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Abstract. Starting with a four-dimensional gauge
theory approach to rational, elliptic, and trigo-
nometric solutions of the Yang-Baxter equation,
we determine the corresponding quantum group
deformations to all orders in # by deducing their RTT
presentations. The arguments we give are a mix of
familiar ones with reasoning that is more transparent
from the four-dimensional gauge theory point of
view. The arguments apply most directly for gl, and
can be extended to all simple Lie algebras other than
eg by taking into account the self-duality of some
representations, the framing anomaly for Wilson
operators, and the existence of quantum vertices at
which several Wilson operators can end.
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1. Introduction

Several years ago, it was argued by one of us
[1], originally on the basis of relatively abstract
arguments, that the usual rational, elliptic, and
trigonometric solutions of the Yang-Baxter equation
can be systematically derived from a certain four-
dimensional gauge theory. Recently [2], we have re-
formulated this approach in a more direct way and
developed it further. Familiarity with that paper will
be assumed here. For an informal introduction to this
subject, see [3].
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The four-dimensional gauge theory in question
is most simply defined on a product four-manifold
¥ x C, where X is a smooth oriented two-manifold and
C is a complex Riemann surface. In the present paper,
our considerations are local along X, so the choice of
¥ does not matter. We will simply take X to be the xy
plane. C on the other hand is endowed with a holo-
morphic differential @ that has no zeroes and that
has poles at infinity along C (that is, there is a com-
pactification C of € such that o has a pole at each
point of C\C). This condition leaves three choices of
C, which may be the complex plane C, C* = C\{0}, or
a Riemann surface of genus 1. These choices corre-
spond to the rational, elliptic, and trigonometric so-
lutions of the Yang-Baxter equation.

In [2], the relevant structures were described and
computed to lowest nontrivial order in the quantum
deformation parameter 7. If G is the gauge group and
g its Lie algebra, then at the classical level the the-
ory has Wilson line operators associated to repre-
sentations of the algebra g[[z]]. At the quantum level,
there is a nontrivial R-matrix and a nontrivial opera-
tor product expansion (OPE) for these line operators;
in addition they are subject to a framing anomaly.
Moreover, at the quantum level the algebra g[[]], or
more precisely its universal enveloping algebra, is de-
formed to a quantum group.

In the rational, trigonometric, or elliptic case, the
relevant quantum group is known as the Yangian, the
quantum loop group, or the elliptic quantum group.
However, in [2], we saw the deformation from g[[z]]
only to lowest nontrivial order in 7. In the present pa-
per, we will describe a way to extend the analysis to
all orders in 7.

We should clarify the meaning of the phrase “all
orders.” Many of the formulas in this paper make
sense and are valid with 7 treated as a complex num-
ber. However, the theory introduced in [1] and further
developed here is, in its present form, only valid per-
turbatively. Hence, statements in the present paper
really refer to formal power series in 7.

To find a picture valid to all orders, we will de-
scribe in this paper what are known in the litera-
ture as RTT presentations for the relevant quantum
groups [4, 5, 6, 7, 8, 9]. We describe RTT presentations
in the simplest case, the Yangian of gly, in section 2.
The arguments are based on simple manipulations of
Wilson operators. In sections 3, 4, and 5, we extend
this treatment successively to soy, sp,y, sly, and to all
exceptional simple Lie algebras other than! eg. This
involves several new ingredients relative to the case
of gly, mainly the self-dual nature of certain Wilson
operators, the framing anomaly, and the existence of

1 Unfortunately, our approach does not work conveniently
for eg because its Yangian algebra does not have a convenient
representation. See section 5 for a fuller explanation.

vertices on which several Wilson operators can end.
In section 6, we explain in what sense the algebra de-
scribed by RTT presentations, for any of these cases,
is unique as a deformation of the universal envelop-
ing algebra of g[[z]]. In section 7, we extend the anal-
ysis to describe RTT presentations in the trigono-
metric case. This is more complicated than the ratio-
nal case, since trigonometric solutions of the Yang-
Baxter equations have less symmetry than rational
ones, and since in the gauge theory language a rather
subtle boundary condition is needed to describe the
trigonometric solutions of Yang-Baxter. It turns out
that our analysis in section 7 gives an interesting per-
spective on purely three-dimensional Chern-Simons
theory. We investigate in section 8 the uniqueness
of the algebras obtained from the trigonometric RTT
presentations, and meet a small surprise, which how-
ever turns out to have a simple explanation in the
gauge theory language: the most obvious uniqueness
hypothesis is not valid, as there are additional de-
formation parameters that appear when g has rank
greater than 1. Finally, in section 9, we explain what
one can say along similar lines in the elliptic case.

Many results in this paper are known from other
points of view. For example, the RTT presentations
which are our main focus are certainly already known,
at least for classical groups. The arguments in this
paper are a mix of familiar ones with reasoning
that is more transparent from the four-dimensional
gauge theory point of view. Some results presented
here may be novel and some arguments may add
something to what is previously known. For example,
the quantum determinant for sly is certainly already
known, but it possibly adds something to derive it
from a vertex with manifest symmetry that can be
constructed by elementary arguments. Also possibly
novel are the analogs we construct of the quantum
determinant for exceptional algebras (other than eg)
and the resulting RTT presentations, as well as the ad-
ditional deformation parameters that we find in sec-
tion 7 in the trigonometric case for algebras of rank
greater than 1.

2. RTT Relation for Y (gly)
2.1 Basics

We begin with the simplest case: the Yangian for
the algebra g = gly. This corresponds to taking C to be
the complex z-plane C.

Consider a general Wilson line supported at z =0,
and running along a straight line in the xy plane which
we will draw as horizontal. To specify such a Wilson
line at the classical level, we give a finite-dimensional
vector space W, together with a sequence of opera-
tors

(21) Tan W W =W
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for n > 0. We assume thatz,, w =0 for n>> 0. As we saw
in [2], section 3.3, from such a sequence of operators
we can construct a classical Wilson line in which the
n™ derivative of the gauge field ni,a;Ax,a is coupled by
tanw- At the classical level, the Wilson line is gauge-
invariant as long as the commutation relations

(22) [ta.n,W>tb.l71,W] = fabctc,n+m,W

are satisfied.

The situation is different at the quantum level.
In order for the Wilson line operator to be gauge-
invariant at the quantum level, the operators #,,w
need to satisfy a deformed version of the relation
(2.2). In our previous paper [2] we derived this fact
using two different methods; in section 5.4 (and in
particular eqn. (5.23)) we derived the order #*> correc-
tion to the relation by a slightly indirect method, and
in section 8 by an explicit two-loop computation.

Here, we will derive the quantum corrections to
this relation in yet another way, which will produce an
answer that is valid in all orders in 7. The algebra gen-
erated by 7,, and satisfying these quantum-corrected
commutation relations is known as the Yangian al-
gebra. The analysis is most simple for g = gly, and
we will make this assumption throughout the present
section.

Let ej be the elementary N x N matrix, with 1 in the
(i,j) entry and O elsewhere. We write t} for the corre-
sponding generator of gly. In the basis of gly given by
the t;-, the Lie algebra commutation relations read

(2.3) 1,4 = 851] — 8t} ,
and the invariant bilinear form is
(2.4) (t_;'-,t,") = 5;6f )

Since the notation }, for the generator of gly|[z]] corre-
sponding to tj.z" seems clumsy, we will write instead
t}i[n]. Acting on a tensor product W; ® W, of two rep-
resentations of gly, the invariant bilinear form (2.4)
determines an invariant operator which in the basis
given by the 7} is just

(2.5) C:th-@tij.
i

Now, consider a pair of Wilson lines in the xy
plane. In the horizontal direction, we take a general
Wilson operator associated to a representation W. For
the moment, we assume that W is a representation of
gly, and not a more general representation of gly[[z]].
Thus classically this Wilson line couples only to the
gauge field A and not to its z derivatives. In addition,
we take a vertical Wilson line in the fundamental,
N-dimensional representation of gly, at an arbitrary
value of z. The quasiclassical r-matrix, appearing in

R=1+har+...,

is in general c¢/z, as computed in [2],
section 4, where ¢ for gly is defined in eqn. (2.5). In
the present context, this is

1. .
(2.6) r:ZEt},W®e{:W®CN—>W®C’V.
i,j

(We use the fact that the generators of gl in the fun-
damental representation are #; = ¢'.)

Now, suppose that the horizontal Wilson line W is
associated classically to an arbitrary representation
of gly[[z]] so that };9¥A is coupled to an operator t}i_w[k}
(if no confusion arises we will just write tj.[k]). Cross-
ing this with the same vertical Wilson line as before,
the same calculation as in [2] tells us that, to lowest
order in A, the r-matrix is
(2.7)

1
=Yyt

i,j k>0

Mo =3 3 (-0t (i oc)).

i,j k>0

This tells us that, to leading order in #, we can
recover the operators ¢ W[k] acting on W by the fol-
lowing procedure. We Cross with a vertical Wilson
line in the fundamental representation at some point
z € C. We place incoming and outgoing states on (i|
and [;) on this vertical Wilson line above and below
the point at which it crosses the horizontal Wilson
line.? The R-matrix specialized in this way gives an
operator

(2.8) T,’(z) W =W

as in Fig. 1. If we then expand T/(z) in powers of z we
find

(2.9)

Ti(2) = 8+ 200) = e+ + (DK

/)

Figure 1. A vertical Wilson line, equipped with an
incoming state (i| and an outgoing state |j), gives rise
to an operator acting on the states of a horizontal
Wilson line.

2 As explained in [2], because the theory is infrared-free,
away from crossing points one can label each Wilson line by
a specified state in the appropriate representation of gl[z]].
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Comparing to eqn. (2.7), we see that the operators
tj. [m] reduce, modulo #, to the classical generators of
gly[[z]]- We can, however, take eqn. (2.9) as a defini-
tion of operators t;-[m] :W — W to all orders in %. The
goal of this section is to derive the relations satisfied
by those operators at the quantum level. We will do
this by deriving a relation, known as the RTT relation,
for the operator T]’ (z). This will imply that the opera-
tors tj [k] satisfy the relations of the Yangian algebra,
a deformation of the universal enveloping algebra of
aly [

To deduce the RTT relations, we consider a more
elaborate picture, with the same horizontal Wilson
line as before but now a pair of vertical Wilson lines
in the fundamental representation of gl,, at points
7,7 € C. This is illustrated in Fig. 2. We label the ver-
tical Wilson lines with respective incoming and out-
going states (i, |j) and (k|, |/}, as shown in the figure.
The operator we find on the horizontal Wilson line
(read from right to left in the figure) is then simply
the composition T;(z)T," (Z) of the separate operators
from the two vertical Wilson lines.

@l (K

Figure 2. Two parallel vertical Wilson lines crossing a
horizontal one lead to a composition of the
corresponding operators.

The goal now is to find relations among the op-
erators T}(z) by moving the two vertical Wilson lines
past each other. However, if we do this while keeping
them vertical, then at some point they will coincide
if projected to the xy plane, and this does not lead
to a conventional simple picture. It is more useful
to let the “vertical” Wilson lines bend at some point,
and cross each other, above or below the horizontal
Wilson line. There are two possible pictures, as indi-
cated in Fig. 3, and they are equivalent by virtue of the
same arguments that lead to the Yang-Baxter equa-
tion.

Let us now interpret both of these diagrams in
terms of operators on the horizontal Wilson line w.
Let us consider the diagram on the left, and read it
from top to bottom. At the crossing of the two verti-
cal Wilson lines, the R-matrix R(z —7’) will act on the
incoming and outgoing states. The crossing of a verti-
cal Wilson line with the horizontal one gives a factor
T} (z)- Thus, we can evaluate the diagrams as indicated
in Figs. 4 and 5.

The equivalence between the two pictures gives
us the following equation:

(2.10) ZR’kz )T7 ()T ( ZT' QTHR}(z—7) .

In interpreting this equation, note that the entries
RY(z—7) of the R-matrix are scalar functions, whereas
the entries 7/ of the T-operator are operators acting
on the representatlon W associated to the horizontal
Wilson line.

This equation is the RTT relation, and is often
written more succinctly as

(2.11) Rz—T()T(2) =TT )R(z—7).

Itis known (see [9, 7]) that this relation gives a presen-
tation of the Yangian algebra for gly. We will explain
in some detail how this works.

L)

Figure 3. Two vertical Wilson lines are “bent” to cross each other, above or below a given horizontal Wilson line.
(To avoid extraneous considerations involving a framing anomaly, one can extend the “vertical” Wilson lines in
this and subsequent pictures so that they are indeed asymptotically vertical.)
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Figure 4. The first picture in Fig. 3 can be evaluated as shown here.
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Figure 5. The second picture in Fig. 3 has this interpretation.

2.2 RTT Relation in Terms of an Expansion of 7(z)

As in eqgn. (2.9), let us expand the z-dependent op-
erator on the horizontal Wilson line 7j(z) in powers
in 1/z. The coefficients ¢i[m] in this expansion are a
quantum version of the operators which define the
coupling of -1.97A to the Wilson line.

Let P: CVN@CY — CY @ CN be the map which ex-
changes the two factors. The R matrix for the funda-
mental representation of gl is3

h
(2.12) R(z):1+2P.
This expression gives us the following diagrammatic
identities:

(il (K

3 See for example [2], section 3.5. Note that an overall scalar
factor multiplying the R-matrix is irrelevant for our consid-
erations here, as it does not affect the RTT relations.

\ = TiRTH) + 2T/ () TH(2) .

1y 1
From this we conclude that
@.13) 1) 1@ = = (-HOT @+ TRTE))

72—z
This equation is consistent at z = 7 because the ex-
pression in the brackets on the right hand side has a
zero when z =7.
We can rewrite eqn. (2.13) as an expression involv-
ing the generators [n]. We find that

(2.14)
> () e it ]

m,n>0
1

— Z(anfl 7(Z/)7n71)

a Zizl n>0
x (=18 = (~ 1"kl )
1 z (71);1+m (Z—n—l (Zl)—m—l o (Z/)_n_lz_m_1>

o
=2 n,m>0

x@mﬁm)

+n
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We can change z+— —z, 7 — —Z to absorb the signs.
The identity then becomes

(2.15)
3@t
= @ (e )

1

“h— 3 @ @) ) (i)

2=z n,m>0
Using the identity

—n—1 _ ()\—n—1
z (&)

=)+ ) T ()T,
Z—2Z

we find that the operators t; [n] satisfy the relation

(2.16)
> &) if ) | =

| B 2 (Zinil(zl)il JrZin(Z/)*z+...+Z*1(Z/)fn—1)
n>0
x (13— 11l

n+1

Y X @) (k] ~ ek n))

m<nr=m+?2

Equating coefficients gives us the commutation rela-
tions

(2.17)
(1] 3lm]]| = 4T+ 8] — e+ ] 8

—h z (tf[r]tf[m—ﬁ—n—l—r]—tli[m+n—l—r]tf[r]).

r+1<m,n

These are the commutations relations of gly[[z]], mod-
ified by a correction of order 7 that we will further
discuss below.

2.3 Coproduct

Next, let us describe the physical interpretation
of the coproduct on the Yangian, in the RTT presen-
tation. The coproduct on the Yangian tells us how the
Yangian algebra acts on the tensor product of two
modules for the algebra. In terms of line operators,
the coproduct on the Yangian will tell us how the
generators r4[2] act on a horizontal Wilson line which
is obtained by fusing two parallel horizontal Wilson
lines.

To understand this, let us consider a configura-
tion (Fig. 6) of two horizontal line operators L; and L,
in arbitrary representations and one vertical line op-
erator in the fundamental representation, with cho-
sen incoming and outgoing states on the vertical line.
We let TJ’ (z,L1 ® L,) denote the operator that acts in

Ly

L,

/)

Figure 6. The configuration of Wilson lines associated
to the coproduct.

this situation on the composite line operator obtained
from fusing the two horizontal lines, and we write
T}(;Ll) and T;(z,Lz) for the corresponding operators
on the individual Wilson lines. We let #,,, i=1,2 and
1,01, denote the Hilbert spaces at the end of the in-
dividual horizontal Wilson lines and at the end of the
fused Wilson line. We have

(2.18) Hior, =He, @Hi, -

The operators T7(z,L;) and T}(z,L; ® L,) are linear op-
erators on the spaces Hy,, Hr, =1, respectively.

In Fig. 6, we can move the two horizontal Wilson
lines in the vertical direction without changing any-
thing, as long as the horizontal lines do not cross.
When the lines are close together, the operator de-
scribed by Fig. 6 is T}(z,Ll ® L,). When the lines are
far apart, we can decompose the operator by sum-
ming over intermediate states placed on the vertical
segment between the two horizontal lines. This yields
> Ti(z.Ly) ®Tjk(z7L2), where the sum over k comes from
the fact that the segment of the vertical Wilson line
between the two horizontal ones may carry an arbi-
trary label k. We conclude that

(2.19) Tz, L1 ©Ly) = 3 Ti(z,L1) 9T} (z,Ly) -
k

In the language of algebra, this identity tells us that
the coproduct on the Yangian algebra (defined by the
RTT relation (2.11)) is

(2.20) ATHz) =Y Ti(2) @ THz) .
k

In terms of the expansion

(2.21) Ti(z) =8 +h Y,z " (—1)'ti[n],

n>0

the coproduct is

(2.22) Atj-[n] = t;[n] ®@1+1 ®t§-[n] -n oy l,’;[r]tf[s} .
r+s=n—1

Jury 2018
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For n = 0,1, this matches [2], egns. (5.19) and (5.18)
(with the structure constant given in eqn. (2.3)), where
we calculated the coproduct in the lowest non-trivial
order by a direct Feynman diagram calculation. One
surprising difference, however, is that the expression
in egn. (2.22) is exact, and holds to all orders in #.
This was not true for our calculation in [2], where
we only performed a lowest order approximation to
a Feynman diagram expansion that in principle could
extend to all orders.

2.4 A Different Set of Generators

There is an apparent discrepancy between the
RTT presentation of the Yangian and the consider-
ations of [2], section 5. There we found that the com-
mutation relations of g[[z]] do not need any correc-
tion of order % in order to be consistent with the
quantum-deformed coproduct. Only a correction of
1* was needed. In eqgn. (2.17), however, we found an
O(n) correction to the classical commutation relations
in gly[[z]], with no O(#?) correction.

In this section, to reconcile the two approaches,
we will see how to form a new set of generators built
from linear plus quadratic expressions in the gener-
ators t}[n] such that the algebra receives a correction
only in order 7. In these new generators, the com-
mutation relations in the algebra will not have any
quantum correction of order 7; the correction of or-
der #? will match that studied in [2], sections 5.4 and
8. The coproduct in these new generators will agree
with eqn. (2.22) modulo #?, but will have higher-order
corrections.

The new generators are defined by the transfor-
mation

(2.23) Fn=tfn]+n Yt rlekls].

r+s=n—1

We will find that modulo #?, the commutator between
two of the generators 7/[n] is given by the classical
commutation relations in the algebra gl,,[[z]].

To show this, we first calculate that

(2.24)
i} [n), 75 [m]]
= ;zf[n +m]— 5jl<‘tl"[n+m]

—h 2 (t,i[r]tf[m+n— 1—r]—tm+n—1 —r]tf[r])

r+1<m,n

+h X (8 et rlhls] — el 1)

wh X (1Al ] - S b5+ m])

In this expression we sum over repeated Greek in-
dices. The first two lines on the right are the original
commutation relations of the generators }[n]; the re-
maining lines describe the corrections coming from
the difference between 7i[n] and }[n].

We can rearrange this sum to give

= 8§/t [n+m] 75;(5,7[n+m]

_h Z (tl"[r]tf[m—l—n—l—r]—tf[m—i—n—l—r]tf[r])
—n % (eflm e rets] ]l s+ )

—n X (s it L)

r+s=m—1

+0O(r?).

Noting that
(2.26)
tf[r]t;[nJrs] ftf[n+r]tf[s] = t;[n+s]tf[r] 71‘{[5]1‘?[”4"‘] +0(n),

we find that all the order # terms in eqn. (2.25) cancel.
Therefore the generators 7¢[n] only have an order 7
correction to the classical commutation relation.
The first true quantum correction (that cannot be
removed by a change of generators) occurs at order
#*. We will write explicitly the order #*> contribution to
the commutation relation between elements of type

#i[1]. We will focus on the commutator [}[1],7/[1]] under

the assumption that the indices satisfy &/ =0, &} =0.
This does not restrict the domain of validity of the
result, because any terms in the commutator that in-
volve §/ or 8{‘ can be absorbed into a redefinition of
the level 2 generators.

One can calculate that

(2.27) [Ff11, 50| = 8752 - 8f72)

12 Y, (7 0174 017 0]74(0]] + ()
o,B

Thus the 7’s satisfy the commutation relations of
gly[[z]] modulo a correction of order #*. Further, the
coefficient of #> on the right hand side matches the
order 7? contribution to the commutation relations
computed in [2, section 8], up to a term that can be re-
absorbed into the definition of 7/2]. This is expected,
since as explained in [2, section 5.4] the coefficient of
the #” term can be fixed by the Jacobi identity and the
expression for the coproduct given in eqn. (2.22).

+h CIHEARSEAGHER) 3. RTT Presentation for Y(soy) and
r+s=m—1
, A Y(s
i X (s e+ rl ) (spay)
rbs=m—1 " We have seen how the Yangian for gl, arises in
+0O(1?) a natural way from our set-up. It is natural to ask
126 Nortices or THEICCM VoLuME 6, NUMBER 1



whether one can derive a similar expression for the
Yangian for other groups. In this section we will do
this for the Lie algebras soy and sp,y.

Let us start by defining some RTT relations for
a general simple Lie algebra g and an arbitrary irre-
ducible representation V, along the lines of the defini-
tion given in section 2 for the fundamental represen-
tation of gly. We assume that the Wilson line defined
classically using V lifts to a quantum Wilson line.

Choose a basis ¢; of V. The RTT algebra is gener-
ated by the coefficients of the series (2.9). The gener-
ators r‘[n] are subject to the relation

1) TRAG-ITEOFE =ZTE)

I‘f(Z—Z/) .

where R (z—7') are the matrix entries for the R-matrix
associated to two copies of the representation V, one
placed at z and one at 7'.

As in the analysis in section 2, the RTT algebra
associated to the representation V acts on the space
of states at the end of any horizontal Wilson line. The
action is defined by considering a configuration of
Wilson lines like

(il

/)

where the vertical Wilson line is associated to the rep-
resentation V and has incoming and outgoing states i
and ;. The horizontal Wilson line is associated to the
representation w.

When we studied the case of g = gly, we saw that
the operators t; [k] : W — W were quantizations of the
operators whereby the derivative %afA of the gauge

b4 7+ hhY

field is coupled to the horizontal Wilson line. The RTT
relation then told us the conditions that these oper-
ators must satisfy at the quantum level in order to
have a consistent Wilson line.

We would like to be able to make this statement
for a general group, but there is an immediate prob-
lem. There are many more operators tj- [k] then there
are generators of the Lie algebra gl[z]] whose repre-
sentations describe classical Wilson lines. For each %,
there are D? of these operators, where D is the dimen-
sion of the representation V, while the number we
want is the dimension of the Lie algebra g. Regard-
less of the choice of v, D? will be too large (except for
gly), so more relations are needed to remove the extra
generators. At the classical level, the extra relations
are familiar. For example, suppose that V is the fun-
damental N-dimensional representation of soy or sly.
The RTT relation alone will give N> generators t4[k], for
each k. At the classical level, soy is generated by an-
tisymmetric N x N matrices and sly by traceless ones,
so the extra relations on r'[k] are £[k] +/[k] = 0 for soy,
or Y, [k] =0 for sly.

The goal of this section is to see, from the point of
view of field theory, how to introduce extra relations
which will remove the redundant generators in the
case of the Yangian algebras of soy and sp,y. Other
Lie algebras are considered in sections 4 and 5. As a
matter of terminology, we will refer to eqn. (3.1) as the
RTT relation, while a set of relations including this
one that gives a complete description of an algebra
will be called an RTT presentation of that algebra.

Let V be the fundamental representation of soy
or sp,y, equipped with its symmetric or antisymmet-
ric invariant pairing. We can consider a curved Wilson
line in the xy plane labeled by this representation, but
when we do that, we have to take into account the
framing anomaly. In Fig. 7, we depict a curved Wilson
line in the representation V, which is curved so that
asymptotically both of its ends run vertically down-
wards. The endpoints of this line are labeled by states
that are basis vectors of V. Note that, because the rep-
resentation V is self-dual, each end is labeled by the

Z + hhv) Wy -

_sz

Figure 7. A curved Wilson line in representation V, with its ends labeled by basis vectors i and j, crossing a
horizontal Wilson line in an arbitrary representation W. The induced operator acting on W can be written as
shown in terms of a product of R-matrices. In doing so, one has to take into account the framing anomaly.
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b4 7+ hhY

b4 7+ hhY

Figure 8. The straight horizontal Wilson line can be moved in the vertical direction to avoid intersecting the
curved and asymptotically vertical one.

same representation V. This line crosses in the hori-
zontal direction a Wilson line labeled by an arbitrary
representation W. The operator that acts on the rep-
resentation W is, as shown in the figure, the product
T}(2)T/ (z+h") @y, where @y, indicates the pairing on Vv
(which is either symmetric or antisymmetric depend-
ing on whether we work with soy or sp,y). The shift
in one factor from z to z+ rhY reflects the framing
anomaly.

Now as in Fig. 8, we can move the horizontal Wil-
son line vertically so that it no longer intersects the
curved one. The equivalence of the two configura-
tions gives us the identity

(3.2) > 1(2)

Z-l-hhv) Wy = @;j -

If we specialize to soy with its fundamental rep-
resentation, we find

(3.3) ZT]‘ )T (24 (N —2)h) = &5,

where we use the fact that the dual Coxeter number
hY of soy is N —2 for N > 4.

If we write this expression in terms of the gener-
ators 7i[r], we find that the coefficient of 7z~"~' gives
us the relation

(3.4) [ ] —I—tlo [rf]=0 (modulo A),

so that the operators tj.[r] are skew-symmetric. This
tells us that, modulo #, the algebra obtained from sup-
plementing the RTT relation with eqn. (3.3) is the uni-
versal enveloping algebra of soy[[z]]. Concretely, the
RTT relation alone would give us an algebra of the
size of gly[[z]] (but with a different algebra structure?).
The new relation (3.4) reduces this to soy|[[z]]-

We can similarly consider sp,y. Let V denote the
2N dimensional vector representation, and choose a

4 The different algebra structure appears even semi-classi-
cally because the R-matrix involves the Casimir for soy in-
stead of gly.

Darboux basis ¢; of vV with pairing ;;. The dual Cox-
eter number of sp,y is N+ 1. Eqn. (3.2) takes the
form

(3.5) > 15 (2)

This relation implies that classically the generators
r‘[r] form a copy of the algebra sp,y|[z]]-

These relations are known in the literature [6, 10]
to give presentations of the Yangians for soy and of

5Pon-

z+h(N+1))a)kl—w,j

4. RTT Presentation for Y (sly)

We have seen in section 2 how to describe the
Yangian algebra associated to the group gly, using the
RTT relation. We have also derived in section 3 extra
relations that we can add to the RTT relation to get a
presentation of the Yangian algebra associated to soy
and sp,y. In this section we will use the results from
[2], section 7 on networks of Wilson lines to derive an
extra relation that one can add to the Yangian of gl
to get the Yangian for sly.

We will find in general that there is always an ex-
tra relation that we can add to the RTT relation when-
ever we have a vertex connecting multiple copies of
the same Wilson line. To start with, we will describe
this extra relation.

Let us consider the RTT algebra associated to a Lie
algebra g and a representation V as defined in section
3. We assume that V lifts to a Wilson line at the quan-
tum level. Suppose that v € V®" is a g-invariant vector,
and that we can quantize v to a vertex linking » copies
of the Wilson line. For simplicity we will assume that
v is cyclically invariant or anti-invariant, so that the
angles between successive Wilson lines are 27 /n.

Given such a vertex, we can bend the » lines em-
anating from the vertex so that they all run asymp-
totically downwards in the xy plane, as in Fig. 9. As
usual, when we do this, we have to take into account
the framing anomaly. Successive lines are displaced
in z by (2/n)ahY, as indicated in Fig. 9. We can now
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z z-l—%Zth z—i—%Zth

z+ %2hhv

z+g2rhY  z+ 22RKY

Figure 9. This is a diagram of a consistent quantum configuration built from an invariant tensor v € V=" which is
cyclically symmetric or antisymmetric, so that angles between successive lines at the vertex are 2rn/n. The lines
emanating from the vertex have been bent so as to all run asymptotically downwards. The framing anomaly
dictates the relative values of z at the bottom of the figure, where all lines are vertical. At the vertex all lines have
the same value of z. Sketched here is the case n = 6.

20

io i 153 i3 N is

X k
= Skoik Vkorks T (20) - T3 (25) -

Figure 10. This figure shows the effect of a horizontal Wilson line crossing a network of Wilson lines coming from
an invariant tensor v € V®°. All the vertical Wilson lines are in the representation V. The framing anomaly
dictates that z; = zo+ L2hh".

consider a horizontal Wilson line, in an arbitrary rep-
resentation W, as in Fig. 10. If the horizontal Wilson
line is below the vertex (and therefore intersects all n
lines that emanate from it), then the matrix acting on
the representation W is a product of » R-matrices, as
indicated in the figure.

But we are free as in Fig. 11 to move the hori-
zontal Wilson line so as not to intersect the vertical
network at all. This freedom leads to the following
identity:

4.1)
S Vo T @ T (24 200Y) T (24 2 )
kr
= vio,.u,l’n,l .

Note that eqn. (3.2) can be viewed as the special case
of this identity with n = 2.

Let us specialize the identity (4.1) to the case that
the vector space V which labels the vertical Wilson
lines is the fundamental representation of sly, and
that v € V®V is a totally antisymmetric element. This
configuration can be quantized, as shown in [2]. The
dual Coxeter number h" of sly is N. We therefore find
the identity®

4.2)
Y Alt(ko, ..., ky—1) T2 ()T (z+2) -+ TV (z+2(N — 1))
s

IN—1
= Alt(l'()7 e ,iNfl) s

where Alt is the alternating symbol.
Specializing further to the case that iy = 0,i; =
1,...,in-1 = N —1 (where our basis of Vv = CV is ey,

> What we are here calling Alt(ko,...,ky_1) is often written
Ekok;—ky_;» Where g is the antisymmetric Levi-Civita tensor.

Jury 2018

Norices oF THE ICCM 129



Figure 11. Topological invariance allows us to move the position of the horizontal Wilson line without effecting
the result.

el,...,ey—1) we find the identity

(4.3)
3 Alt(ko, .. ky—1)Tg0 (2)TF (2 +20) - T (z+2(N — 1)h)
kr
=1.

In the literature [9], this relation is often written as
(4.4) qDet(T(2)) =1,

where gDet is called the quantum determinant. It is
known that this relation, together with the RTT rela-
tion, is a complete presentation of the Yangian for sy
[7, 9].

Let us verify that this relation implies that, mod-
ulo 7, Yti[k] = 0 for each k. To check this, we use the
expansion in eqn. (2.9). Then the coefficient of z7* &
in egn. (4.3) tells us that
(4.5) Zt?[n] =0 (modulo ).

1

Thus, modulo #, the operators tj. [n] provide a basis for
the Lie algebra sly[[z]]. The higher-order terms in eqn.
(4.3), together with the RTT relation, provide quan-
tum corrections.

5. RTT Presentation for
Y(92),Y(§4),Y (es) and Y (e7)

In our analysis of the RTT presentation of the
Yangian for sly, we saw how the vertex connecting
n copies of the fundamental representation of sly led
to an extra relation in the RTT algebra: the quantum
determinant. In a similar way, we will use the cubic
invariant tensor in the fundamental representation of
g2, f4 and ¢ to give an RTT presentation of these al-
gebras. For ¢; we will use the invariant tensor in the
fourth power of the fundamental representation.

Unfortunately, we were unable to find an RTT pre-
sentation of e¢g, because this algebra does not have
a representation with convenient properties. The

lowest-dimensional non-trivial representation of eg
is the adjoint representation 248. The corresponding
Wilson line does not quantize: the two-loop anomaly
studied in [2], section 8, does not vanish for this rep-
resentation. The direct sum 2481 of the adjoint with
a trivial representation does quantize, but the meth-
ods of [2] do not lead to an easy construction of ver-
tices for this representation, as one would wish in or-
der to construct an RTT presentation. Considerations
of integrable S-matrices suggest that suitable vertices
exist, but we will not explore this direction.

Instead, let us start with g, 4 and ¢s, where the
methods of this paper do apply conveniently. Let V
be the lowest-dimensional representation of one of
these groups, so that V is either the 7 of g, the 26 of
f4, or the 27 of ¢c. In each case there is an essentially
unique invariant v € V3, which moreover is cyclically
invariant or anti-invariant. We have already observed
in [2], section 7.6, that in each case these represen-
tations quantize to line operators in our theory, and
that likewise the invariant v quantizes to a trivalent
vertex with relative angles 2r/3.

We will consider the three cases in turn, and then
move on to es.

5.1 Y(g2)

The Lie algebra g, is the endomorphisms of its
fundamental representation 7 which preserve both
the symmetric invariant pairing and the cubic anti-
symmetric invariant tensor. We can quantize this de-
scription of g, to give an RTT description of the Yan-
gian for g,.

As in our previous examples, the RTT relations
come from an analysis of a vertical Wilson line in the
7 crossing an arbitrary horizontal Wilson line. Thus,
the RTT algebra is generated by the coefficients of
a series (2.9), where the indices i,j now run from 1
to 7 and indicate a basis of the 7 of g, which is or-
thonormal with respect to the g;-invariant inner prod-
uct.
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These generators are subject to the RTT relation

(5.1) zﬂ&z T/ ()T} (2 Zr Rj(z=2)

where R is the R-matrix for the crossing of two Wilson
lines in the 7

We add two extra relations to this RTT relation.
One comes from the fact that the representation 7 is
self-dual. By an analysis identical to that in section 3,
this self-duality gives rise to the relation

(5.2) D THET (2 +hhY) = §;
k

ko

The framing anomaly, together with the fact that the
Wilson lines form angles of 2z/3 at the vertex, tells
us that the z-values of the Wilson lines (when they are
vertical) must satisfy

21 =20+ 30h" =20+ 51,

(5.4)
2 =2z+3hh" =z+8n.

If Q;; denotes the invariant tensor in 7¢3, then this
picture leads to the relation

(5.5)
zgkoklkz T;ﬁo (z) Ttllq (

If we expand this relation out in terms of the opera-
tors #[r], we find that

2nhY) T (24 40hY) =@

igiliy *

(5.6) Qk,mt (] + Qigkiy ,][ }—i—QWlkt [r]=0 (modulo 7).

This is the condition that the elements r}[r] preserve
the tensor Q modulo #. Together with the fact that
they are antisymmetric, it follows that modulo 7 the
elements 4[] live in gs[[2]].

As in section 2, the RTT relation by itself would
imply that the generators t’[ r] satisfy an algebra with
the size of gl;[[z]]. The other relations simply restrict
mod % to g;[[7]]-

5.2 Y(f4) and Y (eg)

The 26 of f, is real, so it has a symmetric invari-
ant bilinear pairing, and the Lie algebra f, is the alge-

where hV =4 is the dual Coxeter number of g;.

As in our analysis of soy and sp,y, if we write we
write this relation (5.2) in terms of the generators t; 7],
we find that the coefficient of az"~! gives us the re-
lation

(5.3) ] +1°[1] =0 (modulo 7),

so that the operators }[r] are skew-symmetric.

Next, let us add an additional relation coming
from the invariant tensor in 7%3. This relation comes
as in our discussion of the quantum determinant of
sly from the following picture:

ip i in

bra of endomorphisms of the 26 which preserve this
symmetric pairing and also the invariant 3-tensor in
26%3. As in our discussion of the Yangian of g,, we
find an RTT presentation of the Yangian for §, by im-
posing the quantum version of these relations. Let us
choose an orthonormal basis of the representation 26,
and let Q;; denote the invariant cubic tensor in this
basis. Then, the Yangian for f4 is generated by the co-
efficients of a series (2.9) where i,j now run from 1
to 26. The relations are

(5.7) ZRm =TT () =X T TR (z—2)
(5.8) ZT" )Tf(z+hhY) =&,
(5.9)

Z Qkoklkz io (Z) Tkl (Z+ zth) k2 (Z+ 4hhv) Q101112 :
ko k1 .ka

Here R* is the R-matrix associated to the crossing of
two Wilson lines in the representation 26 of f,, and
=9 is the dual Coxeter number of {,.

In the classical limit # — 0, these relations de-
scribe the universal enveloping algebra of f4[[7]].

For ¢¢, almost the same story holds, except that
the 27 of ¢ is not self-dual. Therefore we only have
two relations, instead of three. If we choose a basis
for the 27 and let Q;;; denote the invariant tensor in
2793, then the Yangian for ¢ is generated, as always,
by the coefficients of a series (2.9) where i, j run from
1 to 27. The relations are
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(5.10)

ZR"S <= Z

(5.11)
szoklszilgo (Z) Tkl (Z+ Zth) k7 (Z+ 4hhv) Qioiliz :

= ETETORG )

Since ¢¢ consists of the endomorphisms of the rep-
resentation 27 preserving the cubic invariant tensor,
these relations describe the universal enveloping al-
gebra of ¢][z]] in the classical limit.

5.3 Y(e7)

Classically, e¢; is the Lie algebra of endomor-
phisms of its representation 56 which preserve two
invariant tensors. The first is a skew-symmetric bilin-
ear form, and the second is a totally symmetric quar-
tic tensor.

In [2], section 7.11, we showed that the 56 of ¢;
defines a Wilson line at the quantum level. We found
that there was a unique, up to scale, invariant tensor
in 56®* which is invariant under the dihedral group
D, and which defines a vertex linking four copies of
the Wilson line in the 56. The angles between the four
Wilson lines at the vertex are all x/2.

Let us denote this quartic tensor by Q;;y, and
the skew-symmetric bilinear form by w;;. Then by the
usual reasoning, a presentation of the Yangian is pro-
vided by the coefficients of the series T7(z), where the
indices i, j run from 1 to 56, subject to the relations

(5.12)

ZR’]‘(Z T} (z ZT R (z—2)

(5.13)

Y Quhiiots Ty () T3 (24 3hhY) T2 (z+ 350" T (24 31k )
:Qi0i|i2i3 )

(5.14)

ZTk Tl Z+hhv) Wy = @;j -

The dual Coxeter number of ¢; is hY = 18.

As explained in [2], section 7.11, the quantizable
four-valent vertex €,y of ¢; is a linear combination
of the essentially unique completely symmetric in-
variant in Sym*56 with a correction proportional to
;0 + 0oy that is needed to cancel an anomaly.
This latter tensor is not completely symmetric, but
it does have the D, symmetry of a configuration of
four rays meeting in the plane at relative angles /2.

6. Uniqueness of the Rational R-Matrix
6.1 Overview

The starting point in deriving RTT presentations
of the Yangian was a presumed knowledge of the

R-matrix. We know from an explicit lowest order com-
putation in [2] that the four-dimensional gauge theory
generates in the lowest nontrivial order, for the case
C =C, the standard quasiclassical ~-matrix c¢/z, where
c=t,®t,. We would like to know whether the full
quantum R-matrix that comes from the gauge theory
agrees with the standard rational R-matrix as studied
in the integrable systems literature. Of course, this
must be so in order for the algebras whose RTT pre-
sentations we have deduced from the gauge theory to
agree with the usual Yangian algebras.

A direct computation of the full quantum R-ma-
trix from the quantum field theory would be pro-
hibitively difficult, as it requires the computation of
Feynman diagrams at all loops. To match with the
R-matrix appearing in the literature, we need to con-
strain the field theory R-matrix using the formal prop-
erties it satisfies.

There are two ways one might approach this
problem. A somewhat abstract approach was pur-
sued in [1]. There, it was argued that formal prop-
erties of the category of line operators are strong
enough to make this category equivalent to the cate-
gory of representations of the Yangian, and to match
the R-matrix coming from field theory with that com-
ing from the Yangian. This relied heavily on a unique-
ness result of Drinfeld [10].

In this section we will develop a more direct way
to show that the field theory R-matrix matches with
the standard one. The properties of the field theory
R-matrix we will use are ones we have already dis-
cussed extensively: the Yang-Baxter equation, and the
supplementary equations such as the quantum de-
terminant relation that appeared in our study of the
RTT presentation. We will show that for the lowest-
dimensional representation of a simple Lie algebra
which is not eg, these relations are strong enough to
uniquely constrain the quantum R-matrix.

Let us start with the example of the fundamental
representation of sly. Suppose we have two different
R-matrices

(6.1) R(z),R (z) € gly @ gly[[A]] ,

which are rational functions of the spectral parame-
ter z and formal power series in 7. Suppose that each
satisfies the quantum Yang-Baxter equation, and that
each is a series in 7 of the form

(6.2) Id®Id+% +0(1?) .

We further ask that R,R’ are compatible with the nat-
ural symmetries: both are sly-invariant and both are
invariant under the symmetry which scales both 7
and z.

We will show that if R, R’ both satisfy the quantum
determinant equation, then they are the same.
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Let us describe the quantum determinant equa-
tion for R,R’. As we have seen, given a horizontal Wil-
son line W and a vertical Wilson line in the fundamen-
tal representation, we get an operator Tj"(z) W= W,
In the case that the horizontal Wilson line is also
in the fundamental representation, and is placed at
z=0, then the operator Tj(z) € gly is nothing but the
R-matrix for two copies of the fundamental represen-
tation (up to a shift in z coming from the rotation of
the horizontal Wilson line to vertical).

The operators T]l (z) satisfy the quantum determi-
nant equation

(6.3)
S Alt(ko, .. ko 1) TR (2) T (2 428) - T (24 2(n— 1))
ky
—1.

In this equation the composition is taken in End(W) =
gly. This equation is therefore a constraint on the
R-matrix.

Suppose we have two R-matrices R, R’ which both
satisfy the quantum determinant equation, as well as
the other properties listed above. Suppose that they
agree modulo 7", and let us write

(6.4) R/(Z) :R(Z)—l-hnr(n) (Z) +hn+1r(n+l)(z) +O(hn+2) )

Since R(z) satisfies the quantum determinant equa-
tion, imposing this equation for R'(z) tells us that

(6.5) r(2) € sty

1

where we view r,.(")’j (z) as an modification of T7(z) at

order #". Thus, r(z) € gly ® sly. Reversing the roles
of the two fundamental Wilson lines in this argument
tells us that actually ) (z) € sly @ sly.

Next, sly invariance together with invariance un-
der the symmetry which scales 7 and z simultaneously
tells us that

(6.6) M) =2az7"c,

where ¢ € sly ® sly is the quadratic Casimir and A € C
is a constant.

We need to show that " (z) = 0. We will use the
Yang-Baxter equation to show this.

The Yang-Baxter equation for R'(z) state that

6.7) Ri2(z1 — 22)R3(21 — 23)Rh3 (22 — 23)
= Ry3 (22— 23)R13 (21 — 23)R1x (21 — 22) -

Let us analyze the coefficient of #*"! in this equation.
We will use the facts that R’ = R+#"r(") + g1t
that R also satisfies the Yang-Baxter equation, and
that the coefficient of # in R is ¢z~!. The coefficient of
#"*1 in the Yang-Baxter equation for R’ does not im-
pose any constraints on r"t!), However it does show

that ~ satisfies the equation

(6.8)
hers () hici3 (n)
- +hn - s + hn -
[Z1 —22 ge (Zl ZZ) 21 —13 "3 (ZI 13)
N {ﬂ ) (21— 22, B ) ,23)}
21— 23 B 2 -z BT
hcip n(n) heas n )
oty (@ —2), Ry (2 - 23)
-2 2=

=0 (modulo 7"*?).

This equation simply says that cz~! + ") (z) satisfies
the classical Yang-Baxter equation modulo €.

Recall that ") (z) = Acz ™" for some constant . We
will show that equation (6.8) implies 4 = 0. One way
to see this is to use Belavin-Drinfeld’s classification of
solutions of the classical Yang-Baxter equation. They
show that every solution of the classical Yang-Baxer
equation (CYBE) in g® g for a simple Lie algebra g must
have only first order poles, so that in particular we
cannot deform the solution cz~! into a new solution
by adding on a term with a higher-order pole.

However, we can verify easily by hand that equa-
tion 6.8 implies " (z) = 0. This equation contains 6
terms, acted on simply transitively by the symmet-
ric group on three letters. Each term is a product of
an element of sly ® sly ® sly multiplied by the function
(zo(1) —Z6(2)) ' (Zo(2) —20(3)) " for some o € §3. These six
rational functions of three variables are linearly inde-
pendent, so the coefficient for each of them must be
zero. The element in 5[}%3 is a permutation of A[c2,c3]
and these elements are all non-zero if A is non-zero.
Therefore, 4 must be zero, so that ) (z) = 0.

We have found, in the case of sly, that the R-matrix
is uniquely determined by the Yang-Baxter equation,
symmetry properties, and a constraint coming from
the quantum determinant. Accordingly, for sly, the ra-
tional R-matrix coming from the gauge theory agrees
with the standard one constructed in the integrable
systems literature.

6.2 The Failure of Uniqueness of the R-Matrix
fOI‘ g[N

For gly, the R-matrix is not uniquely constrained
by the equations which it satisfies. Without affect-
ing the RTT relations or the Yang-Baxter equation,
we can always multiply the R-matrix by an expression
of the form exp(f(#/z)) where f(#/z) is a series of the
form ¢ 7/z+ c2(/z)* +.... The unitarity equation on
the R-matrix forces f to be an odd function of #/z,
but there are still infinitely many free parameters in
the R-matrix.

In this section, we will see why the previous argu-
ment breaks down for gly, and we will find the gauge-
theory origin of these parameters.
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Let us analyze where the argument breaks down
in the case of gly. If we do not have the quantum de-
terminant relation, then »* cannot be constrained to
be in sly @ sly. However, because of gl invariance and
other symmetries, we find that

(6.9) r0) = 5k R e+ Mk Flde1d

for two complex numbers A;,1,. The Yang-Baxter
equation forces A; = 0. We cannot, however, fix the
ambiguity of adding on a multiple of the identity at
each order in 4. Therefore the R-matrix is unique up
to a transformation of the form

(6.10) R(z) — e/ "AR(Z)

where f is an arbitrary series in one variable whose
leading term is zero. Imposing the unitarity con-
straint Ry (z)Ri2(—z) =1 (see [2], eqn. (2.3)) restricts f
to being an odd function.

This ambiguity is visible directly in the gauge the-
ory. In perturbation theory around the trivial flat con-
nection, the gly gauge theory is a product of the sly
theory with the free gl, theory. Let us write Ay = %TrA
for the identity component of the gauge field A. The
coupling of Ay to a fundamental Wilson line is far
from uniquely determined. In general, to the usual
coupling of Ay in a fundamental Wilson line, we can
add a coupling of the form

(6.11) Y cn/ 1'olAy ,
R

n>0

for a sequence of constants c,.

Let R(z) € gly ® gly denote the R-matrix for two
copies of the fundamental representation of gly, and
let Rpwee(z,co,c1,...) denote the R-matrix for the g,
gauge theory where a one-dimensional Wilson line is
coupled by eqn. (6.11).

The notation Ry, reflects the fact that the gl; the-
ory is, in fact, free. Then the R-matrix for the gl fun-
damental representation modified so that the cou-
pling of Ay is the usual coupling plus the expression
in eqn. (6.11) is

(612) Rfree(Z,Ccha"')R(Z) .

The free R-matrix can be calculated by a Feynman
diagram analysis. Since it is a calculation in a free
theory, the result is just the exponential of a contri-
bution from single gauge boson exchange. Contribu-
tions from a propagator going from one Wilson line
to itself vanish.% The contribution from gauge boson
exchange between the two Wilson lines gives

6 This follows from the fact that the propagator
(Ai(x,,2,2)A;(x',y',7,7)) of this theory is antisymmetric in i
and ;. See the explicit formulas in [2].

(6.13)

Rfree(z,co,c],...)—exp< z h"er“(])mcncma;erzl)

n,m>0

=exp Z Bl (—1)”’cncmaz"+mf1 ,
n,m>0
n+m even
This is an odd function of #/z, and all odd functions of
h/z can be constructed in this way by suitable choices
of the constants c;.

In this way we see that changing the way the iden-
tity component of the gauge field is coupled modifies
the R-matrix of the fundamental representation by a
transformation of the form (6.10), where f(7/z) is an
arbitrary odd function of one variable.

Therefore every solution to the quantum Yang-
Baxter equation for the fundamental representation
of gly, which is unitary, gly-invariant and compatible
with the symmetry which scales z and #, arises by cou-
pling the identity component of the gauge field to a
fundamental Wilson line in a general way.

6.3 Other Simple Lie Algebras

The issue that we have just discussed for gl does
not have an analog for a simple Lie algebra. For the
other Lie algebras for which we can find an RTT pre-
sentation of the Yangian (that is, all cases except eg),
a similar argument to what we gave for sly shows that
the R-matrix is uniquely fixed by various formal prop-
erties we have derived. We will phrase the statement
as a proposition.

Proposition 6.1. Fix a simple Lie algebra g which is
not eg, and let V denote its smallest non-trivial repre-
sentation. Then, there is a unique R-matrix

(6.14) R(z) € End(V) @ End(V)([[7]] ,

which is a series in i whose coefficients are rational
functions of z, and which has the following properties.

1. R is G-invariant.

2. R is invariant under the symmetry scaling h and z
simultaneously.

3. R satisfies the Yang-Baxter equation.

. R is unitary.

5. If we view the matrix R as giving an operator
T}(z) :V =V, wherei, j runs over a basis of V, then
the operators T} (z) satisfy the extra constraints we
imposed when giving an RTT presentation of the
Yangian for g.

LN

Proof. The proof is almost identical to the one pre-
sented in the case g = sly. Suppose we have two such
R-matrices, R(z) and R'(z), which agree modulo #" and
which satisfy R'(z) = R(z) + #"r")(z) modulo #"*!. In
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the case of sly, the quantum determinant constraint
showed us that r()(z) € sly ® sly. In the general case,
the extrarelations we add to find an RTT presentation
show us that ") (z) € g® g. This is because these rela-
tions come from a set of invariant tensors in vV such
that g is precisely the subalgebra of End(V) preserving
these tensors.

Once we know that " (z) € g®g, the previous ar-
gument applies. O

7. RTT Presentations in the
Trigonometric Case

7.1 Initial Steps

In this section we will derive the RTT presentation
of the quantum loop algebra from field theory.

We will start with the simplest case, when g = gly.
The basic setup is very similar to what we used in the
rational case in section 2, so we will be more brief.
We consider our four-dimensional field theory on C x
C*, where C* is the complex z plane with the origin
omitted. The symmetry of C* is multiplicative, so the
R-matrix R(z,7’) will now be a function of z/7, not z — 7’
as in the rational case.

We place an arbitrary line operator in the
x-direction (which as usual we regard as horizontal)
labeled by some representation W. We also place a
vertical Wilson line in the fundamental representa-
tion of gly at some point z € C*, labeling its ends
by incoming and outgoing states, as in the rational
case. Thus the initial picture is the basic one of Fig. 1,
which served as our starting point in the rational case.
There is one essential difference, however. In the ra-
tional case, the vertical Wilson line decouples from
the horizontal one in, and only in, the limit z — «. In
the trigonometric case, there are two decoupling lim-
its, namely z — 0 and z — «. Accordingly, to get a full
picture, we will have to consider two separate expan-
sions of the R-matrix, and not just one as before.

As always, the R-matrix with chosen initial and
final states on the vertical Wilson line is an operator

(7.1) Ti(z):W—W.

Expanding near z = 0, we get a power series of the
form

(7.2) Ti(2) = 0] + 22 [1] + ..

Each entry in this series is a linear operator on W. (Our
conventions here are slightly different than those in
the rational case, in that we do not include explicit
factors of 7 in writing this expansion. Thus #[0] = 6i +
O(n), while 7:[k] is of order # for k > 0.)

It is important now to remember that in section
9 of [2], to describe trigonometric solutions of the

Yang-Baxter equation (or merely to quantize the un-
derlying gauge theory on R? x C*), a slightly unusual
condition was placed on the gauge field A at z=0 and
at z = . The condition was that A is upper-triangular
at z = 0 and lower-triangular at z = « (there were also
some additional constraints mixing the diagonal com-
ponents of A with a gauge field of a second copy of the
Cartan subalgebra; we will analyze these constraints
shortly). Since Tj"[z} comes from a quantum averaging
applied to the holonomy of A on a vertical line in R?
at given z, the fact that A is upper triangular at z =0
tells us that 7[0] = 0 for i < j.

Similarly, we can expand a vertical Wilson line
near z = 0. We write the expansion in the form

(7.3) Si(2) :s;[o]+és;[1]+... ,

where s5[0] =0 for i > j. Here we write the R-matrix for
the crossing of vertical and horizontal Wilson lines as
Si(z) if we intend an expansion near z = =, or as T;(z)
if we intend an expansion near z = 0.

Crossing a pair of these vertical Wilson lines will
give rise to RTT relations. In the rational case, there
was a single RTT relation. In the trigonometric case,
there are three RTT relations, coming from crossing
a pair of lines near z =0, a pair of lines near z = «, or
a pair of Wilson lines of opposite types. The relations
are:

ZRi (z/2) 1] (¢
(7.4) ZR Z/Z Sr Z, ZSl
ZR (/) 1] (Z)S ZS’

=2T QT ()R] (/)
)Rji (/)
Rrv (Z/Z/) )

As in the rational case, one can derive from these re-
lations certain commutation relations for an algebra
generated by symbols s'[n], 7i[m], where n,m >0 and
also s5[0] = 0 if i > j and £j[0] = 0 if i < j. It is known
[11] that these RTT relations, together with one extra
relation that we will give shortly, describe the quan-
tum loop algebra of gly. This is a deformation of the
universal enveloping algebra of gly[z,z7!].

The generators of the quantum loop algebra are
related to the generators #[n], s/[m] of the RTT algebra
as follows. Let e; denote the elementary matrix in gly.
Then, z"¢!, corresponds to 7~ 's’[n] if n > 0 and to 7™'#i[n]
if n <0.1f i < j, 2!, corresponds to s%[0] and if i > j, %!
corresponds to 7.

We see, however, that there are more generators
in the RTT algebra than in the quantum loop alge-
bra. There are two possibilities corresponding to ¢,
namely #[0] and si[0]. It turns out that there is one
more relation needed between the generators s'[n],
#[m] to find an exact match with the quantum loop
algebra. The extra relation is
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(7.5) sftf =1.
In this relation we do not sum over the index i.

We will show that this equation holds when the
horizontal line operator satisfies an additional nat-
ural constraint. As a corollary, we will find that the
Hilbert space for any line operator satisfying this con-
straint carries a canonical action of the quantum loop
algebra.

7.2 Finding the Extra Relation in Field Theory

In section 9 of [2], in order to define the theory
on R? x C*, we included in the gauge group a second
copy of the maximal torus. Let us denote the Lie alge-
bra of this second copy as b, and identify it with CV.
There are additional Wilson lines associated to repre-
sentations of h. Since this is an Abelian Lie algebra, we
need only consider one-dimensional representations,
associated to linear maps from  to C.

As before, fix a horizontal Wilson line with Hilbert
space W. Put a vertical Wilson line at z € C* associated
to the one-dimensional representation of h in which
the k"t basis vector acts by the imaginary constant
i € C. This vertical Wilson line gives rise to an opera-
tor

Ci(2): W —>W.

Definition 7.1. We say a horizontal Wilson line is ad-
missible if the operator Cy(z) has no poles for z € P'.

In perturbation theory, a priori such poles would
be at z=0 or z = co.

Let A% denote the components of the gauge field
of our theory which live in gly, and let A; denote the
components which live in b, the second copy of the
Cartan subalgebra.

Any Wilson line which is built only from the A§
fields is admissible. This can be seen by an analysis
of the Feynman diagrams. The Wilson line from which
we build the operator Cy(z) is, classically, defined by
the exponential of the integral of i, along a line. The
cubic interaction of the theory only involves the Aj.
components of the gauge field. The propagator has
components connecting A; with A;, A’ with A/, and a
mixed term connecting Al with A;.

The mixed term is only present because the
boundary conditions we use at z =0 and z = « involve
setting a linear combination of A} and A; to zero. The
mixed term in the propagator is therefore entirely an
IR effect, and does not introduce any UV singularities.
More formally, this mixed term is a smooth two-form
on the product (R? x C*)? of two copies of space-time.

A Feynman diagram analysis then makes it clear
that if we have a horizontal Wilson line which only
depends on the A§ fields, and a vertical line which only

depends on the A; fields, there are no singularities
when they meet in the z-plane.

Let us show that for any horizontal admissible
Wilson line W, the operators Tj(z), $/(z) satisfy the re-
lation (7.5). The boundary conditions for the theory
are that

A 4iAy=0atz=0,
A i, =0atz=co,
(7.6) ke ,
Ay=0atz=0ifi<j,
Ai=0Oatz=ooifi>j.

The operator 7}¥(z = 0) only depends on the Af compo-
nent of the gauge field at z=0. This is because 7} (z =
0) is defined as a matrix element of the path-ordered
exponential of the gauge field at z = 0, which is upper-
triangular. Triangularity ensures that 7}(z = 0) only
depends on the A¥ component of the gauge field.

The boundary conditions at z =0 then tell us that
T}(z=0) can be computed in terms of a path-ordered
exponential of —iA;. The operator Cy(z = 0) is defined
as a path-ordered exponential of iA,. We thus arrive
at the equation

(7.7) T z=0)=Ciz=0"":W =W,

which holds where W is any horizontal Wilson line.
Similarly, we have

(7.8) Sfz=o0) =Cr(z=00) W =W .

If w is admissible, then C;(z) has no poles and so is
constant in z. This leads to the equation

(7.9) SKz=0)Tf(z=0)=1,

which is the remaining equation defining the quan-
tum loop algebra.

7.3 Coproduct in the Trigonometric Cases

In this section we will describe the coproduct on
the quantum loop algebra, using the same method we
used to describe the coproduct of the Yangian.

As in the rational case, the coproduct tells us how
the generators #j[n] act on a horizontal Wilson line
which is obtained by fusing two parallel horizontal
Wilson line.

To understand this, let us consider, just as in the
corresponding discussion in the rational case, a con-
figuration of two arbitrary horizontal line operators
and one vertical line operator in the fundamental rep-
resentation, with incoming and outgoing states on the
vertical line. Welet 7/(z, L ® L,), §%(z, L1 ® L) denote the
action of the operators on the composite line opera-
tor obtained from fusing the two horizontal lines. We
let Tj"(z,Lk), Sj.(z,Lk), k = 1,2 denote the corresponding
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Ly

L,

/)

Figure 12. The configuration used to determine the
coproduct.

operators on the individual Wilson lines. As above,
T(z) is the operator we get when the vertical Wilson
line is near zero, and S(z) is the operator we get when
the vertical Wilson line is near infinity. We let #,,,
i=1,2and H;, 1, denote the Hilbert spaces at the end
of the individual Wilson lines and at the end of the
fused Wilson line. Thus

(7.10) Hiyor, = Hi, @ Hi, -

The operators Tj(aLk), Sj-(z,Lk) are operators on the
space H,,, and the operators Tj"(z,Ll ® L), S;(z,Ll ® L)
are linear operators on the spaces H;,, Hy,z, respec-
tively.

Consider Fig. 12. As in the discussion in the ratio-
nal case, we can move the vertical position of the two
horizontal Wilson lines without changing anything (as
long as the lines do not cross). When the lines are
close together, the operator described by Fig. 12 is
Tji(z7L1 ® Ly). When the lines are far apart, we can de-
compose the operator by summing over intermedi-
ate states placed on the vertical segment between the
two horizontal lines. This yields ¥ 7i(z,L1) ® T} (z,L2).
We conclude that

(7.11) Tz, L ®Ly) =Y Ti(z,L1) @ T} (z,L2) ,
and similarly
(7.12) S;(Z,L1®L2) ZZS;((Z,Ll)@S_];(Z,Lz) .

In the language of algebra, this identity tells us the
coproduct on the quantum loop algebra is

AT)(2) = XK @TS ),
ASi(2) =Y Si(2)$5(2) -

In terms of the expansion

(7.13)

Ti(z) =t5[0] +zr[1] + ... ,

(7.14) . , 1.
() =100+ —sil1] + ..

where #§[0] = 0 for i < j, s5[0] = 0 for i > j, and s}[0]#/[0] = 1,
the coproduct is

Al = 3, sl
(7.15) . R

As [n] = ; splr] ®s];-[s] .
This is a known presentation of the coproduct on the
quantum loop algebra [11]. Note that in particular

(7.16) Ati‘ [0] = li'[o] ®li.[0] )
Asi[0] = s1[0] @ s4[0] .
This is consistent with the relation s{[0]z/[0] = 1 and the
fact that the coproduct must be an algebra homomor-
phism.

This concludes our discussion of gly. We consider
sly next.

7.4 Quantum Determinant

An analysis identical to that in section 4 tells us
that, for the case of sly, the following additional rela-
tions hold in the RTT algebra:

(7.17)
S Ao,k ) T @ T (22) -+ Tyt (2e20700) =1,
ky

kZAlt (ko, .. ky1)SK0 () 81 (zezh) sl (ze2<"*1>h) ~1.

This is deduced by moving a horizontal Wilson line
above or below an n-fold vertex among vertical Wilson
lines; the vertical Wilson lines are chosen to lie near
z=0 Or near z = oo,

The only difference between this equation and
the corresponding one in the rational case (eqn. (4.3))
is that here we have z¢**" instead of z+ 2ki appear-
ing in the (k+ 1)th term in the product. As in section
4, the shift in z results from the framing anomaly. In
the multiplicative case, because the symmetry of C*
is multiplicative, the framing anomaly introduces a
multiplicative shift in z, instead of an additive one.

The framing anomaly is a local quantity which
does not depend on global features of the the-
ory, such as boundary conditions. Locally, we can
change coordinates by setting u = logz. This trans-
forms the theory in the trigonometric setting, with
action [(dz/z) ACS(A), to the theory in the rational
setting, with action [du A CS(A). Because the fram-
ing anomaly is local, we can compute it locally in
the coordinate u, where we find the framing anomaly
for the rational case which involves an additive shift
in u. Since z = exp(u), the shift in z will be multiplica-
tive.

This quantum determinant relation removes the
extra generators of the quantum loop algebra of gl
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that are not needed in the quantum loop algebra
of sly.

Let us see how, classically, this relation tells us
that we find the generators of the universal envelop-
ing algebra of” sly((z)). Let us choose slightly different
generators by setting

(7.18) 1] = 80+ il
s[n] = 6,=06;; + h5}[n] .
This is a reasonable thing to do because, modulo
h, the only generators which act non-trivially on the
states at the end of a horizontal Wilson line are #/[0]
and si[0], and these act by the identity.
In addition, the fact that si[0]#[0] = I tells us that

(7.19) 50] +7[0] =0.

Finally, modulo #, the quantum determinant relation
tells us that

il =0,
(7.20) A
Y siln] =0.

Thus, we find the generators of sly((z)).

7.5 Quantum Loop Algebra for Other Lie Algebras

In the rational case, we went beyond gly and sly to
give an RTT presentation of the Yangian for all sim-
ple Lie algebras except eg. In what follows, we will do
this in the trigonometric case. This requires a little
more sophistication with the group theory than we
have needed up to this point.

We first need to understand the boundary con-
ditions for the operators T'(z) and $(z) in the general
case. Thus, fix a simple Lie algebra g with a represen-
tation vV of g which quantizes to a representation of
the Yangian. Choose a generic element A in the real
Cartan of g. The choice of such a A gives rise to an or-
der on the set of weights, where w > w' if A(w) > A(w/).

Choose a basis of V where every basis element is
in a weight space. Given a basis element v; of V, we let
w; : h — C be the corresponding weight.

Let us decompose g = n, & hdn_ where ny
are the subspaces spanned by the positive/negative
eigenspaces of A. Let us choose boundary conditions
at z=0 and z = -« based on this decomposition.

Fix a horizontal Wilson line in a representation W.
Putting a vertical Wilson line at z near 0 in the rep-
resentation V, with incoming and outgoing states i
and j, gives an operator

(7.21) Ti(z):W—W.

7 This is the algebra of sly-valued functions of z that are al-
lowed to have poles at z=0 and at z = .

We need to understand what constraints the bound-
ary conditions impose on these operators at z = 0.

At z =0, the gauge field only has components in
n, ®hah where b is the second copy of the Cartan. We
will assume our representation V is acted on trivially
by b. The product of operators in the subalgebran, &
act on the representation V by matrices A where A;; =0
if w; < w;. This implies that T}(z =0) =0 when w; <w;.

Similarly, if S(z) is the operator coming from a ver-
tical Wilson line at z near infinity, we have Si(z =o0)=0
when w; < w;.

Next, we need to understand the further relations
coming from the boundary conditions on the compo-
nents of the gauge field which lie in the two copies of
the Cartan.

For each weight w, let us define a one-dimensional
representation of g h where g acts trivially and b acts
on C by iw. We let

(7.22) Colz) : W =W

be the operator coming from putting a vertical Wilson
line in this one-dimensional representation crossing
the horizontal Wilson line in the representation w.

We will assume that the horizontal Wilson line is
admissible, meaning that C,(z) for each w is constant
as a function of z. As in our discussion of gly, a suffi-
cient condition for this is that the horizontal Wilson
line is not coupled to the components of the gauge
field in b.

Now we can discuss the behavior of T}(z = 0)
for the case that basis vectors v; and v; have equal
weights, say w; = w; = w. This can only depend on the
h valued part of A at z =0, and on the gauge field A val-
ued in the second copy b of the Cartan, because the
n,-valued part of A acts in such a way as to strictly
increase the weights. For each weight w, let A,, be the
one-form field obtained by applying the linear func-
tion w: h — C to the p-valued part of the gauge field.
Similarly define A,, to be the one-form field where we
apply w to the components of the gauge field living in
the second copy of the Cartan b. Then, our boundary
conditions tell us that

Ay +iA,=0atz=0,
(7.23) v
Ay —iA,=0atz=oo.

Let us now consider the restriction of 7/(z =0) to the
case that w; = w; = w. In this space, A acts via 4,,, and
the boundary condition says that at z = 0, this is the
same as —iA,,. This means that 7/(z = 0), for initial and
final states of weight w, is the same as §/C,(z=0)"".
Here the 8} comes because the action of C, depends
only on the weight; in other words, C,, is a multiple of
the identity in acting on states of weight w. Thus

(7.24) Ti(z=0)| = 5iCu(z=0)""

w,-:wj-:w
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as operators mapping W — W. Similarly,

(725) S;(Z:w”wizwj:w = 6JICW(Z:°°) :
The operator C,(z) satisfies
(7.26) Corw (2) = Cu(2)C (2) -

This statement follows from the statement that the
fusion of the Wilson line in the representation of b
labelled by a weight w with that labelled by w’ is the
Wilson line in the representation labelled by w+w'.
To verify this statement, we note that this is a mi-
croscopic statement which for z far away from 0,
does not involve the boundary conditions. Since the
gauge fields in g and those in b are only related to each
other by the boundary conditions, this statement can
be checked in the free gauge theory with gauge Lie
algebra h. The absence of an interaction means that
parallel Wilson lines in the representations w,w’ can-
not exchange any gluons,® so that the classical fusion
operation receives no quantum corrections.

Our horizontal Wilson line W is assumed to be
admissible, so the operator C,(z) is independent of z.
We therefore find that C,,.,, = G, (z)C,/(z) for all values
of z, including z = 0 and «. We can also just write C,
instead of C,(z), because the operator is independent
of z.

Since T/(z=0)
that

=G, and S(z = =) = C,,, we find

1. The operators T/ (z=0), S§ (z=
each other. '

2. If we form a basis of the weight lattice given by
ai,..., o, and we write w; = ¥ 4;;a; for integers 4;;,
then

) all commute with

r A
= 0) = HCaj Y 5
j=1
,
=TI¢ -
j=1

(7.27)

In particular,
(7.28) Ti(z=0)Si(z=) =1,

If w; =w; buti# j, we can make similar statements

using (7. 24) and (7.25). Actually, the only case of this
we will need is for w; =w; = 0. In this case, C,, =1 so
729 Tje=0),_, ,=8=SE==),_,
The reason that this is the only case we really need
is that in the representations that we will actu-
ally use for vertical Wilson lines, the weight spaces
are 1-dimensional, except that the 26 of f; has a
2-dimensional subspace with weight 0.

8 See footnote 6.

7.6 Quantum Loop Algebra for soy and sp,y

Now take V to be the vector representation of soy
or sp,y. Choose a basis of weight vectors of v, and let
o;; denote the symmetric or antisymmetric pairing in
this basis. Note that w;; is only non-zero if the weights
w; corresponding to the basis vectors satisfy w;+w; =
0. We can normalize the basis so that o;; = 1 if w; = —w;
and w; > 0. Note that for the vector representation of
soy O sp,y, the weight spaces are all one-dimensional.

Following our discussion in section 7.1 above and
in the rational case, we find that the RTT algebra
has generators given by the coefficients of two series
§.(2), T}(z) where §'(z) is defined near z = e and T/(z) is
deflned near z =0. We also have generators C, for wa
weight of the group, which are invertible and satisfy
CyCy = C,,,v. (Mathematically, these operators form
a copy of the group algebra of the weight lattice.)

The relations that we have so far are

ZR'k(Z/Z) EE ZT DR/,
(730 ZR (=/2) $3() i€ ES’ RY(z/7)
ZR T, ZSI )R} (z/7)
and
Ti(z=0) =0 if w; < w;,
(7.31) Sjla= ) =0 wi > w;
T;,l 7= 0) — C‘;ll ,
Si(z =) = Cuy

These relations hold for the RTT algebra associated
to any representation of any simple Lie algebra. In
addition, when the representation has a pairing, we
have the relations

ZTk Tl (Ze‘hh ) Wy = O ,
ZS" Sl (Zehh ) Wy = 0 -

The last two relations come from the pairing, as we
discussed in the rational case for the algebras soy,
sp,y- The only difference with the rational case is that
we use a multiplicative instead of an additive shift
in z.

In the relations (7.31), it is essential that we use
a basis given by weight vectors. If we use instead, for
example, an orthonormal basis in the case of soy, we
would find more complicated relations.

Let us verify that, in the limit as # — 0, this al-
gebra describes the universal enveloping algebra of
soy[z,271] Or spoy(z,27 1]

Let us expand T/(z) and Si(z) as in eqn. (7.14).
Since we are interested in the limit z — 0, let us de-
note the leading term of the }[n],5[n] by 7], 5[n], s0

(7.32)
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that egn. (7.18) becomes

1] = 84— 0y + his[n] + O(n?) ,

(7.33)
[ | = 6= 08,,+hs [n] 4+ O(n?).

The operators 7 [ ], s5[n] come from the exchange of
a single gluon between the fundamental Wilson line
and the Wilson line in the representation W, and so
tell us how the Wilson line W is coupled to the gauge
field.

Similarly, when we work modulo % the operator
C,, is the identity. This is because it comes from the
exchange of gluons between a vertical Wilson line in
arepresentation of h and a horizontal Wilson line. We
can therefore expand

(7.34) Cy=1+Thc, +O(1?).

Modulo 7, we have the following equations for the
operators 7;[n], 5[n], and c,:

5i0] = cw, ,
[ew,ew] =0,
(7.35) Cytw! = CwHCy s
> 1} [n]8} ays + 857 [n]w = 0 for n >0,
ZS n31a)1<1+ []a)/d:OfornzO.

From this we see that the operators 7:[0] and 5i[0] are
redundant, and can be replaced by a copy of the Car-
tan of g spanned by the operators c,. The operators
#*[m] for m > 0 and 5*[m] for m > 0 preserve the pairing
on V, and so are elements of soy or sp,y. The opera-
tors Eﬂ- [0] and E;[O} also preserve the pairing, and are
therefore elements of soy or sp,y.
Since ?j-[O] =01if w; <wj, we see that the operators
fj- [0] span a copy of n,. Similarly, the operators E’] [0]
span a copy of n_. In sum, we can arrange the set of
generators of the algebra into a series

(7.36) Y aml" € glz,z ],

mez

where we identify o[m] with #[m] if m > 0, with 5 [—m] if
m < 0. The component of «[0] in n is identified with
Ej- [0], the component in n_ is identified with E;»[O], and
the component in § with the generators c,,.

We thus find that the set of generators of our alge-
bra becomes, in the classical limit, the space g[z,z7!].
One can further compute that the relations, in the
classical limit, tell us that these generators commute
according to the standard commutator on the loop
algebra g[z,z7'].

7.7 Exceptional Lie Algebras

Given what we have done so far, it is straightfor-
ward to construct the trigonometric RTT presentation

for exceptional groups g,,f4,¢s,¢7. As in the rational
case, we will build the RTT algebra from the lowest di-
mensional representation of the Lie algebra g. We de-
note the representation by V. As in our presentation
for the groups soy and sp,y, we form an RTT algebra
built from generators C,, Tj"(z), Sj(z), where i runs over
a basis of weight vectors of the representation V.

In every case, the relations (7.30)-(7.31) hold. In
the one case in which the representation V has a
weight space of dimension greater than 1 - the zero
weight subspace of the 26 of f; - we have the refine-
ment (7.29) of the last two relations in (7.31). In the
cases where the representation has a pairing (that is,
for the 7 of g,, the 26 of §4 and the 56 of ¢;), relations
(7.32) hold as well.

In addition to these relations, there are analogs of
the quantum determinant associated to suitable in-
variant tensors. For the 7 of g,, 26 of f, and the 27 of
¢6, there is an invariant cubic tensor which we denote
Q;jx. As in the rational case, this leads to the relations

(7.37)
2,0V 4, v
ngokleigo (2) Tzllq (163% ) TIIZQ (263% ) = Qipiriy »
ko oy ki (L FanV\ ok (L Eanv) _
D Qi Si (2) S (2e3™ ) 52 ( ze3 = Qipiyiy -

For the 56 of ¢7, there is a quartic invariant tensor Q;
leading to the relations

(7.38)
J Y 2.0y KRY
ZQkOk1k2k3Ti§0 (2) Tilf‘ (ze2hh )Tl;<2 (ze2hh )Tlg<3 (zeZhh )

loi1i2i3 b

1 2 3
ki k ~HhhY k; 5hhY k: ShhY
zgk0k1k2k3si(§) (Z)Sill <Z621 )Slz2 <Z621 )Sl; <Z621 )

=Q

ioi1i2i3 -

7.8 Comparison with Purely Three-Dimensional
Chern-Simons Theory

The space C* admits a U(l) symmetry group
7z — €%z, a real. This is a symmetry of the action
Jsxox %CS(A) and it makes sense to restrict that ac-
tion to U(1)-invariant fields. In the process, the par-
tial connection A of the four-dimensional theory on
T x C* (which is missing a dz term) becomes an or-
dinary connection on X x C*/U(1) = £ x R. If we add
to C* the points z = 0,, replacing C* by CP!, then
the quotient becomes a closed interval I = CP! /U(1).
The four-dimensional action on X x C* then reduces
to an ordinary three-dimensional action 4xi f5, ,CS(A)
on the three-manifold X x 7, with boundary conditions
that we will discuss at the endpoints of 1. We have
arrived at a purely three-dimensional Chern-Simons
action. Let us see how we can exploit this fact.
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Three-dimensional Chern-Simons theory with
gauge group a simple Lie group G is known on various
grounds to be related to the quantum group defor-
mation of the universal enveloping algebra of g. But
arguably, no existing derivation of this is nearly as di-
rect as the explanations we have given in the present
paper of the relation of the four-dimensional theory
to the Yangian and the quantum loop group. What
simplified the analysis in the present paper - and the
previous paper [2] on which we drew - is that the four-
dimensional theory is infrared-free, which immedi-
ately guarantees the existence of a local procedure to
evaluate the expectation of any configuration of Wil-
son lines. Three-dimensional Chern-Simons theory is
not infrared-free - a fact that is important in many of
its interesting applications, but which tends to make
it difficult to give arguments as simple as those in the
present paper.

However, what we have learned here suggests
an interesting perspective on the purely three-
dimensional case. We start in four dimensions with
gauge group G x T, where T is a second copy of the
maximal torus of G; we write A,A for the g and t-valued
gauge fields. We place the same boundary conditions
at z =0 and z = « that we have used throughout our
analysis of the quantum loop group. Restricting to
U(1)-invariant fields, we get Chern-Simons theory on
¥ x I with boundary conditions at the endpoints of 7
that come from the conditions placed at 0 and « in
the four-dimensional theory. Concretely, A is valued
in t®&n, at one endpoint of 7 and in t®n_ at the other
endpoint. If A; denotes the t-valued part of A, one also
requires, as in eqn. (7.23), that A¢+iA = 0 at one end-
point and A, —iA = 0 at the other.

The derivation that we have given of the quantum
loop group can be adapted in this situation to a purely
three-dimensional derivation, with minor differences
that we comment on shortly. Dividing by U(1) has the
effect of restricting to the z-independent generators
of the quantum loop group. The algebra that we will
get in the three-dimensional derivation will be a de-
formation of the universal enveloping algebra of g (as
opposed to g((z)), which we get in the derivation that
starts in four dimensions).

In the reduced picture on X x 7, Wilson lines are as-
sociated to representations of g x t (there is no longer
a z-dependent extension of this, since in the three-
dimensional picture A and A are ordinary connec-
tions). What we call a horizontal Wilson line is sup-
ported on a horizontal line in X times a point p € I.
A vertical Wilson line is supported on a vertical line
in X times a point p’ € I. The boundary conditions at
the ends of 7 completely break the gauge symmetry,
and as a result the theory becomes infrared-free and
it makes sense to specify initial and final states at the
ends of a Wilson line. A vertical Wilson line with ini-

tial and final states i and j now induces a linear trans-
formation acting on the state space of the horizontal
Wilson line. We call this linear transformation S, or 77
depending on whether p’ is to the left or right of p. A
special case of this is a vertical Wilson line, supported
at p’ € I, associated to a character of 7 (with g acting
trivially). We say that a horizontal Wilson line at p €1
is admissible if, when it crosses a special vertical Wil-
son line of the kind just mentioned, the resulting lin-
ear transformation is the same whether p’ is to the
right or left of p. In particular, Wilson lines coming
from representations of g (with 7 acting trivially) are
admissible.

All arguments that we have given can be adapted
in a fairly obvious way to construct a deformation of
the universal enveloping algebra of g with the prop-
erty that it acts on the space of states of any admissi-
ble Wilson line. This deformation will have a coprod-
uct, as we discussed in the four-dimensional situa-
tion, making it into a Hopf algebra. The construction
makes it manifest that the deformation in question
has T, but not G, as a group of automorphisms. This
is a feature of the standard presentations of the quan-
tum group.

Why has this construction not been described
previously? One reason is that the above construction
does not make sense in conventional Chern-Simons
theory, defined with real gauge fields, a compact
gauge group, and an action that is gauge-invariant
mod 2zZ. The boundary conditions at the two ends
of I are not consistent with the pair (4,A) being real,
at least not if the gauge group is compact, as it is in
many applications of Chern-Simons theory. However,
in perturbation theory this is irrelevant, and actually
the boundary conditions are consistent with real (4,A)
if we start with the split real form of A. (One must give
equal and opposite levels to the two factors of G x T;
this relative sign makes it possible to eliminate the
factors of i in the boundary conditions.) Moreover,
the action in the three-dimensional reduced theory
is gauge-invariant mod 2rZ if the overall coefficient
multiplying the action is properly chosen.

8. Uniqueness of the Trigonometric
R-Matrix

In the rational case, we saw that the Yang-Baxter
equation, together with the other relations we impose
to give an RTT presentation of the Yangian, uniquely
fix the R-matrix. In this section we will prove a simi-
lar result in the trigonometric case. We will find that
the quantum R-matrix is not unique, but that all the
parameters that appear have a natural explanation as
parameters in the gauge theory set-up.

Before we turn to our analysis of the R-matrix, let
us discuss the extra gauge-theory parameters that ap-
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pear in this case. Recall that to construct the trigono-
metric R-matrix, we studied the 4-dimensional gauge
theory with gauge group G x H, where H is a second
copy of the Cartan. We then chose boundary condi-
tions at zero and infinity as follows. Let us decom-
poseg=n dhon_. Let

hoChah,

(8.1 ~
b CHhDD,

be two complementary Lagrangian subspaces (La-
grangian with respect to the pairing which is the sum
of the Killing form on § and on b).

Then, we required our gauge field to live in

lo=n.®ho,
[‘x’:n+®h°°7

(8.2)

at 0 and « respectively.

The decomposition of g into ny ®hPen_ is unique
up to the adjoint action of G. The only choice we made
is that of the subspaces §y and b...

A Lagrangian subspace in h & b is of the form

83)  {(xiM(x)|M:h—b, (M).MG)) = (3y)} .

In other words, up to multiplication of one factor by i,
the Lagrangian subspace is the graph of a linear iso-
morphism from b to h which preserves the pairing.

If we fix an identification between h and b, we
see that the set of possible Lagrangian subspaces is
0(b), the group of isomorphisms of h preserving the
pairing.

This group acts on the field content of our the-
ory by rotating the component of the gauge field in b.
The action of O(h) rotates the boundary conditions at
0 and «. We can use this symmetry to set one of the
boundary conditions, say that at «, to be the one cor-
responding to the identity in O(H). Then the choice of
boundary condition at 0 becomes a parameter in our
theory.

Let us analyze how changing the boundary con-
dition affects the R-matrix. Our previous calculation
of the propagator used Lagrangians coming from the
identity in O(h) at 0 and minus the identity in O(f) at c.
Let us instead use a general matrix M at 0 but at infin-
ity retain minus the identity. For the two Lagrangians
to be transverse, the matrix Id +M needs to be invert-
ible. We let C denote its inverse. The propagator with
the modified boundary conditions is

1 _

71 o

1 B o
-2 > Cor(Hs —iHy) ® (Hy +iMHy) -
<1

To simplify this further, we note that

C+CT=(+M) (1 4M")!
=(4+M) " +a+MmH =1,

We can therefore write
(8.5) Crs=%8,5+Cly,

where CJ, is anti-symmetric.
Inverting this procedure, we can write

-2

(8.6) 1120

where we view C’ as a linear operator from h to h. As
long as both 1 -2C" and 1+2C’ are invertible, then M is
defined, invertible, and 1+ M is invertible. Thus, the
anti-symmetric matrices C’ that arise in this way are
precisely those for which i% are not eigenvalues.

Using (8.5) and the fact that C;,M,;, = 6y — Cy, We
can further simplify the propagator to

(8.7)
: 1 I | B
2miry(z1,22) == 2. Xo ®Xy — —=5 2. Xo O X

1—5 a 1—; o
22+2z

+ 3 H 9 H + Y H, 9 HC,
2 — <1
2+t 15 o ~  ~

+X 9 H— Y CLH 9 H,
2 — <1

+iY 18 (E@Hs — Hj ®flr)
+iY.Cly (FI,@HS + H, ®ﬁ,) .
We are interested in representations in which the

second copy b of the Cartan acts trivially. In such a
representation, the classical ~matrix will be

(8.8)
1

. _ 1 _
2riry(z1,22) ZQZX;{ ®X, — @Z‘Xa QXS

n O 71 o

2+21
+ZZ2_Z1 I1H,®H,+ (H ®Hy)C}, .

In other words, in a representation where b acts triv-
ially, we have

1
(8.9) ru(21,22) = r(z1,22) + 5 = Y (H @ Hy)Cy, .

(8.4) &
2mir(z1,22) == ZXOT@X& The effect of modlfylng the.boundary. condition is
] then to add an antisymmetric tensor in the Cartan
1 ~ ~ b to the r-matrix. This antisymmetric tensor is inde-

——F > Cy(H, + M H H;, —iH;

Tz 4 2. Cor (Hy -+ iMyiH) © (Hy —iHy) pendent of the spectral parameter. As we have seen
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above, the anti-symmetric tensors that can arise in
this way are those for which i% are not eigenvalues.

So far we have analyzed what happens to the clas-
sical R-matrix when we change the boundary condi-
tion. We will not give a closed-form expression for
how the quantum R-matrix depends on the choice
of boundary condition. Instead, we analyze how the
quantum R-matrix is affected if we change the bound-
ary condition at order #*!.

The quantum R-matrix is built as a sum over
Feynman diagrams. Changing the boundary condition
changes the propagator in the diagrams. Normally
the propagator is accompanied by 7. If we change
the boundary condition at order #~', then we find
a change in the propagator so that as well as having
a coefficient of # it has a term with a coefficient of
#*. This second term can be derived from our analy-
sis above: if the matrix M is M = 1 +#*~8xim, for some

m € so(h), then

(8.10) Cc=1—i"omim+ 01,
so that the new propagator is

(8.11) hr(z,za) — S mysHy @ Hy

Let us compute what affect this has on the quan-
tum R-matrix at order #*. The quantum R-matrix is a
sum over Feynman diagrams where propagators are
accompanied by #, and vertices by #~!. The only way
the modification of the propagator can contribute to
the order #* term in the quantum R-matrix is when
there is a single propagator connecting the two Wil-
son lines. We therefore find that, when we change
the boundary condition at order #*~!, the quantum
R-matrix changes by

(8.12) R+ R—1*Y H @ Hymy+ O

Here the anti-symmetric tensor m,, is arbitrary.

To sum up, we find that the parameters in the
definition of the field theory affect the R-matrix in
the following ways:

1. At each order in #, we are free to add the term
1¥(dz/z) ACS(A) to the Lagrangian. (In the rational
case this was forbidden by the symmetry scaling
z and 7). This changes the R-matrix by adding the
classical R-matrix r!) (z) at order #**!. This change
can be absorbed into a reparametrization of 7.
We can arrange such terms in a series
> (dz/z) A CS(A) where ¢, are the bulk cou-
pling constants.

2. At each order in #, we are free to change the
boundary conditions. A change of the boundary
conditions at order #* adds at order #*' an an-
tisymmetric tensor in § to the R-matrix, which is
independent of the spectral parameter.

We can arrange the choice of boundary condition
in a series ¥ b i* where b, € A2h and by, viewed as
an operator from § to itself, does not have i% as
eigenvalues. We will refer to the b, as boundary
coupling constants.

We will show that these parameters present in the
definition of the field theory give rise to almost all
possible solutions to the trigonometric R-matrix.

As in the rational case, any ambiguities in the so-
lution of the quantum Yang-Baxter equation will be
constrained by appealing to Belavin-Drinfeld’s [12]
classification of solutions of the classical Yang-Baxter
equation. Since their classification is a little subtle in
the trigonometric case, let us explain their main re-
sults.

They consider a classical rmatrix r(u) € g® g
which is a quasi-periodic function of a variable u € C:

(8.13) r(u+2mi) = (C® 1)r(u)

where C is an automorphism of the Lie algebra g of
finite order. They also assume that r(z) has a non-
degeneracy property, which is equivalent to asking
that r(x) has a simple pole at u = 0 whose residue is
the quadratic Casimir.

They show that such solutions of the classical
Yang-Baxter equation are classified by an automor-
phism of the Dynkin diagram of g (that is, an outer au-
tomorphism of g), together with an element of the ex-
terior square of a certain Abelian Lie algebra inside g.

In the case that the automorphism of the Dynkin
diagram is trivial, every such r(u) is equivalent to one
that is strictly periodic, r(u+2ni) = r(u). In that case,
we can view r(u) as a function of z = ¢*. Then, Belavin-
Drinfeld’s classification tells us that there is some
constant A and some anti-symmetric matrix I € A%
such that

(8.14) r(z) = Astandard (Z) +TsH, @ Hy

with ryandad(z) Some standard solution of the trigono-
metric CYBE. We can take for ryungara(z) the solution in
(8.8) with the tensor C’ set to zero.

Note that almost all such solutions are obtained
from our field theory by choicing the coupling con-
stant and the boundary conditions appropriately. The
coupling constant can be tuned to give any value of A,
and the classical boundary condition can be tuned to
give almost any value of T',;. Those T, that can arise
are those with the property that A~'T,,, viewed as an
endomorphism of h, has no eigenvalues which are %
or —1.

The remaining trigonometric solutions to the
classical Yang-Baxter equation are the ones associ-
ated to a non-trivial automorphism of the Dynkin dia-
gram g. These can not be made strictly periodic in the

Jury 2018

Norices oF THE ICCM 143



variable u. Instead, in terms of the variable z = ¢*, they
can be viewed as a section of a flat bundle with fibre
g ®g whose monodromy is the given outer automor-
phism of g applied to the first factor. These solutions
do not play a role in this paper, although they can
presumably be engineered by considering our four-
dimensional field theory with a gauge group G which
has monodromy on C* given by an outer automor-
phism.

Now let us state and prove our classification of
quantum R-matrices in terms of field theory.

Proposition 8.1. Let g be a simple Lie algebra which
is not eg, and let V be its smallest-dimensional repre-
sentation.

Consider the solutions

(8.15)  R(z) =1+hr(z)+--- € End(V) ®End(V)][[1]]

of the Yang-Baxter equation on V, satisfying the fol-
lowing additional properties.

1. We assume R(z) is, at each order in h, a rational
function of z whose only poles are at z = 1.

2. We assume that r(z) is a constant multiple of the
r-matrix in (8.8), where the anti-symmetric tensor
C), has eigenvalues which are not +3.

3. To R we can associate an operator Tj(z) : V —V
where i,j runs over a basis of the smallest rep-
resentation V of g. We suppose that this operator
satisfies the additional constraints we add to the
RTT relation to define the Yangian. For example,
for sly, we require that this operator satisfies the
quantum determinant equation

(8.16)
S Alt(ko, .. ky 1) T (2) TS (ze”) o (ze2<"*1>h)
S

—1.

Then, there is a bijection between

1. The set of such solutions to the Yang-Baxter equa-
tioninVv.

2. The possible values of the bulk and boundary cou-
pling constants of the four-dimensional field the-
ory on R? x C*.

Proof. The results we have explained so far show how
to construct an R-matrix in vV from every choice of
bulk and boundary counter-terms. We need to show
that every possible choice of R-matrix arises in this
way, and that the value of the bulk and boundary cou-
pling constants is encoded in the R-matrix.

We will first consider the case g =sly. We consider
the coefficient r(z) of 7 in the expansion of R(z). By
assumption, r(z) can be engineered from some choice
of boundary condition and coupling constants for the
classical theory.

Next, we assume by induction that, modulo #*, ev-
ery R-matrix satisfying the constraints in the state-
ment of the proposition arises from some choice of
bulk counter-terms and of boundary condition in the
field theory. We will prove by induction that this also
holds modulo A**!.

Thus we let R be an R-matrix satisfying the condi-
tions stated above, and we let R’ be an R-matrix engi-
neered from the field theory so that R = R’ modulo #*.
Then, there is some r*¥)(z) such that

(8.17) R=R +1 () + o).

The Yang-Baxter equation for R(z) and R'(z) implies,
as in the rational case, that

(8.18) r(z)+er(z)

satisfies the CYBE modulo €>. Further, applying the
quantum determinant relation to each variable tells
us that r¥(z) € sly @ sly.

Belavin-Drinfeld’s classification shows that r*)(z)
is of the form

(8.19) r®(2) = Cer(z) + T

where T" € A%h, and C is a constant. We can change
the bulk coupling constants of our four-dimensional
gauge theory to absorb Cyr(z) into R'(z), and we can
change the boundary conditions at order #~! to ab-
sorb I into R'(z).

In this way we find that every possible R-matrix
is uniquely represented as one coming from field the-
ory, with an appropriate value of the coupling con-
stants.

If g is any other simple Lie algebra which is not g,
the only point at which the argument above is modi-
fied is that, instead of imposing the quantum deter-
minant relation, we impose the constraints we add to
the RTT relation to describe the quantum loop group
for g. (For example, for soy or sp,y, we impose the con-
straint coming from the pairing on the fundamental
representation. For g,, we impose the constraint com-
ing from the pairing on the fundamental representa-
tion and the invariant antisymmetric 3-tensor.) O

Comment: To avoid confusion, we should perhaps
explain the following. In the present paper, we have
considered only admissible Wilson lines. This restric-
tion leads to the family of solutions of the classical
Yang-Baxter equation, and the corresponding family
of quantum R-matrices, that we have analyzed. It is
also possible, of course, to consider non-admissible
Wilson lines, with an arbitrary weight for the second
copy of the Cartan. This possibility has been ana-
lyzed in section 9 of [2] and leads to “external field”
parameters that were introduced by Baxter [13, sec-
tion 8.12]. Note that the external field parameters
arise for all g (they were explicitly analyzed for sl; in
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section 9.4 of [2]), while the parameters that we have
considered here involve an element of A%h and thus
can appear only if g has rank greater than 1.

9. RTT Relation in the Elliptic Cases
9.1 Construction

In the rational and trigonometric settings, we saw
that a quantum group - the Yangian or the quantum
loop group - acts on the space of states at the end of
any Wilson line. In this section we will derive the same
result in the elliptic case. In this case, what arises is
Belavin’s elliptic quantum group.

Let us work in the setting of [2], section 10. We
consider the projectively flat complex vector bundle
of rank N on an elliptic curve E whose monodromy
around the a and b cycles is given by matrices A and
B that satisfy

2mi

9.1) AT'B'AB=¢WV 1d .

This defines a flat PGLy bundle on the elliptic curve,
and so in particular a holomorphic PGLy bundle.

Let us introduce a Wilson line associated to a rep-
resentation W, supported somewhere on E and living
in the x direction, which we view as horizontal. Fol-
lowing our analysis in sections 2 and 7, we would like
to cross this with a vertical fundamental Wilson with
specified incoming and outgoing states, to find oper-
ators acting on W.

Locally on the elliptic curve, we can lift the PGLy
bundle to an SLy bundle and define a vertical Wilson
line in the fundamental representation of SLy. Thus,
locally on the elliptic curve, we get operators

(9.2) Ti(p): W =W

from putting a vertical fundamental Wilson line at p €
E with incoming and outgoing states i and j.

These operators do not make sense globally on
the elliptic curve. There is a topological obstruction
to lifting the PGLy bundle to an SLy bundle, so that
the vertical Wilson line is not well-defined globally on
the elliptic curve.

To understand what happens globally, we will in-
troduce a certain covering space. We let 7 : E — E be
the N? to 1 covering space with the feature that E is
the quotient of E by the group of points on E of order
N. More explicitly, if E is the quotient of C by the lat-
tice spanned by (1,7), then E is the quotient of C by
the lattice spanned by (N,NT).

Since the monodromy around the a and b cycles
of E of the flat PGLy bundle is of order N, the mon-
odromy of the bundle pulled back to E is trivial, and
so the bundle is trivial.

Given a point p € E, we can define a fundamental
Wilson line at p by choosing a point z € E with 7(z) = p.

Once we choose such a lift, we get a trivialization of
the PGLy bundle at p and so a fundamental Wilson
line. Therefore, if z € E, we get an operator

(9.3) Ti(z):W—W

from placing a vertical Wilson line at 7(z) € E. In per-
turbation theory,? Tj? (z) only has poles where 7(z) = p.

The operator T;(z) depends on the choice of lift
of a point p = n(z) in E to z € E. Different lifts will give
rise to different trivializations of the fibre of the PGLy
bundle at p € E, and so to operators T/ (z) which differ
by conjugating with some matrix acting on CV.

Choosing a basis a,b for the group of order N
points of E, we have the relations

T(z+a)=AT(2)A™!,

(9.4) .
T(z+b)=BT(z)B™",

In these equations we are viewing {7/(z)} as an N x N
matrix whose entries are elements of End(W), and we
are conjugating it with the N x N matrices A, B whose
entries are scalars. These relations follow from our
definition of the PGLy bundle in terms of the matrices
A and B.

One can, of course, pass to the universal cover
C — E, where we view E as the quotient of C by the
lattice generated by N and Nt. In this language, the
generators of the group of N-torsion points on E are
1 and 7, and the relations (9.4) take the form 7T(z+
1) =AT(z)A™!, T(z+7) =BT (z)B~'. In this form, we are
viewing T'(z) as a function on C with values in gly ®
End(W). Since AY =1 and BY = 1, we see that T(z +N) =
T(z) and T(z+N1) =T(z), so that T(z) depends to the
elliptic curve E.

Of course, the operators Tj(z) also satisfy the RTT
relation we are familiar with from the rational and
trigonometric cases. In addition, Tj"(z) satisfies the
quantum determinant relation

(9.5)
3 Alt(ko, . ka 1) T (2) T (24 20) - T (2 4+ 2(n — 1))
r

=1.

It is more difficult in the elliptic case than in the
rational or trigonometric cases to turn these relations
on the operators T}(z) into the relations defining an al-
gebra with a simple set of generators. This is because
there are no natural boundary points on the elliptic
curve around which we can expand T/(z) as a series
in z.

9 This is actually not true beyond perturbation theory: the
exact R-matrix has finitely many poles in each fundamental
domain. To reconcile the statements, one must bear in mind
that 1/(z—h) = 1/z+1/7>+... can be viewed in perturbation
theory as a function that only has poles at z = 0.

Jury 2018

Norices oF THE ICCM 145



One way around this problem, which is some-
times considered in the literature [14], is to avoid
defining the elliptic quantum group as an algebra, but
instead to simply describe what it means to give arep-
resentation of this putative algebra.

Definition 9.1. A representation of the elliptic quan-
tum group for sly is a finite dimensional vector space
W with an operator T(z) : W — W|[[n]], which is analytic
as a function of z € C with countably many singular
points. At each order in h every singularity is of finite
order. There are finitely many singular points in each
fundamental domain for the elliptic curve.

The operator T(z) must satisfy the RTT relation,
the quantum determinant relation, and the quasi-
periodicity relation (9.4).

This definition matches one considered in [14]
(except that we have also imposed the quantum deter-
minant relation). This definition is equivalent to (but
technically more convenient than) other definitions
which build the elliptic quantum group as an associa-
tive algebra.

9.2 Uniqueness of the Elliptic R-Matrix

In the rational and trigonometric cases, we saw
that the R-matrix was uniquely constrained by the
Yang-Baxter equation, unitarity, and certain supple-
mentary equations. In type A the supplementary
equation is the quantum determinant relation. In the
elliptic case, a similar uniqueness result holds. We
will be brief since the argument is similar to that pre-
sented in the rational and trigonometric cases.

Suppose that we have two elliptic solutions R,R’
to the quantum Yang-Baxter equation. We will view
R,R' as series in 7 whose coefficients are meromor-
phic functions on C valued in gly ® gly, and which sat-
isfy the quasi-periodicity conditions discussed above
with respect to the translations z+ z+1, z+— z+ 7. We
will also assume that R, R’ satisfy the quantum deter-
minant relation and the unitarity condition.

Suppose that R, R’ agree modulo 7*, and that mod-
ulo 72 both are given by the solution r(z) = rV)(z) to the
classical Yang-Baxter equation that we derived from
field theory in section 10 of [2]. Then R,R’' differ by
#kr®)(z), where r®)(z) is a first-order deformation of
r((z) as a solution to the CYBE. The quantum deter-
minant relation applied to each variable tells us that
r0(z) € sly @ sly.

Belavin-Drinfeld’s classification [12] of solutions
to the CYBE in the elliptic case tells us that ¥ (z) is a
multiple of (1) (z). Therefore R, R’ differ by a non-linear
reparametrization of # of the form 7 +— fi+ch®>+....

In terms of field theory, reparameterization of
A amounts to adding counter-terms of the form

ik [dzCS(A) at each order in the loop expansion. Such
counter-terms are not forbidden by the symmetries
of the theory on R? x E. We thus find that the el-
liptic R-matrix is uniquely constrained by the formal
properties it satisfies, up to a reparameterization of #
which is an inherent ambiguity in quantizing the sys-
tem.
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