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THE CLASSIFYING SPACE OF THE 1+1 DIMENSIONAL
G-COBORDISM CATEGORY

CARLOS SEGOVIA
(communicated by Charles A. Weibel)

Abstract

For a finite group G, we define the G-cobordism category in
dimension two. We show there is a one-to-one correspondence
between the connected components of its classifying space and
the abelianization of G. Also, we find an isomorphism of its
fundamental group onto the direct sum Z @ Q5°(BG), where
Q59(BQ) is the free oriented G-bordism group in dimension two,
and we study the classifying space of some important subcate-
gories. We obtain the classifying space has the homotopy type of
the product G/[G,G] x S* x X% where m(X%) = Q5°(BG).
Finally, we present some results about the classification of G-
topological quantum field theories in dimension two.

1. Introduction

Let .#% denote the 141 dimensional G-cobordism category. The objects of .#¢
are disjoint unions of principal G-bundles over the circle. They are represented by
finite sequences (x1, T2, -+ ,&y), x; € G LU {0}, where z; € G denotes the monodromy
of a principal G-bundle over the circle and x; = 0 denotes the empty G-bundle. When
x; is equal to the neutral 1 € G, we say that we have trivial monodromy. The mor-
phisms of .#% are cobordisms of principal G-bundles over oriented surfaces up to
diffeomorphism.

Composition of two cobordisms is given by the gluing of their collars for a common
boundary. The gluing of two manifolds has a smooth structure well defined up to
diffeomorphism, which extends to the gluing of two principal G-bundles producing
the appropriate cobordism.

Associated to .#“ we have a simplicial set N.#¢, called its nerve [13]. The geome-
tric realization of N.#¢ is denoted by B.#%. We show in Section 2 that the connected
components of B.#% have the form described in the following theorem.

Theorem 1.1. There is a bijection mo(B%) = G/[G,G] which is compatible with
the tensor product of /€.
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Let Q59 (BG) be the free oriented G-bordism group in dimension two from Conner—
Floyd [2]. In Section 3 we show that the fundamental group of B.#¢ is isomorphic
to the following direct sum:

Theorem 1.2. There is an isomorphism 7, (B.%) = 7. @ Q5° (BG).

The G-equivariant version of the embedded cobordism category of [5], denoted by
C$, has connected components 7o (BCS) = Q79 (BG) = G/|G, G]. Bokstedt-Svane [1]
show that the fundamental group 7 (BCS') is obtained in terms of generators up to
the “chimera relations”. In Section 3 we show these relations are equivalent to the
generating relations for the category of fractions of .#¢. Thus C§ and .#¢ have
isomorphic fundamental groups.

For G the trivial group, Tillmann [16] proves that B.¥ ~ S! x X where X is a
simply connected infinite loop space. As a consequence, the homotopy groups sat-
isfy mp,(BY) 2 m,(X) for n > 2. Juer-Tillman conjecture that indeed m,(X) =0,
for n > 2, as a consequence of the discrete localisation conjecture [8, p. 217]. More
precisely, this is equivalent to showing that the canonical inclusion ., — . is a
homotopy equivalence, where .#} is the positive boundary subcategory (BYbG ~ S1).
In fact, Tillmann [16] shows that the composition .7, — . — [ ~!] is a homo-
topy equivalence. In the embedded cobordism category [5, Thm 6.1] this inclusion is
a weak equivalence. We do not know the behaviour for the other homotopy groups,
for instance, we ignore if the canonical map between these two categories induces an
epimorphism for the two dimensional homotopy groups. We have the same question
for the G-equivariant case.

The G-cobordism category .7 is a symmetric monoidal category, hence the classi-
fying space B.# is an H-space. Theorem 1.1 implies that the connected components
has a group structure, hence every pair of connected components are homotopy equiv-
alent by multiplication by an element. Moreover, Theorem 1.2 implies that B.#¢ has
abelian fundamental group. Thus B.# ¢ is homotopic to an infinite loop space, which
splits into the product of G/[G,G] and some connected component of B.#. How-
ever, we need to restrict the category .#¢ to certain type of morphisms in order
to extend the Tillmann’s procedure [16] (this is specified in Section 4). We show
in Section 5 that the classifying space of the G-cobordism category has the homo-
topy type G/[G,G] x St x XY where 71 (X) = Q59 (BG). In this case the discrete
localisation conjecture has the form:

e The homotopy type of the G-cobordism category is G/[G, G] x S* x X, where
X%isa K(G,1).

There are a number of other papers which study bordism categories of surfaces
with principal G-bundles. The works that study the same category as in our paper are
the dissertation by Sweet [14], the papers by Kaufmann [10, 9], the work of Moore—
Segal [11] and the paper by Gonzalez-Segovia [6]. There is a different perspective
which results in an equivalent bordism category by Turaev [17] and Tagami [15]. This
point of view considers objects and morphisms provided with a map to the Eilenberg—
MacLane space K(G,1). Lastly, the bordism category studied by Davidovich [3] is
different from our bordism category since it comes in the context of (oo, n)-category
for the cobordism hypothesis.
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Figure 1: Principal Z4-bundles with monodromies x and 2, respectively.

This article is organized as follows: in Section 2 we define the G-cobordism category
#C. In Section 3 we describe the groupoid of fractions of .#¢ and we find the
fundamental group of .#%. In Section 4 we study the classifying spaces of some
important subcategories of .¢. In Section 5 we study the homotopy type of the
classifying space of the G-cobordism category. Finally, in Section 6 we give some
results about the classification of G-topological quantum field theories.
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2. The G-cobordism category

Every principal G-bundle over the circle is isomorphic to the following construction:
attach the ends of [0,1] x G via multiplication by some element = € G, i.e., (0,y) is
identified with (1,yx) for every y € G. This construction projects to the circle by
restricting to the first coordinate and the action of G is defined by left multiplication
on the second coordinate. Throughout the paper the element z € G is called the
monodromy of the corresponding principal G-bundle over the circle. When x is the
neutral element, 1 € G, we say that we have trivial monodromy. Additionally, we
consider the empty G-bundle represented by the zero 0.

A finite sequence (x1,x9, - ,x,), with z; € GU{0}, 1 <4 < n, represents the
disjoint union of principal G-bundles over the circle whenever z; € G and the empty
G-bundle for z; = 0. In the case n = 1, we can take out the parentheses.

For example, we consider the cyclic group Z4 = {1,z,2%,23} and the symmetric
group Sz = (a,b: a® = b> = (ab)® = 1). For z,2? € Z4 and a,ab € S3, we obtain the
four principal G-bundles of Figures 1 and 2 (the dotted lines denote the identifica-
tions).

Let ¥ and ¥’ be d-dimensional closed smooth manifolds. A cobordism between X
and X’ is a (d + 1)-dimensional smooth manifold M, with boundary diffeomorphic to
YUY, where —X' is ¥’ with the reverse orientation. Two cobordisms M and M’
are equivalent if there exists a diffeomorphism ¢: M — M’ such that we have the
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Figure 2: Principal S3-bundles with monodromies a and ab, respectively.

commutative diagram

Let £: P — ¥ and £': P’ — ¥/ be principal G-bundles. A G-cobordism between &
and ¢’ is a principal G-bundle €: Q — M, with diffeomorphisms for the boundaries
OM = S11—S5"and 9Q = P U —P’, which match with the projections and the restric-
tion of the action. Two G-cobordisms €: Q@ — M and ¢: Q" — M’ define the same
class if M and M’ are equivalent as cobordisms by a diffeomorphism ¢: M — M’, Q
and @’ are equivalent as cobordisms by a G-equivariant diffeomorphism : Q — @Q’,
and in addition, we have the commutative diagram

Q—L=q

[T

M7M’

In dimension two we give some important examples of G-cobordisms:

1. (Cylinder) for z,y € G, this is the G-cobordism from x to y with base space the
cylinder, where there is an element z € G with y = zz2~!. The diffeomorphism
identification is given by the Dehn twist. Notice that the conjugation by the
neutral 1 € G produces the identity morphism id,.

2. (Pair of pants) for x,y € G, consider the principal G-bundle over the wedge of
two circles with monodromies (x,y). The pullback by the retraction of the pair
of pants to S v S!, defines a G-cobordism over the pair of pants with incoming
boundary (z,y) and outgoing boundary the product xy. We denote this element
by Py ) : (z,y) — xy. Similarly, we define the reverse G-cobordism over the pair

of pants P, ) : vy — (x,y), which is P, ,y with the opposite orientation.
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3. (Pair of pants with multiple legs) for z; € G, with 1 < i < n, consider the princi-
pal G-bundle over the wedge S'V "+ VS! with monodromies & = (1, ,Tn).
The pullback by the retraction of the pair of pants with n-legs to SV 2 VSt
defines a G-cobordism over the pair of pants with n-legs with incoming bound-
ary & = (1, -+ ,x,) and outgoing boundary the product [];-; x;. We represent
this element by P; and similarly, we define the G-cobordism Pj.

4. (Disk) there is only one G-cobordism over the disk which is a trivial bundle. We
represent this element by D: 1 — 0 and similarly, we define the G-cobordism
D:0— 1.

5. (Handlebody) for z;,y; € G, 1 < i < n, this is the G-cobordism with base space
the two dimensional handlebody of genus n with one boundary circle. The base
space is constructed from a polygon with 4n sides where a disc is removed inside.
The 4n sides have associated monodromies y,, Tn, ¥y, *, 2%, -+, y1, 1, yfl,
xy Uin clockwise order. Therefore, the monodromy for the boundary circle is
given by the product [yn,z,] - [y1,21].

In Figure 3, Figure 4 and Figure 5 we have pictures of the previous G-cobordisms.
For these pictures, we draw from left to right the direction of our cobordisms. Also
every circle is labelled with its monodromy and for the cylinders we include inside
the element of the group with which we do the conjugation.

X

x

=1 D «

r zxz™! Yy Y 1 1
Yy

Figure 3: G-cobordisms over the cylinder, the pair of pants and the disc.

Xr1 ——
Xo ——

: =]l
Ty

Figure 4: G-cobordisms over the pair of pants with multiple legs P, ... 4)-
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Figure 5: G-cobordism over a handlebody with monodromy [y, z] for the boundary
circle.

Definition 2.1. The objects of the G-cobordism category .7 are finite sequences
(1, ,&n), x; € GU{0}, where x; € G denotes the monodromy of a principal G-
bundle over the circle and z; = 0 denotes the empty G-bundle. The morphisms of .7¢
are G-cobordisms over oriented surfaces. The morphisms in .#¢ have a well defined
composition by the gluing of their collars for a common boundary.

The category . has a monoidal structure given by the disjoint union operation
U: 7% x % 5 7% where the unit is the empty G-bundle. Furthermore, there is
a symmetric structure induced by a natural transformation c: U — U o 7 where 7 is
the twist functor. This is given by a bunch of crossing identity G-cobordisms over
cylinders, where ¢? = id.

Now, we show Theorem 1.1 which says that there is one-to-one correspondence
between the connected components of B.“ and the abelianization of G, i.e,

G

Because of the G-cobordism over the disc, we can restrict to objects given by finite
sequences (x1,-+ ,x,), with z; # 0. Then the G-cobordism over the pair of pants
with multiple legs connects (z1,--- ,x,) with its product = []"_; ;. Due to the
G-cobordisms over the handlebodies, two elements z,y € G are connected in .7 if
and only if they differ by an element in [G, G]. Notice that the product in mo(B.#%)
induced by the monoidal structure of .#’“, agrees with the product of G/[G, G]. This
is because of the existence of the G-cobordism over the pair of pants (with multiple

legs).

mo(BSY)

1%

3. The fundamental group

The aim of the present section is to show that the fundamental group of B.#“
is the direct sum Z @ Q5°(BG), where Q5 (BG) is the free oriented G-bordism
group in dimension two. In this respect, we need an interpretation of the groupoid of
fractions ¥ := .ZC[(#%)~1] with the left calculus of fractions [7]. The fundamental
group with base space an object z in .#“, is the automorphism group Homge (z, ),
see Quillen [12].

An important assumption is the restriction of .#“ to objects which are in the
connected component of the empty G-bundle. Thus, for every object &, we can take
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Figure 6: The identification id; (D o D) ~ D o D.

a morphism §; from % to the empty G-bundle, where for simplicity, take it with
connected base space.

Consider the subset of morphisms of those endomorphisms in .#“ which are the
disjoint union of identity G-cobordisms over cylinders and G-cobordisms over closed
surfaces. Denote this subset of morphisms by .. Notice .7 admits a calculus of
left fractions [7]. Therefore, the category of fractions .#%[(AC) 1] can be described

by roofs
= Z
ids V Y (4)
x Y,

where ¥: & — ¢ is a morphism in .#% and v is a G-cobordism over closed surfaces.

However, the category . G[(jOG)_l] is not enough to obtain the groupoid of frac-
tions ¥“. For this purpose, we consider the quotient by an equivalence relation
which is motivated as follows: the functor .#¢ — #[(AF)~!] sends a morphism
¥: & — g to the roof (id;, X). Take the gluing along ¢ of ¥ and ¢;. This is repre-
sented by ¥’ = ¥ Uy 6; which is a morphism from & to the empty G-bundle. Denote
by ¥’: 0 — 2 the G-cobordism obtained by changing the orientation of ¥’. We can
obtain a left inverse for (id;, ¥) after we impose some identification. The proposal for
the left inverse is the roof (idy (X' 0 ¥/), ¥’ o d;). In fact, the composition of (id;, X)
followed by (idg (X' 0 37), 5 0 6;) is

(id; U(X 0 X7), X 0 X)) . (5)

(lda? U, E)

Therefore, we need to impose the identification
id; U(X oY) ~ X oY, (6)

Take the equivalence relation generated by the identifications (6) using the composi-
tion and the monoidal structure of .#“ and denote the quotient category by .#<.
In Figure 6 we illustrate (6) for the disc D: 1 — 0 and the reverse disc D: 0 — 1.
As an application we obtain that in the category of fractions we have some sort of
cancellation between G-cobordisms over handlebodies and spheres, see Figure 7.
In the following proposition we outline the missing details to calculate the category
of fractions.

Proposition 3.1. There is an isomorphism 9 = .7 [(SE)~1].

Proof. Now we show that the left inverse of (idz, 21 is also right inverse. For this
purpose, we consider the composition of (idy LI(X' 0 X/), 3’ o §;) followed by (idz, X).
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Figure 7: Property in the category of fractions.

This is equal to

(0, 8) = (idy U( 0 37, (S0 ) U (85 0 37)) - (7)
This is equivalent to the identity morphism because we can take a third roof
(,€) = (idg U(85 0 g), (T 0 X)L (85 0 83)-?) , (8)

and we have the commutative diagram

It is possible to show that the inverse for (idz,Y) does not depend of the morphism
d3. The universal properties of the category of fractions and the quotient category
imply the proposition. O

A useful result for the relations (6) is the following.

Proposition 3.2. For ¥ a G-cobordism with outgoing boundary the empty G-bundle,
the relation id; U(X o X3) ~ X o X is implied from the relation id; U(D o D) ~ Do D
for D the disc D: 1 — 0.

Proof. 1t is enough to assume that ¥ is a G-cobordism with connected base space
from x € G to the empty G-bundle. There is a unique G-cobordism ¥': x — 1 such
that X = D o ¥’. Consequently, we obtain

YoX=YoDoDo¥ =% oid;oX'US =% 1S, (10)

where 1Y is the connected sum of G-cobordisms and S = D o D is the unique G-
cobordism over the sphere. The base space of LY. is a connected surface with exactly
two boundary circles. For this space, we can find a simple closed curve which sepa-
rates the space in two parts where one part contains the two boundary circles and
it is maximal in the sense that the induced G-bundle is trivial. In fact, after we
fill with discs the two boundary circles produced by the curve, we then obtain two
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disconnected G-cobordisms where one is the identity G-cylinder id, and the other
is the G-cobordism ¥ o X.. Notice that we have used for a second time the relation
idi U(D o D) ~ D o D. This shows the proposition. O

Theorem 3.3. 7, (B.7Y) = Z & Q5°(BG).

Proof. For 4 the groupoid of fractions of ., the fundamental group 7 (B.# %) can
be identified with the automorphism group Homga (0, 0), where 0 denotes the trivial
G-bundle. This monoid is composed by roofs (I, X) where I' and ¥ are G-cobordisms
with closed base space, inside the quotient category .#¢. The composition of two roofs
(T'1,%1) and (I, ¥9) is given by (I'q1 U e, X1 U X5) which notice is commutative. Now
we show there is the following short exact sequence

02— m(Bs%) — Q59 (BG) 0. (11)

We define the homomorphism 7;(B.%) — Q5°(BG) which for a roof (I',X) we
assign the equivariant bordism class [X] — [[']. In order to show this assignment is
well defined we need that the relation (6) for the quotient category .7, is invariant
up to equivariant bordism, however, this is precisely the Proposition 3.2. In fact,
the relation id; (D o D) ~ Do D turns into the property that the operations of
connected sum and disjoint union are equivalent in equivariant bordism, only that
there is a fiber produced by the G-cobordism over the sphere. The monomorphism
Z — m(B#%) is induced by 1+ (idg, S) where S is the G-cobordism over the
sphere which is trivial in Q5°(BG).

In order to show the splitting of (11), we consider the map Q5°(BG) — 7 (B.#)
which starts with a G-cobordism with closed base space and we kill all the trivial
monodromy. This means that for every curve in the base space with trivial mon-
odromy, we separate along this curve by capping with two discs. This extends to
the total space by a trivial bundle. In [4, p. 7] the author together with Dominguez,
show that the group Q259 (BG) can be obtained by considering the G-cobordisms with
closed base space up to kill trivial monodromy. In addition, this map keeps in mind
the number of times we separate by a trivial monodromy, by adding the negative of
the G-cobordism over the sphere. Notice this process of separating and adding the
negative of the G-cobordism over the sphere, is the inverse of the connected sum
identification from previous paragraph. Thus the map Q5°(BG) — 71 (B.#%) is an
splitting of the exact sequence (11) and the proposition follows. O

Finally, the G-equivariant version of the embedded cobordism category of [5],
denoted by C§', has connected components
m(BCs) = Q79(BG) = G/[G, G,

Bokstedt-Svane [1] show that the fundamental group m (BCS) is obtained in terms
of generators up to the “chimera relations”. We deduce in the next paragraph these
relations using the identification (6). This means that the canonical functor

e — ¢

induces an isomorphism between the fundamental groups.
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Take X;, i € {1,2,3,4}, G-cobordisms from X to the empty G-bundle. We obtain
the following relations for roofs:

(ido, T3 0 51 LU T4 0 )

= (51081 UX30%, (308208 0%;) U (S0 0% 0%y))
(21 01 U903, (8308 UY0%)U(B08 U, 0272))
(El 01 U5 0%,, (B308LUX 08U (Be0%; 0% 0272))
(ido,Zg 0272|_|E40271) .

4. Analysis of subcategories

In this section we study the classifying space of the following subcategories of .7C:

1. ZE is the full subcategory of ¢ with only one object given by the empty
G-bundle.

2. 5”>GO is the subcategory of ¢ with the same objects of ¢ except for the
empty G-bundle and where for the base space, each connected component of
every morphism has non empty incoming boundary and non empty outgoing
boundary.

3. ch is the subcategory of .#¢ with the same objects of .#“ and where for
the base space, each connected component of every morphism has non empty
outgoing boundary.

4. #F is the full subcategory of Y>GO where each object is a principal G-bundle
with base space the circle.

We denote by ., S, ¥ and 7 the cobordism categories associated to the
trivial group. Tillmann [16] shows the classifying space of % is the infinite torus
T°°. The same is true for 7.

Proposition 4.1. The classifying space B.ZE is homotopic to the infinite dimen-
sional torus T°.

Proof. This is similar to the proof of Tillmann [16]. Denote by the sequence sg, s1,
S2, - -+ the G-cobordism classes with base space the sphere, the torus, a closed surface
of genus 2 and so on. Since the group G is finite, this is a sequence of finite positive
integer numbers. Thus .7 is isomorphic to the direct sum @D, N* and since the
classifying space of N is the circle, then the classifying space B.7{ is the infinite
torus. O

Tillmann [16] defines a functor ®: %~y — ¥, which is the constant map in objects
and each morphism Y with n incoming circles, ¢ connected components, genus g and
m outgoing circles, is mapped by ® to

1
(%) = i(m—n—x(Z))zg—Fm—c. (12)

This represents the unique morphism in % with genus g + m — c¢. Moreover, ® is
left adjoint to the inclusion .7 — .~ with a natural transformation defined for the
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Figure 8: A morphism in .7¢.

object n, by the morphism P, : n — 1 which is the pair of pants with n legs. Thus
we have the commutativity of

Py,
n ——

1
l lﬁmc (13)
P,

m—s1.

Furthermore, the functor ® can be extended to .#}. Since the subcategory % is
isomorphic to the natural numbers N (the category with a single object and hom-
set the natural numbers), the classifying spaces of %, % and % have the same
homotopy type of the circle S!.

Remark 4.2. In order to implement the arguments of Tillman [16] for a finite group G,
we need the following assumption: every G-cobordism with connected base space and
non-empty incoming boundary & = (x1,--- ,z,), with z; # 0 for 1 < i < n, factorises
through the precomposition of the G-cobordism P; (the pair of pants with multiple
legs). It would help to see an example in Figure 8. This assumption will be taken
until the end of the paper.

For a finite group G, we define the functor ® : Y>GO — 7 in objects (z1,- - ,Ty)
by the product z =[]}, z;. For the morphisms of ., we consider first the case
where we have a connected base space. Take ¥ a G-cobordism (with connected base
space) which goes from & := (z1, -+ ,z,) to§ := (y1, - , Ym). By hypothesis, see Def-
inition 2.1, the morphism ¥ factors by a precomposition of the G-cobordism over a
pair of pants P;. Therefore, there is a unique G-cobordism ®%(X), from z = [T, @i
to y = H;n:l y;, in the subcategory .77, satisfying the following commutative dia-
gram:

P;

T——z
Z\L J{@G () (14)
. Py
Yy—m>y.
A monoidal property (without unit) is obtained for morphisms %1, --- , X, where %;,

for 1 <i < r,is a G-cobordism in Y>GO with connected base space, which goes from
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x1 x1 PG (%)
T 22 O
T3 x3 O
x4 Ty - T4 7z oy

Figure 9: For X: (21, x2,x3,24) — (Y1,Y2,Ys3,ys) this figure represents the identity
Plys ya,ys,ya) © 2 = (I)G(E) © Pla,22,5,24)-

n; m;
Ty= (Ti1, 0 Tiny) 10 G5 = (Y1, Yimy) <x1 = Hfﬁz‘k and y; = Hyik> .
k=1 k=1

Therefore, there is a unique G-cobordism
(I)G(El U---ux%,.) from -2 to y1-- Y,
in the subcategory .7, satisfying the following commutative diagram:

N . Pajueuen
-y ——mm——x1 -2y

l@c(zlu-»-um) (15)

Y- Yr-

Zlu---uZTl

Pyiu-ug,

-y,

It is straightforward to see that ®¢ is a functor because of the uniqueness of the
factorisations, see Figure 9 for an example. As a consequence, we obtain the following
theorem:

Theorem 4.3. The inclusion functor .#F < on has a left adjoint ®C.

Likewise, we can extend the functor ®¢ to the category ybG and Theorem 4.3
follows. Consequently, the categories 5@60, ybG and .7 have homotopy equivalent
classifying spaces.

Finally, consider the [G,G]-graded monoid Mg := {My},ciq,q), where M, is
the collection of G-cobordisms over handlebodies with monodromy x € G over the
boundary circle. There are products My, x My, — M, ., given by the composi-
tion with the G-cobordism over the pair of pants P, .,). Also, there is an action
Pz My — M, ,.—1, z € G, defined by the composition with a G-cobordism over the
cylinder with entry = and conjugation by z. The product is associative (with unit the
disc) and twisted commutative and indeed, we mimic the axioms of a G-Frobenius
algebra [11, 6].
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The importance of the monoid M is that it works as a model for the composition
of #F. This is because every morphism in .#" can be written as the gluing of two
G-cobordisms, one over a handlebody and the other over a pair of pants. Thus the
composition of two elements in ./ is given by forming the product of their associated
G-cobordisms over the handlebodies.

An important part is the submonoid associated to the neutral element, given by
M. This consists of G-cobordisms over handlebodies with trivial monodromy over
the boundary circle. This monoid is abelian, finitely generated and without torsion.
Consequently, M is a finite direct sum N"() for some positive integer 7(G). This
number r(G) writes as a finite sum 1 (G) + r2(G) + - - -, where 7;(G) is the number
of generators with base space of genus i. For instance, r1(G) coincides with the cardi-
nality of the quotient of the commuting pairs by an action of the special linear group.
When G is an abelian finite group we obtain r(G) = r1(G), this is a multiplicative
function and to find the exact value is feasible. We conclude the section with the
following result.

Denote by N"(%) the category with a single object and hom-set the disjoint union
of 7(G)-copies of the natural numbers.

Proposition 4.4. For G a finite abelian group, the subcategory .7 is isomorphic
with a finite direct sum N"(@),

5. Multiplicative structure

In this section we consider the category .#“ and the subcategory 5’>GO from Sec-
tion 4 with the assumption given in the Remark 4.2. In addition, these categories are
restricted to the full subcategories where the objects are in the connected component
of the empty G-bundle (or the trivial G-bundle over the circle). We denote these
subcategories by the same symbols .#¢ and 5”50.

The category Y>G0 does not have a unit for the monoidal structure. However, there
is a way to get a unit using the trivial G-bundle over the sphere and constructing
a quotient category YEO as follows: first of all, principal G-bundles with connected
base space admit a connected sum which is a G-equivariant extension of the usual
connected sum of surfaces. For the product 5’>GO X Z, take morphisms v;, i € {1, 2},
in 5”>GO, each one with connected base space, with the relation

(71 U2, Tl) ~ (Vln’}/?a n+ 1)v
where 172 denotes the connected sum of the morphisms -; and 7. Consider the
equivalence relation in 5@00 X Z generated by these identifications using the com-
position and the monoidal structure and denote the quotient category by .#<. In

Figure 10, we illustrate the triangle diagram for the unit axiom. Thus 5’>GO is a sym-
metric monoidal category.

We have a symmetric monoidal functor ¥: .#¢ — &

$o, which for objects

(1, ,xp) with x; #0, for 1<i<n,

the functor is the identity. As one might expect the empty G-bundle is sent to the
trivial G-bundle over the circle, i.e., 0 ¥, 1. Denote by S the unique G-cobordism
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Figure 10: Unit axiom for the symmetric monoidal category ,V;GO.

over the sphere. For the morphisms, V¥ is defined first for the disc D: 1 — 0 and the
reverse disc D, by ¥(D) = (idy, 1) and ¥(D) = (idy, 0), where id; is the identity over
the trivial G-bundle over the circle. Now, for ¥ a morphism in .#¢ from (z1,--- ,x,)
0 (Y1, -+ ,Ym), with ;,y; #0, i€ {1,--- ,n} and j € {1,--- ,m}, we consider that
the base space of ¥ has k connected components, so we can write X = Xy U --- LU X,
where 3, I € {1,--- ,k}, is the G-cobordism over the [ connected component. Thus
we take W(X) = (214 -- 4%k, k — 1). Using the composition of ¢ we have a well
defined functor ¥ and it is not so difficult to see that the functor is symmetric and
monoidal.

Proposition 5.1. There is a symmetric monoidal functor ¥: /¢ — 5’;G .

Similarly as in Section 4, the subcategory .% C .S defines the subcategory .} /G
Again, the inclusion .7% — 5”>GO has a left adjoint denoted by

¢ SG — SC. (16)
The natural transformation is provided by the G-cobordism over the pair of pants

with multiple legs. Thus for ¥: & — ¢ a morphism in FG $o> we obtain the following
commutative square

sy

l i a7)

yﬂy

The extension of the functor ®“ to the whole category .#¢ is defined by the
following composition:
75 % g
o "
FEC

(I)'G

Now, we know ¥ and ¢ are symmetric monoidal functors and hence the induced
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maps on classifying spaces are maps of infinite loop spaces. However the composition
1G ~
FG o G2, gG (19)

is almost never a homotopy equivalence in classifying spaces. For example, in the case

G is an abelian group we can show that the group completion of .77 is Z @ Q5 (BG)
while .#C is the finite sum N"(@) | Therefore, in the equivariant case the argument of
Tillmann [16] can not be entirely applied to produce an splitting.

This is what we can say for the classifying space of whole category .¢.

Theorem 5.2. Fach connected component of the G-cobordism category has the homo-
topy type of the product S* x X where m (X)) = Q59 (BG).

Proof. Consider the subcategory of .7 where every element is represented by a
trivial bundle. Notice this subcategory is isomorphic with the natural numbers N.

Because of the definition of .,¥ we have a projection to Z and the composition

N<—>§”G®—/G>5;1G—>Z (20)

is just the inclusion N < Z which is a homotopy equivalence in classifying spaces. [l

6. Applications to G-TQFT’s

First, consider functors F': .¥¢ — D with D a groupoid. The universal property
of the groupoid of fractions .7 [.7 G_l] associates a unique functor

F: %77 — D,
satisfying the commutative diagram

yG Pya yG[yG_l]

\ lF (21)

2.

Similarly, the groupoid .#G[.#¢ '] can be considered as the union of its connected
components given by G/[G,G]. Any two connected components are related by the
G-cobordisms over the pair of pants. Therefore, F' is determined by the restriction
to some connected component plus the image of the G-cobordisms over the pair of
pants. Furthermore, there is a factorisation of the localization functor Py e through

the category Y>GO from Section 5. Thus we have the following diagram

yG Pya yG [yG - 1]
\ (22)
v
FG .

Denote by T the functor 5”;00 — yG[YG_l] and set F' = F oT. In Section 5 we

have an adjunction between the categories .S and ,521G, which was used to define
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the functor ®'“: .76 — <7?1G. For ¥ a morphism in .#%, we consider its image

U(R): & — 3, with o= [[a; and y=]]uy-

This adjunction has the following commutative diagram
Py
—_—

v(x)

S =

x
l@’f"(z:) (23)
Py
ey,
Therefore, the functor F': .#¢ — 2 is completely determined as follows:

F(X) = F'(Py) ' o F'(®9(%)) o F'(P;). (24)

As an application we consider an abelian group D. We recover the case of Tillmann
[16] by setting ag = F(S?) and ¢,, = F(P,,). Thus for ¥: n — m the functor F is given
by

F(X) =c¢p — cm +ag(P(X)), (25)

where b, + ¢, = by with b, = F(D,,) for D, : 0 — n the disjoint union of n disks.

Second, we consider symmetric monoidal functors F': .#“ — Vectc, where Vectc is
the category of finite dimensional complex vector spaces. They are currently called G-
topological quantum field theories [11]. A folk result states a correspondence between
every symmetric monoidal functor F': .#% — Vectc and a G-Frobenius algebra [11,
6]. Briefly, a G-Frobenius algebra is a G-graded vector space A = @, Az, where A,
is a finite dimensional C-vector space, equipped with G-graded associative products
Ay ® Ay — Ay, which are twisted commutative, also there is a trace #: A; — C which
is non degenerate and we have an action p: G — Aut(A) of algebra automorphisms
and some other axioms. We are interested when F' is morphism inverting, hence
A, =2 C for any = € G. The algebraic structure is called discrete torsion determined
by Turaev [17] as follows:

Cy(G) == P C x {a}, (26)
zeG
where for a basis e, in each A, and b € H?(G, C*) a 2-cocycle, the product is e,, - e, =
b(z,y) - ezy. There is a commutative diagram

T g6

\ lF (27)

Vectc .

yG

Thus F' is completely determined by the restriction to the automorphism group of

the empty G-bundle in .7%[. Gil], plus the images of a generating set of the monoid
Mg from Section 4. This induces a representation of the fundamental group

Z®Q5°(BG) — C*

from Section 3.
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Figure 11: Example of a G-cobordism over a closed surface.

Finally, for any G-topological quantum field theory F': .% & — Vectc, we consider
the subset of morphisms .7 used in Section 3. This consists of those endomorphisms
in .¢ which are the disjoint unions of identity G-cobordisms over cylinders and
G-cobordisms over closed surfaces. Similarly, as in the case of Tillman [16], every
G-cobordism over a closed surface can be written as a double construction given by
a G-cobordism over the gluing M Lix M, where M is a surface with boundary X
and M is M with opposite orientation. The manifold M is found observing that any
G-cobordism over a closed surface has a decomposition in terms of G-cobordisms over
pairs of pants and cylinders, see Figure 11 for an example. Then we cut the surface
in two halves given by the front and the back side observing they have the same
G-cobordisms but with different orientation. This implies that any G-cobordism over
a closed surface is assigned to a non-zero complex number by the non-degeneracy of
the inner product. Consequently, we obtain that every G-topological quantum field

~ -1
theory F': %% — Vectc factors through ZC[#F .
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