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(communicated by Charles A. Weibel)

Abstract
There is a free construction from multicategories to permuta-
tive categories, left adjoint to the endomorphism multicategory
construction. The main result shows that these functors induce
an equivalence of homotopy theories. This result extends a sim-
ilar result of Thomason, that permutative categories model all
connective spectra.
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1. Introduction

Thomason proved in [Tho95] that symmetric monoidal categories model all con-

nective spectra, in the sense that there is an equivalence of homotopy categories
between that of SMCat and of Sp, with respect to stable equivalences. See [Man10]
and [GJO17b] for further refinements of this result to an equivalence of homotopy
theories

(PermCat,S) ~ (Sp>078) (1.1)

in the sense of Definition 2.7 below. In (1.1),

e PermCat denotes the category of small permutative categories and strict mon-
oidal functors,

® Sp. denotes the category of connective symmetric spectra, and

e S denotes the class of stable equivalences.
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The equivalence is induced by Segal’s K-theory construction [Seg74]
K: PermCat —> Spy.

We give further explanations of the relevant background material in Sections 3, 4,
and 7.
In this article we show that there is an equivalence of homotopy theories

(Multicat,S) ~ ( PermCat,S). (1.2)
The equivalence is induced by a free functor
F': Multicat — PermCat

that we describe in Sections 5 and 6 below. We prove the homotopy equivalence (1.2)
in Theorem 7.3. Combining (1.2) with (1.1) above gives the following main result.

Theorem 1.1. There is an equivalence of homotopy theories
(Multicat,S) ~ (SpZO,S)
induced by

Multicat ——— PermCat —~— Sp>o -

Motivation

Multicategories, as a context for stable homotopy, have several advantages related
to the symmetric monoidal closed structure known as the Boardman—Vogt tensor
product [BV73]. This monoidal product does not restrict to PermCat, but it does
provide PermCat with the structure of a multicategory. This perspective appears in
work of Elmendorf-Mandell [EM06, EMO09], which goes on to develop a multifunc-
torial K-theory extending that of Segal. A detailed explanation of the relevant theory
is given in [JYoo, Part 2]. In particular, see [JY oo, 10.3.32 and 10.8].

The category of small Waldhausen categories, useful in the study of algebraic
K-theory, also admits the structure of a closed multicategory that is not symmet-
ric monoidal. See Zakharevich [Zak18] for a proof and further explanation. Work
of Bohmann-Osorno [BO20] develops a multifunctorial K-theory for Waldhausen
categories similar to that of Elmendorf-Mandell.

The conclusion of Theorem 1.1 shows that, although richer in algebraic structure,
multicategories model the same homotopy theory as that of permutative categor-
ies, namely, connective stable homotopy theory. Thus, while the category of small
multicategories provides a context for multiplicative homotopy theory, it does not
introduce exotic or spurious homotopy types.

Outline

Sections 2 through 4 fix notation and terminology by giving relevant background for
complete Segal spaces, permutative categories, and multicategories. In Section 5 we
define the free construction F', together with unit and counit natural transformations.
In Section 6 we show that these define an adjunction of 2-categories. Section 7 contains
the definitions of stable equivalences and, in Theorem 7.3, the proof that F' is an
equivalence of homotopy theories.
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2. Equivalences of homotopy theories

In this section we review the theory of complete Segal spaces due to Rezk [Rez01].
An equivalence of homotopy theories (Definition 2.7) is an equivalence of fibrant
replacements in the complete Segal space model structure. For further context and
development we refer the reader to [DK80, Hir03, Tog05, BK12].

Complete Segal spaces
Definition 2.1. A bisimplicial set X is a complete Segal space if

e it is fibrant in the Reedy model structure on bisimplicial sets,

e for each n > 2 the Segal map
X(n) — X(1) xx(0) -~ Xx(0) X(1)
is a weak equivalence of simplicial sets, and
e the morphism
X(0) = Map(A[0], X) — Map(E, X) (2.1)

is a weak equivalence of simplicial sets, where F is the discrete nerve of the
category consisting of two isomorphic objects and (2.1) is induced by the unique
morphism E —> AJ0].

Remark 2.2. The definition of complete Segal space given above is equivalent to that
given in [Rez01, Section 6] by [Rez01, 6.4].

Theorem 2.3 ([Rez01, 7.2]). There is a simplicial closed model structure on the
category of bisimplicial sets, called the complete Segal space model structure, that is
given as a left Bousfield localization of the Reedy model structure and in which the
fibrant objects are precisely the complete Segal spaces.

Relative categories
Definition 2.4. A relative category is a pair (C, W) consisting of a category C and
a subcategory W containing all of the objects of C. A relative functor

F: (C,W) — (C,W)
is a functor from C to C’ that sends morphisms of W to those of W'.

Definition 2.5. Suppose (C, W) is a relative category and A is another category. We
let

(CW)A

denote the subcategory of CA whose objects are functors A — C and whose mor-
phisms are those natural transformations with components in W.
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Definition 2.6. Suppose (C, W) is a relative category. The classification diagram of
(C,W) is the bisimplicial set
N(C, W) = Ner ((C, W)Al")

given by

n — Ner ((C,W)AaM)
where A[n] denotes the category consisting of n composable arrows.
Definition 2.7. Suppose (C, W) is a relative category. We say that a bisimplicial set
RN9(C, W) is a homotopy theory of (C, W) if it is a fibrant replacement of N'(C, W)
in the complete Segal space model structure. We say that a relative functor

F:(C,W) — (' W)
is an equivalence of homotopy theories if the induced morphism RN F between

homotopy theories is a weak equivalence in the complete Segal space model structure.

Remark 2.8. For readers familiar with the notions of hammock localization as well
as DK-equivalence [DK80], Barwick and Kan have shown in [BK12, 1.8] that a
relative functor

F: (C,W) — (T W)

is an equivalence of homotopy theories if and only if it induces a D K-equivalence
between hammock localizations. In that case, F' induces equivalences between map-
ping simplicial sets and between categories of components. In particular, if F' is an
equivalence of homotopy theories then the induced functor between categorical local-
izations

w1 — C[w) ™
is an equivalence.
Proposition 2.9 ([GJO17b, 2.8]). Suppose
F: (C,W) — (C, W)
is a relative functor and suppose that F induces a weak equivalence of simplicial sets
Ner ((C, W)Al")) — Ner ((C',W")2")) (2.2)
for each n. Then F is an equivalence of homotopy theories.
Proof. The assumption that (2.2) is a weak equivalence for each n means that
N F: N(C, W) — N9 (C', W)

is a weak equivalence between classification diagrams in the Reedy model structure
[Rez01, Section 2.4]. Thus N° F is a weak equivalence in the complete Segal space
model structure because it is a localization of the Reedy model structure. As a con-
sequence, N I induces a weak equivalence between the homotopy theories given by
fibrant replacements. O

The following application of Proposition 2.9 is a special case of [GJO17b, 2.9]
that is suitable for our purposes.
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Proposition 2.10. Suppose given relative functors
F:(CW)— (C,W): E
such that
o [ is left adjoint to E and

e cach component of the unit, respectively counit, for F' 4 E is a morphism in W,
respectively W'.

Then F and E are equivalences of homotopy theories.

Proof. The adjunction F' 4 E induces an adjunction

FA[n]: CA[n] E— C/A[n]: EA[TL]
for each n. Since the components of the unit and counit are morphisms in W and
W', respectively, they continue to induce an adjunction when F' and E are restricted
to the subcategories (C,W)2[ and (C’,W')A". A natural transformation between

functors induces a simplicial homotopy on nerves, and hence the result follows from
Proposition 2.9. O

3. Permutative categories

In this section we define permutative categories, strict monoidal functors, and
monoidal natural transformations. See [JS93, ML98, JY21, Yauccl, Yaucoll] for
further discussion in the more general context of plain/braided/symmetric monoidal
structure.

Definition 3.1. A permutative category (C,®, e, ) consists of

e a category C,

e a functor @: C x C —> C, called the monoidal sum,

e an object e € C, called the monoidal unit, and

e a natural isomorphism & called the symmetry isomorphism with components
§X’yt X@Y —> YEBX
for objects X and Y of C.

The monoidal sum is required to be associative and unital, with e as its unit. The
symmetry isomorphism £ is required to make the following symmetry and hexagon
diagrams commute for objects X,Y, Z € C.

YeX)eZ=Ya(Xa2)

Xoy —, xay fx,yEBlz/v Iy @éx.z -
EX}\ /YX <.)

XeY)ez Y& (ZeX)
Yex N 7
Xe(Vez) XY, vezex

A permutative category is also called a strict symmetric monoidal category. The
strictness refers to the conditions that the monoidal sum be strictly associative and
unital.



152 NILES JOHNSON anp DONALD YAU

Definition 3.2. Suppose C and D are permutative categories. A symmetric monoidal
functor

(P,P?,P%):C—D

consists of a functor P: C —> D together with natural transformations

r? P
PX@PY — P(X@Y) and e—— Pe

for objects X, Y € C, called the monoidal constraint and unit constraint, respectively.
These data satisfy the following associativity, unity, and symmetry axioms.

Associativity The following diagram is commutative for all objects X,Y, Z € C.

(PX®PY)®PZ=PX® (PY ®PZ)

Pz@hﬂ/ XI‘DX@PZ

P(X&Y)®PZ PX®P(Y ®Z) (3.2)

P&{ /32
P(XeY)aZ)=—P(Xa (Y eZ2)

Unity The following two diagrams are commutative for all objects X € C.

e® PX = PX PX®e=PX
PUGBle H and 1PX@IjU/ H (33)
p2 p2
Pe® PX —— Ple® X) PX @ Pe—— P(X®e)

Symmetry The following diagram is commutative for all objects X,Y € C.

Epx, Py

PX®PY ———— PY o PX

| | (3.4)
Péxy
P(Xa®Y) PY®X)

This finishes the definition of a symmetric monoidal functor. A strict symmetric mon-
oidal functor is a symmetric monoidal functor P such that the monoidal constraint
P2 and the unit constraint P° are both identity natural transformations.

Definition 3.3. Suppose P,@Q: C —> D are strict symmetric monoidal functors
between permutative categories. A monoidal natural transformation

a: P— Q

is a natural transformation between the underlying functors such that the following
monoidal and unit conditions hold:

axey =ax Day and ae =1, (3.5)

for all objects X and Y in C.

Definition 3.4. We let PermCat denote the 2-category of small permutative cate-
gories, strict symmetric monoidal functors, and monoidal natural transformations.
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Identities and compositions are given by those of the underlying functors and natural
transformations.

Remark 3.5. There are several weaker variants for symmetric monoidal structure both
on categories and on functors thereof. Thomason [Tho95, 1.9.2] shows that each of
the standard variants have equivalent stable homotopy theories. See [GJO17a] for a
general treatment via 2-dimensional monad theory.

Here we restrict to permutative categories and strict symmetric monoidal functors
because they have the most direct comparison with multicategories. For more on this
point, see Remark 6.5 below.

4. Multicategories

In this section we review the definitions of multicategories, multifunctors, and
multinatural transformations. Several of the details here will be needed for our expla-
nation of the free functor in Sections 5 and 6 below. For further details and context
we refer the reader to [JYoo, Chapter 5] and [Yaul6)].

Definition 4.1. Suppose C is a class.
e Denote by
Prof(C) = H oxn
n>0

the class of finite ordered sequences of elements in C. An element in Prof(C) is
called a C-profile.

e A typical C-profile of length n = len(c) is denoted by (¢) = (c1,...,¢,) € C™ or
by {¢;); to indicate the indexing variable. The empty C-profile is denoted by ().

e We let & denote the concatenation of profiles, and note that @ is an associative
binary operation with unit given by the empty tuple ().
e Anelement in Prof(C) x C'is denoted as ({c) ; ¢’) with ¢’ € C and (c) € Prof(C).

Definition 4.2. A multicategory (M,~,1) consists of the following data.
e M is equipped with a class ObM of objects. We write Prof(M) for Prof(Ob M).

e For ¢ € ObM and (¢) = (c1,...,¢n) € Prof(M), M is equipped with a set of
n-ary operations

M((c); ¢) =M(cr,...,cn; )
with input profile (c) and output ¢’

e For ((¢); ') € Prof(M) x ObM as above and a permutation o € %,, M is
equipped with an isomorphism of sets

M((c); ¢) —Z= M({c)o; ),
called the right action or the symmetric group action, in which

<C>U = (Cg(l), ey Cg(n))
is the right permutation of (c) by o.



154 NILES JOHNSON anp DONALD YAU

e For ¢ € ObM, M is equipped with an element
1. € IVI(C; c),

called the c-colored unit.

e For” € ObM, (¢) = (¢}, ...,c,) € Prof(M), and for each j € {1,...,n}, (¢;) =
(¢j1y-++sCjk,;) € Prof(M) let (c) = @;(c;) € Prof(M) be the concatenation of
the (¢;). Then M is equipped with a map

M((¢); ¢") x TT M({ej)s ¢)) —— M({e); ¢”) (4.1)
j=1
called the composition or multicategorical composition.
These data are required to satisfy the following axioms.

Symmetric Group Action For ((c); ¢’) € Prof(M) x ObM with n =len(c) and
o, T € X, the following diagram commutes.

M((c); ) —— M({c)o; )

K lr (4.2)

M((c)ar; c’)

Moreover, the identity permutation in X, acts as the identity map on M({c); ¢’).
Associativity Suppose given

" € ObM,

"y = (cl, .., ) € Prof(M),

(¢j) =(cj1,---:C}y,) € Prof(M) for each j € {1,...,n}, and

(¢ji) = (cj i 1, - Cjie,,;) € Prof(M) for each j € {1,...,n} as well as each
ie{l,...,kj},

such that k; = len(c}) > 0 for at least one j. For each J, let (¢;) = @fi1<cj7i>
denote the concatenation of the (c;;). Let (c) = @_;(c;) denote the concate-
nation of the (c;) and let (¢') = ®}_;(c}) denote the concatenation of the (c}).

j=1
Then the associativity diagram below commutes.

n kj
M) e) < | T M6,
(. V

n n kj
wiiys ey [fmtes e < f [ mesng0]
permutel: M({c); ") (4.3)
M((c”}; c”’) X j]i[l [M((d)' c’/) X H M((cjz)7 c”)] 5

\ /
(s ) x T M(fe): )
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Unity Suppose ¢/ € ObM.

1. If {¢) = (c1,...,¢n) € Prof(M) has length n > 1, then the following right
unity diagram is commutative. Here 1 is the one-point set and 1™ is its
n-fold Cartesian product.

M((e): ¢) % 1" —— M((0): )
1><(><j1cj)l ll (4.4)

n

M((c); ¢) x TT M(¢;; ¢5) — M({c); )

Jj=1

2. For any (c) € Prof(M), the left unity diagram below is commutative.
1 x M({c); ) 2 M({c); )
16,% ll (4.5)
M(c; ) x M({c); ) - ((e); )

Equivariance Suppose that in the definition of v (4.1), len(c;) = k; > 0.

1. For each o € %,,, the following top equivariance diagram is commutative.

j=1 1) 2T M(()es ) x jglM«Ca(j))% %)

d - |

0(kg(1)ssko(n))
M(<C(7(1)>7 ey <C¢7(n)> 5 CN)

(4.6)
Here o(kg(l), e k,,(n)> € Yy +-+k, is right action of the block permuta-
tion that permutes the n consecutive blocks of lengths k, (1), ..., ky(n) as @
permutes {1,...,n}, leaving the relative order within each block unchanged.

2. Given permutations 7; € X, for 1 < j < n, the following bottom equivari-
ance diagram is commutative.

n

M((c'); ¢ x E1M(<cj>; ) B M((e); )

[NemE

M(<Cj>7'j 3 C;)
1

(4.7)
vi l“/
M((cr), ..., {cn)s &) XX M({c1)T1, ..., (cn)Tn; ¢”)
Here the block sum 71 X -+ X 7, € X, 4.4, is the image of (71,...,7,)
under the canonical inclusion
Ty X oo X By, T By

This finishes the definition of a multicategory.
Moreover, we define the following.

e A multicategory is small if its class of objects is a set.

e An operad is a multicategory with one object. If M is an operad, then its set of
n-ary operations is denoted by M,,.
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e The initial operad | consists of a single object * and its unit operation.
o The terminal multicategory T consists of a single object * and a single n-ary
operation ¢, for each n > 0.

Ezample 4.3 (Endomorphism operad). Suppose M is a multicategory and ¢ is an
object of M. Then End(c) is the operad consisting of the single object ¢ and n-ary
operation object

End(c),, = M({c); ¢),
where (c) denotes the constant n-tuple at ¢. The symmetric group action, unit, and

composition of End(c) are given by those of M.

Ezample 4.4 (Endomorphism multicategory). Suppose (C, @, e, ) is a small permu-
tative category. Then the endomorphism multicategory End(C) is the small multicat-
egory with object set Ob C and with
End(Q)((X); Y) =C(X1 @@ X,,,Y)

forY € ObCand (X) = (X1, -+, X,,) € (ObC)*™. An empty @ means the unit object
e.
Ezample 4.5 (Underlying category). Each multicategory (M,~,1) has an underlying
category with

e the same objects,

e identities given by the colored units, and

e composition given by

M(b; ¢) x M(a; b) —— M(a; c)

for objects a,b,c € M.

The 2-category of small multicategories
Definition 4.6. A multifunctor F': M —> N between multicategories M and N con-
sists of

e an object assignment F': ObM —> ObN and

e for each ({c); ¢) € Prof(M) x ObM with (c) = (c1,...,¢cy), a component mor-
phism

FiM((e): &) — N(F(e): F),
where F(c) = (Fey,...,Fey).

These data are required to preserve the symmetric group action, the colored units,
and the composition in the following sense.

Symmetric Group Action For each ((c); ¢) as above and each choice of permu-
tation o € ¥, the following diagram is commutative.

M((c); ) £, N(F(c); Fc)
o|= o= (4.8)
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Units For each ¢ € Ob M, the following diagram is commutative.

M(c;c)

— lF (4.9)

N (F c; F c)
Composition For ¢’, (¢), and (c) = ®;(c;) as in the definition of y (4.1), the fol-
lowing diagram is commutative.

n o\ (RILF)

I;IIM(<cj); cj) N(F(c’); Fc”) X ﬁ N(F(cj); Fc;)

71 1 (4.10)
)

M ((C/> : C//)

M({c); ) £ N(F(c);

This finishes the definition of a multifunctor.
Moreover, we define the following.

e A multifunctor M —> N is also called an M-algebra in N.

e For another multifunctor G: N —> P between multicategories, where P has
object class Ob P, the composition GF: M —> P is the multifunctor defined by
composing the assignments on objects

obM —£ ObN —%- ObP

and the morphisms on n-ary operations

M((c); ¢) —E— N(F(c); Fe') —% P(GF(c); GF¢).

e The identity multifunctor 1y: M —> M is defined by the identity assignment
on objects and the identity morphism on n-ary operations.

e An operad morphism is a multifunctor between two multicategories with one
object.

Definition 4.7. Suppose F,G: M —> N are multifunctors as in Definition 4.6. A
multinatural transformation 0: F —> G consists of component morphisms

0. € N(Fc; Gc) for ¢c€ ObM

such that the following naturality diagram commutes for each ({c); ¢’) € Prof(M)xObM
with {(¢) = (¢1,...,¢n).

1><|\/|((c>;c/) bo x F

N(Fc'; G¢') x N(F{c); Fc')
M({c); ) N(F{c); G') (4.11)
Pfl\ G x ﬁHCJ %

N(G{(c); Gc) x H N(Fc;; Gej)

j=1 j=1

This finishes the definition of a multinatural transformation.
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Moreover, we define the following.

e The identity multinatural transformation 1p: F —> F has components

(1p)e =1p, for c€ ObM.
Definition 4.8. Suppose §: F —> G is a multinatural transformation between mul-
tifunctors as in Definition 4.7.

1. Suppose B: G —> H is a multinatural transformation for a multifunctor
H: M —> N. The vertical composition

B9: F — H (4.12)

is the multinatural transformation with components at ¢ € ObM given by the
following composites.

1 {66)c N(Fc; He)

AT v
Be X b
I1x1—— N(Gc; Hc) X N(Fc; Gc)

2. Suppose #': F/ — G’ is a multinatural transformation for multifunctors
F'.G’: N —> P. The horizontal composition
0 «0: F'F — G'G (4.13)

is the multinatural transformation with components at ¢ € ObM given by the
following composites.

1 0+ 6)c P(F'Fe; G'Ge)
T
Al P(F'Ge; G'Ge) x P(F'Fc; F'Ge)
Tl x F'
Oce X 0.

1x1 P(F/GC;G/GC)XN(FC;GC)

This finishes the definition.

Theorem 4.9 ([JY21, 2.4.26]). There is a 2-category Multicat consisting of the fol-
lowing data.

o [ts objects are small multicategories.

o For small multicategories M and N, the hom category
Multicat(M, N)

has

— multifunctors M —> N as 1-cells,
— multinatural transformations as 2-cells,
— wertical composition as composition, and
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— ddentity multinatural transformations as identity 2-cells.
o The identity 1-cell 1y is the identity multifunctor 1y.
e Horizontal composition of 1-cells is the composition of multifunctors.

e Horizontal composition of 2-cells is that of multinatural transformations.

Recall from Example 4.4 the endomorphism multicategory End(C) of a permutative
category C. A strict symmetric monoidal functor F': C —> D between permutative
categories induces a multifunctor

End(F): End(C) — End(D)

by applying F' to the operations of End(C), which are morphisms in C. Similarly,
a monoidal natural transformation 6: FF —> G between strict symmetric monoidal
functors induces a multinatural transformation

End(6): End(F) — End(G)

whose components are given by those of 8. See [JY oo, Section 5.3] for further expla-
nation of these constructions.

Proposition 4.10 ([JYoo, 5.3.6]). The construction End(C) of Example 4.4 defines
a 2-functor

End: PermCat — Multicat

from the 2-category of small permutative categories to the 2-category of small multi-
categories.

Remark 4.11. In [JYoo] PermCat denotes the larger 2-category of small permuta-
tive categories and general (not-necessarily-strict) symmetric monoidal functors. The
proof of [JY 0o, 5.3.6] shows that End is 2-functorial with respect to these more general
1-cells. The statement given here is restricted to the subcategory consisting of strict
symmetric monoidal functors. In Remark 6.5 we note one reason for this restriction
in the present work.

5. Free permutative category on a multicategory
In this section we describe a 2-functor
F': Multicat —> PermCat

that is left 2-adjoint to the endomorphism 2-functor, End. Our description follows that
of [EMO09, Theorem 4.2], but we include full details here because this free construction
is crucial to our main result, Theorem 1.1. The definition makes use of sequences (z),
indexing functions f, and permutations o"; 7- We make the following preliminary
definitions.

Definition 5.1. For each natural number r > 0, let 7 denote the finite set with r
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elements

F={1,...,r} for r>1, and 0=2.

Suppose (z) is a sequence of length r, with each z; € M. Suppose

f:T—35 and g:5—1t

are functions of finite sets, for r,s,t > 0. Then we define the following.

e For j €35, let

() p—10) = (@idies—1(j) (5.1)

denote the sequence formed by those x; with i € f~1(j), ordered as in (x).
Similarly, for k € ¢, let

(D)g=1(k) = (B5)jeq—1 (k)5
where (@) is a length-s sequence of operations in M.

For k € t, let 0";7f € 3 be the unique permutation such that

[ D <x>fl(j)}'ag,f:@ﬂgf)l(k)’ (5.2)

jeg1(k)

where the sequence on the left hand side is the concatenation of sequences in
the order specified by g—!(k). We will use the action of these permutations on
both objects and operations.

Definition 5.2. Suppose M is a multicategory. Define a permutative category F'M,
called the free permutative category on M, as follows.

Objects The objects of F'M are given by the (Ob M)-profiles: finite ordered sequences

(x) = (z1,...,3,) of objects of M, with r > 0.

Morphisms Given sequences (x) and (y) with lengths r and s, respectively, the

morphisms from (x) to (y) in F'M are given by pairs (f, (¢)) consisting of

e a function

~
=l
|

called the index map and
e an ordered sequence of operations

(¢p) with ¢; € M(<1'i>ief*1(j) ; yj)
for j €s.

The identity morphism on (z) is given by 17 and the tuple of unit operations 1,,.

Composition The composition of a pair of morphisms

(f, () (g, (¥))

() () (2)

is the pair
(9f. Ok - o) $ret)s (5.3)
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where, for each k €,

O =7 (r; (Bgr) EM | D @10y 2 | - (5.4)

jeg=(k)

Note that the input profile for 6y, is the concatenation of () y—1(;) for j € g~ *(k).
By definition (5.2), the right action of ag}f permutes this input profile to
() (gf)-1(k)- We check that composition of morphisms is unital and associative
in Proposition 5.3 below.

Monoidal Sum The monoidal sum
®: FM x FM — FM

is given on objects by concatenation of sequences. The monoidal sum of mor-
phisms

(f;(@): (x) — (y) and  (f',(&): (2') — (),
is the pair
(fof (o) ed))
where f @ f’ denotes the composite

S

= S[[s=s+s

given by the disjoint union of f with f’ and the canonical order-preserving
isomorphisms. Functoriality of the monoidal sum follows because disjoint union
of indexing functions preserves preimages and the operations in a composite
(5.3) are determined elementwise for the indexing set of the codomain.

Monoidal Unit The monoidal unit is the empty sequence (). The unit and associa-
tivity isomorphisms for @ are identities.

Symmetry The symmetry isomorphism for sequences (z) of length r and (') of
length 7’ is
£y ey = (Trrs (1)
where
e TR 2F[7 — PP ET
is induced by the block-transposition of 7 with r/, keeping the relative order
within each block fixed.
Concatenation of sequences is strictly associative and unital. The symmetry

and hexagon axioms (3.1) follow from the corresponding equalities of block
permutations.

This completes the definition of F'M and the data for its permutative structure.
Proposition 5.3. In the context of Definition 5.2, FM is a permutative category.

Proof. Observe that 057 s 1s the identity permutation if either f or g is an identity.
This implies that composition is strictly unital. To verify associativity of composition,
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suppose given the following objects and morphisms in F'M:

(f, (o) (9, ()
(x) (y) —2

with index maps

Fiss - i-t.g

The two composites to be compared are

((hy () (g, () (f,(9)) and (b, () ((g. (¥))(f.(2)))- (5.5)

The index map of both composites is hgf. For each ¢ € @, the ¢th operations of (5.5)
are

~ (02 . U}z;.’g : <¢>(hg)—1(€)) . gf;g,f and (/M i (wg - U§7f>k€h—1(€)) : U}Zl,gf,
respectively, where
Or = (pe; (Phn—re)  and wp =7 (Yn3 (B)gr(n) -

To see that the two composites are equal, we first use the top equivariance diagram
(4.6) with o = Uﬁ,;f For each j € s the action of o gives

(Go1())jera 10 = B D)

keh=1(¢)

by (5.2) for h and g. Then by top equivariance, with r; = |f~1(j)|, we have

V(O hy (D) en-10)  Thgr = 05 €D Bg-rt) | 0oy To(s) Thy.s-
keh—1(¢)

Next we use the bottom equivariance diagram (4.7) and have
Y (e (Wi o5 phren=10)  Ohgs =7 (s Whow) | D oar | Thar
keh—1(f)

To complete the verification that the two composites in (5.5) are equal, observe
the following for each ¢ € w. First, by associativity (4.3) in M we have

vy | O @ (Dg—10) | =7 [ 7 (1e5 Wn-1(0)) 5 @ (D)g-1(k)

keh—1(0) keh—1(¢)

in

M @ @ <£C>f—1(j) ; Wy

keh=1(€) \ jeg='(k)



MULTICATEGORIES MODEL ALL CONNECTIVE SPECTRA 163

Second, by uniqueness of the permutation in X;,47-1)(¢)) whose right action sends

D D @iy,

keh=1(6) \ jeg~'(k)

to <I>(hgf)*1(l)7 we have

¢ k ¢
o(ro(1)s -+ Ta(s) * Ohg,f = D o5 ohor
keh=1(0)

Therefore the two sides of (5.5) are equal for each triple of composable morphisms.
This completes the proof that F'M is a category. The symmetric monoidal axioms for
F'M are verified as part of Definition 5.2. O

Definition 5.4. Suppose H: M —> N is a multifunctor. Define a strict symmetric
monoidal functor

FH: FM — FN

via the following assignment on objects and morphisms. For a sequence (z) of length
r, define

(FH)(z) = (Hzi)icr.
For a morphism (f, (¢)), define
(FH)(f,(9)) = (f, (H;);)- (5.6)

The multifunctoriality of H shows that this assignment is functorial on morphisms.
Since the monoidal sum is defined by concatenation in F'M and F'N, the functor FFH
is strict monoidal. Compatibility with the symmetry of FM and F'N follows because
F H preserves the index map of each morphism and H preserves unit operations.

Definition 5.5. Suppose k: H — K: M —> N is a multinatural transformation.
Define a monoidal natural transformation

Fr: FH — FK
via components
(FK) @y = (1,{ka,)i): (Hx) — (Kx) (5.7)

for each sequence (x) in FM. Naturality of F'x follows from multinaturality of x (4.11)
because each o} ; and of ; is an identity permutation and we have

(L (k) ))(F. (HSy),) = (f, (i H¢j)>j)

_ <f7 V(K </€qu>i€f1(j))>j>

= (f, (K6;);) (1, (ke )i)
for each morphism (f, (¢)): () —> (y) in FM.
The monoidal naturality axioms (3.5) for F'x follow because the monoidal sum
in F'N is given by concatenation of object and operation sequences. The component
(Fk)(y is the identity morphism (1g, ()): () — ().
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Proposition 5.6. The free permutative category construction given in Definitions 5.2,
5.4, and 5.5 provides a 2-functor

F': Multicat — PermCat.

Proof. Verification that F' produces permutative categories and strict symmetric
monoidal functors is given in the definitions and Proposition 5.3. We see that F
is functorial because, for each multifunctor H, the symmetric monoidal functor F'H
is given by applying H componentwise to sequences of objects and operations. There-
fore F preserves identity morphisms and composition. The 2-functoriality of F' follows
similarly because the identities, horizontal, and vertical composites of both multinat-
ural transformations and monoidal natural transformations are determined by their
components. L]

Example 5.7. The free permutative category on the empty multicategory is the ter-
minal permutative category. Its single object is the empty sequence, and its single
morphism is given by the identity index map and the empty sequence of operations.

Ezxample 5.8. Recall from Definition 4.2 that the terminal multicategory T consists
of a single object and a unique m-ary operation for each n. The free permutative
category F'T is isomorphic to the natural number category N whose objects are given
by natural numbers and morphisms are given by morphisms of finite sets

N(r,s) = Set(7,s).

The natural number r» € N corresponds to the length-r sequence whose terms are the
unique object of T. Each morphism f: 7 —> § corresponds to the morphism

(f:{o) e FT

where ¢; is the unique operation in T of arity |f~!(5)|.

Example 5.9. Recall from Definition 4.2 that the initial operad | consists of a single
object and its unit operation. Similarly to Example 5.8, the free permutative category
Flis isomorphic to the permutation category ¥ with objects given by natural numbers
and morphisms given by permutations

(r, 5) Y, if r=s,
r,s) =
, if r#£s

for each pair of natural numbers r and s.

6. Free permutative category as a left 2-adjoint

Recall from Proposition 4.10 that the endomorphism multicategory End(C) asso-
ciated to a permutative category C defines a 2-functor

End: PermCat — Multicat.

Throughout this section we let £ = End. The main result of this section is Theo-
rem 6.6, which shows that the free construction F' of Section 5 is left 2-adjoint to
FE = End.
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Definition 6.1 (Unit). Suppose M is a multicategory. Define a component
n=nu: M — EFM

as follows. For an object w € M and an operation ¢ € M((z); y), let (w) and (¢)
denote the corresponding length-1 sequences. For each r > 0, let +,: ¥ —> 1 be the
unique function. Then n = ny is the following assignment:

nw=(w) for weM, and
no = (tr,(9)): (x) — (y)

where ¢ € M((z); y) and |(z)| = r. Note that (z) is an r-fold concatenation of length-
1 sequences (z;) and the morphism (i, (¢)) in F'M is an r-ary operation in EFM.
Lemma 6.2 shows that each 7y is multinatural and that the components are 2-natural
with respect to multifunctors and multinatural transformations.

Lemma 6.2. The components nu of Definition 6.1 define a 2-natural transformation
n: IMulticat —> E'F.
Proof. To check multifunctoriality of each component n = nu, first note that n pre-

serves unit operations because ¢; is the identity on 1. Now suppose given

Y eM((z'); 2”) where [(2')|=s, and

¢; € M((x;); %) where [(z;)|=r; for jes.
Let r = Zj rj. Then the composite in FFM of
np = (us; (V) and (n;)5—1 = ((tr (05)));
is given by composing the morphisms
(15, (@) and  P(er,.65) = (Sjes i, (9) (6.1)
JES

in FM. For g = 15 and f = @;t,;, the permutation O';f of (5.2) is the identity on 7.
Therefore the composite of the morphisms (6.1) is

(ts 0 (@jer,), Y (W05 (8))) = (trs Y (05 (D)) = v (¥5 (9).

Naturality of n with respect to multifunctors H follows because F'H is given by
applying H termwise to sequences of objects and operations. The index map of each
morphism (f, (¢)) is preserved by FH as in (5.6). Similarly, 2-naturality of n with
respect to multinatural transformations k follows because the components of F'x have
the identity index map and take sequences of the corresponding components of x as
n (5.7). This completes the proof that

n: IMutticat —> EF

is a 2-natural transformation. O
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Definition 6.3 (Counit). Suppose C is a permutative category. Define a component
e=¢c: FEC — C
as follows. For each index map
f:7r—3
and each length-r sequence of objects (x) with z; € C, let
Do P D (6.2)
ier Jes ief=1(5)
denote the unique morphism in C given by components of & permuting the terms of

the sum. Uniqueness of this morphism in C follows from the Symmetric Coherence
Theorem [ML98, XI.1, Th. 1]. Then ¢ is the following assignment:

e(z) = EBxl for (z) € FEC and (6.3)

(1.0 = (Do) o s (6.4)

where (f,{(¢)): (x) — (y) in FEC. Lemma 6.4 shows that each ec is a strict sym-
metric monoidal functor and that the components are 2-natural with respect to strict
symmetric monoidal functors and monoidal natural transformations.

Lemma 6.4. The components ec of Definition 6.3 define a 2-natural transformation
€: FE —> lpermcat-

Proof. To check that each component € = ec is a strict symmetric monoidal functor,
first note that (1, (1,,);) is the identity on @®;z;. Now suppose given a composable
pair of morphisms in FFEC

(f(¢) (g, ()

() () (2)

where |(z)| =, |(y)| = s, and |(z)| = t. The composite (cg)(ef) appears along the
sides and top of the following diagram, while £(¢gf) appears along the bottom with

O, = 'y(wk; <¢>g*1(k)> as in (5.4).

b P @5 ¢; Py & D D v

J€s ief=1(j) j€ES ket jeg—t(j)

\ /‘91&;93' @)
& O & D« But

ket jeg=t(k) ief~1(4)

i DOk

ier Ear ket i€(gf) =1 (k) OOk - ony) kel

In the above diagram, each of the three unlabeled morphisms is the unique morphism
in C given by components of £ permuting terms. The two triangles at left and bottom-
left commute by the Symmetric Coherence Theorem. The triangle at bottom-right
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commutes by definition of 05’ 5 in (5.2). The triangle at top commutes by naturality
of £ and the triangle at right commutes by definition of 6. Therefore each component
ec is functorial.

The monoidal sum in FEC is given by concatenation of sequences and disjoint
union of index maps. So ¢ is a strict monoidal functor because

e the monoidal sum in C is strictly associative and functorial,
e the morphisms &f are uniquely determined by the index maps f, and
e the empty monoidal sum in C is the monoidal unit.
Therefore we have
e cte) = (@) o (Pri) =<y o )

and
S B)) @ e(f (8)) = (( &; ) ogf) ® (( ®; ¢) o sf/) — (00 )

for objects (x), (') and morphisms (f, (¢)), (f/,(¢’)) in FEC. Moreover, ec is a sym-
metric monoidal functor because the symmetry in F'EC is given by block permutation
of sequences and hence ¢ sends the symmetry of FEC to that of C.

Naturality of € with respect to strict symmetric monoidal functors

pP:C—D
is commutativity of the following square for each such P.

EC

FEC C
FEP‘ lp (6.5)
FED —2 D

The above square commutes on objects (x) in F EC because P is strict monoidal and
hence

Commutativity on morphisms (f, (¢)) depends on the following.
e By Definition 5.4, FEP does not change the index map f.

e Since P is a strict symmetric monoidal functor, we have
C D
P (5 f) =< f

where 5% and 5? are the unique morphisms of (6.2) induced by the symmetry
of C and D, respectively.

e Since P is functorial, it preserves the composition of morphisms in the definition
of € (6.4).

For 2-naturality of €, suppose
a:P—>@Q:C—D

is a monoidal natural transformation between strict symmetric monoidal functors.
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The compatibility with monoidal constraints in (3.5) implies that the components of
« preserve monoidal sums. Therefore, using (5.7), we have

5(17 <a17>) = @afm = Ogpz; = Qg(x)

for each (z) € FEC. This completes the proof that
e: F'E — lpermCat
is a 2-natural transformation. O

Remark 6.5. Note that the 2-naturality of € depends on the assumption that P is a
strict monoidal functor. Without that assumption, the naturality square (6.5) gen-
erally does not commute on objects. This requirement is one of our motivations for
restricting the morphisms of PermCat to be strict symmetric monoidal functors.

Theorem 6.6. There is a 2-adjunction
F': Multicat —— PermCat: End
with F' 4 End.
Proof. The unit and counit
7: IMuiticat — EF and e: FE —> lpemcat

are shown to be 2-natural transformations in Lemmas 6.2 and 6.4. For each small
multicategory M, the composite

FUM

FM FEFM —™-> FM (6.6)

is the identity on objects because each sequence (z) is equal to the concatenation of
length-1 sequences of its entries. For a morphism (f, (¢)) in F'M,

(erm) (Fnm)(f, (@) = erm (f: (1 -1y @5))jes)

is the composite of the two morphisms in the following diagram.

() erm (f, ((¢1p-10y)> D3))ies) W)

(ffm /(@ybfl(j)h(qu)jes)

<<$i>ief*1(j)>j6§ jes

The index map for this composite is

_ & Sy
T T S,

which is equal to f. The second component of the composite is (¢) because, for each
k € 3, the permutation o vy &r Of (5.2) is the identity.
Il
A similar checking of objects and morphisms shows that the composite

Fec

EC > EFEC EC

is the identity for each small permutative category C because each §,, is an identity
morphism. This completes the proof that F' 4 F is a 2-adjunction. O
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We close this section with one further construction: a componentwise right-adjoint
for e. This will be used in the proof of Theorem 7.3 to show that ¢ is a componentwise
stable equivalence.

Proposition 6.7. For each permutative category C there is an adjunction of categor-
1es

ec: FEC ”— C: pc
where pc is induced by inclusion of length-1 tuples and ec - pc.

Proof. Throughout this proof we write € = ec and p = pc. The functor p is defined
by the assignments

pr=(x) for ze€C and
po = (17, (9))

for morphisms ¢ in C. In this definition both (z) and (¢) denote length-1 tuples. The
composite

c 2> FEC —=>C
is the identity. The composite
FEC —> C - FEC
is given by the assignments
() — (@i zi)
(f.(8) — (11, (@5 65) 0 &s)

where (z) and (f, (¢)) are objects and morphisms in F EC. A unit for the adjunction
(e, p) is provided by the following. Define a natural transformation a: 1ppc —> pe
with components

azy = (try low,): (@) — (@izi) (6.7)

for a length-r sequence (z) in FEC. In (6.7), ¢,: T —> 1 denotes the unique mor-
phism. For a morphism

(f:(@): (z) — (y) € FEC,

where (z) has length r and (y) has length s, the naturality diagram for « is the
following.

@) (/. )

(ers 1%“%

(@i i)

(y)

J(LS’ lo,y;) (6:8)
(@5 v;)
In the above diagram, the first component in each composite is ¢.. The second com-
ponent in each composite is (®,;¢;) o & because the right action of U}S)f on ©;¢; is
equal to the composition with &;.

The triangle identities for unit o and counit 1;. hold as follows. First, for an
object  of C, the component oy is the identity on (). Second, for an object (x)

(13, (®; ¢5) 0 &5)
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of FEC, the morphism e(cv,)) is the identity on @;z;. This finishes the proof that
(e,p) = (ec, pc) is an adjunction of categories. O

Remark 6.8. Note that the components pc in the proof of Proposition 6.7 are not
strictly monoidal, because the monoidal sum in F'EC is given by concatenation. For
objects x and 2’ in C, there is a monoidal constraint morphism

(L27 1I€B:v’): (.13, Z‘/) - (‘T D l‘/).
There is also a unit constraint morphism

(o, 1e): () — (e).

One can verify that these satisfy associativity, unit, and symmetry axioms to make
pc a symmetric monoidal functor.

7. Multicategories model all connective spectra

For permutative categories and for multicategories, we define stable equivalences
via the stable equivalences on K-theory spectra. We let SymSp denote the Hovey—
Shipley—Smith category of symmetric spectra [HSS00]. We let

K: PermCat —> SymSp

denote Segal’s K-theory functor [Seg74] that constructs a connective symmetric
spectrum from each small permutative category. See [JYoo, Chapters 7 and 8] for
a review and further references. For the work below we will need the following two
facts about stable equivalences.

Remark 7.1 (Stable equivalences).

1. There is a Quillen model structure on SymSp whose weak equivalences are the
stable equivalences [HSS00, 3.4.4 and 5.3.8]. In particular, the class of stable
equivalences includes isomorphisms, is closed under composition, and has the
2-out-of-3 property.

2. If P: C —> D is a strict symmetric monoidal functor whose underlying functor
is a left or right adjoint, then K P is a stable equivalence [JY oo, 7.2.5 and 7.8.8].

Definition 7.2. A stable equivalence between permutative categories is a strict sym-
metric monoidal functor P such that K P is a stable equivalence of K-theory spectra.
A stable equivalence between multicategories is a multifunctor H such that F'H is a
stable equivalence of permutative categories. Equivalently, the stable equivalences of
permutative categories are reflected by K and the stable equivalences of multicate-
gories are reflected by F.

Theorem 7.3. The free functor F' and the endomorphism functor End induce equiv-
alences of homotopy theories

F: (Multicat,S) <= (PermCat,S): End

where S denotes the class of stable equivalences in each category.
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Proof. By definition of stable equivalences, F' is a relative functor. To see that End is
a relative functor, we first note that the components of € are stable equivalences by
Proposition 6.7 and Remark 7.1 (2). Naturality of € and the 2-out-of-3 property for
stable equivalences then imply that

FEnd(P): FEnd(C) — FEnd(D)

is a stable equivalence whenever P is a stable equivalence. This, in turn, implies that
End(P) is a stable equivalence. Hence End is a relative functor.

The triangle identities for 1 and €, together with the 2-out-of-3 property, imply
that the components of 1 are also stable equivalences. Then the result follows from
Proposition 2.10. [
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