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ON BIALGEBRAS, COMODULES, DESCENT DATA AND
THOM SPECTRA IN ∞-CATEGORIES

JONATHAN BEARDSLEY

(communicated by Brooke Shipley)

Abstract
This paper establishes several results for coalgebraic struc-

ture in ∞-categories, specifically with connections to the spec-
tral noncommutative geometry of cobordism theories. We prove
that the categories of comodules and modules over a bialge-
bra always admit suitably structured monoidal structures in
which the tensor product is taken in the ambient category (as
opposed to a relative (co)tensor product over the underlying
algebra or coalgebra of the bialgebra). We give two examples
of higher coalgebraic structure: first, following Hess we show
that for a map of En-ring spectra ϕ : A→ B, the associated
∞-category of descent data is equivalent to the ∞-category
of comodules over B ⊗A B, the so-called descent coring; sec-
ondly, we show that Thom spectra are canonically equipped
with a highly structured comodule structure which is equiva-
lent to the ∞-categorical Thom diagonal of Ando, Blumberg,
Gepner, Hopkins and Rezk (which we describe explicitly) and
that this highly structured diagonal decomposes the Thom iso-
morphism for an oriented Thom spectrum in the expected way
indicating that Thom spectra are good examples of spectral
noncommutative torsors.
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1. Introduction

In this paper we study∞-categorical coalgebras and bialgebras which are not nec-
essarily commutative nor cocommutative as well as their ∞-categories of modules
and comodules. Homotopical coalgebras and comodules have long been the objects of
a great deal of study in homotopy theory (for instance in the guise of H-cogroups or
the comodules over Hopf-algebroids arising in chromatic homotopy theory). Recently
however there has been a renewed interest in understanding how to control coal-
gebraic structure in a homotopical setting (cf. [PS19,Pet20,Pér22,HS14,HS16,
GKR20,Tor20]). In general however it remains extremely difficult to apply intuition
from classical algebra to coalgebras and comodules, especially if one is attempting
to work homotopy coherently. Indeed, many elementary theorems for coalgebras in
1-categories require entirely new tools to be proved in ∞-categories.

The main structural result for coalgebras and comodules given in this paper is
exactly such a theorem: if H is an ∞-categorical bialgebra whose multiplication is
Ek-monoidal and whose comultiplication is Ej-monoidal then the ∞-category of H-
comodules is Ek-monoidal and the ∞-category of H-modules is Ej-monoidal, where
the tensor product is computed in the ambient category. This result is well known,
and not particularly difficult to prove, when H is a bialgebra in a braided monoidal
1-category.

We also describe two places that coalgebraic structure arises in spectral algebra:
one in the description of descent data in ∞-categories, and another in highly struc-
tured coalgebra and comodule structures on Thom spectra. This last example allows
us to interpret (not necessarily commutative) Thom ring spectra from the point of
view of non-commutative geometry. This work is in some ways motivated by chro-
matic homotopy theory, in which many important ring spectra arise which do not
admit E∞-ring structures, e.g. the Brown–Peterson spectrum BP , the Morava K-
theories K(n), and Ravenel’s X(n) and T (n) spectra, all of which play essential roles
in the proofs of Ravenel’s Nilpotence and Periodicity Conjectures ([DHS88,HS98]).
However, following insights of Rognes ([Rog08]), Morava and others, these spectra
should nonetheless have algebro-geometric interpretations.

Unfortunately the majority of work in higher and spectral algebraic geometry
focuses on the E∞-case, possibly because E∞-rings have the miraculously useful prop-
erty that their tensor product agrees with their categorical coproduct, which fails
to be the case for all other En-algebras. As such, methods from non-commutative
algebra and non-commutative algebraic geometry must be adopted to understand
non-commutative structures in higher algebra. And upon adopting such methods,
foundational results about them need to be proven. This paper begins that process.

The structure of the paper is as follows: In Section 2 we lay out the basic language
that we will use for the remainder of the paper. This mostly follows [Lur09,Lur17]
but we include a few minor expansions and explanations.
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In Section 3 we make the relevant definitions (which have of course appeared in a
number of other places) and ultimately prove the earlier described theorem. Namely,
that if H is a bialgebra with compatible Ek-algebra and Ej-coalgebra structures in
a suitable ∞-category then its category of comodules has an Ek-monoidal structure
and its category of modules has an Ej-monoidal structure (Theorem 3.18). We also
make a detailed analysis of the relevant cocartesian morphisms of these monoidal
structures to check that, given two left H-comodules M and N , their tensor product
is simply M ⊗N (taken in the underlying category) and their comodule structure
map is the same as the classical one, i.e. the composite

M ⊗N → H ⊗M ⊗H ⊗N ∼→ H ⊗H ⊗M ⊗N → H ⊗M ⊗N

of the respective coactions of M and N tensored together followed by a twist and the
multiplication of H. Similarly, the tensor product of two left modules has structure
map

H ⊗M ⊗N → H ⊗H ⊗M ⊗N ∼→ H ⊗M ⊗H ⊗N →M ⊗N

given by the comultiplication of H followed by the respective actions of M and N .
Our first example of coalgebraic structure in higher algebra, in Section 4.1, is to give

a description of the ∞-category of descent data for a map of En-ring spectra A→ B
as the category of comodules over the so-called descent coring B ⊗A B (Theorem 4.3).
In the classical setting this result is well-known (see, for instance, [NW07,BR70])
and is explicitly stated using coalgebraic notions in [BW03]. Somewhat more recently
it was proven in a model-category theoretic context by in [Hes10]. The∞-categorical
case also appears in [Tor20, Theorem 6], but that result appears to take for granted
a monoidal Eilenberg–Watts theorem, which we prove in Theorem 4.2. In future work
we will make a more in-depth study of∞-categorical descent, and in particular study
how the above theorem manifests when A→ B is a Galois or Hopf–Galois extension
as defined in [Rog08].

Our second example, in Sections 4.2 and 4.3, is to study the coalgebraic structure of
Thom spectra. First, we show that any Thom spectrum Th(f) over a ring spectrum
R, constructed via a map f : X → Pic(R), is a comodule for the “trivial” Thom
spectrum, R⊗ Σ∞

+X, whose coalgebra structure is induced by the diagonal map of
X (Corollary 4.13). While the existence of this “Thom diagonal” is a classical fact
(cf. [Mah79] for one of many examples), our approach ensures that this coaction is
fully homotopy coherent. In other words, it determines an object in an ∞-category
of comodules, rather than just a comodule in the homotopy category. We also show
that this diagonal is equivalent to the diagonal (implicitly) defined in [ABG+14],
and that it plays a part in a Thom isomorphism whenever Th(f) is E-oriented for
some R-algebra E (Theorem 4.14).

The role that our coherent diagonal plays in the Thom isomorphism is particularly
interesting because, to the author’s knowledge, no existing ∞-categorical reference
gives a full decomposition of the Thom isomorphism into its classical components in
which the first morphism is a structured coaction, i.e. the composite

E ⊗R Th(f)→ E ⊗R Th(f)⊗ Σ∞
+X → E ⊗R E ⊗ Σ∞

+X → E ⊗ Σ∞
+X

of the Thom diagonal, followed by the orientation, followed by the multiplication of
E (in the classical case this is described in [Lew78]). As a result, in the case that
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f : X → Pic(R) is Ek-monoidal for some k < n, implying that Th(f) is oriented with
respect to itself, we are justified in saying that Th(f) is a non-commutative Σ∞

+X-
torsor (or commutative, if everything in sight is E∞). Here we mean non-commutative
in the sense of non-commutative algebraic geometry, in which one mimics the classical
notion of a G-torsor but replaces G with a bialgebra (typically a Hopf algebra),
schemes with rings, and pullbacks with tensor products.

One shortcoming of the above analysis is that it does not fully expose the rela-
tionship between this torsor structure and the related descent theory. Classically, if
X → S is a cover of schemes and a G-torsor for some group G, then one can perform
“descent along a torsor,” (cf. [Vis08, Section 4.4]). In a homotopical context, for a
ring map ϕ : A→ B with G replaced by a spectral bialgebra H, this corresponds to a
cosimplicial equivalence between the Amitsur complex for ϕ (i.e. the Adams spectral
sequence) and the H-cobar complex for B over A. This equivalence is constructed in
model categories of commutative and associative ring spectra in [Rog08,Rot09] and
is easy to construct by universal properties when ϕ is a map of E∞-ring spectra. We
hope to give a purely ∞-categorical construction of this equivalence, and therefore a
better understanding of non-commutative descent for Thom spectra, in future work.

Finally in Appendix A, we prove that (an ∞-categorical reformulation of) the
classical notion of an E-orientation of a Thom spectrum, as described in [Lew78],
is indeed equivalent data the notion of orientation given in [ABG+14]. This is well
known to experts, and is implicit in [ACB19], but the author found it useful to
explicitly describe the relationship between these two equivalent structures.
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2. Background

Throughout, we use the ∞-categorical framework for higher category theory and
derived algebra developed by Lurie in [Lur09,Lur17]. For the most part our notation
agrees with Lurie’s. In particular, we use S for the∞-category of spaces and Sp for the
∞-category of spectra. We will make heavy use of the theory of∞-operads developed
in [Lur17]. In particular we will use: the commutative ∞-operad Fin∗; the little
n-cubes ∞-operad E⊗

n ; the associative ∞-operad Ass⊗, which is equivalent to E⊗
1 ;

and the ∞-operad LM⊗ whose algebras are pairs (A,M) comprising an algebra and
a module over that algebra.
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Given an En-monoidal ∞-category we will write AlgEk
(C) for the category of Ek-

algebras in C for any 0 ⩽ k ⩽ n and LModA(C) for the∞-category of left modules over
an E1-algebra A in C. Recall that if LMod(C) is the ∞-category of LM⊗-algebras
in C then LModA(C) can be obtained from LMod(C) as the following pullback of
∞-categories:

LModA(C) //

��

LMod(C)

��
∗ A // Alg(C)

in which the right vertical map forgets the module and the bottom horizontal map
picks out the algebra A. More generally we will wish to consider categories of pairs
(A,M) where A is an Ek-algebra and M is a left module over the underlying E1-
algebra of A.

Definition 2.1. Let LModEk
(C) be the∞-category defined by the following pullback

of ∞-categories:

LModEk
(C) //

��

LMod(C)

��
AlgEk

(C) // Alg(C)

in which the bottom horizontal map takes an Ek-algebra to its underlying E1-algebra.
The objects of LModEk

(C) can be thought of as pairs (A,M) where A is an Ek-algebra
of C and M is a left module over the underlying E1-algebra of A.

Remark 2.2. Recall that objects of LMod(C) are commutative triangles

LM⊗ F //

%%

C⊗ ×E⊗
n
E⊗
1

��
E⊗
1

in which the horizontal functor F takes inert morphisms of LM⊗ to inert morphisms
of C⊗ ×E⊗

n
E⊗
1 (with respect to the cocartesian fibration C⊗ ×E⊗

n
E⊗
1 → E⊗

1 ). Recall

also that the objects of LM⊗
⟨1⟩ are a and m, corresponding to an algebra and a

module respectively. By precomposing with the inclusion m : ∗ → LM⊗ we obtain a
forgetful functor LMod(C)→ C which takes a pair (A,M) to M as an object of C.
By further precomposing with the projection LModEk

(C)→ LMod(C) we obtain a
similar forgetful functor LModEk

(C)→ C.

Remark 2.3. Given a fixed Ek-algebra A, we have a functor A : ∗ → AlgEk
(C) which

could be described as the “category of Ek-modules over A.” However by pasting
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pullback diagrams as follows,

LModA(C) //

��

LModEk
(C) //

��

LMod(C)

��
∗ A // AlgEk

(C) // Alg(C)

we have that the pullback of the cartesian fibration LModEk
(C)→ AlgEk

(C) along
the morphism ∗ → AlgEk

(C) is equivalent to LModA(C). In other words, there is no
real distinction between the category of left modules over A thought of as an Ek-
algebra and the category of left modules over A as an E1-algebra. The same goes for
LCoModA(C) for an Ek-coalgebra A. Nonetheless, the total category LModEk

(C) will
be useful later.

Proposition 2.4. The projection LModEk
(C)→AlgEk

(C) of Definition 2.1 is a carte-
sian fibration of ∞-categories with respect to which a morphism (A,M)→ (B,N) is
cartesian if and only if it induces an equivalence after applying the forgetful functor
LModEk

(C)→ C of Remark 2.2.

Proof. From [Lur17, 4.2.3.2], we have that LMod(C)→ Alg(C) is a cartesian fibra-
tion and that a morphism of LMod(C) is cartesian if and only if it is an equivalence
after application of the forgetful functor LMod(C)→ C described in Remark 2.2.
The fact that LModEk

(C)→ AlgEk
(C) is cartesian then follows from the fact that

cartesian fibrations are stable under pullback (cf. [Lur09, 2.4.2.3]). Additionally, by
[Lur09, 2.4.1.12, 2.4.2.8], a morphism in LModEk

(C) is cartesian over AlgEk
(C) if

and only if its image under the projection LModEk
(C)→ LMod(C) is also cartesian.

As a result, the characterization of cartesian edges in LMod(C) extends to a charac-
terization of cartesian edges in LModEk

(C).

Remark 2.5. One can deduce, for instance by applying [Lur21, 5.5.4.13] and the
straightening-unstraightening equivalence of [Lur09], that the cartesian morphism
with target (B,N) in either LMod(C) or LModEk

(C) and over ϕ : A→ B in either
Alg(C) or AlgEk

(C) can be thought of as (A, ϕ∗(N))→ (B,N) given by the pair
(ϕ, idN ) where the A-action on ϕ∗(N) ≃ N is given by ϕ followed by the B-module
structure on N , i.e. A⊗N → B ⊗N → N .

Definition 2.6. Let O⊗ be an ∞-operad and C an O-monoidal ∞-category defined
by a cocartesian fibration p : C⊗ → O⊗ as in [Lur17, 2.1.1.10]. Then the dual fibra-
tion of p is the cartesian fibration p∨ : (C⊗)∨ → O⊗ as defined in [BGN18]. We
define the opposite O-monoidal structure on C to be the O-monoidal structure on
C determined by the opposite of the dual fibration, i.e. the cocartesian fibration
(p∨)op : ((C⊗)∨)op → O⊗. We will call the fibration (p∨)op the “fiberwise opposite”
of p. To simplify notation we will follow [Hau20] and write pop : Cop⊗ → O⊗ for the
fiberwise opposite of p.

Remark 2.7. It follows from [BGN18, Theorem 1.7] that if p : C⊗ → O⊗ is an O-
monoidal structure on C then the functor O⊗ → Cat∞ corresponding to the fibration
pop : Cop⊗ → O⊗ is equivalent to the composition op ◦ St(p) : O⊗ → Cat∞, where St(−)
is the straightening functor of [Lur09]. In other words, for any X ∈ O⊗, the fiber
(Cop⊗ )X is equivalent to (C⊗X)op.
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Definition 2.8. Let C and D be O-monoidal ∞-categories and f : C → D be an O-
monoidal functor. Then by functoriality of taking the dual fibration and taking oppo-
sites there is an induced O-monoidal functor which we denote by fop : Cop → Dop.

Remark 2.9. Going forward, when there is no chance of ambiguity, we will not refer-
ence the defining cocartesian fibration p : C⊗ → O⊗ for an O-monoidal ∞-category,
nor that of the opposite monoidal structure. Whenever we fix an O-monoidal ∞-
category C we will implicitly be fixing a cocartesian fibration p : C⊗ → O⊗ and implic-
itly endowing the opposite category Cop with the O-monoidal structure determined
by pop.

3. Coalgebra

In the past several years, there have been a number of papers which introduce
the fundaments of working with coalgebras and their comodules in ∞-categories,
e.g. [Tor20,Pér22]. As a result, many of the following basic definitions are redundant,
but we nonetheless include them for ease of access by the reader.

Definition 3.1. Let C be an O-monoidal ∞-category for O⊗ an ∞-operad. Then
define the∞-category of O-coalgebras in C to be (AlgO(Cop))op, which we will denote
by CoAlgO(C). If O⊗ ≃ E⊗

1 we will write CoAlg(C) for the ∞-category of coassocia-
tive coalgebras in C.

Definition 3.2 (Comodules). Let C be an En-monoidal ∞-category and let A be an
object of AlgEk

(Cop) for 0 < k ⩽ n. Then there is an ∞-category of left A-modules
LModA(Cop). We define the category of left comodules over A to be the ∞-category
LModA(C

op)op. We will denote this category by LCoModA(C). Similarly for any
k ⩽ n we define LCoModEk

(C) to be LModEk
(Cop)op.

Example 3.3. By [BP19, 2.2], if C is a cartesian symmetric monoidal ∞-category,
i.e. one in which the tensor product of two objects is given by their cartesian product,
then every object is a canonically a cocommutative coalgebra. Moreover for a fixed
object X ∈ C there is an equivalence of ∞-categories between LCoModX(C) and the
slice category C/X . In particular, every space is a cocommutative coalgebra of S and
a map of spaces X → Y induces a Y -comodule structure on X via the composite
X → X ×X → X × Y .

Remark 3.4. Definition 3.2 is somewhat abstract given that the monoidal structure
is on Cop is determined by the opposite of the dual of the fibration determining the
monoidal structure on C, so we will describe part of it more explicitly in the case of
O = Ass⊗. Let p : C⊗ → Ass⊗ be the fibration determining the monoidal structure on
C and pop : Cop⊗ → Ass⊗ the fiberwise opposite. By [BGN18, 1.6, 3.5] we know that a

morphism (ϕ, α) : x→ y in Cop⊗ is a cospan x
ϕ→ u

α← y in C⊗ where p(ϕ) ≃ pop(ϕ, α),
ϕ is cocartesian in C⊗, and p(α) is equivalent to the identity. Moreover, the morphism
(ϕ, α) is cocartesian in Cop⊗ exactly when α is an equivalence in C⊗.
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Now suppose we are given a morphism of ∞-operads over Ass⊗:

LM⊗ F //

$$

(C⊗)op

��
Ass⊗

determining an algebra and a module over it in Cop. If we say that F (a) = A and
F (m) =M then the morphism of ∞-operads F determines, among other things, a
commutative triangle in Cop⊗ of the following form:

F ((a,m)) ≃ (A,M)

δ

��

β // A⊗M

γ
vv

F (m) ≃M,

where β is cocartesian, δ is the image of the active map (a,m)→ m in LM⊗ under
F , and γ is induced by the fact that β is cocartesian. Here, γ is the map witnessing
the action of A on M in Cop (ignoring higher coherences). By replacing each of β, γ
and δ with their corresponding cospans in C⊗, we have a diagram:

(A,M)
βL //

δL

��

U A⊗M
βRoo

γL
{{

V W

M

δR

OO

γR

;;

in which βL, δL and γL are cocartesian in C⊗. Moreover, βL and δL project to the
active map ⟨2⟩ → ⟨1⟩, γL projects to the identity map ⟨1⟩ → ⟨1⟩ and δR and γR
project to degenerate morphisms in Ass⊗ under p. Finally, because β is cocartesian,
βR is an equivalence. Since βL and δL are both cocartesian in C⊗ they must both
be equivalent to the tensor product structure map (A,M)→ A⊗M in C⊗. Similarly
by cocartesianness, γL must be an equivalence A⊗M → A⊗M . Now note that
this diagram must commute in Cop⊗ and that composition in Cop⊗ is given by taking
pushouts. Therefore there is a commutative diagram in C⊗:

(A,M) A⊗M M

A⊗M A⊗M

A⊗M
δL

δR

βL βR γL γR

⌟

in which the central square is a pushout square each of whose sides is an equivalence.
It follows that δR ≃ γR and δL ≃ βL. In particular, the morphism γR is precisely the
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“coaction map” of A on M in C. This is the way in which the specific morphism in C
describing the coaction may be extracted from the ∞-operadic data.

3.1. Bialgebras
By applying [Lur17, 3.2.4.3] to the bifunctor E⊗

j × E⊗
k → E⊗

k+j of [Lur17, 5.1.2.1]
we have that if the tensor product in an Ek+j-monoidal ∞-category preserves geo-
metric realizations then the ∞-category of Ek-algebras in an C is always at least
Ej-monoidal. However, in general, AlgEk

(C) will not be Eℓ-monoidal for ℓ > j. As a
result, if we are interested in discussing bialgebras in an En-monoidal ∞-category,
our constructions only allow us to work with bialgebras that have an Ej-comonoidal
structure and an Ek-monoidal structure for j, k ⩾ 0 and j + k ⩽ n. We will call such
bialgebras (j, k)-bialgebras.

Definition 3.5 ((j, k)-Bialgebras). Let C be an En-monoidal ∞-category. Then for
any j ⩽ n there is an En−j-monoidal ∞-category of Ej-coalgebras in C, CoAlgEj (C).
For each k ⩽ n− j, there is an ∞-category AlgEk

(CoAlgEj (C)). For a fixed j, k < n,
we call AlgEk

(CoAlgEj
(C)) the category of (j, k)-bialgebras in C. We will denote this

category by BiAlgj,k(C) where the first index gives the “degree” of cocommutativity,
and the second index gives the “degree” of commutativity.

Remark 3.6. In the above definition, if n =∞, so that C and Cop are symmetric
monoidal, then AlgEk

(Cop) is again symmetric monoidal (cf. [Lur17, 3.2.4.4]). As
such, in a symmetric monoidal ∞-category, we can define BiAlgj,k(C) for arbitrary j
and k.

Remark 3.7. Note that for an Ek+j-monoidal∞-category C, an object A of AlgEj
(Cop)

is a section of the cocartesian fibration C⊗op → E⊗
j defining the Ej-monoidal struc-

ture on Cop. Therefore the image of the inclusion of the base point {∗} → ⟨1⟩ in
E⊗
j (cf. [Lur17, 5.1.0.2]) induces an algebra unit map 1C → A in Cop. Hence A is

equipped with a counit ε : A→ 1C in C. Similarly, A is equipped with a comulti-
plication ∆: A→ A⊗A which is homotopy cocommutative when j > 1. This map
corresponds to (the opposite of) a cocartesian lift of a rectilinear mapping of a pair
of j-cubes into a j-cube.

Remark 3.8. Recall that when defining an affine commutative monoid scheme, one
defines it to be a commutative monoid object in the category of affine schemes. As
a result, an affine commutative monoid scheme is both a commutative monoid and a
cocommutative comonoid (via the diagonal map of the underlying scheme, or Spec(−)
of the multiplication), and more importantly, these two structures are compatible. In
other words, to produce a bialgebra, we can either specify an algebra whose struc-
ture maps are maps of coalgebras, or a coalgebra whose structure maps are maps of
algebras. Either of these conditions will produce the necessary compatibility between
these structures. In a 1-category this structure can be encoded by certain diagrams or,
equivalently, the symmetric monoidal theory (or PROP) of bialgebras. The machinery
of [Lur17] and [Lur09] does not immediately lend itself to such a description. There
does exist a theory of ∞-properads which can be used to parameterize compatible
homotopy coherent algebra and coalgebra structures described in [HRY15], but it is
very difficult to make that machinery compatible with the rest of the framework for
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derived algebra described in [Lur09,Lur17]. Luckily, however, we will not need such
a compact description of bialgebras in this paper.

Proposition 3.9. Let C and D be En-monoidal ∞-categories and f : C → D an En-
monoidal functor. Then for j + k = n, if H is a (j, k)-bialgebra in C then f(H) is a
(j, k)-bialgebra in D.

Proof. Being En-monoidal, f induces an En-monoidal functor fop : Cop → Dop. As
such, fop induces an Ek-monoidal functor Alg(fop) : AlgEj (Cop)→ AlgEj (Dop). This in
turn induces an Ek-monoidal functor CoAlg(f) : CoAlgEj (C)→ CoAlgEj (D) which,
being Ek-monoidal, preserves Ek-algebras in CoAlgEj

(C) and therefore preserves (j,k)-
bialgebras.

3.2. Tensor products of modules and comodules over bialgebras
In general, categories of left (or right) comodules over an En-coalgebra in an En-

monoidal ∞-category C do not necessarily admit any monoidal structure (not even
for n =∞). This is true even in the discrete case, so we do not expect the situation
to be any more forgiving in the ∞-categorical setting. Approaching the problem
näıvely one might expect that, for a coalgebra A ∈ CoAlgEn

(C), i.e. A ∈ AlgEn
(Cop),

we could follow Lurie in [Lur17, 5.1.4] and apply [Lur17, 4.8.5.20] to obtain an En−1-
monoidal structure on LModA(Cop). Unfortunately [Lur17, 4.8.5.20] in not applicable
in this case unless C has the unlikely property that its tensor product commutes with
totalizations of cosimplicial objects (as the application of ibid. requires the tensor
product of Cop to commute with geometric realizations of simplicial objects).

Luckily, if A is not just a coalgebra but a bialgebra, we can endow LCoModA(C)
with a monoidal structure (cf. Theorem 3.18). Note that this monoidal structure is not
the “relative tensor product” of [Lur17, 4.4], which is, by the preceding paragraph,
often impossible to construct. Instead, the monoidal structure on LCoModA(C) is,
after forgetting to C, equivalent to the ambient tensor product in C itself. So for
instance the unit of this monoidal structure on LCoModA(C) is 1C rather than A. A
similar statement applies to the case of left modules over a bialgebra.

We begin with some preliminaries:

Definition 3.10. A bifunctor of ∞-operads P⊗ ×Q⊗ → O⊗, as defined in [Lur17,
2.2.5.3], is a functor of∞-categories that is compatible with the smash product func-

tor of finite pointed sets Fin∗ × Fin∗
∧→ Fin∗ via the defining fibrations of the ∞-

operads in question. In other words, there is a commutative diagram of ∞-categories

P⊗ ×Q⊗

��

// O⊗

��
Fin∗ × Fin∗

∧ // Fin∗,

where the vertical maps are the ones defining the ∞-operad structures of P, Q and
O.

Remark 3.11. Recall that there is an important bifunctor E⊗
n × E⊗

k → E⊗
n+k given,

essentially, by taking products of cube embeddings, as described in [Lur17, 5.1.2.1].
This is the bifunctor which ultimately leads to the ∞-categorical version of Dunn
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additivity (cf. [Lur17, 5.1.2.2]). We will sometimes use the obvious extension of this
bifunctor to one of the form E⊗

n × E⊗
j → En+k for any 0 ⩽ j ⩽ k

Lemma 3.12. For k ⩽ n− 1 there is a bifunctor of ∞-operads LM⊗ × E⊗
k → E⊗

n .

Proof. The lemma follows from considering the following commutative diagram:

LM⊗ × E⊗
k

//

��

E⊗
1 × E⊗

k

��

// Ek+1

��

// E⊗
n

��
Fin∗ × Fin∗

id // Fin∗ × Fin∗
∧ // Fin∗

id // Fin∗.

The first and third squares commute because there are functors of ∞-operads
LM⊗ → E⊗

1 and E⊗
k+1 → E⊗

n by [Lur17, 4.2.1.9, 5.1.1.5]. The second square com-
mutes because it is the bifunctor of Remark 3.11.

Remark 3.13. Throughout this section, especially in Theorem 3.18, we will make
heavy use of [Lur17, 3.2.4.3] which states that, given an O-monoidal ∞-category
p : C⊗ → O⊗ and a bifunctor of ∞-operads P⊗ ×Q⊗ → O⊗, there is a Q-monoidal
structure on the ∞-category of P-algebras in C (with respect to the O-monoidal
structure), i.e. a cocartesian fibration q : AlgP/O(C)⊗ → Q⊗.

Taking P⊗ = LM⊗, Q⊗ = E⊗
k and O⊗ = E⊗

n , for k ⩽ n− 1 as in Lemma 3.12, we
have an Ek-monoidal structure on AlgLM/En

(C) ≃ AlgLM/E1
(C) ≃ LMod(C), where

the objects of the right hand side can be thought of as pairs (A,M), with A ∈ Alg(C)
and M a left A-module. Going forward we will always use the notation LMod(C)
instead of AlgLM/En

(C). By using the bifunctor E⊗
k × E⊗

1 → E⊗
n in the same way (for

k + j ⩽ n), we obtain an Ek-monoidal structure on AlgE1
(C).

From [Lur17, 3.2.4.3 (4)], we have that a morphism α ∈ LMod(C)⊗ (respectively,
α ∈ AlgEj

(C)⊗), i.e. a certain kind of natural transformation F → G between func-

tors LM⊗ → C⊗ (respectively, functors E⊗
j → C⊗), is cocartesian if and only if for

each object X ∈ LM⊗ (respectively, X ∈ E⊗
j ) the morphism α(X) : F (X)→ G(X)

is cocartesian in C⊗. As a result, the “forgetful” functors

LMod(C)⊗ → AlgE1
(C)⊗ and LMod(C)⊗ → C⊗ ×E⊗

n
E⊗
k ,

given by precomposition with Ass⊗ ↪→ LM⊗ and evaluation at m respectively, both
preserve cocartesian morphisms over E⊗

k and are therefore Ek-monoidal.

Lemma 3.14. If C is an En-monoidal ∞-category for n > 1 then LModEk
(C) and

AlgEk
(C) both admit En−k-monoidal structures for 0 < k < n. Moreover for each

0 < k < n the projections LModEk
(C)→ AlgEk

(C) and LModEk
(C)→ C are En−k-

monoidal.

Proof. Fix some 0 < k < n. Then LMod(C), Alg(C) and AlgEk
(C) are all En−k-

monoidal categories. For the first two categories this follows from Remark 3.13 and
from using the bifunctor of 3.11 for the third. Moreover, because all of these monoidal
structures have cocartesian morphisms which are determined by the cocartesian mor-
phisms of C⊗ (again by [Lur17, 3.2.4.3 (4)]), the forgetful functors

LMod(C)→ Alg(C) and AlgEk
(C)→ Alg(C)

are both En−k-monoidal over C. Therefore we can take the pullback of the cospan
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AlgEk
(C)→ Alg(C)← LMod(C) in the slice category of En−k-monoidal∞-categories

over C. This pullback presents LModEk
(C) as an En−k-monoidal∞-category such that

the projections LModEk
(C)→ C and LModEk

(C)→ AlgEk
(C) are En−k-monoidal.

Remark 3.15. Note that by taking fiberwise opposites appropriately, Lemma 3.14
implies that CoAlgEk

(C) and LCoModEk
(C) also admit En−k-monoidal structures.

Proposition 3.16. Let C be an En-monoidal ∞-category. Then there is a commuta-
tive triangle

LCoModEk
(C)⊗

f //

p
((

CoAlgEk
(C)⊗

q

��
E⊗
n−k,

where p, q and f are all cocartesian fibrations and f is the opposite of the En−k-
monoidal projection functor LModEk

(Cop)⊗ → AlgEk
(Cop)⊗ constructed in Lem-

ma 3.14.

Proof. By Lemma 3.14 and Proposition 2.4 there is an En−k-monoidal projection
functor F : LModEk

(Cop)⊗ → AlgEk
(Cop)⊗ which is a fiberwise cartesian fibration.

By taking fiberwise opposites we obtain a commutative triangle

LCoModEk
(C)⊗

Fop //

p
((

CoAlgEk
(C)⊗

q

��
E⊗
n−k

in which p and q are cocartesian and Fop is cocartesian when restricted to fibers over
⟨m⟩ ∈ E⊗

n−k. By taking f = Fop it only remains to show that f is in fact a cocartesian
fibration rather than only cocartesian on fibers. We use [HMS20, A.1.8], which gives
sufficient conditions for a fiberwise cocartesian fibration to be cocartesian. We will
check the three conditions of ibid. to complete the proof. Conditions (1) and (3) are
immediately satisfied by construction. Condition (2) is satisfied because Fop is En−k-
monoidal. For condition (4) we need to check that the for each morphism ϕ : ⟨ℓ⟩ → ⟨m⟩
in E⊗

n−k the induced functor on fibers ϕ! : LCoModEk
(C)ℓ → LCoModEk

(C)m takes

cocartesian lifts of morphisms of CoAlgEk
(C)ℓ to cocartesian lifts of morphisms of

CoAlgEk
(C)m (i.e. if α is a fℓ-cocartesian then ϕ!(α) is fm-cocartesian). By Propo-

sition 2.4, a cocartesian lift of a morphism in CoAlgEk
(C)ℓ to LCoModEk

(C)ℓ is one
which is an equivalence when projected down to Cℓ. It is straightforward to check
that ϕ! will preserve this structure whenever ϕ is either inert or active in E⊗

n−k. By
[Lur17, 2.1.2.4] we have that every morphism in an ∞-operad factors as an inert
morphism followed by an active morphism. Therefore, by factoring ϕ in such a way,
the proposition is proven.

Remark 3.17. It will be useful going forward to have explicit descriptions of the mor-
phisms in LCoModEk

(C) which are cocartesian with respect to the functor f defined
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in Proposition 3.16. For any morphism in CoAlgEk
(C)⊗ contained in a single fiber

over ⟨ℓ⟩ ∈ En−k the cocartesian lift to LCoModEk
(C)⊗ lies in LCoModEk

(C)ℓ and
is just the juxtaposition of the ℓ cocartesian lifts obtained over each coordinate. In
general however we can construct cocartesian lifts of any morphism of CoAlgEk

(C) by
tracing through the proof of [HMS20, A.1.8]. In what follows we will use the same
notation of p, q and f from the statement of Proposition 3.16.

Let M̂ be an object of LCoModEk
(C)⊗ with f(M̂) ≃ Â ∈ CoAlgEk

(C)⊗ (M̂ can
be thought of as a finite list of pairs (A,M) where A is a coalgebra and M is
an A-comodule, and Â is the associated list of coalgebras). Let δ : Â→ B̂ be a
morphism in CoAlgEk

(C)⊗ with q(δ) ≃ (γ : ⟨ℓ⟩ → ⟨m⟩) in E⊗
n−k. First notice that

because p is a cocartesian fibration there is a cocartesian morphism β : M̂ → γ!M̂ in
LCoModEk

(C)⊗ lifting γ. Because f is En−k-monoidal (i.e. it takes p-cocartesian
morphisms to q-cocartesian morphisms) we then have a q-cocartesian morphism
f(β) : f(M̂) ≃ Â→ f(γ!M̂) again lifting γ. Because f(β) is q-cocartesian there is
a factorization

Â
f(β)//

δ
##

f(γ!(M̂))

α

��
B̂

in which α is a morphism in the fiber of CoAlgEk
(C)⊗ over ⟨m⟩. Because α is a

morphism in a single fiber and f is a fiberwise cocartesian fibration, we can lift it to
a cocartesian morphism ϵ : γ!M̂ → α!γ!M̂ . The above construction follows the proof
of [HMS20, A.1.8] verbatim (with some variable and category names changed) and
so it follows that the composition

ϵ ◦ β : M̂ → γ!M̂ → α!γ!M̂

is a cocartesian lift of δ to LCoModEk
(C).

Now we use the above formula to determine cocartesian lifts of certain morphisms
in CoAlgEk

(C) which will be of interest to us. Suppose that

A1 → B1 and A2 → B2 are morphisms in CoAlgEk
(C).

Then there is a morphism (A1, A2)→ B1 ⊗B2, namely the composition

(A1, A2)→ (B1, B2)→ B1 ⊗B2.

The cocartesian morphism (A1, A2)→ A1 ⊗A2 then induces a unique morphism

ψ : A1 ⊗A2 → B1 ⊗B2

(the “obvious” tensor product of the maps A1 → B1 and A2 → B2). The description of
f -cocartesian lifts in the preceding paragraphs, along with the fact that the projection
maps are En−k-monoidal as shown in Lemma 3.14, implies that the cocartesian lift of
the morphism (A1, A2)→ B1 ⊗B2 with domain ((A1,M1), (A2,M2)) is the composite

((A1,M1), (A2,M2))→ (A1 ⊗A2,M1 ⊗M2)→ (B1 ⊗B2, ψ!(M1 ⊗M2)),
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where ψ!(M1 ⊗M2) ≃M1 ⊗M2 in C. One can further check that the B1 ⊗B2-
coaction on ψ!(M1 ⊗M2) must be given by the composite:

M1 ⊗M2 →M1 ⊗A1 ⊗M2 ⊗A2

≃M1 ⊗M2 ⊗A1 ⊗A2
id⊗ψ−→ M1 ⊗M2 ⊗B1 ⊗B2

as in the classical case.

Theorem 3.18. Let C be an En-monoidal∞-category for n > 1 and let H be a (j, k)-
bialgebra in C, with j, k ⩾ 1 and j + k ⩽ n. Then LCoModH(C) admits the structure
of an Ek-monoidal∞-category. Moreover, the forgetful functor U : LCoModH(C)→ C
is Ek-monoidal.

Proof. Since H is by definition an Ek-algebra in CoAlgEj (C) there is a morphism of

∞-operads H⊗ : E⊗
k → CoAlgEj

(C)⊗. As a consequence, pulling back the cocartesian
fibration f : LCoModEj

(C)⊗ → CoAlgEj
(C)⊗ of Proposition 3.16 along H⊗ gives a

cocartesian fibration p : LCoModH(C)⊗ → E⊗
k .

To see that the forgetful functor

U⊗ : LCoModH(C)⊗ ↪→ LCoModEj (C)⊗ → C⊗

is Ek-monoidal, first notice that LCoModH(C)⊗ → LCoModEj (C)⊗ preserves and
reflects p-cocartesian morphisms by [Lur09, 2.4.1.12, 2.4.2.8], so therefore deter-
mines an Ek-monoidal functor. By Lemma 3.14, the functor LCoModEj

(C)→ C is
Ek-monoidal.

By taking opposite categories we obtain the following dual result:

Corollary 3.19. Let C be an En-monoidal∞-category for n ⩾ 2 and let H be a (j, k)-
bialgebra in C, with j, k ⩾ 1 and j + k ⩽ n. Then LModH(C) admits the structure of
an Ej-monoidal ∞-category. Moreover, the forgetful functor U : LModH(C)→ C is
Ej-monoidal.

Remark 3.20. By applying the explicit description of cocartesian morphisms in the
fibration LCoModEj (C)→ CoAlgEk

(C) given in Remark 3.17, along with the fact
that LCoModH(C)→ C is Ek-monoidal, one can deduce that the tensor product of
two H-comodules M and N , using the Ek-monoidal structure of Theorem 3.18, has
underlying C-object M ⊗N with H-coaction map the composite

M ⊗N →M ⊗H ⊗N ⊗H ≃M ⊗N ⊗H ⊗H →M ⊗N ⊗H,

where the final morphism is the multiplication of H. Similarly, if M and N are two
H-modules then their tensor product is M ⊗N and the H-action map is

M ⊗N ⊗H →M ⊗N ⊗H ⊗H ≃M ⊗H ⊗N ⊗H →M ⊗N,

where the first map is the diagonal map of H. Note that the requirement that C be at
least E2-monoidal arises in two ways here: first, it is necessary for defining a bialgebra
H, and second, it is required to “twist” the tensor product of the middle term in both
of the above composites.

Remark 3.21. There is an alternative proof of Theorem 3.18 in the case that C = Sp
sketched to the author by Maxime Ramzi which goes, roughly, as follows: notice
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that the functor Perf : AlgEk
(Sp)→ Catperf∞ (where Catperf∞ is the ∞-category of

idempotent-complete stable ∞-categories), which takes an algebra A to its cate-

gory of perfect (equivalently compact) right modules RModperfA (Sp), is symmetric
monoidal. In particular, given a (j, k)-bialgebra H ∈ CoalgEj

(AlgEk
(Sp)), the ∞-

category Perf(H) ≃ RModperfH (Sp) is an Ej-coalgebra in Catperf∞ . Now, consider the
symmetric monoidal functor Funex(−,Sp) : Catperf∞ → PrL,st which takes a stable
∞-category to its ∞-category of exact functors to Sp. Then the proof of [Lur17,

7.2.4.3] implies that Funex(RModperfH (Sp),Sp)≃LModH(Sp), hence the Ej-coalgebra
structure of RModperfH (Sp) induces an Ej-monoidal structure on LModH(Sp). A dual
argument gives the result for LCoModH(Sp). It is likely that the above argument
can be generalized to categories other than Sp, and that it produces an equivalent
monoidal structure to those described in Theorem 3.18 and Corollary 3.19, but we
will not pursue that here. As always, any mistakes or errors in the above argument
are the author’s.

4. Some examples of coalgebraic structure

4.1. Comonads and descent data
We now describe how to obtain coalgebras from comonads. This is essentially an

application of an Eilenberg–Watts type theorem, where we recognize comonads as
coalgebras in endofunctor categories and produce coalgebras in the source category
by evaluating at the generating object. This procedure allows one to recognize ∞-
categories of descent data as categories of comodules over a coalgebra, as in [Hes10].

Definition 4.1. For any ∞-category C there is an E1-monoidal category of functors
Fun(C, C), where the monoidal structure is given by composition (cf. Remark 4.7.2.31
of [Lur17]). A comonad on C is an object of CoAlg(Fun(C, C)).

The following theorem is a higher algebra formulation of the well known Eilenberg–
Watts theorem of [Eil60,Wat60]. A similar theorem is proven using model categories
in [Hov15]. Beyond reproving Hovey’s theorem using ∞-categories, Theorem 4.2
strengthens that theorem to an equivalence of categories. Moreover, the theorem
proven here shows that there is an equivalence of monoidal structures, between the
tensor product of bimodules on one hand, and the composition of functors on the
other.

Theorem 4.2 (Eilenberg–Watts). Let R be an E2-algebra in Sp, and let A be an
E1-algebra of LModR(Sp). Then there is an equivalence of monoidal categories

ABiModA(LModR(Sp))
∼→ FunL(LModA(LModR(Sp)), LModA(LModR(Sp)))

between the category of (A,A)-bimodules in LModR(Sp), and the category of colimit
preserving endofunctors of left A-modules in LModR(Sp). On objects the equivalence
is given byM 7→M ⊗A −, and the respective actions of each on LModA(LModR(Sp))
are equivalent.

Proof. First note that, by [Lur17, 7.1.3.1], it suffices to take R = S. Now let Alg
be the (∞, 2)-category of [Hau17, Definition 4.40] whose objects are E1-ring spec-
tra and in which the ∞-category of morphisms from A to B is ABiModB(Sp). In



234 JONATHAN BEARDSLEY

[Hau17] Alg is constructed as a complete Segal object, but we pass to its equiva-
lent representation as a Cat∞-enriched ∞-category in the sense of [GH15] (i.e. an
(∞, 2)-category) via [Hau15, Corollary 7.21]. Now from [Hin20, Equation 136],
by taking M = Cat∞ and A = Alg, we have a Cat∞×Cat∞-enriched “hom” func-
tor Y : Alg× Algop → Cat, where Cat is the (∞, 2)-category of (∞, 1)-categories (as
constructed by taking V to be Cat∞ in [GH15, Definition 7.4.10]). Note that the
hom functor above, equivalently the (∞, 2)-categorical Yoneda embedding, does not
depend on the model of (∞, 2)-categories as a result of [Mac21]. By construction,
the functor Y takes a pair (A,B) to the ∞-category BBiModA(Sp) and takes a pair
of modules (M,N) ∈ ABiModC(Sp)× DBiModB(Sp) to the functor

BBiModA(Sp)→ DBiModC(Sp) given by P 7→ N ⊗B P ⊗AM.

Now let ⋆S be the full sub-(∞, 2)-category of Alg spanned by S, i.e. a Cat∞-
enriched ∞-category with one object whose category of endomorphisms is Sp. By
including ⋆opS into Algop, we obtain a functor Alg× ⋆opS → Cat. By adjunction we
have a Cat∞-enriched functor Y : Alg→ Fun(⋆opS ,Cat) from Alg to the ∞-category of
Cat∞-enriched presheaves on ⋆S. Note that the fact that Fun(⋆opS ,Cat) is itself Cat∞-
enriched follows from [GH15, Example 7.4.11]. By unwinding the definitions one
sees that Y(A) is the functor that takes the unique object of ⋆S to ABiModS(Sp) ≃
LModA(Sp) and which takes each X ∈ Sp to −⊗S X. Being a ∞-category enriched
functor, this gives a functor of mapping ∞-categories

EndAlg(A)≃ABiModA(Sp)→ Fun(LModA(Sp), LModA(Sp))≃EndCat∞(I∗Y(A)).

Since LModA(Sp) is presentable and tensoring preserves colimits (and the inclu-
sion I : PrL → Cat∞ is full on mapping ∞-categories, i.e. PrL(C,D)→ Cat∞(C,D)
is the inclusion of a full sub-∞-category), we have a lift I∗Y : Alg→ Fun(⋆opS ,PrL)

wherePrL is the (∞, 2)-category of presentable∞-categories and left adjoints between
them (the existence of such an (∞, 2)-category is implied by first noticing that
the ∞-category PrL is enriched over itself by [GH15, 7.4.10], and then applying
[GH15, 4.3.9] to the lax monoidal forgetful functor of ∞-categories PrL → Cat∞).

It follows from [GH15, Definition 2.2.17] that the functor of mapping∞-categories
induced by I∗Y, namely

EndAlg(A)≃ABiModA(Sp)→FunL(LModA(Sp), LModA(Sp))≃EndPrL(I
∗Y(A))

is a functor of E1-monoidal ∞-categories (where the monoidal structure is “com-
position”). Additionally, it follows that their respective actions on LModA(Sp) are
compatible with this monoidal equivalence (again by “composition”). By [Lur17,
7.1.2.4] the functor ABiModA(Sp)→ FunL(LModA(Sp), LModA(Sp)) is an equiv-
alence, completing the proof.

The following is an ∞-categorical version of [BW03, 25.4] and [Hes10] (see also
[Tor20]). It is, at least implicitly, shown in [Lur17], but we give an alternative (and
explicit) argument below.

Theorem 4.3. Let R be an E2-ring spectrum and ϕ : A→ B be a morphism of E1-R-
algebras. Then the ∞-category of descent data for ϕ is equivalent to the ∞-category
of comodules in LModB(Sp) for the descent coring B ⊗A B.
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Proof. By [Lur17, 4.7.5.2 (3)], the∞-category of descent data for a morphism of E1-
ring spectra ϕ : A→ B is equivalent to the ∞-category of coalgebras over a comonad
on LModB(Sp), and this comonad is given by tensoring over B with the (B,B)-
bimodule B ⊗A B. By Theorem 4.2, this comonad determines, and is determined by,
a coalgebra in BBiModB(Sp), namely B ⊗A B. Moreover, again by Theorem 4.2, the
category of coalgebras in LModB(Sp) over the comonad −⊗B B ⊗A B is equivalent
to the category of B ⊗A B-comodules in LModB(Sp).

Remark 4.4. Theorem 4.3 can be thought of as a weak form of “Tannakian real-
ization” for LModA(Sp) in the sense that, if ϕ is an effective descent morphism,
then LModA(Sp) is equivalent to the category of descent data for ϕ and is therefore
equivalent to a category of comodules over a coalgebra. In the special case of a Galois
or Hopf–Galois extension of ring spectra (cf. [Rog08]), we have respective equiva-
lences B ⊗A B ≃ B ⊗G∨ and B ⊗A B ≃ B ⊗H where G is a stably dualizable group
(again in the sense of [Rog08]) and H is a spectral bialgebra. In this case we can
take the Tannakian interpretation further and think of LModA(Sp) as the category
of representations of an honest (non-commutative, spectral) group scheme. More-
over, descent along the morphism ϕ can respectively be reinterpreted as taking fixed
points with respect to the G-action, or primitives with respect to the H-coaction.
These give, respectively, a homotopy fixed points spectral sequence and an Adams
spectral sequence.

4.2. Thom spectra

In what follows, we primarily use the language and constructions of [ABG18,
ABG+14,ACB19]. Recall that Pic : AlgO(Pr

L)→ AlggpO (S) is the functor that
takes an O-monoidal presentable∞-category to its O-monoidal and grouplike Picard
space of invertible objects and equivalences between them (as in [ABG18]). In
particular we use the standard notation of parameterized homotopy theory (as in
e.g. [ABG18,ABG+14]), and we will write CX to denote the ∞-category of func-
tors Fun(X, C).

If R is an En-ring spectrum, we will write Pic(R), instead of Pic(LModR(Sp)), for
its (n− 1)-fold loop space of invertible objects. Note that there is always an inclusion
Pic(R) ↪→ LModR(Sp).

All of the results of this section would hold if we replaced Sp by some other
presentable stable ∞-category (and most would hold even if we replaced Sp by some
other presentable but not necessarily stable∞-category), but we work with Sp for the
reason that the examples of interest are all contained therein. To simplify notation,
we will not write the category in which our algebras and modules live (since it will
always be Sp), e.g. we will simply write AlgEk

and LModR rather than AlgEk
(Sp) or

LModR(Sp).

Definition 4.5 ([ABG+14, Definition 1.4]). For R an En-ring spectrum we define
the Thom spectrum functor Th(−) : S/Pic(R) → LModR to be colimX(i ◦ −), where
i : Pic(R) ↪→ LModR is the inclusion.

The following is originally due to Lewis, but we use a modern reference:



236 JONATHAN BEARDSLEY

Theorem 4.6 ([ACB19, Theorem 2.8]). If X is an Ek-monoidal ∞-groupoid and
f : X → Pic(R) is a map of Ek-monoidal ∞-groupoids (hence the composite i ◦ f is
an Ek-monoidal functor) for 0 ⩽ k ⩽ n− 1, then Th(f) is an Ek-algebra in LModR.

Lemma 4.7. Let R be an En-ring spectrum for n > 0. If RX : X → Pic(R) is any
map that factors through a contractible simplicial set, hence equivalent to the constant
functor valued in R, then Th(RX) ≃ R⊗R ⊗R⊗ Σ∞

+X ≃ R⊗ Σ∞
+X.

Proof. This is [ABG+14, Proposition 2.8].

From Lemma 4.7 it follows that the Thom functor applied to the constant mor-
phism always produces a coalgebra object:

Proposition 4.8. Let R be an En-algebra in Sp for n > 0 and let RX : X → Pic(R)
be a constant map valued in R. Then Th(RX) is an En−1-coalgebra in LModR via
the diagonal map of X.

Proof. Both Σ∞
+ : S → Sp and −⊗R : Sp→ LModR are En-monoidal so an appli-

cation of Proposition 3.9 completes the proof.

Remark 4.9. Note that while X is an E∞-coalgebra in S, it cannot have the same
degree of cocommutativity in LModR, as the latter is only an En−1-monoidal ∞-
category.

4.3. The Thom diagonal and Thom isomorphism
We now wish to show that for any En-ring spectrum R, with n > 1, and any mor-

phism f : X → Pic(R), the R-module Th(f) is a comodule over the En−1-coalgebra
Th(RX). Later we will show (cf. Theorem 4.13) that this coaction is equivalent to the
“classical” Thom diagonal as described, for instance, in [ABG+14] and that it partic-
ipates in the Thom isomorphism in the usual way (cf. Theorem 4.14). Moreover, when
f is a map of Ek-monoidal∞-groupoids then Th(f) is an Ek-R-algebra and this coac-
tion can be used to imbue Th(f) with a kind of non-commutative R⊗ Σ∞

+X-torsor
structure over R.

Remark 4.10. Because we are assuming R is at least an E2-ring spectrum, we will be
somewhat indelicate about the difference between left modules and right modules.

Lemma 4.11. Let C be an Ek-monoidal complete and cocomplete ∞-category while
X is a Kan complex with terminal morphism p : X → ∗. Then the colimit func-
tor p! : CX → C is oplax Ek-monoidal and the limit functor p∗ : CX → C is lax Ek-
monoidal, in the sense of [Hau20], where CX is equipped with the pointwise monoidal
structure.

Proof. The colimit and limit functors are left and right adjoint, respectively, to the
diagonal functor p∗ : C → CX . The diagonal functor is (strongly) Ek-monoidal by
[ABG18, Theorem 6.4] and therefore both lax monoidal and oplax monoidal. The
result then follows from [Hau20, 4.5, 4.6].

Remark 4.12. Notice that RX is the monoidal unit for the pointwise monoidal struc-
ture on LModXR . As such, it is a coalgebra and every f ∈ LModXR is a right (and left)
comodule over it.
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Corollary 4.13. For a functor of∞-groupoids f : X → Pic(R), it follows that Th(f)
is a Th(RX) ≃ R⊗ Σ∞X-comodule in LModR(Sp). In particular, there is a coasso-
ciative coaction ∆f : Th(f)→ R⊗ Σ∞

+X ⊗R Th(f) ≃ Σ∞
+X ⊗ Th(f) in LModR.

In the below theorem we use the notion of an L-type orientation, which is defined
in Appendix A.

Theorem 4.14. Let f : X → Pic(R) be a functor of ∞-groupoids and suppose that
Th(f) has an L-type E-orientation θ : Th(f)→ E for some E ∈ AlgEk

(LModR).
Then the Thom isomorphism of [ABG+14, Corollary 2.26] decomposes as the com-
posite

E ⊗R Th(f)
1E⊗∆f→ E ⊗R Th(f)⊗ Σ∞

+X
1E⊗θ⊗1X→ E ⊗R E ⊗X

µE⊗1X→ E ⊗X
in which the first map is the coaction map of Corollary 4.13 tensored with the identity
on E, the second map uses the orientation on the middle component, and the final
map is the multiplication of E.

Proof. We begin by describing the Thom isomorphism of [ABG+14, 2.26] in detail.
For the extent of this proof we will denote the terminal morphism for X in S by
p : X → ∗, and write p! for the colimit functor LModXR and p∗ for the diagonal
LModR → LModXR . By assumption we have a morphism θ : Th(f)→ E in C which
induces an equivalence on adjoints when restricted to points of X. We obtain by
Proposition A.6 an orientation in the sense of [ABG+14], i.e. a morphism

θ̃ : Th(f)⊗ E → E in LModE(C),

which decomposes as p!(f ⊗ E) ≃ Th(f)⊗ E θ⊗E→ E ⊗ E µE→ E and whose adjoint in
LModXE is an equivalence. From the proof of [Lur09, 5.2.2.8] we have that this adjoint

of θ̃ is precisely the composite

f ⊗ E → (p∗p!f)⊗ E ≃ p∗(Th(f)⊗ E)→ p∗(E ⊗ E)→ p∗E

in which the first map is the unit of the p! ⊣ p∗-adjunction (followed by a straight-
forward equivalence), the second is p∗(θ ⊗ E) and the last is p∗µE . The Thom iso-
morphism of [ABG+14, Corollary 2.26] is defined to be the colimit of the above
composite. Note that applying p! to the second and third morphisms above, which
are morphisms of constant functors, gives the composite

X ⊗ Th(f)⊗ E → X ⊗ E ⊗ E → X ⊗ E
as desired. It remains to show that the first map, namely p! of the unit f → p∗p!f
(tensored with E), is equivalent to the oplax structure map ∆f whose existence is
guaranteed by Lemma 4.11.

From [HLN20, 7.7] (or by the proof of [Hau20, 2.2]) we have an explicit formula
for the result of applying an oplax monoidal functor to a coaction. Thus we can
determine a formula for ∆f , which arises as the colimit of the (identity) coaction

f
∼→ f ⊗RX in LModXR . In general, for a fixed pair of functors F,G ∈ LModXR , the

preceding two references imply that the oplax structure morphism is

p!(F ⊗G)→ p!(p
∗p!(F )⊗ p∗p!(G))

∼→ p!p
∗(p!F ⊗ p!G)→ p!F ⊗ p!G,

where the first morphism is the tensor of two units of the adjunction, the second
morphism is the lax monoidal structure map of p∗ and the final map is the counit.
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Note that because p∗ is in fact strong monoidal the second morphism above is an
equivalence. This morphism can be decomposed further as

p!(F ⊗G)→ p!(p
∗p!(F )⊗G)→ p!(p

∗p!(F )⊗ p∗p!(G))
∼→ p!p

∗(p!F ⊗ p!G)→ p!F ⊗ p!G

by applying the unit first to F and then to G. One can check that the composite

p!(p
∗p!(F )⊗G)→ p!(p

∗p!(F )⊗ p∗p!(G))
∼→ p!p

∗(p!F ⊗ p!G)→ p!F ⊗ p!G

is an equivalence because colimits in LModR commute with tensor product, (it is in
fact a decomposition of the so-called “projection formula” of parameterized homotopy
theory). As a result, by taking G = RX and F = f , and using that RX is the monoidal
unit of LModXR , we have that ∆f is the following composite:

Th(f) ≃ p!(f ⊗RX) ≃ p!f → p!(p
∗p!f) ≃ p!(p∗p!f ⊗RX)

≃ p!f ⊗R p!RX ≃ Th(f)⊗ Σ∞
+X

and is therefore equivalent to the colimit of the application of the unit id→ p∗p! to
f , which is the first map of the first displayed composite of this proof.

Corollary 4.15. If f : X → Pic(R) is Ek-monoidal for 1 ⩽ k ⩽ n− 1 then the fol-
lowing composite is an equivalence:

Th(f)⊗R Th(f)
1Th(f)⊗∆f→ Th(f)⊗R Th(f)⊗ Σ∞

+X
µTh(f)⊗1X→ Th(f)⊗ Σ∞

+X.

Proof. This follows from the fact that Th(f) is always oriented with respect to itself
via the identity map, by [ACB19, Corollary 3.17].

Appendix A. Three equivalent notions of orientation

In the following appendix, we review the notion of an orientation for a Thom
spectrum with respect to a ring spectrum. In the preceding sections, we use the
results of this appendix sparingly (indeed exactly once, in Theorem 4.14). However
they still may be useful to record, if only as an aid to those new to the concept. We
continue with the same notation and terminology from Section 4.2.

We begin with an ∞-categorical reformulation of the notion of E-orientation
described by Lewis in [Lew78].

Definition A.1. Let f : X → Pic(R) be a morphism of∞-groupoids for R some En-
ring spectrum with n ⩾ 2. Let E be an Ek-R-algebra for 1 ⩽ k ⩽ n− 1. Then we say
that an L-type E-orientation of Th(f) is the data of an R-module map u : Th(f)→ E
satisfying the following property for all points x ∈ X:

• Let Th(x) be the Thom spectrum associated to the inclusion x ↪→ X → Pic(R)
and let ux : Th(x)→ E by the composition of the induced map Th(x)→ Th(f)
with u : Th(f)→ E. Then the image of ux under the equivalence of mapping
spaces induced by the extension of scalars adjunction from R to E,

LModR(Th(x), E)
∼→ LModE(E ⊗ Th(x), E),

i.e. the composition E ≃ Th(x)⊗ E ux⊗E−→ E ⊗ E µE→ E, is an equivalence of E-
modules.
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Below is the definition of E-orientation given in [ABG+14].

Definition A.2. Let E and R be as in Definition A.1. Let Th(g) be the Thom
spectrum associated to a map of ∞-groupoids g : X → Pic(E). Then an A-type E-
orientation of Th(g) is a morphism of E-modules u : Th(g)→ E with the following
property:

• The terminal map p : X → ∗ induces an adjunction p! : LModXE ⇄ LModE : p∗,
and note that by definition Th(g) ≃ p!(g). Then the image of u under the equiv-
alence LModE(p!(f), E)

∼→ LModXE (f, p∗(E)) is an equivalence.

Lemma A.3. Let C be an ∞-category with E ∈ C and X a simplicial set. Then there
is an equivalence of ∞-categories (C/E)X ≃ (CX)/EX

where EX is the constant func-
tor X → C taking every point of X to E.

Proof. From [RV22, 4.2.1] the slice ∞-category C/E is defined by the following pull-
back square

C/E //

��

C∆1

(p0,p1)

��
C ×∆0 1C×E // C × C

in which the right hand vertical map is induced by the inclusion of the endpoints
∆0 ×∆0 ↪→ ∆1. Note that, because it is obtained by cotensoring with the above
monomorphism, the projection (p0, p1) : C∆

1 → C × C is an isofibration by definition
(cf. [RV22, Definition 1.2.1 (ii)]) and therefore pulling back along it is a cosmological
limit by [RV22, 1.2.1(i)] and the ensuing discussion. From [RV22, 1.3.4(iii)] we have
that the functor (−)X preserves the displayed pullback square (because (−)X is a
cosmological functor which by [RV22, 1.3.1] preserves cosmological limits). As a
result we have another pullback square

(C/E)
X //

��

(CX)∆
1

��
CX ×∆0 // CX × CX

(in which we’ve already applied the obvious equivalences to the bottom left, bottom
right, and upper right corners). Note that the bottom horizontal functor in the above
pullback diagram is the product of the identity functor 1CX and the functor which
picks out the constant functor EX : X → C. Therefore the lower right cospan of the
above square is the one whose pullback is (CX)/EX

, giving the desired equivalence.

Remark A.4. Note that the “slice ∞-category” of [Lur09] is not defined in the same
way as that of [RV22]. However by [RV22, D.6.4] the two notions are equivalent
∞-categories and so Lemma A.3 is applicable to the slice ∞-categories used in this
paper.

Remark A.5. Recall that, given any natural transformation η : F ⇒ G of functors
F,G ∈ CX , η is an equivalence of functors if and only if the restrictions ηx : Fx ⇒ Gx
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are equivalences for all x ∈ X. As a result the equivalence of Lemma A.3 identifies
functors X → C/E that factor through the full subcategory of C/E spanned by equiv-
alences to E with natural transformations to EX which are equivalences (note that
these are not the cores of C/E or CX but rather full subcategories spanned by certain
classes of objects).

Proposition A.6. Let f , R and E be as in Definition A.1. Then a map of R-modules
θ : Th(f)→ E is an L-type Eorientation if and only its adjoint θ̃ : Th(f)⊗ E → E
is an A-type E-orientation.

Proof. First suppose that θ : Th(f)→ E is an L-type orientation for a Thom spec-
trum associated to a map f : X → Pic(R). Then by using the relevant adjunctions
we obtain equivalences of mapping spaces

LModR(p!(f), E) ≃ LModXR (f, p∗(E)) ≃ LModXR (f,EX)

so that θ determines an object of (LModXR )/EX
(which in a slight abuse of nota-

tion we will also call θ), namely the natural transformation which on components

if given by the composite R→ Th(f)
θ→ E, where the first map is the unique map

to the colimit. Therefore by Lemma A.3 we have a functor fθ : X → (LModR)/E
which takes each point of x to the component wise map given above. By applying
[Lur09, 5.2.5.1] to the extension/restriction of scalars adjunction between LModR
and LModE , this determines a functor f̃θ : X → (LModE)/E (or equivalently by
applying the free E-module functor and then composing with the multiplication of
E). Note that because colimits in overcategories are computed in the underlying cate-
gory (cf. [Lur09, 1.2.13.8]), the colimit of f̃θ in (LModE)/E is θ̃ : Th(f)⊗ E → E, the
adjoint of the Lewis orientation θ : Th(f)→ E. Similarly, for each x ∈ X the induced
functor x ↪→ X → EMod/E is θ̃x : Th(x)⊗ E → E, the adjoint of the restriction of

the Lewis orientation θx : Th(x)→ E. By assumption, each morphism θ̃x is an equiv-
alence. Therefore by Lemma A.3 and Remark A.5 this induces an equivalence of
functors f̃θ ≃ EX ∈ LModXE . Therefore θ̃ is an A-type orientation of Th(f)⊗ E. The
reverse implication follows from the above argument in reverse.

Corollary A.7. Let f : X → Pic(R) be a morphism of ∞-groupoids with associated
Thom spectrum Th(f). Then a map of R-modules θ : Th(f)→ E is an L-type E-
orientation if and only if its adjoint θ̃ : Th(f)⊗ E → E is an A-type E-orientation

if and only if the composite X
f→ Pic(R)

−⊗E→ Pic(E) is null.

Proof. This follows from [ABG+14, 2.24] which identifies A-type E-orientations with
such nullhomotopies.
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