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ABSTRACT. This is an introduction to a particular class of auxiliary
complex Monge-Ampere equations which have been instrumental in L*
estimates for fully non-linear equations and various questions in
complex geometry. The essential comparison inequalities are reviewed
and shown to apply in many contexts. Adapted to symplectic geometry,
with the auxiliary equation given now by a real Monge-Ampere
equation, the method gives an improvement of an earlier theorem
of Tosatti-Weinkove-Yau, reducing Donaldson’s conjecture on the
Calabi-Yau equation with a taming symplectic form from an
exponential bound to an L' bound.

1. INTRODUCTION

It is well-known that comparisons with an auxiliary equation can be of pow-
erful assistance in the study of partial differential equations. Comparisons with
harmonic functions were used early on by De Giorgi [16], and have been applied
since in many contexts, including e.g. in the book of L. Simon [58], and in X.J.
Wang’s method for Schauder estimates for the Poisson equation [70]. Since then,
comparisons with many other equations have proved to be effective. Complex
Monge-Ampeére equations are particularly suitable as auxiliary equations, since
the existence and smoothness of their solutions for given right hand sides have
been established by Yau [72] in the case of compact Kéhler manifolds, and by
Caffarelli, Kohn, Nirenberg, and Spruck [6] in the case of the Dirichlet problem.
Notable successes of Monge-Ampeére equations as auxiliary equation include the
estimates of Dinew and Kolodziej [19] relating volume and capacity, the bounds of
Song and Tian [60] for the Kahler-Ricci flow, and the entropy estimates of Chen
and Cheng [8] for the constant scalar curvature equation.

* In honor of S.S. Chern. Work supported in part by the National Science Foundation under
grant DMS-22-03273.
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Very recently, a specific class of auxiliary Monge-Ampeére equations has been
instrumental in many significant advances in complex geometry. This class was
first introduced by the authors in joint work with F. Tong in [31], and already
led to a pure PDE proof of the L* estimates of Kolodziej [45], a goal which had
eluded researchers in the field for close to a quarter of a century. As a PDE proof,
the method immediately extends Kolodziej’s estimates to a general class of non-
linear equations satisfying a structural condition. Remarkably, this class has been
shown by Harvey and Lawson [43] to be quite large, and include in particular all
invariant Garding-Dirichlet operators. In fact the method turns out to be even
more flexible and powerful than naively anticipated, and it has had since many
unexpected applications. These include stability estimates for Monge-Ampere and
Hessian equations [33]; L™ estimates for Monge-Ampere equations on nef classes
rather than just Kéhler classes [34]; sharp modulus of continuity for non-Holder
solutions [35]; extensions to parabolic equations [9]; extensions to equations on
Hermitian manifolds [37]; extensions to form-type equations [37]; lower bounds for
the Green’s function [36]; uniform entropy estimates [38]; and diameter estimates
and convergence theorems in Kéahler geometry not requiring bounds on the Ricci
curvature [40, 39].

The main purpose of this paper is to provide a survey of these developments.
We shall describe in some detail the essential features of the particular class of
auxiliary complex Monge-Ampere equations of interest. The main applications
are sketched, with explanations of how the auxiliary Monge-Ampére equations
are used. The precise statements of the results obtained are then given. In all
but one case, the full treatment is left to references to the original papers in the
literature. The one exceptional case is the application to taming symplectic forms
on almost-Kéhler manifolds. It is a conjecture of Donaldson [21], motivated by
symplectic geometry, that on a compact 4-manifold equipped with an almost-
complex structure J and a taming symplectic form Q, the Calabi-Yau equation
would admit a priori bounds to all orders. This conjecture had been reduced by
Weinkove [71] to an L* bound for the potential, and subsequently by Tosatti,
Weinkove, and Yau [68] to a single exponential estimate. Using an auxiliary real
Monge-Ampeére equation, we can reduce it further to a single L! estimate. This
result is treated in detail because it is new and does not appear anywhere else. It
may also be noteworthy as evidence that the methods here can extend to the real
or symplectic context as well.

2. THE AUXILIARY MONGE-AMPERE EQUATION

We begin by describing the class of Monge-Ampeére equations which will serve
later as comparison equations. Some key inequalities needed for the maximum
principle are broadly described, which can be adapted later for different applica-
tions.

Let (X, wx) be a compact n-dimensional Hermitian manifold. For any Hermitian
form @ on X and any smooth function ¢ with supy ¢ =0, set wy = ®+idde, and
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consider the relative endomorphism

We denote by A[hgy] the (un)-ordered vector of its eigenvalues. Let f(A4) be a
function on a convex cone I' C R” invariant under permutations, and consider the
family of equations parametrized by o,

(2.2) f(Alhe)) =ko(z), Alhg) €T,

where kg (z) is a given positive function. For some estimates, it is convenient to
introduce the constant ¢4 > 0 defined by the following normalization

(2.3) ko (2) = co e, / o @ — / .
X X

We remark that for certain equations such as complex Monge-Ampeére equations,
it is necessary to add the normalizing constant ¢, > 0 in view of the constraint
for e"e in (2.3).

As in [31], we require that f:T"— Ry satisfies the structural conditions:

(1) ' C R" is a symmetric cone with
(2.4) I,crcr.

Here T is the cone of vectors A with 0;(4) > 0 for 1 < j <k, where oj(1)
is the j-th symmetric polynomial in A. In particular, I'; is the half-space
defined by A; +---4+ 24, >0, and T, is the first octant, defined by A; > 0 for
1<j<n

(2) f(A) is symmetric in A = (44,...,4,) € I and it is homogeneous of degree
one;

(3) 5—/{! >0 foreach j=1,...,nand A €T}

(4) There is a y > 0 such that

(2.5) Hﬁzy VA €T.
j=1 dA;

It is well-known that equations such as the Monge-Ampére equation, with

1 1
f(A) = (ITj=; Aj)n, or the Hessian equation with f(A) = o(A)k where o} is the
k-th order symmetric polynomial, or the p-Monge-Ampeére equation of Harvey and
Lawson [41, 42] with

o= (1)

where I runs over all distinct multi-indices 1 <ij <--- <i, <n, 41 =A;, +--- —l—?Lip,
and T is the cone defined by A; > 0 for all p-indices I, all satisfy the structural
condition (4). A remarkable recent result of Harvey and Lawson [43] is that the
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condition (4) actually holds for very large classes of non-linear operators, including
all invariant Garding-Dirichlet operators. As noted in [43], the condition (4) also
arose independently in [1] in the study of W27 interior regularity.

We would like to compare the solution ¢ of the equation (2.2) with the solution
v of the following complex Monge-Ampere equation

T(—(P+C](Z) —S) K (Z) (1);,

(2.6) (@+iddy)" = N

supy Y =0

where s > 0 is a nonnegative constant, 7(7) is a smooth strictly positive function,
q(z) is a given function, and A is a normalizing constant so that the integrals of
both sides of (2.6) coincide. Explicitly, A can be written as in (3.5) below.

Let G/* be the linearized operator of log f(1), defined by

(2.7) G = aZjlogf( [A]).

Here we denote by A[h] the unordered n-tuple of eigenvalues of the endomor-
phism h. Fix a point zg € X. Since wy is positive definite, and h, is a self-adjoint
endomorphism with respect to wy, we can choose a holomorphic coordinate sys-
tem centered at zo where (wx)z = 6jx and hy(z0) is diagonal, ()5 (z0) = A6
In particular (@y)g;(z0) = A;8jk-

Lemma 1. The linearized endomorphism G/* then satisfies the following: for
AeT

(a) Gﬂ_‘(z()) ﬁ—f@k, and G'* is positive definite;

(b) G*(wy)z;(z0) =1 and G™*ay;(z0) >0,

(¢c) and, taking into account the equations satisfied by @ and y,

(2.8) L6 (o) > (YT( L q_s)y

Proof. The formula in (a) is a classical formula for the linearization of a fully non-
linear operator log f(A[h]) at a diagonal matrix i from the theory of non-linear
equations [61]. The positive-definiteness of G/* is an immediate consequence of the
ellipticity condition d;f(4) > 0 of the function f. Next, we can write at zo,

(2.9) i%afx -

by Euler’s relation for homogeneous functions f(A) of degree 1. This proves the
first equation in (b). To establish the second equation in (b), we observe that
since (a)x),-(j = Ojk at z9, @ can be identified with the relative endomorphism
hy = ((D_X)’la), which is hermitian and positive with respect to wy. The expres-
sion G/ oy ; can then be identified with the trace Tr(Gho), which is then the inner
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product of two positive matrices. As such, it is positive, as can be seen for ex-
ample by writing it in a basis where both corresponding quadratic forms are
diagonal.

Finally, to establish (c¢), we apply the arithmetic-geometric inequality to write

S=

fGJk(a)u,) > (det(G(ay)g,)) ™ = (det G- det(ay,)z,,))

(2.10) (f(ll (H ) (pflﬂl)kdz)”det(wx)) ".

Applying the equation for @, this inequality simplifies to

(2.11) %Gf"‘(ww),;j > (H 5/{ Wdet(wﬂ)n

Applying now the structural condition on f(1), we obtain the desired inequal-
ity (c). O

Next, we need a “comparison function ®@”, relating the solution ¢ of the equa-
tion (2.2) to the solution y of the auxiliary Monge-Ampeére equation (2.6). For
the applications considered in this survey, the comparison function @ is usually of
the form

(2.12) ®=—e(—y+q()+A) —p+q(z) -

with 0 < b < 1 a fixed constant, €, A non-negative constants to be chosen later,
and G(z) a smooth function. We obtain the key inequality relating ¢ and y if we
can choose all the data in ® so as to guarantee that ® < 0 everywhere. To do so,
we typically apply the maximum principle, and make use of the following general
calculations:

Lemma 2. Fix a point zo and a holomorphic coordinate system centered at zo as
above. Then we have the following inequality at zg

1
re(=e+tg—s)\"
A
(2.13) +ij{co,;j+ (1 —eb(—w+q+A)b’1)(a)q),;j—i—c],;j}.

Proof. A direct calculation gives

Gy > enb(—y+q(z) + )" (

q’/}j:8b(-llf+q(2)+/\)b71(llf—qn,—(p,;j+c7,;j
(2.14) —eb(b—1)(~y+4()+A)" (v —q);(w—a);

Rewriting this expression using (¥ —q)z; = (0y)g; — (@g)g; and ¢f; = (0 )z — O
we obtain

Gy = eb(—y +q+ )" G (wy ) —eb(—y +g+ M) G (wy,)y
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— G () + G oy, + Gy
(2.15) —eb(b—1)(~y+q+A)"*G (v —q);(v - q)
Since G/* >0 and 0 < b < 1, we can drop the expression involving Gj’_‘(w—q)j( —

q); from the right hand side. The desired inequality then follows from those in
Lemma 1. O

The lemma is particularly useful when the last term on the right hand side
of (2.13) happens to be positive and can be dropped. We obtain then an upper
bound for the solution @ of the given equation (2.2) in terms of the solution y of
the auxiliary Monge-Ampere equation. The following is the simplest illustration,
which will be shown later to apply to L* estimates on Kéhler manifolds:

Lemma 3. Let ¢ and v satisfy the equations (2.2) and (2.6), under the preced-
ing hypotheses on the operator f(A). Assume that the function ©(t) satisfies the
condition

(2.16) T(t) > 1%, t€][0,00)
for some fixed power a > 0. Then for any s > 0, we have
(217) —0 =5 < CagATT (— Y+ A) T

for all z€ X and all s > 0, if the constants b, € and A are chosen to be

n
n+a

(2.18) . &= (nbyr) AT, AP —gb,

Here ¢, 4,y is a constant depending only on n,a,y.

Proof. Let ® be defined as in (2.12), with ¢g(z) = §(z) = 0. We apply Lemma 2.
Since g = § =0, we have @, = @ and the last expression on the right hand side of
(2.13) reduces to

Gj]_c{wl_cj_"’_ (1- gb(—‘I’+CI+Ab_1))(a’q)1}j +f?1'cj} ]
(2.19) =G {1—eb(—y+A)"" oy, > (1-ebA" )G ay; > 0

since —y >0,0<b < 1, and Gj'—‘a),-{j >0 by (b) of Lemma 1.

Let z9p be a point where ® attains its maximum on X. We shall show that
D(z0) <0. If —¢(z0) — s <0, the function @ is manifestly <0 at its maximum zo,
and we are done. Otherwise, we note that 0 > G/*®; ;(z0) and apply Lemma 2. As
just noted, we can drop the last term on the right hand side of (2.13), and bound
T(—@ —s) from below by (—¢ —s)%. We find

(2.20) 1> neb(—y+A)P! (W) !
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at zg, which can be rewritten as
(2.21) —(nbyn)” @ A (—y+ A)ita — @ —5 < 0.

With the choice of b, €, and A indicated in the lemma, we can recognize the left
hand side as ®(z9). Since 7o is a maximum for @, it follows that ®(z) <0 for any
z € X. This last statement can be recast as in the form stated in the Lemma. O

3. APPLICATION TO THE CoOMPACT KAHLER CASE

The first application that we discuss is the one where the above class of auxiliary
equations was originally introduced [31], in order to provide a PDE proof of the
L~ estimates for the complex Monge-Ampére equation originally established by
Kolodziej [45]. We discuss this case in some detail, since it also serves as a template
for other subsequent applications.

Assume in this section that X is a compact Kdhler manifold, and both wy and
o are Kahler forms. We would like to derive L™ estimates for the solutions ¢ of
the equation (2.2). Our goal is to find in the present case of non-linear equations
an adaptation of the strategy going back to De Giorgi for L* bounds for linear
equations in divergence form. In this strategy, a lower bound for ¢ is obtained by
showing that the set

(3.1) Q,={p<—s}

is empty starting from some Sy which can be estimated. We shall deduce this from
suitable growth conditions on the function

1
(3.2) 0=y [ Kol Vo= / o",

which will follow themselves from a reverse Holder inequality for the key function
A; defined for s > 0 by

(33 g A RLACL S

For this we need an auxiliary Monge-Ampere equation. Let 7,(¢) be a sequence
of smooth strictly positive functions on R which decreases monotonically to the
function R>¢ —tyr, (t) as £ — oo, and which are uniformly bounded from above
by 1+1xr, (t). Here yr, is the characteristic function of Ry. For each s € R, let
yy(z) be the solution of the following auxiliary Monge-Ampére equation

(3.4 (-+iddw = 0= ),

where the constant Ay is defined by

1
(3.5) Ags= —/ To(— ¢ — s)ky (2) 0.
Va) X

104 ICCM NOTICES VoL.11



AUXILIARY MONGE-AMPERE EQUATIONS IN GEOMETRIC ANALYSIS

By Yau’s theorem [72], the above equation admits a unique smooth and ®-pluri-
subharmonic (PSH) solution y; normalized by supy y; = 0.

We can now apply Lemma 3, with a=1, b=n/(n+1), ¢=0. Since y; <0, the
condition —yy+ ¢ > 0 is satisfied, and we obtain an estimate of the form

—Q—s _n_
(3.6) W S ny (=W CnpAps) ™

where ¢, y denote generically positive constants depending only on n and y. Re-
stricting to the set Q; = {—¢@ —s > 0}, we can take the n/(n+ 1)-root of both
sides, multiply the resulting inequality by a constant By, take the exponential,
and integrate over ;. We obtain

(3.7)
n+1

— — 5 n
expBo( —— ) " < exp(cnyBoArs) [ exp(—cnyBowi) 0
o AL/ (D) o

X} f,S X

We can now invoke the well-known inequality for o-invariants, which states that
for all @ Kéhler forms with o < kwy for some fixed k > 0, there exists a constant
o so that,

(33) | exp(—oow)af < Clan.n ox.x)

for any ap < o0 and any w-plurisubharmonic function y with supy y =0 [44, 64].
Thus we have

n+l

7([) pa— S n n
(3.9) /Q exp{Bo (AW"H)) }a)x < cao7,,_’wx7K’yexp(cn7%[30Agvs).
s Ls

We can now let £ — « and obtain

n+l

J— p— S n n
(3.10) /Q exp{Bo (AI;?"“)> }a)x < cao,,,_,wx,Kﬁexp(cn’%[;oAs),

where A; = limy_,..As; with A, defined as in (3.3).
Let E be the energy of ¢ defined by

(3.11) E=y [ Com ot

Then Ay < E for any s > 0, and the preceding inequality implies the following,

ntl
—Qp—s n "
(312) /g;s exp{ﬂo <W> }COX < CeXp(CE)

which suffices for our purposes.
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The inequality (3.10) is the key inequality in our method. It is not difficult to
show that it implies a reverse Holder inequality. For this, we apply the Young’s
inequality in the following form

(3.13) uv <un(U)+vn-'(v)

for any monotone strictly increasing function n : Ry — Ry with lim,_on(x) = 0.
Here n~! is the inverse of the function 1. We make the choice 1(u) = (log(1+u))?,

1
n~'(v) =exp(V?)—1, and U = "o, V = v(z)?, where we have rewritten ke(z) as
ke (z) = cpef as in (2.3). This gives
e"foy(z)P < e"ologh (14 ") +v(z)P ('@ — 1)
< cp{e(1+ [nFy|P) +e*).

Next, take

n+l

(314) W) = Bo<‘1/,,+f)) "

and integrate both sides over €. In view of (3.10), we find

Lemma 4. The following inequality holds

1 ntl ., n Cq f nkgy c
(3.15) Vfw/gx(—‘P—S)p " kg (2) 0 SCVZAS (lle i ||Ll(logL)1’ t+ce E)

where ¢ = C(X, wx, o, p) is a constant, and ||e"Fw||L1(10gL)p = [y |[Fo|Pefe 0.

We observe that A; is essentially the L! norm of —¢ —s, so the inequality we just
obtained can be interpreted as a reverse Holder inequality. It implies immediately
the following growth rate for the function ¢(s) as in (3.2),

Lemma 5. Fix p >n. Then we have the inequalities

(a) Ay < Bo¢(s)' ™%, for & = (p—n)/np >0,
(b) For any r>0, A; > ré(r+s),
(¢) ro(s+r)<Bo¢(s)' % where the constant By is given by [c%(”enﬂ” 2 tog yp+

cet )ﬁ
Proof. We begin with the proof of (a). By Hélder’s inequality, we have

(3.16) A < {Vlw/y(_q,_s)pn#kn( ) ’?}m(\/]w/gskg(z)“’?);

p(n Y é = 1. The first factor on the right hand side has
been shown to be bounded by a multiple of A;/ (1), Putting this factor on the

where ¢ is defined by
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left hand side yields

14+n

1 F a Lin
(3.17) As < By —/ " oy = Bo(s) o .

Va) Qs
The exponent 1+ n/(gn) is readily worked out to be 14 &, establishing (a). To
see (b), we observe that, trivially, Q, ;= {@ < —s—r} C Q,, and hence

1 1
(3.18) A= /Q (~o-9)efowg = ro [ oToay=ro(s+r)
(0] S () S+r

establishing (b). The last statement (c) is a trivial consequence of (a) and (b). [

We can now invoke a classic lemma of De Giorgi, which says that positive
monotone decreasing functions ¢(s) which tend to 0 as s — oo, and satisfy the
growth rate condition stated as (c) in Lemma 5, must vanish for some s > So,
where Sp > 0 can be estimated in terms of By and 8. But this implies that Q
must be empty for s > Sy, and hence ¢ > —Sy. Thus we have obtained the following
bound for ¢ [31]:

Theorem 1. Let @ be a solution to the equation where the operator f(A) satisfies
the structural conditions listed in (1-4). Assume that the Kahler form ® satisfies
the condition w < K wx for some positive constant K. Fix p > n. Then we have the
L~ bound

(3.19) 0>—C

where C is a constant depending only on X,wx,n,p,Y,K and the following three
quantities

n
‘o

3.20
( ) Vw’

E, Entp(w) = HeanHLl(logL)p'

In the case of the Monge-Ampére equation f(1) = (szl)”lj)%, it is easy to

n
Co 1

see that Vo = Tol] and that the energy E can be bounded by a constant depending
X

only on X, wy,n, v,k and Ent{pzl}(a)). Thus Theorem 1 gives L* estimates for ¢
depending only on the entropy Ent,(w) for p > n, recovering in this way the L™
estimates of Kolodziej [45], even in the more general version allowing degenerations
of the background metric established by Demailly-Pali [17], and Eyssidieux-Guedj-
Zeriahi [22]. We stress however that it holds for the general class of operators f(1)
satisfying the structural conditions (1-4), which is quite large, as shown by Harvey
and Lawson [43].

4. APPLICATION TO ENERGY ESTIMATES FROM ENTROPY

The previous Theorem 1 had, for a fixed background metric , reduced L~
bounds for general non-linear equations of the form (2.2) to the three quantities
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cy/[@"], E, and Ent,(®) for p > n. Actually, it has been known for some time that
bounds for the energy E can be derived from bounds for the entropy [2, 8]. This
was even one of the key steps in the work of X.X. Chen and J.R. Cheng [8] on
the equation for Kéhler metrics of constant scalar curvature. As shown in [31], the
arguments of [8] can be adapted to provide bounds for the energy, assuming that
the entropy is bounded. However, all of these bounds depend on the background
metric w, and are only useful for fixed .

This problem of bounding uniformly the energy by the entropy is addressed by
the following theorem [37]:

Theorem 2. Let (X,wx) be a compact n-dimensional Kihler manifold without
boundary. Let @ be any Kdhler form on X with

(4.1) o < Koy

for some constant k¥ > 0. Consider the equation (2.2) with the operator f(A)
satisfying the conditions (1-4). Then for any p >0, any C? solution @ to (2.2)
satisfies the following

(i) Trudinger-like inequalities

(4.2) / 0wy <,
X
(ii) and energy-like estimates

(4.3) / (=)ol < C,.
X

Here the exponent q is given by g = nfp if p<n, and can be any strictly positive

exponent if p > n. The constants Cr and C, are computable constants depending

only on n,p,q,wx,K,v, and upper bounds for the following two quantities

n

(4.4) = Eny(@)= [ IR,

and the term a > 0 is a constant that depends only on n,p,7, % and K.

We observe that, in the case of a fixed background Kéhler metric w, this
theorem was proved as Theorem 3 in [31]. As stressed above, the point of the new
theorem is to have uniform estimates, even when the background metric ® may
degenerate to the boundary of the Kéahler cone. For the same reason, we consider
the case p > n. When p > n and the background Kéhler form o is fixed, it follows
from [31], Theorem 1, that the solution ¢ of the equation is actually bounded,
and the above Trudinger-like and energy-like estimates follow at once. But here
again, the existing results do not give the estimates uniform in @ that we seek.

We only describe the version of the auxiliary complex Monge-Ampeére equation
that we need, together with the comparison inequality, referring to [38] for full
details.
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Thus let a = pg = % (a is any positive number if p =n). We solve the following
complex Monge-Ampére equation
- T(—@ — a
(45) (o+iddy ) = Lo mong, supyy o
S,

Here the constant A, is defined by

1
(46) Aoi= - [ ml=p-s)eroay
Vo Jx
to make the equation (4.5) compatible. By assumption [o] is a Kéhler class, so by
Yau’s theorem [72], (4.5) admits a unique smooth solution y;,. We observe that
as { — oo

n
(4.7) Agp— Ay = ‘C/ﬂ (—¢ —s)%e"o gl
o J Qg

Next we consider comparison functions of the form
®:=—e(—yy+A)—p—s,

where € and A are constants, and b is a suitable power. Using the identities in
Section 2 and the maximum principle, we then show that

(4.8) d<0

if the constants are given by

n 1 o+
frd n_|_a 6 (0,1), and €= yl/(n+a)(nb)”/(”+a) S,é )

(4.9) b

and A is chosen so that ebA~(1-0) = 1, that is,

p1/(1-0)
= (/},]/(nJra) (nb>n/(n+a))l/(lfb)A

1
(4.10) .o

The inequality @ < 0 on X implies that —¢ —s can be controlled by
1

1 1
CanyAl " (—Ws o +A,)P, after which the theorem can be established following the
strategy of Section 3.

5. APPLICATION TO STABILITY ESTIMATES

It is not difficult to adapt the same method of L™ estimates to stability es-
timates. As in Section 3, let (X,wyx) be a compact Ké&hler manifold, and @ be
a Kahler metric such that @ < kwyx for some Kk > 0. We consider the following
complex Monge-Ampeére equations

(5.1) (@+i00u)" = cpe’ o, and (0 +iddv)" = cpe' o},
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with the constant ¢, = [y ©" and [ye/ 0} = [ye"@f = 1. The functions u,v are
normalized such that

maxy (u—v) = maxy (v —u).

Assume that for some K >0 and p > n,

h
maX(HefHLl(1ogL)p(x,wX),||€ ||L1(1ogL)p(X,wX)) <K.

Theorem 3. Under these assumptions, there is a constant C > 0 depending on
n,p,0x, K, and K such that

h”ﬁ

supy [u—v| < Clle/ — "]},

where B = B(n,p) = (n—l—3—|—%)7l > 0.

We outline the main idea of the proof, and refer to [33] for the details. Fix
a small r > 0. First we may assume f{vgu}(ef—i-eh)a),'} < 1. We then consider the
auxiliary equation

T(—0+q(@)=s) » ,
e'wy, su =0,
Aps X Px YV

(5.2) (@+iddy)" = cy

with @ =v— (1 —r)u, q(z) = —3Por, where By is an upper bound of ||u|;~ and
V]| Bo exists from Section 3. Take the comparison function

(5.3) O=—e(—y+A)TT—@+q(z)—s
with € = ¢ (n)Aé/S(nH) and A = cy(n)(g/r)"*! for appropriate constants c(n) and
c2(n). Arguing as in Section 3, we arrive at v—u > —Cr for a constant C > 0
depending only on n, p,x, 0y and K > 0.

We remark that analogous stability estimates as in Theorem 3 hold for complex
Hessian equations as well [33, 20].

6. APPLICATION TO THE NEF CASE

So far, we have considered equations whose background form ® is Kéhler (al-
though it may degenerate to the boundary of the Kéahler cone). In this section,
following [34], we show how it can be adapted to nef classes, which are those in
the closure of the Kéhler cone.

As above, (X, wyx) is a Kéhler manifold. We assume only the class [®] is K&hler
and o < Ky, but the (1,1)-form ® may not be positive.

We consider both the Monge-Ampeére and Hessian equations. While L™ esti-
mates do not hold in the usual form, the following estimates can be established
[34]:
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Theorem 4. Assume that (X,wx) is an n-dimensional compact Kahler manifold,
and let @ be a closed (1,1)-form which may not be positive, but [®] is a Kdhler
class with o < K wy.

(a) Let f(A) = (ITj= A; ) corresponding to the Monge-Ampére equation. Recall
that the envelope assocmted to o is the o-PSH function defined by

(6.1) Vo = sup{u| u € PSH(X,»),u <0}.

Then for any fixed p > n, there is a constant C depending only on wyx, n, p, K,
Ent,(®), so that the solution ¢ of the equation (2.2) satisfies

(6.2) 0< —p+Vy<C.

(b) Let f(A) = Gk(l)%, corresponding to the k-th Hessian equation. Define the
envelope Vg x corresponding to the T'y cone by

(6.3) Vo x = sup{v <0}

where v runs over non-negative C* functions with the vector of eigenvalues of the
relative endomorphism oy ' (®+iddv) lying in the Ty cone. Define the energy Ey

by
(6.4) Ek:/x(—<p+vw,k)e’<Fww;}.

Recall also the constant cq as defined for the equation (2.2). Then for any p>n,
there is a constant C depending only on wx,n,o,x, E, and He ||L1 (logL)P [w]ci"’

N
so that
(6.5) 0< -+ Vpir <C.

We note that Part (a) on the Monge-Ampére equation had been proved with
different methods by Boucksom et al. [5] and Fu-Guo-Song [23]. Part (b) on Hes-
sian equations is new and due to [34].

As in earlier applications, we indicate only the auxiliary Monge-Ampeére equa-
tion to be used, and the comparison function ®. We only discuss the proof of Part
(a), the one of Part (b) being similar.

A first technical difficulty is that V, is only C''!. However, it has been shown
by Berman [2] that there exists a sequence of smooth and strictly w-PSH functions
{up}5_, which converge uniformly to V. In the following we can use ug in place
of Vg, and then take limit f§ — oo.

The auxiliary Monge-Ampeére equation is then

(6.6) (0+iddy)" =

and the comparison function ® is defined by

(6.7) O=—g(~y+ug+1+A)iT —@+ug—s.
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In the general setting of Section 2, this corresponds to our general ansatz with
g =4 =ug and the simple shift in the normalization of y, with supy y = —1. We
note that an analogue of (2.19) still holds by the fact that w5 >0 although @ may
not be positive. We can then show that @ <0, and establish the desired bounds
following our general template.

7. APPLICATION TO THE MODULUS OF CONTINUITY

It has been shown by Kolodziej [45] that the solution of the complex Monge-
Ampere equation on a compact Kéhler manifold is Holder continuous if the right
hand side is of class L? for some ¢ > 1. He has also shown that if the right-hand
side is in some Orlicz space (see (2.1.3) in [45]), then it must be continuous. But
even so, his arguments are not direct, and we don’t have any information on the
modulus of continuity of the solution. The modulus of continuity is typically a
delicate question. However, it turns out that it can also be addressed using the
class of auxiliary Monge-Ampere equations discussed in the present paper.

More specifically, let (X, wyx) be again a compact Kédhler manifold of complex
dimension n. We consider the complex Monge-Ampere equation with [y el Wy =

Jx %
(7.1) (0x +idd)" =" 0}, ©p=wx+idde > 0.
Then the following estimate is established in [35]:

Theorem 5. Fix p >n. Then we have

lo(x) —o(y) Vx,y € X

<

~ |logd(x,y)|*’
for some constant C > 0 depending on n,p,wx and HeF||L1(logL),,. Here d(x,y)
denotes the geodesic distance of x,y in the Riemannian manifold (X,wx), and

— min{ -2 p=n
o =min{ 5, 521 > 0.

The proof of Theorem 5 relies on the following auxiliary complex Monge-
Ampeére equation:

n_ TK(_¢+Q(Z) _S) er;}

(7.2) (wx +iddy)
AZ,A‘

with g = (1 —|log8|~7/("*1))ps —28 and @ is the (rescaled) Kiselman-Legendre
transform of @ at level 6 > 0. With the comparison function

(7.3) O =—e(~y+A)iT —@+q(z)—s,

we can argue as in Section 3 to conclude that @5 — @ < 28+ |log 8|~ »/("+1) @5+ S..
for S.. = C|log 8|~ P~/ The proof of Theorem 5 then follows from the fact that
0s(z) is equal to max @ over the ball B(z,8) up to a controlled error term.
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8. APPLICATION TO THE HERMITIAN CASE

A striking feature of the above method of auxiliary Monge-Ampére equations
is the ease with which it can be adapted to the case of Hermitian manifolds. Thus
we let (X, wx) be a compact Hermitian manifold with wy a fixed Hermitian metric,
Wy = Ox —I—i&éqo, hy = a);la)(p, and consider the equation

(8.1) f(Alhy]) =€, Alhg) €T, supy @ =0,

where the operator f(A) defined on a cone T satisfies the structural conditions
(1-4) spelled out in Section 2. We have the following result from [37]

Theorem 6. For any p > n, a C* solution @ of the equation (8.1) must satisfy
the L™ bound

(8.2) supy | <C

where C is a constant depending only on X,wx,n,p,y and ||e" ||, (logL)? -

In the case of the Monge-Ampére equation, L™ estimates were first obtained in
the Hermitian setting by Cherrier [13] and Tosatti and Weinkove [65], assuming
a pointwise bound for ef’. The sharper version with entropy bounds ||e" || L (log L)
was obtained by Dinew and Kolodziej [19], and required a highly non-trivial ex-
tension of pluripotential theory to the Hermitian setting. An approach based on
envelopes has been recently proposed by Guedj and Lu [30]. Our theorem applies
to much more general classes of equations, and its proof is arguably the simplest,
as it bypasses the complicated integration by parts with torsion terms which arise
in Hermitian geometry. We provide a brief sketch. The original and complete ar-
gument can be found in [37].

A first observation is that the previous auxiliary complex Monge-Ampére equa-
tion cannot be applied as it is. The reason is that, on a compact Hermitian man-
ifold, unlike on Ké&hler manifolds, solutions exist only up to an undetermined
constant. Because of this, we shall use instead as auxiliary equation the Dirich-
let problem for a complex Monge-Ampeére equation on a Euclidean ball, which
has been shown by Caffarelli, Kohn, Nirenberg, and Spruck [6] to always admit a
smooth solution.

Thus, fix rp small enough, but depending only on (X, wy) so that, for any zg € X,
there is a coordinate system z centered at zg so that

1 - -
(8.3) 5iaa|z|2 < wx <2idd|z|* in B(z0,2r0) = {|z| < 2r0}.
Let xp € X be a point where @ attains its minimum. We shall show that
(8.4) ¢(xo) > —C

where C is a constant depending only on X, @y, p, 7, ||e”F||L1(10gL)p, and [[@|l 11 x ay)-
It is not difficult to show by a separate argument that [|@[|,1x 4, is bounded by
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a constant depending only n, @y, for all functions with supy¢ =0 with
AhgleT CTy ={A; A1 +---+ A, > 0}.

The desired theorem (i.e. Theorem 6) would follow.
We introduce now the auxiliary equation. Let Q = B(xo,2rg), and for each s
with 0 < s < 21%, set

(85) 0(2) = 9(2) — plao) + 512 —s

and Q, = {z € Q;us(z) < 0}. Let y,, be the solution of the following Dirichlet
problem,

(8.6) (i0dw, )" = ot on Q, y=0o0n0Q,
where the coefficients A, are defined by

(8.7) AM:/ T(—ug)e of — Ay :/ (—us)e"F @i, as £ — oo,
Q JQy
By [6], the solution ¢ of this Dirichlet problem exists and is unique.
We can now state the key comparison inequality between u, and ;¢

1

(8.8) —uy < C(n,7) AT (— )71

on Q, where C(n,y) depends only on n and y. Note that the auxiliary Monge-
Ampere equation is of the general form considered in (2.6), with @ =0, §(z) =0,
A =0, and ¢(z) = ¢(z0) — 3|z|*, (and s — —s). In particular qr = — 16 It is then
easy to apply the maximum principle to the function

(8.9) D = —e(—y, )T —ug

with the preliminary computations as in Lemma 2, and the desired inequality
follows with "1 = A ;y ! (n+1)"n=2".

We can now follow the template provided by the compact Kéhler case. First
we establish the inequality

ntl
(8.10) / exp{ﬁ(ugnn}w; <C

Qs Ay
where B and C are strictly positive constants depending only on n,7y,ry. This is
the analogue in the Hermitian case of the inequality (3.12). For this, we apply
Young’s inequality as in the compact Kéhler case, with the a-invariant replaced
by the following inequality of Kolodziej [45] for plurisubharmonic functions y

(8.11) / ey <C
D
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on bounded pseudoconvex domains D C C" with =0 on dD, and Monge-Ampére
measure [, (iddy)" = 1. Here a is a strictly positive constant!.

Next, we can apply Young’s inequality to the exponential inequality (8.10) and
obtain for any p > n the following reverse Holder inequality

148
(8.12) A; < Co </ e"Fw;}>

with &y = % — %, and C is a constant depending only on wx,n, p,yand ||e"f' ||, (logL)?-
Setting

(8.13) o(s) = /Q | ' o}

we can rewrite the reverse inequality as Ay < Co(¢(s))'*®. Since it is easily seen
that A >1 [ " @f, we conclude that for any 7 € (0,s)

(8.14) t9(s—1) < Co(o(s))" ™.

We can now apply a version of De Giorgi’s lemma for monotone increasing and
positive functions ¢(s) on (0,s9) satisfying lim;_,q+@(s) = 0 and the growth rate
(8.14), which says that under these conditions, there must exist a constant co > 0
depending only on s9,Cy and &y so that

(8.15) ¢(S0) > Co.

Finally, we note the elementary inequality

1 P e Y )
(8.16) ¢mwma—wmrw@%;él%(:kj?yf“&
50 —@(Xp) —50)2

which results itself from the elementary inequality —¢ — %|z|2 > —@(xg) — so on
Qp since we may assume without loss of generality that so < % and @(xp) < —2.
Applying the Young’s inequality to the integrand on the right hand side, we find

@l +Ca(@)
¢ P

s0)log(—@(xp) — s %<
¢ (s0)log(—@(x0) —0)> < (—(x0) —0)

m{WWmmm+qamm

| =

Since ¢(sp) is bounded from below by a constant, it follows that —@(xg) —so must
be bounded from above. The theorem is proved.
9. APPLICATION TO (n—1)-FORM MONGE-AMPERE EQUATIONS

A new generation of problems in complex geometry, notably from non-Kéahler
geometry and mathematical physics, has led to non-linear equations of the form

1 Kolodziej’s inequality is a generalization to all dimensions of a classic inequality in one complex
dimension due to Brezis and Merle [4]. Kolodziej’s original proof used pluripotential theory.
A PDE proof has been provided recently by Wang, Wang, and Zhou [69].
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F(A) =ef, but where A are not the eigenvalues of a hessian matrix hy = @y ' (@ +
i8<§(p), but of a more general matrix involving the derivatives of ¢ to second
order. One basic example of such an equation is the so-called (n—1)-form Monge-
Ampere equation, solved by G. Székelyhidi, V. Tosatti, and B. Weinkove [63] in
their solution of the Gauduchon conjecture. Central to the study of this equation
is the L™ estimate. In this section, we show how our method of auxiliary Monge-
Ampére equations can be used to establish this estimate, with in fact slightly
weaker and more general hypotheses than in [63].

Let (X,wy) be a compact Hermitian manifold. If @ is any other Hermitian
metric, we consider the smooth functions ¢ for which the form

1 -
(9.1) 0y = 0+ m(AmX(pr —idd o)

. .y i0dpAwl!
is positive, where Ay, @ = n%
X

metric wyx. Then

is the rough Laplacian with respect to the

Theorem 7. Let 7z(p = a);l(b(p, and )L[ftq,] be its eigenvalues. Fix any p >n. Then
any smooth solution @ of the equation

(92 1) =e"

j=1

with @y >0 and supy @ =0 satisfies
(9-3) supy @] <C

where C is a constant depending only on @x,n,p,® and [|e""|| 1 1ogr)r(x 0x)-

We observe that this result is more precise than in [67, 66] in the sense that
only the norm ||e”F||L1(10gL)p(X_’wX) is needed, and not pointwise norms. In [62],
G. Székelyhidi obtains an estimate which depends on ||e"||;s for ¢ > 2, using
Blocki’s approach [2] based on the Alexandrov-Bakelman-Pucci (ABP) maximum
principle.

We sketch the proof. A first observation is that the tensor 0", as defined in
[67] by

1

4 = ——
(9:4) oY= ——

e
((Tra, 0x) 0y — @)
is positive definite. In fact, in coordinates where (@x) ;z = 8k, (@¢) z = 4,6 at a
given point, then @ = ﬁ@,g# %{)Sjk.

Next, fix rg small enough so that, at any point zg € X, there is a holomorphic
coordinate system z with

1 - -
(9.5) Eiaa\z\z <oy <2idd|z*,  z€B(z0,2r0) = {|z] < 2ro}.
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Let xp be a minimum point for ¢, Q = B(xo,2ry), and fix a small constant & > 0
depending only on X, wy, ® so that

2¢’
(9.6) o> _— (Trey ®)wx.
Define now for s € (0,s0), so = 4€'r3,
(9.7) us(2) = 9(2) = 9(xo) +€'l> —s,  zeQ.

Then us(z) > 0 for z € dQ, and hence the sublevel set Qs = {z]us(z) <0} NQ is
relatively compact in Q and also an open set. We can now consider the solution
y; ¢ of the following auxiliary Dirichlet problem on € for the complex Monge-
Ampere equation,

(9.8) (109 )" = @e’mw)’} onQ, =0 onoQ

5,0
with A, ¢ defined by

(9.9) Asy :/ T(—uy)e” of — Ay = / (—us)e" wi.
Q Jo,
By [6], this Dirichlet problem admitg a unique solution ;. From the very equa-
tion, the solution v, satisfies [o(idd ;)" = 1.
The key comparison estimate is now

np L\ L n
(9.10) —usé( . ) Al (=)™

which follows from the non-positivity on Q of the test function

_n_ 1 p41)\ e
(9.11) D = —&(=Y0)™T —u, E:As"_;‘< - ) .

To show that ® <0, we apply the maximum principle at a maximum point xo
for ¥, but with the operator Lv = G)jkv,;j7 so that L®(xp) < 0. The desired in-
equality follows using the arithmetic-geometric inequality, along the same lines as
Lemmas 1-3.

Once we have the key comparison estimate (9.10), the proof follows the same
template as in the compact Kéhler case, or more precisely the compact Hermitian
case. Thus we apply the exponential estimate of Kolodziej to arrive at a reverse
Holder inequality, which allows an application of De Giorgi’s lemma, and the proof
is completed using a general L! bound for —¢.

Finally, we note that there has been considerable interest recently in more
general equations involving f(A [/~1q,]), motivated in part by non-Kéhler geometry,
mirror symmetry, and equations from string theories (see e.g. [26, 15, 56, 50]). In
particular, subsolutions and general C? estimates have been obtained in [28, 62].
A frequent feature of these new equations is the appearance of gradient terms. For
related developments, see [25, 29, 14, 51, 52, 53] and references therein.
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10. APPLICATION TO GREEN’S FUNCTIONS

Perhaps surprisingly, the auxiliary Monge-Ampeére equations which we have
been discussing turn out to very effective in many seemingly unrelated problems in
geometric analysis. In this section, we show how they can be applied to derive lower
bounds for the Green’s function. The Green’s function is the solution of a linear
partial differential equation, so this would be a case of a linear problem solved
by a non-linear method. Such methods had been instrumental in the study of
Schrodinger equations [12, 57, 49, 59], and in the celebrated work of M. Kuranishi
[46, 47, 48] on the embeddability of strongly pseudo-convex manifolds, as pointed
out by C. Fefferman. However, it does not appear that comparisons with the
Monge-Ampeére equation had been used before in linear problems. In our case,
this non-linear method is needed because it gives bounds which are uniform in the
underlying geometry.

In this section, we describe some of the results obtained in [36]. The setting is
then a compact Kéahler manifold (X, wy) of dimension n, and a closed nonnegative
(1,1)-form ) whose cohomology class [x] is nef and big. That is, [y] lies in the
closure of the Kéhler cone and [y x" > 0. Then [y +twx] is a Kéhler class for any
t € (0,1]. For any € >0, N >0, y> 1, and any fixed € (0,1], we introduce the
following class of Kéahler metrics,

(10.1)

M/(N,e,7) = {a) S [x+th];é/ IHOFo gl < N supye o < y‘l},
X

where Fg denotes the relative volume form of o,

(10.2) Fp = log(%)

We are interested in bounds which hold uniformly for @ € M/(N,e€,7y). The fol-
lowing is a basic example of an estimate which would be well-known and readily
established for a fixed Kéhler form @, but requires a non-linear method in order
to have uniform bounds with respect to @ € M}(N, €,7):

Theorem 8. Let o be any Kahler form in the class M}(N,€,7).
(a) Let v e L'(X,@") be any function satisfying [y v@" =0. Let Q; = {v > s} be
the super-level sets of v. Assume that

(10.3) veC* (Qy), Ayv>—a inQq
for some a > 0. Then
(10.4) supy v < Cla+ [Vl 11 x,om))

where C is a constant depending only on n,wx, x,€,N, and 7.
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(b) Assume now that v € C*(X) and that
(10.5) |Apv| <1, and /vw” =0.
X
Then there is a constant C depending only on n,wx,x,€,N,y such that

||V||L1(x,w") <C.

The proof relies again on an auxiliary complex Monge-Ampere equation. Re-
placing v by v/a we may assume a = 1. Thus let as before u — 7,(u) be again
a sequence of smooth strictly positive functions which decrease to the function
u — uyr, (u) as £ — oo, and consider the solution y;, of the following equation

(10.6) @+iddy) = "0 Do upeyn =0,
sl

where A is again a normalizing constant

1 n 1 n __
(10.7) As,gzm/xrg@—s)w - [a)n]/gx(v—s)a) _ A,

as £ — oo. Yau’s theorem insures then the existence of a unique solution ;.
We need to compare v to Y. For this, we express @ by the dd-lemma as

(10.8) w:x+th+i89(p, supy® =0

for a unique function ¢. Then the key estimate is the following: there exists a
constant A depending only on n,p, x, wx,Ent,(®) so that

(10.9) —y+0+A>1, and ®<O0
where the test function ® is defined by
(10.10) D= —e(—y+@+A)T +v—s

with "l = (”nizl)”(a—ksn)”As’g. The proof of this is analogous to the ones we have
used for the previous auxiliary complex Monge-Ampére equations.

Once we know that @ <0, we can apply an o-invariant inequality, uniform for
all Kéahler classes bounded by a fixed multiple of @y to obtain an inequality of the
form

il
(10.11) / exp(a(v_f)">w;; <C
) Al

sl

b}

and hence, using Young’s inequality, the following reverse Hélder inequality for
p>n,

(n+1) )4 P
(10.12) / (v—s) 7" eF O} <CAT, = CA;.

Jury 2023 ICCM NOTICES 119



B. Guo anDp D. H. PHONG

n

14n
This readily implies A; < ([ e @§) ™", with p’ the dual exponent of p(n+1)/n.
An easy consequence is the growth inequality

(10.13) ro(s+r) <Co(s)' ™%, §>0,r>0

for the monotone decreasing function ¢(s) = [ ef'wl. Again by a De Giorgi
lemma, it follows that ¢(s) must vanish for s > Sp, where Sy can be estimated
by the constants in the growth condition. Thus v < Sy, and part (a) of Theorem 8
is proved.

Next, we sketch the proof of Part (b) of Theorem 8. We observe that the proof
of Part (a) did not require a uniform lower bound y for the volume form in the
definition of the class M, (N,¢€,7y), but the proof of Part (b) will.

We argue by contradiction. Thus assume that there exists a sequence of met-
rics w; € M; (N,€,y) with {t;}; C (0,1) and a sequence of functions ¥; € C*(X)
satisfying ||‘7jHL1(X,a);‘) =1 and

as j — co. Multiplying the above equation by ¥; and integrating by parts gives

1 .
< Vg, supx |hj| — 0.

(10.15) /X|w,-|§ojw7 _ ‘/Xﬁjﬁjwy
On the other hand, we can write

1
/X|Wj|a>xw§ S/X(lelﬁ)jtrwij)zw)'}

1
2 2
(10.16) < (/ |Vﬁj|fojeFja))’}> (/ (trwij)eFjw}’}) .
b'¢ X
The first factor in the right hand side tends to 0 as j — o, since

R . Vx .
(10.17) /X|ij'|g,jeF/a)}'}=V—w/}(|VVj|ﬁ)ja);—>O
J

and Vy, > [x"] for all @;. In view of the lower bound for the volume form of metrics
w; € Mj (N,€,7), we have

1
10.18 / trpy 0))e T o} <7/ wi Aoy ' <C
( ) X(rwx j)e an},x iNWx >
where C is a constant independent of j. This implies that
(10.19) /X|Wj|wxwgz 0 as j—ee.

From this, it is not difficult to deduce that ; is uniformly bounded in the Sobolev
space W1 (X, 0x), and that, after passing to subsequences, it must converge to a
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constant P.. in L' (X, ®}). This constant can on one hand be verified to be nonzero
in view of the normalization ||¥;]|, (X.00) = 1, and on the other hand to be 0, in view
of the condition [y ¥;7 = 0 satisfied by ;. This is a contradiction and Theorem 8
is proved.

We can now establish uniform estimates for the Green’s function. Recall now
that the Green’s function with respect to the Kahler metric @ is defined by the
equations

1
(10.20) BoGly) = ~8.0)+ 5 [ Gl =

Vw X
Theorem 9. Fiz € >0,N >0 and y € (0,1). Then for any Kdhler metric ® €
M/ (e,N,y), the corresponding Green’s function G(x,y) satisfies the following esti-
mates, with constants C which depend only on n,wx,x,€,N and y:

() fy|G(x. )|o" < C

(b) infyexGlx,y) > —C;

(¢) For any & > 0, there is a constant Cg depending additionally on & so that,
for allx e X,

(10.21) /|G |71 % +/ IVG(x, )| 7T % 0" < Cj.

Parts (a) and (b) of Theorem 9 are direct consequences of Theorem 8. For
example, for any fixed x, the function v = —G(x,y) is in C*(X \ {x}) and satisfies
the conditions in Part (a) of Theorem 8 with Ayv(y) = —% > _[JC]T] forye {v>0}.
Thus Theorem 8 applies, giving the lower bound

(10.22) infyex G(x,y) > —C(1+[1G(x, )|t x o)

for some constant depending only on n, p, wx, ¥,N. With a bit more work, we can
deduce from Part (b) of Theorem 8 that [|G(x,)||,1(x en) < C. Combined with the
preceding inequality, we obtain Parts (a) and (b) of Theorem 9.

The proof of Part (c) is harder and requires a new idea, involving comparisons
with another auxiliary complex Monge-Ampeére equation. The key inequality to
be established is a uniform bound for the L7 norm of G(x,-),

(10.23) JIeeyliee) <c,

first for g € 1+ for some rg > n, and then iteratively for any ¢ < ;%;. By Part
(b), we can add a uniform constant to G(x,-) to obtain a function Q(x7 ) > 1. Fix
ro >n and a large k> 1 and set

(10.24) Hi(y) = min{G(x,y),k}
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which we assume is smooth, by smoothing it out if necessary. The above integral
is closely related to the following integral

(10.25) /X G(x. ) H(y) 0 " (7)

which is itself closely related (via the Green’s formula) to the solution u; of the
following Laplace equation

r r 1
(10.26) Awuk = —H 0 +7/ H ‘o 7/ uka)" =0
Vw X
To estimate uy, we introduce another auxiliary complex Monge-Ampére equa-
tion,
g n a + 1 n
(10.27) (w+iddyy)" = ", supy Yx =0

Vo' [x(H r°+1)

It can then be shown that

(10.28) supy [y <C

and that
1

(10.29) eu+ (W — @) — v /(Wk—(p)w" <C
[0)

where C and € are uniform constants, and ¢ is the potential for the Kidhler metric
o € [x +twyx] introduced earlier in (10.8). From here, the desired inequality follows.

Finally, we establish integral bounds for VG(x,y). First we note the elementary
inequality

|V g(x, Y)|w(y)w n( )< 1

X Gx,y)*P B

which holds for all f > 0, and follows from applying Green’s formula to u(y) =
G(x,y)"P. Next, setting

(10.30)

VG (x, y)‘w(y) k}

(10.31) Hi(y) me{ Glxy) P

and arguing as in the estimate of ||G(x,-)|| e , we can show that
0 (X,0m)]

(10.32) | Gnmmm o) <c.

The desired L*(X, ") bound for VG(x,-) ultimately follows. O
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It is instructive to compare the preceding theorem with the classic result of
Cheng and Li [11] on lower bounds for the Green’s function in Riemannian ge-
ometry. This result asserts the existence of a uniform lower bound depending on
only the dimension, the diameter, the volume, and a lower bound on the Ricci
curvature. In our Kéhler setting, Theorem 9 is easily seen to imply the following
theorem, where only a lower bound on the scalar curvature, combined with an
integral estimate for the volume form, suffice to give lower bounds for the Green’s
function which are uniform in ®:

Theorem 10. Let @ be any Kihler metric in [wx]. Then if [|e" || ive(x o) <N
for some € >0,N >0, and the scalar curvature R(®) satisfies R(®w) > —x for some
Kk >0, then the Green’s function of (X,®) satisfies

(10.33) inf,cxG(x,y) > —C, xeX,

for a constant C depending only on n,wx,&,N, and x.

We note that the class M;(g,N,7y) of Hermitian metrics which we have used so
far is not the only class to which the methods of this section apply. Other classes
are described in [36] as well, with a key difference being the replacement of a
pointwise lower bound on ef® by an integral bound. In fact, for applications to
diameter bounds to be described in the next section, it will be important to relax
further the constant lower bound y to a non-negative function which may vanish
along a closed set of Hausdorff dimension strictly less than 2n—1.

In the remaining part of this section, we describe some applications of the
above bounds for the Green’s function to a priori estimates for the complex Monge-
Ampeére equation. A priori estimates are often obtained by applying the maximum
principle to elliptic differential inequalities satisfied by the quantity under consid-
eration. Sharp lower bounds for the Green’s function can provide a more effective
tool, especially if we consider conditions involving integrals. The following is a
sample of sharp estimates which can be obtained in this manner.

Recall that we have assumed that the (1,1)-form y is non-negative, and the
Kahler class [x] is big. By Kodaira’s lemma, there is an effective divisor D in X
such that

(10.34) X —€Ric(hp) > 8 wx

for some positive constants &y, &, and a Hermitian metric kp on the line bundle [D]
associated with D. Let sp be a holomorphic section defining D with supy \sD|iD =1.
Let @ be any metric in [y +fwx]. Let ¢ be its potential, i.e. @ = y +twy +idd@
and supy @ = 0. Thus, in the notation (10.2) for the relative volume form Fg, ¢
satisfies the complex Monge-Ampeére equation

- V,
(10.35) (x +twx +idde)" = cefo o}, c= V—w, supy @ = 0.
X
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Theorem 11. Fiz ¢,N,y € (0,1) and p > n. Then for any t € (0,1] and o € M;,
we have the estimate

C

2

(10.36) IVolg, < o
|SD|hD

where C depends only on n,&,x,wx,N,v,p, and A >0 depends only onn, €, ¥, ©x,
N, 7.

Note that gradient bounds had been obtained before, but under pointwise
assumptions on |VF| [3, 55]. An earlier result requiring an L? bound for |VF| with
p>2nisin [10, 32]. The range p > n in the above theorem is sharp.

Theorem 12. Under the same assumptions as in Theorem 11, but with p > 2n,
we have the estimate

(10.37) 90l
where C depends only onn,€,),ox,N,v,p and [y |VFy ﬁ,XeF‘*’ wy, and B> 0 depends
only on n,e,x,wx,N,7.

We have formulated the above estimates for families of degenerating metrics.
But even in the case of a fixed background Kéhler form w, the above estimates
improve on the known ones. For example, we have

Theorem 13. Consider the complexr Monge-Ampére equation
(10.38) (ox +iddp)" ="}, supyp =0

on an n-dimensional compact Kdahler manifold (X,wx). Assume that F satisfies
the condition

e lpi+e (x wg) <N
(10.39) supye T <yl
Then for any p > 2n, we have

(a) supy |i8(§(p\%ox < C, where C >0 is a constant depending only on n, p, wx,
e, N, yand [y |VF|h, " 0f.

(b) supy |Vi88(p|%ux < C, where C >0 is a constant depending only on n, p, ©x,
8} N7 ’}/7

(10.40) y,/X|VF|€OXeFa>;}, /X|i89F|ﬁ)Xer§},

and upper and lower bounds for the endomorphism a);l(cox —I—iaé(p).
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For the estimate in (a) to hold in general, we do need p > 2n. We also note
that previous C? bounds had required a C?> bound for F, and that the proof of
(b) also relied on the approach of [54], which relied on estimating the connection
forms instead of the potentials.

11. APPLICATION TO DIAMETER BOUNDS

In general, estimates for the Green’s function can imply estimates for the di-
ameter of the underlying metric. This can be seen as follows [39)].

Let xg,y0 be points with dy(x0,y0) = diam(X, ®), and define the function d on
X by d(y) = dp(x0,y). Then d is a Lipschitz function with Lipschitz constant 1.
The Green’s formula applied to d(y) gives

1

(1) dW =g [0+ [ (Y66, V)) 0 00)"

The fact that d(xp) =0 gives

o [0 = = [ (9,6(10,2),Vd0) o 00"

("]
< /X 1V,G(x0,3) oy @()"-

We can then write

1

diam(X, @) = d(0) = o [ d0)00)" + [ (9,600.9),V40)) o 00"

< [ 1¥,660.9) o @0)"+ [ [9,G00.3) oy 0"

which shows that the diameter can be estimated by an integral bound for the
gradient of the Green’s function.

Thus the bounds obtained in the previous section already imply some diame-
ter bounds. However, for many geometric applications, such as diameters in the
Kahler-Ricci flow, it is important to relax the conditions on the lower bound ¥ for
the volume form. It turns out that this is possible, albeit quite non-trivial. Thus
the following theorems were established in [39]:

Theorem 14. Let (X,wx) be an n-dimensional connected compact Kihler man-
ifold. For given parameters A > 0,K > 0,p >n and Y a continuous non-negative
function on X, let V(X,wx,n, A,p,K,y) be the following space of Kahler metrics

- "
VX 0 A K1) = {0310] 1] < AN i (0) < K. > Ve |
X
where Nx oy p(®) is the p-Nash entropy, defined by

1 o

F F
(11.2) Nionp©) = [ F1Pe" 0 = 1" s opiony F= g
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Assume that
(11.3) dimy{y=0} <2n—1

where dimy denotes the Hausdorff dimension. Then for any A,K >0 and p > n,
there exist constants C,c >0 depending only on X, wx,n,A,p,K,y and o depending
only on n and p so that

(@) Jx|G(x;-)[0"+ [x [VG(x,-)|0" + (—infyex G(x,y)) Vo < C;
(b) diam(X, ) <C;

(c) YlolPalt) > cRY for any x € X, R€ (0,1).

We stress that the above theorem can give bounds on the diameter even when
no lower bound on the Ricci curvature is available. This is of particular importance
for the Kéahler-Ricci flow. More generally, we obtain the following Kéhler analogue
of Gromov’s precompactness theorem for metric spaces:

Theorem 15. Let (X,wx) be a connected n-dimensional Kihler manifold, and let
Y be a non-negative function with

(11.4) dimy {y =0} < 2n—1.

Then for any A,K >0, p > n, any sequence {®;} in V(X,wx,n,A,p,K,y) admits a
subsequence converging in Gromov-Hausdorff topology to a compact metric space

(Xeor o).

Several applications of these theorems to the Ké&hler-Ricci flow and to the
asymptotic behavior of fibrations near the singular fibre can be found in [39].

12. APPLICATION TO THE TAMING OF SYMPLECTIC FORMS

let (X,J) be a compact almost complexr manifold with J the almost complex
structure. Suppose m = 2n is the real dimension of X. A Riemannian metric § on X
is called almost Kdihler, if g is J-compatible, i.e. g(JY,JZ) = g(¥,Z) for any vector
fields Y,Z and the associated 2-form w; defined by wz(Y,Z) = g(JY,Z) is closed.

Let Q be a taming symplectic form, that is, Q(Y,JY) >0 for Y #0, and g be
the associated almost Hermitian metric of Q, i.e.

1 1
g(Y,Z)= EQ(Y,JZ) + EQ(Z,JY), V vector fields Y,Z.

Write dV, for the volume form of the Riemannian metric g. For a smooth function
F € C=(X) normalized by [yefdV, = [, Q", we consider the following Calabi-Yau
equation on X

(12.1) detg = e* detg,
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where we require that @ is an almost Kdihler form with [wg] = [Q]. As shown by
Donaldson [21], the existence of solutions to this equation would have important
consequences in symplectic geometry (see also Conjecture 1.2 in [68]).

It has been proved by Tosatti, Weinkove, and Yau in [68] that the C?-a priori
estimates of g satisfying the equation (12.1) can be derived by the L™ estimates
of ¢ € C*(X), which satisfies the linear equation

o 'AQ
(12.2) Agp=2n—2n—4—— =2n—trzg, supyp=0.
g

Here A; is the usual Riemannian Laplacian operator of the metric . Note that the
equation (12.2) admits a unique solution since the function on the right-hand-side
has integral zero against the volume form dV;.

We assume

e 172 x vy :/erdeggK

for some constant K > 0. Our main result is the following L™ estimate of ¢ in
(12.2):

Theorem 16. Suppose g is an almost Kéhler metric solving the equation (12.1)
and @ solves (12.2). Then there exists a constant C >0 depending on n,g and K
such that

supy |¢| < C(1+ H‘P||Ll(x,e2deg))-

In the following, we denote {xl,...,x’"} local real coordinates on some open
subset of X. Let g be an almost Kdhler metric, and ®&(Y,Z) = g(JY,Z) be the
associated symplectic 2-form. Locally we have

S T 9
(12.3) g§=gidx'®dx, @®= Ea)l-jdx’/\dxj, J:Jijdx’®$,
where the summations are taken over i,j € {1,2,...,m}. It follows from straight-

forward calculations that
(12.4) @i = g, @j=—@ji
The form @ being almost Kdihler means

135),']‘

1 86)1']' oy; 3(Z)j,
2 Jx! '

0=do= ox! oxJ ox!

. | . .
dx' Ndx' Ndx! = 6( )dxl/\dx’ Adx’

in other words,

8cb,~j 867)1,' ad)ﬂ
ox! ox/ oxt
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Multiplying both sides of (12.5) by @" := gikJ,{ which is skew-symmetric in i, j,
and taking summation over i, j, we get

&a)lj zo)

~zk ~ik
(12.6) J] i 28 J] 5 =0
Substituting (12.4) to (12.6), we obtain
08i (9]17 98 p
~k p ~k ~k ]P ~k ~
0—’Jfa Jp—f—’Jg,pal—i—Z’J]a J,+21J,{,,,al
93 aJ} oJ? 93 aJ} oJ"
~ik ik ~ik ~zk 8kl ~1k ~ ~ik ~
_ al_|_]]£al+2g J,{gjpal—ﬁ—z 8‘_2 JPJ;)az 28" g JP‘]liaz
I8k gy ;0% dJP o oJ"
_ ik i ~ik J l ~k~ P~k i
= g S T A2 ST I 2= 2g g, I S 2T
0@ 98 aJ% oJ]
_ gk O8ik ok 08K o yi %Y psikg g
= ga +2 al+Jkal+2 Jjai’
from which we derive that
208 1 08 1 ;975 oJ]
~ik 9 8kl ~ik O8ik JjoY ~1k~ 4
12.7) o 28 o 2l 8 g
It then follows that
- LR T AN DL Y|
siktd _ sql [ 5k 98K T sk 8ik ~ql J J _ 5k a7k
(128) ghu=8 <g oxi 2% 8xl> T koxl Joxt’

From (12.8), we see that the second term in the Laplacian of a function u,

Agu= gl a)‘?, 57— ~‘k1"?k 3 is independent of the first order derivatives of the metric
coefficients g;;.

Let xp € X be a minimum point of @, i.e. @(xp) = infx ¢. Choose a fixed num-
ber ry > 0 such that 2ry < the injectivity radius of the fixed Riemannian manifold
(X,g). Take the normal coordinates of (X,g) centered at xo, (U, {x',...,x"}). With-
out loss of generality we may assume that on U the following holds

1
(12.9) E&j <gij <26,
and the Fuclidean ball
B(xp,2rp) ={x €U :|x| <2rp} CCU

where [x| = /37 (x/)? is the usual Euclidean norm of the coordinates x =
(x!,...,2™). We also have a constant C} >0 depending on J,g such that

)gc}.
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From the equation (12.8), we have for any smooth function y on U, there exists
a uniform constant C; > 0 such that on U

(12.11) 8" Th vyl < Cs[Vylg-trgs,

where y, = g—x"fl and |Vl,l/|§ = g y;y; is the gradient of y with respect to the fized
metric g. We emphasize that the constant C; in (12.11) depends only on g,J and
can be made to be independent of the choice of coordinates, though the LHS of
(12.11) is only locally defined. Indeed, we can see from (12.10) that C} depends
on |J|, and |VgJ|s, both of which are globally defined.

Let 1 € (0,1) be a small positive constant to be determined. For any 0 < s <

so = Nrg, we consider the function defined on B(xo,2r9)
(12.12) s (x) := @(x) — @(x0) + M |x|*> —s.

By the choice of the point xg, it is clear that u; > —s. Define the sublevel set of ug
by

(12.13) Q; := {x € B(x0,2r0)| ug(x) < 0}.

Note that xo € Qg so Qg is a nonempty open subset of B(xq,2ry). Moreover, by the
choice of s <nr3, we see that on B(xo,2r0)\B(xo,70)

MsZTV(%—SZ(L

hence we have Qg C B(xp,r9). We solve the following real Monge-Ampeére equation
on the Euclidean ball B(xp,2ro)

PR To(—ug) »
12.14 det| —== | = Y e*M detg, in B(xp,2
( ) e <8x’8x1> Ay e“"detg, in B(xo,2rp),

and ;¢ =0 on dB(xo,2ry). Here y; is strictly convex in the ball B(xo,2ry) and
Ase = / Ty(—us)e*l (detg)dx > 0
B(XOﬂer)

821/’3'74

m)dx: 1. Note that as ¢ — o

is chosen so that [g 5, det(

Ago — A ::/ (—us)eZFdetg

s

and Ay < C(n,g)K < %Cl, where C; > 0 depends only on n,g and K. Hence for all
¢ sufficiently large which we always assume, we have

(12.15) Ao < Cy.

Let B, be the volume of the unit ball in R*".
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Lemma 6. There exist a constant C, = Cp(n) > 0 such that

Tl Ve <€ Vil <G
B(XI(?ZFO)%E 270, SupB(XoJo)‘ Vel <G

a Vst

7o )dx =1, so it follows from

Proof. Since by the definition of g, fB(xO 210) det(
the standard ABP maximum principle (e.g. [24])

_ 4ry azw> ]1/'" 4
— inf < — inf —I——/ det dx = —7y.
B(xo, 2r0)WS[ aB(xo,er)%’Z B, { B(xo.2r0) <axzax/ 0

DIV.?,/(X)
‘DWS‘[(X)‘
to be the unit vector in the direction of Dy s(x) (if Dy ¢(x) = 0, there is nothing

to prove, so here we assume Dy ¢(x) # 0). Then clearly |Dyj ¢(x)| = Dy o(x) -V
Consider the half line L: 0 <t~ x+1tV which intersects dB(xg,ry) and dB(xg,2rp)
at L(t1), L(t2), respectively. We have t, —1; > rg and 0 > y; ¢(L(t1)) > —%ro and
Vs.¢(L(2)) = 0. Then by the convexity of the function # — y; ¢(L(t)), we have

((L(12)) = yse(L(1)) _ 4

< .
h—h = B

To see the second inequality, for any fixed point x € B(x, ), denote V =

oY

|D'~I/s€ |*'~I/sll( ()) |t ()— i

Taking supremum over all x € B(xp,rp) finishes the proof of the lemma. O
Take positive constants

- 2n
1+42n

(12.16) A

n+1 s
(IOCJCZ)ZFFFIAS?E’ = < n—+ ) A2n+1

n 5,0

where C; > 0 is the constant in Lemma 6 and C; > 0 as in (12.11). We ob-
serve that by (12.15), it holds that A is bounded above by the uniform constant
18- (10C,Cr )1 Cy.

Define a function @ on B(xg,2r) by

2n

(12.17) O(x) = —&(—yy0(x) + A) 7T —ug(x), Vx € B(xo,2r0).

We claim that ® < 0 on this ball. As a continuous function, ® achieves its max-
imum at some point xmax € B(x0,2r0). If xmax & Qs, then by the definition of Q,
clearly we have ®(xpax) < 0. So we assume xpax € Qs C B(xp, 7). By the maximum

principle, it follows that aq) L = 0 and a o < 0. Hence at xmax

oxiox) |Xmax

2 2
PO i, 0 P

A;® = ~” . — <
oxiox & iGN =8 oxidx/ <0

We then calculate at xmax.

2ne
0> A= —'

L
2 8@ = 5 g (S FA) I Ay — Agp — A’
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2ne _ 242 2
TR Ve
2ne
(12.18) > 2’1'11(—%,ZJFA)*ﬁAgW—2n+trgg—nAg~|x|2.

We first look at the term —nAg|x[> in (12.18). It satisfies

(12.19) —nAglx|* = —2ng" &, +2ng"T{x? > —4ntrgg—2nCrrotrgg > 1018
where C; > 0 is the uniform constant in (12.11) and we have chosen 11 > 0 such
that

N(4+2Cyro) =1/10

and this fixes the uniform constant 1. We will denote Dl-zjllls’[ = 3 ,‘gsi to be (Eu-

clidean) Hessian of the function ;. For the first term in (12.18), we have

(12.20)
2E (gt A) A
2n+1 VIS,Z gll/s,é
2ne L 0%y 2ne oWy
= —Yy o+ A)TEI g NEDN T
a1 Vet TA) S <8x’8xl> a1 W A e
4n*e L [ detD?y, \ V/*" 2neA" T AWy ¢
> — A) " [ — T — Z o trs
s Ll < detg ) n+1 oxa | 188
4n*e — U 20 e~ T
> A)” 2nfT —7CC -t
_2n+1( Ve +A)” +<As,é> 1 CCtag
An2e' % ( —ug )1/2"
—try g
T 2n DAY \E(=y g A CrED 10 ¢
_, —u, 1/2n 1 1,
I VN B T
Combining the equations (12.20), (12.19), (12.18), we see that at xmax
1/2n
—Uy 4
> _ Ztra
0> Zn(g(%7[+/\)2n/(2n+l)) 2n+ 5trgg
from which we easily derive that % < 1, that is, @[, < 0. Hence

8(7WS,Z+A)2W(2"+I
we finish the proof of the claim that ® < 0. In particular on € it holds that

L n 1
(1221) —uy < C(n)ASZ’?'l (_WS,Z_FA)ZY%ﬁ < C3AS27’2+1 ,

for some C3 > 0 that depends on n,g,J,K. Here we have applied Lemma 6 to see
that |y, | < Corg and the fact that A is a uniformly bounded constant. Letting
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¢ — o we conclude from (12.21) that
1
(12.22) —uy < CAZFT

Integrating both sides of (12.22) against the measure e*/ (detg)dx over Q;, we get

1
(12.23) Ay = / (—uy)e? (detg)dx < CAZ™ / ¢ (detg)dx.
Qg s
So we have
2n+1 oF 1+217 1 1
(12.24) A <G (/Q e (detg)dx> =Cy¢(s) Fon,

where we denote ¢ (s) = (fo, eZF(detg)dx)Hﬁ. On the other hand, for any 0 <t <,
on the open set Q; ; we have

Us(x) = gy (x) —1 < —t, ie. —ug(x) >t

It is elementary that
A > / (—us)eF (detg)dx > 10(s—1).
Qs
Combining the above, we see that

(12.25) 10(s—1) <Cy(s) T2, YO<1<s<s0.

It is not hard to see that @ (s) is an increasing and continuous function in s € (0, so
and ¢(s) > 0 for any s € (0,50] and lim;_,o+ ¢(s) = 0. We can apply a version of
De Giorgi’s lemma to show that 13?‘} /2n¢(s0)1/ 21 > 50. Hence there is a uniform
constant cg > 0 such that

(12.26) ¢ (s0) > co > 0.

Applying (12.24) with s = so, we obtain Ay, < Cs for a constant 0 < Cs =
C4(22"B,K)"* 2. From the definition of Ay, we derive that

507

(12.27) (=9 (x0)) - 9 (s0) gso<p(so)+/Q (—@)e*r (detg)dx +Cs.
SO

The equation (12.5) then implies that

(12.28) —infyp = —@(x) < Ce +c7/X(—(p)e2deg,

for some constant C; > 0. So we have proved the inequality for the solution ¢ to
the equation (12.2)

(12.29) supy @] < Cs(1+[|@llL1 (x 27 av,))-
This finishes the proof of Theorem 16. O
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