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Abstract
The self-closeness number of a CW-complex is a homotopy

invariant defined by the minimal number n such that every self-
map of X which induces automorphisms on the first n homo-
topy groups of X is a homotopy equivalence. In this article we
study the self-closeness numbers of finite Cartesian products,
and prove that under certain conditions (called reducibility),
the self-closeness number of product spaces is equal to the max-
imum of the self-closeness numbers of the factors. A series of
criteria for the reducibility are investigated, and the results are
used to determine self-closeness numbers of product spaces of
some special spaces, such as Moore spaces, Eilenberg-MacLane
spaces or atomic spaces.

1. Introduction

Given based spaces X,Y , denote by [X,Y ] the set of homotopy classes of based
maps from X to Y , and let E(X) denote the group of homotopy classes of self-
homotopy equivalences of X. In 2015, Choi and Lee introduced a numerical homotopy
invariant, called the self-closeness number NE(X) of X, by the minimal non-negative
integer n such that An

♯ (X) = E(X), where

An
♯ (X) := {f ∈ [X,X] : f♯ : πk(X)

∼=−→ πk(X), ∀ k ⩽ n}.

The self-closeness number provides a useful method to study self-homotopy equiv-
alences by focusing on the homotopy groups of the space in certain range. Since
Choi and Lee, this homotopy invariant has been studied by several authors, such as
Oda and Yamaguchi [16, 17, 18], Li [15]. This paper is devoted to the study of
self-closeness numbers of finite product spaces.

The group of self-homotopy equivalences of product spaces can be naturally stud-
ied from maps between its factors, related research papers which adopted this method
include [1, 6, 10, 19]. In particular, Pavešić [19] showed that under certain “diag-
onalizability” or “reducibility” conditions, the group E(X × Y ) can be decomposed
as a product of its subgroups E(X × Y ; I), which consisting of elements of E(X × Y )
leaving I fixed, I = X,Y . Many computable criteria for the reducibility appeared
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in the later paper [21]. By the universal property of Cartesian products, a map
f : Z → X × Y of spaces is usually denoted component-wise as f = (fX , fY ). For
a fixed n ∈ N ∪ {∞}, we say the monoid An

♯ (X × Y ) is reducible if f ∈ An
♯ (X × Y )

implies so are fXX and fY Y . In this paper we utilize the Pavešić ’s analysis in [19, 21]
to study the factorizations and the reducibility of the monoids An

♯ (X × Y ). Although
the obtained factorizations of the monoids An

♯ (X × Y ) can be regarded as general-
izations of that of E(X × Y ), there seems more restrictions on the criteria for the
reducibility of monoids An

♯ (X × Y ) than that for the group E(X × Y ). This is rea-
sonable because elements of An

♯ (X × Y ) usually have no homotopy inverses, and some
homomorphisms between homotopy groups are not induced by maps between spaces.

The paper is organized as follows. In Section 2 we extend the concept of the
reducibility of An

♯ (X × Y ) to that of An
♯ (X1 × · · · ×Xm) for any m, and discuss

some simple situations where the reducibility can be easily verified. In Section 3
we utilize the techniques in [21] to prove that if AN

♯ (X1 × · · · ×Xm) is reducible
with N = max{NE(X1), · · · , NE(Xm)}, then N = NE(X1 × · · · ×Xm) (See Theo-
rem 3.3). Section 4 further investigates sufficient conditions for the reducibility of the
monoids An

♯ (X × Y ). Firstly we prove that if every self-map of Y that factors through
X induces nilpotent and central endomorphism of the first n homotopy groups of Y ,
n ⩾ NE(X), then An

♯ (X × Y ) is reducible if and only if f ∈ An
♯ (X × Y ) implies that

fXX ∈ E(X) (Theorem 4.2). Here an induced endomorphism πk(f) is central means
that it commutes with endomorphisms induced by any other self-maps. A series of use-
ful variations of Theorem 4.2 are derived. Section 5 serves as applications of the crite-
ria developed in Section 4. We firstly obtain criteria for the reducibility of An

♯ (X × Y )
with X a Moore space or an Eilenberg-MacLane space. Some examples are computed.
Using the atomicity of spaces, we then determine the self-closeness number of finite
products of atomic spaces under certain assumptions, see Theorem 5.6.

Throughout the paper all spaces have the homotopy types of connected CW-
complexes, and all maps are base-point-preserving and are identified with their homo-
topy classes. Given a group G, denote by End(G) the monoid of endomorphisms of
G, and let Aut(G) be the units of End(G).
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2. Reducibility of the monoids An
♯ (X1 × · · · ×Xm)

Let X be a connected CW-complex. For each n ⩾ 0, the submonoid An
♯ (X) of

[X,X] is given by

An
♯ (X) := {f ∈ [X,X] : πk(f) ∈ Aut(πk(X)), ∀ k ⩽ n}.

Let m ⩾ 2 be a fixed integer. For each k = 1, · · · ,m, denote by

pk = pXk
: X1 × · · · ×Xm → Xk and ik = iXk

: Xk → X1 × · · · ×Xm

the canonical projections and inclusions, respectively. Then pk◦il = δk,l ·1Xk
, where

δk,l is the Kronecker delta. Write a self-map f of X1×· · ·×Xm component-wise as
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f = (f1, · · · , fm), where fk = pXk
◦ f . We have maps fkl = fk ◦ il : Xl → Xk. The

concept of reducibility of self-homotopy equivalences of finite products X1 × · · · ×Xm

(cf.[21]) can be extended to that of elements of the monoids An
♯ (X1 × · · · ×Xm) as

follows.

Definition 2.1. For any fixed 1 ⩽ n ⩽ ∞, An
♯ (X1 × · · · ×Xm) is said to be reducible

if f = (f1, · · · , fm) ∈ An
♯ (X1 × · · · ×Xm) implies that the self-map (f1, · · · , fm) with

one component (and by induction any number of components) fk replaced by pk
belong to An

♯ (X1 × · · · ×Xm).

Note that the reducibility of An
♯ (X × Y ) corresponds to n-reducibility of self-maps

of X × Y in [11]. The following lemma is clear by definition.

Lemma 2.2. For any fixed 1 ⩽ n ⩽ ∞, An
♯ (X1 × · · · ×Xm) is reducible if and only

if f ∈ An
♯ (X1 × · · · ×Xm) implies that fii ∈ An

♯ (Xi), i = 1, · · · ,m.

Lemma 2.3. If for all 1 ⩽ i < j ⩽ m and all k ⩽ n, every map Xi → Xj induces a
trivial homomorphism πk(Xi) → πk(Xj) or every Xj → Xi induces a trivial homo-
morphism πk(Xj) → πk(Xi), then An

♯ (X1 × · · · ×Xm) is reducible.

Proof. Given f ∈ An
♯ (X1 × · · · ×Xm), for any k ⩽ n, πk(f) can be presented by the

following matrix:

[πk(fij)]m×m =

πk(f11) · · · πk(f1m)
...

. . .
...

πk(fm1) · · · πk(fmm)

 .
By assumption, the matrix πk(f) is upper-triangular or lower-triangular, hence πk(f)
is invertible if and only if πk(fii) ∈ Aut(πk(Xi)), i = 1, · · · ,m. Thus fii ∈ An

♯ (Xi),
i = 1, · · · ,m. It then follows by Lemma 2.2 that An

♯ (X1 × · · · ×Xm) is reducible.

Some situations where Lemma 2.3 applies were summarized in [19, Corollary 2.2],
we don’t repeat them here. For a group G, denote by Z(G) the center of G. Bidwell,
Curran and McCaughan [5, Theorem 3.2] proved that if G and H are finite groups
with no common direct factors, the group Aut(G×H) consists of elements of the
form [

α β
γ δ

]
,

where α ∈ Aut(G), δ ∈ Aut(H), β ∈ Hom(H,Z(G)), γ ∈ Hom(G,Z(H)). Inductively
applying their theorem we get

Proposition 2.4. Suppose that for each k ⩽ n and each i ⩽ m, πk(Xi) is finite, and
that for each pair 1 ⩽ i ̸= j ⩽ m, πk(Xi) and πk(Xj) has no common direct factors.
Then An

♯ (X1 × · · · ×Xm) is reducible.

3. Factorization of the monoids An
♯ (X1 × · · · ×Xm)

Given a monoid (M, ·, 1) and its two submonoids M1,M2, the product M1 ·M2 :=
{m1 ·m2 : mi ∈Mi, i = 1, 2} is a submonoid of M if and only if M2 ·M1 ⊆M1 ·M2.
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Hence, if M ⊆M1 ·M2 holds as sets, then M =M1 ·M2 holds as monoids. Unless
otherwise stated, all factorizations of monoids are of submonoids.

For each n, denote by An
♯ (X × Y ;X) the submonoid of An

♯ (X × Y ) consisting of
elements f satisfying pX ◦ f ≃ pX , where pX : X × Y → X is the canonical projec-
tion. An

♯ (X × Y ;Y ) is similarly defined. If n = ∞, substitute A∞
♯ by E . Note that

E(X × Y ; I) corresponds to the notations EI(X × Y ) in [19], I = X,Y .

Proposition 3.1. Let X,Y, Z be CW-complexes.

(1) If An
♯ (X × Y ) is reducible for some n ⩾ NE(X), then there is a factorization

An
♯ (X × Y ) = An

♯ (X × Y ;X) · E(X × Y ;Y ).

(2) If An
♯ (X × Y × Z) is reducible for some n ⩾ NE(Y ), then there is a factorization

An
♯ (X × Y × Z;X) = An

♯ (X × Y × Z;X × Y ) · E(X × Y × Z;X × Z).

Proof. It suffices to show that both the left inclusions “ ⊆ ” of the equalities of
monoids in (1) and (2) hold as sets.

(1) Suppose f = (fX , fY ) ∈ An
♯ (X × Y ). Then by assumption we have

(pX , fY ) ∈ An
♯ (X × Y ;X), (fX , pY ) ∈ An

♯ (X × Y ;Y ) = E(X × Y ;Y ).

Let (g, pY ) be the inverse of (fX , pY ). Then

(pX , fY ) ◦ (g, pY ) = (g, fY (g, pY )) ∈ An
♯ (X × Y )

and the reducibility of An
♯ (X × Y ) implies (pX , fY (g, pY )) ∈ An

♯ (X × Y ;X). Thus

(pX , fY (g, pY )) ◦ (fX , pY ) =
(
fX , fY (g, pY )(fX , pY )

)
= (fX , fY )

and therefore the factorization in (1) is proved.
(2) Suppose (pX , fY , fZ) ∈ An

♯ (X × Y × Z;X). Then by n ⩾ NE(Y ), the inverse

(pX , fY , pZ)
−1 exists. Apply the reducibility of An

♯ (X × Y × Z) to the composition

(pX , pY , fZ) ◦ (pX , fY , pZ)−1 = (pX , pY (pX , fY , pZ)
−1, fZ(pX , fY , pZ)

−1),

we have (pX , pY , fZ(pX , fY , pZ)
−1) ∈ An

♯ (X × Y × Z;X × Y ). Thus

(pX , fY , fZ) = (pX , pY , fZ(pX , fY , pZ)
−1) ◦ (pX , fY , pZ),

which completes the proof.

Recall that there is a chain of submonoids by inclusion:

E(X) = A∞
♯ (X) ⊆ An

♯ (X) ⊆ A1
♯ (X) ⊆ A0

♯ (X) = [X,X].

The self-closeness number NE(X) is defined by

NE(X) := min{An
♯ (X) = E(X)}.

Choi and Lee [8] proved that for the product space X × Y , there holds an inequality
([8, Theorem 3]):

NE(X × Y ) ⩾ max{NE(X), NE(Y )}.

Inductively applying this inequality we get
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Lemma 3.2. Let X1, · · · , Xm be CW-complexes. There holds an inequality

NE(X1 × · · · ×Xm) ⩾ max{NE(X1), · · · , NE(Xm)}.

Theorem 3.3. Let X1, · · · , Xm be based connected CW-complexes and let

N = max{NE(X1), · · · , NE(Xm)}.

If AN
♯ (X1 × · · · ×Xm) is reducible, then AN

♯ (X1 × · · · ×Xm) = E(X1 × · · · ×Xm),
and hence N = NE(X1 × · · · ×Xm).

Proof. By Lemma 3.2, it suffices to show that NE(X1 × · · · ×Xm) ⩽ N , or equiva-
lently AN

♯ (X1 × · · · ×Xm) ⊆ E(X1 × · · · ×Xm).
For each 2 ⩽ k ⩽ m, denote by

Πk = X1 × · · · X̂k × · · · ×Xm

the subspace of
∏m
k=1Xk whose k-th coordinate is the base-point of Xk. By Propo-

sition 3.1 (2), for each 2 ⩽ k ⩽ m there exist a factorization

AN
♯ (X1 × · · · ×Xm;X1 × · · · ×Xk−1)

= AN
♯ (X1 × · · · ×Xm;X1 × · · · ×Xk) · E(X1 × · · · ×Xm;Πk).

There holds a sequence of equalities

AN
♯ (X1 × · · · ×Xm) =1 AN

♯ (X1 × · · · ×Xm;X1) · E(X1 × · · · ×Xm;Π1)

=2 AN
♯ (X1 × · · · ×Xm;X1 ×X2) · E(X1 × · · · ×Xm;Π2)

· E(X1 × · · · ×Xm;Π1)

...

=m

m∏
i=1

E(X1 × · · · ×Xm;Πm+1−i)

= E(X1 × · · · ×Xm).

Here the first equality =1 holds by Proposition 3.1 (1), the i-th equalities =i hold
by the Proposition 3.1 (2) for i = 2, . . . ,m, and the last equality is then clear. Thus
NE(X1 × · · · ×Xm) ⩽ N and therefore NE(X1 × · · · ×Xm) = N .

Given a group G and an integer n ⩾ 1, denote by Kn(G) the Eilenberg-MacLane
space satisfying πn(Kn(G)) ∼= G, πi ̸=n(Kn(G)) = 0. It is clear that NE(Kn(G)) = n
for any n,G.

Example 3.4. Let n1, · · · , nm be positive integers and let G1, · · · , Gm be groups.

(1) If n1 < · · · < nm, then NE(Sn1 × · · · × Snm) = nm.

(2) NE
(
Kn1

(G1)× · · · ×Knm
(Gm)

)
= max{n1, · · · , nm}.

Proof. If n1 < · · · < nm, by Lemma 2.3 it is clear that Ar
♯ (S

n1 × · · · × Snm) and

Ar
♯

(
Kn1

(G1)× · · · ×Knm
(Gm)

)
is reducible for any r ∈ N ∪ {∞}. Thus by Theo-

rem 3.3 we get the equalities.
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Note that if k = l, then there is a homotopy equivalence for any groups G, H:

Kk(G)×Kl(H) ≃ Kk(G×H).

It follows that the second equality still holds even if there exist some i ̸= j such that
ni = nj .

There is an alternative proof of Theorem 3.3 motivated by the LU -decomposition
of E(X1 × · · · ×Xm) ([21, Theorem 5.4]). For each k = 1, · · · ,m, let lk, uk be the
self-maps of X1 × · · · ×Xm defined by

lk = (p1, · · · , pk, ∗, · · · , ∗), uk = (∗, · · · , ∗, pk, · · · , pm),

where pi = pXi
is the canonical projection onto the i-th factor, i = 1, · · · ,m, and ∗

denote the constant maps. Denote a self-map f of X1 × · · · ×Xm by f = (f1, · · · , fm)
with fk = pk ◦ f , and denote fkl = pXk

◦ f ◦ iXl
, k, l = 1, · · · ,m. For each integer n

or n = ∞, set

Ln♯ (X1, · · · , Xm) := {f ∈ An
♯ (X1 × · · · ×Xm) : fk = fk ◦ lk, k = 1, · · · ,m},

U(X1, · · · , Xm) := {f ∈ E(X1 × · · · ×Xm) : fk = fk ◦ uk, k = 1, · · · ,m}.

Note that endomorphisms induced by elements of Ln♯ (X1, · · · , Xm) are represented
by lower-triangular matrices, while that of U(X1, · · · , Xm) have the form of upper-
triangular matrices with identities on the diagonal entries. Note also that

L(X1, · · · , Xm) := L∞
♯ (X1, · · · , Xm) and U(X1, · · · , Xm)

are subgroups of E(X1 × · · ·Xm) ([21, Proposition 5.3]).

Lemma 3.5. Let n ∈ N ∪ {∞}.
(1) Ln♯ (X1, · · · , Xm) is a submonoid of An

♯ (X1 × · · · ×Xm).

(2) There is a split extension of monoids:

1 L̄n♯ (X1, · · · , Xm) Ln♯ (X1, · · · , Xm)
∏m
k=1 An

♯ (Xk) 1,
Φ

s

where Φ(f) = (f11, · · · , fmm), s(g1, · · · , gm) is defined by pk(s(g1, · · · , gm)) =
gk ◦ pk, k = 1, · · · ,m; and

L̄n♯ (X1, · · · , Xm) := ker(Φ) = {f ∈ Ln♯ (X1, · · · , Xm) : fkk = 1Xk
, k = 1, · · · ,m}.

Proof. The proof of (1) is similar to that of [20, Proposition 3.1], and the proof of
(2) refers to that of [21, Proposition 5.5].

There hold two chains by inclusions of monoids:

Ln♯ (X1, · · · , Xm) ⊆ Ln♯ (X1 ×X2, · · · , Xm) ⊆ · · · ⊆ Ln♯ (X1 × · · · ×Xm);

U(X1, · · · , Xm) ⊇ U(X1 ×X2, · · · , Xm) ⊇ · · · ⊇ U(X1 × · · · ×Xm) = {1}.

We have the following extension of [21, Theorem 5.4].

Proposition 3.6. If n ⩾ max{NE(X1), · · · , NE(Xm−1)} and An
♯ (X1 × · · · ×Xm) is

reducible, then there is a factorization of monoids

An
♯ (X1 × · · · ×Xm) = Ln♯ (X1, · · · , Xm) · U(X1, · · · , Xm).
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Proof. We only sketch the proof here, the details are similar to that of [21, Theo-
rem 5.4].

The induction process starts withm = 2. Suppose f = (f1, f2) ∈ An
♯ (X1 ×X2). By

reducibility we have (f1, p2) ∈ An
♯ (X1 ×X2), which is equivalent to f11 ∈ An

♯ (X1) =
E(X1) for n ⩾ NE(X1). Hence (f1, p2), (f11 ◦ p1, p2) ∈ Ln♯ (X1, X2). By the arguments
in the top 5 lines of [21, Page 410] we get that

f ′ = f ◦ (f1, p2)−1 ◦ (f11 ◦ p1, p2) ∈ Ln♯ (X1, X2),

f ′′ = (f11 ◦ p1, p2)−1 ◦ (f1, p2) ∈ U(X1, X2).

Thus f = f ′ ◦ f ′′, the factorization in the proposition is proved for m = 2.
The arguments for the general case is totally parallel to the last paragraph of the

proof of [21, Theorem 5.4], by substituting the notations “Aut” by An
♯ , and “L” by

“Ln♯ ”.

Alternative proof of Theorem 3.3. Let N = max{NE(X1), · · · , NE(Xm)}. Then by
Lemma 3.5 (2), for any n ⩾ N there hold

Ln♯ (X1, · · · , Xm) = L(X1, · · · , Xm) ⊆ E(X1 × · · · ×Xm).

Thus by Proposition 3.6 we get

AN
♯ (X1 × · · · ×Xm) = L(X1, · · · , Xm) · U(X1, · · · , Xm) = E(X1 × · · · ×Xm).

For a simply-connected CW-complex X and each n ∈ N ∪ {∞}, denote

An
∗ (X) := {f ∈ [X,X] : Hi(f) ∈ Aut(Hi(X)), ∀ i ⩽ n}.

There is also the homology self-closeness number N∗E(X) defined by

N∗E(X) := min{n : An
∗ (X) = E(X)}.

For related papers, one may consult [18, 15]. Given spaces X1, · · · , Xm, denote by
ik : Xk → X1 ∨ · · · ∨Xm the canonical inclusion. Write a self-map

f : X1 ∨ · · · ∨Xm → X1 ∨ · · · ∨Xm component-wise as f = (f1, · · · , fm),

where fk = f ◦ ik, k = 1, · · · ,m. For a fixed n ∈ N ∪ {∞}, we call An
∗ (X1 ∨ · · · ∨Xm)

reducible if f = (f1, · · · , fm) ∈ An
∗ (X1 ∨ · · · ∨Xm) implies that so are the self-maps

(f1, · · · , fm) with one component (and hence any number of components) fk replaced
by ik, k = 1, · · · ,m.

We remark without proof that Theorem 3.3 has the following dualization.

Theorem 3.7. Let X1, · · · , Xm be simply-connected based CW-complexes. If

AN
∗ (X1 ∨ · · · ∨Xm) is reducible

with N = max{N∗E(X1), · · · , N∗E(Xm)}, then

AN
∗ (X1 ∨ · · · ∨Xm) = E(X1 ∨ · · · ∨Xm).

4. More on reducibility of An
♯ (X × Y )

In this section we further investigate conditions for the reducibility of the monoids
An
♯ (X × Y ).
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Given a self-map f of X, the induced endomorphism πk(f) is said to be nilpotent-
central if πk(f) is nilpotent and central in the sense that it commutes with πk(g) for
any g ∈ [X,X]. Let R be a ring with the identity 1. It is well-known that nilpotent
elements in a unitary ring are quasi-regular ; that is, if x ∈ R satisfies xn = 0, then
1− x (or 1 + x) is a unit. We say an endomorphism of R is radical if it belongs to
the Jacobson radical J(R) of R, which consists of elements x of R such that 1 + rxs
is a unit for any r, s ∈ R.

Lemma 4.1. Let a = u+ t be an equation in a ring (R,+, ·, 1), where u is a unit and
t is a nilpotent. If at = ta, then a is a unit.

Proof. It is direct to check that at = ta is equivalent to ut = tu, by the equality
a = u+ t. Then u−1t = u−1(tu)u−1 = u−1(ut)u−1 = tu−1 is nilpotent, and hence a =
u(1 + u−1t) is a unit.

The following is a basic theorem of this section, other results are derived from it
or its proof given here.

Theorem 4.2. Let n ⩾ NE(X). Suppose that every self-map of Y that factors through
X induces nilpotent-central or radical endomorphisms of the first n homotopy groups
of Y . Then An

♯ (X × Y ) is reducible if and only if for any self-map f ∈ An
♯ (X × Y )

we have fXX ∈ E(X).

Proof. Suppose f = (fX , fY ) ∈ An
♯ (X × Y ) and fXX ∈ E(X). It suffices to show that

fY Y ∈ An
♯ (Y ). Let g ∈ E(X) be the homotopy inverse of fXX . For each k ⩽ n, let

ϕk = [ϕij ] =

[
ϕ11 ϕ12
ϕ21 ϕ22

]
∈ Aut(πk(X)⊕ πk(Y ))

be the inverse of πk(f). The matrix multiplication πk(f) · ϕk = 1πk(X)⊕πk(Y ) implies
that

πk(fXX)ϕ12 + πk(fXY )ϕ22 = 0,

πk(fY X)ϕ12 + πk(fY Y )ϕ22 = 1πk(Y ).

Then ϕ12 = −πk(g)πk(fXY )ϕ22 and hence

[πk(fY Y )− πk(fY X ◦ g ◦ fXY )]ϕ22 = 1πk(Y ).

Similarly, from the matrix multiplication ϕk · πk(f) = 1πk(X)⊕πk(Y ) we deduce that

ϕ22[πk(fY Y )− πk(fY X ◦ g ◦ fXY )] = 1πk(Y ).

It follows that ϕ22 ∈ Aut(πk(Y )) and

πk(fY Y ) = ϕ−1
22 + πk(fY X ◦ g ◦ fXY ) = ϕ−1

22

(
1πk(Y ) + ϕ22πk(fY X ◦ g ◦ fXY )

)
. (∗)

If πk(fY X ◦ g ◦ fXY ) is radical,

1πk(Y ) + ϕ22πk(fY X ◦ g ◦ fXY )

is a unit of End(πk(Y )), and hence πk(fY Y ) is invertible. If πk(fY X ◦ g ◦ fXY ) is
nilpotent-central, the endomorphisms induced by fY Y and fY X ◦ g ◦ fXY commute,
thence by Lemma 4.1 we get that πk(fY Y ) is invertible.
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If the image im(βYn ) of the homotopy representation

βYn : [Y, Y ] →
n∏
k=1

πk(Y ), f 7→ (π1(f), · · · , πn(f))

is a commutative subring, Theorem 4.2 can be modified as follows.

Corollary 4.3. Let n ⩾ NE(X). Suppose that im(βYn ) is commutative and that every
self-map of Y that factors through X induces nilpotent endomorphisms of the first n
homotopy groups of Y . Then An

♯ (X × Y ) is reducible if and only if f ∈ An
♯ (X × Y )

implies that fXX ∈ E(X).

Projective spaces and Lens spaces of different dimensions satisfy such the second
property described in Corollary 4.3.

Lemma 4.4. Let F = R,C,H and denote d = dimR(F) = 1, 2, 4, respectively. Set

ZF =

{
Z/2Z for F = R;
Z for F = C,H.

There hold some basic facts.

(1) Partial homotopy groups of FPm (m ⩾ 2) are given by:

πk(FPn) ∼=

 ZF k = d;
Z k = d(n+ 1)− 1;
0 k < d or d < k < d(n+ 1)− 1.

(2) If 2 ⩽ m < n ⩽ ∞, then every map φ : FPn → FPm induces a trivial homomor-
phism φ∗ : H∗(FPm;ZF) → H∗(FPn;ZF).

(3) For any m,n, there hold a chain of natural isomorphisms

πd(FPn) ∼= Hd(FPn) ∼= Hd(FPn;ZF) ∼= Hd(FPn;ZF).

Proof. (1) follows by the associated long exact sequence of homotopy groups associ-
ated to the Hopf fibrations

Sd−1 → Sd(n+1)−1 → FPn.

(2) is a direct consequence of naturality of ring isomorphism

H∗(FPm;ZF) ∼= ZF[x]/(x
dm+1).

For the chain in (3), the first natural isomorphism is induced by the Hurewicz
map: if F = R, π1(RPm) ∼= H1(RPm) for π1(RPm) ∼= Z/2; if F = C,H, the first nat-
ural isomorphism is due to the Hurewicz theorem. The second and the third natural
isomorphisms hold by the universal coefficient theorems for homology and cohomol-
ogy, respectively.

The self-closeness numbers of projective spaces FPn over fields F = R,C,H and
lens spaces L2n+1(p) = S2n+1/Z/pZ with p a prime are known, see [16, Theorem 6]
and [18, Theorem 13,14].

Example 4.5. Let 2 ⩽ m < n be positive integers.
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1. NE(FPm × FPn) = NE(FPn) = n, 2, 4 for F = R,C,H, respectively.

2. NE(L2m+1(p)× L2n+1(q)) = 2n+ 1, where p, q are primes.

Proof. (1) By Theorem 3.3 it suffices to show that An
♯ (FPm × FPn) are reducible.

Suppose f = (f1, , f2) ∈ An
♯ (FPm × FPn). By Lemma 4.4 (3),

Hd(f ;ZF) ∈ Aut
(
Hd(FPm × FPn;ZF)

)
.

By Lemma 4.4 (2), the homomorphisms f12 : FPn → FPm induces a trivial endo-
morphism on Hd(−;ZF), hence H

d(f ;ZF) can be represented by a lower-triangular
matrix, and we then get

Hd(f11;ZF) ∈ Aut
(
Hd(FPm;ZF)

)
, Hd(f22;ZF) ∈ Aut

(
Hd(FPn;ZF)

)
,

which are equivalent to πd(f11), πd(f22) are automorphisms.
If F = C,H, we are done. If F = R, firstly

f ∈ An
♯ (RPm × RPn) ⊆ Am

♯ (RPm × RPn)

implies that f11 ∈ Am
♯ (RPm) = E(RPm). By Lemma 4.4 (1), we need to show that

every composition RPn → RPm → RPn induces a zero endomorphism on πn(−). If
πn(RPm) ∼= πn(S

m) is finite, this is clear. So by Serre’s finiteness theorem on homo-
topy groups of spheres, it suffices to consider the casem is even and n = 2m− 1. Note
that in this case, the Hurewicz homomorphism πn(RPn) → Hn(RPn) is a monomor-
phism. Consider the following commutative diagram induced by the Hurewicz homo-
morphism:

πn(RPn) πn(RPm) πn(RPn)

Hn(RPn) Hn(RPm) = 0 Hn(RPn)

It follows that the endomorphism of πn(RPn) induced by self-maps of RPn that
factors through RPm is trivial. Thus An

♯ (RPm × RPn) is reducible, by Theorem 4.2.
(2) By Theorem 4.2 and the arguments in (1) with F = R, it suffices to show that

every self-map of L2n+1(p) that factors through L2m+1(q) induces a trivial endomor-
phism on π2n+1(−). This is clear since π2n+1(L

2m+1(q)) ∼= π2n+1(S
2m+1) is finite.

The following truncated versions of the concepts homotopically/homologically dis-
tant are essentially due to Pavešić [21].

Definition 4.6. Let X,Y be two complexes and let 1 ⩽ n ⩽ ∞ be fixed. We say X
and Y are homotopically (resp. homologically) n-distant if every self-map of Y that
factors through X induces a nilpotent endomorphism of πk(Y ) (resp. Hk(Y )) for each
k ⩽ n.

If n = ∞, we just say X and Y are homotopically/homologically distant.

Both the above relations are symmetric for each 1 ⩽ n ⩽ ∞ and n-distant implies
m-distant for any n ⩾ m. Moreover, if π1(X) is solvable or π1(f) is nilpotent, then for
each n, X and Y are homotopically n-distant if and only if X and Y are homologically
n-distant (cf. [21, Theorem 3.5, Lemma 3.4]).
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Give a unital ring R, denote by N(R) the set of nilpotent elements of R. There
are some notions in ring theory. We say that R is reduced if N(R) = {0}, is central
reduced if N(R) ⊆ Z(R), where Z(R) denotes the center of R, and that R is J-reduced
if N(R) ⊆ J(R). Reduced ring, central reduced rings are obviously J-reduced, and
rings with these properties were well studied, such as [23, 7, 14]. Every commu-
tative ring and local ring are obviously J-reduced, and finite (sub)direct product
of J-reduced rings are J-reduced, by [7, Corollary 2.10]. If the endomorphism ring∏n
k=1 End(πk(Y )) is J-reduced, then the assumptions in Theorem 4.2 can be modified

as follows.

Proposition 4.7. Let n ⩾ NE(X) and let Y be a space such that the endomorphism
ring End(πk(Y )) is J-reduced for each k ⩽ n. If X and Y are homotopically n-distant,
then An

♯ (X × Y ) is reducible if and only if f ∈ An
♯ (X × Y ) implies that fXX ∈ E(X).

Let G = ⊕pGp be a finite abelian group, where Gp are the p-primary components.
Then End(G) ∼= ⊕p End(Gp). Note that End(G) is J-reduced if and only if so is
each End(Gp). For a p-group H, denote by psH[p] = {psx : x ∈ H, ps+1x = 0} and
let fs(H) (k ⩾ 0) be the s-th Ulm-Kaplansky invariant of H defined by

fs(H) = dimZ/pZ
(
(psH[p])/ps+1H[p]

)
.

Lemma 4.8. Let H ∼= Z/pr1Z⊕ · · · ⊕ Z/prmZ, 1 ⩽ r1 ⩽ · · · ⩽ rm <∞. Let fs(H)
be defined as above, s ⩾ 0.

1. If End(H)/J(End(H)) is reduced, then End(H) is J-reduced.

2. End(H)/J(End(H)) is reduced if and only if fs(H) = 0 or 1 for each s ⩾ 0.

3. For each s ⩾ 0, fs(H) = #{ri : ri > s} −#{ri : ri > s+ 1}, where #S denotes
the cardinality of the set S.

4. fs(H) = 0 or 1 for each s ⩾ 0 if and only if H is a subgroup of
⊕

i⩾1 Z/piZ.

Proof. (1) refers to [7, Lemma 2.2].

(2) By [13, Corollary 20.14], there holds a ring isomorphism

End(H)/J(End(H)) ∼=
∏
k⩾0

Mfs(H)(Z/pZ),

where Mt(Z/pZ) denotes the ring of t× t matrices over the field Z/pZ. The equiva-
lence in the lemma then follows from the fact that Mfs(H)(Z/pZ) is reduced if and
only if fs(H) = 0, 1.

(3) For any integers s, there is an isomorphism of groups

psH ∼=
m⊕
i=1

psZ/priZ ∼=
m⊕
i=1

Z/pri−sZ,

where Z/pri−sZ = 0 if ri ⩽ s for each i = 1, · · · ,m. It follows that the dimension of
psH[p] equals to the number of ri that are greater than s. The equality then follows
by the definition of fs(H).
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(4) If H ⩽
⊕∞

i=1 Z/piZ, then the powers ri satisfy r1 < · · · < rm. By (3) we com-
pute that

fs(H) =

{
1 s = ri − 1, i = 1, · · · ,m;
0 otherwise.

Conversely, assume that H contains two cyclic direct summand of the same orders,
say r1 = r2. Then #{ri : ri > r1} ⩽ m− 2 and hence

fr1−1(H) = m−#{ri : ri > r1} ⩾ 2.

Proposition 4.9. Suppose n ⩾ NE(X) and let the p-primary component πk(Y ; p) of
πk(Y ) be isomorphic to a subgroup of

⊕∞
i=1 Z/piZ for each prime p and each k ⩽ n.

If X and Y is homotopically n-distant, then An
♯ (X × Y ) is reducible if and only if

f ∈ An
♯ (X × Y ) implies that fXX ∈ E(X).

Proof. By Proposition 4.7 and Lemma 4.8.

A special case of Proposition 4.9 is that each p-primary component πk(Y ; p) is a
cyclic group. In this case, End(πk(Y )) is actually commutative, by [22, Theorem 1].
Thus we have

Corollary 4.10. Suppose that πk(Y ) ∼=
⊕

p∈Sk
Z/prpZ for each k ⩽ n, where Sk is a

set of (different) primes, and that X and Y are homotopically n-distant, n ⩾ NE(X).
Then An

♯ (X × Y ) is reducible if and only if f ∈ An
♯ (X × Y ) implies that fXX ∈ E(X).

5. Applications

This section applies discussions in Section 4 to determine self-closeness numbers
of products of some special spaces.

5.1. X =Mn(G) or X = Kn(G)
If every homomorphism πn(X) → πn(Y ) is induced by some map X → Y , then we

can reduce assumptions in Theorem 4.2. In this subsection we mainly consider the
cases where X is a Moore space or an Eilenberg-MacLane space.

Given an abelian group G, denote by Mn(G) the Moore space with a unique
nontrivial reduced integral homology group G in dimension n. It is clear that

N∗E(Mn(G)) = n for any n ⩾ 1.

The following is an immediate result of Theorem 3.7.

Example 5.1. Let n1, · · · , nm ⩾ 2 be positive integers and let G1, · · · , Gm be abelian
groups. Then

N∗E(Mn1
(G1) ∨ · · · ∨Mnm

(Gm)) = max{n1, · · · , nm}.

The universal coefficient theorem for homotopy (cf.[12, Theorem 3.8] or [4, Propo-
sition 1.3.4]) tells that for any space Y , there is an epimorphism of groups for each
n ⩾ 2:

[Mn(G), Y ] Hom(G, πn(Y )).
πn(−)

(♮)

Taking Y =Mn(G), we get NE(Mn(G)) = n for any n ⩾ 2.
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Proposition 5.2. Let G be a finitely generated abelian group. If Mn(G) and Y are
homologically (or homotopically) n-distant, n ⩾ 2, then An

♯ (Mn(G)× Y ) is reducible.
If, in addition, NE(Y ) ⩽ n, then NE(Mn(G)× Y ) = n, by Theorem 3.3.

Proof. Suppose that f = (fM , fY ) ∈ An
♯ (Mn(G)× Y ) and let ϕ = [ϕij ]2×2 be the

inverse of πn(f). The matrix multiplication πn(f) · ϕ = 1G⊕πn(Y ) then implies

πn(fMM )ϕ11 + πn(fMY )ϕ21 = 1G,

πn(fYM )ϕ11 + πn(fY Y )ϕ21 = 0, (∗∗)
πn(fYM )ϕ12 + πn(fY Y )ϕ22 = 1πn(Y ).

By the surjection (♮), ϕ21 = πn(u) for some u ∈ [Mn(G), Y ], and hence by the first
equation of (∗∗) we have

πn(fMM )ϕ11 = 1G − πn(fMY ◦ u) ∈ Aut(G).

Since G is finitely generated, both πn(fMM ) and ϕ11 are automorphisms.

By the last two equations of (∗∗) we get

πn(fY Y )(ϕ22 − ϕ21ϕ
−1
11 ϕ12) = 1πn(Y ).

Similarly, the matrix multiplication ϕ · πn(f) = 1G⊕πn(Y ) implies

(ϕ22 − ϕ21ϕ
−1
11 ϕ12)πn(fY Y ) = 1πn(Y ).

Thus πn(fY Y ) ∈ Aut(πn(Y )), which completes the proof.

Corollary 5.3. Let G1, · · · , Gm be finitely generated abelian groups. Then for mutu-
ally different integers n1, · · · , nm that are greater than 1, there holds

NE
(
Mn1

(G1)× · · · ×Mnm
(Gm)

)
= max{n1, · · · , nm}.

Proof. We may assume that n1 > · · · > nm. Inductively applying Proposition 5.2 it
suffices to show that Mn1

(G1) and Y =Mn2
(G2)× · · · ×Mnm

(Gm) is homotopically
n1-distant.

The case m = 2 is clear, since Mn1(G1) and Mn2(G2) are homologically distant. If
m ⩾ 3, given maps f : Mn1

(G) → Y and g : Y →Mn1
(G1), we have

πn1
(g ◦ f) = πn1

(g ◦ e2 ◦ f) + · · ·+ πn1
(g ◦ em ◦ f),

where ej = ij ◦ pj is the idempotent of Y that factors throughMnj
(Gj), j = 2, · · · ,m.

Each endomorphism Hn1
(g ◦ ej ◦ f) on the homology group Hn1

(Mn1
(G1)) is trivial,

the naturality of the Hurewicz theorem then implies so are πn1
(g ◦ ej ◦ f), for each

j = 2, · · · ,m. Thus πn1(g ◦ f) = 0, and therefore Mn1(G1) and Y is homotopically
n1-distant.

Corollary 5.4. Let G be a finitely generated abelian group and let Y be a space such
that πj(Y ) = 0 for j > n, n ⩾ 2. If Kn(G) and Y is homotopically n-distant, then
NE(Kn(G)× Y ) = n.

Proof. Clearly the condition πj(Y ) = 0 for j > n implies that NE(Y ) ⩽ n. Thus, by
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[2, Proposition 2.4.13], the canonical inclusion Mn(G) → Kn(G) induces a bijection

[Kn(G), Y ]
∼=−→ [Mn(G), Y ].

Composing the surjection (♮) we get a surjection

[Kn(G), Y ] → Hom(G, πn(Y )).

The proof of the reducibility of An
♯ (Kn(G)× Y ) is then totally parallel to that of

Proposition 5.2.

5.2. Products of atomic spaces
In the sense of Baker and May [3], a p-local CW-complex X is atomic of Hurewicz

dimension n0 if πk<n0
(X) = 0 and πn0

(X) is a nonzero cyclic module over Z(p), and
every self-map of X inducing an automorphism on πn0(X) is a homotopy equivalence.
The atomicity of spaces appeared in the study of exponents of homotopy groups of
p-local spheres and mod pr Moore spaces [9]. Note that in this case NE(X) = n0
and End(πn0

(X)) is local. An important property of atomic spaces is that they are
“prime” in the following sense.

Lemma 5.5. Let X be an atomic space of Hurewicz dimension n. If X is a retract
of Y × Z, then X is a retract of Y or Z.

Proof. Let eJ be the idempotent self-map of Y × Z that factors through J , with
J ∈ {Y,Z}; that is, eI is the composition given by

Y × Z
pI−→ I

iJ−→ Y × Z.

Let fI : X → X be the composition given by

X
ϕ−→ Y × Z

eI−→ Y × Z
ψ−→ X,

where ϕ, ψ satisfies ψϕ = 1X . Then the formula πn(eY ) + πn(eZ) = 1 implies that

πn(fY ) + πn(fZ) = 1πn(X).

Since End(πn(X)) is local, either πn(fY ) or πn(fZ) is an automorphism of πn(X).
NE(X) = n then implies that either fY or fZ is a homotopy equivalence, and therefore
X is a retract of Y or Z.

Theorem 5.6. Suppose that X1, · · · , Xm are atomic spaces of Hurewicz dimensions
n1, · · · , nm, respectively. If for any i ̸= j, ni ̸= nj and Xi is not a retract of Xj, then

NE(X1 × · · · ×Xm) = max{n1, · · · , nm}.

Proof. Arranging the Hurewicz dimensions ni such that n1 < · · · < nm, it suffices to
show that Anm

♯ (X1 × · · · ×Xm) is reducible.

If m = 2, n1 < n2 implies that An2−1
♯ (X1 ×X2) is reducible and

f = (f1, f2) ∈ An2

♯ (X1 ×X2) ⊆ An1

♯ (X1 ×X2)

is equivalent to f11 ∈ An1

♯ (X1) = E(X1). Suppose that

πn2
(f) = (f1♯, f2♯) ∈ Aut(πn2

(X1 ×X2)).

Let g ∈ E(X1) be the inverse of f11. Using the arguments in the proof of Theorem 4.2,
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we have

f21♯ϕ12 + f22♯ϕ22 = 1πn2 (X2);

ϕ12 = −(gf12)♯ϕ22, ϕ22 ∈ Aut(πn2
(X2)).

Since πn2
(X2) is local, the above first equation implies that f21♯ϕ12 or f22♯ϕ22 is an

automorphism. If f21♯ϕ12 = −f21♯(gf12)♯ϕ22 is an automorphism, then (f21gf12)♯ is an
automorphism of πn2(X2). Since X2 is atomic, f21gf12 ∈ E(X2), which in turn implies
that X2 is a retract of X1, contradiction. It follows that f22♯ϕ22, or equivalently f22♯
is an automorphism.

If m ⩾ 3, inductively applying Lemma 5.5 we see that Xm is not a retract of
X = X1 × · · · ×Xm−1. By induction and totally similar arguments,

f ∈ Anm

♯ (X ×Xm) implies that fXX ∈ E(X) and fXmXm
∈ E(Xm).

Thus Anm

♯ (X1 × · · · ×Xm) is reducible, completing the proof.
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[19] P. Pavešić, Self-homotopy equivalences of product spaces, Proc. Roy. Soc. Edin-
burgh Sect. A 129 (1999), no. 1, 181–197. MR 1669189

[20] , On the group Aut#(X1 × · · · ×Xn), Topology Appl. 153 (2005), no. 2-
3, 485–492. MR 2175365

[21] , Reducibility of self-homotopy equivalences, Proc. Roy. Soc. Edinburgh
Sect. A 137 (2007), no. 2, 389–413. MR 2360776

[22] T. Szele and J. Szendrei, On abelian groups with commutative endomorphism
ring, Acta Math. Acad. Sci. Hungar. 2 (1951), 309–324. MR 51835

[23] B. Ungor, S. Halicioglu, H. Kose, and A. Harmanci, Rings in which every
nilpotent is central, Algebras Groups Geom. 30 (2013), no. 1, 1–18. MR 3134616

Pengcheng Li lipcaty@outlook.com

Department of Mathematics, School of Sciences, Great Bay University, Dongguan
523000, China

mailto:lipcaty@outlook.com

	1 Introduction
	2 Reducibility of the monoids A(X1x…xXm)
	3 Factorization of the monoids A(X1x…xXm)
	4 More on reducibility of A(XxY)
	5 Applications
	5.1 X=Mn(G) or X=Kn(G)
	5.2 Products of atomic spaces


