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Fifty one years ago, I left Hong Kong for the US
to study mathematics under Prof. Shiing-Shen Chern
in the University of California, Berkeley. I met a large
number of eminent scholars in Berkeley. Just like a
frog jumping out from a well and discovering how
vast the sky is, my horizon was greatly widened. Very
soon I realized that the knowledge I had acquired
in Hong Kong was extremely limited. Although some
scholar in Hong Kong claimed to be one of the top
ten scholars in the world, his knowledge was rather
shallow. Only was a small part of mathematics taught
in Hong Kong. Therefore, I spent a lot of efforts
to attend classes from eight to five every day with-
out any break. My strong desire was to learn every-
thing from basic mathematics, applied mathematics,
physics, to engineering sciences. I read tons of jour-
nals and books at the library. When I came across the
works of the great mathematicians, especially those
of Euler, I was shocked. How could a mathematician
produce such abundant and great works in a lifetime?
Euler is just like a paramount mountain standing be-
fore me. Two thousand years of Chinese mathemat-
ics, I am afraid, cannot match Euler’s lifetime work. It
reminds me the words of He Bo said to Bei Hai Ruo in
the book of Chuang Tzu. My eyes were open and my
mind was excited. Motivated by an interesting paper
I found in the library, I completed my first research
paper during my first Christmas in the US. Looking
back, this paper is not my best one, but it was pub-
lished in the top mathematics journal at that time,
and still looks interesting after half century.
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In 1979 when the cultural revolution just came
to an end, I was invited by Professor Loo-Keng Hua to
visit the Chinese Academy of Sciences. The Chinese
academic community was in the small hours of the
morning; the morale of old scholars were low and
the young scholars were gloomy about their future.
China was in hard times. Many people would like to
leave the country. Doors to the outside world hav-
ing been closed for too long, Chinese mathematicians
knew little about the development of contemporary
mathematics in the West. Students were only aware
of the works of Loo-Keng Hua, Shiing-Shen Chern,
Chen Jingrun, Yang Lo and Zhang Guanghou. Math-
ematicians knew a little more, but was still very lim-
ited. In 1996, President Lu of the Chinese Academy of
Sciences asked me to establish the Morningside Cen-
ter of Mathematics whose main goal was to nurture
young scholars by arranging famous overseas math-
ematicians to lecture at the center. Many of these
scholars have become leaders and backbone of the
Chinese mathematics this day.
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In the 1980s and 1990s, a large number of Chi-
nese college students went abroad and were exposed
to the frontiers of mathematics. Many eventually re-
turned to China and helped to promote mathematics
research in China significantly. However, profound
and original works in mathematics comparable to
Chern’ s monumental works are still pending. Why?
I deliberately think it is because scholars have not
been divorced from the traditional practice of seek-
ing quick success and instant benefits. Most schol-
ars do not have a global view of mathematics. By ig-
noring the rich history of mathematics, they could at
most understand mathematics in a superficial way.
Hopefully by recounting the history of mathematics,
we could widen their eyes and produce long lasting
works in mathematics.
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I have tried my best to divide the major devel-
opments of mathematics into eighty different direc-
tions. Basically, they only involve works after the Re-
naissance, but even so they are already astonishing.
I have lectured on it at several universities. It is ironic
to hear says such as “the Chinese people take several
decades to achieve the scientific advancements the
West took four hundred years to achieve”. The truth
is that we are facing a long and winding road, just like
what the poet Qu Yuan has depicted, “While the road
is long and the destination is remote, I will search for
the truth in every possible way.”
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I hope that Chinese officials will find time to read
the great achievements of these ancient scholars, and
come to realizing that the Chinese mathematicians
are far behind them. The narrow scope and limited
knowledge of Chinese mathematicians, especially the
senior ones, are not capable to evaluate contempo-
rary mathematics. They may not exert a fair judge-
ment upon the more recent works of the young gener-
ation. The official “hat” (title) on scholars is intended

to be an encouragement. However, it may spoil the
young scholars if the evaluation is not done mainly
based on academic achievements.
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The Tang scholar Han Yu said, “To become a true
gentleman of the ancient times, do not expect it quick.
Do not be swayed by snobbery. Cultivate the root of
a tree and wait for its fruit. Add oil to the lamp and
wait for it to shine.” Let us cultivate the root of math-
ematics in China.
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Before discussing the milestones in the history
of mathematics, I would like to point out that one
of the reasons for the lack of creativity of Chinese
scholars is that Chinese students are bound by exam-
inations. They are used to answer questions raised
by others but not discover questions by themselves.
In fact, posing a significant question is sometimes
more important than solving the problem. Riemann
hypothesis and Weil conjectures are notable exam-
ples.
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During the Warring States period, Qu Yuan wrote
a poem called Tian Wen (Asking the Lord), which
surprised everyone because Chinese scholars were
not interested in asking questions. Several questions
such as the parallel postulate posed by the Greek
mathematicians have influenced mathematics for two
thousand years.
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Forty years ago, I organized the Special Year on
Geometric Analysis at the Institute of Advanced Stud-
ies in Princeton. Outstanding geometers, analysts and
theoretical physicists all over the world came to dis-
cuss and exchange views with each other in this beau-
tiful place from day to night. We summarized results
and working experience in this area. At the end of the
year, I prepared one hundred and twenty problems
which I believed to be important in geometry and de-
livered them in two weeks.
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After this special year, I edited all the talks and
these problems in put them in a book. The book, en-
titled “Seminars in Differential Geometry”, was pub-
lished in 1982 by the Princeton University Press.
These problems have a certain impact on differential
geometry in the past four decades. About one third
of them have been settled since then, and most of
the answers are affirmative.
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I discussed these problems at the “Two D Con-
ference” held in Beijing in 1980, hoping to introduce
geometric analysis to the colleagues in China. Many
young scholars did develop a keen interest to geo-
metric analysis. Although the development is not as
fast as in the overseas, the Chinese geometers have
obtained fruitful results in the past forty years.
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However, in terms of originality, the achieve-
ments of today’s Chinese geometers are still a long
way behind my coworkers including R. Schoen, L. Si-
mon, K. Uhlenbeck and R. Hamilton.
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Besides the problem set described in the previous
paragraph, I raised new problems on different occa-
sions, such as the One Hundred Problems at the UCLA
Conference on differential geometry in 1980. Over
the past few decades, I expect that Chinese schol-
ars would discover main directions and raise impor-
tant problems in mathematics by themselves. How-
ever, the focus of Chinese scholars has always been
on problem solving, differing not much from univer-
sity entrance examination or Olympiad Mathematics.
I guess this is due to a lack of global thinking, and
negligence in the origins of mathematics.

B T IXA AR LA, R ELSTEAN A6 4 HoBr it ) &,
BIAE—JL\ZFAE UCLA 353 JLAT RS —E AN ), 20t
AL XLk, RAHEPEZEE Y 3 O GERE E
BT M AR T R ), (ER R R E ), R
DA R, A e m 5 BUE AL FRa AL iR

DRI Hp [ 238 B R S AN AL, 6 T30 RV AN 5 R 2 —
AN E TR

Most Chinese mathematicians are not familiar
with the history of mathematics. On the other hands,
scholars of history of mathematics concentrate on
specific and even isolated issues. Their research is
not as rigorous as other historians. Moreover, being
not aware of the mathematics developments in the
West, they often exaggerate the contributions of the
ancient Chinese scholars on mathematics. This is sim-
ilar to the Yi He Quan (the Boxers) who mistakenly be-
lieved that the Chinese martial arts were superior to
the powerful guns of the West. Without a proper view
on the history of mathematics, Chinese mathemati-
cians are too narrow and lack of originality. In view
of this, beginning from this year, I promote the study
the history of mathematics especially those after the
eighteenth century where the great thoughts of the
masters still shine nowadays. In the followings I will
discuss a few topics.
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We decide not to include works after the year
2000 because there is not enough time for the math
community to form common opinions on works that
have been around for such a short time.

1. Thales [c.624/623 BC-c.548/545 BC] initiated
the first systematic mathematical approach among
Greek scholars. The Pythagorean School—founded
by Pythagoras [c.570 BC-c.495 BC]—gave rise to the
Pythagorean Theorem, a fundamental tenet of geom-
etry, as well as to the existence of irrational numbers
by the method of contradiction.
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2. There are speculations that either Theaetetus
[c.417 BC-¢c.369 BC] or Plato [c.428/427 BC-c.348/347
BC] proved that there were only five regular solids.
Euclid [Mid-4th century BC-Mid-3rd century BC]
brought a clear conception of “proof” into mathemat-
ics. He organized all the known theorems in Geom-
etry at that time, by deriving them rigorously from
five axioms which are intuitively clear. The axiomatic
approach to organize scientific materials has deep

Jury 2021

Norices oF THE ICCM 3



influence on later development of science, including
Newton’s treatment of mechanics and the modern at-
tempt to unified all forces in theoretical physics. Eu-
clid also showed that there are infinitely many prime
numbers. Ancient Greek mathematicians started to
be suspicious about Euclid’s fifth postulate—the par-
allel postulate, and tried to prove it by the other
four axioms. This idea influenced the development
of mathematics. The parallel postulate is equivalent
to the triangle postulate, which states that the sum
of angles of a triangle equals 180 degrees. It is the
embryonic form of Gauss-Bonnet formula. Parallel is
one of the most fundamental concepts in mathemat-
ics and influenced modern physics. Trisecting angle
and squaring circle are the straightedge and compass
construction problems put forward by the Greeks,
one associated with Galois group and one with the
transcendence of 7.
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3. Archimedes [c.287 BC-c.212 BC] introduced in-
finitesimals, which are key elements of calculus, and
he used the “Method of Exhaustion” to calculate the
surface area and volume of several important geomet-
rical objects, including the surface area and volume of
spheres and areas of sections of paraboloid. He also
provided precise mathematical solutions to many im-
portant problems of physics. Archimedes also proved
the inequalities 22 < r < Z by inscribing and cir-
cumscribing a 96-sided regular polygon. Hundreds of
years later, Liu Hui [c.225-¢.295] and Zu Chongzhi
[429-500] obtained 7 ~ 3.1416 with a 192-sided poly-
gon.
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4. Eratosthenes [276 BC-194 BC] introduced the
“sieve” method in number theory. This work was built
upon, some 2,000 years later, by Legendre. In the
20th century, a new “large sieve” method was intro-
duced, thanks to the collective efforts of Viggo Brun
[1885-1978], Atle Selberg [1917-2007], Pal Turan

[1910-1976]. G. H. Hardy [1877-1947] and ]. E. Little-
wood [1885-1977] introduced the circle method and
proved a weak Goldbach conjecture stating that ev-
ery large odd integer can be written as sum of three
primes (assuming the generalized Riemann hypothe-
sis). Ivan Vinogradov [1891-1983] later removed that
assumption. His proof was followed by Chen Jingrun
[1933-1996], who proved that every large even inte-
ger can be written as the sum of a prime number plus
the product of two primes.
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5. In the eighth century, Arab mathematician
Al-Khalil [718-786] wrote on cryptography; Al-Kindi
[c.801-¢.873] used statistical inference in cryptanaly-
sis and frequency analysis. In the seventeenth cen-
tury, Pierre de Fermat [1607-1665], Blaise Pascal
[1623-1662] and Christiaan Huygens [1629-1695]
started the subject of probability. This was followed
by Jakob Bernoulli [1654-1705] and Abraham de
Moivre [1667-1754]. In eighteenth century, Pierre-
Simon Laplace [1749-1827] proposed the frequency
of the error is an exponential function of the square
of the error. Andrey Markov [1856-1922] introduced
Markov chains, which can be applied to stochastic
processes.
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6. Several important methods were introduced in
numerical calculations over many centuries. In an-
cient times, the Chinese mathematician Qin Jiushao
[c.1202-c.1261] found an efficient numerical method
to solve polynomial equations. He also applied the
Chinese remainder theorem for the purposes of nu-
merical calculations. Chinese remainder theorem ap-
peared in the book called the Mathematical classic of
Sunzi around 4th century. In modern days, John von
Neumann [1903-1957] and Courant-Friedrichs-Lewy
[1928] studied the finite difference method. Richard
Courant [1888-1972] studied the finite element
method, while Stanly Osher [1942-] studied the level
set method. A very important numerical method is
the fast Fourier transform which can be dated back
to Gauss in 1805. In 1965, J. Cooley [1926-2016] and
J. Tukey [1915-2000] studied a general case and gave
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more detail analysis. It has become the most impor-
tant computation tool in numerical calculations, es-
pecially for digital signal processing.
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7. Gerolamo Cardano [1501-1576] published
(with attribution) the explicit formulae for the roots
of cubic and quartic polynomials, due to Scipione del
Ferro [1465-1526] and Ludovico Ferrari [1522-1565],
respectively. He promoted the use of negative and
imaginary numbers and proved the binomial theo-
rem. Later Carl Friedrich Gauss [1777-1855] proved
the fundamental theorem of algebra that every poly-
nomial of nth degree has n roots in the complex plane.
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8. René Descartes [1596-1650] invented analytic
geometry, introducing the Cartesian coordinate sys-
tem that built a bridge between geometry and algebra.
This important concept enlarged the scope of geom-
etry. He also proposed a precursor of symbolic logic.
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9. Pierre de Fermat [1607-1665] introduced a
primitive form of the variational principle, generaliz-
ing the work of Hero of Alexandria. With Blaise Pascal
[1623-1662], he laid the foundations for probability
theory. He also began to set down the foundation of
modern number theory.

9. AR B T ARy SR BRI AESY, AITHE T b A I F
KA B0 LA AR R 5 T ERIR ALl . At
IARER I LLAH T

10. Isaac Newton [1643-1727] systematically es-
tablished the subject of calculus while also discov-
ering the fundamental laws of mechanics. He for-
mulated the law of universal gravitation and applied
the newly developed calculus to derive Kepler’s three
laws of planetary motion. He found the Newton’s
method to find roots of an equation which converge
quadratically fast.
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11. Leonhard Euler [1707-1783] was the founder
of the calculus of variations, graph theory, and num-
ber theory. He introduced the concept of the Euler
characteristic and initiated the theory of elliptic func-
tions, the zeta function, and its functional equation.
He was also the founder of modern fluid dynamics
and analytic mechanics. His formula exp(ix) = cosx +
isinx has tremendous influence in mathematics in-
cluding the development of Fourier analysis.
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12. Joseph Fourier [1768-1830] introduced the
Fourier series and the Fourier Transform, which be-
came the main tool for solving linear differential
equations. A fundamental question in Fourier series
analysis is Lusin’s conjecture, which was solved by
Lennart Carleson [1928-]. It says that a square inte-
grable Fourier series converges pointwise almost ev-
erywhere. The ideas of Joseph Fourier contributed
fundamentally to wave and quantum mechanics.
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13. Mikio Sato [1928-] introduced hyper-
functions. Lars Hormander [1931-2012] studied
Fourier integral operators. Masaki Kashiwara [1947-]
and Joseph Bernstein [1945-] studied D-modules.
The theory of D-modules has important applications
in analysis, algebra, and group representation theory.
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14. Carl Friedrich Gauss [1777-1855] proved
the fundamental theorem of algebra. He is the
founder of modern number theory, discovering
the Prime Number Theorem and Quadratic Reci-
procity. He studied the geometry of surfaces and dis-
covered intrinsic (Gauss) curvature. Gauss, Nikolai
Ivanovich Lobachevsky [1792-1856], and Janos Bolyai
[1802-1860] independently discovered non-euclidian
geometry.

14. ot ay), e T ARBEA S, KILT 24
8 BRI ZCH A, AR IAREOR 2 A8, Ao T i L
fif, RILT mTihR AN ml DR #ER S
ST R B T AR RR LA 22

15. Augustin-Louis Cauchy [1789-1857] and
Bernhard Riemann [1826-1866] initiated the study
of function theory of one complex variable—a de-
velopment built upon later by Karl Weierstrass
[1815-1897], Emile Picard [1856-1941], Emile
Borel [1871-1956], Rolf Nevanlinna [1895-1980],
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Lars Ahlfors [1907-1996], Menahem Max Schiffer
[1911-1997], and others. The space of bounded
holomorphic functions over a domain form a Banach
algebra whose abstract boundary needs to be iden-
tified. Lennart Carleson solved this corona problem
for the planar disk. A higher dimensional version of
this problem is still open. Louis de Branges [1932-]
solved the coefficient (Bieberbach) conjecture of
univalent holomorphic functions.
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16. Hermann Grassmann [1809-1877], Henri
Poincaré [1854-1912], Elie Cartan [1869-1951], and
Georges de Rham [1903-1990] studied differential
forms. Hermann Weyl [1885-1955] defined what a
manifold is and used method of projection to prove
Hodge decomposition for Riemann surfaces. Georges
de Rham [1903-1990] proved the de Rham’s theorem.
William Hodge [1903-1975] generalized the theory
of Weyl to higher dimensional manifolds. He intro-
duced the star operator. When the manifold is Kah-
ler, he gave refined decomposition theory for differ-
ential forms and put the topological theorems of Lef-
schetz into an SL(2) representation on the space of
Hodge forms. The de Rham complex contains infor-
mations of rational homotopy of the manifold, as was
observed by Dennis Sullivan [1941-] based on works
of Daniel Quillen [1940-2011] and Kuo-Tsai Chen
[1923-1987] oniterated integrals. Sullivan and Miche-
line Vigue-Poirrier used this theory and the work of
Detlef Gromoll [1938-2008]-Wolfgang Meyer [1936-]
to prove that simply connected manifold whose ratio-
nal cohomology ring is not generated by one element
has infinitely many geometrically distinct geodesics.
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17. Niels Henrik Abel [1802-1829] used permu-
tation group to prove that one cannot solve general
polynomial equations by radicals when the degree is
greater than 4. Later on, Evariste Galois [1811-1832]
invented group theory to give the precise criterion
of solvability by radicals for a polynomial. Sophus
Lie [1842-1899] studied symmetries and introduced
continuous groups of symmetry transformations,

which are now called Lie groups. Wilhelm Killing
[1847-1923] continued the study of Lie groups and
Lie algebras. Galois theory has deep consequences
in number theory. Emil Artin [1898-1962]-John Tate
[1925-2019] studied the general theory of Galois
modules, in particular, class field theory in term of
Galois cohomology. Kenkichi Iwasawa [1917-1998]
studied structures of Galois modules over extensions
with Galois group being a p-adic Lie group and de-
fined arithmetic p-adic L-function. He asked whether
the arithmetic one is essentially same as the p-adic
L-function defined by Tomio Kubota [1930-] and
Heinrich-Wolfgang Leopoldt [1927-2011] using inter-
polation on Bernoulli numbers. Major contributions
to Iwasawa theory are made by Ken Ribet [1948-],
John Coates [1945-], Barry Mazur [1937-]-Andrew
Wiles [1953-], and others.

17. B DR B REUE I T 24 2 a7 R R RO T
W, — SRR A LI 25, PR T RHes
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18. In 1843, William Hamilton [1805-1865] intro-
duced quaternion number. It had deep influence in
both mathematics and physics including the work
of Paul Dirac [1902-1984] in Dirac operator. At the
same time, octonions (or Cayley number) was intro-
duced independently by Arthur Cayley [1821-1895]
and John T. Graves [1806-1870] independently. In
1958, M. Kervaire [1927-2007] and J. Milnor [1931-]
independently used Bott periodicity and K-theory to
prove that the only real division algebras of finite di-
mension has dimension 1, 2, 4 and 8.

18. 1843 4, PUA/REGIN T PUIcHL, PUcHoHeEmy)
PR RIS W, J5 3 TP A Dk b v 57 0 LA
RIS, SRR B R 5 LN T )\ Jodi. 1958 4, RYi/R
IR IR VS 7 1) FH TR 1) JRL SR s BN K B AIE B T Sk
A BRAETERACE I 4EBOR REE 1, 2, 4 F1 8,

19. Diophantine approximation is a subject to ap-
proximate real number by rational numbers. In 1844,
Joseph Liouville [1809-1882] gave the first explicit
transcendental number. Axel Thue [1863-1922], Carl
Siegel [1896-1981] and Klaus Roth [1925-2015] de-
veloped it as a field that are important for solv-
ing Diophantine equations. Hermann Minkowski
[1864-1909] introduced method of convex geome-
try to find solutions. This was followed by Louis
Mordell [1888-1972], Harold Davenport [1907-1969],
Carl Siegel [1896-1981], Wolfgang Schmidt [1933-]
and others.
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20. Bernhard Riemann [1826-1866] introduced
the theory of Riemann surfaces and began to study
topology of higher dimensional manifolds. He carried
out a semi-rigorous proof of the uniformization the-
orem in complex analysis. Poincaré and Koebe gener-
alized this theory to general Riemann surfaces. Rie-
mann generalized the Jacobi theta function and intro-
duced the Riemann theta function defines on abelian
varieties. By studying the zeros of the Riemann theta
function, he was able to give an important interpre-
tation of the Jacobean inversion problem. He also de-
fined the Riemann zeta function and studied its an-
alytic continuation. He formulated the Riemann hy-
pothesis concerning the zeta function, which has far-
reaching consequences in number theory. The idea
of zeta function was generalized to L-functions by P.
G. L. Dirichlet [1805-1859] where important number
theoretic theorems are proved. Riemann zeta func-
tion was used by Jacques Hadamard [1865-1963] and
C. J. de la Vallée Poussin [1866-1962] to prove the
prime number conjecture of Gauss (elementary proof
was found later by Paul Erdés [1913-1996] and Atle
Selberg [1917-2007]). Zeta function for spectrum of
operators is used to define invariants of the operator.
Ray-Singer introduced their invariant for manifolds
based on such regularization.

20. 25T RS M, HAT mgEmIEmR NI,
T 550 AT B A E B SRS AN ZEANZ T IR
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e, WA zeta MREUIIANE, KRR 51T L sREUE N
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21. After Riemann [1826-1866] introduced Rie-
mannian geometry, Elwin Christoffel [1829-1900],
Gregorio Ricci [1853-1925], and Tullio Levi-Civita
[1873-1941] carried it further. Hermann Minkowski
[1864-1909] was first to use four dimensional space-
time to provide a complete geometric description
of special relativity. All these developments became
key mathematical tools in the formulation of Ein-
stein’s general theory of relativity, which identi-
fies gravitation as an effect of space-time geome-
try. Marcel Grossmann [1878-1936] and David Hilbert
[1862-1943] contributed to this development signifi-
cantly.
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22. Riemann [1826-1866] started the theory of
nonlinear shock waves, and this was followed by John
von Neumann, Kurt Otto Friedrichs [1901-1982], Pe-
ter Lax [1926-], James Glimm [1934-], Andrew Majda
[1949-], and others. The theory for multi-dimensional
wave is still largely unsolved.

22, BEBIFHIRT Ml IR, k2 HARET - TS
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R AR SIR

23. Georg Cantor [1845-1918] founded set the-
ory in the 19th century, defined cardinal and ordinal
numbers, and also started the theory of infinity. Kurt
Godel [1906-1978] proved the incompleteness the-
orem in 1931. Alfred Tarski [1901-1983] developed
model theory. Paul Cohen [1934-2007] developed the
theory of forcing and proved that continuum hypoth-
esis and axiom of choice are independent based on
Zermelo-Fraenkel axioms.

23. It FAEAIN TRA® . fle T EEMTEL,
FEHTFFGE T X LBRFIFIT. 1931 4F, BFHE/RIEH T A5E&A
B, B R R T RS B E T i, JFEIE T
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24. Felix Klein [1849-1925] initiated the study
of the Kleinian group. He started the Erlangen pro-
gram of classifying geometry according to groups of
symmetries of the geometry. New geometries such
as affine geometry, projective geometry, and con-
formal geometry were studied from this point of
view. Emmy Noether [1882-1935] demonstrates how
to obtain conserved quantities from continuous sym-
metries of a physical system. In 1926, Elie Car-
tan [1869-1951] introduced the concept of holon-
omy group into Geometry. Those Riemannian ge-
ometries whose holonomy groups are proper sub-
groups of orthogonal groups are rather special. In
1953, Marcel Berger [1927-2016], based on the works
of Ambrose-Singer, classified those Lie groups that
can appear as holonomy groups for Riemannian ge-
ometries. When the group is unitary, it gives Kah-
ler geometry which was introduced by Erich Kéhler
[1906-2000] in 1933. When it is special unitary group,
it gives Calabi-Yau geometry. When the groups are
other exceptional Lie group, examples of those mani-
folds were constructed by Dominic Joyce [1968-]. The
concept of holonomic group provides internal sym-
metry for modern physics.

24, SURRTFA T v KRR BT ST, hTE 52 WIAR AR 4 42
HR LRI RIS RR B SR  JUART 2253 28 0 et (R JLART g 35 JLART
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MV R GG B RER A B fH R . 1926 4F, #4975 JL
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25. The transcendence of ¢ was first proved
by Charles Hermite [1822-1901] in 1873, and the
transcendence of 7 was proved later by Ferdinand
von Lindemann [1852-1939] by slightly modify-
ing the method of proof of Hermite. The theorem
was generalized by Karl Weierstrass [1815-1897].
In 1934-1935, Alexander Gelfond [1906-1968] and
Theodor Schneider [1911-1988] solved the Hilbert
seventh problem, hence generalized the theorem
of Lindemann-Weierstrass. In 1966, Alan Baker
[1939-2018] gave an effective estimate of the the-
orem of Gelfond-Schneider. In 1960’s, Stephen
Schanuel [1933-2014] formulated a more general
conjecture and the Schanuel conjecture was general-
ized again by Alexander Grothendieck [1928-2014] as
conjectures on periods of integrals in algebraic geom-
etry.
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26. Henri Poincaré [1854-1912], Emmy Noether
[1882-1935], James Alexander [1888-1971], Heinz
Hopf [1894-1971], Hassler Whitney [1907-1989], Ed-
uard Cech [1893-1960] and others laid the founda-
tion for algebraic topology. They introduced impor-
tant concepts such as chain complex, Cech cohomol-
ogy, homology, cohomology and homotopic groups.
A very important concept was the duality introduced
by Poincaré.

26. PEnse. e Wk, R, BHRre. VIR
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27. David Hilbert [1862-1943] studied integral
equations and introduced Hilbert spaces. He stud-
ied spectral resolution of self adjoins operators of
Hilbert space. The algebra of operators acting on
Hilbert space has become a fundamental tool to un-
derstand quantum mechanics. This was studied by
John von Neumann [1903-1957] and later by Alain
Connes [1947-] and Vaughan Jones [1952-2020].

27. TR T ARG TR, JER I T AR AR A Al
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28. Hilbert established the general foundation
of Invariant Theory which was further developed
by David Mumford [1937-] and others. It became
an important tool for investigating moduli spaces
of various algebraic structures. In most cases, the
Moduli spaces of algebraic geometric structures are
themselves algebraic varieties, after taking into ac-
counts of degenerate algebraic structures. Wei-Liang
Chow [1911-1995] parametrize algebraic varieties of
a fixed degree in a projective space by the Chow co-
ordinates. Deligne-Mumford compactified the mod-
uli space of algebraic curves while David Gieseker
[1943-] and Eckart Viehweg [1948-2010] compacti-
fied moduli space of manifolds of general type. David
Gieseker [1943-] and Masaki Maruyama [1944-2009]
studied moduli space of vector bundles. For Moduli
space of abelian varieties, there is classical theory of
compactification of quotients of Siegel spaces, based
on reduction theory due to H. Minkowski. For locally
symmetric space with finite volume, there are various
compactification due to Armand Borel [1923-2003],
Walter Bailey [1930-2013], Ichiro Satake [1927-2014],
Jean-Pierre [1926-] and others. In the other direc-
tion, a very important analytic approach to moduli
space of Riemann surfaces was initiated by Oswald
Teichmiiller [1913-1943] based on the concept of
quasi conformal maps. L. Ahlfors [1907-1996], L. Bers
[1914-1993], H. Royden [1928-1993], and others con-
tinued this approach.

28. AT T — AR B (1 3l SR HHH
FERFEN . BT BRSPS MR (R ) B T R . e
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29. Based on the works of Gauss reciprocity law,
Kummer extensions, Leopold Kronecker [1823-1891]
and Kurt Hensel [1861-1941]'s work on ideals and
completions, Hilbert introduced class field theory.
Emil Artin [1898-1962] proved Artin reciprocity
law inspired by the earlier works of Teiji Tak-
agi [1875-1960] on existence theorem. Both local
and global class field theories were redeveloped by
Artin and Tate using group cohomology. Later works
were done by Goro Shimura [1930-2019], J.-P. Serre,
Robert Langlands [1936-], and Andrew Wiles [1953-],
through a series of research that closely combined
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number theory with group representation theory. Be-
sides Langlands program, higher class field theory
also appears in algebraic K-theory.

29, BT I AR, PEBRRYTIK, SO IR AR 2
IRKETHA GBI TAE, A/RIERFIANT R, A
VA RIS TAEAE M B 8 TAE MR A, PR T BTt
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B SRR IR I E R B T RS 2R AL, m iR
o HILAE S K B,

30. In the 20th century, Elie Cartan [1869-1951]
and Hermann Weyl [1885-1955] made important con-
tributions to the structure of compact Lie groups
and Lie algebras and their representations. Weyl con-
tributed to quantum mechanics by using represen-
tation of compact groups. Pierre Deligne [1944-],
George Lusztig [1946-], and others laid the founda-
tion of representation theory of finite groups of Lie
type. Mathematical physicists such as Eugene Wigner
[1902-1995], Valentine Bargmann [1908-1989], and
George Mackey [1916-2006] started to apply repre-
sentation theory of a special class of noncompact
groups to study quantum mechanics. After the im-
portant work of Kirillov and Gel'’fand school on the
representation of nilpotent groups and semi simple
groups, Harish-Chandra [1923-1983] laid the foun-
dation of Representation Theory of Non-compact
Lie Groups. His work influenced the work of R.
Langlands on Eisenstein series. I. Piatetski-Shapiro
[1929-2009], I. M. Gel'fand [1913-2009], R. Langlands
[1936-], H. Jacquet [1939-], J. Arthur [1944-], A. Borel
[1923-2003] and others developed the theory of au-
tomorphic representation. Adelic approach based on
representation of p-adic groups and Hecke operation
has been very powerful. Borel-Bott-Weil type theo-
rems have provided geometric insight into represen-
tations of Lie groups.
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31. L. E. J. Brouwer [1881-1966], Heinz Hopf
[1894-1971], Solomon Lefschetz [1884-1972] initi-
ated the study of the fixed point theory in topol-
ogy. This was later generalized to the general ellip-
tic differential complex by Atiyah-Bott. Graeme Segal
[1941-] worked with Atiyah on equivariant K-theory.
In 1982, Duistermaat-Heckman found the symplec-
tic localization formula, then Berline-Vergne and

Atiyah-Bott obtained localization formula in equiv-
ariant cohomology setting independently. Atiyah and
Bott introduced the powerful method of localization
of equivariant cohomology to fixed point of torus ac-
tion. They became powerful tools for computation in
algebraic geometry.

31 A BUR R R REF BT A
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32. George Birkhoff [1884-1944] and Henri
Poincaré [1854-1912] created the modern theory of
dynamical systems and ergodic theory. Von Neumann
and Birhoff proved the ergodic theorem. Andrey Kol-
mogorov [1903-1987], Vladimir Arnold [1937-2010],
and Jurgen Moser [1928-1999] showed that ergodic-
ity is not a generic property of Hamiltonian systems
by showing that invariant tori of integrable systems
persist under small perturbations. Donald Ornstein
[1934-] proved that Bernoulli shifts are determined
by their entropy.
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33. Hermann Weyl [1885-1955] introduced his
gauge principle in 1928. In the period between 1926
to 1946, the study of principal bundles (non abelian
gauge theory) was developed by Elie Cartan, Charles
Ehresmann [1905-1979], and others. Around the
same period, Hassler Whitney [1907-1989] initiated
the theory of characteristic classes and vector bun-
dles (with a special case provided by Eduard Stiefel
[1909-1978]).In 1941, Lev Pontryagin [1908-1988] in-
troduced characteristic classes for real vector bun-
dles. In 1945, Shiing-Shen Chern [1911-2004] in-
troduced the Chern classes on the basis of the
work of Todd and Edger. Chern and Simons intro-
duced the Chern-Simons invariants, which are im-
portant for knot invariants and condensed matter
physics through topological quantum field theory. In
1954, Wolfgang Pauli [1900-1958], Chen-Ning Yang
[1922-]-Robert Mills [1927-1999] applied the Weyl
gauge principle and the nonabelian gauge theory due
to E. Cartan, C. Ehresmann and S. S. Chern to particle
physics. However, they were not able to explain the
existence of mass until the important development of
the theory of symmetry breaking and the fundamen-
tal works of Gerard t'Hooft [1946-], Ludvig Fadeeev
[1934-2017], et al.
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34. The foundational work of Weyl on the spec-
trum of a differential operator influenced the devel-
opment of quantum mechanics, differential geome-
try, and graph theory. The Weyl law counts eigenval-
ues asymptotically. The spectrum of elliptic opera-
tors and the special nature of spectral function be-
came the most important branch of harmonic anal-
ysis. Basic properties of zeta functions of eigenval-
ues was studied by S. Minakshisundaram [1913-1968]
and Ake Pleijel [1913-1989]. Daniel Ray [1928-1979]
and Isadore Singer [1924-] defined the determinant
of the Laplacian and introduced the Ray-Singer in-
variants. For Dirac operators, Atiyah-Singer-Patodi
studied eta functions and obtained eta invariants for
odd dimensional manifolds.

34. BURA K H TG EEA TAER M T 7125,
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35. Erwin Schrodinger [1887-1961] invented the
Schrodinger equation to define the dynamics of wave
functions in quantum (or wave) mechanics. Weyl and
Schrodinger used it to find the energy levels of the hy-
drogen atom. Heisenberg and Weyl showed that wave
functions satisfy the uncertainty principle, i.e. a func-
tion and its Fourier transform cannot be localized si-
multaneously. Feynman introduced the path integral
in quantum mechanics which became the most im-
portant tool for quantization of physical system.
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36. Louis Mordell [1888-1972] proposed the
Mordell conjecture. He also proved the finite rank of
the group of points of a rational elliptic curve. André
Weil [1906-1998] studied this Mordell-Weil group by
generalized the work of Mordell to include number
field case. C. L. Siegel [1896-1981] studied integral
points for arithmetic varieties. Many important con-
jectures including the Mordell conjecture was finally

solved by Gerd Faltings [1954-] based on Arakelov Ge-
ometry. He also proved the Shafarevich conjecture for
abelian varieties.
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37. Zeros of eigenfunctions were studied exten-
sively by many authors. Richard Courant [1888-1972]
found the nodal domain theorem. Shing-Tung Yau
[1949-] noticed that volume of the nodal setis a quan-
tity stable under deformations and made his conjec-
ture on sharp upper and lower bounds for this quan-
tity. The conjecture has became an important direc-
tion in spectrum research. Donnelly and Fefferman
proved the Yau conjecture in the real analytic setting.
Several approaches for smooth manifolds led to use-
ful results, but far from optimal.
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38. Stefan Banach [1892-1945] introduced Ba-
nach space, which represents rather general infinite
dimensional space of functions. The Hahn-Banach
theorem has become an important lemma. Joram Lin-
denstrauss [1936-2012], Per Enflo [1944-], Jean Bour-
gain [1954-2018] and others made important con-
tributions to important questions for Banach space,
including the invariant subspace problem. Juliusz
Schauder [1899-1943] introduced fixed point theo-
rem for Banach space that helped to solve partial dif-
ferential equations.
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39. Marston Morse [1892-1977] introduced meth-
ods of topology to study critical point theory and
vice versa. This method has became an important tool
in differential topology through the work of Raoul
Bott [1923-2005], John Milnor [1931-], and Stephen
Smale [1930-]. Bott found the important periodicity
of stable homotopic groups of classical groups. J. Mil-
nor introduced surgery theory while S. Smale proved
the h-cobordism theorem, which implies the Poincaré
conjecture for dimension greater than 4.
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40. Green’s function, heat kernel and wave ker-
nel are reproducing kernels that played important
roles in the Fresholm theory of integral equations.
Jacques Hadamard [1865-1963] constructed approx-
imate kernels which are called parametrix. Gabor
Szeg6 [1895-1985], Stefan Bergman [1895-1977], Sa-
lomon Bochner [1899-1982] studied reproducing ker-
nel for various function space that have been im-
portant in several complex variables. Hua Loo-Keng
[1910-1985] was able to compute these kernels for
Siegel domains. Stefan Bergman used his kernel func-
tion to define the Bergman metric. Charles Feferman
[1949-] gave detail analysis of the Bergman metric
for bounded smooth strictly pseudo convex domain.
A consequence of his analysis is the smoothness of
the biholomorphic transformation up to the bound-
ary. David Kazdhan [1946-] studied the structure of
the Bergman metric under covering of manifolds. He
was able to prove that Galois conjugate of Shimura
varieties are still Shimura varieties.
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41. Salomon Bochner [1899-1982] introduced a
method to prove vanishing theorem that links topol-
ogy with curvature. The method was later extended
by Kunihiko Kodaria [1915-1997] for d-bar operators
and by André Lichnerowicz [1915-1998] for Dirac
operators. Kodarira applied his vanishing theorem
to prove any compact Kdhler manifold with integral
Kahler class is algebraic. The generalization to d-bar
Neumann problem was achieved by Charles B. Morrey
[1907-1984] who solved the Levi problem and proved
the existence of a real analytic metric on real ana-
lytic manifolds. Joseph Kohn [1932-] improved Mor-
rey’s work and reproved the Newlander-Nirenberg
theorem on the integrability of almost complex struc-
tures. Kiyoshi Oka [1901-1978] and Hans Grauert
[1930-2011] also solved the Levi problem. Kodaria,
Spencer, and Masatake Kuranishi [1924-] studied de-
formation of complex structures.
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4?2. Richard Brauer [1901-1977], John Thomson
[1932-], Walter Feit [1930-2004], Daniel Gorenstein
[1923-1992], Michio Susuki [1926-1998], Jacques Tits
[1930-], John Conway [1937-2020], Robert Griess
[1945-], and Michael Aschbacher [1944-] completed
the classification of finite simple groups. The Moon-
shine conjecture relating representation of the Mon-
ster group with automorphic form was proved by
Richard Borcherds [1959-].
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43. Eugene Wigner [1902-1995] introduced the
random matrix to study the spectrum of heavy atom
nucleii. It was then conjectured by Freeman Dyson
[1923-] that the spectrum obeyed the semicircle law
for random unitary and orthogonal matrices. The
Bohigas-Giannoni-Schmit conjecture held that spec-
tral statistics whose classical counterpart exhibit
chaotic behavior can be described by random matrix
theory. Dan-Virgil Voiculescu [1949-] introduced free
probability, which captures the asymptotic phenom-
ena of random matrices.
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RZIH . REESRHNE SINT B e R A B AL AE B 1 7 1
T M

44, In 1928, Frank P. Ramsey [1903-1930] intro-
duces Ramsey theory which attempts to find regular-
ity amid disorder. In 1959, Paul Erdés [1913-1996]
and Alfréd Rényi [1921-1970] proposed the theory of
random graphs. In 1976, Kenneth Appel [1932-2013]
and Wolfgang Haken [1928-] proved the four color
problem with helps by computer.

44,1928 4F, hilS5 R T hrass e, FUELRPh S
HAAE, 1959 4F, BRI S5 THNLEIM L. 1976
A, BRR FIRG & A EHLUE B T Y A )

45. William Hodge [1903-1975] asked the impor-
tant question as to whether a Hodge class of type (k, k)
can, up to torsion, be represented by algebraic cycles.
Around the same time, Wei-Liang Chow [1911-1995]
introduced the varieties of algebraic cycles. Periods of
algebraic integrals played important roles in under-
standing algebraic cycles. These integrals were com-
puted using holomorphic differential equations. The
related Picard Fuchs equations can be used to com-
pute the periods of elliptic curves. In 1963, John Tate
[1925-2019] proposed an arithmetic analogue of the
Hodge conjecture to describe algebraic cycles in arith-
metic varieties by Galois representation on Etale co-
homology. G. Faltings was able to prove it for abelian
varieties over number fields.
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46. Andrey Kolmogorov [1903-1987], Aleksandr
Khinchine [1894-1959], and Paul Lévy [1886-1971]
laid the foundations of modern probability the-
ory. Andrey Markov [1856-1922] introduced Markov
chains. Kiyosi It6 [1915-2008] initiated the theory of
stochastic equations. Norbert Wiener [1894-1964] de-
fined Brownian motion as Gaussian process on func-
tion space and began the investigation of the Wiener
process. Freeman Dyson [1923-] explained the stabil-
ity of matter on the basis of quantum mechanics. The
work was followed by Elliott H. Lieb [1932-] and coau-
thors. Harald Cramér [1893-1985] introduced large
deviation theory. Simon Broadbent [1928-2002] and
John Hammersley [1920-2004] introduced percola-
tion theory.
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47. John von Neumann [1903-1957] introduced
operator algebra to study quantum field theory. This
was followed by the work of Tomita-Takesaki. Alain
Connes [1947-] introduced his non commutative ge-
ometry. Vaughan Jones introduced the Jones polyno-
mial as the first quantum link invariant. Edward Wit-
ten [1951-] used Chern Simons topological quantum
field theory to interpret Jones polynomial for knots.
Later Mikhail Khovanov [1972-] introduce his homol-
ogy to explain Jones polynomial.
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48. In 1932, John von Neumann and Lev Lan-
dau [1908-1968] introduced the concept of the den-
sity matrix in quantum mechanics. Von Neumann
extended the classical Gibbs entropy to quantum
mechanics. Both Norbert Wiener [1894-1964] and
Claude Shannon [1916-2001] made important contri-
butions to information theory where they separately
introduced concepts of entropy. Wiener developed
cyberetics and cognitive science, robotics, and au-
tomation. Strong subadsitivity of quantum entropy
was conjectured by D. Robinson [1935-] and D. Ru-
elle [1935-] and later proved by E. Lieb [1932-] and
M. Ruskai [1944-].
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49. Jean Leray [1906-1998] introduced sheaf the-
ory and spectral sequences, which became an im-
portant tool for both algebraic geometry and topol-
ogy. J.-P. Serre developed a spectral sequence to com-
pute the torsion free part of the homotopy group of
spheres. Frank Adams [1930-1989] also introduced
his spectral sequence to study the homotopy groups
of spheres.

49, ByE 1 T BTy, e TR LA AR 1
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50. André Weil [1906-1998] built a profound
connection between algebraic geometry and num-
ber theory. He studied the infinite descent by using
height and Galois cohomology. He introduced the Rie-
mann hypothesis for algebraic varieties over finite
fields. He proposed to study algebraic geometry over
general fields and obtained important insights into
number theory. Bernard Dwork [1923-1998], Michael
Artin [1934-], Alexander Grothendieck [1928-2014]
and Pierre Deligne [1944-] completed Weil’s project.
Deligne proved Weil’s conjectures. This served as
the foundation for the theory of arithmetic geom-
etry. Alexander Grothendieck, J.-P. Serre, Bernard
Dwork, and Michael Artin played fundamental roles
in the development of algebraic and arithmetic ge-
ometry. In his seminal work Faisceaux Algébriques
Cohérents, Serre applied the sheaf theory of Leray to
algebraic geometry. Inspired by this, Grothendieck in-
troduced schemes, topos to rebuild algebraic geome-
try using categories and functors. With his students,
Grothendieck developed /-adic cohomology, Etale co-
homology, crystalline cohomology and finally pro-
posed the ultimate cohomology—the theory of mo-
tives. These theories build up the basic framework of
modern algebraic geometry.
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51. The concept of an intermediate Jacobian for
Kéhler manifolds was first introduced by André Weil
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[1906-1998] and later by Phillip Griffiths [1938-] in
a different form. Torrelli type theorems (true for al-
gebraic curves ) were proposed and proved in many
cases. A very important case involved K3 surfaces.
The behavior of Hodge structure during degenera-
tion of the algebraic manifolds was studied by Pierre
Deligne [1944-], Wilfried Schmid [1943-], Kyoji Saito
[1944-], and others. Mark Goresky [1950-] and Robert
McPherson [1944-] introduced intersection cohomol-
ogy to study the singular behavior of algebraic struc-
tures. Zucker conjectured that for Shimura varieties,
the intersection cohomology is isomorphic to L? co-
homology. This was proved by Eduard Looijenga
[1948-] and Saper-Stern independently.

S51. WU b AT Lt & ot th R g 12k, RY)E
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52. C. B. Morrey [1907-1984] solved the classi-
cal uniformation theorem with rough coefficients.
He also solved the Plateau problem for general Rie-
mannian manifolds, generalizing the work of Jesse
Douglas [1897-1965] and Tibor Rado6 [1895-1965].
H. Weyl proposed isometric embedding for sur-
faces with positive curvature, and H. Minkowski pro-
posed the Minkowski problem. Both of them were
solved by Hans Lewy [1904-1988] in the real an-
alytic case and by Aleksei Pogorelov [1919-2002]
and Louis Nirenberg [1925-2020] for smooth sur-
faces. The higher dimensional Minkowski problem
was solved by Pogorelov and Cheng-Yau. The real
Monge-Ampere equation was used by Leonid Kan-
torovich [1912-1986] in the study of optimal trans-
portation.
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53. Lev Pontryagin [1908-1988] introduced
cobordism theory into topology. René Thom
[1923-2002] then calculated the cobordism group
of oriented manifolds, which was then used by F.
Hirzebruch to prove the signature formula for differ-
entiable manifolds relating the signature of Poincaré
pairing to Pontryagin numbers. John Milnor used
it to prove the existence of an exotic seven-sphere,
and hence began the theory of smooth structure
for manifold. Michel Kervaire [1927-2007] and John

Milnor classified exotic spheres and started surgery
theory simultaneously with Sergei Novikov [1938-],
thereby providing a fundamental tool for the classi-
fication of simply connected smooth manifolds. C.
T. C. Wall [1936-] studied surgery with the funda-
mental group. Surgery theory brought in powerful
tool to study important questions about homotopic
structures, topological structures, PL structures,
smooth structures and cobordism with special
structures. This include works of Kirby-Sibermann,
Brumfiel-Madsen-Milgrim and Brown-Peterson.

53. BEFRFRIMEG RS h 58k TG ER . FEMH T
JE AU FIBCIZAE, A5 A SRR ek B T Al i e LIk R
PEIMBERT (1355 22 R0 P R R TS B0 755 72 A e KORIEATH
BRI T -BUERRERINAELE, IS TIRTE oG 854 a5
FURYERIK R A BEIRAE 28, FERIN AR 4E R e T #1
AN BRI DGR B I o BRI T o
TH o HRP HEEATRAT IR TR . SN AT ST RE 45
T FAhait . PL &5H6. DT Sk LA KRR 45 3 [ e 12 21 i
SFETN ARG T A M TR . R s TR - PR

B AR - B AR KM BLARERUAT B -4 k) 1A

54. Alan Turing [1912-1954] introduced the con-
cept of the Turing machine and launched the theory
of computability. Stephen Cook [1939-] made a pre-
cise statement about complexity of theorem proving
and proposed the famous P = NP problem (Leonid
Levin [1948-] also proposed it independently). Leslie
Valiant [1949-] introduced the concept of #P com-
pleteness to explain the complexity of enumeration.
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55. Samuel Eilenberg [1913-1998] and Saunders
Mac Lane [1909-2005] started to use axiomatic ap-
proach for homology theory and also introduced
Eilenberg-Maclane space to study cohomology of
groups. Cohomology theory was then introduced
into algebra and Lie theory by several people such
as Gerhard Hochschild [1915-2010] and others. A.
Grothendieck [1928-2014], M. Atiyah [1929-2019],
F. Hirzebruch [1927-2012] and others introduced
K-theory as a generalized cohomology theory. There
are natural operations such as cup and cap prod-
uct, square operation in standard cohomology theory.
There are similar operations on K-theory.
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56. Atle Selberg [1917-2007], Grigory Margulis
[1946-], Marina Ratner [1938-2017], and Armand
Borel [1923-2003] studied discrete subgroups of Lie
groups by methods of ergodic theory, analysis, and
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geometry. Selberg introduced trace formula relating
spectrum of the Laplacian of the quotient of a semi
simple Lie group by a discrete group to the conju-
gate classes of the discrete group. Mostow used the
quasiconformal method to prove the rigidity of a lat-
tice acting on hyperbolic space form. He also proved
super rigidity for lattices in higher rank groups. In
the later case, Selberg conjectured that they are arith-
metic. This was proved by Margulis. Ratner and Mar-
gulis also proved the Raghunathan and Oppenheim
conjectures for discrete group. The Bruhat-Tits build-
ing was introduced by J. Tits to understand the struc-
ture of exceptional groups of Lie type. It is used to
study homogeneous spaces of p-adic Lie type.
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57. Herbert Federer [1920-2010], Wendell Flem-
ing [1928-], Frederick Almgren [1933-1997], and
William Allard developed geometric measure theory.
Enrico Bombieri [1940-], Ennio de Giorgi [1928-1996],
and Enrico Giusti [1940-] solved the Bernstein prob-
lem and, coupling that with the work of Simons,
proved that area minimizing hypersurfaces have at
worst codimension 7 singularities. F. Almgren proved
that area minimizing currents are smooth outside a
closed set of codimension 2. Sacks-Uhlenbeck devel-
oped the theory of the existence of minimal spheres
in a manifold using variational principle and bubbling
process. The work was used by Siu-Yau to prove the
Frenkel conjecture and by Gromov to study invariants
in symplectic geometry.
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58. A. Calder6n [1920-1998] and A. Zygmund
[1900-1992] studied singular integral operators of
convolution type, generalizing the Hilbert Transform,
Beurling transform, and Riesz transform. They stud-
ied the decomposition theorem for L' functions,
based on work of Hardy-Littlewood, Marcel Riesz
[1886-1969], and J6zef Marcinkiewicz [1910-1940].
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59. Friedrich Hirzebruch [1927-2012] discov-
ered the higher-dimensional Riemann-Roch formula,
based on his theory of multiplicative sequences and
an observation of J.-P. Serre for algebraic surfaces. He
proved it for algebraic manifolds. Michael Atiyah and
Isadore Singer extended that to more general ellip-
tic differential operators and proved the index for-
mula. Hirzebruch-Riemann-Roch was then proved to
be true in general. The general theorem was used by
Kunihiko Kodaria [1915-1997] to extend the Italian
classification of algebraic surfaces to general com-
plex surfaces. Linear differential operators began to
enter differential topology, of which the Dirac op-
erator and the d-bar operator are the most impor-
tant ones. K-theory was developed by Hirzebruch,
Grothendieck, Atiyah-Hirzebruch, Bott, and others.
Many important problems in topology and algebra
were solved by K-theory. Algebraic K-theory was in-
troduced by J. Milnor, Hyman Bass [1932-], Stephen
Schanuel [1933-2014], Robert Steinberg [1922-2014],
Richard Swan [1933-], Stephen Gersten [1940-] and
Daniel Quillen [1940-2011]. They gave powerful tools
to apply deep algebraic machinery to understand
problems in topology.
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60. Peter Swinnerton-Dyer [1927-2018] and Bryan
Birch [1931-] introduced their famous conjecture
for elliptic curves over number fields, which re-
lates the rank of the Mordell-Weil group to the
leading degree of Hasse-Weil L-function at the cen-
ter. Coates-Wiles, Gross-Zagier, and Kolyvagin etc.
made important contributions to this conjecture.
Gross-Zagier's work was used by Dorian Goldfeld
[1947-] to give an effective bound for class num-
bers of imaginary quadratic fields, solving a ques-
tion of Gauss, after the works of Hans Heilbronn
[1908-1975], Kurt Heegner [1893-1965], and Harold
Stark [1939-]. Alexander Beilinson [1957-], Spencer
Bloch [1944-] and Kazuya Kato [1952-] generalized
the conjecture to higher dimensional arithmetic vari-
eties.
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61. Hassler Whitney [1907-1989] initiated the
study of immersion and embedding of manifolds into
Euclidean space. The Gauss map of the immersion
gives rise to a classifying map of the manifold into the
Grassmannian, which classifies bundles over a man-
ifold. Classifying immersions up to isotopy was ini-
tiated by Whitney and completed by Stephen Smale
[1930-] and Morris Hirech [1933-]. The immersion
conjecture was finally proved by Ralph Cohen [1952-]
in 1985. It says that » dimensional manifold can be
immersed into Euclidean space of dimension 2n — k(n)
where k(n) is the number of ones appeared in the bi-
nary expansion of n. John Nash [1928-2015] proved
that any manifold can be isometrically embedded into
Euclidean space based on his implicit function the-
orem. But the embedding dimension is not optimal.
Smale-Hirsch immersion theory was extended signif-
icantly by Mikhail Gromov [1943-] for treating dif-
ferential relations. Local embedding of surfaces into
three space is not known due to degeneracy of cur-
vature. The case of nonnegative curvature was solved
by C. S. Lin [1951-].

61. HEFRTIT B T W IRILZ AR B RR )L E 1523 8] () A
Gho NI BT 4G T L BIRS S 8 R B 1K 2 28,
TR TS R i AT 7328 SBREJE IR T &R E U
BNRTAE, o i MR 5 A58 . RS A4 H
BHET 1985 FUEH. ZIEAIRH n 4ERE W] LR BI4EEL
M 2n—k(n) ERJLRAGAM, b k(n) 2 n () Z3ERIZoR b
LA S AR T AR AT B T LA Tt 1) 638 R 5 e B 45
PE RN BB LRGP (R R A YRR . 2
SRR T /RIS T A IR ARG, DUR IR G
o HTMZBM, MR AR =4e s AR AR . AR
iR T ARSI A TE o

62. Ennio de Giorgi [1928-1996], John Nash
[1928-2015], Jirgen Moser [1928-1999], and Nicolai
Krylov [1941-] developed the regularity theory of uni-
form elliptic equations for scalar functions. Luis Caf-
farelli [1948-], Joel Spruck, and Louis Nirenberg de-
veloped similar work for fully nonlinear elliptic equa-
tions. R. Schoen and others study semi linear and
quasilinear equations with critical exponents.
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63. Roger Penrose [1931-] and Stephen Hawking
[1942-2018] introduced the theory of singularities in
general relativity, thus laying a strict mathematical
foundation for the theory of black holes. Kerr found
a solution to the equation of black holes with angular

momentum, which became the basis of all black hole
theories. Brandon Carter, Werner Israel, and Hawk-
ing proved the uniqueness of black holes under reg-
ularity assumptions of the event horizon. Richard
Schoen and S.-T. Yau gave the first proof of existence
of black holes formed through the condensation of
matter. Christodoulou and Klainreman proved that
Minkowski space time is dynamically stable.
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64. Heisuke Hironaka [1931-] proved that in char-
acteristic zero the singularities of algebraic varieties
can be resolved by successive blowing ups. John
Mather [1942-2017] and Stephen Yau [1952-] showed
that classification of isolated singularities can be re-
duced to study finite dimensional commutative al-
gebra. Shigefumi Mori [1951-] proposed the mini-
mal model program to study the birational geometry
of high-dimensional algebraic varieties. This was fol-
lowed by Yujiro Kawamata [1952-], Yoichi Miyaoka
[1949-], Vyacheslav Shokurov [1950-], Janos Kollar
[1956-] and others.

64. JTHPMER T RHES AR 1 A7 sn] LLd e 2
D TTAI MR o E 3R e MR HE A7 77 0 23 2] LAk
SR BRAE R A AR . AR SCER T AR M B IR Sk
W s 4EA BRI B U o 2 i — BRI 4 )1 S — R
BEXIBH— #FES R BURBIE NPT K.

65.1In 1938, Paul Smith [1900-1980] initiated the
study of finite groups acting on a manifold using co-
homology theory. Smith theory was extended by A.
Borel in 1960 who introduced equivariant cohomol-
ogy. Smith made a conjecture that the fixed point
set of a cyclic group acting in the three sphere must
be an unknot. This was finally solved by a combina-
tions of efforts due to several authors: the minimal
surface method of Meeks-Yau, geometrization pro-
gram of Thurston and the works of Cameron Gor-
don [1945-] on group theory. Meeks-Simon-Yau ex-
tended the result to cover the case of exotic sphere
by proving that an embedded sphere in three mani-
folds can be isotopic to disjoint embedded minimal
spheres joined by curves.

65. 1938 4F, L% iR ST H ERNVE ST U TR
JE_ LA REE . /KT 1960 459 R T & e, 5IA7T
A BRI . SRS R AR S A AR = 4EBRTI R RIS
G A LA L o K T B AR AR S T v
ST JUAT AN 0 LA R 38 DG T RER I A, L3 e &
AR Ko r-78 5 - e IR AR 45 R 78 20 5 PR BRI 1
JE, T3 UF B = 4ERUE N KT AT DLAR T i il 2 gk
I AFHAT IR AR /N BR AT -

66. In 1947, George Dantzig [1914-2005] intro-
duced the simplex method to linear programming. In
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1984, Narendra Karmarkar [1957-] introduced the in-
terior point method where the complexity is polyno-
mial bounded. Yves Meyer [1939-] and Stéphane Mal-
lat [1962-] developed wavelet analysis, which was fol-
lowed by Ingrid Daubechies [1954-] and Ronald Coif-
man [1941-].

66. 1947 4, PIFERE AT T 2 i) S Al id. 1984
W, RERRGIAN AL, BERERZIAA RN, M
Db R RE T ANEA T, BREILRE S 2 U ARER 2 .

67. In 1967, Clifford Garder [1924-2013], John
Greene [1928-2007], and Martin Kruskal [1925-2006]
introduced the inverse scattering method to solve the
KDV equation. Soliton solutions were found. Later,
the method was extended to many famous nonlin-
ear partial differential equations. It was interpreted
as a factorization problem in Riemann-Hilbert cor-
respondence. The Lax pair was introduced to give a
good conceptual understanding of the method. The
Gel'fand-Levitan method was also used in the pro-
cess.

67. 1967 4, I, MAMRTEEH-R/RSEH T A EUE
ek fg KDV 782, A4k E] T IO+ JaK, sy R
W2 Z A NARL WM T . X7 LR RER 2 -5 /R
AFVRET R R DR 23 A i) /o i s TR B 5 LN B T O |
PEARAZITVE, o RV -FN 4R T kA A

68. The Langlands program has been a most in-
fluential driving force behind many facets of modern
number theory. It unifies number theory, arithmetic
geometry, and harmonic analysis based on general
theory of automorphic forms. Hervé Jacquet [1939-]
and James Arthur [1944-] made important contri-
butions towards this programs. The solution of the
Taniyama-Shimura-Weil conjecture due to Andrew
Wiles is a triumph of the program. This conjecture
was used by Wiles, with helps from Richard Tay-
lor [1962-], to solve the Fermat’s conjecture, based
on earlier observations of Gerhard Frey [1944-], ]J.-P.
Serre and Ken Ribet [1948-] on elliptic curves.

68. M= 22 NAUEIAREORIR 2 J7 I HET, e Eue.
AR U AET B 5P — B AR g —l k.
OV X — AU T BTk MR BTy L - B -
PR AR RN B KD RIHIXANERE, MRITTEZR )
DRI T, HRYE 3. FE/RFN I DURRFEAG I il 2 b1 B g,
ER T 2 e B,

69. James Eells [1926-2007] and Joseph H. Samp-
son [1926-2003] proved that heat flows on harmonic
maps into manifolds with non positive curvature ex-
ists for all time and converges to a harmonic map.
Richard Hamilton [1943-] introduced Ricci flows for
the space of metrics. His extensive work in this area
included a generalization of an important inequal-
ity of Li-Yau for general parabolic equations. Richard
Hamilton, Gerhard Huisken [1958-], Carlo Sinestrari
[1970-], and others developed parallel programs for
mean curvature flows.

69. JE/R AN S AR T 2 HE 1 M 2508 b gy ia
IS ()RR S RAFAE RN, FF HRCSE AN RN o U R
eSSBS IN T AT eI —4
K LA EFER— ) 5 F b B2 R 2R - e i A %
UHE o PURRE RIS SErRe by LA A T2 il
KT EPATHIR,

70. In cooperation with R. Schoen, L. Simon, K.
Uhlenbeck, R. Hamilton, C. Taubes, S. Donaldson and
others, S.-T. Yau laid the foundation for modern ge-
ometric analysis. They resolved a series of geomet-
ric problems by using non-linear differential equa-
tions. A prime example of that was the proof of the
Calabi conjecture where Yau determined which Kah-
ler manifolds can admit Kéhler Ricci flat metrics. For
Kahler-Einstein metrics with negative scalar curva-
ture, existence was established by Aubin and Yau. Yau
used this to prove Chern number inequalities that im-
plied the Severi conjecture regarding the uniqueness
of algebraic structure over projective space. Yau con-
jectured the existence of Kadhler-Einstein metics on
Fano manifolds in terms of stability.

70. it HPNEIGE, U5 AR DLve . PUR R B AT
JEANARENIEGAE, TR IART LA 23 T 585 T BEalte AT
T AE ARSI oy DT AR Y T — FR B LA )l Horh s HAR
M TAER AR R AR RUE I, e e T RLe s e
AT DA - LA TR . S A e T AR iR
h BRI - B2 DR I R R IR A T A DA E B T R
AR, TTEIRAE X T2 (R FARE S e — PR 25 B
FEARRST . o ORI H VS v Y L L - 52 D TS B A e
P AR, JLrh A R AR e 1

71.In 1979, Richard Schoen [1950-] and S.-T. Yau
solved the positive mass conjecture, which demon-
strated the stability of isolated physical spacetime in
terms of energy. At the time, the proof only worked
up to dimension seven. Edward Witten subsequently
came up with a proof using spinors that works for
spin manifolds. The concept of quasi local mass
was studied by many researchers including Roger
Penrose [1931-], Robert Bartnik, Stephen Hawking
[1942-2018], Gary Gibbons [1946-], Gary Horowitz
[1955-], Brown-York and others.

71. 1979 4, PRSI MR T IEFEIEAR, X UL
TR R FRAEN . AE RIEH T—2 1
Yt RS TE B e E BRI BERS S — N IE . 2P
ERF e e, HANT ERdiK. M. AnETLEE
IF5E T PR 0 B AR

72. William Thurston [1946-2012] proposed a
program to classify three manifolds according to
eight classical geometries. He proved that atoroidal
and sufficiently large three manifolds admit hyper-
bolic metrics that are unique due to the strong rigid-
ity theorem of Mostow. In the process of his proof,
he studied dynamics over Riemann surfaces and the
singular foliation defined by holomorphic quadratic
differential. He also proved codimensional one folia-
tion exists in a manifold iff the Euler number of the
manifold is zero.
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72, IR )\ R BB LA S5 A TN = YR BT
TR F T BRI RN B, A e T ARFOR
FURAE K I =4 8 v DARATME— X S o FEuF B IR,
BT ST T 2 i I3 1 R LR A Al — Ay 8 T S
ARG AIEIER] T3 ERUEECH 1 R M A2 H
EV NI YCTE TN

73.Michael Freedman [1951-], using the theory of
Casson Handle and Bing topology, was able to prove
the four dimensional Poincaré conjecture and also
classify simply connected manifolds in topological
category.

73, JB B IE R IR TR s S A B, IR T
HEPE ISR AR, I B IR ROBAE T 2.

74.In 1982, Edward Witten [1951-] derived Morse
theory using ideas of quantum field theory and su-
persymmetry. It gave a powerful tool to connect ge-
ometry with physics. In 1988, he introduced topolog-
ical quantum field theory, and this was followed by
Michael Atiyah who also used some ideas of Graeme
Segal [1941-] on axiomatization of conformal field
theory. Many topological invariants are enriched from
this point of view, and they are showing importance
in condensed matter theory.

74. 1982 4, Bl & T30 RGBT 4
HRR R BB e, A IER LA SRt T —AN A 0 TR
1988 4F, b5 N TN ETIHIE, BlJS BT AEAEH T v
IRKT I IS A EA R AR . WX — it &, AT
TE T IFZ AL T, EAEERSIER A A EENE L.

75. Based on the works of Uhlenbeck and Taubes
on the moduli space of gauge theory for four man-
ifolds, Simon Donaldson [1957-] found new con-
straints on the intersection pairing of second coho-
mology for smooth four dimensional manifolds. It is
in sharp contract to the works of Michael Freedman
[1951-] who proved the topological Poincaré conjec-
ture in four dimensions and classified simply con-
nected topological four manifolds. Donaldson also
defined his polynomial invariants for four manifolds.
The theory was simplified after Seiberg-Witten intro-
duced their invariants. Seiberg-Witten invariants can
be used to settle several important questions regard-
ing topology of algebraic surfaces.

75. FEANARARYE A6 DU AR A i e DU 4E Y ERGE RS
PR (B ) AR, IR T S P4 e ) — By RIR BRI AR
SRR, X5 8 A8 1 R TR BB LE . el
AR ST UYERIE I 2 AL B o 7EFRAAS R 5 | Atk
TIMARES, SR ER T fw. SRR =T H
TR DA SARE O T A R LA )

76. After the partial works of N. Trudinger and
T. Aubin, Richard Schoen completed the proof of the
Yamabe conjecture for conformal geometry. The ar-
gument bridged the subjects of mathematics of gen-
eral relativity and conformal geometry. Schoen and
Yau applied the argument to classify the structure
of complete conformally flat manifolds with posi-
tive scalar curvature. Schoen-Yau introduces metric

surgery in the category of manifolds with positive
scalar curvature. Gromov-Lawson followed the work
and observed that it is closely linked to spin cobor-
dism. As a result, Stephan Stolz found a necessary
and sufficient condition for a compact simply con-
nected manifold to admit metric with positive scalar
curvature when dimension is not 3 and 4. For non-
simply connected manifolds, there are other criterion
based on minimal hypersurfaces by Schoen-Yau.

76. TEAFE TRRIR =) — L TR 5, FMNERERSEIET R
TR U (L ZE AR BN, A48 T SR i 4 5301
JUT2E 2 TR R SE o PNERSR A Fr BSoAe] LA L) I 2508 1t 2 1) 56 &
IEFIRRIE AT T /328 PRSI B s 7 1E 20 i
FIGPTINERFI . 5 B BN AR ERUE T X LAE IR &
Me 5 BRI AEEYAR. &R IR KIER) T B P
WBTEAEEAR D 3 M 4 B EAIESE IR EREN R BB
ffo X THERRIERIRTE, A7 HARSE T HN R G- e i 1) AR /)N
B T I ) PR o

77. In 1986, Karen Uhlenbeck [1942-] and S.-T.
Yau solved the Hermitian-Yang-Mills equations for
stable bundles, while Simon Donaldson [1957-] did
the same for algebraic surfaces using a different
method. The DUY theorem became an important part
of Heteriotic string theory. Its analysis was then used
by C. Simpson to give holomorphic bundles with
Higgs field, a concept introduced by Nigel Hitchin
[1946-]. The concept of Higgs bundle was used by Ng6
Bao Chau [1972-] to prove the fundamental lemma in
Langlands program.

77.1986 4, 546 DS R i SR AR TR e MR ER R OK
- KOR TR, 10 R AN AR AT AS R %) 7 A AR Tk
AT T AT BSR40 U5 - B 2 21l 2% 2ie
W EZH RS 05, AR TR ATk s A & 1
g N, KA R H NS . RERME AT
UERH T B 2= 22 00 (R A 5 | 3

78. Inspired by the work of Witten on Morse
theory, Andreas Floer [1956-1991] defined Floer
theory in symplectic geometry. Taubes proved the
Seiberg-Witten invariant is equal to the symplec-
tic invariant defined by him which he called the
Gromov-Witten invariant. As a consequence, he
proved the rigidity of symplectic structure on the pro-
jective plane.

78. R B A B R W ERe L AR A K, B R X
T U IR R B . BAT TR T SRR - B AN A B
T E EAAR &, AR S B S - AR B, |
WA IR B TSP T B SE A R R

79. Brian Greene [1963-]-Ronen Plesser [1963-],
and Philip Candelas [1951-] et al. introduced mir-
ror symmetry for Calabi-Yau spaces. Candelas et al.
were able to use this symmetry to propose a for-
mula in enumerative geometry for three dimensional
quintics. Independently, Alexander Givental [1958-]
and Lian-Liu-Yau rigorously proved the formula and
hence solved an old problem in enumerative geome-
try, validating string theory as a powerful and insight-
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ful way to make mathematical predictions in geom-
etry. Maxim Kontsevich [1964-] proposed homologi-
cal mirror symmetry as a categorical formulation of
mirror symmetry. Strominger-Yau-Zaslow proposed
a geometric interpretation of mirror symmetry us-
ing special Lagrangian cycles. Both programs inspired
activities in the field linking algebraic geometry to
string theory.

79. BRI 3PS SRR F TN T R hr T - B R B
BORTFRIE o SRAERLEE AT HBEGRTIR MR AT T B2 LT 4 1)
TR =St A 3 2R 5 3% S0 -0 S - e 43 )l

SLFEREHIAE W] T %A 2, TR T4 ZS T2 i) — AN 22
il R, RIS o T BKAE A T LA AR T ) AR R A
VEN B BRI R, BEDI e il T R B RORAR
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80. Peter Shor [1959-] gave the first quantum
algorithm for factorization, which is exponentially
faster than classical algorithms. It is a driving force
for developing quantum computation.

80. FF/RE R R TR &1 B, LR AR
g, ) TR RN E
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