1) ways to order o3, ...,09,_1 since red(os---ogr_1) must

be an element of DUy, _3 and As,_ox(1) ways to order ogpiq - - - 02y, since
red(ogky1 - - - 02,) must be an element of DUy, _ok. Hence, the elements in
Case 3 contribute Z;; @Z:;’) Boj_3(1)Agy_ok(1) to 05711,0,(2),0) (2)]z2. Hence,

OO0 ()| = DSV (@) + (20 — 2) Agna(1)

n—1
2n —2
+) <2k B 2) Bak—3(1) A2n—2(1). N

k=2

Finally, we have the following theorem which gives formulas for the sec-

ond highest coefficient in A;{O’&O)(aﬁ), B(l’o’?’o)(x), C’éi’o’w’o)(az), and

2n+
Délﬁ? ’0)(1’). None of the corresponding sequences had previously appeared

in the OEIS [12].

Theorem 7. (1) For alln > 2,

(17) AL @) = 2() (20 - 1)

(2) Foralln > 2,

18) BRI (@). s = (g(g) n 2(7;)) (20— 1))
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(3) Foralln>1,

1,0,0,0
(19) DSV (x)

xm

I
N
B

3
—~
Ot
=
wl |
W
S~—
RA
—
—
[\]
ol
|
[\)
N—
N
—=
—~
[\]
<.

|

—_
S—
N————

(4) For alln > 3,
(20)
1,0,0,0 1,0,0,0 2n —2 1,0,0,0
O @ans = DG st (7 %) DGO

28n% — 72n + 39
n 24”+ ((2n — 2)11)

- g(” ) 1>((2n —3)).

Proof. For (1), we proceed by induction on n. Now (17) holds for n = 2 since
Ail’o’@’o)(x)|x = 2. Now suppose that n > 2, 0 = g1---09, € UD>, and
mmp-00:9)(5) = n — 1. Only 01,03, ...,02,-1 can match MMP(1,0,0,0)
in 0. Now it cannot be that o941 = 1 where £ < n — 2 since then
mmp-099)(5) < k +1 < n — 1. Thus, it must be the case that oo,_3 = 1
or o9,_1 = 1. Now if 09,_3 = 1, then o9,_3 matches MM P(1,0,0,0) in o
and 09,1 does not match MM P(1,0,0,0) in o. Then we have (2"_1) ways

3
to choose the values of 09,2, 02,1, and o9,, and we have two ways to or-
der them. In addition, we must have that mmp1-0:0:0) (red(o1,...,09,-4)) =

n—2. But then by Theorem 4, we have (2n—5)!! ways to choose o1 - - - 09,4
so that the number of 0 = o1---09, € UDs, such that o9,_3 = 1 and
mmp1000)(5) =n — 1 is

2n —1 2

2( " T ) 2n -5 = Z(n— 1)((2n — D).
3 3

Now if 09,1 = 1, then we have 2n — 1 ways to pick the value of o, and

we must have that mmp®%2.9) (red(oy, . .. ,0on—2)) = n — 2. Thus, we have

A1) (T)[gn-2 = %(”;1)(271 — 3)!! ways to choose o7 -+ 09,—2. Thus, the

number of ¢ = o1 - - - 09, € UD3,, such that o9,,_1 = 1 and mmp(lvoﬁw’o)(a) =

n—11is %("51)(271 — 1)!I. Hence,

Ao (2) g1 = ;(n—l)((2n—1)!!)+§ (” ) 1) (2n—1)11) = ; <;‘> (2n—1)1).
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Part (2) can be proved by induction in a similar manner. Now (18)
holds for n = 2 since Bél’o’w’o)(ﬂvﬂm = 7. Now suppose that n > 2, 0 =
010241 € UD2n+1, and mmp(l’o’w’o)(a) =n—1. Only 01,03,...,02p—1
can match MMP(1,0,(,0) in o. Again, it cannot be that o1 = 1 where
k < n — 2 since then mmp%%9(¢) <k +1 < n — 1. Thus, it must be the
case that o9,—3 =1, 09,1 = 1, and 092,41 = 1. Thus, we have three cases.

Case A. 09, 3 = 1. Then 09, _3 matches MM P(1,0,0,0) in o and 02,1
does not match MM P(1,0,0,0) in o. Then we have (25) ways to choose the
values of o9y,—2, 02n—1, 02y, and 2,41, and we have 5 ways to order them.
In addition, we must have that mmp®%%:9 (red(oy, ..., 09,_4)) = n—2. But
then by Theorem 4, we have (2n — 5)!! ways to pick oy -+ - 02,4 so that the
number of o = oy - - - 09, € UDay, such that o9,_35 = 1 and mmp(1:0:0:0) (o) =
n—1is

5(?) (2n—5)ll = gn(n _)((2n— 1)) = g(g) (2n— 1)),

22”) ways to pick the values of o9,, and

Case B. 09,_1 = 1. Then we have (
09n+1 and we must have that mmp%0.9) (red(oy, ..., 09,_2)) = n—2. Thus,

we have Ay, _1)(z) 2

an? = 5 (";1) (2n —3)!!) ways to pick oy - - - 09,—2. Thus,
number of ¢ = oy - - - 09y, € U Dy, such that 09,1 = 1 and mmp1:9-0:0) (o) =
n—11s

(22n>§<n . 1>((2n o §n<n , 1>((2n = 2@)((% — 1)),

Case C. 09,41 = 1. In this case, 02,41 does not match MM P(1,0,0,0) in
o so that we must have that mmp(:029) (red(oy, ..., 09,)) = n— 1. By part
(1), we have 2(3)((2n — 1)!1) ways to choose o7 - - - 02, in this case.

Thus, it follows that Bayt1(z)|zm-1 = (%(Z) +2(3))((2n — 1)1).
Before we can prove part (3), we first need to establish the following

lemma.

Lemma 8. Forn >1,

(21) Do (2)ler = 3 (n* ~ (201,

Proof. We proceed by induction on n. The lemma holds for n = 1 since

Egl’o’m’o)(x) = 222 so that D3(z)|, = 0. Now assume that n > 2 and o =
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01 0op+1 € DUspyq, and mmp(1’0’®70)(0) + x(o1 = 2n+ 1) = n. Only
01,02,04,...,09, can match MM P(1,0,0,0) in o. Now it cannot be that
o9, = 1 where k < n — 2 since then mmp909) () + x(o7 = 2n + 1) <
k 4+ 1 < n. Thus, it must be the case that 09,9 = 1 or o9, = 1. Now if
Oon—o = 1, then o9, matches MM P(1,0,(,0) in o and o3, does not match
MMP(1,0,0,0) in 0. Then we have (2;) ways to choose the values of og,_1,
Oon, and o2y,41, and we have two ways to order them. In addition, we must
have that if 7 = red(oy, ..., 02,_3), then mmp0L0) (1) £y (1) = 2n —3) =
n — 1. By Lemma 5, we then have (2n — 4)!! ways to choose oy - - - 02,—3 SO
that the number of ¢ = 109,41 € DUspy1 such that o9, 9 = 1 and
mmpH000) (6) + x(op = 2n+1) = n is

2(2”> (2n — 4)11 = 2“3‘ Lemm.

3

Now if g9, = 1, then we have 2n ways to pick the value of g9,41, and if
o = red(oy,...,09,-1), then mmp29%0(a) + x(a; = 2n — 1) = n — 1.
Then we have Dy, _1)4+1(2)|gn-1 = 3((n—1)2—1)((2n—2)!!) ways to choose
01+ 09p_1. Thus, number of ¢ = o1---09, € UD>, such that 09,1 =1
and mmp(0%0 (0) + x(o1 = 2n 4+ 1) = nis 2((n — 1)% — 1)(2n)!!. Hence,

E2n-l—1(x)‘x"
_2n—1

(2n)!1) + é((n 12— 1)(@2n)) = %(rﬂ —1)((2n)1). O

We prove part (3) by induction. We have that (19) holds for n = 2 since
Dél’o’w’o)(x)\w = 9. Now suppose that n > 2,0 =01+ -0op11 € DUspa1, and
mmp190:9)(5) = n. Only 01,09,04, . ..,09, can match MM P(1,0,0,0) in
o. It cannot be that oo, = 1 where k < n — 2 since then mmp(l’oﬁw’o) (o) <
k 4+ 1 < n. Hence, it must be the case that 09,2 = 1 or 09, = 1. Thus, we
have two cases.

Case I. 09,9 = 1. Then 09,9 matches MM P(1,0,0,0) in o and oy, does
not match MM P(1,0,0,0) in o. Then we have two subcases.

Subcase L.a. 2n+1 € {o9,_1, 02y, 02n+1}. In this case, we have (2";1) ways

to choose the values of the other 2 elements in the set {o2,—1, 092, 0241}
and then we have 2 ways to order o9,_109,02,+1. Then since 2n + 1 €
{02n-1,02n,02n+1}, We are guaranteed that o1 matches MM P(1,0,0,0)
in 0. Thus, when we consider 7 = red(oy - --02,-3), we must have that
mmp1 000 (1) 4 x(r = 2n — 3) = n — 1. It follows from Lemma 5 that
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we have (2n — 4)!! ways to pick o7 - - - 09,—3. Hence, the 0 € DUy, 41 in this
subcase contribute 2(2" 1) 2n—4) = (2n—1)((2n—2)!!) to Dgl’?r’?’o) ()

xTn.

Subcase L.b. 2n + 1 & {02,-1, 02, 02n+1}. We then have (271;1) ways to

choose the values of the elements of {021, 02, 02n+1} and 2 ways to order
them. Because 2n + 1 & {o2,—1, 02n, 02n+1}, We are not guaranteed that o;
matches MM P(1,0,0,0) in 0. Thus, when we consider 7 = red(oq - - - 025,—3),
we must have that mmp:0:4:0) (1) = n—1. It follows from Theorem 4 that we
have (2n — 4)!! — (2n — 5)!! ways to pick o1 - - - 09,—3. Thus, the 0 € DUs;, 41
in this subcase contribute

2(2”3_ 1) (20— 4)11 — (2n — 5))

= B D) (9 — oy — 2 1)((20 — 1)1

10@0
to DIV (@) 4.

Case II. 09, = 1. In this case o9, matches MMP(1,0,0,0) in o. Then
again, we have two subcases.

Subcase Il.a. 09,11 = 2n + 1. Because 2n + 1 = 09,41, We are guar-
anteed that o1 matches MM P(1,0,0,0) in o. Thus, when we consider 7 =
red(oy - - - 02n_1), we must have that mmp®%20) (1) 4y (7 = 2n—1) = n—1.
It follows from Lemma 8 that we have 1((n — 1)2 — 1)((2n — 2)!!) ways
to choose oy ---09,—3. Hence, the 0 € DUy, 11 in this subcase contribute

L((n—1)2=1)((2n — 2)1) to DSOPO ().

Subcase II.b. 2n + 1 # 09,+1. We then have (2n — 1) ways to choose the
value of g9,11. Because 2n 4+ 1 # 09,11, then we are not guaranteed that oy
matches MM P(1,0,(,0) in 0. Thus, when we consider 7 = red(oy - - - 095,-1),
we must have that mmp%0.0)(7) = n — 1. It then follows by induction that
the permutations o € DUy, 11 in this subcase contribute

n—1 n—1
(2n — 1)( <Z M((zk —2)) I 2i- 1))

i=k+1
32 -2) o)

1 n
_ (k: (5k — . Ok =D (o —2m) [ (2i - 1))

1 i=k+1
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_ g ((" ) 1) _ 1) (2n— 1))

1,0,@,0
to DT (@) 4.

It follows that

DU (@) = (20— 1)((20 — 2)1) + 3 ((n — 1) ~ 1)((20 —~ 2)1)
L @n- 1)3(2” =3 (2 — 2y = =2 (20— 1))
n—1 n
+ (Z (5k 4)k((2k 2 ] 2i- 1))
i=k+1

(05

n— n — n—1)2—
_((Qn—2)!!)<(2n—1)+(2 1>3<2 INCED 1)

— ((2n — 1)1 (g(n— 1)+ % (("; 1) - 1))
n (S W((% —2)IN) f[ (2i — 1))
k=1 i=k+1

_ B o, oy - g <<Z> _ 1) ((2n — 1)1

3
n—1 n
+ (Z (5k — 4>’“((2k 2 ] (2@'—1))

k=1 i=k+1
(Z (5k — 4)k (2k—2)) ] 2i- 1))
k=1 i=k+1

_§<< ) 1) (20— 1)N).

For part (4), suppose that o = o7 - - - 09, € DUy,,. Then only 01,09, ...,
Oon—o can match MMP(1,0,0,0) in o. Thus, it cannot be the case that
o9r = 1 where k < n — 2 since then mmp099) (¢) < k41 < n — 1. Thus,
we must have 1 € {o9,—4,02,—2, 02, }. We then have three cases.

Case 1. 09, = 1. In this case, o9, does not match MM P(1,0,0,0) in o.
Hence, it must be the case that mmp%%9 (red(o - --09,_1)) = n — 1 so
that by part (3), we have Dgﬁ’?’o) ()

zn—1 Ways to choose o1 ---09,—1.
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Case 2. 09,-2 = 1. In this case, 09,2 matches MM P(1,0,0,0) in 0. We
then have two subcases.

Subcase 2.1. 09,1 = 2n. In this case, we are guaranteed that o; will match
MMP(1,0,0,0) in 0. Thus, if 7 = red(o7 - - - 02,,—3), then we must have that
mmp000) (1) 4 x(7y = 2n — 3) = n — 2. We then have (2n — 2) ways to
choose 02y, and once we have chosen oy, we have 2((n—2)? —1)((2n—4)!!)
ways to choose o1 - - - 09,3 by Lemma 8. Thus, the permutations o € DU,,
in this case contribute %((n —2)2 = 1)((2n — 2)!") to Cop(x)|gn-1.

Subcase 2.2. 09,1 # 2n. In this case, we are not guaranteed that oy will
match MMP(1,0,0,0) in o. Thus, if 7 = red(oq - - 09;,—3), then we must
have that mmp®:0-0:0) (1) = n—2. We then have (2”2_2) ways to choose oo,_1
and o9, and once we have chosen 0y,_1 and og,, we have Da,_3(x)|zn—2
ways to choose o1 - - - 09,—3. Thus, the permutations ¢ € DUs, in this case

contribute (2"2_2) Dap—3(x)|gn—2 t0 Cop()|gn—1.

Case 3. 09,,—4 = 1. In this case, 09,4 matches MM P(1,0,0,0) in o, but
09n—2 does not match MM P(1,0,0,0) in 0. Again, we have two subcases.

Subcase 3.1. 2n € {02,—3,02,—2,02n—1, 02, }. In this case, we are guaran-
teed that o1 will match MM P(1,0,0,0) in 0. Thus, if 7 = red(oq - - - 025—5),
then we must have that mmp192.9) (7) 4y (7 = 2n—5) = n—2. We then have
(2"3_ 2) ways to choose the remaining elements for {o2,—3, 02n—2, 0on—_1, 02, }.
Once we have chosen the remaining elements for {o2,—3, 02,2, 201,021 },
we have 5 ways to order them and we have Da,_5(z)|zn-2 ways to choose
01+ 09,_5. By Lemma 5, Do, 5(2)|zn—2 = (2n — 6)!I. Thus, the permuta-
tions 0 € DUy, in this case contribute 5(27‘;2) ((2n—6)!1) = 2(2n—3)((2n—
2)I1) to Cap(x)

zn—1.

Subcase 3.2. 2n & {09,—3,02n—2, 0on—1, 02, }. In this case, we are not guar-
anteed that o will match MM P(1,0,0,0) in 0. Thus, if 7 = red(o7 - - - 025,—5),
then we must have that mmp-0%9)(r) = n — 2. We then have (2”4_2)
ways to choose the set {09,-3,09,—-2,02n—-1,02,}. Once we have chosen
{o9n—3,09n—2,09,_1,09,}, we have 5 ways to order them and we have
Day—5(x)|zn—2 ways to choose o1 - - - 09y,—5. By Theorem 4, Daj,_5(x)|zn—2 =
(2n — 6)!! — (2n — 7). Thus, the permutations o € DUy, in this case con-
tribute

5<2”4 2) ((2n = 6)11 — (2n— 7))

5 5

= (20— 3)(2n - 5)((2n - 2 - (” ) 1) ((2n — 3)1)
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to CQn(x) |xn71 .

It follows that
2n — 2
Can(@ars = Dana(@lews + (77 ) Danca(o)ls

+ ;((n —2)2-1)((2n —2)!") + g(Qn —3)((2n —2)1)

Y %(m —3)(2n —5)((2n —2)11) — g(" ) 1) ((2n — 3)1)

2n —2
R PR Gy

+ (28n2 —2742n - 39> ((2n =2)I1) — §<n ; 1> ((2n —3)).

O

4. Conclusions

As pointed out in [8], the simple type of recursions for the distribution
of mmp0%:0)(5) for ¢ in UD,, or DU, proved in this paper no longer

holds for the distribution of mmp*999 () for o in UD,, or DU, if k > 2.
(2,0,0,0)

For example, suppose that we try to develop a recursion for Ay’ (x) =
Y oocUD,, T . Then if we consider the permutations ¢ = oy ---
o9n € UDay, such that o9, 11 = 1, we still have (2221) ways to pick the
elements for o - - - 09;. However, in this case the question of whether some o;
with i < 2k matches MM P(2,0,0,0) in o is dependent on what values occur
in o9p42 - - 09y. For example, if 2n € {o9g42,...,02,}, then every o; with
i < k will match MMP(2,0,0,0) in o. However, if 2n € {o1,...,09_1},
this will not be the case. Thus, we cannot develop a simple recursion for
A0 @),

However, one can develop recursions similar to the ones used in this
paper to study the distribution in up-down and down-up permutations of
other quadrant marked meshed patterns M M P(a, b, ¢,d) in the case where
a,b,c,d € {0,1}. Indeed, in some cases, there are simple relations between
such distributions beyond those given in Proposition 1. For example, con-
sider the statistics mmp®%%:0(5) and mmp©2%9(¢) over UDs,. Clearly,
for any o = o1---09, € UDa,, 09; can never match MMP(1,0,0,0) or
MMP(0,0,0,0) since (2i — 1, 09;—1) will always be an element of G(o) that
lies in the third quadrant with respect to the coordinate system centered

mmp(2:0:0:9) (¢)
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at (2i,09;). On the other hand, elements of the form o9;_1 for i = 1,...,n,
always have an element G(o) in the first quadrant relative to the coordinate
system centered at (2i — 1, 09;_1), namely (2i, 09;). Thus, if o € UDsy,, then
mmp(1:0:0:0) (o) = mmp(®00.9) (5). Therefore, for all n > 1,

45,000 () = AR (a).

It is not true that mmp™®-2%0 () = mmp@ 090 (5) for all o € UDyyy1
since if ¢ = o1+ 09,41 € UDsy11 and 09,41 = 1, then 09,41 matches
MMP(0,0,0,0) in o but does not match MM P(1,0,0,0) in o. However,
this is the only case where mmp%%:0(5) and mmp(®0%:9 () differ. That
is, if o = 01 0941 € UD2py1 and o941 # 1, then 09,11 does not match
MMP(0,0,0,0) in ¢ and we can argue as above that mmp(1029)(5) =
mmp(0:0:0:0) (o). However if 09,41 = 1, then 09,41 matches M M P(0,0,0,0)
in o but does not match MMP(1,0,0,0) in o. Thus, if o € UD;?;:EI ,
1 4+ mmp™®09:0) (5) = mmp(®090) (5). Tt is easy to see that

S et Z A(000)
oeU DY
so that for all n > 1,

B () 1 (1 - 2) AL (2) = BP0 (),

A slightly more subtle relation holds between the distribution of
mmp(19%0 (¢) and mmp029(g) for ¢ € UDs,. For example, in [8], the

authors computed the following table for Agl,o,o,o) (z).

A5, (a)

1

X

2%(3 + 27)

2 (15 + 30z + 162?)

a? (105 + 420z + 5882° 4 272z7)

z® (945 4 6300z + 1638022 4 189602° + 79362")

2% (10395 4 1039502 + 4296602 + 893640z° 4 911328z" + 3537922°)

olu| ix|w|lo—|ols

Comparing the tables for Agln’o’o’o) (z) and AS{O’Q’O) (x), one is naturally

led to conjecture that for alln > 1and 1 <k <n,

1,0,0,0 1,0,0,0
(22) AL (@) g = AGOD () g
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This follows from comparing ¢ = o7 --- 09, € UDsy, with its reverse com-
plement (¢")¢ = (2n + 1 — 09,)(2n + 1 — 02p—1) -+ - (2n 4+ 1 — o) which is
also in U Dy,. That is, suppose that o; matches MM P(1,0,0,0) in 0. Then
¢ must be odd, i.e. ¢ = 2k + 1 for some 0 < k < n — 1, and there must
be no elements in oy - - - g9, which are less than og;y1. This means that in
(6")¢, (2n + 1 — o9k+1) has no elements to its right which are greater than
(2n + 1 — 09k4+1) so that (2n + 1 — ogg41) will not match MM P(1,0,0,0)
in (6")¢. Vice versa, if o911 does not match MMP(1,0,(,0) in o, there
is an element in o7 ---09, which is less than og;41. This means that in
(6™)¢, (2n 4+ 1 — o9x41) has an element to its right which is greater than
(2n+1—o09k41) so that (2n+1—o9,41) will match MM P(1,0,0,0) in (o7)°.
Similarly, in o, none of 09,04, ..., 09, will match MM P(1,0,0,0) while in
(6")¢, each of (2n+ 1 —02),...,(2n+ 1 — 02;,) will match MM P(1,0,0,0)
in (¢")¢. Thus, it follows that for all o € U Do,

n—+ (n o mmp(Lo,@,o) (O’)) — mmp(l,O,O,O)((UT)C)‘

This shows that (22) holds.

There is no such simple relation between the distribution of
mmp(1909 () and the distribution of mmp(l’o’ﬁ’o)(a) for UDsyp 11, DUsp,
or DUsp 41 as can be seen from the following tables computed in [8].

Based on these tables, we conjectured in [8] that the polynomials

Ag{o,o,o) (z), Béi’i’?’o) (z), 52’0’0’0) (), and Dggi’?’o) (z) are unimodal for all

n > 1. We also conjecture that Aél,(),@),o) (x), B{L0%0) (), Cgl,o,@,o) (x), and

n 2n+1
DSL’S_? ’0)(ac) are unimodal for all n > 1. Of course, by (22), the conjectures

for A;};O’O’O) () and ASL’O’@’O) (z) are equivalent.

Finally, we suggest that it should be interesting to study the distribution
of quadrant marked mesh patterns on other classes of pattern-restricted
permutations such as 2-stack-sortable permutations or vexillary permutations
(see [6] for definitions of these) and many other permutation classes having
nice properties.

B, ()

1

2z

82%(1 + )

1623 (3 + 8z + 6:1:2)

1282% (3 + 15z + 272% 4 1727)

2562° (15 + 120z + 3812” 4 5562° + 3102*)

102425 (45 4 5252 + 25622 + 64202° + 81462 4 41462°)

oo x| oo =] 3
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n 5" (@)
0 1
1 1
2 z(2 + 3x)
3 z? (8 + 28z + 2527)
4 2” (48 + 296z + 6142” + 4272%)
5 z* (384 4 3648z + 13104x? + 209202 + 1246527)
6 ” (3840 + 51840z 4 2823362° + 7690722” + 1039946x* 4 5557312°)
n Doy (@)
1 1
2 z(1+ )
3 x? (3 + 8x + 5z )
4 3 (15+75x+ 12122 + 61x )
5 z? (105 + 840z + 2478x” 4 3128x° + 1385a7)
6 ® (945 + 11025z + 510307 + 115350x% 4 1249212 + 505212)
7 (10395 + 1663202 + 110533527 + 385968027 + 7365633
+7158128z° + 27027652°)
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