Hodge Bundles on Smooth
Compactifications of Siegel
Varieties and Applications

by Shing-Tung Yau™ and Yi Zhang?

Contents
1 Hodge Bundles on Siegel Varieties . . ... .. 1
1.1 Construction of Hodge Bundles on
Siegel Varieties . ... ............ 2
1.2 Degeneration of Canonical Metrics on
Siegel Varieties . ... ............ 4
2 Some Applications on Siegel Varieties . . . . . 8
2.1 Spaces of Siegel Cusp Forms ... .. .. 10
2.2 General Type of Siegel Varieties with
Suitable Level Structures . ... ... ... 12
Acknowledgements .. ................ 13
Appendix . ... ... ... 14
A.1 On General Type Varieties . . ....... 14
A.2 On Siegel Modular Forms . . . ... .... 15
References. ... ... ................. 17

Siegel varieties are locally symmetric varieties.
They are important and interesting in algebraic ge-
ometry and number theory. We construct a canonical
Hodge bundle on a Siegel variety so that the holomor-
phic tangent bundle can be embedded into the Hodge
bundle; we obtain that the canonical Bergman met-
ric on a Siegel variety is same as the induced Hodge
metric and we describe asymptotic behavior of this
unique Kahler-Einstein metric explicitly; depending
on these properties and the uniformitarian of Kahler-
Einstein manifold, we study extensions of the tan-
gent bundle over any smooth toroidal compactifica-
tion (Theorem 1.4, Theorem 1.6 and Theorem 1.10 in
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Section 1). We apply these results of Hodge bundles,
to study dimension of Siegel cusp modular forms and
general type for Siegel varieties (Theorem 2.4 and
Theorem 2.7 in Section 2).

Throughout this paper, g is an integer more than
two.

In this paper, we fix a real vector space Vg of
dimensional 2¢g and fix a standard symplectic form
v = ( Z _Olg ) on Vg. For any non-degenerate skew-
symmetric bilinear form y on Vg, it is known that
there is an element T € GL(Vg) such that 'TyT = y.
We also fix a symplectic basis {e;}i<i<z, of the stan-
dard symplectic space (Vg,y) such that
(0.0.1)
y(ei,eqri) =—1for 1 <i<g, and y(e;,e;) =0 for |j—i] #g.

e Denote by Vz := @1<i<z,Ze;, then Vg = Vz @z R and
V7 is a standard lattice in Vk. In this paper, we
fix the lattice Vz and fix the rational space Vg :=

Vz @z Q.
e For any Z-algebra R, we define Vi := V; ®7 % and
we write

(0.0.2)
Sp(g; M) := {h €GL(V) |
y(hu,hv) = y(u,v) for all u,v € Vix }.

Since detM = +1 for all M € Sp(g,Z), Sp(g,Z) is a
subgroup of Sp(g,Q).

1. Hodge Bundles on Siegel Varieties

Let T be a neat arithmetic subgroup of Sp(g,Q). Let
Vp be the fixed rational symplectic vector space as in
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the introduction of notations.

By Borel’s embedding theorem, the Siegel space
$e can be realized as a bounded domain parameteriz-
ing weight one polarized Hodge structures (cf. Propo-
sition A.2 in A2). Moreover, there is a natural variation
of Hodge structures on the Siegel space $,:

Corollary (Cf. [Del79]). Gluing Hodge structures on ),
altogether, the local system V := Vg x $), admits a ho-
mogenous variation of polarized rational Hodge struc-
tures of weight one on §,.

Let o be an arbitrary fixed base point in A4, r. Since
£, is simply connected, the fundamental group of A, r
has i (A, r,0) =T. Then, there is a natural local system
Ver:= Vg xr$, on A r given by the fundamental rep-
resentation p : m (A, r,0) — GSp(V, v)(Q). Actually the
Q-local system V, r admits a variation of polarized ra-
tional Hodge structures of weight one on A, r :=I'\H,
by using the arguments in Section 4 of [Zuc81]. More
precisely, in our previous paper (cf. Proposition 1.8 in
Section 1 of [YZ2014]) we obtain:

1. The local system V,r admits a variation of po-
larized rational Hodge structures on Ar, and the
associated period map attached to this PVHS
is

(1.0.1) ir: Agr — T\ &,

2. Let /Tg_,p be an arbitrary smooth compactification
of A, r with simple normal crossing divisor D.. :=
Agr\ Agr. Around the boundary divisor D.., all
local monodromies of any rational PVHS V on A, r
are unipotent.

Now, we fix this rational PVHS V,r throughout
this paper.

1.1 Construction of Hodge Bundles on Siegel
Varieties

Most materials in this subsection are taken from
[Sch73], [Sim90] and [Zuo00].

We note that H:=V,r®C is a flat complex vec-
tor bundle on the A, r with a flat connection D. There
is a filtration of C* vector bundles over A,r 0 =F> C
F! ¢ F° =H, whose fibers at each point 7 € A, gives a
Hodge filtration isomorphic to F; := (0 C F}! C V¢). The
vector bundle H admits a positive Hermitian metric #
induced by the polarization y of the Hodge structures
as follows:

(1.0.2) <u,v>g:=y(Cou,v) Vu,v € Hy,

where each C; is the Weil operator on the F;. We usu-
ally call this metric H the Hodge metric on H. Let
HP4 :=FP NF4. The smooth decomposition H = @ HP+4
is orthogonal with respect to the Hodge metric H.

Let D%! be the (0,1)-part of the flat connection
D and D' the (1,0)-part of D. The D*! gives a holo-
morphic structure on H, so that H := (H,D%!) is the
corresponding holomorphic bundle. The D''? guar-
antees H has an integrable holomorphic connection
DY H — H®QY . Itis known that all sub bundles

F?’s admit the holomorphic structure D%!' naturally,
so that we have the corresponding holomorphic sub
bundles F?. Moreover, we have the Griffiths transver-
sality:

(1.0.3) DY FP — FPl QY | Vp.

Define EP>~7 := FP/FP*! ¥p. We know that each
holomorphic vector bundle E?4 is C*-isomorphic to
the vector bundle H”4. We set E := Gr(H) = @, EP"P.
The flat connection D on H actually induces a global
holomorphic structure 9 on E such that each EP? is a
holomorphic sub bundle od E. We write:

(1.0.4) EP4 = (HP,9), and E = (DHP4,9).

The holomorphic vector bundles E and E?4’s are en-
dowed natural Hermitian metrics induced by H. For
convenience, we still call these Hermitian metrics the
Hodge metrics and still write these Hermitian metrics
as H.

Let T(A,r) be the real tangent bundle of A, r. Ac-
cording to ++/—I-eigenvalues of the complex struc-
ture J on T(A, r), there is a C* decomposition T(A, ) ®
C = T'O(A,r) ® T"! (A, r). The real tangent bundle
T(A,r) undertakes the holomorphic tangent bundle
Ta,r = (ng_r)v in sense that

T Agr) — Tar T (Aer) — Tar-

Let (p,q) be a pair of integers. For any local holomor-
phic vector filed X of Ta,r» thereis alocal O 4, -linear
morphism 9”(7) : EP4 — Ep~latl by the Griffiths
transversality 1.0.3. Then we get an O 4, .-linear mor-
phism 6r4 : Ep4 — EP~L4t] QL‘KT, and so we get

the adjoint map 65 """ . pp-latl _ Era ©Ql, of

674 given by < 074(s),7 >p=< 5,05 " (1) >y, where
s (resp. r) is a local section of EP4 (resp. EP~Latl),
Clearly 677" can be regarded as an O 4, -linear mor-
phism. The Higgs field 6 on E is defined as fol-
lows:

0 =0 DE — PEM el .
P4 pPq P4

Respectively, the adjoint morphism of 6 is defined to
be 6;; .= Doy,

P4
Remark. Let A! be the dual of the sheaf of C* germs
of T(A,r). Then there is a C* splitting A! = A0 A%!
where A0 (resp. A%!) is the dual of the sheaf of ¢~

2 Norices oF THE ICCM

VoLUME 7, NUMBER 2



germs of Ty, . (resp. T4, ). We can extend 6 and 6y
naturally as C* morphisms

0:C°(E) — C°(E)®A'Y,
0;:C°(E) — C”(E)®A%!,
where C*(E) is the sheaf of C* germs of E.

Let V4 be the unique Chern connection on (E,H).
Thus, the connection Vy is compatibje with the Hodge
metric, and its (0, 1)-part has V%' = 9. Define 9 := V,,°.

We immediately obtain 9% = 7 = 0, and get the Chern
curvature form

@(E7H) = VH OVH = (VIZ_I)I]
Lemma 1.1. We have:

() = do0+60d=0,
d(6;) = dob;+6,00=0.

ﬁ*

Proof. One can find these two equalities in [Sim88] &
[Sim90]. Here we give a direct proof.

The morphism 6 is naturally holomorphic by the
definition,so that the first equality is automatically
true. Now, we begin to prove the second equality.

It is sufficient to prove the equality at an arbi-
trary point p. Let (U,p) be a local coordinate neigh-
borhood of p. Let {ey} be a local holomorphic basis
of E. We then get a local holomorphic basis {¢*} of
EY|y :=Hom(E|y,Oy) as follows: For each a, let ¢* be

the dual of ey, i.e., e* € EV|y such that e*(eg) = {(1) g;g

We call the local holomorphic basis {e*} of EV|y as a
local dual base of {e,}. Let {/;,---,l,} be a local holo-
morphic basis of 74, and {¢1,--, ¢} C Q}Agr its local
holomorphic dual basis. Locally, we can write

0= Ag;, 0, = B¢
i=1 i
where A ::Aiﬁ’“ea ®eP and

B = Bgaea ® P with

P =S Huy AT HOP Hyy =< eq,ey >n .
o

Form the first equality in the lemma, we get
(1.1.1) 0=06 = ZZA’ i NG = ZZA -ea®e TN

i=1j= i=1j=

where Af“;’s for all j are covariant partial derivations
of the tensor A/, and so we obtain

Lo ..
AB;]T—O on UVija/p.

On the other hand, we compute that

(1.1.2) aeh_zsz,/\q), ZZB""ea@e 0 A i,

i=1j= i=1j=

where B ’s for all j are covariant partial derivations
of the tensor B'. It is well-known that one can contract
the neighborhood (U, p) sufficiently small to get a spe-
cial holomorphic local basis {e} of E over U such that
H(p)=1d, dH(p) = 0 under the frame {e}. Then, at the
point p, We have:

By%(p) = Ay(p) =0, Vi, jor, B.

Thus 06, = 0 at the point p. O

Corollary 1.2. Let (E,H) be Hermitian vector bundle
in 1.0.4. We have:

OE,H) = —(6A6;+065N0),
ON8 = —3(0)=0,
0576, = —0d(65)=0.

Proof. It is known the flat connection D on H has the
following decomposition

Since D? = 0, we can finish the proof by the lemma
1.1. O

Attached to the PVHS V, r, we finally obtain the
associated Hodge bundle (E,6,H) on A, r, i.e., a holo-
morphic system

(1.2.1) (E = ®EP1. 0 = $0P9)
with a Hermitian metric H satisfying the following
properties:

e EP4 are orthogonal to each other under the met-
ric H;
e ONO =0;

o 074 :EPY — EP-latlgQl
g

The dual local system VVF = VQ xr $), admits a

polarized rational VHS of welght —1 on A, its as-
sociated Hodge bundles is (EY = @, ,_E'779,6)

with

EVTPT4 = (EP9)Y = E9P,
nde P pV—pi— —p—1,—g+1 1
0,771 = o EY T S EV Tt g Ql

Similarly, the local system End(V) := End(Vg) xr $,
admits a polarized rational VHS of weight 0 on A,r,
its associated Hodge bundle is (End(E), 8"?) with

End(E) = o,

(p—p")+(g—4")=0

EPM® EV—P/-—f/

and the Higgs field 6 : End(E) — End(E) ®Qj4g . given
by 1

0 (ue vy =0(v)@v +u®6,(").
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We notes that End(E) has a holomorphic sub bundle
End(E) " = P EPigET I
p+q=1

_ (E0’1)®2.

We still use H to denote the induced Hermitian
metric on EV and End(E). Throughout this section, we
now fix the Hermitian bundles (E,H), (End(E),H), and
(EP9.H)’s, (End(E)P4,H)’S.

1.2 Degeneration of Canonical Metrics on Siegel
Varieties

Let A, r be a smooth compactification of A, r such
that the divisor D.. = ﬁg,r\Ag,r is simple normal cross-
ing. Since any local monodromy of V,r around D..
is unipotent, the Hodge bundle (E,6) has a Deligne’s
canonical extension (E = ©EP4,0 = ©0r4) with 674 :
EPd — Ep-latl @ ngr(long). Deligne’s extension of
(End(E),0°") is (End(E),6<9). The morphism 610 :

E10 — EO ®Q'; (logD..) represents the global section
g

I ~ —2 .
610 ¢ HO(A&F,EO-V‘Q<> ®QLT (logD..)). Then, we obtain a
8

T
sheaf morphism

—AT®2

(1.2.2) p:Tg (—logDs) — EO!
2,

Define the restriction map po :=p|4,-

Lemma 1.3. The holomorphic tangent bundle T, Ar of
A, r is a holomorphic sub bundle of (E%!')*2. Moreover,
the morphism py : Ta,. — (E%')®* is an inclusion of
vector bundles.

Proof. We know that the vector bundles E'0, EO!
Ouprs Thgrs thr are all Sp(g,R)-homogenous,
and the morphism 69 : 10 — EO! ®Qf4g‘r is a
Sp(g,R)-equivariant morphism. Thus, the morphism
po: Ta,r — (E®")®? is Sp(g, R)-equivariant. We verify
the inclusion at the base point o € A,r: At point
o, we have E'0|, = H)® E®|, = H)' and Thyro ©

,0
Hom(Hy, HO') = (HY')®? by Borel’s embedding. The
construction of the Hodge bundle (E,0) shows that
. . 1,0 40,1 0,1\22 5w 3
the inclusion T dyro © Hom(H, ", H," ) = (H, " )®? is just
the morphism py at the point o. O
We now introduce an induced Sp(g,R)-invariant

positive Hermitian metric H (Hodge metric) on A,r
by the following inclusion

po: T, — End(E)~"! C End(E).

Let {li,--- I} be a holomorphic basis of 74, . on a lo-
cal neighborhood (U,z) of A4, r, and {¢i,---,¢.} be the
dual holomorphic basis of th_r over U. We define

(1.3.1) H(l;,1j) =< po(li), po(lj) >n -

Since py can be linearly extended to a morphism of
sheaves of C~ germs as well as 6 does, we then obtain
a metric H on A, r. The Kéhler form of H on U can be
written locally as

Oy = 2 H(li,1;)0i A §;.

ij=1

(1.3.2)

Theorem 1.4. LetT be a neat arithmetic subgroup of
Sp(g,Z).

The induced Hodge metric H on the Siegel variety
A,r =T\9, is same as the canonical Bergman metric.
Moreover, the Chern connection of (Ta,,H) is compat-
ible with the Levi-Civita connection of the Riemannian
manifold (Agr,H).

Proof. Notation as in the proof of the lemma 1.1.
Since the Hodge metric H on A, r is Sp(g,R)-invariant
and Sp(g,R) is a simple group, it is sufficient to show
that H is Kahler.

Let p be an arbitrary point on A,r. Let U be a
suitable neighborhood of p such that we can choose
a local holomorphic coordinates (zi,---,z,) satisfy-
ing

0
’E}’
Let {eq} be a local holomorphic basis of £ and {e*}
the local dual holomorphic basis of EV.

All calculation below are locally over U.

We write 6 = 35 | Aldz;, where A'=3, A;‘xea ®eP e
End(E). The Kdhler form is then

d
Tagrlu = SPaH{TZlf -

k k . _
o= Y, H(li,lj)dzi Ndzj = Y, <A Al >y dz Ndz;.
i,j=1 i,j=1

Thus, we have that

doy = Y(d<A Al >y)NdziNdz;
i
m . — . — _
= 2 (< VyA' Al >y + < A", VHAT >) Ndzi Ndzj,
i,j=1

where Vj is the Chern connection on (End(E),H). For
eachi=1,---,m, We have:

VyAl = 0A +0A = 0A!

n .
= ZA;%(’)};EO‘ ®eﬁ¢k
k=1

Since d(0) = 0 by the corollary 1.2, we have

i,0 _ 4),0
AL = Al

(1.4.1) G Vi, j,o,8.
Contract the neighborhood (U, p) sufficiently small,
we can choose a special holomorphic basis {¢,} of E

over U such that H(p) =1d, dH(p) = 0 under the frame
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{eq}- At the point p, we calculate

(d"0om)(p)

= z Z <A5,€a®€ Aé‘ref®eﬁ >p dz Ndz Ndzj
ijlo,B

= 2 ZA;SOEAgadzl/\dzi/\dizj
Li,j=1o.B

2 fi ZAﬁle[/\dZ,)/\dZ,
=lo,p il=1

I I
o ~.

Similarly, 4%' wy = 0 at the point p.
The rest is obvious. O

Remark 1.5. If the holomorphic tangent bundle of
some complex manifold M can be embedded into a
harmonic bundle (e.g. some Higgs bundles with Her-
mitian metric of trivial Chern form) on M, one can
endow a Kahler metric on M by the same method in
above Theorem 1.4. This Kdhler metric is still called
Hodge metric and it is easy to get this Kdhler metric
has semi-negative holomorphic bisectional curvature
by an argument in Lemma 2.2 of [Zuo00].

We still use H to represent the dual metric
of thﬁr induced by (7a,.,H). We write O(T4,,,H)
(resp. G)(Q}L‘gﬂH)) as the Chern curvature form of
the vector bundle 7, Aqr (resp. th_r). As the canoni-
cal Bergman metric on A,r is Kéhler-Einstein, there
is ﬁTraceH(G(TAgvr,H)) = —Awy, where 1 is a pos-
itive constant. Without lost of generality, we always
assume A = 1 for convenience.

Theorem 1.6. Let T be a neat arithmetic subgroup
of Sp(g,Z). Let Zgﬁr be an arbitrary smooth compact-
ification(not necessary smooth toroidal compactifica-
tion) of the Siegel variety A, r :=T\$, such that D..

Kg,r\Ag‘r is a simple normal crossing divisor. We have:

1. The canonical Bergman metric Hean Of Agr IS
bounded by the logarithmic degeneration along
the boundary divisor D.. in sense of the following
description:

Let p be a point in Zgﬁr with a coordinate chart
(U7 (Zly e 72'1))(’1 - g(g+ 1)/2) SuCh that

UmAgVF:{(Zh"' ,Zl,"'Zn)‘O< |Zi‘ < 1(l: 171)7

There holds

1 0 !
E(H—loglzl M< |I7||Hc(m <c(T—tog|z)™ vj
i=1 i=1
in the coordinate chart {(z1, -z, -+ ,zn) |0 < |zi| <
r(i=1,--,0),lzj| <r(j=141,---,n)} of p for a suit-
able r > 0, where C,M are positive constants de-
pending on r.

2. The Kdhler form~coCan becomes a closed positive
current (@] ON Agr.
3. The line bundle

dlmAgr
AN
is pseudo-effective on Kg_,r. Precisely, there is an
equality ¢, (91 (Dw)) = [ean)-
4. The line bundle OF ¢ (D

logD )

..) is big on Agr.

Remark. It is well known that Bergman metric on lo-
cally symmetric has Poincaré growth on D... Our re-
sult is strong than this classic result in literature.

Before proving the theorem 1.6, we review the
theory of degeneration of Hodge metrics on any po-
larized variation of Hodge structures over a quasi
Kéahler manifold.

Let X be an open Kéhler manifold of complex di-
mension m. Let X be one smooth compactification of
X such that the boundary D :=X — X is a simple normal
crossing divisor. Let j: X —=+ X be the open embed-
ding. Let V be an arbitrary polarized variation of real
Hodge structures over X such that all monodromies
around D are unipotent. Denote by V = V® Ox. Con-
sequently, we have a Hodge filtration

V=F'oF' 5. 5F" >0

corresponding to the VHS V, where w is the weight of
the VHS V.

Let (A1,z) C X be a special coordinate neighbor-
hood, i.e., a coordinate neighborhood isomorphic to
the polycylinder A™ (A:={z € C||¢] < 1}) such that

XmAl 7Z/7é0}

(2= (212 2m) EA™ |21 £0,---
= (A" x AL
We then have Ay ND.. = {(z1,-- 21, »2m) | 21+ 21 = O}

For any real number 0 < £ < 1, let A be a scaling neigh-
borhood of X, i.e.,

N¢ C Ay and

ASg{(Zlv"'vzlv'“7Zm)6Am||Za|§8f0ra:17”'7l}'

Let v, be a local monodromy around z, =0 in A
for a =1,---1. Denote by
. —1)/
No =log Yy := Z(—U’“L L
i1 J

) VOC,

then each N, is nilpotent. Let (v.) be a flat multi-valued
basis of vV over A;nX. The formula

v)(2): —exp(2 F ZlogZaNa)( )(@)

gives a single-valued basis of V. Deligne’s canonical
extension V of V to A is generated by (v.) (cf. [Sch73]).
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The construction of V is independent of the choice of
Zis and (v.). For any holomorphic sub bundle A of V,
Deligne’s extension of A is defined to be N :=VnjN.
Then, we have extension of the filtration

V=F'>5F >5..5F >0,

which is also a filtration of locally free sheaves.

Let N be a linear combination of N,. Then N
defines a weight flat filtration W,(N) of V¢ [Sch73]
by

0C - CWi—1(N) CWi(N) C Wi (N) C -+ C Ve.

Denote by W/ := W.(3/_ | N,) for j=1,---,I. We can

a=1
choose a multi-valued flat multi-grading

Ve = Z Vﬁlv”':ﬁl
BiBy

such that

l
N Wéi =Y Vik
j=1 ki<B;
Let # be the Hodge metric on the PVHS V. In a spe-
cial coordinate neighborhood A, let v be a nonzero
local multi-valued flat section of Vy, ... x,, then (v)(z) :=

-3l _ logzaNe . . .
exp(%)v(z) is a local single-valued section of

V. There holds a norm estimate (Theorem 5.21 in
[CKS86])

~ m . —loglzi| k2, —loglza| \x, 2 k)2
2l <C 1/ /2. (—log|z)k/
H ()llh (—log\22\) —10g|z3|) ( g‘ ID

on the region

E(va"' 7Nl) = {(Zl"" 5 &Ly 7Zm) € (A*)l XAm_I |
lz1] <z <--- < z| < &}

for some small & > 0, where C” is a positive constant
dependent on the ordering of {N;,N,---,N;} and e.
Since the number of the ordering of {~y,---,N;} is fi-
nite, for any flat multi-valued local section v of V there
exist positive constants €’ (¢) and M" such that

l

(1.6.1) 192)1n < €"()(T] —logza)™
o=1
in the domain {(z1,--,z,"-,zm) |0 < |z < (i =

L D),z <e(j=1+1,--- ,m)}.

Moreover, since the dual VV is also a polarized
real variation of Hodge structures, we then have that
for any flat multi-valued local section v of V there
holds

in the domain {(z1,-- .z, ,zm) |0 < |z < €(i =
1,---,0),|zj] <e(j=1+1,---,m)} for some suitable € > 0,
where C] and M’ are positive constants.

Proposition 1.7. Let X be an open Kdhler manifold
of dimension m and X a smooth compactification of X
such that the boundary D :=X — X is a simple normal
crossing divisor. Let (A1,z=(z1,"++ 21, yzm)) C X be an
arbitrary special coordinate neighborhood in which D
is given by TI._, z; = 0.

Let V be a polarized real VHS on X such that all
local monodromies of V around the simple normal
crossing boundary divisor are unipotent, and h the
Hodge metric on V =V ® Ox. Let N' be an arbitrary
holomorphic sub bundle of v and N its Deligne’s ex-
tension.

We have

T(Ae,N)={seT(AeNX,N) |
i
sl < C(Y, —loglza|)™ for some constants M,C},

a=1

where A, is a scaling neighborhood of X for a suffi-
cient small € > 0.

Proof. Let (v.) be a local flat multi-valued basis of v
over A;NX, and so we have a local basis (v))(z) =

exp(zgh ZilelogzaNa)(v.)(z) of V. Denote by h;; =<

vi,v; >g. According to the estimate 1.6.2, there are
positive constants C,M such that

1
||, det(hij), (det(hij)) " < C(Y, loglzal)™

a=1

(1.7.1)

in a suitable neighborhood A\.. One can use Proposi-
tion 1.3 in [Mum77] to finish the proof. O

Proof of the theorem 1.6. 1. By the lemma 1.3 and
the theorem 1.4, we can realize the holomorphic
tangent bundle 74, . as a holomorphic sub bun-
dle of an Hodge bundle given by some PVHS, and
the induced Hodge metric # on the Siegel vari-
ety A,r =T'\$, is same as the canonical Bergman
metric. We then finish the first statement by us-
ing the estimate 1.6.2.

2. By the statement (1), we have [ Agr |@can AE| < o fOr
any smooth (2(dimA,r) —2)-form & on A,r, and
so the form .., on A,r defines a current [wcan]
on A, r as follows:

< [@can), 0 >:/,z [Dcan] A := /Ag‘r“’““‘w’

(8

where ¢ is a smooth (2dim(A,r) —2) form

(1.6.2) on A,
1 VI o W We begin to show that d[®cu] = [d®en] = 0. Let £ be
a(g_10g|za|) SRS (Og—log|za|) any smooth (2dim(A,r) —3)-form on A, r. Let T;
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be a tube neighborhood of D..,, = A, — A, r with
radius § and Ms := A, r\ T5. Then 975 = —9M;. By
definition, < d{cu],& >= — [ @cn AdE. On the
other hand, we have that

0 — <[da)can],2§>:=/ A NE
‘-Agf

—/ wcanAdéJr/ d(Wean NE)

Agr Agr

- —/ a)canAdé—i—lim/ d(@ean A E)
JAgr 60/ M5

(by Stoke’s theorem)
= —/ wcanAdéJrlim/ Wean N E
Agr 6—0JoMg

—/ a)can/\dé—lim/ Wcan N E
Agr 80975
= f/ Wean NdE.

Agr

Here we use that wy has Poincaré growth on D..
to obtain lim [, @nAE =0.
507718

3. Since [w.n] iS a positive closed current, it is
a cohomology class on Xg,r of type (1,1). To
prove that @) represents the first Chern class
c (QLT (logD..)), we only need to show the follow-

g

ing equality

< [wcanLn >=< cl(Q_lg (1Ong))7T] >
g,

for any closed smooth (2dim(Agr)
Ayr.

Let n be an arbitrary closed smooth (2dim(A, ) —
2)-form on A, r. Let H be an arbitrary Hermitian

metric on the bundle QLT (logD..). We have
g

—2)-form n on

< cl(Ql~ (long)),n >

27“/7/ Trace; Ql~ r(lo,gD0<,),I-~I))/\1]

1 H)A
2ﬂr/ 99 log(detH) A1y

[ 99l0g(detd
27r\/—71/,4g‘raa og(detH)An

where 0(Q! Ar
1
(@ (logD).H

(logD..),H) is the Chern form of
H), and

< [wcan}an > 5:/ Wcan A T

271_\/7/ TraceHm@(QA r,I'Ican) n

= dolog(detHean) AT
o fl/Ag‘r g( JAN

Thus, it is sufficient to show that

detH,
lim [ ddlog( S Hean
detH

00/ M5

)AN =0.

We note that ¢ := dlogdet H.,, — @ logdet H is a global
(1,0)-form on A, r, we then get
detH,p

. ddlo =) A
Mg el detH JAm

J s

= CAn.
As an application of the theorem 1.4, we ob-
tain that the (1,0)-form ¢ near the boundary di-
visor D.. is nearly bounded in sense of Kollar (cf.
[Kol87]) by Proposition 5.22 in [CKS86]. Thus, we
have
li AN =0.
lim aTéC n
4. Since the metric connection form of any Hodge
metric and its curvature form are both nearly
bounded around the boundary divisor D.. (cf.
Proposition 5.7 [Kol87]), we have:

Ci(Ql (logDo))m s

_ -1
7(27:@

> 0.

di . di 3
jimAr [ Trace(©(Ql,  H))mAsr

Sincewy (D-)isa numerically effective line bun-
’_\é"

dle on A, r, we obtain that o jgr(Dm) is a big line

bundle by Siu’s numerical criterion in [Siu93]. O

Remark. We must point out that the statement (4)
of Theorem 1.6 is first proven in [Mum?77] by using
some calculations depending on a smooth toroidal
compactification Xgﬁr, and it can also be proven by
Siu-Yau’s result on compactification (cf. Lemma 6 in
[SY82]) or by Zuo’s result on positivity (cf. Theorem
0.1 in [Zuo00]).

Lemma 1.8 (Moeller-Viehweg-Zuo cf. [MVZ07]). LetT
be a neat arithmetic subgroup of Sp(g,Z). Let A.r- be a
smooth toroidal compactification of the Siegel variety
Agr:=T\$, such that D.. := Amrr\Ag r Is simple normal
crossing. Let (£,0,h) be a homogenous Hodge bundle
induced by PVHS on A, and N' any homogenous sub
bundie of £.

Deligne’s canonical extension of the bundle N to
A;f’rr coincides with the Mumford good extension (cf.

[Mum?77]) of N to Ag’rr by the Hodge metric h.

Proof. Tt is a direct consequence of the estimates
1.6.1, 1.6.2 and the proposition 1.7. O

Lemma 1.9. Let T be a neat arithmetic subgroup of
Sp(g,Z). LetTg‘frr be a smooth toroidal compactification
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of the Siegel variety A :=T'\$, such that Do, := A, \
A, r 1S simple normal crossing.
We have the following identifications

TAtor( logD..) = Sym?(EOT),
g

and

dim¢ Ay r

- I — (det ELO)8+!
wzgrr(om)f A szrr(logDm)—(detE et

Moreover, the line bundle oo (D) is semi-positive

-Ag.l"

on the compactification Agy..

Proof. We know that there is an inclusion Ty, =
(E%N®2, Since the Higgs field has the property 6 A
6 = 0, the holomorphic sub bundle Sym?(E%!) of
(E®1)®2 must contain the bundle 74,.. According
to rankc7a, = = rankcSym?(E%!) = g(g+1)/2, we obtain
Ta,r = Sym 2(EO).

The holomorphic vector bundle Sym?(E%T) on A, -
is Deligne’s extension of Sym?(E®!). Using the propo-
sition 1.8 in the next subsection, Sym?(E%1) is also the
unique Mumford’s good extension of Sym?(E®!) by the
Hodge metric H. Shown in Proposition 3.4 [Mum77]

lor( logD..) is the unique Mumford’s good exten-

51on of T4, by the metric H. Therefore,

TAm( logD..) =2 Sym?(E0-1).
g

(detE1-0)8*1] g0 that
a)zwrr(Dw) is semi-positive by Kawamata’s positivity
g,

Thus, we obtain that Ogor (D) =
8,

package in [Kawa81]. O

Remark. We can also get the semi-positivity of
O er (D ) by an argument of Mumford: it is shown in

[Mum7 7] that the sheaf oo (D

ample line on the Satake- Biauly-Borel compactification
A p=T\9;.

Theorem 1.10. Let T" C Sp(g,Z) be a neat arithmetic
subgroup. Let Z;f’rr be a smooth toroidal compactifica-
tion of the Siegel variety A,r :=T\$, such that D..
Ayt \ A r is a simple normal crossing divisor.

The logarithmic tangent bundle T4 F (— logD..) is a

) s the pull back of an

stable vector bundle with respect to the polarization

KA;:} + D...

Proof. Let £ be Deligne’s canonical extension of the
Hodge bundle (E¥2,H), and E*! be Deligne’s canonical
extension of E%!. By the lemma 1.3 and the lemma
1.9, the logarithmic tangent bundle thgmr (—logDw) =

Sym?(E%1), and so Tgor (—logD..) is a holomorphic sub
g,

bundle of & := E** N
Let G be an arbitrary sub bundle of £ and H an
arbitrary Hermitian metric on G. Let Gy := g| A We

know g is just Deligne canonical extension of G,. The
degree of G with respect to the polarization ijr +
8,

D..is is
dim,Ag‘r—l
degg = <c1(9), /\ cl(Kj:rr—Q—Dm) >
= <c(9),|emAr-1] >
by (3) of the theorem 1.6 and Kollar’s argument of

5.18 in [K0l87]. Let  := @¥™A«r—1, Similar calculation
as (3) of the theorem 1.6, we have that

degg Traceg,(@(g,ﬁ)) A[n]

—tor
8T

1 _ ~
= — ddlog(detH) A
st L, 27080t F) A )

-1 — ~
= —F ddlog(detH) A
s |, 27 0staet ) A

-1 _
= — d0dlog(detH) A
— ﬁ_l'/Agﬁr g(detH) A1

detH

1 _
+ 381 =) A
Zn\/— Og(detH) 1

= F / 9dlog(det H) A

d -1
/ TraceH g07H)) A wc;nmAg '

Since the canonical Bergman metric is Kahler-
Einstein, this essential property implies that the loga-
rithmic tangent bundle TZ;orr(flong) is a poly-stable
vector bundle with respect to (@]

On the other hand, A, is simple, then we obtain
that the logarithmic tangent bundle 7 2 ( logD.,) can

not be decomposed into a direct sum by the argument
in the third paragraph of Page 272 in [Yau87] and the
argument of Page 478-478 in [Yau93]. O

2. Some Applications on Siegel
Varieties

All definitions and notations related to toroidal
compactifications of Siegel varieties can be found in
[AMRT], [Chai], [FC] and [YZ2014]. We do not recite
these definitions and notations in this section again,
and use them freely.

Let §p be the standard minimal cusp of the
Siegel space $,. Let Xz, := {03’} be a suitable
GL(g,Z)-admissible polyhedral decomposition of
C(Jo) regular with respect to Sp(g,Z) such that the
induced symmetric Sp(g,Z)-admissible family {23}z
of polyhedral decompositions is projective.

For any positive integer /, let A, ; be the symmetric
toroidal compactification of the Siegel variety A,; :=

8 Norices oF THE ICCM
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I, (/)\$, constructed by {23}z, and let

D..;:= .AgJ — .Ag,l

the boundary divisor. For convenience, we write A,
for A 1.

For any positive integer /, we sketch a key-step in
the construction of the symmetric compactification
A, as follows:

Let § be an arbitrary cusp of depth k. Lz(I):
[(I)NUS(Q) is a full lattice in the vector space US(C
and its dual is Mz(/) := Homg(Lz(!),Z). Explicitly, 1
{Ca}],‘(k+])/2 be a lattice basis of Lg := Sp(g,Z)NUS(Q
and {(S(X}lf(k“)/2 the associated dual basis of Mz :
Homy (Lg,Z); then {¢, := 1, }**"V/% is a lattice basis
of Lg(l), and {8, := %} V2 i5 the dual basis of
Mg(1). For any cone o € Xz, we get a toroidal variety
Xo(1) := SpecC[c¥ N M5 (I)]; we then have

~

e}
—

~

Ag.5(1) := the interior of the closure of W
. D(3)
in Xo (1) X150) Ry AU (@)

where T; (1) := SpecC[Mz(1)] is a torus; gluing all A (1)
as o runs through Xz, we obtain an analytic variety
Z%(1) and an open morphism rz (/) : Zz (1) — Ag. As in
Section 2 of [YZ2014], we define

Zz (1)
(NN (E)/T()NUS(R)

Zg(l) =

Let n,m be two positive integers with m|n. We are
going to construct a natural morphism In,m tAgn —
Aem. Given a cusp § and a cone o € Xz, the inclu-
sion of the algebras C[c" N Mgz(m)] —— Clc" N Mgz(n)]
induces a finite surjective morphism A° : X5(n) —
X5 (m). Therefore, we have an analytic surjective mor-
phism

Ag 1 Az o(n) — Ag.o(m),

such that any 7 < o there holds a commutative dia-
gram
x C

Az A
57 (I’l) open embedding .0 (n)

%] |7,

Z;«;T(m) ZE,G(’")

open embedding

and so we obtain a morphism Ay : Zx(n) — Z5(m) by
gluing all 17 Vo € X5. Since T (n) is a normal subgroup
of Ty (m), the morphism A; reduces to the morphism

lg . Zs:(l’l) — Zg(m)

It can be verified straightforwardly that A3’s are com-
patible with the morphisms Il3, 3,’s and the action

of I. Therefore, we have a global morphism

ln,m : Zg,n — Zg.,m-

Let o be an arbitrary topo-dimensional cone in
%5,- Consider the inclusion

0 — C[o" N Mg, (m)] —— Q(C[c" N Mz, (n)])

where Q(C[c¥ N Mz, (n)]) is the quotient field of the
integral domain C[c" N Mg, (n)]. The algebra C[c” N
Mgz, (n)] is indeed the integral closure of C[c" NMg,(m)]
in Q(C[cY NMg,(n)]). Then, the compactification A, is
a normalization of the morphism A4, , — A,,, and so
the morphism A4,, — A,,, factors through the mor-
phism 2,,,, : A, , — Agn (cf. [FC]). Thus, we obtain the
following commutative diagram of morphisms

A"l.nl -
Agn — Agm
A\n_,\ [ Fs

Lemma 2.1. Let n,m > 1 be two positive integers with
mln. Let Xz, := {63} be a T, (or GL(g,Z))-admissible
polyhedral decomposition of C(Fy) regular with re-
spect to Sp(g,Z).

Let A, , (resp. A, ,,) be the symmetric toroidal com-
pactification of Ay, (vesp. A, ) constructed by Xz, . The
morphism A, : Agn — Ag . has the following property:

I* n
n,mD°°-,m = %D‘”v”’

where Do,y = Agm \ Agm ANA Deoyy 1= Ag y \ Ag .

Proof. By the construction of boundary divisors of
Siegel varieties from edges of the fan Zz, in Theo-
rem 2.22 of [YZ2014], to study the relation between
Dw.,, and D.., is sufficient to study the morphism
AZ™ 2 Ay s (1) = Agy.0me, () fOT any top-dimensional
CONE Opax IN X,

We can choose a basis {¢,}5¢"/? of Lz, ==
Sp(g,Z)NUS(Z) such that

Omax

s(e+1)/2
Gmax:{ 2 Aa§a|ka€R20aa:1>"'ag(g+1)/2}-
a=1
Let {8, }5¢/2 be the dual basis of {¢,}5*""/%. Then
s(e+1)/2
G[Xax:{ 2 )Vaaalz'ae]RZOa a:17ag(g+l)/2}
a=1
Since the inclusion 0 — C[c" N Mgz, (m)] — C[c¥ N
Mgz, (n)] is of the following type
0—>C[x1’...xi’...xg<g+1)/2]
—= CL A/ R R/ Tl

2D m

m

Sk
we must have 1, ,,Den =
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2.1 Spaces of Siegel Cusp Forms

The Siegel space $, has a global holomorphic co-
ordinate system t. Define a standard Euclidean form
dvon$tobedVe:= A\ i< j<,dmj for = (1))1<i j<4 € Hy-
There is

A B
dVy(z) = det(CT+D)~tay, for M = (C D) € Sp(g:R).

Let oy, be the canonical line bundle on §,. For

anyformo=f, A dr;inT(H,, wﬁ ©), there is an as-
1<i<j<g

sociated smooth positive (£&) &) form

_ v—1
(pA) k= |f<p|2/k /\ ?dfij/\d?j-
1<i<j<g
Lemma 2.2. Letn >3,k > 1,g > 2 be integers. Let f €

My (e41)(Tg(n)) be a modular form. With respect to the
correspondence

IR

(ﬁg7 @k)l"é (n)

= {se F(ﬁngﬁ ) | s is Ty(n)-invariant}

( N\ du) Y&k,

1<1<j<g

My(g41)(Tg(n) —

f(t) — o@p=f(t

the following two conditions are equivalent:

a) f € Sg1)(Te(n));
b) the holomorphic form ¢y vanishes on all cusps

of 9.

Moreover, if n >3 then (a) or (b) is equivalent to the
following

(©) fa,, (0 N 7)<

Proof. Let W, be the one dimension isotropic real sub-
space of Vi generated by e,.
“(a) & (b)”: We only show the case of n =1, the others
are similar. Suppose fis a cusp form. Then, f vanishes
on the cusp §(W,), and so f vanishes on any cusp §
with §(W,) < §. Since ¢y is a I',-invariant form, ¢ van-
ishes on all proper cusps of $,. The converse part is
obvious.

Assume that n > 3. We begin to show that “(a) &

()™

e Suppose f is a cusp form. Then,
7 0 -
f(< 0 =iy ))—O(GXP(—EY)) for y >> 0,

and 50 [, (9 A G7)'/* <

e Suppose f is not a cusp. Then, thereis a 7/ € $,_;
such that @, (f)(7') # 0. Thus, there is a neighbor-
hood U, of fundamental domain such that 7’ is
in the closure of U, such that |f(Z)| > ¢ >0 on Uy
for some positive constant c. Therefore,

. AoR)VE > / AoV = oo, O
./A (prNQr) /" > g (@ N y)

g.n JU

Corollary 2.3. Let n >3,k > 1,g > 2 be integers. Let
A, be an arbitrary smooth toroidal compactification
of A, » With simple normal crossing boundary divisor
Dw,n = Zg.n \Ag,n-

Then, we have:

F(zg,mwzgﬁ,,(Dwn)@k) (Agnva ) &= My(g11)(Tg (1)),
T(Agn, 05, , (Deo) T @ 017, ) 2 Sy 1) (T ().

where w7 is the canonical line bundle on A,, and
04, IS the canonical line bundle on Ag -

Proof. With [AMRT], Mumford shows in [Mum?77] that
the canonical line bundle w4, extends to an am-
ple line bundle L,, on A and that the canonical
morphism 7, , : A, — A, 1s proper with 7 ,(Ly ) =
07, (Deon)-

e Then, Ou, = (ﬁg,n)*ojgﬂ and SO
(Tgn)s07,, (Dooy)®™ = (Tgn)«(Tgn)' L = LK
Thus, F(A;ng?ﬁ) ~ F(AZw(ﬁg.n)*wzg_n(Dwvn)@‘) o

T(Agn, g, (D)), Let  j : Ag, — AL,
be open embedding. Since A4,, is normal
and codim(A;, \ Ag,) = ¢ > 2, we then have
o0, = L% Thus, T(AL,, L) 2 T(Ag, 03F).
That I'( A, ,, Ag_,,) = My(g+1)(Tg(n)) is obvious.

e By the lemma 2.2 and the lemma A.1, we have
Sier ) (Ta(m) = s €T (03 )| [ (519) <o),
g.n
Shown in Theorem 2.1 of [Sak77], there holds

{SGFAgn,(DA |/ S/\Sl/k<°°}

gn

2T (A, 05, (D) @0y ). O

Remark. Consider the short sequence

®k—1 k
0— oz, (D)™ @07, — 007, (Deon)®

wzg,n (Dwvn)®k|Dw,n 07

we have that s € [(Ag,, 07 (Deon)™*) 2 My(pi1)(Te(n)) is
a cusp form if and only 1f s|p.., = 0. Certainly, if A4, ,
is projective then this result can also obtained by re-
garding A,, as the normalization of the blowing-up
of A;, along the ideal sheaf 7 supported on the sub-
scheme A, \ Ag, (cf. Chap IV [AMRT]).

Since the logarithmic canonical line bundle
0z, (Dw.) of any smooth compactification Ay, of the
Siegel variety A, , is big, there is a finite positive num-
ber Ny such that

dimg Sy 1y (Te(n)  dimeT(Agn, 07 (D)™ ' @ 007, )
kelg+1)/2 - kele+1)/2
>0
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for any integer k > Np. Actually, for dimensions of
spaces of Siegel cusp forms,we have the following
asymptotic formula which is probably well known to
experts:

Theorem 2.4. Letn>3,k>1,g > 2 be integers.

L O R § ()

Koo ks(g+1)/2

where {(s) is the Riemann-Zeta function.

Proof. Let Ag, be an arbitrary smooth toroidal com-
pactification of A,, with simple normal crossing
boundary divisor D.., := A, \ A,,. Let o7, be the
canonical line bundle on A4, and w4,, the canonical
line bundle on A, ,.

Define L := 03,, (D). Siegel’s lemma says that
there exists C > 0 such that

dimg H (Do, L™ |, ) < CKSETD/271 vk e 72,
then by the corollary 2.3 we get:
dimg Sg(g11)(Tg(n))
ke(g+1)/2
: 01 ®k—1
dimc H”(Ag, L ®(ng,n)
ke(g+1)/2

HO(Agn, L)
ke(g+1)/2

lim sup
k—roo

= limsup
k—roo

= limsup
k—roo

We recall Demailly’s holomorphic Morse inequal-
ities in [Dem89]: Let # be an arbitrary Hermitian met-
ric on the bundle L and R(L,H) the curvature form of
the metric connection of the Hermitian line bundle
(L,H). For any non-negative integer ¢, let X(q,H) be
the set x of A,, such that ZEHIR(L,FI )x s non degener-

ate with exact ¢ negative eigenvalues. Set X(< ¢,H) :=

q ~
U X (i,H). For any non-negative integer g, we have
i=0

14

g R
Y dime HY (A, L)
j=0

g+ glet1)

(-7 A al(L,H)

S kP
(8l&) )y Jx (<o)

g(g+1)

+o(k g ) as k — oo

with equality for g = g(g+1)/2. In particular, for any
non-negative integer ¢, there is the weak More in-
equalities

dimg HY (A, L)

kg(g;l) slerl) N
<(M)!/x<qﬁ)(—l>q A e(L.A)
g(e+1)

+o(k 7 ) ask— oo

We now use the arguments in section 2.3.3 of
[MM] to show that for any integer ¢ > 1,

gg+1)

(2.4.1) dime HY(Ag , L) = o(k~ 7 ) as k — oo.

In the lemma 1.9, we obtain that L is a numerically
effective(nef) line bundle on A, ,. Therefore, for every
small e > 0 there is a smooth metric H, on L such that
c1(L,H) > —eB, where 6 is a given positive (1,1)-form
on A,,. On A4, ,, for any positive integer ¢, we have

—1)¢
0 < (a€((8+1)))|cl(L’Hf)g(g+l)/2xg
2 .
1 (—1)4 )
< (€0) Ay (e1 (L He) + e0)¥ /2
q!( ) (@—q)'( 1( ) )
1 1y
< q,(e@)fi/\(g(;l)))'(cl(L,He)+9)g(g+1)/z_q7
' 25— —9)!

where y. is the characteristic function of X(g,H.). By
Demailly’s weak More inequalities, we then obtain

dime HY(Ag », L)
2(g+1)
kIs 7 el g(g+1)
- - q =5 —q
< gy J,, O]+

2
g(g+1)

+o(k™ 277 ) as k— oo,

and so we obtain 2.4.1.
Since L is big by (4) of the theorem 1.6, the Morse
inequalities for ¢ = g(g+1)/2 shows that

HO(ﬂ L@k) 1 @
gt ) L,PNI .
ke(e+1)/2 (@)! /Zg,n /\ (L H)

limsup
k—roo

By (4) of the theorem 1.6, we actually get
g(g+1l) g(g+1l)

e B B
‘/‘Ig‘n /\ Cl(LaH):/;AN /\ Wcan,

where ., is the Kéahler form of the canonical
Bergman metric Hea, 0N Ag ..
Therefore, we obtain:

. H° (Zgﬂ ) LXk)
timsup = e = VollAg)
= [[g(1):T(n)]Vol(Ag 1)

- [rgu):r(nnﬂcu—zi).

The last equality for volume can be found in [Har]. O
Another proof of Theorem 2.4. We have

H‘f(?tg,mcozg_n(pmﬂ)‘@"—l ®wg )=0 forg>1k>2

g.n
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by the Kawamata-Viehweg vanishing theorem (cf.
[EV]), then we use the Riemann-Roch-Hirzebruch the-
orem to obtain

dime Sy(g1)(Tg(n))

klg?o ks(s+1)/2 = Vol(Agn)

g

=[Te(1) : Tm)][]¢(1-2i). O

i=1

2.2 General Type of Siegel Varieties with Suitable
Level Structures

We can also get the following result by the theo-
rem 1.6.

Corollary 2.5 (Mumford cf. [Mum77]). Letg>1,n>3
be two integers. The Siegel variety A,, is of logarith-
mic general type.

From the covering lemma A.2 and the theorem
A.3 in Al, we immediately have:

Corollary 2.6 (Mumford-Tai’s Theorem cf. Chap. IV.
[AMRT] and [Mum?7]). Let g > 1,1 > 3 be two inte-
gers. There is a positive integer N(g,l) such that the
Siegel variety A, is of general type for any integer
k> N(g,1).

Now we describe a relation between the existence
of nontrivial cusp forms and the type of manifolds:
The existence of a nontrivial Siegel cusp form implies
the general type of Siegel varieties with certain level
structure. Actually, the spaces of Siegel cusp forms
supply the following effective version of Mumford-
Tai’s theorem:

Theorem 2.7. Let I be an arbitrary positive integer
and let g > 2 be an integer. If

N(g,1) :=min{k € Z~0 | dimc Sy(g41)(T (7)) > 0}

is a finite number then the Siegel variety A,y is of
general type for any integer N > max{3,N(g,l)}.

Remark. The theorem 2.4 guarantees that N(g,/) is a
finite integer if ¢ > 2 and / > 3. There are many exam-
ples from number theory showing that N(g, 1) is finite
for some low degree g.

Example 2.8. By the following list of examples of
level one cusp forms for low degree g, the Siegel vari-
eties A, , below are of general type:

(i) Az, for g=2 and n>10, (ii) A3, for g =3 and
n>9, (iii) A4, for g=4 and n > 8.

e Case g = 2: Igusa shows in [Igu64] that there is a
cusp form yo, of weight 10 with development

Xlo( noz ) = (exp(2mv/—171) exp(2nv/—112) +---)

Z T

x (mz)? +- -

which vanishes along the “diagonal” z = 0 with
multiplicity 2. So the zero divisor of yj» in A
is the divisor of abelian surfaces that are prod-
ucts of elliptic curves with multiplicity 2. Thus,
there is a cusp form ®, := X|30,2 € Sip+1)(I2)-
e Case g = 3: Tsuyumine shows in [Tsu86] that the
ring of classical modular forms ®&M,(T'3) is gener-
ated by 34 elements, and there is a cusp form y;s 3
of weight 18, namely the product of the 36 even
theta constants 6[e]. The zero divisor of y;33 on
Aj is the closure of the hyperelliptic locus. Thus,
there is a cusp form o := x5 5 € So(3:.1)(I'3).
Case g =4:Igusa shows in [Igu81] that up to isom-
etry there is only one isomorphism class of even
unimodular positive definite quadratic forms in
8 variables, namely Eg. In 16 variables there are
exactly two such classes, Eg @ Eg and Ej6. To each
of these quadratic forms in 16 variables we can
associate a Siegel modular form on I'y by means
of a theta series: 6g,qg, and 6g,. The difference
X8,4 := OEgar; — Ok, 18 @ cusp form of weight 8. The
zero divisor of ys4 on A4 is the closure of the lo-
cus of Jacobians of Riemann surfaces of genus
4 in A4 (cf. [Igu81] and [Po096]). Thus, there is a
cusp form o := x3, € Sga41)(Ta)-

However these examples for low genus Siegel va-
rieties of general type are not optimal. Actually, one
has general typeforg=2,n>4;g=3,n>3;g=4,5,6,n>
2;¢>7,n>1.The case Ag is still open, all other cases
of low genus Siegel varieties are known to be ratio-
nal or unirational. Except for the case 4¢;, Hulek has
completed the problem of general type for low genus
Siegel varieties (cf. Theorem 1.1 [Hul0O]).

In Section 3 of [YZ2014], we show that there are
some restricted conditions to get a projective smooth
toroidal compactification of a Siegel variety with nor-
mal crossing boundary divisor. To prove the theorem
2.7, we need a projective smooth compactification of
a Siegel variety with normal crossing boundary divi-
sor. For further studies on non locally symmetric va-
rieties, we prefer the following consequence of Hiron-
aka’s Main theorem II to directly refining cone decom-
position in smooth toroidal compactifications.

Theorem 2.9 (Hironaka cf. [Hir63]). Let C be re-
duced divisor on a nonsingular variety W over a field
k of characteristic zero. There exists a sequence of
monoidal transformations

{mj:Wj=0z, ,(Wjm1) > W |[1<j< 1}

(0z(X) — X means the monoidal transform of X with
the center Z) and reduced divisor D; on W; for 1 < j <l
such that

i. Wo=W,Dy=C,
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ii. Dj =m; '(D;
TT; (Dj l)red)

iii. Z; is a nonsingular closed subvariety contained
in Dj,

iv. W*:=W, is a nonsingular variety and D.. := D, is a
simple normal crossing divisor on W*.

1) (Here 7;'(D; 1) is defined to be

Moreover, the map « = mo---om is a proper birational
morphism from W* to W such that the restriction mor-
phism r|y-p_ : W*\ D — W\ C is an isomorphism.

Proof of Theorem 2.7. We fix a Ty, (or GL(g,Z))-ad-
missible polyhedral decomposition Xz, of C(Fo) regu-
lar with respect to Sp(g,Z) such that the induced sym-
metric Sp(g,Z)-admissible family {23}z of polyhedral
decompositions is projective.

Let N > max{3,N(g,/)} be an integer and define n:=
NI. Since we fixed the decomposition Zz,, we have the
following commutative diagram:

_ Ay _
Agn — Agu

ﬁg‘nl lﬁgﬁl

%

2’nl
Agp — A

The lemma 2.1 shows that there is
I:;,[Dm,l = NDw,n

where D..; == Ay \ Agy and D.., := Agn \ Agp.

The components of the boundary divisor D.., =
Agn\ A, may have self-intersections. However, Hi-
ronaka’s results on resolution of singularities show
that there exists a smooth compactification ﬂg,,, of
A, » and a proper birational morphism

(2.9.1) Vit Agn — Agn

such that

. f)mn = v*(D mn)red is a simple normal crossing di-
visor, Agn —Dwyn = A, ,, and the restricted mor-
phism v, | 4,, is the identity morphism;

o furthermore, write D..,, = 2521 D; and let D; be the
strict transform of D;, then

! !
V:; (Dw’”) = zDi +E7 and D°°.,n = zDi ‘|‘Ered

i=1 i=1
(Here E.q is the exceptional divisor of v,).

Then we get:

1 ]
VZ(DW,VL) = zDi +E= zDi+Ered+ (E _Ered)

i=1 i=1

= 500.11 + (E - Ered)~

Let ko := N(g,l) and let f € Sy (,41)(T¢(/)) be a non
trivial cusp form. Let 6y := f(dV)%* € T( A, wffl’; ) where
dV is the standard Euclidean form on the Siegel space

. By the lemma 2.2, we have [, (671 6))"* < .
Theorem 2.1 in [Sak77] says that ef defines a k-ple

g“ -form on A, with at most (k — 1)-ple poles along
D‘x,ﬁn, ie.,

O, € H (Ag,,,a)®k° ©0 4, ((ko—1)D,)).

Let D, be the Zariski closure in A4, of the zero di-
visor of f on A, ,, and let m; be the vanishing order of
f at the cusp §(W,), where W, is the one dimensional
isotropic real subspace of Vi generated by the vector
eq. Since A, , can be regarded as the normalization of
the blowing-up of A;, along the ideal sheaf 7 sup-
ported on the subscheme A, \ A, »,, we have

div(dg) = NmyV, (Dec.n) + Dy
= NifDeepy+ Ny (E — Ereq) + Dg.

Thus, we get

030 ©05 (ko= 1)Dep)
g.n

=0z, (dlv(ﬂg))
=0g,, (N1¢Dew g+ Ny (E — Ereq) +Dy),

and

03" = O, (Nmp—ko+ 1)Deoy+ N (E — Exea) +Dy).
Since D..,, (E — Eeq) and D, are all effective divi-
sors on A, ,, we have that

0%, , (D)™ C 05, (W(Deoy + (E — Erea) + Dy))

i
C wz n" for Vi > Nmy.

Therefore o e becomes a big line bundle on Zgﬁ by
the corollary 2.5. O

There is extensive work on the relationship be-
tween the existence of special modular forms and
the geometry of moduli spaces of abelian varieties.
The principal of using the existence of low weight
cusp forms to study the Kodaira dimension of mod-
uli spaces of polarized abelian varieties is first used
in [GS96] and [Grit95], our theorem 2.7 provides a dif-
ferent version of this principal. The principal is also
efficient for studying moduli spaces of K3 surfaces
and moduli spaces of irreducible symplectic mani-
folds (cf. [Kon93] & [GHS11]); Gritsenko,Hulek and
Sankaran have proven that the moduli spaces of po-
larized K3 surfaces are general type (cf. [GHSO7]).
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Appendix
A.1 On General Type Varieties

We will show that one can obtain a variety of gen-
eral type from any variety of logarithmic general type
by covering method. This subsection is parallel to
part of work of Mumford in Section 4 of [Mum?77], but
our result is a little generalization and our technique
is difficult from [Mum77].

Let X be a complex manifold which is a Zariski
open set of a compact complex manifold X such that
such that the boundary D := X — X is divisor with at
most simple normal crossing. Let L be a holomorphic
line bundle on X. For any positive integer m, let ®,,;
be a meromorphic map define by a basis of H(X,mL).
The L-dimension of X is defined to be

Y maxmeN(L,X){dimC((DmL(Y))}v if N(L,X)
(L, X) '_{ oo if N(L,X)

#0;
’ :07
where N(L,X) := {m > 0| dim¢ H*(X,mL) > 0}. We call
k(X) := k(Ox(K¥),X) Kodaira dimension of X, and
K(X) := k(Ox(Kx + D), X) logarithmic Kodaira dimen-
sion of X. X is said to be of general type (resp.
logarithmic general type) if x(X) (resp. k(X)) equals
to dimX. All definitions above are independent of
the choice of smooth compactification of X (cf.
[Tlitaka77]).

Lemma A.l. Let (X,D) be a compact complex mani-
fold with a simple normal crossing divisor D. Let m,l
be two arbitrary positive integers, we then have an
isomorphism
(A.1.1)

0~ . | m-ple n-form on X with at most
H(X, Ox(mKy +1D)) = { [-plepolesalong D }

Proof. We have a system of coordinates charts
{(Uq, (2§, ,2%))}o ON X satisfying X = {J,, Uq. Let o be
a holomorphic section of Oy(D) defining D. We can
write o = {0y}« such that (6,) = DNU, with the rule
Oa = 8,30p Vo, B, where every 6, is a transition func-
tion of the line bundle Ox(D).

Let ¢ € H'(X,0(mKy +1D)) be a global holomorphic
section. We write ¢ = {¢, } such that

Po :k’gﬁﬁéﬁ(pﬁ on Uy NUg,
8z,’»3

o
3zj

the canonical line bundle Ox(Ky). Then, we obtain the

where every k,g = det(577) is a transition function of

corresponding m-ple n-form o = {w,}, on X as fol-
lows:

Oy = %(dz? A Adz®)™ in Uy.
o

Conversely, let o be a m-ple n-form on X with at
most /-ple poles along D. Since Uy ND = {z{! ---z{* = 0},
we have

Sa(dZ& N NdZE)"

WDy = O =
o Ve (@) ()

on Uy,

where every s; in an positive integer with s; <I. Then,
we can write o = {®q } Where
Qo (dz¥ A NdZE)™

0y = 0|y, = ; on Uy.
Ga

Since wy, = wg on Uy NUg, then ¢ = {@y}, defines
a global section in H(X,0(mKx + ID)) with div(¢) ~
mKY—FZD. O

Lemma A.2 (Kawamata cf. [EV] & [Kawa81]). Let X be
a n-dimensional quasi-projective nonsingular variety
and let D =Y, D; be a simple normal crossing divi-
soronX. Letdy,--- ,d, be positive integers. There exists
a quasi-projective nonsingular variety Z and a finite
surjective morphism y:Z — X such that

I YkDi :Nj(’rkDi)red ori= 1,'-‘ 1y
ii. y*D is a simple normal crossing divisor.

Theorem A.3. Let X be a complex non-singular quasi-
projective variety of logarithmic general type. There
is a nonsingular quasi-projective variety Y of general
type with a finite surjective morphism f:Y — X.

Proof. Let n = dimcX. Let X be a projective smooth
compactification of X with a simple normal crossing
boundary divisor B. Since ¥(Y) := x(Kg+B,X) =n, it is
shown by Sakai in Proposition 2.2 of [Sak77] that for
some integer N > 0 there are meromorphic differen-
tials

N0, ,Mn € H'(X, Ox(NKx + (N — 1)B))

such that {n;/no,---,M./N0} is a transcendence base of
the function field C(X).

Let d be an integer more than N. We use Kawa-
mata’s covering trick by setting d = Ny =N, = --- in
the lemma A.2 to get a projective manifold Y, and
a finite surjective morphism f:Y; — X such that
f*(B) =dD,, where D, is a simple normal crossing di-
visor on Y.

We begin to show that Y, is of general type.

For any p €Y, we choose a local system of regular
coordinates (zi,---,z,) in the polycylindrical neighbor-
hood U, :={|z1| <rp,---,|za| <rp} Of p such thatif p € D,
then the equation z; ---z; = 0 defines D, around p. For
q = my(p), we choose a local system of regular coordi-
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nates (wi,---,w,) in the polycylindrical neighborhood
Wy :={|wi| <rg,--+,|wa| <ry} of g such thatif g € B then
the equation wy ---w, = 0 defines B around 4.

By definition, we have (f)~!(B) c D; and f*w; =
I1,2;"& with n;; > 0, where ¢ is an unit around p. Thus
we have f*< dw‘ =N dzf + df‘ € Q'(logD,) around the
point p.

Let w € {no,---,n.} be an element. Since

H°(X,05(NKx + (N —1)B))

N-ple n-form on X with
at most (N — 1)-ple poles along B

1%

we can write

(dwi A---dwy)V
o=g(w) —Wil ol on W,
where g(w) is a holomorphic function on W, and
s1,--+,s are integers in [0,N — 1]. Around the point g,
we then have

! dwi A---dw,

N on W,
11 Wi-w,

where h(w) is a holomorphic function on W,. Since
f*(B) = dD,, we get that

t s
f*(Hwi) = (Hzi)d - £ around p
i=1 j=1
where ¢ is a unit around p, and we get that

(H dZ] A - dZn )N

S

around p

where k(z) is a holomorphic function around p. Thus
each f*(n;) is regular on Y,. The lemma A.1 says
that all f*(ny), -, f*(n,) are in H°(X, O¢(NKy)). There-
fore, {f*(£).---.f*({*)} is a transcendence base of the
function field C(Y,) and Y, is of general type. O

A.2 On Siegel Modular Forms

Some materials related to the Satake-Baily-Borel
compactification of a Siegel variety are taken from
[BB66].

e Denote congruent groups by

(A.3.1)
(1) :=Sp(g. Z),
To(n):={y€Sp(s,Z) | yY=hy modn}Vn>2.

Obviously, each T,(n) is a normal subgroup of
Sp(g,Z) with finite index. For convenience, we
write T, for Ty(1).

e A subgroup I" C Sp(g,Q) is said to be arithmetic if
p(T) is commensurable with p(Sp(g,Q)) NGL(n,Z)
for some embedding p : Sp(g,Q) —— GL(n,Q). By
a result of Borel, a subgroup T C Sp(g,Q) arith-
metic if and only if p/(T") is commensurable with
p'(Sp(g,Q)) N GL(n',Z) for every embedding p’ :
Sp(g,Q) — GL(n/). We note that a subgroup I' C
Sp(g,Z) is arithmetic if and only if [Sp(g,Z) : T] < ce.

e Let k' be a subfield of C. An automorphism o of
a k’-vector space is defined to be neat (or torsion
free) if its eigenvalues in C generate a torsion free
subgroup of C. An element /4 € Sp(g,Q) is said to
be neat (or torsion free) if p(h) is neat for one
faithful representation p of Sp(g,Q). A subgroup
I' C Sp(g,R) is neat if all elements of T are torsion
free. It is known that if n > 3 then I,(n) is a neat
arithmetic subgroup of Sp(g,Q).

The Siegel space $, of degree g is a complex man-
ifold defined to be the set of all symmetric matrices
over C of degree g whose imaginary parts are positive
defined. The action of Sp(g,R) on %, is defined as

A B\, _ _At+B

C D T Ct+D’
It is known that the simple real Lie group Sp(g,R) acts
on §), transitively. A Siegel variety is defined to be
Agr :=T'\$,, where T is an arithmetic subgroup of

Sp(g, Q).

e A Siegel variety A, r is a normal quasi-project va-
riety.

e Any neat arithmetic subgroup I' of Sp(g,Q) acts
freely on the Siegel Space ), then the induced
A, r 1s a regular quasi-projective complex variety
of dimension g(g+1)/2.

e A Siegel variety of degree g with level » is de-
fined to be

Agn =Ty (n)\9g.

Thus, the Siegel varieties A, , (n > 3) are quasi-
projective complex manifolds.

The Siegel space $, can be realized as a bounded
domain parameterizing weight one polarized Hodge
structures:

Proposition (Borel’s embedding cf. [Sat] & [Del73]).
Define

G, = 6(VR,y) :={F' € Grass(g,Vc) ) | w(F',F') =0,
V—=Tly(F',F1) > 0}.

The map 1 : H, — &, 17— F, identifies the Siegel

space $, with the period domain &,, where F} =

the subspace of V¢ spanned by the column vectors
of (1,)- Moreover, the map h is biholomorphic.
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We set

&, :={F' € Grass(g,Vec) | w(F',F') =0,
V=Ty(F',F1) >0},
06, :={F' € &, |[V/—Ty(F',F) >0,
v(-,7) is degenerate on F'}.

={F' €&, |[F'nF is a non trivial isotropic space}

A boundary component of the Siegel space &, =
S(V,y) is a subset in d&, given by

FWr):={F' €&, | F'nFI =W C

where Wy is an isotopic real subspace of Vg}.

A boundary component §(W) of the Siegel space &, is
rational (i.e., (W) is a cusp) if and only if W =Wy ®R,
where Wy is an isotropic subspace of (Vg, y).

Define $; := U 3. The set $; is stable un-
cusps
der the action of Sp(g,Q). Actually, the set 9, is a

disjoint union of locally closed Sp(g,Q)-orbits §; =

OOLOJOIO-~-OOg, and each orbit O, is a set of disjoint
union rational boundary components with same rank,
i.e.,
Op_y = U F(wW).
F(W)with dimg W=r

In particular, O, = §({0}) = $,. Let I" be an arbitrary
arithmetic subgroup of Sp(g,Q). Let Aer = \$; be
the Satake-Baily-Borel compactification of A4, r. It is
known that the analytic variety Agr has an algebraic
structure as a normal projective complex variety.

Let [ be an arbitrary positive integer. It is known
that there is §(W) = $,_, for any cusp with dimg W =r.
Therefore, the quotient I'y(/)\O,—, is a disjoint union
of [Sp(g,Z) : T,(1)] locally closed subsets, and each dis-
joint component of I',(/)\O, is canonically isomorphic
to the Siegel variety A,_,,;. The Satake-Baily-Borel com-
pactification Az of the Siegel variety A, is

A= Te(D\9,
= (Te(N\O) JT(O\ON) -+ (T ()\Og).-

In particular, we have A; = A;JA;-1U---UAo. The
construction of Satake-Baily-Borel compactifications
shows there is a natural morphism

(A.3.2) Ao+ Ay — Ag

for any two positive integers m,n with m|n.

Definition A.4 (Cf. [Fre]). Let k> 1,n>1,g > 2 be in-
tegers. A complex-valued function on $), is called a
Siegel modular form of weight k, degree g and level
n if the following conditions are satisfied:

e f:$, — Cis a holomorphic function;
o f(7) = (fly)(7) := det(CT + D) f(¥(7)) Vy = (£5) €
Fg(")-
Denote by

My (T (n)) := {Siegel modular forms of weight &,

degree g and level n}.

Recall some important properties of Siegel modu-
lar forms (cf. [Fre]): Let f € Mg (T, (n))(g > 2). The Siegel
modular form f has an expansion of the form

V—Ir

n

(A4.1) f(r)= c(A)exp(
2A€Sym,(Z),A>0

Tr(AT))

where ¢(A) are constant coefficients. The series A.4.1
converges absolutely on $, and uniformly on each
subset of 6, of the form Wf = {X+/—-1Y € §, | Y >
eh,} with € > 0. In particular, f is bounded on each
subsets. All coefficients ¢(A) for 24 € Sym,(Z) and A >0
satisfy

(A42)  c('VAV) = (det(V))rexp(~ Y%

Tr(AVU))c(A)

0 'v
The series A.4.1 is called the Fourier expansion of f,
and any c(A) with 24 € Sym,(Z) and A > 0 is a Fourier
coefficient of f.
Let n be an arbitrary positive integer. Define 1, =
(g \/%n) in $, with 7’ € $,_1, > 0. By Proposition 1.3
in Section 1 [YZ2014], ,152 7, corresponds to the fol-

for any M € T,(n) of the form M = M(V,U) = (V’l u )

lowing element in 0&,

Fy .. := the subspace of V¢ spanned by

T 0
0 1
the column vectors of
I,y 0O
0 0

Let W, be the one dimension isotropic real subspace
of Vg generated by e,. Fy .. is actually in the cusp F(W,).
The properties A.4.1 and A.4.2 guarantee that any
modular f € My(I,(n)) can extend to be a holomorphic
function on

GHY) U 3
Cusp FwithF(We)<F
we then have
f(Fp ) = lim f( vop0 ) =@ (f)(T)
el =R o v )T
A0
0 O

))exp(\/jlnTr(A/T/)).

c( (
2A’e€Sym,_(Z),A’>0

Therefore, for g > 2 we can define the Siegel operators
D, : My (T(n)) — My(F,—1(n)) by sending f to ®,(f) for

16 Norices or THE ICCM

VoLUME 7, NUMBER 2



all positive integer n. For any integersn> 1,k >1,g > 2,

Sk(Tg(n)) := {f € My(Tg(n)) | @a(f]y) = O for Vy € T}

is a set of all Siegel cusp forms of weight k, degree g
and level n.
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