Memories of Shoshichi Kobayashi
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This article was originally written for the Notices of the
AMS, and is to appear in a forthcoming issue. The article is
published here by kind permission of the author and of the
American Mathematical Society.

I first met Sho in 1962 in one of the AMS Summer
Institutes in Santa Barbara. I had just finished my first
year as a graduate student at MIT and he told me he was
on his way to Berkeley. We ended up being colleagues for
47 years when I myself got to Berkeley in 1965. Although
as colleagues we could not help but run into each other
often, I think it was in the ten or so years from 1980 to
1990 that I had extended contact with him every week,
when he drove me home after each differential geometry
seminar late in the day on Friday. We had to walk a bit
before we could get to his car and that gave us even more
of a chance to chat and gossip. I am afraid the intellectual
quality of the conversations was not particularly high, but
the entertainment value was off the charts. It was most
enjoyable. However, the one thing that has stuck in my
mind about Sho all these years is probably the fortuitous
confluence of events surrounding the discovery of the
Kobayashi metric in 1966.

In the summer of 1966, Professor Chern and I at-
tended the AMS Summer Institute on entire functions in
La Jolla, and Professor Chern gave a lecture on his new
result on the volume decreasing property for holomor-

phic mappings from (basically) the unit ball in C" into
an Einstein manifold of the same dimension with negative
curvature in a suitable sense. This is a generalization of
the famous Ahlfors-Schwarz lemma on the unit disc ([2]),
and it is to Professor Chern’s credit that he recognized it
as the special case of a general theorem about holomor-
phic mappings on complex manifolds. At the time, the
idea of putting the subject of holomorphic functions in a
geometric setting was very much on his mind. In the fol-
lowing fall, he gave a similar talk in one of the first lec-
tures of the Friday geometry seminar, but this time he had
a manuscript ready ([1]). The main ingredient of his proof
is basically a Weitzenbock formula for the volume form;
his observation was that negative curvature (in one form
or another) of the target manifold limits the behavior of
holomorphic mappings. This is the beginning of what

Phillip Griffiths later called “hyperbolic complex analysis”.

Of course both Sho and I were in the audience and, within
two or three weeks, Sho came up with a generalization
using more elementary methods. Sho’s paper also ap-
peared in the same Proceedings of the Summer Institute
([6]) as a result of the typically generous gesture of Pro-

fessor Chern, who asked the editor of the Proceedings to
make an exception. It may be mentioned in passing that
this particular line of development was ultimately capped
by Yau’s general Schwarz lemma ([8]).

At the time I was fascinated with Bloch’s theorem (in
one complex variable) and was trying to understand why
there would be a univalent disc for holomorphic functions
into the unit disc. Professor Chern’s paper contains a
reference to the paper of Grauert-Reckziegel ([3]), which
can also be said to be an application of the Ahl-
fors-Schwarz lemma. Upon reading [3], I got the idea that
Bloch’s theorem was a consequence of the phenomenon
of normal families and, as a result, I could prove a quali-
tative generalization for Bloch’s theorem for holomorphic
mappings between complex manifolds. The Grau-
ert-Reckziegel work formulates the condition for normal
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families in terms of the behavior of the mappings them-
selves, but being a geometer, I recognized that the condi-
tion could be more suitably formulated in terms of a
Kéahler metric on the target manifold whose holomorphic
sectional curvature is strongly negative in the sense of
being bounded above by a negative constant. So I wrote up
my findings and, as it was the tradition then among the
geometers at Berkeley, put copies of my manuscript (the
precursor of [7]) in my geometry colleagues’ mailboxes. If
I recall the events correctly from a distance of 45 years,
Sho came up with the manuscript of [5] in a matter of
days. This is the announcement that all complex mani-
folds carry an intrinsic metric, the metric that now bears
his name. Sho recognized that, with the availability of the
Ahlfors-Schwarz lemma, the construction of the
Caratheodory metric could be “dualized” to define the
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Kobayashi metric. This paper took the focus completely
out of the holomorphic mappings themselves (as in [3]
and [7]) and put it rightfully on the Kobayashi metric of
the target complex manifold in question. As is well-known,
this insight sheds light on numerous classical results
(such as the little and big Picard theorems) and inaugu-
rates a new era in complex manifolds.

I had submitted my paper to the Acta, but the editor
asked for a revision. At about the same time that the
editor’s letter arrived, Phillip Griffiths (who was then in
the department) asked me if my results could be sharp-
ened to mappings into a Hermitian manifold whose
holomorphic sectional curvature, while not everywhere
strongly negative, is strongly negative in the directions
tangent to the image manifolds. This was the situation he
encountered in his study of period maps into period
domains ([4]). Of course the answer is trivially affirmative.
When Sho and I did our work, I think it is fair to say that
neither of us expected to find applications in the latest
work of one of our own colleagues. Sho also pointed out
in [5] that the Kdhler metrics I used could be relaxed to be
Hermitian ones. In due course, I made the revision, [7],
and it took into account both Griffiths’ remark and Sho’s
observation. It would seem that, every now and then, such
happy coincidences do take place in mathematics.
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