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Yau in My Life

I met Yau personally in 1993, exactly 25 years
ago, but I heard about Yau for the first time in 1980,
during my first year of PhD study at mechmat! of
Moscow State University.

Mechmat was one of the largest math depart-
ments in the world. It was divided into nearly 30
chairs (divisions) according to the subject. My super-
visor was Eugene Landis (from the chair of differen-
tial equations) who worked in the area of linear ellip-
tic and parabolic PDEs of the 2™ order. Initially he
wanted me to work on the Harnack inequality and
Liouville theorems for elliptic PDEs in non-divergent
form, but this problem was solved in the same year by
Krylov and Safonov [6] (both from the chair of prob-
ability theory), so that Landis was thinking of getting
another problem for me.

At one of the mechmat seminars, he heard a talk
by another PhD student, supervised by I. M. Gel’fand
(from the chair of functional analysis). The talk was
about PDEs on Riemannian manifolds, and Landis was
excited about new prospects that may arise because
of interrelation of PDEs with geometry. After the talk,
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Gel'fand explained that this subject was initiated by
S.-T. Yau—*a young Chinese genius from the US”, as
he said. And he concluded his comments by advising
to everybody: “Read Yau!”

Landis forwarded Gel'fand’s advice to me. He pre-
sumed that Yau was quite young and his list of publi-
cations should be rather short. Landis wanted me to
see what kind of problems were interesting in PDEs
on manifolds and hoped that it would be possible to
apply his rather geometric methods in PDEs to the
manifold setting.

So, I went to the library to “read Yau”. The li-
brary of mechmat was a unique one. On top of hav-
ing subscriptions to all major international journals,
every single article from every issue of every journal
was catalogued there by the names of all coauthors
(and this was long before the advent of MathSciNet!).
So, I opened a “Y” drawer and quickly found a thick
bunch of library cards with the name “S.-T. Yau” on
them. The author S.-T. Yau was obviously a prolific
one!

Nowadays MathSciNet gives 50 publications of
Yau up to 1980. It was impossible to read all of them,
so I looked at a few randomly chosen papers but
could not find results of the kind that Landis men-
tioned.

So, I decided to do something myself. One of the
tools of Landis was his multidimensional version of
the mean value theorem: existence of a surface sep-
arating two concentric spheres such that the flux
through this surface of a given function has a cer-
tain bound. I extended this lemma to a manifold set-
ting and obtained with its help the following result:
if, on a complete manifold M, the volume V (x,r) of a
geodesic ball of radius r centered at x admits the esti-
mate V (x,r) = o (r*) as r — « then M is parabolic, that
is, any positive superharmonic function on M is con-
stant. I was quite excited by this result and quickly
wrote a paper on that. However, Landis insisted that I
should read Yau more carefully to make sure that the
result was really new.
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I went to the library again and this time found,
indeed, a paper by S. Y. Cheng and S.-T. Yau [1] from
1975 where they proved a better result: if, for some
eEM,

(1) Vx,r)=0(r?) asr—o

then M is parabolic. Of course, I was hugely dis-
appointed: my first really interesting discovery was
known already 5 years ago! Besides, the proof was
simpler than mine.

Now I appreciated the advice of Gel'fand “read
Yau” and read carefully a few papers of him including
[1], [9], [14], [15], [16], [17], [19]. These papers of Yau
shaped my interest in the subject of PDEs on man-
ifolds and basically determined my future work in
mathematics.

However, the result of [1] remained for me most
striking. From a probabilistic point of view, the
parabolicity of a manifold M is equivalent to the re-
currence of Brownian motion on M. Hence, the condi-
tion (1) implies recurrence, which, in particular, gives
a geometric explanation of a celebrated theorem of
Polya [13] that Brownian motion is recurrent in R” if
and only if n < 2.

The idea that certain restrictions on the volume
growth may affect properties of solutions of PDEs as
well as properties of sample paths of stochastic pro-
cesses on M, kept appearing in my research over years
again and again. It is not obvious at all that such a
rough geometric characteristic as volume should af-
fect long time behavior of Brownian paths, in partic-
ular, recurrence.

Nevertheless, a similar result turned out to be
true also for stochastic completeness: if, for some
XEM,

V (x,r) <exp (Crz)

then Brownian motion is stochastically complete, that
is, its lifetime is o [2].

More recently, I was studying a semi-linear in-
equality

(2) Au+u® <0 onM

where ¢ > 1, and proved that if, for some x ¢ M and
all large r,

V(x,r) <CrIn?r,

where p= 2% and ¢ = L, then (2) has no positive so-

lution [4]. This result can be regarded as a generaliza-
tion of [1] since any solution to (2) is superharmonic.
I am sure that the topic with volume growth con-
ditions is not yet exhausted and more results are to
be expected.
After completing my PhD in 1982, I switched from
elliptic PDEs to parabolic ones, also in the setting of

Riemannian manifolds. My purpose was to obtain, un-
der appropriate assumptions, the parabolic Harnack
inequality similar to the one of Jirgen Moser [12]
in the Euclidean setting. I was inspired, in particu-
lar, by the work of S. A. Molchanov [11] who gave
from a probabilistic perspective very subtle short
time asymptotics of the heat kernel, and by the work
of A. K. Gushchin [5] who obtained two sided esti-
mates of the heat kernel with the Neumann boundary
condition in unbounded domains in R” taking into ac-
count the geometry of the domain. I was using the
methods of Landis [8] as well as some tools from [7]
and came up with a theorem that the volume doubling
condition and the scale invariant Poincaré inequality
imply the uniform parabolic Harnack inequality for
the heat equation and, hence, two sided Gaussian es-
timates of the heat kernel.

So, it was a good time to read Yau again! In one of
my trips to Moscow (at that time I was working in Vol-
gograd State University) I came across a groundbreak-
ing paper of Peter Li and S.-T. Yau [10] of 1986, where
they proved the gradient estimates for the heat equa-
tion and used them to obtain two-sided Gaussian esti-
mates of the heat kernel on manifolds of non-negative
Ricci curvature. This result motivated me to check
if my conditions (volume doubling and Poincaré in-
equality) were satisfied on such manifolds. The an-
swer was positive and I included my proof of that fact
into my paper [3] on this subject.

The paper [10] of Li and Yau exerted an enor-
mous impact on geometric analysis. It is the sec-
ond most cited paper of S.-T. Yau after [18] where
he solved Calabi’s conjecture. Apart from stimulat-
ing further research on elliptic and parabolic PDEs on
manifolds, the gradient estimates of Li and Yau moti-
vated Richard Hamilton in his program on Ricci flow
that eventually lead to the resolution of the Poincaré
conjecture by Grigory Perel’'man.

In 1993, I could finally meet Yau in person. I vis-
ited CUNY by invitation of Isaac Chavel and wrote
Yau a letter about my desire to come to Harvard to
meet him. Surprisingly for me, he replied positively
and invited me to give a talk at his differential geom-
etry seminar. I was speaking about the result I was
most proud of—the aforementioned conditions for
the parabolic Harnack inequality, but in the middle of
the talk I noticed that Yau closed the eyes! I blamed
myself that, perhaps, my talk was too boring so that
Yau fell asleep. However, to my surprise and joy, Yau
asked at the end a cascade of questions showing his
full understanding of my talk. Moreover, he invited
me to visit Harvard next year for a few months.

That visit made a great impact not only on my
future career but also on my whole family. For my
daughter who got her PhD in literature, the Harvard
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Library was one of the frequent professional destina-
tions. And after meeting with Yau and his family, it
was not by surprise, that my son chose also a career
of a mathematician.

When speaking about Yau, it is impossible not to
mention his dedication to China, Chinese history, Chi-
nese culture, and last but not least, to the Chinese cui-
sine. During each of my visits to Harvard, he would in-
vite me to a lunch or dinner at the Chinese restaurant
at Harvard Square, where I came to like Chinese food
and learned how to use chopsticks. Due to the invi-
tation of Yau, I visited in 1998 for the first time his
Alma Mater—the Chinese University of Hong Kong.

Hong Kong has become a most beloved place also
for my family. And now my granddaughter is proud
to be the best in the family to use chopsticks because
she was visiting Hong Kong with my wife and I every
year for the past ten years.

Yau’s contribution to the rise of mathematics in
the world and, in particualar, in China is impossible to
overestimate. A number of Institutes and Centers of
Mathematics that were arranged under his patronage
and leadership in Harvard, Beijing, Hangzhou, Hong
Kong, Sanya, Shenzhen, and Taiwan give constant im-
petus to the fostering of young mathematical talents.
And they all have opportunities not only to read Yau
but also to listen to Yau!
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