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HAEFLIGER’S APPROACH FOR SPHERICAL KNOTS MODULO
IMMERSIONS

NEETI GAUNIYAL
(communicated by Dev P. Sinha)

Abstract

We show that for the spaces of spherical embeddings mod-
ulo immersions Emb(S™, S"*9) and long embeddings modulo
immersions Embg (D™, D"*4), the set of connected components
is isomorphic to 7,41 (SG, SGy) for ¢ > 3. As a consequence, we
show that all the terms of the long exact sequence of the triad
(SG; SO, SG,) have a geometric meaning relating to spherical
embeddings and immersions.

1. Introduction

The spaces of embeddings modulo immersions in recent years attracted a lot of
attention [1, 2, 3, 4, 5, 6, 7, 8, 10, 20, 24]. In particular, it was shown in [5, 7, 20]
that there is a natural little disks operad action on the spaces of (framed) disk embed-
dings modulo immersions. Also, for codimension at least 3, there are several delooping
results on such spaces by means of smoothing theory [20] and the Goodwillie-~Weiss
functor calculus on manifolds [4, 16]. Furthermore, the rational homotopy and homol-
ogy of such spaces were studied in [1, 2, 3, 9, 10], and in case of spherical embeddings,
the explicit computations were done in [24]. The advantage of these spaces over the
usual embedding spaces is mainly the easier description of their rational homology
and homotopy as well as deloopings. The main objective of this paper is to study
the set of isotopy classes of spherical and disk embeddings modulo immersions by
extending Haefliger’s work [13] on isotopy classes of (framed) spherical embeddings
of codimension at least 3. Also, we establish a natural connection between our and
Haefliger’s results in terms of long exact sequences.

We let Emb(S™,S™"9) be the space of smooth embeddings S™ < St and let
Imm(S™, S™*4) be the space of smooth immersions S™ ¢ S"T4. We define the space
of spherical embeddings modulo immersions Emb(S™, S™*4) as the homotopy fiber of
Emb(S™,8"t1) — Imm(S™, S""%) over the trivial inclusion id: S™ C S"*9. An ele-
ment in this space is represented by a pair (f,«), where f: S™ < S§"%¢ is a smooth
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embedding together with a regular homotopy a: [0, 1] — Imm(S™, S"T9), between f
and the trivial inclusion S™ C S™*%. Moreover, Embg(D™, D"*4) denotes the space of
disk embeddings D™ — D"t4 with the fixed behavior near the boundary, and we sim-
ilarly define Embgy(D™, D"*4) as the space of disk embeddings modulo immersions.
For framed spherical/disk embeddings, we consider the spaces

Emb!™ (8™, 8"9), BEmb’ ' (S™, S"9), Emb} (D", D"+) and Emby (D", D"*9)

in the same manner. Throughout the paper for spherical embeddings we assume that
the framing respects the natural orientation: if one takes the orientation of S™ and
completes it with the orientation of the normal bundle induced by the framing, one
obtains the standard orientation of the ambient sphere S™"4. For disk embeddings
the framing is standard near the boundary.

In [13, Theorems 3.4 and 5.7], Haefliger has shown that for ¢ > 3, the group of
isotopy classes of (framed) spherical embeddings of S™ in S”%9 can be represented in
terms of the homotopy group of a triad i.e.,

Cl := moEmb(S™, ") = m,41(SG; SO, SG,) and
FC4 = moEmb"(S™, ") = 7,,,1(SG; SO, SG,).

We recall these homotopy groups and isomorphisms later in Section 2.

1.1. Main results
Let F°'CY denote the group of isotopy classes of “framed disked embeddings”, which
we discuss in more detail in Section 3.

Theorem 1.1. For q > 3,
FCY = 7o Emb(S™, 8" 1) = moEmby(D™, D™ 1)
= moBmb | (S™, S = o Emby (D", D) = 1,41 (SG, SG,).

The result is an immediate corollary of Theorems 3.1 and 4.3, and Lemma 4.1.
Alternatively, this result can be obtained using smoothing theory, as a consequence
of [14, Section 6] and [20, Theorem 1.1]. There is even a stronger result:

7 Embg(D"™, D" ") = 1, 1i11(SGhiq, SGy) for i < 2q — 5,

which follows from the work of Lashof [17], Millett [19, Theorem 2.3] and Sakai [20,
Theorem 1.1 and Remark 2.3]. Moreover, for ¢ < g — 3,

7rn+i+1(SGn+q7 SGq) = 7Tn+i+1(SG7 SGq)a

see Lemma 6.3. However, our goal is to review Haefliger’s construction and give a
geometric meaning to m,+1(SG, SG,) i.e., m,11(SG, SG,) = FC4.

Another main result that does not immediately follow from smoothing theory is
to geometrically interpret both of the long exact sequences associated with the triad
(SG; SO, SG,) considered by Haefliger [13, Sections 4.4 and 5.9]. Let Img and FIm{
denote the group of regular homotopy classes of immersions S™ 9+ S™™9 and framed
immersions S™ ¢ S™1¢ respectively. It is natural to ask which (framed) spherical
immersions can be realized as (framed) embeddings, or when two (framed) spherical
embeddings are equivalent as (framed) immersions. Answers to these questions are
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encoded by the lower exact sequences in (1) and (2) of Theorem 1.2, in which FCY
naturally fits.

Theorem 1.2. For g > 3, the two long exact sequences of the triad (SG; SO, SGy)
are isomorphic to the corresponding geometric long exact sequences:

> T041(SG, SGy) > 111 (SG; SO, SGy) = 1, (SO, SO,) - 7, (SG, SGy) >

W
FCo Imi —— > FC_

and

— T 41(SG, 8Gq) = Tpt1(SG; SO, SG4) = mp(SO) = 7, (SG, SGy)

e
FC4 FCY FImi ——>FC? | ——

~

Note that the upper sequences in (1) and (2) are the long exact sequences of the
homotopy groups of pairs (SG/SG,, SO/SO,) and (SG/SGy, SO), respectively, see
Remarks 2.3 and 2.5.

1.2. Outline of the paper

The paper is organized as follows: we give a quick review of Haefliger’s result [13]
for (framed) spherical embeddings S™ < S™*4 in Section 2. In Section 3, we define the
group FC? and show that FC? = m,1(SG, SG,). We prove Theorems 1.1 and 1.2
in Section 4 and Section 5, respectively. We recall some computations and prove a
few applications of Theorem 1.1 in Section 6. Throughout the paper we work in the
smooth category and assume g > 3.

1.3. Terminology
Let D™ be the standard unit disk in R™, and {e; ..., e,} denote the natural basis
of R™. Let S™ = OD™*! be the unit sphere such that

S" = D" U D! with D" = {x € S"|z; <0} and D} = {x € S"|z, > 0}.

According to Haefliger [13], the suspension of a map f: D™ — D™ is given by the map
S(f): D" — D"+l sending the arc of circle going from e, 1, by 2 € D", to —e, 41
on the arc of circle from e, 41, by f(x), to —e,;1. The suspension S"T1 — S+l of a
map S™ — S™ is defined in the same way.

Abusing terminology, the suspension of an embedding S™ i> S™%4 is the composi-

tion S L §nta c gntatl For the suspension of a framed embedding S™ < S™T9,
the framing is completed by adding the standard vector e,4q42 as the last vector.
We often say suspension for an iterated suspension defined inductively. For example,

when we say S™ <+ S"*¥ is the suspension of a framed embedding S™ ‘i> Sn+a for

N > ¢, we mean that it is defined as the composition S™ Jy gnta ¢ gtV and the
framing is obtained by adding vectors {e,tq+2,--.,€ntN+1} to the initial framing.
We define the suspension of a (framed) disk embedding similarly.
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2. Embeddings of S" in S™*1

Haefliger [13] proved that the group of concordance classes of embeddings of S™
in $™*4 is isomorphic to m,4+1(SG; SO, SG,) for ¢ > 3.

2.1. The group C?
C4 := {concordance classes of smooth embeddings S™ «— S"*49}.

Theorem 2.1 ([13, Theorem 1.2]). Two concordant embeddings of S™ in S™T7 are
isotopic when q > 3, i.e. C1 = myEmb(S™, S"19), the set of connected components of
the space of embeddings of S™ in S™T4,

Furthermore, the equality mo Emb(S™, S"T4) = wg Emby (D™, D™ %) equips C4 with
an additive multiplication, and the existence of inverses is guaranteed, as we consider
concordance classes. Hence, C'? is an abelian group.

Lemma 2.2 ([13, Section 1]). An embedding S™ < S™ is concordant to the trivial
one if and only if it is slice, in other words, if it can be extended to an embedding
Dtl ey pntatl

2.2. The group m,4+1(SG; SO, SG,)

Let SG, be the space of degree one maps S9=! — S9=1 SG = USG, under sus-
pension, and SO = USOy, where SOy is the special orthogonal group.

An element in m,41(SG; SO, SG,) is represented by a continuous based map
¢: D"t! — SG i.e., for x € D" p(x): SN — SN1 for some large N, such that
$(D™) C SOy and ¢(D'}) C SG,. Note that the equator S~ = dD™ = dD’ goes
to SONSG, = SO,, and ¢(x) = id for the base-point x = e5 € S"~1.! Abusing nota-
tion, we also view ¢ as a map ¢: D" x SN — SN=1 and sometimes for ¢(z) we
write ¢, = ¢(x, —): SN — gN-L

Two such maps ¢: D"t x N1 5 GN=1 and ¢/ : D+l x §N'=1 5 GN'=1 pep.
resent the same element in m,41(SG; SO, SG,) if there exists a choice of homotopy
¢ DL SM=1 5 GM=1 for some M > N, N’ and t € [0, 1], satisfying the above
conditions and such that for any x € D™, the maps

¢0($7 _)7 (151(.’5, _): 51\471 — SMil
are suspensions of
é(x,—) and ¢ (z, —),

respectively. The product operation of any two elements in m,41(SG; SO, SG,) is
defined point-wise.

!Haefliger in [13] does not consider the base-point condition, but it is immediate that adding it
yields the same homotopy group, since SO; = SO N SGy is connected.
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Remark 2.3. Recall that the upper long exact sequence in (1) is the long exact
sequence of the pair (SG/SGq, SO/SOy). Indeed, Milgram [18, Section 1] interpreted
the group m,4+1(SG; SO, SG,) as

7rn<hoﬁb(SO/SOq — SG/SG,) ~ hofib(SG,/SO, — SG/SO)).2

One way to see this interpretation is that the group m,1(SG; SO, SG,) is obviously
isomorphic to , (SO xgc SG,, S0,), where SO ng S is the homotopy pullback
of SO — 5G + 5SG,.

2.3. The isomorphism ¢: CI — 7,41(SG; SO, SGy)

Although these two groups look completely different, there is a natural map between
them. To see the relation, Haefliger considers representatives in C'? to be framed
embeddings of D"™! with different boundary conditions on D* C S™ = 9D"*! and
Dy cS" = OD"*!. Framing will be crucial to relate such embeddings to our target
Tnt1(SG; SO, SGy) by means of Pontryagin-Thom type construction [13, Section 3].

An embedding f: S™ < S"%4¢ is called a special embedding if f|p» =id and
f(int D?) C int D77 We can always extend f: S™ < S"*4 to a disk embedding
f: Dl DnHNHL for some N large enough (in fact N > n +2). We refer the
obtained pair (f, f): (8™, D"*t1) « (S"*4 D"*tN+1) as a disked embedding. Any
element in C can be represented by a special disked embedding (f, f) together with
some framing on f defined as follows:

o Fix the base-point * = ey € S*~1 = D" N D% and endow it with the framing
{en+2, .- entqr1l}-

e Extend the framing from * = e, to D? inside D}, Since * < D" is a homo-
topy equivalence, this extension is unique up to homotopy. Take the suspension
of this framing in D"V *! by adding {en4¢+2,-- -, entn+1} as last vectors.

e Extend the obtained framing from D7 to the entire disk D" "' inside D"V 1.
Again this framing is defined uniquely up to homotopy.

Note that even though the knot f is trivial on D", the extended framing can be
non-trivial. Moreover, the framing on f|p» inside D"+~ +1 might not be a suspension,
while the framing on f\pi inside D"tV +1 is the suspension of a framing inside DT'q.
We refer this boundary condition on the framing defined on f as Type I (in Sec-
tions 2.4 and 3, we will also consider framing with Type II and Type III boundary con-
ditions). Hence, any embedding f: S™ < S™T4 representing an element in C¢ can be
considered as a special disked embedding (f, f): (S™, D"t1) — (S7+a, prtN+1)
with Type I framing, i.e., f|gn_gpnt1 = f is a special knot, and the framing on f
has boundary condition defined as above.

2The spaces are equivalent because they describe the total homotopy fiber of the square

BSO, — BSG,

| /

BSO —— BSG .
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Any two special disked embeddings (fo, fo): (5™, D"T1) — (§mF4, DnFNotl) and
(f1, f1): (S™, D" FY) — (Snte DntNitl) with Type I framing are concordant if there
exists an embedding F': D" x [0,1] <5 DN+ 5 [0, 1] for N > max{No, N1}, such
that F Dnt+lyi =— fz fOI' Z = 07 1, F DﬁX[O,l} = Zd and F|Dix[0’1] C DiJrq X [0, 1] FU.I‘-
thermore, the framing on F|D1x[0,1] and F|pn+1y;, ¢ = 0,1, is given by suspension

of a framing inside D77 x [0,1] and D"*Ni+1 x i, respectively. Similarly, we define
the isotopy relation to be a level-preserving concordance. All the following groups are
isomorphic for ¢ > 3:

C4 ={concordance/isotopy classes of embeddings S™ < S"*1}
{concordance/isotopy classes of special embeddings S™ «» S"*7}

{concordance/isotopy classes of special disked embeddings
(Sn,Dn+1) <y (Sn+q,Dn+N+1)}

{concordance/isotopy classes of special disked embeddings
(8™, D™+L) s (S7+a, DnTNHL) with Type I framing}.

Furthermore, as a consequence of the tubular neighborhood theorem, one can
choose a representative f in C4 such that f(S™) is contained in a subspace of S"*¢
which can be identified with S™ x D?. Thus, we can consider a special knot to be
f: 8™« S™ x D7 such that f|p- is the natural inclusion D™ < D™ x 0 and f(int
D7) C int(D% x DY), together with a disk extension f: D"l < D"t x DN with
a similarly defined framing of Type I. The homomorphism

i C1 = m,41(SG; SO, SG,)

is then defined as follows.

Theorem 2.4. Given an element o € C}l represented by a special disked embedding
(f, f): (S, D™+ < (8™ x D9, D"+1 x DN with Type I framing, a specified map
¢: DT SN=L 5 SN pepresents p(a) € mpy1(SG; S0, SGy) if there exists an
extension ¢: D"t x DN — DN j.e., ¢|pni1ygv-1 = ¢ such that:

(i) & is regular on 0 € DN and ¢~1(0) = f(D"*1) as framed submanifolds,

(ii) ¢. € SON for x € D",

(iii) ¢, is the suspension of a map DI — D9 for x € Dr.
The homomorphism 1: C1 — 7,11(SG; SO, SG,) is well defined [13, Theorem 2.3]
and is an isomorphism for ¢ > 3 [13, Theorem 3.4].

In the proof of well-definedness of ¢ [13, Theorem 2.3], Haefliger shows the exis-
tence of such a map ¢ as follows. Define ¢_: D™ x DV — DV uniquely as a lin-
ear map such that (¢_), € SOy for € D™ and ¢~*(0) = f(D"), as framed sub-
manifolds. Using obstruction theory [13, Lemma 2.4] the restriction ¢_|gn-1 pa
can be extended to ¢_| pyxpa With the given framing on f(D%). Then we define

¢+: D% x DN — DY to be the (N — g)-suspension of ¢_: D% x D? — D?. By using
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[13, Lemma 2.4] again, we extend
H_Ugy: S" x DN — DV toamap ¢: D" x DN — DV

verifying (i) — (#i7) above. To show ¢ is well defined, he uses the same argument
invoking [13, Lemma 2.4] twice in order to construct a homotopy between two maps
b0, ¢1: DT x SN=1 5 §N=1 corresponding to two concordant embeddings

(fo, fo), (f1, f1): (8™, D" 1) — (S™ x D%, D" x DN).

To prove the isomorphism [13, Theorem 3.4], Haefliger interprets the target group
Tn+1(SG; SO, SG,) in terms of cobordisms (we refer to this as a Pontryagin—Thom
type construction). An element of m,41(SG; SO, SG,) represented by a map as in
Subsection 2.2, ¢: D" x SN~ 5 §N=1 hich is regular on e, corresponds to a
framed (n + 1)-submanifold V = ¢~1(e;) C D! x SN~1 with two parts of bound-
ary:

o VN (D" x SN1) is the graph of some map g: D" — S¥~! with the framing

at points (, g(r)) lying inside x x SN¥~! and orthonormal. Indeed, for x € D",
the map ¢,: SN~1 — SNV=1 is linear and therefore the preimage of e; is just a
point.

e VN (D% x SV~1) is the suspension of a framed submanifold in D7 x S771,
since for any x € D%, the map ¢, : SN-1 _, §N-1 i5 the suspension of a map
Sa—t — ga-1,

Thus, m,4+1(SG; SO, SG,) can be described as the group of cobordisms of framed
(n + 1)-manifolds with such boundary conditions.

He then considers ¢ which exists by [13, Theorem 2.3]. Note that one can always
slightly change ¢: D"t x DN — DV so that ¢~ (DY) ¢ D"*! x 9D . The preim-
age ¢~ 1(I) € D" x DV of the segment I joining 0 and e; within DY is a framed
(n + 2)-manifold W with corners (¢ is chosen to be transversal to I). In particular,
OW has the following strata:

e a free face given by the framed disk f(D"*!) = ¢~1(0),
e OWN (DM x SN =¢71(ey) =V,
e OW N (D™ x D) is the radial extension of V N (D™ x SN-1),
e OW N (D% x DN) is the (N — ¢)-fold suspension of a framed submanifold in
D7 x DI,
As a result, he restates the homomorphism defined in Theorem 2.4 as follows.
Given an element o € C? represented by a special disked embedding

(F.J): (8", D"F1) < (8™ x DT, D™+ x DY)

with Type I framing, a framed submanifold V C D"*t! x SN—1 as defined above
represents ¢ (a) € m,4+1(SG; SO, SG,) if there exists a choice of framed submanifold
W C D! x DV with the boundary strata as given above.

According to [13, Argument 3.5], to show surjectivity he applies surgery to con-
struct W satisfying OW N (D" x SN¥=1) = V for a given V. For injectivity, he shows
if [(f, f)] maps to the trivial element [V] of m,+1(SG; SO, SG,), then the correspond-
ing W can be modified using surgery so that it is embedded in D"*! x D9. In partic-

ular, the free face f(D"T1) of W is inside D"*! x D% = D"F4+1 and therefore the
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corresponding f = f|gpn+1 is slice i.e., concordant to the trivial embedding of S™ in
S™*4 by Lemma 2.2.

2.4. Framed embeddings of S™ in S"+¢

Let us recall that we always consider framed embeddings with a framing pre-
serving the natural orientation. For ¢ > 3, Haefliger expressed the group FCY of
concordance classes of framed embeddings of S™ in S"? as 7,,41(SG; SO, SG,). An
element in 7,4+1(5G; SO, SG,) is represented by a continuous map ¢: D" — SG
ie., forx € D" ¢(x): SV=1 — SN=1 for some large N, such that ¢(D") C SO,
¢(DY) C SG4 and ¢p(0D™ = 0D ) = id. Again, abusing notation we also view ¢ as
amap ¢: D" x SN=1 5 §N=1 and sometimes write ¢, for ¢(x).

Remark 2.5. Tt is easy to see that the group 7,4+1(SG; SO, SG,) is isomorphic to
Tn ((SO xh - SG,)~hofib(SO — SG/SGq)> . Moreover, the upper long exact sequence
in (2) is the long exact sequence of the pair (SG/SGy, SO).

Remark 2.6 (|13, Section 5.1]). Two concordant framed embeddings of S™ in S"*4 are
isotopic when ¢ > 3 and therefore, FC4=mo Emb/™(S™, S"+9) :WOEmbgr(D”, Dnta),

Lemma 2.7 ([13, Section 5]). A framed embedding S™ < S™% is concordant to the
trivial one if and only if it is slice i.e., if it can be extended along with the framing to
an embedding D" t! — Dntatl,

2.4.1. The isomorphism ¢: FC? — 7,,1(SG; SO, SG,)

The natural map z/; between the two groups is defined as in the “non-framed” case.
Firstly, an element in FC4 can be represented by a special framed knot, f: S™ < S™ 14
which is the natural inclusion on D" with trivial framing {en42,...,€ntq+1}, and
f(int D7) C int(D'1") with some non-trivial framing. Such a framed knot is assigned
a special disked embedding (f, f): (8™, D"t1) « (S"+4 D"*tN+1) along with a fram-
ing as follows. We extend f: S™ < S"t4 to a disk embedding f: D*t1 < DN+ for
N large enough. For the framing on f(D"*!), which is defined uniquely up to homo-
topy, we first suspend the framing on D inside Diﬂ to a framing inside D?+V+1
by adding vectors {e,yq+2,...,€ntn+1}. Then we extend the obtained framing to
the entire disk D"*! inside D"*V+!. Note that the framing on f|p» may now be

non-trivial (and does not have to be a suspension), while the framing on f]| pr is the
suspension of the framing on D” inside Df_ﬂ. But we still obtain a trivial framing

on the equator Sn—1 =D"n D?. Such boundary condition on the framing defined
on f is referred as Type II. Therefore, a representative in F'CZ can be considered

to be a special disked embedding (f, f) with Type II framing. For ¢ > 3, the
following groups are isomorphic:

FC% ={concordance/isotopy classes of framed embeddings S™ < S"+4}
{concordance/isotopy classes of special framed embeddings S™ — S"*¢}

{concordance/isotopy classes of special disked embeddings
(8™, D"HL) « (87+a, DnTNFL) with Type II framing}.
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Using the tubular neighborhood theorem, we can transform any special framed
knot f: S™ < S™"T4 into f: S™ — 8™ x DY, equipped with a framed disk extension
f: D"t < D" DN Thus, an element in FCZ can be represented by a pair
(f, f): (8™, D"1) < (8™ x D9, D" x D) with a framing of Type II. We define
the homomorphism : FCI — 7,41(SG; SO, SG,) exactly as in Theorem 2.4 by
adding to condition (i7) that ¢, = id when 2 € S"~!. For q > 3, ¢ is an isomorphism
[13, Theorem 5.7]. This result is stated without proof because the argument follows
the same lines as in the “non-framed” case. Note that Lemma 2.7 is used in the proof
of injectivity of ¢ in the same way as Lemma 2.2 is necessary for injectivity of .

3. Framed disked embeddings

We now define a new group of concordance classes of special disked embeddings
with a Type III framing. Namely, this time we require the framing to be triv-
ial along D™. To be precise, we consider special disked embeddings of the form
(f, f): (8™, DnFYy s (Snta DntN+1) where the framing on f comes with the follow-
ing boundary condition: f|p» has trivial framing, while the framing on f| D inside

D"NF1 is obtained as the suspension of a framing inside D’

FCY := {concordance classes of special disked embeddings
(f, f): (8™, D" 1) — (S™+7, D" TN+ with Type III framing}.

Note that since the codimension condition g > 3 is satisfied, concordance and iso-
topy relations coincide for special disked embeddings with all three boundary restric-
tions on framing.

3.1. The group m,4+1(5SG, SG,)

An element in 7,41 (SG, SG,) is represented by a continuous map ¢: D" — SG
such that ¢|p» = id and ¢(D?%) C SG,,.

This representation is equivalent to the usual definition of a relative homotopy
group i.e., T4+1(SG; *, SGy) = mp1+1(SG, SGy), since D™ can be collapsed to get the
base-point in the relative group.

3.2. The isomorphism ¢: FC4 — 7,41(SG, SG,)

Following the same argument as in Subsection 2.3, when an element in FC? is rep-
resented by a special disked embedding (f, f): (S™, D"1) < (S™ x D?, D"+ x DV)
with Type III framing, there is a natural homomorphism ¢: FC? — 7,41 (SG, SG,)
defined as in Theorem 2.4 by replacing condition (i) with ¢, = id for x € D". By
Haefliger’s surgery construction [13, Argument 3.5] that proves [13, Theorem 3.4],
we conclude:

Theorem 3.1. The homomorphism &: FC4 — 7,41 (SG,SG,) is an isomorphism
for q = 3.

The sliceness Lemma 3.4 is used to prove injectivity of &, similarly to the cases
of ¢ and 1. Note that Theorem 3.1 can be deduced from the proof of Theorem 1.2
given in Section 5. In particular, with ¢ and 1 as isomorphisms in (5), £ is also an
isomorphism by the five lemma.
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As a review, the following tables point to the main difference among all the groups
we discussed in the three cases. In terms of special disked embeddings with different
boundary conditions on framing of f:

ci trivial framing at the base-point * (Type I)
FC4 | trivial framing at the equator S"~! (Type II)
FCq trivial framing at D™ (Type III)

The corresponding homotopy groups differ as follows:

Tn+1(SG; SO, SG,) o(x) =1id
F0:1(5G;50,8G,) | 4™ 1) = id
Tnt+1(SG, SGy) H(D™) = id

Remark-Definition 3.2. Consider a disked embedding
(f, f): (8™, D) s (§7F, DrNH)

which is not necessarily special, i.e., without a fixed behavior at D™. Assume both f
and f are framed embeddings such that framing on f(D"*!) inside D"+ N+ is defined
by extending the suspension of the framing of f(S™) C S™"T4. We call such a pair
(f,f) a framed disked embedding. The concordance classes of such embeddings
are the same as those of special ones with Type III framing representing elements in
FC4. Tt is because given any framed disked embedding, we can always isotope it, so
that near the base-point * € 9D™ = S"~! it is the identity inclusion with the trivial
framing. Then we can reparametrize the sphere so that the small neighborhood of

% is D" and the rest is D}. As a result, we get a special disked embedding (f, f)

with Type III framing. Therefore, we can describe FCY as the group of concordance
classes of framed disked embeddings (f, f).

Thus, all the groups C¢, FC? and FCY can be described as groups of concordance
classes of “non-special” embeddings:

cg embeddings S™ — S ¢
FC2 | framed embeddings S™ < S 14
FC4 framed disked embeddings

(Sn’DnJrl) <y (Sn+q,Dn+N+1)

Note that special disked embeddings with framing of Type I or Type II are not
framed disked embeddings because for latter we require the framing on f to be the
suspension on entire boundary dD"*t! = S”, see the definition above.

3.3. Sliceness
In this subsection, we study an interesting property of sliceness for framed disked
embeddings representing elements in the group F'CY.

Definition 3.3. A framed disked embedding (f,a): (S, D"t1) — (S7+a, prtN+1)
is slice if there exists a framed embedding H : D"+2? — D"+N'+2 where N’ > N, such
that H|y puta_pni1y =a and Hlp, pn+2 is the suspension of a framed embedding

inside D"tat! je. H(O, D"t2) ¢ DnHatl ¢ g, DrHN'+2 — pntN+1
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The trivial element in FCY is given by the equivalence class of the trivial framed
disked embedding (id,id): (S, D"*1) C (S™+4, D"+N+1) je. the trivial pair with
the trivial framing.

Lemma 3.4. A framed disked embedding (f,c): (S™, D"+') — (S7H4, DENFL) rep-
resenting an element in F'CY is concordant to the trivial element

(id,id): (S7, D"H1) € (S7+a, DrNH),
if and only if (f,«) is slice.

Proof. Let F: D" x [0,1] < D"*N'+1 % [0,1], where N’ > N be a concordance
between (f,«) and (id,id). Since at t =1 we have a trivial framing, we attach a
half disk $ D" '+2 along the trivial embedding such that it extends D™*! to the
disk D"*2) see Figure 1. Since F takes the boundary inside S"*4 x [0, 1], therefore
attaching this half disk gives the sliceness of the framed knot S™ — S"T¢ ie., a
framed extension D"t! — D"t9+1 As a consequence, we get a framed embedding
H: D"2 < D"+N'+2 which on one part of 9D"*2 gives a and on the other, an
embedding to D" 91, Therefore, (f, a) is slice.

N
1

Figure 2: Removing a small half disk D"*+¥ +2 going inside.

The converse is easy to prove by reversing the above argument. We remove a small
half disk £ D" 2 around a point in D" ™41 C D"V +2 see Figure 2, such that
the resulting space acts as a concordance between (f, «) and (id, id). O

4. Embeddings modulo immersions as special disked embed-
dings

Let D"t := UyD"*V. By a smooth embedding D" < D"t we understand
D" < D"t for some N large enough. Set

Emb} (D", D) := | | Emb] (D", D"+,
N
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T n n+ooy .__ T n n+N
Imm}" (D", D"+ := | | Imm{ (D", D" V).
N

Similarly, we consider SDE? to be the space of special disked embeddings
(f,a): (S™,D"H1) — (S7+4, DnFl+0) with Type Il framing. By construction,
moSDEI = FCY.

We claim that the space SDE? has the same set of connected components as
the space of embeddings modulo immersions i.e.,FC% = g Emby (D™, D"+4). First
we prove the following lemma which gives different geometric interpretations of the
group moEmby (D™, D"+9).

Lemma 4.1. For q > 3,
roBmb(S", §) = moBmbo(D", D) = mo Bmb(S", R 1) 3)
o7 T R 3
= mEmb’ (8", §+1) = mEmb} (D", D"*1) = mgEmb’ ' (5", R"1).

Proof. Let us first prove the “non-framed” case
o Emb(S™, 8" 1) = 1o Emb(S™, R"19).

Consider the following diagram, where the horizontal lines are fiber sequences:

Emb(S™,R"17) —— Emb(S™, R"+4) —— Imm(S™, R"+9)

| ! |

Emb(S™, S7t1) —— Emb(S™, S"T1) —— Imm(S™, S+9).

We view R"t4 = §"+9 — oo where the “infinity” point is of codimension n + g.
Given an embedding (resp. immersion) from S™ to S™"*%, we can perturb it slightly
in a way that it misses the “infinity” point as ¢ > 3, so that we get an embedding
(resp. immersion) from S™ to R"*9. Therefore, the second (resp. third) vertical map
is surjective on the level of my. For injectivity, note that an isotopy (resp. regular
homotopy) of an embedding (resp. immersion) of S™ in S™"*4 is (n + 1)-dimensional,
while the “infinity” point has codimension n + ¢, so it can still miss the point given
g = 3, and therefore the second (resp. third) vertical map is bijective on 7y. The same
argument holds for 7m; because ¢ > 3. Therefore, the second and third vertical maps
induce isomorphisms on 7y and 7; when ¢ > 3. By five lemma, we get

o Emb(S™, S"T) = w1 Emb(S™, R"T9).
It is proved in [24, Theorem 1.1] that
o Emb(S™, R" 1) = 1o Emby(D™, D" ).

Using the argument from [23, Proposition 1.2], we have that the following natural
projections are weak equivalences:

Embl) (D", D"*) — Emby(D", D"+9),
Emb’" (8", R™9) = Emb(S™, R"9).

Similarly, one can show that EmbfT(S", Sna) — Emb(S™, S™H9) is a weak equiva-
lence. Thus, we get different representations for moEmbg(D™, D" 1) as in (3). O
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By Smale-Hirsch theory [15, 22|, we have Imm}" (D™, D"7) ~ Q"SO(n + q),
and since we consider the ambient dimension to tend to infinity, we obtain
Imm{ (D", D" ~ Q"SO. Note that Emb}" (D™, D"*N) is an open, dense subset
of Immj," (D", D) of codimension N — n. As a consequence, as N gets large, the
inclusion Emb)’ (D", D"tN) < Imm}" (D", D"*N) becomes highly connected, and
we get Embl" (D", D) ~ Imm}" (D", D"+>) ~ Q" 50.

Lemma 4.2. For q > 3,

w0 Bmby (D", D) = mhoﬁb(Embé’“(D”, D) — Embly (D", D”+°°>).

Proof. By definition, ﬂ'OEmb{;T(D”, D"t9) is equal to
o hofib( Embl" (D™, D"+9) — Immi)" (D™, D"*) ~ Q"SO(n + q)),

which is isomorphic to mg hoﬁb(Embgr(D”,D"ﬂ) — Q"S0) using the stability of
the homotopy groups of SO:

m:80(n+q) =mS0, ifi<n+q—2.
Therefore, for ¢ > 3, we have that
Q" SO(n + q) = 1, SO(n + q) = 1, SO = NSO

and similarly mQ"SO(n + ¢) = mQ"SO. Since Q" SO ~ Embéf)r(D”, D) we get
the result as a consequence of five lemma. O

Thus, for any element [(f, )] in WOWQT(D", D"*9) there corresponds an equiva-
lence class of a pair (f,&) where f: D" < D" and a: [0,1] — EmbgT(D", Dntoe)
ie, @: D" x [0,1] <= D"V % [0,1] such that &|pnxo = id and &|pnx1 = f, together
with framing.

We consider D"t = D™ x [0,1] obtained by identifying D% to D™ x {1} and
D" to D" x {0} US™ ! x[0,1], and then smoothening the corners. We similarly
identify D7tN+1 > DntN [0 1], for some large N. Therefore, each pair (f,d@)
can be thought of as a special disked embedding with Type III framing i.e., a
pair (idU f,&): (S, D*t1) — (§7+4, D+N+1) guch that &|p» is the trivial inclu-

sion id: D" < D"1Y with trivial framing, and &

pr s the framed embedding

f: D% — D" In other words, one has a natural map
[ hoﬁb(EmbgT(D”,D"ﬂ) - EmbgT(D",D”+°°)) s SDEX. (4)
On the level of 7y, we obtain
Lt noEszf;T(D", D"ty — FC4,
[(fs)] = [(idU f,a@)].
Theorem 4.3. For q > 3, p. is an isomorphism, and therefore

roEmbl) (D", D"y = FC4,
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Proof. To show that u. is bijective, it suffices to show that
hofib (Embgr(D",D’L+q) - EmbgT(D"7D"+°°)) and SDE?

are weakly homotopy equivalent, and then Lemma 4.2 concludes the result.
Consider the following diagram, where the vertical lines are fiber sequences, and
the map p is defined above (4).

QEmbY (D", D"*+®) —————— Emb) (D", DrH1+e0)

l |

hoﬁb(EmbgT(Dn,DHq) - Embg’"(D%D”*m)) — ", SDEY

| |

Embl" (D", D+4) Emb" (D", D+4).

Note that the top map is just restriction on the fibers. Moreover, it is a homotopy
equivalence since

Emb)" (D™, D) o I (D", D) ~ QSO
~ QO"SO ~ QEmb) (D", D).

Thus, the map in the middle p is also a weak homotopy equivalence. By Lemma 4.2,
we get WOEme;r(D", D) = FCl. O

Theorem 1.1 is immediate by combining Lemma 4.1 and Theorems 3.1 and 4.3.

5. Geometric interpretation of long exact sequences associ-
ated with the triad (SG; SO, SG,)

In this section, we prove Theorem 1.2 for the “non-framed” case i.e., we show the
isomorphism between the sequences in (1). The proof for the framed case is similar.
Recall that Img is the group of concordance (or equivalently regular homotopy)
classes of immersions of S™ in S"T4. According to Haefliger [14, Section 4], any
representative in Im is regular homotopic to a special immersion i.e., an immersion
f: 8™ 9 8™+ such that f|p» is the natural inclusion in D™ and flpr is an immer-

sion in D'} 7. We can extend this immersion as a disk immersion f: D"*+! q» pn+N+1
for N large enough. Furthermore, we add framing on f by first extending the fram-
ing from the base-point * = ez to D" inside D'/"?, and then we extend this framing
to D™ inside DTN+ after taking the suspension. In other words, we add disk
structure and Type I framing in the same way as we did for special embeddings rep-
resenting elements in CZ. Thus, any element in I'md can be represented by a special
disked immersion (f, f): (S, D"*1) 9 (S7+4, D"TN+1) with Type I framing.
Haefliger [13, Section 4.2] has shown that I'mg is isomorphic to the homotopy group
T (S0, SO4) where his map n: Iml — 7,(50,S0,) is defined as follows: given a
special disked immersion (f, f): (5™, D"*1) o (S"F9, D"+N+1) with Type I framing,
one considers the trivialization of the normal bundle induced by the framing of f. To
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each x € S™, one associates the (N — ¢) frame e 4 q12, . . ., EN4nt1 With respect to this
trivialization. This (N — ¢) frame defines a map hy: S™ — Vn ny—q that represents
a homotopy class [h¢] in m, (VN N—q) = (SO, SOy), where Vy ny—q = SON/SOn_q4
is the Stiefel manifold.

Remark 5.1. Note that the restriction hf‘Di is constantly equal to the identity inclu-

sion RV~7 ¢ R (viewed as the base-point of Vy n_4) because the framing on D7
is given by suspension and the last (N — ¢) vectors are e,qq42,...,eNtnt+1. Hence,
the class [hy] depends only on the framing at D”.

Let us now describe the map 6 appearing in the geometric long exact sequence:
i FCO1 — €1 — Ime-FC? | —
Note that
Im? = mgImma(D™, D" = 1, Vyii g = miImmg(D" 1, D" TI71),

The natural map QImmg(D"~1, D"~ — Emby(D"~1, D"T971) induces a map
Imd = m Immg (D", D"4=1) 5 mgEmby(D™~1, D"te-1) = FCh .

We can also interpret 6: Im? — FC?_, in terms of disked embeddings/immersions
as follows: given a special disked immersion (f, f): (S™, D"*1) 9 (§7+a, pntN+1)
with Type I framing representing an element in Imd, we consider the restriction

flgn-1—pnapn =g =id: S"1 — §"*t971 which is the natural inclusion. Moreover,
=&y

we get the disk immersion f|py: D} & D:L_Jrq, which can be immersed inside a big-

ger disk DTFN by allowing more dimensions. As a result, we obtain a disk immer-
sion g :=ido flpr: D} % D1+N with the restricted framing from f|Di' Since N
is large enough, we can change the framed immersion g into a framed embed-
ding g': D™ < D" . The obtained pair (g,g’): (S~ !, D") — (S"*T9=1 D"*N) is a
disked embedding where the framing on §'|g»-1 is given by suspension of a framing
inside S"t9=1! ie., (g,g') is a framed disked embedding. Therefore, given a special
disked immersion (f, f) with Type I framing, we can assign a framed disked embed-
ding (g,g’) to it. Thus, we get a well defined map from I'md to FC?_;.

The commutativity of the following diagram is given by a similar argument as in
the proof of Theorem 4.3.

Img 6 FCY_,

] ]

1 Imm(D"1, D"l s moEmby (D1, Drra—h),

Remark 5.2. Note that while defining 6, instead of
(gag) = (Zda id o f|Di) : (Snilv Dn) G (SnJrqila Dn+N)7

we can consider the pair (id,id o f|p») which is same as (id,id) since f|p» =id
with framing restricted from f (such framing may not be a suspension). In FCY_,

the representative (g, g’) corresponding to (g, g) = (id,id o f|pr ) is equivalent to the
framed trivial disked embedding (id,id) = (id,id o f|p») with framing as on f|pn,
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since f acts as a concordance between id o f|p» and id o f|p=. To be precise, we take
n "

a perturbation f’ of f which acts as a concordance. We will use this in the following
proof to show commutativity of the third square in (5).

Proof of Theorem 1.2. To prove the result, we need to show that each square in the
following diagram commutes:

Tnt41(SG,8G,) —— 1, 41(SG; SO, SG,;) —— m,(50,50,) —— m,(SG, SGy)

41 w} n} 43 ()

b . _
FCY ca Imd FCY

n—1-

For the first square, the map FC% — C4 is an inclusion on the level of representatives
i.e., a framed disked embedding representing an element in F'CY clearly represents an
element in CZ. Therefore, the commutativity of this square is straightforward from
the construction.

The commutativity of the second square is given by Haefliger [13, Section 4.4]
and is easy to see. The map C? — I'mg is obvious since an embedding is also an
immersion. We have seen that the vertical map 7 on a given representative in I'mg
depends only on the behavior of the representative on D", see Remark 5.1. Similarly,
the top horizontal map 7,4+1(SG; SO, SG,) — m,(SO, SO,) is defined by restricting
the representatives in m,41(SG; SO, SG,) to the half-disk D™.

We now check the commutativity of the third square. Given an element a € Imd
represented by a special disked immersion

(f, J?) (Sn7Dn+1) N (Sn+q7Dn+N+1)

with Type I framing, by Remark 5.2, the corresponding element 6(«) in FC_; can
be represented by the framed trivial disked embedding

(id,id) = (id,id o f|p=): (S"71, D) < (S"~! x D9, D™ x D),

with the framing obtained as a restriction f|Dg. Recall that on S"~! = D" N Dy,

the framing is given by suspension of a framing inside S"*9~!. We can homotope
the obtained framing on S”~! so that it becomes trivial on D"~ '. Now, under the
vertical map ¢, the image of 6(«) is represented by a map

¢: D" x SNt 5 SN=1 with an extension ¢: D" x DY — DV

defined linearly by (z,y) — r(x)(y), for some rotation r given by the framing on f|pn .
More precisely, r: D™ — SO(N) is such that r|gpn_gn-1 is a suspension of rotation
in SO(q) with r = id on D™ 1 by construction. The map ¢ satisfies the definition of
¢ (see Subsection 3.2), since

671(0) = F(D™) = D" x 0, with ¢|sns € SO(q)

such that ¢, = id for x € D"~ ' and ¢, is the suspension of a map D? — DY for any
S Difl. Moreover, ¢ also represents an element in m,(SO, SO,) and is precisely
the representative that we get for n(«), as n also depends only on the non-trivial
framing on D™ (see Remark 5.1). Therefore, the square commutes. O
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6. Applications

6.1. Known computations

For C¥, the well-known computations were done by Haefliger [11, 12, 13] in the
1960s and later by Milgram [18] in the early 1970s. To the best of our knowledge, no
computations were done ever since. The Manifold Atlas webpage [25] describes all the
known groups C4. Haefliger [11] has shown that C2 = 0 for n < 2¢ — 3. Furthermore,
he proved that for ¢ > 3 (see [13, Corollary 8.14)),

o1 Z q odd,
29=3 7\ Zo q even.

For odd ¢, the generator is given by the Haefliger trefoil knot [12]. It is an interesting
question whether the Haefliger trefoil is a generator for the even case.

There are only a few computations for F'CY in the literature. For example, Haefliger
[13, Theorem 5.17] has shown that FC§ = Z & Z. Moreover, it is easy to see that for
n < 2q — 3, we get FC? = m,(50,), see Proposition 6.2.

The groups FC? = m,,1(SG, SG,) are related to the homotopy groups of spheres.
Some of these groups are known, in particular,

FC3 = m3(SG, SGy) = Zz and FO§ = m(SG, SGy) = Z,

found in [13, Section 5.16] and [21, Proof of Lemma 3.1].
The rational computations of FC? are known [3, Corollary 20], [10, Section 5.7],
and can also be computed directly as follows:

Proposition 6.1. For g > 3,

- Q n=q—1, q even,
FCIl®Q=< Q n=2q¢—3, q odd,
0 otherwise.

Proof. Since FCY = ,11(SG,SG,), we consider the long exact sequence of the
pair (SG, SG,):

o M1 (SG) — M1 (SG, SGy) — m(SGy) — ma(SG) —> -+ (6)

The rational homotopy groups 72(SG,) can be easily computed by considering
the long exact sequence associated with the fibration Q¢~'S9-! — SG, — 971,
where Q7715971 i the component of loops of degree one. The connecting homo-
morphism 7, 1(S97 ) = 7, (Q 1S = 7,4, 1(S971) is given by the Whitehead
bracket [idga-1,—]. Note that all 7,(SG) are torsions being the stable homotopy
groups of spheres, hence, 72(SG) = 0. Using the rational homotopy groups of spheres,
we get

Q n=q—1, q even,
72(8G,)={ Q n=2q¢—3, q odd,
0 otherwise.

Thus, from the long exact sequence (6) we get W%_l(SG,SGq) =72(5G,) and
that concludes the result. O
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6.2. Metastable range
~ From [13, Section 4.4], one can deduce the following stability result for the groups
FCY and FCZ:

Proposition 6.2. For n < 2q — 3, FC% = 7,11(50, SO,) and FC4 = 7,S0,.
Proof. Consider the long exact sequence associated with the triad (SG; SO, SGy)
given in [13, Section 4.4]:
— Tp41(SG, SGy) = mh41(SG; SO, SG,) — m,(SO,S0,) — m,(SG,SGy) — (7)
By [13, Corollary 6.6], the groups m,+1(SG;S0,SG,) = C2 =0 for n < 2¢q — 3.
Therefore, from the above sequence, we get
Tn+1(S0,SO,) = m,11(SG, SG,) = FCYL for n < 2q — 4.

Moreover, any element of C¢ is trivial as immersion for n < 2¢ — 1, see [13, Corol-
lary 6.10]. Thus, the homomorphism mo,_2(SG; SO, SGy) — maq—3(S0, SO,) in (7)
is trivial, and we get maq_3(SO,S50,) = maq_3(SG,S5G,) = FC§,_,.
For the second equality, we consider the geometric long exact sequence given by
Haefliger [13, Section 5.9]:
coo — 1,80y — FCl — C1 — 7,150, — - - (8)

The result easily follows for n < 2¢ — 4 since C¢ = 0 for n < 2¢ — 3. When n = 2¢q — 4,
the homomorphism Cg, 5 — 724450, in (8) is the composition

qu_3 = qu_Q(SG; SO7 SGq)EHTQq_;g(SO, SOq) — 772(1_4(50,1),
and therefore is also trivial. O
Lemma 6.3. Fori < q¢— 2, m;(SG,) = mi(SG).

Proof. When i< ¢q—1, we have m(SG,SG,) = m(S0,S0,) =0, where we get
the first equality from Proposition 6.2, and the second one using the fact that

(SO, SOq) = 0 for i < q. Therefore, from the long exact sequence (6), we conclude
that for ¢ < ¢ — 2, m;(SGy) = m(SG). O

References

[1] G. Arone, P. Lambrechts, and I. Voli¢, Calculus of functors, operad formality,
and rational homology of embedding spaces, Acta Math. 199 (2007), no. 2,
153-198.

[2] G. Arone and V. Turchin, Graph complexes computing the rational homo-
topy of high dimensional analogues of spaces of long knots, Ann. Inst. Fourier
(Grenoble) 65 (2015), no. 1, 1-62.

[8] G. Arone and V. Turchin, On the rational homology of high-dimensional ana-
logues of spaces of long knots, Geom. Topol. 18 (2014), no. 3, 1261-1322.

[4] P. Boavida de Brito and M. Weiss, Spaces of smooth embeddings and configu-
ration categories, J. Topol. 11 (2018), no. 1, 65-143.

[5] R. Budney, Little cubes and long knots, Topology 46 (2007), no. 1, 1-27.



[6]

[7]
[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]
[18]

[19]
[20]
[21]
[22]
[23]
[24]

[25]

HAEFLIGER’S APPROACH FOR SPHERICAL KNOTS MODULO IMMERSIONS 73

R. Budney, A family of embedding spaces, Geom. Topol. Monogr 13 (2008),
41-84.

R. Budney, An operad for splicing, J. Topol. 5 (2012), no. 4, 945-976.

R. Budney and F. Cohen, On the homology of the space of knots, Geom. Topol.
13 (2009), no. 1, 99-139.

B. Fresse, V. Turchin, and T. Willwacher, The rational homotopy of mapping
spaces of E,, operads, arXiv:1703.06123 (2017).

B. Fresse, V. Turchin, and T. Willwatcher, On the rational homotopy type of
embedding spaces of manifolds in R™, arXiv:2008.08146 (2020).

A. Haefliger, Plongements différentiables de variétés dans variétés, Comment.
Math. Helv. 36 (1961), 47-82.

A. Haefliger, Knotted (4k — 1)-spheres in 6k-space, Ann. of Math. 75 (1962),
452-466.

A. Haefliger, Differential embeddings of S™ in S"*4 for ¢ > 2, Ann. of Math.
(2) 83 (1966), 402-436.

A. Haefliger, Lissage des immersions-I, Topology 6 (1967), 221-239.
M. Hirsch, Immersions of manifolds, Transactions A.M.S. 93 (1959), 242-276.

J. Ducoulombier and V. Turchin, Delooping the functor calculus tower, Proc.
Lond. Math. Soc. 124 (2017), 772-853.

R. Lashof, Embedding spaces, Illinois J. Math. 20 (1976), no. 1, 144-154.

R.J. Milgram, On the Haefliger knot groups, Bull. Amer. Math. Soc. 78 (1972),
no. 5, 861-865.

K. Millett, Piecewise linear embeddings of manifolds, [llinois J. Math. 19
(1975), 354-369.

K. Sakai, Deloopings of the spaces of long embeddings, Fund. Math. 227 (2014),
no. 1, 27-34.

A. Skopenkov, A classification of smooth embeddings of 4-manifolds in 7-space,
I Topology Appl. 157 (2010), no. 13, 2094-2110.

S. Smale, Classification of immersions of spheres in Euclidean space, Ann. of
Math. 69 (1959), 327-344.

P.-A. Songhafouo Tsopméné and V. Turchin, Rational homology and homotopy
of high dimensional string links, Forum Math. 30 (2018), no. 5, 1209-1235.

V. Turchin, T. Willwacher, On the homotopy type of the spaces of spherical
knots in R™, Minster J. Math. 14 (2021), 537-558.

Manifold Atlas http://www.map.mpim-bonn.mpg.de/Knots, _i.e.
_embeddings_of_spheres. Edited by A. Skopenkov.

Neeti Gauniyal neetigl@ksu.edu

Department of Mathematics, Kansas State University, 128 Cardwell Hall, Manhattan,
KS, 66506, USA


https://arXiv.org/abs/1703.06123
https://arXiv.org/abs/2008.08146
http://www.map.mpim-bonn.mpg.de/Knots,_i.e._embeddings_of_spheres
http://www.map.mpim-bonn.mpg.de/Knots,_i.e._embeddings_of_spheres
mailto:neetigl@ksu.edu

	1 Introduction
	1.1 Main results
	1.2 Outline of the paper
	1.3 Terminology

	2 Embeddings of S[sup]n in S[sup]n+q
	2.1 The group C[sub]n[sup]q
	2.2 The group pi[sub]n+1(SG;SO,SG[sub]q)
	2.3 The isomorphism psi
	2.4 Framed embeddings of S[sup]n in S[sup]n+q

	3 Framed disked embeddings
	3.1 The group pi[sub]n+1(SG, SG[sub]q)
	3.2 The isomorphism xi
	3.3 Sliceness

	4 Embeddings modulo immersions as special disked embeddings
	5 Geometric interpretation of long exact sequences associated with the triad (SG;SO,SG[sub]q)
	6 Applications
	6.1 Known computations
	6.2 Metastable range


