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COMPLEX ORIENTATIONS AND TP OF COMPLETE DVRS
GABRIEL ANGELINI-KNOLL

(communicated by Charles A. Weibel)

Abstract
Let L be a finite extension of @, with ring of integers Or. We
show that periodic topological cyclic homology of Oy, over the
base Eoo-ring Sy (r,) [2] carries a p-height one formal group law
mod (p) that depends on an Eisenstein polynomial of L over Q,
for a choice of uniformizer @w € Oy,.

1. Introduction

In Bhatt—-Morrow—Scholze [BMS19, Prop. 11.10], they compute p-complete peri-
odic topological cyclic homology of the ring of integers Of, in a finite extension L of
Qj, over the base E.-ring S[2] := XN, denoted TP(OL/ S[z]; Z;)). Specifically, they
prove that TP.(OL/S[z];Z}) is isomorphic to a periodized Frobenius twist of the
Breul-Kisin module in loc. cit.! The starting point of this note is the observation
that the spectrum TP(Or/S[z];Z;)) is complex oriented. We show that it carries a
height one formal group law that is compatible with the cyclotomic structure map of
Eoo-rings

p: TC™(OL/S[z]; Zy) — TP(OL/ S|z} Zy), (1)

from [BMS19, Const. 11.5]. This gives evidence that periodic topological cyclic
homology shifts chromatic complexity up by one, consistent with the red-shift phi-
losophy of Ausoni—-Rognes [ARO08], where chromatic complexity is measured using
complex orientations. Since algebraic K-theory is rarely complex oriented, it is less
common to measure red-shift behavior using complex orientations, but here we make
the case that it can be used as a method for studying red-shift behavior in TP over a
choice of base E-ring, which in this case is given by a choice of uniformizer in O,

Throughout, let L denote a finite extension of @, with ring of integers Oy, which is
a complete discrete valuation ring of mixed characteristic (0, p). We fix a uniformizer
wr, in Or and write F; = Op/(wy) for the residue field, which is a finite field of
characteristic p. Let E'y(z) denote an Eisenstein polynomial of degree ey, with leading
coefficient p. This is determined (up to multiplication by a unit) by our choice of
uniformizer in the sense that the quotient map W (F,)[z] — Op sends z to wy,
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'As a ring, the Frobenius twist of a Breul-Kisin module G~ ! is simply & = W (F)[[#]], but it
is regarded as a G-algebra via the canonical Frobenius map ¢, which lifts the Frobenius map on
W(F,) and sends z to zP.
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(a1

and the kernel is (Er(z)). This specifies an isomorphism of W(F,)-algebras O,
W (F,)[z]/(EL(2)) by the classification of local fields of mixed characteristic (0,p
[Ser79, IL. §5 Thm. 4].

We write Sy (r,) for the spherical Witt vectors, which is an E-ring constructed
in [Lur, Ex. 5.2.7]. The choice of uniformizer wy, determines a map Sy (r,)[2] — O,
of Ew-rings sending z to wr. We define THH(Op/ Sy (r,)[2]) by replacing all tensors
over S in the standard cyclic bar construction with tensors over Sy (r,)[2] (cf. Eq. (2)).
By [LW20, Rem. 2.12], this is simply the p-completion of THH(O},/S[z]). We define

Tci(OL/SW(Fq)[ZD = THH(OL/SW(Fq)[Z])hT and
TP(OL/Sww,2]) = THH(OL/SW(Fq)[z])tT7
where T C C* is the subgroup of unit vectors. As we recall in Proposition 2.2, it is
shown in [BMS19, Prop. 11.10] (cf. Theorem 2.15 [LW20]) that

TCo (Or/Sww,)[2]) = TPo(OL/Sww,)[2]) = W (Fy)[[2]
and the Tate valued Frobenius map induces a map of W (F,)-algebras
@: TCg (OL/SW(FQ)[Z]) — Tpo(OL/SW(Fq)[Z])

extending the Frobenius map on W (F,) by sending z to 2P.

We say a formal group law F' over a commutative Fp-algebra R has p-height n if
the p-series satisfies

[plp(X) = aX?" + O(X*"*) € R[[z]],

where a # 0 in R.? Recall that MU, & Z[z; : i > 1] and throughout let v,, = zn_1.
The spectrum TC™ (O /Sw (r,)[2]) is equipped with the skeletal filtration (cf. Eq. (4)).
We will write z =y + O(?) if z =y in the quotient TC_ (O /Sy (r,)[z])/Fi using
the notation from Eq. (4). We also write 2 = y + O(¢(t?)) in TP.(OL/Sw ,)[2]) if
x =y in the quotient of the composite

Fy C TC, (OL/Sw,)2]) —— TP.(Or/Sw,)z])-

See Proposition 2.2 for the naming convention of classes in TC, (OL/Sw r,)[z]) and
TP*(OL/Sw(Fq)[ZD

Theorem 1.1. Let p > 3. Any choice of complex orientation
MU — TC™ (Or/Sw,)[2]))

induces a map on homotopy groups sending the class vi € mop_o MU to a class U1 =
aFEL(z) + O(t?) for some a € O, with non-trivial mod (p)-reduction. The spectrum
S/p @ TC™ (OL/Swr,)[2]) therefore carries a p-height one graded formal group law

2Here, we use the definition of height from Lazard [Laz55, p.266] (cf. [Fr668, p.27]). This ensures
that each formal group has a well-defined height. In other references, such as [Smill, Rem. 4.5.7]
this notion is called height > n. We also expect that F' has height (exactly) n in the sense of [Smill,
Prop. 4.5.3]. In other words, we expect that & is a unit for any choice of complex orientation. See
Remark 3.3 for further discussion.
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F with p-series
[plr(X) = apzra? ' XP + O(XPH) + O(#%),
where @zt # 0 is the mod (p) reduction of aEL(z).

Corollary 1.2. Let p > 3. Any complex orientation
MU — TP(OL/Sw(Fq)[z]))

that factors through the map (1) induces a map on homotopy groups sending the class
v1 € Tap—2 MU to a class Uy == p(a)p(EL(2))oP~t + O(p(t?)) for some a € Oy, with
non-trivial mod (p)-reduction &. The complex oriented spectrum

S/p @ TP(OL/Sw&,)[#])
therefore carries a p-height one graded formal group law G with p-series
Pl (X) = p(@m) 2 o" "' XP + O(XPH) + O(p(t%)),
where @(af)zPL # 0 is the mod (p) reduction of p(aEL(z)).

Remark 1.3. By [BMS19, Prop. 11.10] (cf. [LW20, Thm 2.15]), we know that Er(z)
maps to Er(z) =0 € mo THH(OL /Swr,)[2]), so the multiplicative formal group law
of Theorem 1.1 reduces to the additive formal group law on

S/p @ THH(OL /Sw (r,)[2])-

Similarly, the element E(z) maps to Er(wr) =0 € TPy(F,) so this formal group
law also reduces to the additive formal group law on S/p ® TP(F,). This is consistent
with the red-shift philosophy.

Remark 1.4. We suspect that « is in fact a unit and can be chosen to be 1 for the right
choice of complex orientation. See Remark 3.3 for further discussion. As observed in
Proposition 2.2, the element

71 = vaP + O(t?) = Ep(2)aP~t + O(t*) maps to p(EL(2))o? " + O(p(t?))

via both the canonical map as well as the Tate valued Frobenius map and therefore
it produces a class v1 € w2 TC™ (OL/Swr,)[2]). If @ =1, then the relationship
between 7} and the element 3 defined in [LW20, Theorem 1.1] is given by the formula

oo et AELG), L =1
s if [L(¢p), L) =p—17

1.1. Conventions

To fix models, we work in the symmetric monoidal co-category of spectra through-
out and write ® for the symmetric monoidal product, S for the symmetric monoidal
unit, and @ for the coproduct. We also write ® g for the symmetric monoidal product
in graded R-modules for a commutative ring and we write @ for the direct sum of

30ur results were proven independently and largely in parallel to [LW20]. We have updated this
paper to include references to the results of loc. cit. in their full strength as they have become
available to the author.
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graded abelian groups and the distinction is clear from context. When R = F,, we
simply write ®. We write A for the dual Steenrod algebra defined as A = 7, (F, ® F,)
using our conventions. By an E,-ring, we mean an algebra over the little cubes
oc-operad E in the symmetric monoidal co-category of spectra. Given a spectral
sequence E* — m,X with differential d}»* we say x € E* is an infinite cycle if
ds(z) = 0for all s > r and we say x € E* is a permanent cycle if it is an infinite cycle
and it is also not a boundary of a differential of any length. We write Ag(x1,...2,)
for an exterior algebra on generators zi,...x, where n is a positive integer or oco.
We write E(n) = Ar,(Qo, ..., Q) for the exterior algebra on the Milnor primitives
Qo, - - -, Qyp in the Steenrod algebra A*.
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2. The approximate fixed point spectral sequence

Fix a ring spectrum E, an E,,-ring A and an E;-A-algebra B. The topological
Hochschild homology THH(B/A) is defined as the realization of the cyclic bar con-
struction

THH(B/A)=| B=—=B®4B==B®sB®sB===...| (2)
in A-modules and it has an action of the circle group T. We write
TC™(B/A)K = F(S(CY),, THH(B/A))"

and note that limg TC™ (B/A)[k] = TC™ (B/A). There is a strongly convergent, mul-
tiplicative approximate homotopy fized point spectral sequence

(E3™) (k] = Z[t)/t* @7 E.(THH(B/A)) = E.(TC™(B/A)[K]) 3)

with length 7 differential denoted dl*: (E3*) [k] — (E;‘_’”’*”_l) [k]. Here [t| =

(—2,0) and |z| = (0,q) for z € E,(THH(B/A)) and we grade the spectral sequence
using the homological Serre convention (EP'9) [k] = Ep4,(TC™ (B/A)[k]). We say
that = € (E%*)[k] has skeletal filtration 2m for some 0 < m < k—1 if z is ¢™-
divisible. This provides a filtration

0C Fy,_o C---C Fy C Fy (4)

of Fy = E.(TC™ (B/A)[k]) with F; = F;11 whenever ¢ is odd such that (E%*)[k] =
D> Fai/Faiya where Fo;/Fairo = m.(S2THH(B/A)). We write

0: Fop, — Fopy/Fomqo (5)
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for the canonical quotient map were the non-negative integer m is understood from
context. Therefore, given x € Fy,, C E.(TC™ (B/A)[k]), there is a corresponding ele-
ment 9(.’17) € Fgm/F2m+2 - (E:é*) [k‘]

We compute m.TC™ (O /Sw(r,)[2])[2], which follows directly from [BMS19, KN19,
LW20], but we provide a proof for completeness. In [KIN19, Thm. 3.1], they compute

THH.(OL/Swr,)[2]) = O[],

where Op[z] is a graded polynomial algebra over Oy, with |z| = 2. At the outset, we
fix a preferred choice of indecomposable algebra generator x € THH2(OL/Sw (r,)[2])
by defining z := 02 Er(z) where

02: b)) (OL/SW(IFq)[z]) — THH(OL/SW(FQ)[Z])

is the map constructed in [HW20, Construction A.1.2, Example A.2.4] and the
cofiber of the unit map Sy (r,)[2] = Or is denoted Or/Sw,)[2]. Note that this
choice depends on a choice of Eisenstein polynomial. Let & := W (F,)[[z]] throughout
this section.

Lemma 2.1. There is an isomorphism of graded rings
7 (TC™ (O [Swe,) [2])[2)) = Sl 8]/ (tx — Fi(2), 1)
with |z| =0, |z| =2, and |t] = =2,

Proof. The spectral sequence (3) for k =2 collapses at the Es-page for bi-degree
reasons. Note that x = 6() for some choice of lift z € mo(TC™ (Or/Sw(r,)[2]) along
the surjection

0: m(TC™ (OL/Sww,lz]) — m(THH(OL/Sww,)[2]) (6)

defined in (5). We choose a lift & to be the generator of m2(T'C~(OL/Swr,)[2]) in
the complement Fy\F; as an G-module and call this choice of lift simply « by abuse
of notation. Note that at this point of the argument, we have not yet resolved the
extensions, so a priori we only know that there is an exact sequence

0 —— Op{ta?} —— m(TC~ (O /Sw,[2]) —— Op{z} — 0.

Nonetheless, this does not affect our choice of lift z.*

We compute a hidden multiplicative extension Er,(2) = to?Er(z) = tx by applying
[HW20, Lemma A.4.1].° Note that there is no indeterminacy in the choice of t
here because it is in highest skeletal filtration in the approximate homotopy fixed
point spectral sequence We claim that there is no further room for multiplicative
extensions besides those produced by the identification Ey (z) = tx. To see this, note
that the remaining products that are zero in the E.-page are in skeletal filtration
two or higher. Since multiplicative extensions must raise skeletal filtration in the
approximate fixed point spectral sequence and the spectral sequence is concentrated

“This choice of lift is compatible with a choice of lift of the canonical quotient 8 : W(IFo)[[2][{x} — Or{x}
in the homotopy fixed point spectral sequence, where now this corresponds to the canonical quotient
0:TCy(O1/Sww,)[2]) 2 THH2(OL) = W(Fy)[[2]]/(EL(2)).

Note that TC™ (Or/Swr,)[2])[2] = limcpr HH(OL/Sw (r,)[2]) in the notation from [HW20,
Lemma A.4.1].
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in skeletal filtration zero and two, there is no room for further hidden multiplicative
extensions. O
Note that THH(OL/Swr,)[z]) is an Eo-ring cyclotomic spectrum by [BMS19,

Const. 11.5]. We also record the more general computation of TC, (Or/Swr,)[2])
and TP*(OL/SW(FQ) [2])
Proposition 2.2 (Proposition 11.10 [BMS19] (cf. Theorem 2.15 [LW20])). There
are isomorphisms

TC, (OL/Sw,)(2]) =6[z,v]/(ve — EL(2)) and

TP.(OL/Sw e, z]) =6[0,07"]
of graded rings with |z| =2, |v| = =2, and |z| = 0. The canonical map

can: TC,(Or/Swr,[2]) = TP«(OL/Sw,)[2])

1

sends u to Er(z)o and v to o™ t.
The Frobenius map

©: TCE (OL/SW(]FQ) [Z]) — TPO(OL/SW(]FQ) [ZD
is the lift of Frobenius on W (F,) and sends z to zP. More generally, the map

@Y TCi(OL/Sw(Fq) [Z]) — TP(OL/SW(FQ) [Z]) (7)
induces a map of graded rings on homotopy groups m. by sending x to o, v to
¢(EL(z)o!
Remark 2.3. Note that we have chosen to use the notation from [BMS19, Propo-
sition 11.10] except for the element x. The element v may therefore differ from the
element t in the Fs-page of the homotopy fixed point spectral sequence, but we still

know that v = t + O(t?). Similarly, the element o~ may differ from the element ¢ in
the Ey-page of the Tate spectral sequence, but we still know that o= =t + O(¢?).

3. Complex orientations and periodic topological cyclic ho-
mology
This section is devoted to proving Theorem 1.1.

Proposition 3.1. Let (E*)[2] be the E,.-page of the spectral sequence (3) for E =
Fp, A=Sw,lz] and B = Or. There is an isomorphism of Or,/(p)-modules

OL/(p){0(t)} s =—2,

Or/({0(x)7,0(t)0 ()} s=2j
and 0 < 25 < 2p —4,

OL/(P){O(1)0(x)P~1,0(1)0(E,)} s =2p—4,
s (Fp @ TC™(OL/Swe,)[2])[2]) = { OL/(p){6(t71)} s=2p—3,
OL/(p){0(x)P~1,0(¢,)} 5=2p—2,
Or/(p){0(x)(0(t71)} s=2p—1,
Or/(p){0(x)P} if s = 2p,

0 s < 2p else.



COMPLEX ORIENTATIONS AND TP OF COMPLETE DVRS 325

where 0 is defined as in (5). The A-co-action on

0(&1), O(x)P" € map—s (Fp ® TC™(OL/Sw(r,)[2])[2])
and on

9(37)9(1&?1) € MTop—1 (]Fp X TC_(OL/Sw(Fq)[Z])[Z])

are given by

P(0(&1) =0(&) @1+ 1®0(&y),

(@) =1@0(x)P", and
P(O(x)0(tT1)) =1 @ 0(x)0(t71) + 71 © 0(1)0(x) +To @ 0(£)0(&,),
respectively.
Proof. The spectral sequence (3) for E' = F,, A =Sy (,)[2] and B = O, and k = 2
has signature
(E5™) [2] = Z[t]/t* @z (Fp).(THH(OL /Swr,)[2])) =
. (Fp @ TC™(OL/Swr,)[2])[2]) -

Since THH(OL /Sw (r,)[2]) is an E-Op-algebra which is free as an Or-module, we
compute

Z[t])/t* @z 7. (Fp ® THH(OL/Sws,)[2]) = F,[t]/1* ® OL/(p) ® A/ /E(0). ® Fya]

regarded as a A-comodule algebra with the evident algebra structure, the A-co-action
on (Fp).(Or) is given by restriction along the inclusion (Fp).(Or) = (Fp)«(Or/(p))
where (F,).(0OL/(p)) 2 A® OL/(p) has co-action induced by the co-product, x is a
A-comodule primitive, and Fp[t]/t? has the A-co-action of H*(CP?;F,) computed in
[Mil58]. We claim the first nontrivial differentials are

S (7)) = ta?"

for k > 1. By [BRO5, Prop. 3.2] it suffices to show that o7 = 27" . We then observe
that the map
is a map of E.-rings and therefore the map in mod p homology is compatible

with Dyer—Lashof operations. Consequently, we can use the formula kaa = ank
by [B6k87] and the computation

0Ty = Uka?o = ka (070) = (HO)pk

by [BMMSS86] for k > 1, to show that o(7j) = 27" in (Fp)«(THH(OL/ Swr,)[2]))-
The spectral sequence collapses at the Fy-page for bi-degree reasons. We claim that
there are no hidden A-comodule extensions involving the classes

9(21), G(x)p_l E’]TQP,Q (]Fp ® TC_(OL/Sw(Fq)[Z])[Q]) and
0(z)0(tT1) €Emap_1 (]Fp ® TCf(OL/SW(Fq)[z])[Z]) .
Since the stated co-actions are the A-co-actions on the corresponding classes

& oot e (BL)[2] and w- (t71) € (B [2),
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this implies the stated .A-comodule actions on the abutments. The fact that 6(z)0(t71)
has the same A-comodule action as z - (t71) follows because there are no non-trivial
elements in strictly higher skeletal filtration than 2, which is the skeletal filtration of
0(x)0(t71).

We claim that

9(.’5)1171 € T2p—2 (]Fp & TCf(OL/SW(]Fq)[z])B])
is a A-comodule primitive. This follows because 7, (F, ® TC™(OL/Sw,)[2])[2]) is
an A-comodule algebra and the class
0(z) € m2 (Fp ® TC™ (O /Swwr,)[2])[2])

is a A-comodule primitive for degree reasons. Consequently, the class (x)P~! is also
an A-comodule primitive. We then resolve the hidden .A-comodule structure on &; by
arguing by contradiction. For degree reasons, we know that A-comodule structure on

& is
V(E) =€, @1+1Q& +W -7y @17,

for some W € Oy, /p. Suppose W is non-zero. Then we consider the map of Adams
spectral sequences with map of Fp-terms

Gy (F, ® TC™(OL/Sw,) [2])[2])

given by the map of normalized cobar complexes where Ais the kernel of the augmen-
tation A — F,. In the source, the class [§;] € A is a permanent cycle, which projects
onto the class oy € wzp_gSQ in the abutment. It maps to a class

€, ©1] € A® . (F, @ TC™(O1/Swr,)[2])[2])

and by the map of spectral sequences this element is an infinite cycle. If it is not
a boundary, then it is a permanent cycle and there is some non-trivial element in
m2p—3(TC™ (OL/Swr,)[2])[2]). This contradicts the computation from Lemma 2.1.

Therefore, the class £; ® 1 must be a boundary of a d; in the Adams spectral sequence
with signature

E{" =A% @ (F, ® TC™(O1/Swe, [2D2]) = m(TCT(O1/Swr,)[2])[2),

which strongly converges to the desired abutment because TC™ (Or/Swr,)[2])[2])
is bounded below, has finite type homology, and has p-complete homotopy groups.
The only possible elements that could hit &; ® 1 are 6(&;) and 6(z)P~! for bi-degree
reasons. We already proved that (x)P~! is an A-comodule primitive, so dq (0(x)P~1) =
0. We can also compute

() =5 @1+ W -7 ® t71.

Since W -7 ® {71 is not a boundary of a d; when W # 0, we would not have a
differential d; (£;) = &; ® 1 as needed if W # 0. We conclude that W = 0. O

Lemma 3.2. Any choice of complex orientation
MU — Tci(OL/Sw(]Fq)[Z])[Q]

induces a map on homotopy sending vy to o - Er(2)aP~1 for some a € Or, that is not
divisible by p.
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Proof. Note that TC™ (O /Sw r,)[2])[2] is an Eo-ring and it is concentrated in even
degrees. Consequently, there exists a complex orientation

MU — TC™ (Or/ Sw,)[2])[2],

and it can be lifted to a map of Es-rings by [CM15, Theorem 1.2.]. For any such
complex orientation, there is a multiplicative map of Adams spectral sequences with
Fq-pages

A% ® (F,).(MU)) = A% @ (F,).(TC™ (O /Sw,[2])[2])). (8)

The source strongly converges to m, MU, because (F,).(MU) is finite type and MU
is bounded below and the target strongly converges to m.(TC™ (OL/Sw,)[2])[2])

because TC™ (OL/Swr,)[2])[2] has finite type homology and it is p-complete and
bounded below. The element

a1 = [T1®1 -7 ®&] € A ® (Fp)(MU)

is known to be a permanent cycle by [Rav86, 3.1.10] with v; € mg,_2(MU) projecting
onto a; € E3;_; ;. The map of normalized cobar complexes

A @ (F,).(MU) — A7 @ (F,). (TC™(OL /Swz,)1)[2])
sends a; to
a)=[F101-To®&] € AR (F,)(TC™(OL/Sw,))[2)-

This already implies that a} is an infinite cycle. It suffices to prove that a} is not the
boundary of a d;-differential in the Adams spectral sequence. However, we computed
that

(Fp)2p—1(TC™(OL/Swr,)[2]) = Fp{0(2)0(t71)}

in Lemma 3.2. In addition, by Lemma 3.2, there is a differential d;(0(x)8(t71)) =
71 @ 0(t)0(x) + 7o ® 0(t)0(E,), but clearly di(8(x)0(t71)) # a!, so since there are no
other possible sources for a d;-differential in this bi-degree, we conclude that a; is a
permanent cycle in the Adams spectral sequence, which projects onto some non-zero
class in o, o(TC™ (OL/Swr,)2))[2]). We therefore conclude that vy € o, o(MU)
maps to some 070, € TCy, »(OL/Sw(r,)[2])[2]. This implies that vy € ma,_2(MU)
maps non-trivially to a class

U1 € mop—o TCT(OL/Swr,)[2]) = W (Fy)[[]].
Since THH(OL /Sw (r,)[2]) is an Or-module and it is complex oriented, we know that
v1 maps to zero in THHg, 2(OL/Swr,)[2]). Consequently, writing
_ 1y 6 _
TC3, o2 (OL/Sww,)[2]) =W (Fo)[[2]{a?~"} — THHap 2(OL /Sw,)[2]) = Or{a?~"}

for the canonical quotient from (5), then 6(7;) =0 and 7, is detected by a class
in filtration 2. In TC;, »(OL/Sw r,)[2])[2], the only non-trivial element in skeletal
filtration 2 is a - taP for some 0 # a € Op, by Lemma 2.1. The fact that « - taP =
a- Er(2)zP~1 also follows from Lemma 2.1.
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To see that v; is not p-divisible, we apply exactly the same argument with MU
replaced with S/p ® MU and

TCy, 5(OL/Sw,)[2])[2] replaced with  S/p® TC,,_»(OL/Sw,)[z])[2]-

Again, we know that a; € A® (F,).(S/p ® MU) is a permanent cycle in the Adams
spectral sequence for S/p ® MU and it maps to a). Again it suffices to check that it
is not the boundary of a d; and the same argument applies for the class 8(x)0(t71).
Since

map—2(Fp ®S/p ® TCy_5(OL/Sww,) [2])[2]) = Fp{0(2)0(t71), 70 - ()", 70 - 0(€1 }

it will suffice to compute the differentials on 7q - 8(x)?~%, 75 - 6(¢;). The computation
of these differentials follow from the co-action ¥(79) = 70 ® 1 + 1 ® 79 and the com-
putation of the A-co-action on (x)P~! and #(£;) in Proposition 3.1. Therefore, we
compute

di(1o - 0(x)P™1) =10 @ O(x)P 71,
di(10 - 0(&1)) =70 @ 0(&;) + 706, @ 1
and note that
c1 - di(0(2)0(t71)) + ¢z - di (1o - 0(x)P 1) + ez - di (10 - 0(€1)) # a3

for any ci,ca,c3 € Or/(p). Finally, observe that the same computation as that of
Lemma 2.1, but with E =S replaced with E = S/p implies that the only ¢-divisible
class in (S/p)ap—2(TC™ (OL/Swr,)[2])[2])) is @ ta? for some @ € Or/(p). Since we
know there is some non-trivial element

01 € (S/p)2p—2(TC™(OL/Sw,)[2])[2]))
in skeletal filtration 2, by the same argument as before, we know that @ ## 0. O

Proof of Theorem 1.1. The fact that the map MU, — TC_ (OL/Sw x,)[2]) sends v
to

T =a-Ep(2)2?t + O(t?) = awva? ™t + O(t?),
follows directly from Lemma 3.2 since the E.-ring map
MU, — TC, (Or/Swr,)[2])[2]
factors through the E..-ring map
MU, — TC, (OL/Sw,)l2])
and the map
TC, (OL/Sw,lz]) — TC, (OL/Sw,)[z])[2]

sends classes of the same name to classes of the same name modulo skeletal filtra-
tion strictly greater than 2. Applying Proposition 2.2, we know that v; maps to
@(a- E(2))o?™!) in TP.(OL /Swr,)[2]) modulo the Frobenius image of elements in
skeletal filtration 2 or higher. Since the composite map

MU, —— TC; (O1/Sww,)[2])) —— TP.(OL/Swr,)z])

is a ring map and TP.(Or/Sw ,)[2]) is polynomial by Proposition 2.2, we know that
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the element () - p(EL(2))oP~! is vi-periodic. Consequently, we know that v is v;-
periodic in TC, (OL/Swr,)[2]) as well. We can therefore compute that the graded
formal group law I of S/p ® TC™ (O /Swr,)[2]) has p-series

[plr(X) = a7 - 2% X7 + O(XP*) + O(?),
where agiz®t # 0 is the mod (p)-reduction of « - Er(z). O

Proof of Corollary 1.2. As in the proof of Theorem 1.1, we know that the image
of vy is 7} = p(aEL(z))oP~! modulo the Frobenius image of elements in skeletal
filtration greater or equal to 4. We also already observed that v} is vi-periodic because
TP.(OL/Sw,)lz]) is polynomial. Passing to the mod (p) reduction, we therefore
have

Pla(X) =@ - 22 X7 + O(XPH) + O(p(t%)),
where G is the p-typical formal group law of S/p ® TP(OL/Sw ,)[#])- O

Remark 3.3. We expect that « is always a unit and that it can be chosen to be 1
using the right choice of complex orientation. One could try prove that « is a unit,
by replacing S/p with the Moore spectrum SF, of F, in the proof of Lemma 3.2. To
do this, one would need a ring spectrum structure on the smash product SF, ® R
of the Moore spectrum SF, with R for R € {MU,TC™ (Or/Sw,[2])[2]} so that
the dp-differentials in the Adams spectral sequence satisfy the Leibniz rule. Such a
result is not known to the author even though it is plausible. If « is a unit, this
would imply that the associated formal group is height exactly n in the sense of
[Smill, Rem. 4.5.7]. In [LW20, Rem. 1.3], it is claimed that inverting the image of
vy in TC.(OL/Swr,)[2]) has the same effect as inverting /3, so this is true at least
asymptotically. We speculate that, by choosing a complex orientation carefully, one
can arrange that the image of vy is exactly the element 3¢ considered in loc. cit.,
where d = [L((,), L].
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