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Trees with the most subtrees — an algorithmic
approach

X1U-MEI ZHANG*, XIAO-DONG ZHANG*, DANIEL GRAY
AND Hua Wangf

When considering the number of subtrees of trees, the extremal
structures which maximize this number among binary trees and
trees with a given maximum degree lead to some interesting facts
that correlate to other graphical indices in applications. The num-
ber of subtrees in the extremal cases constitute sequences which
are of interest to number theorists. The structures which maximize
or minimize the number of subtrees among general trees, binary
trees and trees with a given maximum degree have been identified
previously. Most recently, results of this nature are generalized to
trees with a given degree sequence. In this note, we characterize
the trees which maximize the number of subtrees among trees of a
given order and degree sequence. Instead of using theoretical argu-
ments, we take an algorithmic approach that explicitly describes
the process of achieving an extremal tree from any random tree.
The result also leads to some interesting questions and provides
insight on finding the trees close to extremal and their numbers of
subtrees.

2000 MATHEMATICS SUBJECT CLASSIFICATION: 05C05, 05C07, 05C35,
05C85.
KEYWORDS AND PHRASES: Tree, subtrees, extremal.

1. Introduction and terminology

For a tree T' = (V, E) with vertex set V(1) and edge set E(T'), dr(u) denotes
the degree of vertex u. Pr(u,v) and dp(u,v) denote the path connecting two
vertices u,v € V(T) and the distance between them. The degree sequence
of a graph is the multiset containing the degrees of all non-leaf vertices in
descending order.
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X.-D. Zhang).
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Figure 1: X<; in T

We denote a tree T rooted at r € V(T') as (T,r). Let hp(u) = dr(r,u)
and h(T) = max,ecy(r) hr(u) be the height of u and T, respectively. Also
let f(T) denote the number of subtrees of T and fI'(X) denote the number
of subtrees containing v in a subgraph X of T'. If hy(u) < hr(v) then we
say u is an ancestor of v or v is a descendant of u. If hp(u) = hp(v) — 1
for two vertices u and v, then we say wu is the parent of v and v is the child
of u. When two vertices share the same parent we call them siblings. We
sometimes omit the subscript or superscript if there is no ambiguity.

Suppose that viz1xoxs . . . T,V is a path in T with v1 and vo being leaves.
After the removal of all edges on the path there still remain connected com-
ponents, each containing one of x1,x9,...,x,. Label these components as
X1, Xo,..., X, respectively. Also, let X<; (X>;) be the component con-
taining x; (z;) in T — xjz41 (T — xj_12;). Fig. 1 shows an example of such
labellings.

The subtrees of trees have been studied in [5] and some general proper-
ties were provided. A nice coincidence was found between the binary trees
which maximize the number of subtrees and the binary trees which minimize
the Wiener index ([7], defined as the sum of all pairwise distances between
vertices), a chemical index widely used in biochemistry. In the same paper,
formulas are given to calculate the number of subtrees of these extremal bi-
nary trees. The sequence of the number of subtrees of these extremal binary
trees are found to be novel [4]. These formulas use a new representation
of integers as a sum of powers of 2. Number theorists have already started
investigating this new binary representation [2]. The results were extended
to trees with a given maximum degree [3] and the extremal structures once
again coincide with the ones found for some other topological indices. Yan
and Yeh [8] presented an algorithm for counting the number of subtrees
of a tree. The correlations of different graphical indices that share the same
extremal structures, including the number of subtrees, have also been consid-
ered [6]. Moreover, there is a relation between the greedoid Tutte polynomial
of a tree and the number of subtrees [1]. We will examine trees with a given
degree sequence.
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Figure 2: A greedy tree.

Definition 1.1. Let M be a multiset whose elements are in descending
order. The greedy tree with degree sequence M can be achieved through the
following ‘greedy algorithm’:

i) Label the vertex with the largest degree as r (the root);

ii) Label the children of r as 71, r9,. .., assign the largest degrees available
to them such that d(ry) > d(ra) > -+ +;

iii) Label the children of ry as 11,712, ... such that d(ri1) > d(r1i2) > -+,
then do the same for ro, 73, ..., respectively;

iv) Repeat (iii) for all the newly labeled vertices, always start with the
children of the labeled vertex with largest degree whose neighbors are
not labeled yet.

Fig. 2 shows a greedy tree with degree sequence {4,4,4,3,3,3,3,3,3,
3,2,2}.

The greedy tree is shown to maximize the number of subtrees [9]. It is
nice to note that the greedy tree once again coincides with the extremal
structures of other graphical indices. In this note, we will employ an algo-
rithmic approach that defines the exact operations needed to achieve the
extremal tree from any tree and vice versa. With this approach, it is possi-
ble to identify trees that are ‘close’ to extremal and study their numbers of
subtrees. In Section 2 we introduce several ‘switching operations’ and algo-
rithms that increase the number of subtrees in every step. In Section 3 we
prove the main result and discuss the second or kth extremal tree in general.
A summary and some questions/conjectures are posted in Section 4.

2. Algorithms on switching components

For the following definitions, we consider a path vixi1xs...x,ve labeled as
in Fig. 1.

Definition 2.1. A ‘component-switch’, denoted by S

V1,V2 (XZ7 XJ) (Fig' 3)7
is to interchange X; and Xj.
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Figure 3: T' (on top), before switching, and S (at bottom), after switching.
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Figure 4: A ‘degree switch’ when p = d(zy) < d(zx) = q.

Remark 2.2. For the purpose of better illustrating the idea, in most of the
figures we use ‘darker’ colors for ‘larger’ components in the sense of having
larger values for fI'(X) (for the corresponding v and X).

Definition 2.3. A ‘tail-switch’, denoted by ST, (X<;, X>;), is to switch
the components X<; and X .

Definition 2.4. Suppose that p = dr(z¢) < dr(xz) = ¢ in Fig. 4. Let xy;
(i=1,2,...,q9—2) denote the neighbors of z;, that are not on Pr(v;,v2). Let

Xi1,Xk2,. .., Xpq—2 denote the corresponding components, ordered from
smallest to largest according to the value of f;:r); (Xg,i). A ‘degree-switch’

Sty 0z, X)) == RL ., (x4, 21) is to move the largest ¢ — p components
(denoted by X} in Fig. 4) in X}, from zj, to zy.

2.1. Phase I of the switching algorithm

For convenience let CF, Cgk and Cgk denote fI (Xy), fI (X<k) and
fgk (X>p) respectively. Then C<g = Cspyq1 = 1.

Lemma 2.5. If
CL 1 <CL iy and Cf>Cl,

then performing 5’va2 (Xk, Xg+1) will increase the number of subtrees.
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Proof. Let T and S denote the trees before and after switching respectively
as in Fig. 3.

Note that from T to S, the numbers of subtrees that contain both or
neither xj and xx1 stay the same. So we only need to consider the number
of subtrees containing exactly one of x; and z41.

In T', the number of subtrees containing xx but not x4 is

CQC =Cl(1+ Cgk—l)
and the number of subtrees containing xx1 but not xj is
T T T
Cps1 = Co1 (14 C3p4).

Similarly, these two numbers in S are C[, (1 + Cgk_l) and CT(1 +
C’g 1t2). Consequently, we have

f(8) = f(T) = (Cg - CZJrl)(CngrQ - CQH) > 0. O
The following is a result of “applying” bubble sort algorithm with

component-switches.

Algorithm 2.6 (Phase I Switching Algorithm). For a tree T' and leaves
vi,vo € V(T). Let Label 1 be the labeling of the path from v to vo
denoted by vizixs...x,v9, and let Label 2 be a re-labeling of the path

from vo to vy given by wvexizy...THV1. S = P1T(1)1,1)2) is given below.
S =(0,0) {Empty graph}
R=T
while S # R do
k=1
S=R {Terminate program if no change in R}

Label z;’s according to Label 1.
while C& _, < CE ., do
if Cg€>>Cgil then
{Conditions of Lemma 2,5}
R= Sﬁ?vz (Xk, Xk+1) {Increases 7 of subtrees}
end if
k=k+1
end while
k=1
Relabel z;’s according to Label 2. {Repeat for Label 2}
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Figure 5: Re-labeling of path after the Phase I algorithm.

while CE_ | < C& ., do
if Cf > C[, then
R=Sf, (Xi, Xpt1)
end if
k=k+1
end while
end while

In Algorithm 2.6, R updates if and only if there is an increase in the
number of subtrees. Hence the algorithm must terminate at some point.
Simple calculations shows the following in a tree resulted from the Phase 1
algorithm.

Corollary 2.7. Let a path from vi to vy be sorted by the Phase I algorithm.
Relabel the vertices such that x1 is the vertexr on the path with the largest
component, and label the rest of the vertices as in Fig. 5. Without loss of
generality, let y1 and x2 be labeled so that DI > CT where CI' = f{ (X3)
and D} = yq;(Yk) Then

Cr>C>... and DI >DT>....

2.2. Phase II of the switching algorithm

For the lemmas that follow, we assume that our path is sorted by the Phase 1
algorithm and labeled as in Fig. 5. Firstly, the reader can easily verify the
following technical observation.

Lemma 2.8. IfCT >DI >Cl >...>cCl | > DI || let

k-1 i k=1
c=> [[cr,+ci,...cI> T Dpf
i=1 j=1 i=1j=1
and
k=1 k-1
D= [Ipf,;+pf, ..o [t
i=1 j=1 i=1j=1

then C > D.
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Similarly, if C¥ > DT >CT >...>Cl | > DI | > CF, let

k=1 1 k—1 1
c=> T[cr,;+cf...cr> 1oy
i=0 j=0 i=1 j=1
and
k-1 i k-1 i
D= T[Dpi,;+Di,...oI > T[],
i=1 j=1 i=1 j=1
then D' > C".

Remark 2.9. Here C and D (C’ and D’) are the numbers of subtrees
containing exactly one of xj_1 and yi_1 in the tree induced by the unions of
X;and Y; (1 =1,2,...). Note that we have strict inequalities in both cases
of Lemma 2.8 if

(1) C; >D; (Dj>Cj;q) for some j.

For the simplicity of statements, we assume (1) in Lemmas 2.10, 2.11, 2.183.
Note that in the case of C; = D; or D; = Cj4 for every j, we can simply
relabel the vertices/components while keeping the same tree.

Lemma 2.10. If CT > D > CJ > --- > C[_, > DI, and DL, > CL,
for some k, then performing SUTW2 (X>k, Ysi) will increase the number of
subtrees.

Ifcl >npf >C5 >--- > D[ | >Cf and CL, | > DI, then

performing ST (X>kt1, Y>) will increase the number of subtrees.

V1,V2

Proof. We show the first case (the other one is similar). Similar to Lemma 2.5,
let T be the tree prior to switching and S the tree after switching. We only
need to consider the subtrees that contain exactly one of xy and yg, yielding

f(S)— f(1)=DL,(1+C)+CL(1+ D) - CL.(1+C)— DL (1+ D)
= DL, -cLH(Cc-D)+0>0
where C' and D are as defined in Lemma 2.8. O

Lemma 2.11. If ¢ > Df > ¢} > D} >-.-> D[, >, cL,  , >
ng-i-l and Df > CL, then performing ST, ., (Xy, Vi) will increase the num-
ber of subtrees.
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ifef >of >67 > Dy >--->Cf >Df, DL, | > CL, ., and
C'kTJrl > D,{, then performing SE

vr0s (Xkt1, Yi) will increase the number of
subtrees.

Proof. Similar to Lemma 2.10, we consider the first case. This time we have

F(8) = f(T)=D{(1+ L, )1+ C)+C{(1+ DL, )1+ D)
—Cclfa+cL, )1+ C)-Di1+ DL, )1+ D)
= (D} = COIA+ Cops1)(1+C) = (1+ DL, )1+ D)) >0

where C' and D are as defined in Lemma 2.8. O

With Lemmas 2.10 and 2.11, we combine component-switches and tail-
switches to sort a path. The following algorithm will terminate if the number
of non-empty subtrees in both tails are equal to 1, indicating that the ends
of the path have been reached.

Algorithm 2.12 (Phase II Switching Algorithm). For a tree T' and leaves
v1,v2. Choose x; to be the vertex with largest component on Pr(vy,vs).
Let y1 be the neighbor of z1 on Pr(vi,vy) with larger component. Label
the other vertices according to Fig. 5. Then S = PJ (vq,v2) is given be-
low.

(0,0)

T

1

while C% ., #1 OR D, | #1 do

> 5y Wi
I

{Terminate program if leaf Vertex}
if C}! < D} then
{Conditions of Lemma 2.11}
: R R
if C’ZkJrl < Dzk—i-l then
{Conditions of Lemma 2.10}

R=Sf . (Xsk, Ysp)
else
R=SF . (Xi,Yi)
end if
end if

: R R
if Dy < Ck+1 then
{Repeat for y, and :Ek+1}
if DY, <C%, ., then
R=5SE, (Yor, X>ri1)
else
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X n X 2 X 1 )/1 Y2 Yn
U1 Tn T2 zy n Y2 Yn U2

Figure 6: Path of length 2n + 1 after the Phase II algorithm.

R=S[,,(Yi, Xkt1)
end if
end if
k=k+1
end while

S=R

After the Phase II algorithm, the path from v; to vs is labeled in such
a way that

Ol 2Df 20 >+ 20y 2Dy
and CI,>DI, >cL,>...>c% >DI

n n

for a path of odd length 2n + 1 (Fig. 6) and

cf =pf >cf >--- =Dy >Cl,
and Cgl ZDgl 2052221)’57120;7%&-1

for a path of even length 2n + 2.
2.3. Phase III of the switching algorithm

The final phase of the switching algorithm uses degree-switches to sort the
degrees of the vertices on the path.

Lemma 2.13. Consider Pr(vi,vs) that has been sorted by the Phase I and
Phase II algorithms and has been labeled as in Fig. 6. For k =1,2,...,n, if
d(xy) < d(yg) or d(yr) < d(xg41), performing a corresponding degree-switch
(Definition 2.4) will increase the number of subtrees.

Proof. We show only the case where d(z)) < d(yx). Let S be the tree after
moving Y, to x. Also, let D, = fL(Y/) and D} = f1 (V).
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Notice that D} = D} DY, then f(S) — f(T) is

CIDy(1+ 0L, )(1+C)+Di(1+ DL, )1+ D)
—cl(1+0%,,)(1+C) - D.Dy(1+ DL, )1+ D)
=Dy —1)(C{ =D +CL )1+ C)— 1+ DL y)(1+ D) > 0.

O

The following algorithm applies Lemma 2.13. Note that the algorithm
terminates after any degree-switch since the conditions for an increase in the
number of subtrees as a result of a degree-switch may no longer be certain
after the switch. Consequently the path must be resorted by the Phase 1
and II algorithms after every degree-switch. However this process will stop
since every switch increases the number of subtrees.

Algorithm 2.14 (Phase III Switching Algorithm). Given Pr(vi,vs) that
has been sorted by the Phase I and Phase IT algorithms. Then S = PJ (v, v2)
is given below.

for 1t =1 to n do
if d(z;) < d(y;) then
S = Rle,vg (xi’ yl)
break {Terminate algorithm }
end if
if d(y;) < d(x;4+1) then
S =R}, ., (Yi,Tit1)
break {Terminate algorithm}
end if
end for

2.4. The complete algorithm

We now introduce our final algorithm which encompasses all three previously
discussed phases, wherein every step of the algorithm increases the number
of subtrees. Therefore the algorithm will terminate after finitely many steps.

Algorithm 2.15 (Switching Algorithm). Let T be a tree with leaf vertices
V1,02, ...,0p. Then S = SA(T) is given below.

(0,0)

T

(0,0)

S
J
R
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while S # J do
{Terminate when every path is sorted}
S=J
J=(0,0)
for i=1 to ¢ do
for j=1 to /£ do
while J # R do
{Terminate when path is sorted}

J=R
R= PlR(vi, Uj) {Phase I}
R = P{(v;,v;) {Phase 11}
R = Pf(v;,v;) {Phase 1T}
end while
end for
end for

end while

Remark 2.16. Suppose S = SA(T) where T is a tree with given degree
sequence. Then for any path in S from one leaf to another, we can label the
vertices on the path according to Fig. 6. On such paths we have,

CP>Dy>C5>--->C°%>D?3
C$,>D%, >C8,>--->C8, > DS,
ds(r1) > ds(y1) > ds(x2) >
for paths of odd length 2n — 1, and
CY 2Dy 205 > 2Dy = Cily,
C% > D%, >C8y > > D8, > 8,

ds(x1) > ds(y1) > ds(x2) > -+ > ds(yn) > ds(zpt1)

for paths of even length 2n.
If the first two conditions imply the third one, then the Phase III algo-
rithm would be unnecessary. We post it as a question in Section 4.

3. The extremal trees

The following observation is an immediate consequence from the definition
of the greedy tree.
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Lemma 3.1. A rooted tree T with a given degree sequence is a greedy tree
if:
i) the root v has the largest degree;
i1) the heights of any two leaves differ by at most 1;
iii) for any two vertices u and w, if hy(w) < hp(u), then d(w) > d(u);
i) for any two vertices u and w of the same height, d(u) > d(w) = d(u’) >
d(w'") for any successors u' of u and w' of w that are of the same height;
v) for any two vertices u and w of the same height, d(u) > d(w) = d(u') >
d(w'") and d(u") > d(w") for any siblings v’ of u and w' of w or succes-
sors u” of v and w" of w' of the same height.

3.1. The maximal tree

Theorem 3.2. Given the degree sequence, the greedy tree maximizes the
number of subtrees.

Proof. First note that the maximal tree must satisfy the conditions in Re-
mark 2.16 or we could increase the number of subtrees.

On the other hand, we will show that these conditions in Remark 2.16
imply the properties (i—v) of the greedy tree listed in Lemma 3.1. It was
shown in [5] that the set of vertices that is contained in most subtrees consists
of one or two adjacent vertices. We illustrate the idea by considering the first
case with this vertex designated as the root.

Root the tree at the vertex r contained in the most subtrees. Consider a
path between two leaf vertices that contains r and let v be a vertex on the
path adjacent to r. Then, since the number of subtrees containing r is larger
than the number of subtrees containing v, the tail containing r is larger than
the tail containing v. By Remark 2.16, we can label, on this path, the root
r as x1 and the rest of the vertices according to Fig. 6 with v labeled as y;
or z3 (depending on which neighbor of 7 on this path has larger tail). Thus,
the root has the largest degree of all vertices in the tree.

Let u and w be vertices such that h(u) < h(w), and let s be the common
ancestor of u and w with the greatest height. Then h(u) = d(u, s) + h(s) <
d(w, s) + h(s) implies that any path containing w or w and the root must
also contain s. Furthermore, by Remark 2.16 again, d(s) > d(u) > d(w).
Therefore, vertices which are closer to the root will have greater degree.

This fact will force vertices which are closer to the root to be associated
with the largest component and the largest degree on any path that we are
studying. Then the properties (i—v) of Lemma 3.1 follows from considering
the path through appropriate vertices. O
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3.2. Trees close to being maximal

We have shown that the switching algorithm always converges to the max-
imal tree. Hence, by back-tracking the algorithm, the candidates for the
kth maximal tree can be easily identified. Then the following corollaries are
immediate consequences along this line:

Corollary 3.3. Starting with the greedy tree, any tree with the same degree
sequence can be achieved in a finite number of switchings wherein every
switching results in a decrease in the number of subtrees.

Corollary 3.4. The kth mazimal tree can be achieved with at most k — 1
switches from the greedy tree.

Consequently, the second maximal tree is exactly one switch away from
the greedy tree. To illustrate the insights provided by the algorithm, we
examine the second maximal tree in a bit more detail. The following obser-
vation helps us to identify the ‘smaller’ switches in the sense that it produces
a smaller change in the number of subtrees.

Lemma 3.5. Given the greedy tree T', for any component-switch or degree-
switch, there exists a tail-switch which produces a decrease in the number of
subtrees at least as small as that of the component-switch or degree-switch.

Proof. Case 1. Consider the inverse of a component-switch in Phase I and
suppose that we wish to switch Xj and X4 to decrease the number of
subtrees. The switch is the same as performing a tail-switch with X<;_4
and X2k+2.

Case 2. Consider the inverse of a component-switch in Phase II as
discussed in Lemma 2.11, that we wish to switch X} and Y, to decrease
the number of subtrees. Note that, from the definition of a greedy tree, we
already know that each branch of X}, and the tail X>j; is at least as large
as each branch of Y, and the tail ¥~ 1. Consider each branch of X, as a tail
and label the tails at xy as Xy 1, Xgo,..., X p—1 := X>py1, where p is the
degree of xj. Similarly, label the tails at yi as Y31, Y% 2,. .., Y g—1 1= Yop41
where ¢ is the degree of yi. Let H be the tree produced by the switch
S(Xk,Y:) and let H' be the tree produced by the tail switch S(X} j, Yz ,),
with Xj, j (Yk,) being the smallest (largest) tail among Xy, 1, X2, ..., Xip—1
(Yk71, kag, ey Yk,qfl) (Flg 7)
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Xp1 Xko2 Xkp—2 Ye1 Yio Yi,q—2

Yii Yio Yig—2 Xpa1 Xk kaz

Km

Yeg Xin Xip—2 Yen1 Yio Yi g2

Figure 7: T—Dbefore switching, H—after component switch, H'—after tail
switch.

Then

f(H') = f(H)
qg—1

(1:[ (Chyi + ) Dy +1)(1+C) + (H(Dk,i+1)> (Crj +1)(1+ D)

2 o
p—

( Ckz ) Dkq 1+ +D)

< D;“—kl)Ckp 1+ 1)1+ C)

_ q—2
= ( | (Cri+1) = | | (Dr,i + 1))

i=1
i#j il

X ((Ckp—1+ 1) (D + 1)1+ C) = (Ckj + 1)(Dgg-1 + 1)(1 + D))
>0

from the fact that C; > Dy by considering two cases (we skip the calcu-
lations). Here Cy; (Dy;) is the number of subtrees in the component Xj ;
(Y%,i) containing the corresponding root. Note that one could have j = p—1
or | = ¢ — 1 and the argument is still true.

Therefore such a tail switch is at least as ‘small’ as the component switch.
Similarly for switching Y3 with Xg4.
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Case 3. Consider the inverse of a degree-switch in Phase III as discussed
in Lemma 2.13, with d(z) > d(yx) (d(yi) > d(zg+1)). Similar to Case 2,
one can show that switching the smallest branch of X}, (Yj) with the largest
branch of Y} (Xg41) will result in a decrease at least as small. O

4. Summary and questions

In summary, we characterize the trees with given degree sequence that max-
imize the number of subtrees. The proof is displayed with an algorithm
consisting a sequence of ‘subtree-switchings’ that increase the number of
subtrees. By back-tracking from the maximal tree along these switchings
provides some insights on how to find the second maximal tree and kth
maximal tree in general. Some interesting questions arise in this study.

Firstly, one may be able to show that the ‘degree-switches’ are not neces-
sary, by showing the following, namely that what was achieved in Phase III
is forced to be true after Phases I and II.

Conjecture 4.1. Suppose that H is a tree such that for any path between
leaf vertices we have

ch>pli>cl>...>cll>pH
for a path of odd length 2n + 1, and
ci>pl>cll>...>pll>cl
for a path of even length 2n + 2. Then we must have that
d(z1) > d(y1) > d(xg) > - > d(zy) > d(yn)
for the path of odd length, and
d(z1) = d(y1) = d(x2) > -+ > d(yn) = d(zni1)

for the path of even length.

Secondly, as part of the effort to study trees that are close to maximal
and their numbers of subtrees, one encounters several questions regarding
the switch operations on a greedy tree.

Problem 4.1. For two vertices xy and yi on the path ...xox1(2)y1y2 .- .,
will one particular type of switch be smaller and which one?
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Problem 4.2. If w is a common ancestor with the greatest height to leaf

vertices vy, va, vs, and fr(x;) > fr(yi) > fr(z;) > fr(xi41) for all i in the
labellings of wxixs...v1, WYL1Ys ...V and wz12o . ..vy. Will there always be

a switch on y; and z; that is smaller than any switch on x; and z; ?

Problem 4.3. In a path labeled as . .. xox1(2)y1y2 .. ., if 7 < k, will a switch
on xy, and yi always be smaller than the same switch on x; and y;?

These seemingly elementary questions do not seem to have a straight

forward answer. However, the answers to these questions will provide char-

acterizations of the close-to-maximal trees.

1]

2]
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