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Universality for generalized Wigner matrices
with Bernoulli distribution

LAszLO ERDOs*, HORNG-TZzER YAUT AND JUN YIN'

The universality for the eigenvalue spacing statistics of generalized
Wigner matrices was established in our previous work [19] under
certain conditions on the probability distributions of the matrix
elements. A major class of probability measures excluded in [19] are
the Bernoulli measures. In this paper, we extend the universality
result of [19] to include the Bernoulli measures so that the only
restrictions on the probability distributions of the matrix elements
are the subexponential decay and the normalization condition that
the variances in each row sum up to one. The new ingredient is a
strong local semicircle law which improves the error estimate on
the Stieltjes transform of the empirical measure of the eigenvalues
from the order (Nn)~'/2 to (Nn)~'. Here 7 is the imaginary part
of the spectral parameter in the definition of the Stieltjes transform
and N is the size of the matrix.

KEYWORDS AND PHRASES: Random band matrix, local semicircle law,
sine kernel.

1. Introduction

The universality of local eigenvalue statistics in the bulk of the spectrum
of random matrices has been traditionally considered only for invariant en-
sembles [4, 7, 8, 25]. For non-invariant ensembles, a new approach to prove
the bulk universality was developed in [14, 16, 18, 19]. It consists of the
following three steps:

1. Local semicircle law.
2. Universality for Gaussian divisible ensembles.
3. Approximation by Gaussian divisible ensembles.
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In Step 2, the universality of the local eigenvalue statistics for a large class
of matrices, i.e., Gaussian divisible matrices, was established. Thus in order
to prove the universality of a given ensemble, it remains to approximate the
matrix elements in this ensemble by Gaussian divisible distribution in such a
way that the local eigenvalue statistics are unchanged. This approximation
is intrinsically a density theorem and it can be achieved by perturbative
expansions in several different ways. In the most recent approach [18, 19],
the universality for Gaussian divisible ensembles was proved via the Dyson
Brownian motion and the stability of eigenvalues in Step 3 was provided by
the Green function comparison theorem. In Step 2 a technical tool, the log-
arithmic Sobolev inequality (LSI), was needed to estimate the fluctuations
of eigenvalue distribution. This restriction could not be completely removed
in Step 3 and thus the Bernoulli measures were excluded in [19]. In this
paper, we will improve the local semicircle law so that the LSI is no longer
needed. This will enable us to prove the universality for generalized Wigner
matrices with Bernoulli distributions. As a byproduct of the new stronger
form of local semicircle law, we also obtain much stronger estimates on the
eigenvalue density and on the matrix elements of the resolvent.

Recall the Stieltjes transform of the empirical measure of the eigenvalues
{)\j}é\f:l is defined by

1L 1
mN(z):N;)\j—z'

We have proved in [19] that the difference between my(z) and mg.(2), the
Stieltjes transform of the semicircle law (2.9), is bounded by (Nn)~1/2? where
1 = Jm z. The main result of this paper states that the error can be improved
to (Nn)~'. The improvement of a factor (N7)~/2 resembles the usual N~1/2
factor in the central limit theorem and it results from a new estimate on the
correlations of error terms. This estimate also implies that the error between
the normalized empirical counting function of the eigenvalues and the one
given by the semicircle law is less than N~!¢ in the bulk of the spectrum
for any € > 0. This new input is sufficiently strong to replace the usage of
the (LSI) in [19], see the discussion after Theorem 2.2 for more details.
Notice that this improvement of a factor (N7n)~'/? and the removal of
the LSI need a substantial amount of work. Our motivations to take on
this endeavor are for the following two reasons: (1) The distributions of the
Bernoulli random matrices are very singular while the Gaussian measures in
GOE are very smooth. It is not a priori clear that the universality holds for
such singular distributions. (2) The adjacency matrices for random graphs
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are natural examples of symmetric random matrices. The matrix elements
of these matrices take the values 0 or 1 and thus they form Bernoulli random
matrices. Our current results do not cover this case since we require the mean
zero condition, but they represent the first step toward the universality of
the adjacency matrices of random graphs.

2. Main results

We now state the main results of this paper. Since all our results hold for
both hermitian and symmetric ensembles, we will state the results for the
hermitian case only. The modifications to the symmetric case are straight-
forward and they will be omitted. Let H = (hij)gjzl be an N x N hermitian

matrix where the matrix elements h;; = Eji, 1 < j, are independent random
variables given by a probability measure v;; with mean zero and variance
afj. The variance of h;; for i > j is 01-2]- = E|h|? = 0'J2-i. For simplicity of
the presentation, we assume that for any fixed 1 < ¢ < j < N, Reh;; and
Im h;; are i.i.d. with distribution w;j, i.e., v;; = w;; ® w;; in the sense that
vij(dh) = wi;j(dRe h)w;;(dIm k), but this assumption is not essential for the
result. The distribution v;; and its variance O’% may depend on N, but we
omit this fact in the notation. We assume that for any j fixed

(2.1) > of=1.

Matrices with independent, zero mean entries and with the normalization
condition (2.1) will be called universal Wigner matrices. The basic param-
eter of such matrices is the quantity

1
(2.2) M= ——-.
max;,; Uij
Define Cj,y and Cyyp by
(2.3) Ciny := inf {Naizj} < sup{NaiZj} =: Cyup-
Nii,j Nyi,j

Note that Cj,r = Csup(= 1) corresponds to the standard Wigner matrices
and the conditions 0 < Cj,y < Cgyp < oo define more general Wigner
matrices with comparable variances.

We will also consider an even more general case when o;; for different
(,7) indices are not comparable. A special case is the band matriz, where
oij = 0 for |i — j| > W with some parameter W.
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Denote by ¥ := {J?j}%zl the matrix of variances which is symmetric,
doubly stochastic by (2.1), and in particular satisfies —1 < 3 < 1. Let the

spectrum of ¥ be supported in
(2.4) Spec(¥) C [-1+0_,1 —d4]U{1}

with some nonnegative constants d1. We will always have the following spec-
tral assumption

1 is a simple eigenvalue of 3 and

(2.5) 0_ is a positive constant, independent of V.

The local semicircle law will be proven under this general condition, but
the precision of the estimate near the spectral edge will also depend on d4
in an explicit way. For the orientation of the reader, we mention two special
cases that provided the main motivation for our work.

One important class of universal Wigner matrices is the generalized
Wigner ensemble which is defined by the extra condition that

(2.6) 0 < Cipp < Cgyp < 00,
It is easy to check that (2.4) holds with
(2.7) 0+ > Cing.

Another example is the band matrixz ensemble whose variances are given by

(2.8) o5 = WV(%),

where W > 1, f : R — R, is a nonnegative symmetric function with
J f=1, feL>*R), and we defined [i — j|y € {1,2,... N} by the property
that [i — j]y =i —j mod N. The bandwidth M defined in (2.2) satisfies
M < W/||flloo- In Appendix A of [19], we have proved that (2.5) is satisfied
for the choice of (2.8) if W is large enough.

Define the Stieltjes transform of the empirical eigenvalue distribution of
H by

1 1 B
m(z) = my(z) := NTr T %= + in.

Define mg.(z) as the unique solution of

1
msc(z) + Z—FTSC(Z) = O,
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with positive imaginary part for all z with Im 2z > 0, i.e.,

—z+V22—4

(2.9) mse(z) = 5

Here the square root function is chosen with a branch cut in the segment
[—2,2] so that asymptotically v22 — 4 ~ z at infinity. This guarantees that
the imaginary part of my. is non negative for Im z > 0 and it is the Wigner
semicircle distribution

(2.10) 0s(E) = lim ~9m mu(E +in) = — /(& = B2)5.

n—0+0 2m
The Wigner semicircle law [32] states that my(z) — msc(2) for any fixed z,
i.e., provided that 7 is independent of N. We have proved [19] a local version

of this result for universal Wigner matrices and the main result can be stated
as the following probability estimate:

P (|mN<z> ~ mge(2)] = (log N)C: ) < oN-eloglogN)

1
VM i
with some constant Cs. The accuracy of this estimate can be improved from
(Mn)~Y2 k=1 to (Mn)~' k=1, which is the content of the next theorem. It
summarizes the results of Theorems 4.1 and 5.1. Prior to our result in [19],
a central limit theorem for the semicircle law on macroscopic scale for band
matrices was established by Guionnet [21] and Anderson and Zeitouni [2];
a semicircle law for Gaussian band matrices was proved by Disertori, Pinson
and Spencer [9]. For a review on band matrices, see the recent article [27]
by Spencer.

Theorem 2.1 (Local semicircle law). Let H be a hermitian N x N random
matriz with Eh;; = 0,1 <14,5 < N, and assume that the variances a?j satisfy
(2.1) and (2.5). Suppose that the distributions of the matriz elements have
a uniformly subexponential decay in the sense that there exist constants c,
B > 0, independent of N, such that for any x > 0 we have

(2.11) P(lhij| = 2%[o45]) < Be™™.

We consider universal Wigner matrices and its special class, the generalized
Wigner matrices in parallel. The parameter A will distinguish between the
two cases; we set A = 2 for universal Wigner matrices, and A = 1 for
generalized Wigner matrices, where the results will be stronger.
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Define the following domain in C

(2.12)
D = {z:EJrineC: |E| <5,0<n<10,/Mn> (IOgN)Cl(ern)i*A}

where k := | |E| — 2|. Then there exist constants C1, Co, C and ¢ > 0, de-
pending only on o, B and d_ in (2.5), such that for any e > 0 and K > 0
the Stieltjes transform of the empirical eigenvalue distribution of H satis-

fies

(2.13) P(U {\mw) — nge(2)] > WD <98

zeD

for sufficiently large N. Furthermore, the diagonal matriz elements of the
Green function Gy;(2) = (H — z)71(i,4) satisfy that

(2.14)

max |Gy (2) — mse(z —(logN)C2 K i
P(Q}{ a5 |Gi(2) = mac(2)] 2 S s+ )

vl

}) < CNfc(loglog N)
and for the off-diagonal elements we have

215 | maX\G'-(z)]>w(ﬁ;+n)i < N ~elloglog N)

for any sufficiently large N.

The subexponential decay condition (2.11) can also be easily weakened
if we are not aiming at error estimates faster than any power law of N. This
can be easily carried out and we will not pursue it in this paper.

Denote the eigenvalues of H by A1,..., Ay and let py(A1,...,An) be
their (symmetric) probability density. For any k& = 1,2,..., N the k-point
correlation function of the eigenvalues is defined by

(2.16) pgl\;)(xl,xg,...xk) ::/ pn (21,22, .., 2N)dTKsq ... dey.
RN—k

We now state our main result concerning these correlation functions. The
same result was proved in [19] under the additional assumption (2.26).
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Theorem 2.2 (Universality for generalized Wigner matrices). Consider a
generalized hermitian Wigner ensemble such that (2.1), (2.5) and (2.6) hold.
Suppose that the distributions v;; of the matriz elements have a uniformly
subexponential decay in the sense of (2.11). Suppose that the real and imag-
inary parts of hi; are i.i.d., distributed according to wij, i.e., vi(dh) =
wij(dImh)w;j(dRe h). Then for any k > 1 and for any compactly supported
continuous test function O : R¥ — R we have

(2.17)

E+b
. . s /
%5%1\}1—%021)/]5_1) dE /deal...dakO(ozl,...,ak)

1 k) (k) ( , ai , g )
X — Fr4+———— . ...+ —— ) =0,
QSC(E)k (pN pGUE,N> NQSC(E) NQsc(E)

where pgel)]E N 8 the k-point correlation function for the GUE ensemble. The

same statement holds for symmetric matrices, with GOE replacing the GUE
ensemble.

Remark. We can take b = N ¢ for some small constant ¢ > 0 so that there
is no double limit taken. This is because all our bounds have an effective error
estimate IN~¢. In case of hermitian matrices there is no need for averaging
in the energy parameter E’. The limit (2.17) holds even for any fixed energy
E’, with |E'| < 2, since, instead of relying on the local relaxation flow of
[14, 18], we can use the result of [16] for Gaussian divisible ensembles at a
fixed energy.

It is well-known that the limiting correlation functions of the GUE en-
semble are given by the sine kernel

L () < o o > .
Bty Bt | = det{K (o — o) }¥ 1,
QSC(E)kpGUE’N NQSC(E) NQSC(E> { ( 4 ])}1,3 1
K(z) sinmx
xr) =
rr

and a similar universal formula is available for the limiting gap distribution.
The formulas for the GOE cases are more complicated and we refer the
reader to standard references such as [1, 6, 20, 24].

We will prove Theorem 2.2 using the approach of [18, 19]. The logarith-
mic Sobolev inequality was an important tool in these papers and it was the
main obstacle why the case of Bernoulli random matrices were not covered.
We note that the Bernoulli distribution satisfies the discrete version of the
LSI but it would not be sufficient for our purposes. To explain the necessity
of LSI, we now review the three basic ingredients of the approach of [18, 19].
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Step 1. Local semicircle law: It states that the density of eigenvalues is given
by the semicircle law down to short scales containing only N¢ eigen-
values for all € > 0, where N is the size of the matrix.

Step 2. Local ergodicity of the Dyson Brownian motion: The Dyson Brown-
ian motion is given by the flow

(2.18) Hy=e '?Hy+ (1 — e )2V,

where Hj is the initial Wigner matrix, V' is an independent standard
GUE (or GOE) matrix and ¢ > 0 is the time. Here we have used
the version that the dynamics of the matrix element is given by an
Ornstein-Uhlenbeck (OU) process on C. More precisely, let

ax) =
p= pn(dx) = Z,
N2 3
(2.19) H(x) =Hy(x):=N ,BZZZ—NZIOgMj—xi\
=1 1<J
be the probability measure of the eigenvalues x = (x1,x2,...,2x) of

the general § ensemble, > 1 (8 = 2 for the hermitian case and 5 = 1
for the symmetric case). Denote the distribution of the eigenvalues of
H; at time t by fi(x)u(dx). Then f; = fi y satisfies [10]

(2.20) Oufe = Z fr,
where
N N
1 I5) I5} 1
21 = = 2 -+ — [ .
(221) ¥ =%y ;1 2N81 —|—i§1 ( 4xz+ N j; mi_xj)&

We now recall the following theorem concerning the universality of the
Dyson Brownian motion. Following the convention in [18], we label the
assumptions as Assumptions II-1V since the Assumption I, a convexity
property of the Hamiltonian for the invariant measure of the Dyson
Brownian motions, is automatically satisfied for any 8 ensembles.

Assumption II. For any fixed a,b € R, we have

(2.22)
. RS '
A}gnoostgg /szll(x] € [a,b]) fr(x)du(x) —/a 0sc(x)dz| =0,
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where . is the density of the semicircle law (2.10).
Let v = 7~ denote the location of the j-th point under the semicircle
law, i.e., 7, is defined by

Vi
(2.23) N/ 0sc(x)dz = j, 1<j<N.
—0o0

We will call «; the classical location of the j-th point.

Assumption III. There exists an € > 0 such that

N
1
(2.24) Sup/ = > (@ =) fldx)p(dx) < CNT'2
20/ N
with a constant C' uniformly in N.

The final assumption is an upper bound on the local density. For any
I eR, let

N
Nr = z:].(l’Z S I)
=1

denote the number of eigenvalues in I.

Assumption IV. For any compact subinterval Iy C (—2,2) = {F :
0sc(E) > 0}, and for any 6 > 0, o > 0 there are constant Cy,, n € N,
depending on Iy, § and o such that for any interval I C Iy with
|I| > N=1% and for any K > 1, we have

(2.25)  sup /1{NI > KN|I|} frdp < Cr K7, n=12...,

T>N—2e+6

where ¢ is the exponent from Assumption III and o and § are arbi-
trarily small numbers.

We have proved [19] that Assumption IV follows from the local semi-
circle law and Assumption III also follows from the local semicircle
law provided that a uniform LSI for the distributions of the matrix
elements is assumed.

Step 3. Green function comparison theorem: It asserts that the correlation
functions of the eigenvalues of two matrix ensembles are identical up
to the scale 1/N provided that the first four moments of the matrix
elements of these two ensembles are almost identical. Given this theo-
rem and the universality for the Dyson Brownian motion for ¢ ~ N 7%,
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the universality for a matrix ensemble H holds if we can find another
matrix ensemble Hy such that the first four moments of the matrix
elements of H and H; (given by (2.18)) are almost the same. Further-
more, Hy is required to satisfy a uniform LSI so that the Assumption
III can be verified. This is possible if the first four moments of Hy
satisfy

(2.26) inf min { ma(i, ) _(mg(i,j))2}>1?

N 1<ij<n | (ma(i, 5))? (ma(i,5))3

where my(i,7) is the k-th moment of the ,j matrix element in the
symmetric case. In the hermitian case, the moments of the real and
imaginary parts have to satisfy (2.26).

Combining these ingredients, the universality of local eigenvalue statis-
tics in the bulk was proved for all generalized Wigner ensembles (see (2.6)
for the definition) satisfying (2.26) and a subexponential decay technical
condition. The restriction (2.26) was needed to guarantee the existence of
a matching matrix ensemble whose matrix element distributions satisfy the
LSI so that the Assumption III can be verified. The local semicircle esti-
mates in Theorem 2.1 imply that the empirical counting function of the
eigenvalues is close to the semicircle counting function (Theorem 6.3) and
that the location of the eigenvalues are close to their classical location in
mean square deviation sense (Theorem 7.1). This provides a direct proof to
the Assumption III (2.24) and thus removes the usage of the LSI.

Finally we summarize the recent results related to the bulk universality
of local eigenvalue statistics. The local semicircle law for Step 1 was first
established for Wigner matrices in a series of papers [11-13]. The method
was based on a self-consistent equation for the Stieltjes transform of the
eigenvalues and the continuity of the imaginary part of the spectral parame-
ter in the Stieltjes transform. As a by-product, an eigenvector delocalization
estimate was proved.

The universality for Gaussian divisible ensembles was proved by Johans-
son [23] for hermitian Wigner ensembles. It was extended to complex sample
covariance matrices by Ben Arous and Péché [3]. There were two major re-
strictions of this method: 1. The Gaussian component was fairly large, it was
required to be of order one independent of N. 2. It relies on explicit formulas
for the correlation functions of eigenvalues which are valid only for Gaussian
divisible ensembles with unitary invariant Gaussian component. The size of
the Gaussian component was reduced to N ~1*¢ in [16] by using an improved
formula for correlation functions and the local semicircle law from [11-13].
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The Gaussian component was then removed by a perturbation argument
using the reverse heat flow. Thus the three step strategy to prove the uni-
versality was introduced and it led to the first proof of the bulk universality
for hermitian Wigner ensembles. Due to the reverse heat flow argument used
in Step 3, the universality class established in [16] was restricted to matrices
with smooth distributions for the matrix elements. Shortly after, Tao and
Vu [28] proved the four moment theorem which in particular removes the
smoothness restriction in Step 3. It thus proved the universality for hermi-
tian Wigner matrices whose matrix element distributions were supported
on at least three points. The last condition was removed in [17] by combin-
ing the arguments of [16, 28]. The result of [28] also implies that the local
statistics of symmetric Wigner matrices and GOE are the same, but under
the restriction that the first four moments of the matrix elements match
those of GOE. Thus the universality class for the local correlation functions
established via the approach of combining [28] and [23] was broader for the
hermitian ensembles than for the symmetric ones. This improvement was
due to Johansson’s result [23], which provided the universality for Gaussian
divisible ensembles in Step 2, was available only for hermitian ensembles.

A more general and conceptually very appealing approach for Step 2 is
via the local ergodicity of Dyson Brownian motion. This approach, initiated
in [14], was applied to prove the universality for symmetric Wigner matri-
ces with the three point support condition. In [18], we formulated a general
theorem for the bulk universality which applies to all classical ensembles,
i.e., real and complex Wigner matrices, real and complex sample covariance
matrices and quaternion Wigner matrices. Later on, Tao and Vu [29] also
extended their results to the sample covariance matrices with the three point
support condition for complex covariance matrices and four moment match-
ing conditions for real ones. Shortly after [29], Péché [26] also extended the
approach [16] to the complex sample covariance matrices and proved the
universality in the bulk.

Most recently, we introduced [19] the Green function comparison theo-
rem and extended the local semicircle law to include the matrix elements
of the Green functions. This allows us to remove the smoothness restriction
from the reverse heat flow argument in Step 3 of our approach. We remark
that the comparison theorems in [28] concern individual eigenvalues with
a fixed index, while the Green function comparison theorem is at a fixed
energy. On the other hand, in [19] the variances of the matrix elements were
allowed to vary, i.e., the matrices belonged to generalized Wigner ensem-
bles. The three step strategy can thus be applied and the universality was
proved for generalized Wigner ensembles with essentially only one class of
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measures, the Bernoulli measures, excluded due to the LSI used in verifying
Assumption IIT in Step 2. Finally, in the current paper, Assumption I1I will
be shown to be a consequence of a strong local semicircle law, which will be
proved for all ensembles with a subexponential decay property. In particular,
Bernoulli measures are now included in the universality class (in the sense
of (2.17)) for both hermitian and symmetric generalized Wigner ensembles.
We have thus removed all restrictions except the subexponential decay in
our approach. A clear picture of the three step strategy emerges: Step 2 and
3 hold under very general conditions and are model independent. The main
task of proving the universality is to establish a strong version of the local
semicircle law—which can be model dependent. We believe that our method
applies to generalized sample covariance matrices as well, but we will not
pursue this direction in this paper.

3. Proof of universality

We now prove the main universality theorem, Theorem 2.2.

Step 1. Universality for Dyson Brownian Motion: Under the Assumptions
ITI-1V in the introduction, the universality for the Dyson Brownian Motion
was proved in [18]. We recall the statement in the following Theorem.

Theorem 3.1. [Theorem 2.1 of [18]] Let € > 0 be the exponent from As-
sumption III. Suppose that the Assumptions II, III and IV hold for the so-
lution f; of the forward equation (2.20) for all time t > N~ Let E € R
be a point where o(E) > 0. Then for any k > 1 and for any compactly
supported continuous test function O : R¥ — R, we have

1 E+b
lim i — E
o dim w35, OF fdenden Ofon, o)
1 &) (k) ( , a / ay, )
3.1 X ( _ ) B+ LB M)~
(3.1) QB PN ~ PN No(E) No(E)

Notice that the assumption on the initial entropy is not needed as was
remarked in [19].
Step 2 Universality for Gaussian divisible ensembles: The Dyson Brownian
motion is generated by the matrix flow (2.18). Our task is to determine the
initial ensemble Hy so that the Assumptions II-IV of Theorem 3.1 can be
proved for the flow. The Assumption IV is a direct consequence of the lo-
cal semicircle law, i.e., Theorem 4.1. The Assumption III will be proved in
Proposition 7.1. For the generalized Wigner matrices, the only assumption
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of Theorem 4.1 and Proposition 7.1 is the subexponential decay property
of the distributions of the matrix elements. Since the evolution of the ma-
trix element is given by an Ornstein-Uhlenbeck process, the subexponential
property is preserved and we only have to check it for the initial data. We
have thus proved the following theorem.

Theorem 3.2. Suppose that the probability law for the initial matrix Hy
satisfies the assumptions of Theorem 2.2. Then there exists eg > 0 such that
for any t > N7 the probability law for the eigenvalues of Hy satisfies the
universality equation (2.17).

Step 3 Green function comparison theorem: We have proved the universal-
ity for all ensembles with the matrix element at (4, j) distributed by o;;&;’
with

(3.2) & =P+ (12,

where fg are independent Gaussian random variables with mean 0 and vari-
ance 1 and t ~ N7¢. In order to prove Theorem 2.2, it remains to approxi-
mate all random variables with the subexponential property by &;. The only
requirement of &; is the subexponential decay property and the mean zero
and variance one normalization. Our tool is the following Green function
comparison theorem from [19]. It implies that the correlation functions of
the eigenvalues of two matrix ensembles at a fixed energy are identical up to
the scale 1/N provided that the first four moments of the matrix elements
of these two ensembles are almost identical. Prior to this theorem, it was
[28] proved that the joint distribution of individual eigenvalues for Wigner
ensembles is the same under the four moment assumption. Tao-Vu’s theo-
rem addresses the distribution of individual eigenvalues! while Theorem 3.3
compares Green functions (and thus eigenvalues) at a fixed energy.

Theorem 3.3. Suppose that we have two generalized N x N Wigner matri-
ces, HY) and HW) | with matriz elements hij giwen by the random variables
N*1/2v7;j and N*1/2w¢j, respectively, with v;; and w;; satisfying the uniform

n a recent preprint [31] (appeared after the current preprint was first posted),
it was pointed out that if the four moment condition is violated, then the differences
between individual eigenvalues of the two ensembles are bigger than the eigenvalue
spacing. Thus the four moment condition is also necessary for locating the indi-
vidual eigenvalues. This is in contrast with the main theme of this paper that gap
distribution and correlation functions are even independent of the second moments
as long as they are nonzero.
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subexponential decay condition (2.11). Fix a bijective ordering map on the
index set of the independent matriz elements,

¢:{(i,j):1§i§j§N}—>{1,...,7(]\7)}7 )= YD

2
and denote by H. the generalized Wigner matriz whose matriz elements
hi; follow the v-distribution if ¢(i,5) <y and they follow the w-distribution
otherwise; in particular HY) = Hy and H®) = H, (- Let k > 0 be arbitrary
and suppose that for any small parameter T > 0 and for any y > N~ we
have the following estimate on the diagonal elements of the resolvent:

1
(Hv - E_iy>kk

with some constants C, ¢ depending only on T, k. Moreover, we assume that
the first three moments of v;; and w;; are the same, i.e.

(3.3)

]P’( max  max max < N27> >1— CN clogloghN

0<y<vy(N) 1<k<N |E|<2—k

Ev;vi; = Ewjw;;, 0<s+u<3,
and the difference between the fourth moments of vi;; and w;; is much less
than 1, say

(3.4) Evjjv;® — Ewjwi; *| < N7°, s=0,1,2,3,4,
for some given § > 0. Let € > 0 be arbitrary and choose an n with N~17¢ <
n < N~L. For any sequence of positive integers ki, ..., ky, set complex pa-
rameters 2" = B £in, j=1,...k;, m =1,...,n with |E]m| <2-—2k and
with an arbitrary choice of the + signs. Let G (2) = (H®) —2)~1 be the re-
solvent and let F(x1,...,xy) be a function such that for any multi-index o =
(a1,...,ap) with 1 <l|a] <5 and for any &' > 0 sufficiently small, we have

(3.5) max {|8O‘F(w1, ooy @p)| s max x| < N‘El} < NG’
J

and

(3.6) max{|8aF(x1,...,xn)| : max |z;| < NQ} < N©
J

for some constant Cy.
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Then, there is a constant C1, depending on «, 3, Y, k; and Cy such that
for any n with N~17¢ < n < N~! and for any choices of the signs in the
imaginary part of z"

(3.7)
kn
H G(v)(zy)

J=1

1

kl 1
H G(U)(Zjl)] yosoy WTT’
J=1

< OINTUEGE | o N

) _EF (G(“) —>G(“’))

where in the second term the arguments of I are changed from the Green
functions of H®) to H®™) and all other parameters remain unchanged.

Given this theorem, for any matrix ensemble H whose matrix element at
(4,7) are distributed according to 0;;¢*, we need to find & such that the first

four moments of (*/ and &’ are almost the same and £ has a subexponential
decay. Since the real and imaginary parts are i.i.d., it is sufficient to match
them individually. This is the content of the following lemma which is stated
for real random variables normalized to variance one. With this lemma, we
have proved Theorem 2.2. This lemma is essentially the same as Lemma 28
in [28].

Lemma 3.4. Let m3 and my be two real numbers such that
m4—m§—120, 77’L4§CQ

for some positive constant Cs. Let €¢ be a real Gaussian random variable
with mean 0 and variance 1. Then for any sufficient small v > 0 (depending
on Cy), there exists a real random variable &, with subexponential decay and
independent of £, such that the first four moments of

gl — (1 o 7)1/257 +'-}/1/2€G
are m1(£') =0, mao(&') =1, ms(&') = mg and my(£'), and
(3.8) Ima (&) —my| < Cry

for some positive constant C depending on Cs.

Proof. 1t is easy to see by an explicit construction that the following holds:

For any given numbers ms, my, with my — m% — 1 > 0 there
is a random variable X with first four moments 0, 1, mg, my

(3.9) and with subexponential decay.
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For any real random variable ¢, independent of £“, and with the first 4
moments being 0, 1, m3(¢) and m4({) < oo, the first 4 moments of

¢ =1 -2+ AM2C

are 0, 1,

(3.10) ma(¢) = (1 =)*?m3(¢)

and

(3.11) ma(¢') = (1= 7)*ma(C) + 67 — 37>,

Using (3.9), we obtain that for any v > 0 there exists a real random
variable &, such that the first four moments are 0, 1,

m3(&,) = (1—7) 3/ 2mg
and
my(&y) = m3(&,)? + (ma —m3).

With my4 < Cs, we have m% < C’S/Q, thus

[ma(&y) —ma| < Cy

for some positive constant C' depending on C5. Hence with (3.10) and (3.11),
we obtain that & = (1 — 4)Y/2¢, +y1/2¢C satisfies m3(¢') = m3 and (3.8).
This completes the proof of Lemma 3.4. U

4. Large deviation of local semicircle law

We first reprove the large deviation of local semicircle law given in [19]. The
result of this section is relevant only for n > M1,

Theorem 4.1. Assume the N x N random matriz H satisfies (2.1), (2.4),

(2.5) and (2.11), Ehj; = 0, for any 1 <i,j < N. Let z = E+in (n > 0)
and let 0(z) be a non-negative function defined by

1 1

(4.1) 0=10(z) = 11— mye(2)?] + max{5+ , [RemZ (2) — 1’}

Let k = ||E| — 2|. Then for all z = E + in with

1
(42) |E[<5, & <n<10, /My (log N)2H3202(2) (k4 ) V/4
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we have

(4.3)
1/4
P {max ]G“(z) — msc(z)‘ > (log N)6+20‘(K+7n

~—

9(2)} < CNfc(log log N)

5

and

(k+m)'/* —c(loglog N)
(4.4) P {maX|Gi]’(2)’ > (log N)b2e 2 2§ < oy—clloglog
i#] vV Mn

for sufficiently large N with positive some constants ¢ and C > 0 that depend
only on a and B in (2.11) and 6_ in (2.4) and (2.5).

The theorem will be proved at the end of the section after collecting
several lemmas. The first lemma describes the behavior of my,. in the various
regimes, its proof is elementary calculus. We use the notation f ~ g for two
positive functions in some domain D if there is a positive universal constant
C such that C7! < f(z)/g(z) < C holds for all z € D.

Lemma 4.2. We have for all z with Jm z > 0 that
(4.5) me(2)] = Imee(z) + 2171 < 1.

From now on, let z = E+in with |E| <5 and n > 0. If n > 10, then we
have
jrnnbsc(;?:) ~ 77_17 ‘msc(z)’ ~ 77_17

(4.6) [L—mZ(z)]~ 1, [L—=Rem(2)] ~ 1.
If n <10, then we have
(4.7) mse(2)| ~ 1, |1 =mZ(2)] ~ Ve +.

For the behavior of |1 —Rem?2.(2)| and Imms.(z) we distinguish two cases.
Case 1. For |E| > 2 we have

Ve
Jmmge(z) ~

VE+n ifk<n

(4.8) 1= RemZ(2)] ~ Vi +.
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Case 2. For |E| < 2 we have

TJmmge(z) ~ VK + 1,

K+ —— ifn<k

2 wn
(4.9) |1 —Remz.(2)] ~
VEFD  ifR<n
O
Thus the control function 6(z) has the following behavior
(4.10)
1 if > 10,

0(2) ~ { min {67, V/r/n, k1) ifn <10, |E|<2andk >,

(k+mn)"1/2 ifn <10, and{2<|E|<10or k <n}.

Note that the precise formula (4.1) for 6(z) is not important, only its
asymptotic behavior for small s, n and ;. is relevant. The theorem remains
valid if 6(z) is replaced by 0(z) with 0(z) < CO(z). In particular, 6(z) can
be chosen to be order one when E is not near the edges of the spectrum.
If we are only concerned with the generalized Wigner ensemble (2.6), then
by (2.7) we can choose 0(z) = (k +n)~'/? for any z = E +in (n > 0). For
universal Wigner matrices we have §(z) < C(k+n)~! for |z| < 10, i.e., using

the parameter A introduced in Theorem 2.1, we have

C

(4.11) 0(z) < AR

A=1,2, |E|,n<10.

Based upon these formulas, we also have, for any z = E + in with n > 0,
1
0(z)

First, we introduce some notations. Recall that Gi; = G;j(z) denotes

the matrix element
1
G —
Y <H -z ) ij

(4.12) Jmmse(z) + < Cmin{l,vk + n}.
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and

L
m(z) =my(z) = N g Gii(2)
i=1

Definition 4.1. Let T = {ky, ko, ..., k} C {1,2,..., N} be an unordered
set of |T| = t elements and let H™ be the N — ¢ by N — t minor of H
after removing the k;-th (1 < i <t) rows and columns. For T = (), we have

H® = H. Similarly, we define a6 T) the ¢-th column with k;-th (1<i<t)

elements removed. Sometimes, we just use the short notation af = a6,

For any T C {1,2,..., N} we introduce the following notations:

G = (1) - z>—1<z’ )
T - (2
Zi(j) =a' - (HT — Z akal al
k,¢T
Kz(jT) = hij - Z(Sij — Z,L(jT)
These quantities depend on z, but we mostly neglect this dependence in the
notation.

The following two results were proved in our previous work (Lemma 4.2
and Corollary B.3 of [19]) and they will be our key inputs. We start with
the self-consistent perturbation formulas.

Lemma 4.3 (Self-consistent Perturbation Formulas). Let T C {1,2,..., N}.
For simplicity, we use the notation (iT) for ({i}UT) and (ij T) for ({i,j}U
T). Then we have the following identities:

1. For anyi ¢ T
(4.13) G — (k™)™
2. Fori#j andi,j ¢ T

(4.14) G0 = —aDGUM D - _MGUm i),

1) 1]

3. Fori#jandi,j¢T

(T _ a0 T) _ 00 (D1
(4.15) P —ai=aDa (@M

1 i iJ

4. For any indices i, j and k that are different and 1,5,k ¢ T

k —1
(4.16) P —ah =aPaD (e

ij
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Lemma 4.4. Let a; (1 <i < N) be N independent random complezx vari-

ables with mean zero, variance o and having the uniform subexponential
decay (2.11). Let A;, B;j € C (1 <i,j < N). Then we have that

1/2
(4.17) ]OgN <Z |A | ) < CN~ loglogN,
(4.18)
N N N 1/2
Z@‘Bﬁai —ZUQBM- > (log N)2T2%g2 <Z|B”|2> < O N~ loglog N
=1 i=1 i—1

1/2
(4.19) P Z@'szaj > (IOgN)3+2a0_2<Z‘Bij’2> < ON~loglog N
i#j i#j

for some constants C depending on o and 8 in (2.11).

We start with determining a system of self-consistent equations for the
diagonal matrix elements of the resolvent. We can write G;; as follows,

)\ — 1
Gi = (K = : : _
) R KD —BuRp

where E,: = E; denotes the expectation with respect to the elements in the
i-th column of the matrix H, i.e., w.r.t. a’ = (hy;, hai, ..., hy;)t. Introduce
the notations

GiiGji
(4.20) = 05Gi+ ) oG
J#i
and
7= [a,Ga) ~ BaalGU)a] = 28 - m.2).
k,l#1
Using the fact that G®) = (H® —2)~!is independent of a’ and Eaia_};af =
5k102-2k, we obtain
. _ (@)
E,i =—z— Z 035G}
J#i

and
KD —Bp KW = by — 2;.

1
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Denote by
(4.21) T =Ti(2) = A+ (K — BaK)) = A + hig — 2

and we have the identity

1
-z — Ej U%ij +7;

(4.22) Gii =

Let
g DI IS DR
Vi = Gy — Msc,s mi= = i Vi= o7 Vi = 57 it — Msc)-
N N N <

We will estimate the following key quantities

4.23 A, = = Grp — A, = G
(4.23) d m}glekl m}gX\ Kk — M|, o I?%‘ kel

where the subscripts refer to “diagonal” and “offdiagonal” matrix elements.
All the quantities defined so far depend on the spectral parameter z =
FE +in, but we will mostly omit this fact from the notation. The real part
E will always be kept fixed. For the imaginary part we will use a continuity
argument at the end of the proof and then the dependence of Ay, on n will
be indicated.

Both quantities Ay and A, will be typically small, eventually we will
prove that their size is less than (Mn)~'/2, modulo logarithmic corrections
and a factor involving the distance to the edge. We thus define the excep-
tional event

(424) Q=)= {Ad<z> +Ao(2) = %}

We will always work in €, and, in particular, we will have
Ag(2) + Ay(2) < C(log N)—3/2
since 1/6(z) < C by (4.12). Define the set

S:={x=FE+in: |E|<5 N '<p<i0}
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‘We thus have
(4.25) c<|Gi(z)| < C in QF

for any z € S with some universal constant ¢ > 0. Here we estimated
HG”] - ]mscH < Ag4, and we used from (4.6)—(4.7) that ms.(z) satisfies
|msc(z)| ~ 1 for z € S.
Thus, a special case of (4.16) or (4.15),
. lee?
Gl =G — —220 £ Lk,
Gii

together with (4.25) implies that for any 7 and with a sufficiently large con-
stant C

(4.26) ma IGY)] < Ao+ CA2<CA,  in Q5
(4.27) cl< ‘G](;]z‘ <C, for all k # 4 and in Qf
(4.28) ‘Glgllz - mSC’ < Ag + CA? for all k& # 4 and in Qf
and

c 2 : c
(4.29) |A;] < T CA; in OF.

Here we have used that

<c A2 i

GriGa
Gii

with ¢ being the constant in (4.25) and we also used that }, J?j = 1. Simi-
larly, with one more expansion step, we get

(i5) (i5) i 0O°
(4.30) mgxrgszkf ‘ < CA,, mizjxxmgx’Gk,g ! <C in QF

and

(4.31) ‘G,(ci,g) — msc‘ < Ag + CA? for all k& # 4, j and in Q.
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Using these estimates, the following lemma shows that Z; and ZZ.(?j ) are

small assuming Ag + A, is small and the h;;’s are not too large. The control
parameter for the Z’s is & = ®(z), defined below (4.32). These bounds hold
uniformly in S.

Lemma 4.5. Denote by

_ VAi Ao+ ()t
v Mn ’

(4.32) o= P(z)
and define the exceptional events

. 2
Q = {1<r2?§N!hm! > (log N) Q\Uiﬂ}

u(2) = {max |2,(2)] > (o5 N)* 2 2(2)}
u(2) = {max | 20 2)] 2 (1og )02

and we let

(4.33) Q:=0ul [(Qd(z) UQ(2)) N Qf\(z)]
z€S

to be the set of all exceptional events. Then we have

(4.34) P(Q) < ¢N~clloglog N,

Proof. Under the assumption of (2.11), we have

(4.35) P () < ON—¢loglos N,

therefore we can work on the complement set €2{. Define the event

(log N)=3/2
0(2) }

Notice that the estimates (4.26)—(4.31) also hold on (Zf\, maybe with different
constants C'. We now prove that for any fixed z € S, we have

Qa(z) == {Ad(z) + Ao(2) > 2

(4.36) P(ﬁi(z) N {m?x 1Zi(2)] > C(log N)2+2a<1>(z)}> < ON—cloglogN
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and
(4.37) ]P’(Q?\(Z) N {max ’Z J)( )| > (log N)4+2a(1)(2)}) < CNfcloglogN'

To see (4.36), we apply the estimate (4.18) from the large deviation Lem-
ma 4.4, and we obtain that

2

(4.38) 1Zi] < Cllog N)2*2 [N |ouGou

ki

holds with a probability larger than 1-C'N —c(loglog N) for sufficiently large N.

Denote by u(()f) and /\g) (a=1,2,...,N —1) the eigenvectors and eigen-
values of H®. Let ug)(l) denote the I-th coordinate of ug). Then, using
02 < 1/M and (4.28), we have

Z Usz;(cgtle < _ZU (|G(Z ’ >kk:
k,l#1 k#i
oy (2(0)
k;ﬁz k#i n
< Ag+ CA2 + Jmmsc(z)
S M
(4.39) <C®? i Q5.

Here we defined |A|? := A*A for any matrix A and we used (4.12) to estimate
Jmmyge(z). Together with (4.38) we have proved (4.36) for a fixed z.
For the offdiagonal estimate (4.37), for i # j, we have from (4.19) that

(4.40) 23] < Clog N2 [ 'S laszk l 01]‘
kl#i,j

holds with a probability larger than 1—C N —¢(loglog N) for sufficiently large N.
Similarly to (4.39), by using (4.31), we get
> |rucio] <oty
kU 0l = m §25.
k,l#4,5

This proves (4.37).
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Now we start proving (4.34). First we choose an N ~1%net N in the set S,
i.e., a collection of points, {z,}ner C S, such that for any z € S there is
Z € Nsuch that |[z—2| < N1 The net can be chosen such that [I| < CN?Y.
Then (4.36) and (4.37) imply that

IP’(EIE €N, s.t. Q5(2) holds and
(4.41) max |Z:(2)| + max 1Z;; (i) (2)| > 2(log N)4+2a<1>(2)> < ON—closlos N
Now let z € S be arbitrary and choose Z € N such that |z — z| < N~10, For
any fixed ¢ # j, we have

70
@)

(4.42) ’|Z i) —12;; ”) ”)|‘ <|z— z|ma§<

By 0Z;; (i) [0z = =3 ¢ k1g(ij) a_,iG](;g)G(?)al and maxgp ]G | < n~!, we have

8Zi(;j) < (log V)6

5, (6)‘_ N2 N3< NS in Q5.

max
£es

In the last inequality, we used the assumption n > N~!. Thus

Z” —Z” <N in Q.
| 1

Since ¢ > Mﬁl/anl/‘l > cN~! for z € S, we obtain

1257 )] - 12572

< ®(z) in Qf,
and exactly in the same way, we have
1Z:(2)] - 1Z:3)| | < 0(2) in 5.
Moreover, by estimating |0,G| < N2 in S, we see that Ag(z), Ao(2), and ®(2)

are Lipschitz continuous functions in S with a Lipschitz constant bounded
by CN3. Therefore ®(Z) can be replaced with ®(z) in the lower bound on

\Zl(j”)(E)] and | Z;(2)| obtained from (4.41), and, furthermore, Q5 (z) € Q5 (2)
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using a trivial upper bound 6(z) < N. Thus we get

P(Elz € S 5.6.05(2) and Q5 hold and

max |Zi(2)| + max| 2 (2)] > (log N)™" @ () ) < ON b,
7 i#j

Combining this with (4.35), we obtain (4.34) and thus Lemma 4.5. O

Our goal is to show that A,(z)+Ag(z) is smaller than (Mn)~'/? (modulo
edge and logarithmic corrections) for any z € S in the event ¢(z). We will
use a continuity argument. In Lemma 4.6 we show for any z € S that if
Ao(2) + Ag(2) is smaller than (log N)~3/2, then it is actually also smaller
than (Mn)~%/2. In Lemma 4.9 we show that this input condition holds at
least for Jm z = p = 10. Then reducing n, we show by a continuity argument
that it holds for each z € S.

Lemma 4.6 (Bootstrap). Let z = E + in and satisfy (4.2), in particular
z € 5. Recall Ay, A, and  defined in (4.23) and (4.33). Then we have that,
in the event Q°, if

(1.43) Ao(2) + Ag(z) < QBN
0(z)
then we have
(4.44) Ao(2) + Ag(z) < (log N)6+2&("”"+J\44”)M9(z)
n

and we also have a stronger bound for the off-diagonal terms:

(4.45) Ao(2) < (log N)5+2a%.

Proof of Lemma 4.6. First note that condition (4.43) is equivalent assuming
the event Qf (2) and we have

(4.46) Q°NOL(z) C Q5(2) UQL(2),
so the event Qf(z) U Q¢(z) holds. We recall from (4.12) that

1
. — < < .
(4.47) 9(2)_6‘ k+n<C, ze S
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With the assumption (4.43) we have (see (4.25), (4.27))
(4.48) c < |Gyl <G, c< ‘GYJ)‘ <C

and by (4.47)

CVETn ¢
(4.49) Aa(z) + Ao(2) < (log N)3/2 = (log N)3/2

and thus, by (4.2) and (4.47),

(k +m)'/* (k+m)'/* —12-3a
(4.50) A <P(2) < CW < C(log N)~1273e,

We first estimate the offdiagonal term G;;. From (4.14) we have
(451) |Gyl = 1GallGY K| < © (Ihl +1257]) . i,

where we used (4.48).
By the remark after (4.46) we have

C(log N)?
vM

where we used (4.50) to show that the first term can be absorbed into the
second. From the second inequality in (4.50) we also have

|Gij| < + C(log N)>*22® < C(log N)* ™29,

+ )t/
4.52 A, = max |G| < C(log N 5+20‘(/{7.
( ) Z7£]X| ]‘ — ( g ) \/]\4—77

This proves the estimate (4.45). Using (4.47), we also see that (4.44) holds
for the summand A,.

Now we estimate the diagonal terms. Recalling Y; = A; + hy; — Z; from
(4.21), with (4.29), (4.50), (4.52) we have,

(4.53)
(log N )*
VM

Again, the first term can be absorbed into the second, so we have proved

T = T(z) := max|Y;(2)| < C + C(log N)*™2*®  in Q°NQO%(2).

(4.54) T < (log N)*™2® < C(log N)™®  in Q°NQSG (2).
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In the last step we used (4.50).
From (4.22) we have the identity

1
—Z — Mg — <Zj afjvj - Ti)

Using (mse + 2) = —m!, and the fact that [mg. + 2| > 1, so with Ag+ T <
5 |mse + 2| (see in (4 49) and (4.54)), we can expand (4. 55) as

= m?c : (Zagjvj - Ti> + O(Z O'%’Uj - Ti)g
J J
(4.56) = (Y odu = 1) +O((ha+T1)%).
J

(455) vy = Gy — Mge =

— Mge.

Summing up this formula for all ¢ and recalling the definition v = % YoV =
m — Mg yield

Introducing the notations ¢ := m?2,(z), T := + >, T; for simplicity, we have
(using Ag < 1)

(4.57) v:—1—T+o(i(Ad+T)2) :0<'% (A§+T)>.

Recall that X denotes the matrix of covariances, ¥;; = o7;, and we know

2

ij?
that 1 is a simple eigenvalue with the constant vector e = N_1/2(17 1,...,1)
as the eigenvector. Let @) := I —|e)(e| be the projection onto the orthogonal
complement of e, note that ¥ and @ commute. Let || - ||co—00 denote the

0> — ¢ matrix norm. With these notations, (4.56) can be written as
—v_CZEU 9) = ¢(Ti=T) + 0 (< (A3 + 1)) +O((ha+T1)?),

and the error terms for each ¢ sums up to zero. Therefore, with T < 1,
we have

vy :_Z<1—<<2> (*;-7) +O<H1—<2

Q
1-¢>

(A7 + T))

HOO*)OO

(4.58) = H O(A7+ 7).

Hoo—)oo
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Combining (4.57) with (4.58), we have

@ e
o] e

(4.59) max v < C <H

To estimate the norm of the resolvent, we recall the following elementary
lemma (Lemma 5.3 in [19]).

Lemma 4.7. Let _ > 0 be a given constant. Then there exist small real
numbers T > 0 and c; > 0, depending only on d_, such that for any positive
number 64, we have

(4.60) xe[—ll}rli}fl—m {)T + xm?c(z)r} <(1—cr1q(2)(147)?
with
(4.61) q(z) := max{d, |1 — Re m2.(2)]}.

Lemma 4.8. Suppose that ¥ satisfies (2.4), i.e., Spec(QY) C [-1+d_,1—
d+]. Then we have

(4.62) H © < G0 )log N

WH@% - )

with some constant C(d_) depending on 6_ and with q defined in (4.61).

Proof. Let || - || denote the usual 2 — ¢ matrix norm and introduce ¢ =

m2,(z). Rewrite

Q |_ 1| @
1-¢2 1+7 1_412::
with 7 given in (4.60). By (4.60), we have
CE + 7 Cx + 7 1/2
Q| < sup < (1—ciq(2))"/=.
‘ L+7 cel-146.1-6,]| 1 +7

To estimate the £° — ¢>° norm of this matrix, recall that |¢| = |m.|? < 1
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and - |X] =32, % =, U?j = 1. Thus we have

B X+

_miaxz‘( 2
7 J

1
<1 rnza,xz IC% + 78i5| <
J

X+
147

9

oc0—00

=95, S

To see (4.62), we can expand

1 CZ—G—T X+
= 2[(557) 9
Hl_% 00—00 n; 1+T 00—00 n>zn 00—00

CE+7\"
<
<tV Y <1+T> QH
=ng+ VN Z:(l—clq(z))"/2
n>ng

= ng + C\/N(l — c1q(z))"/? < ClogN'
q(2) q(2)

Choosing ng = C'log N/q(z) with a large C, we have proved the Lemma. [

We now return to the proof of Lemma 4.6, recall that we are in the set
Q°N Q4 (2). First, inserting (4.5) and (4.62) into (4.59), and using 1/¢ < 0,
we obtain

Ag = max |v;| < CO(2)(A% 4 Y)log N.
(2

By the assumption (4.43), we have CO(z)Aglog N < 1/2, for large enough N,
therefore we get

Ag < COH(2)Y log N.
Using the bound on T in (4.54) and (4.50), we obtain
6+2c (’k'; + 77)1/4

VMn
which, together with (4.52), completes the proof of (4.44). O

Ag < CH(z)(log N)

Lemma 4.9 (Initial step). Define

Qp = {[|H]| = 3},
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recall the definitions of 1, Qg and Q, from (4.33) and define

(4.63)  Q=0zuul {Qo(z) UQu(z) : 2= E+10i,|E| < 5}.
Then we have

(4.64) P(Q) < ONclogloeN,

Furthermore, in the set Q° we have

(log N)=3/2

(4.65) Bo(2) + Aa2) < =550

for z=E+10i, |E| < 5.

Proof. The exceptional event Qg is controlled by Lemma 7.2 of [19]. For
convenience, we will recall this result in Lemma 6.2, Eq. (6.11), and we note
that the condition of this lemma, M > (log N)?, is implied by (4.2) and
(4.12). Thus we have P(Qy) < CN—c(loglog N),

Denote by u, and A, the eigenvectors and eigenvalues of H. On the set
Q4 all eigenvalues are bounded, |A\y| < 3. In this set we have, with |E| <5,

~ Z |ua(k)[? ¢ § : 2 _ €
466 JluG — > — a k = —

«

with some positive constant ¢ > 0. We also have the upper bound |G| <
n~'and A, + Ag < C/n. In particular, for n = 10, we have

(4.67) c< |G| <C,  inQf,

with some positive constants. Inspecting the proof of Lemma 4.5, notice that
the restriction to the set 2§ was used only to obtain the estimate (4.25).
Once this estimate is obtained independently, as in (4.67) in the set Qf,,
all the estimates (4.26)—(4.31) hold and these are the necessary inputs for
Lemma 4.5. Thus, following the proof of (4.36)—(4.37), and replacing Q%
with Q¢;, we obtain that P{Q% N (Q6(2) UQq(z))} < CN—cl8logN for each
fixed z = E + 10i, |E| < 5. Finally, this estimate can be extended to hold
simultaneously for all 2 = E + 10i, |E| < 5 using an N~ '0-net as for the
proof of (4.34). This proves (4.64). R

Similarly, the argument (4.51)—(4.52) shows that in the set Q¢, we have

C(log N)5+2a

(4.68) Bole) £ ==,

z = FE + 10i,
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and the argument (4.53)—(4.54) guarantees that

C(lOg N)5+2a
vM

in Q°. Finally, to control A4, we use that from the self consistent equation
(4.55) and the definition of ms., we have

(4.69) T(z) < z = E 4 10i,

Zz O-nzvl + O(T)
(z4+mee + 2, val +O0(1))(z +mse)’

(4.70) Up = 1<n<N.

For n = 10, with (2.9), we have |z 4+ mg.(2)| > 2. Using |G| < n~' = &

10
and |mg.| < n~! = 7=, we obtain

1
10~
(4.71) ;| <2/n<1/5, 1<i<N.

Using (4.69), together with |z + mg.(2)| > 2 and (4.71), we obtain that the
absolute value of the r.h.s of (4.70) is less than

sup; [vi|
|2 + mse(2)] — sup; |vil

(4.72) +0(Y).

Taking the absolute value of (4.70) and maximizing over n, we have

Aqg

— + O(7).
|Z+msc|_Ad ( )

(4.73) Ag =sup|v,| <

Since the denominator satisfies |z 4+ mg.(2)| — sup; |v;| > 2 — 1/5,

(4.74) Ag<OY

follows from the last equation. Combining it with (4.68) and (4.69), we
obtain (4.65), and this completes the proof of Lemma 4.9. O
Proof of Theorem 4.1. Lemma 4.6 states that, in the event Q€ if Ay(z) +
Ao(z) < R(z) then Ag(z) + Ao(2) < S(z) with

(k+m)'/*
VMn

By assumption (4.2) of Theorem 4.1, we have S(z) < R(z) for any z € S
and these functions are continuous. Lemma 4.9 states that in the set (2 the

bound Ay4(z) + Ao(z) < R(z) holds for n = 10.

R(z) := (log N)™32(0(2)) ", S(z) := (log N)®T2« 0(z).
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Thus by a continuity argument, Aq(z)+A,(z) < S(2) in the set QNQ° as
long as the condition (4.2) is satisfied. Finally, once A,(z) < S(z) is proven,
we can use S(z) < R(z) (in the domain D) and Lemma 4.6 once more to
conclude the stronger bound on A,(z). This proves Theorem 4.1.

We record that combining the bound on Ag4, A, with (4.54), we also pro-
ved that under the assumption (4.2) we have

(475) Au()+Ao(2)+T(2) < C(log Ny16+ta D

8(z)  inQ°NQC.
VM

5. Local semicircle law

In this section we strengthen the estimate of Theorem 4.1 for the Stieltjes
transform m(z) = & Y., Gi;. The key improvement is that [m —m.| will be
estimated with a precision (Mn)~! while the |Gy — ms.| was controlled by
a precision (Mn)~/? only (modulo logarithmic terms and terms expressing
the deterioration of the estimate near the edge).

Theorem 5.1. Assume the conditions of Theorem 4.1 and recall the nota-
tions k = kg := ||E| — 2| and 0(z) from (4.1). Define the domain

1
D* := {z—E—i—inE(C | E S5’N <n <10,
(5.1) Mn > (logN)24+6°‘94(z)(/<c+n)l/Q}.

Then for any € > 0 and K > 0 there ezists a constant C = C(e, K) such
that

en2 2
(52) P( U {me) - mat) = %ﬁ“}) <A

zeD*

Proof of Theorem 5.1. We will work in the set Q¢ N ﬁc, which has almost

full probability by (4.34) and (4.64). Note that the set D* is included in the

domain defined by (4.2), therefore we can use the estimates from Section 4.
As in (4.57), where v = m(z) — ms.(z), we have that

1
m— Mge = —ﬁﬁzz:ﬂrl -f-O(&(Ad-FT)Q)
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holds with a very high probability. Recall that ¢ = m?.(z) and we mostly
omit the argument z from the notations. The quantities Ay, T; and T were
defined in (4.23), (4.21) and (4.53). Then with (4.75) we have

- ¢ 1 | N 0*(z)vE+7
m(z)—msc(Z)—()(ﬁN;TJ)+O(|1—C| Mn )

holds with a very high probability for any small € > 0. Recall that T; =
A; + hyi — Z;. We have, from (4.20), (4.25) and O’,L»Qj <M1

A, §%+CA2<CN€9 VR
Mn

)

where we used (4.75) to bound A, and (4.47) to control the C'//M term.
We thus obtain that

(5.3)
ol £ (Lsy LNy N° 0*VE+
m_msc_O<T§<N2i:Zz_N;h”>>+O<\1—C M) >

holds with a very high probability. Since h;;’s are independent, applying the
first estimate in the large deviation Lemma 4.4, we have

(5.4) (' Z hii

On the complement event, the estimate (log N)3/2t*(MN)~1/2 can be in-
cluded in the last error term in (5.3). It only remains to bound

> IOgN 3/2+O¢ 1

> < CN—cloglogN.
N =

whose moment is bounded in the next lemma which will be proved in Sec-
tions 8 and 9.

Lemma 5.2. For fized z in domain D* (5.1) and any even number p, we

have
1 &L
(5.5) E| D Zi| <Cp((logN)*2ex?)”
=1
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for sufficiently large N, where

_ 2) = (lo 10+2a("£+77)1/4
(5.6) X = X(2) := (log N) Vo

Using Lemma 5.2, we have that for any € > 0 and K > 0,

z=E+in, k=|E|-2|.

N
1 \/54‘7] K
P — E Z;| > N°¢ <N
(N =1 a MT, ) a

for sufficiently large N. Combining this with (5.4) and (5.3) and noting
that |1 — ¢| ~ \/k + 1, see (4.7), we obtain (5.2) and complete the proof of
Theorem 5.1. OJ

6. Empirical counting function

In this section we translate the information on the Stieltjes transform ob-
tained in Theorem 5.1 to an asymptotic on the empirical counting function.
The main ingredient for the first step is the following lemma based upon the
Helffer-Sjostrand formula. We will formulate this lemma for general signed
measures, but we will apply it to the Stieltjes transform m® = m — my.
of the difference between the empirical density and the semicircle law. A
similar statement was already proven in Lemma B.1 in [15] and Lemma 7.7
in [19].

Lemma 6.1. Let ¢® be a signed measure on the real line with supp o™ C
[-K, K] for some fized constant K > 4. For any Ey,Ey € [-3,3] and
n € (0,1/2] we define f(N) = fg, m.n(A) to be a characteristic function
of [E1, Es] smoothed on scale n, i.e., f =1 on [E1, Es], f =0 on R\ [E] —
n, By +n] and |f'| < Cn~t, |f'| < Cn~2. For any x € R, set ki, = ||| —2|.
Let m® be the Stieltjes transform of 0. Suppose for some positive U, and
non-negative constant A we have

(6.1) m®(z +iy)| <CU  for 1>y>1/2, |z|<K+1,

and

cU

6.2) |[Im mP(z+iy)| < ————
(6.2) | ( Y)| W T )2

for 1>y>0, |z|]<K+1,
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and in case of A > 0 we additionally assume n < 4 min{rp,, kg, }. Then

CU|logn|

[min{ﬁ;El, KE, }] A

(6.3) ‘ / fE BN o™ (V)N <

with some constant C' depending on K and A.

Proof of Lemma 6.1. For simplicity, we drop the A superscript in the proof.
Analogously to (B.13), (B.14) and (B.15) in [15] we obtain that (with f =

fEhEz,n)
[ 10| < ¢ [ @)+l @D W lmte + inldsdy

+C

/l /yf”(:v)x(y)ﬁmm(m+iy)dwdy
y|<n

(6.4) e

Y

/ | /}R yf" (z)x(y)Imm(z + iy)dzdy
y|=n

where x(y) is a smooth cutoff function with support in [—1, 1], with x(y) =1
for |y| < 1/2 and with bounded derivatives. The first term is estimated by

/R2(\f(x)\ + 1l @DIX W)l[m(z + iy)dzedy < CU,

using (6.1) and that on the support of x’ the condition of (6.1) is satisfied
since 1 > |y| > 1/2.

For the second term in r.h.s of (6.4) we use that from (6.1) and (6.2) it
follows for any 1 > y > 0 that

~ ) cU
With |f”] < Cn~2 and
(6.6) suppf'(z) C {|z — E1| < n} U {|z — Ea| < n},

we get
cU

[min{HEl yKE, }] A

second term in r.h.s of (6.4) <
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As in (B.17) and (B.19) in [15], we integrate the third term in (6.4) by
parts first in x, then in y. Then we bound it with an absolute value by

C nlf @) |[Fmm(z + in)|dz
x| <K+1

(6.7) +Cont / / |TJmm(x + iy)|dedy.
n<y<1J|z—E|<n

By using (6.5) and (6.6) in the first term and (6.2) in the second, we have

cU 1
(6.7) < +CUnp™t / dx / ——dy
[min{nEl yKE, }] A k:ZLZ le—Ex|<n n<y<1 y(/iz + y)A
CU|log 7|

B [min{mEl, KJEZ}] 4

O

Let Ay < Ay < --- < Ay be the ordered eigenvalues of a universal Wigner
matrix. We define the normalized empirical counting function by

(6.9) n(E) = < #{) < F)

and the averaged counting function by

(6.9) n(E) = %E#[Aj <E

Finally, let

E
(6.10) Nsc(E) 1= / 0sc(z)dx

—00

be the distribution function of the semicircle law which is very close to the

counting function of v’s, n7(E) := %#[y; < El.
We will need some control on the spectral edge, we recall the Lemma 7.2

from [19].

Lemma 6.2. (1) Let the universal Wigner matriz H satisfy (2.1), (2.2) and
(2.11) with M > (log N)°. Then we have

(6.11) n(—3) < CN_CIOgIOgN and n(3) >1-— CN—cloglogN.
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(2) Let H be a generalized Wigner matrixz with subexponential decay, i.e.,

(2.1), (2.2), (2.6) and (2.11) hold. Then
(6.12) n(—2— N"V6+¢) < Ce™™ and n(2+ N"V/6+) > 1 — e,
for any small € > 0 with an € > 0 depending on . Furthermore, for K > 3,

(613) n(—K) < e_NE log K and TL(K) > 1— e—NE 10gK7

for some € > 0.

With these preliminary lemmas, we have the following theorem that we
state for universal Wigner matrices and for their subclass, the generalized
Wigner matrices in parallel.

Theorem 6.3. Let A = 2 for universal Wigner matrices and A = 1 for
generalized Wigner matrices. Suppose that the universal Wigner matriz en-
semble satisfies (2.1), (2.2) and (2.11) with M > (log N )26 and the gen-
eralized Wigner matriz ensemble satisfies (2.1), (2.2), (2.6) and (2.11). We
recall M = N in the latter case. Then for any € > 0 and K > 1 there exists
a constant C(e, K) such that

C(e, K)
>1- =

. oA CN*®
{ sup o(E) = ()] el < G|

where the n(E) and ns.(E) were defined in (6.8) and (6.10) and kg =
1E] = 2].

Proof. For definiteness, we will consider the case of generalized Wigner ma-
trices, i.e., A = 1. In this case M = N, 04 > Cipy > 0 (see (2.7)) and
thus 6(z) < C(k + n)~Y2 for |z| < 10, see (4.10). For simplicity of the
presentation, we assume that 6(z) = (k4 1) /2 as overall constant factors
do not matter (see the remark after (4.10)). We set n = 1/N, U = N¢1
and apply Lemma 6.1 to the difference m® = m — my.. Let 0® = 0 — 0se,
where o(z) = £+ Y ;0(z — A;) is the normalized empirical counting measure
of eigenvalues. First we check the conditions of Lemma 6.1. By (6.11), we
know that supp o™ C [—3,3] apart from an event of negligible probability.
From Proposition 5.1 and N > (log N)?4t%% we obtain (6.1) with a very
high probability.

To check that (6.2) holds, set L = (log N)?**+6% and for a fixed z, let v,
satisfy Nyg (ke + y2)*/? = L, so that z + iy, € D*. Clearly (6.2) holds for
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any y > y, with a very high probability by (5.2). For y < y,, we can use the
monotonicity of y — yJIm m(z + iy) and (5.2) for z = z + iy, to get

N¢ U
6.14 y) < Y J 1Y) < < )
(6.14) yIm m(x + iy) < yIm m(z + iys) N o) = mty

and thus

Tmmz+iy) < ——
(@ +iy) y(ke + )

with a very high probability. From (4.12) we have

2o U

Jm mge(x +iy) < Ckg + 9y _
( )= & ) = y(kz +y)

where, in the second inequality, we used y < y, and that CNy(k, +1)>/?
CNy, (ke + ygc)?’/2 = CL < UN. Thus (6.2) holds for the difference mA
m — mg. as well. The application of Lemma 6.1 shows that for n = 1/N

I IA

(6.15)

2e
'/fE1,E2,77 d)\ /fE1,E2,77( )QSC()\)d)\ CN

Nmin{kpg,, kg, } +1

Recall that fg, g, the characteristic function of the interval [E1, Ey)], smoo-
thed on scale n at the edges. The additional 1 in the denominator in the r.h.s.
of (6.15) comes from the case when kpg,, kg, are very small and the trivial
estimate f <1 with [ o= [ psc =1 gives a better bound than Lemma 6.1.

We remark that (6.14) implies a crude upper bound on the empirical
density. Indeed, for any interval I := [z — n,x + 7], with n = 1/N, we have

C N25

(6.16) n(@+n) —n(e—n) < Cpdmm(e+in) < =,

since n = 1/N < y, for any z.
Choose arbitrary Eq, Es € [—3, 3], then we have

w(Er) - n(Es) - / F50 Eam(N) (VA

<CZ (Bj +n) —n(E; —n)]

7=1,2

CN25
17
(6 ) 3212 NFLE +1
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from (6.16). Since g5 is bounded, we also have

(6.18)

elB) = e 2) [ f. WO < O = O/

Subtracting (6.17) and (6.18) and using (6.15), we obtain that for any
Ey, Ey € [-3,3]

CN2£
Nmin{kg,, kg, } +1

|[0(E1) = n(E2)] = [neel(Br) — noe(E2)]| <

with a very high probability, i.e., apart from a set of probability smaller than
C(e, K)N~X for any K. The estimate (6.13) from Lemma 6.2 on the extreme
eigenvalues shows that o is supported in [—3, 3] with very high probability,
ie., n(—=3) = ns(—3) =0, n(3) = ns(3) = 1. Thus we obtain that

C N2z—:

(6.19) n(E) — ns(B)| < Nep+1

holds for any fixed E € [—3, 3] with an overwhelming probability.

We now choose a fine grid of equidistant points E; € [—3, 3] with |E; —
Eji1] < N71, then (6.19) holds simultaneously for every E = E; with an
overwhelming probability. For any E € [—3, 3] we can find an E; with |[E —
E;| < N~! and by (6.16) we obtain

[n(E) ~ n(E))| < n(E; +1/N) — n(E; — 1/N) < %

This guarantees that (6.19) holds simultaneously for all E. Since € > 0 was
arbitrary, this proves Theorem 6.3 for generalized Wigner matrices.

The proof for universal Wigner matrices is very similar, just M replaces
N in the estimates, U = N*M~! and instead of §(z) < C(k+n)~/? one uses
0(z) < C(k +n)~* which follows from (4.10). The main technical estimate
(6.15) is modified to

(6.20

)
2e
‘/fE1,E2,77()‘)Q()‘)d)‘_/fEl,Ez,n()‘)Qsc()\)d)\ S CN

M[min{nEl,/ﬁEz}]Q +1

and the rest of the proof is identical. O
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7. Location of eigenvalues

In this section we estimate the mean square deviation of the eigenvalues from
their classical location. The main input is Theorem 6.3, the estimate on the
counting function. For simplicity, we consider only the case of generalized
Wigner matrices. Similar, but weaker results can be obtained along the same
lines for universal Wigner matrices.

Theorem 7.1. Let H be a generalized Wigner matrix with subexponential
decay, i.e., assume that (2.1), (2.2), (2.6) and (2.11) hold. Let \; denote the
eigenvalues of H and ; be their classical location, defined by (2.23). Then
for any €9 < 1/7 and for any K > 1 there exists a constant C, depending
on K and gg, such that

al C
(7.1) IP’{Z A —* < N—éo} >1- .
j=1
and
N
(7.2) Y RN - P <CNTE.
j=1

Proof. The proof of (7.2) directly follows from (7.1) by using the estimates
on the extreme eigenvalue (6.13) from Lemma 6.2. For the proof of (7.1),
we can assume that max; || <2+ N ~1/7 since the complement event has
a negligible probability by (6.12) and (6.13) of Lemma 6.2. From Theo-
rem 6.3 we can also assume that

CN¢
(7'3) |11(E) - nsc(E)‘ <

N%E

holds for every FE € R.
From the definition of ; it follows that for j < N/2, i.e., v; <0,

(7.4) - 2+01(%)2/3 <y < —2+02<%)2/3

with some positive constants C, Cs.

Choose g = % — ¢. Consider first those j-indices for which CoN1—38/2 <
j < N —CoN'—3/2 with a sufficiently large constant. We choose Cj so that
(7.4) would imply —2 +2N~# < ~; <2 —2N~". We then claim that

(7.5) A\j € [-2+N 7 2-N"F]  for CoN'"%/? < j< N-CoN'"3/2,
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We will show that A\; > -2+ N —B the upper bound is analogous. Suppose
that \; were smaller than —2 4+ N =%, then n(—2 + N=#) > j. On the other
hand, ng.(—2 + 2N—7) < j and thus

—242N-#
nse(—2 + Nﬁﬁ) = nge(—2 + 2N7ﬁ) — / Osc(z)dx < j — cN—38/2
—24N-8

with some positive constant c. Therefore
eN7T3B2 < n(=24 NP —ngo(—2+ N78) < CNP+—1,

where the second inequality follows from (7.3), but this contradicts to the
choice 8 = % — €.

Let j satisfy CoN'=3%/2 < j < N/2; the indices N/2 < j < N —
CoN'738/2 can be treated analogously. Note that Anj2 < CN~1%¢ by (7.3).
Define ¢(j) to be index of the y-point right below \;, i.e.,

Ye(5) < )\j < Ve()+1-

By (7.5) we see that —2+1N~F < Yejy < CN 71 and from (7.3) and (7.4)
it follows that

CN¢
7.6 c(j) — j| < ——— < CN*=HP,
(7.6 ) 31 < 3
By the choice of 8 we have e + 3 < 1 — 33, i.e., (7.6) implies |c(j) — j| < j.
Using now (7.4), we have

CNe¢ CN2/3+5 CN2/3+6
< <
V() +2 C(j)2/3 - j2/3

(7.7) le(d) =l <

Finally, we can estimate
N i 1/2
) =3l = N] [ euew)da] 2 OV = 12 +)
Vel

> CN|ve() — vl <%>1/37

using |c(j) — j| < j and hence (2 + ;) and (2 + v.(;)) are comparable. In
the last step we also used (7.4). Combining this with (7.7), we have

lc(j) —jl _ CN®
hc(j) - 7j| < CN2/3j1/3 < j
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and the same estimate holds for |y.;)4+1 — ;| and thus

CN*

A =5l <

as well. Therefore

(7.8) Z A — 7l < CON2e-1+36/2 < oy —2/5+e/2
CoNl_:m/QSjSN/Q

by the choice of § and similar estimate holds for the sum over the indices
N/2<j <N —CoN'3/2 as well.

Now we consider the indices j < CoN'=38/2 and Aj > =2 — N—#. By
a similar argument that proved (7.5), we can see that there is a constant C3
such that \; < -2+ C3N~B, otherwise n(—2 + CgN*ﬁ) < J, but ng.(—2 +
C3N—B) > j4 ¢N—30/2 which would contradict (7.3). It is easy to see that
v < —24+CN—F for all j < CoN'=38/2 therefore in this regime we estimate
|Aj — ;| < CN~P and thus

CoN1-38/2
> -l z 2= N
j=1
(7.9) < CoN'=38/2(CN—P)2 < CN—2/5+7e/2

The indices 7 > N — C’ONl_?’B/2 and \; <2+ NP can be treated similarly.

Finally we deal with the extreme eigenvalues \; < -2 - N ~P with index
7 < C’oNl_?’B/2 and we can assume that \; > —2 — N—Y7_For these indices
—2<y <=2+ CN—# and we can estimate

A=l < Oy +2]
For any a with N8 < a < N7 we have Nse(—2 —a) = 0, thus we obtain

from (7.3) that

CN*®
—2_g) < .
n(—-2—a)< Na
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Therefore
d N —ylPr(=2-NT<y <—2-N7P)
j
<CY N H2PI-NTT <N +2< NP
j
N—l/’?
CN¢
< C’/ a- da
0 NU/
(7.10) < ON~VTHe,

The other extreme eigenvalues, \; > 2 + N —B are treated analogously.
Combining (7.8), (7.9) and (7.10) and choosing ¢ sufficiently small in
the definition of 3, we proved (7.1) with any o < 1/7. O

8. Moment estimates of error terms
In this section we prove the second and fourth moment estimates of Lem-

ma 5.2; the general cases will be proved in Section 9.

Definition 8.1. Define the operator IE; as
(81) ]HEZ =I- an‘,,

where I is identity operator.

Recall the definition of Z;, which we rewrite as

(8.2) Z; = IE;Z)

1 0

Zi(;) = Z a_i:Ggl)af —a'.GWal,
ki

We first prove a bound on the Green function G,(;l)

Lemma 8.1. Recall the definition of X in (5.6). Let t be any fized positive
integer, T = {k1,ka...ki} € N, 1 < k; <N for any 1 <i <t. Then there
exists a constant Cy, depending only on t, such that for any z € D* in (5.1)
in the set Q¢ (4.33), we have

(T) <
(8.3) - . Gl (2)] < CiX(2),
(8.4) max ’G,(i)(z) - msc(z)’ < C X (2)0(2)
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and for some constant ¢, C' independent of t,

: (T) (T)
(85) ¢ < min |Gy (2)] < max |Gy (2)] < €,

for sufficiently large N.

Proof. Consider first the case t = 0. Let Y denote the event inside the
probability in the equation (4.3). The proof of Theorem 4.1 yields that
Q¢ C YC. It is clear that (8.4) holds in the event Y¢ and this proves (8.4) in
Q€ in the case ¢ = 0. Similarly, in the case of t = 0, we can prove (8.3) using
the event in the equation (4.4). By definition of the domain D*, the right
side of (8.4) is o(1) and this proves (8.5) in the case t = 0.

For the case t = 1 and i1 = 4, using (4.15) and (4.16), we obtain that

‘Gl(,?‘ < |Gl + |GGkl |G 1,
(8.6) GY) — e < |Grk — mse] + [GriGin| |Gl
Since X? < X in D*, (8.4) and (8.3) in the case t = 1 follows from (8.6)

and the case t = 0. Repeating this process, we prove (8.4) and (8.3) for any
t > 1 by induction on t. O

Now we return to the second and fourth moment estimates of Lemma 5.2.
8.1. Proof of Lemma 5.2 for p = 2
Now we prove the special case of Lemma 5.2 for p = 2. The second moment
N . .
of 7., Z; is given by
2

1 _ 1 )
(8.7) = E > ZaZg+ WEZ | Zo|? .

a#f «

1
Nz

N
2.7
i=1

We start with estimating the first term of (8.7) for « = 1 and g = 2. The

.. . . 1
basic idea is to rewrite G/,(C l) as

(8.8) ) =0 p@ 2,

with P,S)’(Q) independent of a!, a® and P,S)’Q) independent of al. The P’s
have two upper indices. The first one refers to the fact that it comes from
the H® minor (i.e. follows the upper index of G()) and the second one
indicates the additional independence.
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To COnStI‘l(lf)t this decomposition for k,l ¢ {1,2}, by (4.15) or (4.16) we
can rewrite G as
(D) ~(1)
W) _ o012 GG
(8.9) G,/ =Gy, +W, k¢ {1,2}.

The first term on the r.h.s is independent of a?. With Lemma 8.1, we have
that the bound

aWa
(8.10) ‘% <CX?
Gy
holds with a very high probability.
Next we define PO for (k,1 # 1).
1. If k1 # 2,
(1) ~(1)
1),(2 12 1,0 _ GG 1 12
(8.11) Plil)( ):Gl(el)’ Plgl) = k2(1)21 :GLZ)_GI(H)'
Gy
2. Ifk=2orl=2,
1),(2 1),0 1
(8.12) p® —q, p? =gl

Hence (8.8) holds and P,S)’(Q) is independent of aZ.
With this convention, we have the following expansion of Z;

(8.13) Zy =IEja' - PD-@al +[Eial - P05l

Lemma 8.2. For N~! < 5 < 10 and fired p € N, we have the following
estimates

(8.14) E ’al . p(l)ﬂal‘p <G, ((log N)3+2a)pX2p’
(8.15) E ‘al . P(l)’@)al’p < Cp ((log N)3+2a)P XP.

Since X? < X in D*, this lemma also implies that

(8.16) E|Z;P < Oy ((log N)*+2*)P X, 1<i<N.
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Proof. First we rewrite a! - P():%al as follows

e

_ G _
7® —_— 1
al . pWlal — g a,lc( ]g(l)m >all + E a}CG,(CQ)a%
k,1£2 292 k42

(8.17) + 3 alGlal +alGyyal.
1£2

By the large deviation estimate (4.19), we have

_raWaW
(8.18) P Z allg (%)a} > C(log N)3+2aX2 < N —cloglog N
k,1#£2 Gy
Similarly, from (4.17), using a; as a}, aj, ... ,a}v and keeping a} fixed, we
have
(8.19) P( Za_lchl(clga% > C(IOgN)3/2+O‘X’a%‘> < N —cloglog N
k42

By (4.35), ||a|leo < (log N)?*M~1/2 holds with a very high probability. We
can thus replace |a3| by (log N)?**M~1/2 in (8.19). The third term in (8.17)
can be estimated in the same way, and the last term can be bounded by
(log N )40‘% with very high probability.

Since 1 < 10, by the definition of X in (5.6) we have

(8.20) X% > C(log N)?/M.
Thus

(log N)3/2+3a\/% + (log N)*
and we have proved that
(8.21) P (‘al -P(l)’wal‘ < O(log N)3+2°‘X2> > 1 Ncloglog N,

This inequality implies the desired inequality (8.14) except for the contribu-
tion from the exceptional set where (8.21) fails. Since all Green functions are
bounded by n~! < N, the contribution from the exceptional set is negligible
and this proves (8.14). Finally, a similar proof yields (8.15). O
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Exchange the index 1 and 2, we can define P?(1) and P(®? and expand
Zo as
(8.22) Zo = [Eya? - P@Wa2 4 [Eya? . P02
Here PS)’(I) is independent of a? and a'; P,g)’m
bining (8.22) with (8.13), we have

is independent of a?. Com-

EZ, 7y — E[(HEl{al PO.@al +al - P(l)v@a1}>
(8.23) X <]IE2{a2 PP Mg2 4 52, P(Q)’®a2})}.
The only non-vanishing term on the right-hand side is
(8.24) E (mlm) (]IEza2 : P(2)70a2> .
By the Cauchy-Schwarz inequality and Lemma 8.2, we obtain
(8.25) IEZ1 25| < C ((log N)*2)? x4,
Similarly, Lemma 8.2 and (8.20) imply that

E|Z:* < C ((log N)**2*) X? < CM ((log N)*+2%)* X%,

Since the indices 1 and 2 can be replaced by « # f3, together with (8.7) we
have thus proved Lemma 5.2 for p = 2.

8.2. Proof of Lemma 5.2 for p =4

Now we prove the special case of Lemma 5.2 for p = 4:

4
NT'E <CN™* > \E ZoZpZZ,|
1<a<f<x<y<N
+CON™* N |B|ZaZpZy ] + -
1<a<f<x<N
+CN™ > (BlZal1Z5)* + |E|Zal*ZaZs]) + -
1<a<B<N
(8.26) +CN™* " E|Zo|"
1<a<N
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Here - -+ means the permutation of the ordered indices and the complex
conjugate operators. We are going to compute the first two terms in the
r.h.s of (8.26). The other two terms can be treated analogously. By the
permutation symmetry of the indices, we can assume that a = 1, f = 2,
x = 3 and v = 4. As in the estimate for the second moment, the key idea is

)

to decompose Zﬁ in a suitable way:

)

Lemma 8.3. There exist two decompositions of Zﬁ

827)  z{y= Y al-qW®al, z)= 3 al.ROMal,
TC{2,3} Tc{2,3,4}

such that QWM gnd RV-T) gre independent of the rows in TU {1}, i.e.,

(8.28)
g(al.-0WMal)  §(al.0WM4l
(a1 QW Mal) 0(a @ a):O,ieTC{2,3},1§j§N.
8&} oa’
J
and
(8.29)
9 (al- ROMal) g (al. ROMal)
: = — =0, i€TcC{23,4}, 1<j<N.
8&3 8a;.

Furthermore, the decompositions can be chosen in such a way that for all
N-l< n < 10 the following estimates hold:

(830) E ‘al . Q(l)v('ﬂ‘)al‘p < Cp ((log N)3+2a)p (X3—|T|)p, peN
and
(83)  Efa'- ROMall" <, ((log N)*H)" (X, peN.

We postpone the proof of this lemma and first finish the proof of Lemma,
5.2 in the case of p = 4. It is clear that Lemma 8.3 holds for different index

combinations. E.g. Zg) can be decomposed as

(8.32) A Y a’- Ry’
Tc{1,3,4}
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and R)’s have the same properties (except for the exchange of 1 and 2) as
RW in (8.29) and (8.31). By this property, we can estimate the first term
on the r.h.s. of (8.26) by

E(HElzﬁ>> <]HEQZ§§)> (HEgzg?) (HE4Z§§)

<E|IE; Z al - R(l)’(Tl)al X | TEo Z a2 . R(Q)»(Tz)aQ
T.1C{2,3,4} T.C{1,3,4}

(8.33) x [--- RO [ RO ],

Consider a term consisting of products of factors with Nj=123.4(T;U{j}) # 0.
Then there is an element ¢ € {1,2,3,4} in the common intersection so that
integration w.r.t. the row a’ vanishes. Hence the nonvanishing terms consist
of products of term with Nj=1 234(T; U{j}) =0, i.e., Uj=1234(T; U{j})¢ =
{1,2,3,4}. Here the notation ¢ means the complement in {1,2,3,4}. Thus

we have
4

A=l - 1) >4 = 4—|T;| > 8.
1 j=1

M-

J
Using (8.31) and Schwarz inequality, we have thus proved that

b (7)) (2] () (10,240 < © (om0 x°

We now estimate the second term in r.h.s of (8.26).

,
E ‘]HElZﬁ)‘ <HEZZ§§’> (mes )

=E (IE, Z al . QW(T)al | 1R, Z al . QTy!
ToC{2,3} T,c{2,3}
I )
(8.34) x [IBy > a2 Q@(M)a2 x [[E3 Y a®. Q@ (™3|
T2C{1u3} T;;C{LQ}

Consider a term consisting of products of factors with [Nj—23(T; U {j}] N
ToN Ty # 0. Then there is an element ¢ € {2,3} in the common intersection
and the integration w.r.t. the row a‘ vanishes. Thus the nonvanishing terms

consist of products of term with [Nj—23(T;U{j}]NToNT; = 0. In particular,
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{2,3} C Ujm23(T; U{j})°U[{2,3} \ To] U [{2,3} \ T1]. Here the notation ¢

means the complement in {1,2,3}. Thus we have

3 3
> @-T)=2=) 3-|T;| >6.
Jj=0 j=0
Using (8.30), (8.20) and a Schwarz inequality, we have
9 _
lE ‘HElzﬁ)‘ <]1EQZ§§)> (12323

< % ((log N)*20)* X6 < C ((log N)*22)* X5,

N-

For the other terms in (8.26), we can just use Schwarz inequality and (8.16).
We have thus proved the Lemma 5.2 for p = 4.

We now prove Lemma 8.3. First we prove the properties of Q’s. Notice
that the decomposition with @’s in (8.27) removes the dependence on rows

(1)

2,3. The starting point is an expansion of G} ;

(835 G = 3 QUHD — QP | o) | o3 | o(1.(23)

TC{2,3}

where Q,(Cll)’T is independent of the rows and columns in T U {1}. Using the
notation (1U) for ({1} UU), one can check that a solution for @) is given by

(836) I(gll)7(’]r) — Z (_1)|U|_|T|GI(CIZU)‘
U:TCUC{2,3}\{k,[}

Thus QU™ = 0if & or I € T. By definition of Z}) (8.2) and (8.35), we
have that the @’s satisfy (8.27). For any fixed T, Q,ill)’T is independent of
the rows (column) in T U {1}. Thus we proved (8.28).

In order to prove (8.30), we give another representation of the Q’s. We
begin by removing the dependence of the (kl) matrix element of the Green
function on the index 3 for k,1 > 3. By (4.15) or (4.16), we can rewrite the
first term of r.h.s of (8.9) as

(12) ~(12)

(12) _ ~(123) | Gi3' Gy

(8.37) G\ =gl — i
33

k.l ¢ {1,2,3).
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This removes the dependence of G,(Cllz) on the index 3 with the last term as

the error term. For the last term on r.h.s of (8.9), using (4.15) and (4.16)
again, we have

aWa) aWaW
ng) _ G](€123) + k3(1)32’ Géll) _ Ggll:’)) + 23(1)31 ’
G G
33 33
(1) ~(1)
(8.38) G =aiP + G23?32 .
)
33
The last equality implies
L1 Gyay

(8.39) 0~ (13 D ~(1) ~(13)°
Gy Gy Giel)aly

This removes the dependence on the index 3 of both the Green functions
and their inverse in the last term in (8.9). Inserting (8.37)—(8.39) into (8.9),
we obtain that if k,1 ¢ {1,2,3}

(12 ;(12) aWal)
Gl(cll):Ggfg)—i_ k3 Y31 +<G(13) k3 32)

_‘_7
12 k2 1
GSy) G5y
1) ~(1 1) ~(1
(8.40) X(Ggll3)+GégGél)>< LGy )
: 1 13 1) ~(1) ~(13) /°
¢fy \GEY afal)aly

So for k,l ¢ {1,2,3}, we define Q,S)’T as follows

12 12 13 13
(1,(2.3) _ (123) (.2 _ Gis s (.3 _ Gia Gy
Qi — Ykl kLT 12) kLT 13)

G33 G22

1) ~(1) ~(13 13) ~(1) ~(1 1) ~(1) ~(1) ~(1
o _ GisCs3Gy” | GLYGIGY) | GIEGHIGYay)

N N VT
_abdleiel?  alaletiaey)
Geel) el
R TG e e
G33G22G22 G33 G33G22G22 G33G33
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One can see that in this case, k,1 ¢ {1,2,3}, (8.35) holds and le Mg
are independent of the rows (column) in T U {1}. For k = 2,3 or [ = 2,3
the previous formulas for () do not make sense. But in this case, we do
not need to decompose G() in such fine details and we will use the simple

decomposition
el
<;§):<;““-%—7EH$L, 143 and G =aY), 1=3,
oo
Gi) =GP+ =220 122 and G =Gl 1=2.
Gas
More precisely, we define Q) by
1. For k = 2 and | # 3, Q)% = @) — o Q)® — gl1¥ anq
(.0 _ Gi3Gs)
Qri’ Bl

2. For k=2 and [ = 3, QY = Q)@ — g _ ¢ anq Q)0

1
G\

3. For k = 3 and | # 2, Q,(cll)’(gg) = Lll)’(i))) =0, ng)’(Q) = GSZQ) and

QU = GGyl

Gy
4 For k= 3 and | = 2, QU0 _ IO _ ) _ g g QU0
oW
kL
Similarly, we can deﬁne QWM for the cases | = 2 or [ = 3. We now list the

properties of Qk D for k,l>1and T C {2,3}:

1. le’ )’s are independent of rows (column) in TU{1} and (8.35) holds.

2.
(8.42) QW™ =0 ifkorleT.

3. If k=1 and TU{k} = {2,3}, then

123
(8.43) Q)M = g2,

For all other cases, Q](Cll)’(T) is a finite sum of terms of the form:

G.,G,- Gy

44 —_—
(8.44) GGy Gy
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where each G, (G4 resp.) represents some off-diagonal (diagonal resp.)
matrix element of G(Y) with U some finite set. Furthermore, for k # 1
or TU{k} # {2,3}, the number of the off-diagonal elements in the
numerator of (8.44) is strictly bigger than [{2,3}\(T U {k,{})|. Using
Lemma 8.1, in the set Q¢ we have

(8.45)
QU] < € (XIS L 2T (k) = {2,3),k =1)).

Since the probability of the exceptional set € is extremely small, a simple
argument which we repeated many times shows that it can be neglected in
the estimate of the expectation in (8.30). Hence (8.30) follows from (8.45).

The proof of (8.30) shows clearly the approach to remove an element one

by one from the Green function. Define R,(cll)’m as follows (like @’s in (8.36))

(8.46) RV® = 3 (—D)PmG.
U:TCUC{2,3,4}\{k,l}

Using the same method we used for Q’s, one can prove the properties of R’s
in Lemma 8.3. The details will be omitted since we will prove the general
cases in the next section.

9. General case

The first step to prove the general cases of Lemma 5.2 is to extend the
decomposition (8.27). For any fixed i, 1 < ¢ < N, and a fixed set S =
{i1,42,...,is} such that i ¢ S, 1 <i; < N, our goal is to decompose Zi(ii) SO
that the following lemma holds:

Lemma 9.1. Fori ¢S, T CS andn > 1/N, there is a decomposition of

(9.1) 20 =3 g08m 28 Z & 608Dy,

TCS

such that
(1) S, @5,(T) 4 independent of the rows or columns of H in {i} UT, i.e.,

(4),5,(T) (4),5,(T)
(9.2) % =0, %
Oay

e 0, ac {i}UT, 1<b<N.
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(2) For any positive integer k,
) k
(9.3) E[2OSD]" <0y ((log N)*2)F (x4 s = 8], t= T,

In the applications, S will be the set of indices, the dependencies of which
(4)

we wish to isolate in Z;’. For example, for the case i = 1 and S = {2} or
S = {2, 3}, respectively, if we define

Y

(94) 2(1)7{2}7(T) p— al . P(l)v(T)al? Z(1)7{273}7(T) = al . Q(U:(T)al

then (9.3) follows from (8.14), (8.15) and (8.30).
To achieve the decomposition (9.1), as in (8.36) in Section 8.2, we start

with a decomposition on ijl.
Definition 9.1. As in Lemma 4.3, we use the notation (i T) for ({i} UT).
For 1 <i< N,i¢S={i1,ia,...,is} and T C S, we define

1),S,(T) _ - i
(9.5) D DR G e/
U:TCUCS\{k, I}

For example, by (8.36), for the case S = {2,3} and ¢ = 1, we have
9,&11)’{2’3}’(1‘) = Q,(cll)’(T); for the case S = {2} and ¢ = 1, from (8.11) and
(8.12) we have G/ = pOM(T),

From this definition one can easily check that

1.
(9.6) gSM — 0 ifk or 1€ TuU{i}.
2. For k,l ¢ TU/{i},

(9.7) 91(;'[)787(71“) _ 91(:3,8\{19, 1},(T)

3. 9,(:2’8’@) is independent of the rows or columns of H in {i} UT, i.e.,

a (2)98’(T) a (/L):S>(T)
(9.8) 9’”7&:0, 9’”7_:0, ac{i}UT, 1<b<N.
8ab Oaj

4. All quantities defined so far depend on the initial matrix H, omitted in
our notations. If we wish to specify which matrix is being considered,
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we will insert the matrix. For example, 9k ] S\T@(H (M) means it is
defined w.r.t. H™ which is the N — |T| by N — |T| minor of H after
removing the rows and columns in T. Clearly, we have the relation

(99) Sy () = g7 ),
With these definitions, we can decompose G,(;l) as follows.

Lemma 9.2. For fized i, S = {i1,12,...,is} such that i ¢ S, we have the
decomposition

i 1),8,(T
(9.10) Gy => 907"

TCS

Proof. Using the definition (9.5), we have

POE/ED D EEED DI e Ve v

TCS TCS \U:TCUCS\{k, I}
(9.11) = > (Z(—D'U'_T) G
UCS\{k, I} \TCU

Since "oy (—=1)PI=1T = 0 unless U = (), we obtain (9.10) and this concludes
Lemma 9.2. O

For the special case i = 1 and S = {2, 3}, S(Z )S(T) Q,(C?’(T) satisfies the

estimate (8.45). We now prove a general form of this estimate on 9%;’8’@).

Lemma 9.3. Let 1 <i < N and T C S = {i1,42,...,9s} such thati ¢ S.
Then there exists a constant C, depending only on s, such that
(9.12)

]9,&?’&(“\ < C(UTU{R} =8,k = 1)+ XETEDIL) -y g,

for sufficiently large N depending only on s.

This lemma is the basic estlmate for a power counting argument. It shows
that the off-diagonal elements of 9 )5 are small by a certain power of X,
which is our small parameter, dependmg on the size of the sets S and T.
The diagonal elements, when not zero by definition, are estimated by 1 (first
term in (9.12)), but their contribution to the moments of Z®S(T) will be

small since k = [ reduces the double sum in (9.1) to a single sum.
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Proof of Lemma 9.3. For k = [, the estimate (9.12) follows directly from
(9.5) and (8.5). We can thus assume that k # [ throughout the proof of this
lemma. The argument consists of two parts. First we prove a representation
formula (Lemma 9.4) that asserts that 9,(;2’8’@) is a certain rational func-
tion involving resolvent matrix elements of H and some of its minors. The
denominators in this rational function are products of diagonal elements of
resolvents and the numerators are products of off-diagonal matrix elements.
In the second step we will estimate these rational functions, using that the
diagonal elements of the resolvent are typically separated away from zero
and the off-diagonal elements are small by a factor X.

For the precise argument, we start with the cases:

(9.13) T=0, k,1¢S and S # (.

The special case S = {2} can be proved by the representation (8.11) and
Lemma 8.1. The case S = {2,3} was proved in (8.45). These examples show

that 9](;'2,8,(11‘) can be written as the finite sum of the terms of the form:

G.Gy- Gy

14 ——
(9 ) Gde"'Gd’

where G, are off-diagonal elements of some G(Y) and G4 are diagonal ele-
ments. Furthermore, in each term, the number of the off-diagonal elements
in the numerator is strictly greater than s = |S| but less than 4°. The number
of the diagonal elements in the denominator is also less than 415/,

The Green function G,(;;T) can be viewed as a function from the vector
space of matrices. This motivates the following definition.

Definition 9.2. Denote by X the space of K x K matrices and X =
U%X_1Xk. Define Y as the set of functions from X to the complex numbers.
For any S = {iy,i2,...,is} and for any i,k,l ¢ S, define the set of off-
diagonal matrix elements considered as functions of matrices:

AL = {5 ey W) =GP W), for some j #

(9.15) i’ e Su{k,l}, ch},

where W € X for some K. Similarly, we define the set of diagonal matrix
elements:

(9.16)  BYS = {f €Y: f(W) =GO W) jesu{kl), Uc S} .
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Furthermore we define G,(fg’g for all k,1 as
(‘3,(;1)’8 = {F € Y is a finite sum of functions of the form + M :
9192 - - Gmv

Ja € A;(fl)’g, I<a<m; gge€ B;(f?’g, 1<p<m,

(9.17) s+1<m< 45, Ogmlglﬁ},

where s = [S|.

Notice the important condition m > |S| + 1 in the definition of G,(ﬁs

Since off-diagonal matrix elements are typically small, this requirement will
guarantee the smallness of GSZ)S as a certain power of X.

With these notations, the equation (8.41) asserts that for k,l ¢ {2,3},
there is a function F,Sl)’{Q’g} € Glgll)’{2’3} such that

1),{2,3},0 1),{2,3
(9.18) U210 _ p(129)
The general case is the following lemma.

Lemma 9.4. For any S = {i1,ia,...,is} with s > 0 and i,k,l ¢ S, there
erists a function F,Ell) Se C’,(sg’s such that

(9.19) St = 1)
Proof of Lemma 9.4. By symmetry, we only need to prove the cases that
i=1, S={2,3,...,s+1}.

To prove this case, we argue by induction on s. For s =1 or 2, Lemma 9.4
was proved in (8.11) and (8.41) (cf. (9.18)). Suppose that Lemma 9.4 is
correct for s = n—1 > 1 and Flg}l)’{2 """ n S 6121’2’{2""’71} is the function
satisfying (9.19) for i =1 and S = {2,3,...,n}.

Now let ¢ =1, S = {2,...,n+ 1} and k,l ¢ {1,...,n + 1}. By the

induction assumption,

(920) 9]5;11)7{2,”-771}7@ _ Fk(:,ll),{Q,...,n}
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with F,Ell)’{Q"“’n} a finite sum of elements of the form

-1

(1U0,) (1Upgp
(9'21) (H G] Jb ) H GJ +ﬁ]+[+ﬁ ’

where U, €S, n <m < 4" 1 0<m/ <4" 1 and
Joor J s Jmp € {2,3, ... ,n} U{k}U{I}.
By definition of 9,211)’8’@) in (9.5), we have
1).A2,....,n+1}10 _ »(1),{2,.n},0 (1),{2,...,n,n+1},(n+1)

(9.22) Sk = G —
Combining (9.9) with (9.20), we have
(923) 9](611),{2,3..‘,n,n—l—l},(n—i-l)(W) _ F]gll),{Q,,n}(W(n+1))
where W1 is the minor of W with the (n + 1)-th row and (n + 1)-th
column removed.

We can remove the dependence on the (n + 1)-th row by the procedure
n (8.37)—(8.39). Using (4.15), (4.16) and the notation:

(9.24) (1Un+1) = ({1,n+1}U0),

we have the expansion

G(10a) ~(10)

(1U.) _ ~(1Uan+1) jan+1Yn4157,
(9.25) G =G oy o lsasm
n+1n+1
and
(9.26)
(iUp) ~(iUg)
1 1 G]g n+1Gn+1j5
- : m+1<pB<m+Ek.
(1Uﬁ) (1Us n+1) (1Us) ~(iUsn41) ~(iUg) ~ -7 =
Gjﬁ Js GJ/% Js GJBJB Gﬂ% Js Gn+1 n+1

We note that the first term on the r.h.s of (9.25) is exactly the Green function
on the Lh.s of (9.25) except that there is an additional superscript n + 1;
the similar comment applies to (9.26).
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Inserting (9.25) and (9.26) into (9.21) and expanding it, we obtain that
(9.21) is equal to

-1

(9.27) + (H G0 n+1)> H G Untontl) + other terms.

JaJb Jm+8 Im+8
a=1 B=1

Here the first term in (9.27) is the product of the first terms on the right
side of (9.25) and (9.26) and it is the same as (9.21) except that there is an
additional superscript n + 1. One can see that the other terms in (9.27) are
elements in C,gll)’{z""’nﬂ}, i.e., the number of the off diagonal terms in the
numerator is now at least n 4 1. Since this procedure can be applied to each
term in F&)’{Q’“"n}, we have proved that there exists an F' € G,(cll)’@""’n“}

such that

9£1l),{2,...,n},@(W) _ F,ﬁ?’”"“’"} (W) = F/Sl)’{z’”""} (W(n+1)) + (W)

(9.28) — g2 L) (L P,

By (9.22) and (9.23), we can set F,gil)’{Q’g""n’n+1}(W) = F(W) which is in

e}({l£),{2,3,...,n,n+1} and we have thus proved Lemma 9.4 by induction. O

Now we start proving the estimates in Lemma 9.3. Using (9.6) and (9.7), we
only have to prove (9.12) for the case k,1 ¢ SU {i}.

Case 1, T = S: By definition,
(9.29) &M = gip),
Then (9.12) in this special case follows from Lemma 8.1.

Case 2, T=10, k,0 ¢S and S # (: By Lemma 9.4 and 8.1, for any S #
such that i, k,l ¢ S, we have

i U)

(U
MaXycs, j£j |ij,

)S+1
S CXS+17

1),S,0
(9.30) 155 rsc( o
(minUCs,j\ij \)

where C' depends on s = [S].
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Case 3, T#0, TCS, T#S, k,i¢S and S # 0: By (9.9) and Lemma
9.4, there exists a function F,gfl)’S\T € Gg;’S\T (see (9.17)) such that

(931) Sy ™) = 5 (D) = BT ),

where H(™) is the N — |T| by N — |T| minor of H after removing the rows

and columns in T. Thus 9,@’8’@) is given by the function Fk(fl) S\ ith all
Green functions G(.U,) in the definition of F, ,gll) S\T gum. From

] replaced by G
(9.30) we have

@our), IS\TI+1
i MaXycs\T,j#£5" |G |
(9.32) g5 < C( e ),

= _ ; (4/S\TTY
(manCS\T, J |G§-jUUT) |>

Using Lemma 8.1, we have that
(9.33) 55D < oxBVIHL i e,

where C' depends on s. We have thus proved (9.12) for the Case 3 and this
completes the proof of Lemma 9.3. O

Proof of Lemma 9.1. The decomposition (9.1) follows from (9.10) and (9.2)
is a direct consequence of (9.8). The estimate (9.3) can be proved in the
same way as in the proof of Lemma 8.2 using the following three ingredients:
(1) The bounds on ‘9](:257(71’” in (9.12). (2) The large deviation estimate in
Lemma 4.4. (3) The trivial bound |9,(3’S’(T)| < C/n < CN where C depends
on |S|. This concludes the proof of Lemma 9.1. O

Proof of Lemma 5.2. We first introduce the following notations which will
be useful for the expansion of the p-th moment of | SN | Z;| in (5.5).

Definition 9.3. 1. Let V = (v1,v9,...,vp) be a p dimensional vector
such that v; =0 or 1 for 1 <17 < p.
2. Let S = (a1, a2, ..., p) be a p dimensional vector such that 1 < o; <

N for 1 <i<np.
3. Denote by S the set consisting of elements «; which is a component
of S.
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We define
(9.34)

P
H BUJ ., BYa+ib)=a—ib, B°a+ib) =a+ib,

where B is the complex conjugate operator.

Through the rest of this section, S is always the set generated by S.
Notice that |S| = s < p where p is the number of components in S. With
these notations, we can estimate E|>", Z;|” by

N
(9.35)

<ZZ\A (S, V)| <Gy ZNSS%T A(S, V)1,

=1
where we sum up S and V under the conditions in Definition 9.3. Lemma 5.2
is now a simple consequence of the following estimate on |A(S, V).

Lemma 9.5. Let S, S and 'V satisfy the conditions in Definition 9.5. With
A(S,V) defined in (9.34), there exists a constant C > 0 depending on p such
that

(9.36) |A(S, V)| < C ((log N)¥2)" NP=s X2P,

for sufficiently large N depending only on p.

Proof. Let S;,1 <i < p, denote the set S; = S\{«;}. Using (9.1), we expand
A(S,V) as

=E Z Z A(Ty, Ty,... Ty, V),

(9.37) A(Ty,Ty,... T, V) = (Bvlmalz(al)’gh(“)) (BIE,2(2)5(T2)...
From the Schwarz inequality, (9.3) and |S;| = s — 1, we obtain that
(9.38) IEA(Ty, Ta, ... Ty, V)| < C ((log N)3+20)P x ps=2 i [T)]

where C depends on p. Suppose that

p

(9.39) > ITi| < sp— 2s.
=1
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Using (8.20), i.e., X2 > (log N)?/M > 1/N, we have
IEA (T4, Ts, ... Ty, V)| < C ((log N)*2)P x2
(9.40) < C ((log N)*+2)P NP=s X 2P,
It remains to estimate EA(T1, Ty, ... T,, V) for the cases that

p
(9.41) D ITi| > sp—2s+1.
=1

For v € S, denote n, to be the number of times that  appears in {aq } UT},
{a2} UTy,... and {a,} UT), ie.,

=Y (v € {a} UTy).

k=1

By definition, n, > 1. Similarly, we define m, to be the number of times
that v appears in (o, ag,...qp), i€,

p
=2 10r=aw).
k=1

Let z = [{y € S:ny =p}| and y = |[{y € S: m,, = 1}|. Since for each fixed
i, a; ¢ T;, then with (9.41) and the definition of n.,

(p—1)(s—2)+ap>> n,

YES
p p

(9.42) => Ha}UTil=p+> |Ti| >sp—2s+p+1.
=1 i=1

By definition of m., we have

(9.43) y+2(s—y) <va—
YES

From the last two inequalities, we have x +y > s + 1 and thus there exists
a v € S such that

9.44 ny =p and m., = 1.
v v
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Without loss of generality, we assume that v = a;. Then using (9.44), we
know

(9.45) vy #ag, v€TE if k#1.

Then with (9.45), the decomposition Z®):5: Zkl—kg“ )T al (9.1) and

the property that géig,s,(ﬁr) is independent of the row or columns of H in

{i} UT (9.2), we have that for k # 1, the 2**5%(T%) is independent of a”.
By the definition of IE, for £k = 1, we also have

(9.46) E - IE a0 7,(01),81,(Th) — anHanZ(V)’Sl’(Tl) —0
Therefore, under the assumption (9.41) we have

EA(T;,Ts,...Ts, V)
—F (BU1 HEaal Z(al)7sla(Tl)) (szﬂEaaz Z(a2)7S2v(T2)> e

— ]E <Ea'yBU1H]Eaa1 Z(al),Sl,(Tl)) <BU2H]Eaa2 Z(O&Q),SQ,(TQ)) B O
Combining this identity with (9.40), we obtain (9.36) and thus conclude
Lemma 9.5. O
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