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EXTRA STRUCTURE ON THE COHOMOLOGY
OF CONFIGURATION SPACES OF
CLOSED ORIENTABLE SURFACES

ROBERTO PAGARIA

(communicated by Dev P. Sinha)

Abstract

The rational homology of unordered configuration spaces of
points on any surface was studied by Drummond-Cole and
Knudsen. We compute the rational cohomology of configura-
tion spaces on a closed orientable surface, keeping track of the
mixed Hodge numbers and the action of the symplectic group
on the cohomology. We find a series with coefficients in the
Grothendieck ring of sp(2g) that describes explicitly the de-
composition of the cohomology into irreducible representations.
From that we deduce the mixed Hodge numbers and the Betti
numbers, obtaining a new formula without cancellations.

1. Introduction

The ordered configuration space of n points in a complex algebraic variety X is

Fou(X) ={(p1,-...pn) € X" | pi #p;}.

We are interested in the unordered configuration space of X, that is
CalX)={I X |[[|=n} =Tn(X) 5 |

We compute the rational cohomology of C,(X,;) where 3, is a Riemann surface
of genus g. Our computation is dual to the one by Drummond-Cole and Knudsen
[DCK]: they used the Chevalley-Eilenberg complex to compute H.(C,(S);Q) for
any topological surface S of finite type. Since the mixed Hodge structure is defined
for any algebraic varieties, there is no evident motivation for which the manipulations
in [DCK] and in [K1] are compatible with the Hodge structure. Our work is based
on the previous one by Félix and Tanré [FT1] that uses the Cohen—Taylor spectral
sequence to study the cohomology.

The Cohen—Taylor spectral sequence is a spectral sequence F., (X, n) that converges
to the rational cohomology of F,,(X), as proven in [CT, pp. 117, 118]. Kriz [K2] and
Totaro [T] used the Fulton and MacPherson’s compactification [FM] to prove that for
any X smooth projective variety the spectral sequence degenerates at the second page,
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ie. H(EY®(X,n),dy) = gtV H*(F,.(X)), where W is the weight filtration defined by
Deligne [D].

The symmetric group &,, acts on F1(X,n) and the &,,-invariant subalgebra com-
putes the cohomology of the space C,,(X), indeed

H(E}(X,n)%",dy) ~ grlV H*(C.(X)).

Furthermore, this isomorphism holds for all closed oriented manifolds, see [FT1, The-
orem 2]. There exists an isomorphism gr!¥ H*(C,, (X)) ~ H*(C,(X)) both as algebras
and as mixed Hodge structures, but in the case of Riemann surfaces X = ¥, this is
not compatible with the action of the mapping class group.

Félix and Tanré [FT1] presented the differential graded algebra E;*(X,n)®" as
a bigraded vector space C,, with a differential d and a complex multiplication law e
that depends only on the cup product — of H*(X). See [FT1] for the definition in
the general case or see Definition 2.1 for the case X = 3.

Using the result of Félix and Tanré, we construct an algebra B, with a filtration
{F,, By} and surjections of differential algebras ¢,,: B, — C,, that restricts to isomor-
phisms F,, B, — C,,. The advantage of this method is that the algebra structure on
B, is easy since it is an exterior algebra and the filtration F;, B is induced by another
grading of By. On the other hand, F}, B, is not an algebra, so information about the
ring structure of H*(C, (X)) is lost.

We write B as a shorthand for the algebra B,. We find an acyclic ideal I of B, and
then we define A as the quotient B/I. The algebra A is filtered by F, A :=im F,, B,
the induced filtration from B. This filtration F,, A is strictly compatible with the
differential, and this allow us to simplify the differential d of A. Finally, we ob-
tain H*(F,A) ~ gr’ H*(C,(X,)) as algebras and as representations of the symplectic
group.

Although the action of the mapping class group I'y = MCG(X,) on H*(C,(X2,))
is not symplectic, it preserves the weight filtration W. Hence the induced action on
grlV H*(C,(X,)) is symplectic and we study it as a representation of the symplectic
group (see also Remark 3.1).

The next step is the explicit computation of the cohomology using the action of
the Lie algebra sp(2¢g) on the model (A,d). From this analysis, we find out a formal
power series with coefficients in Ry, i.e. the Grothendieck ring of sp(2g). For g > 0
the following equation in Ry[[t, s, u]] is proved in Theorem 4.11:

Z [grﬁzj HY(C, (Eg))}tisjun
5,
1
= 17((1 + t25u®) (1 4 t2u) + (1 + t2su?) 1?9 su?9TD 4 (1 4 2su?)-
—u
(1t 25u®) 3 Vi g, 10500 72(1 + t2(-‘7‘j)su2(g_j+1))>. (1)
N
i20
Eq. (1) describes explicitly the decomposition of the associated graded module
gtV H*(C,(2,)) into irreducible representations. Moreover, by taking the dimension
dim: Ry — Z, we obtain the mixed Poincaré polynomial of C,,(X,) as the coefficient
of u™ in eq. (1). The dimension of the representations involved in our formula is
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calculated in Lemma 3.10:

dim ‘/7;UJ1+UJJ' = (

29—|—i—|—1> 29+2—-25 j
0] 20+2+i—ji+j

The formula for the Betti numbers given in [DCK] is different from the one in
this paper, which has no cancellations and a more geometric meaning, because each
summand corresponds to a specific submodule of the cohomology with a weight and
a description of the symplectic group action.

We can give some explicit information about the mixed Hodge numbers.

Corollary 1.1. For g > 1 the weights h that appear in H*(C,,(3,)) are in the range
3k —g—1<h< 3k. Moreover, in this range the dimension of gr}y H*(C,(Z,)) is
polynomial in k of degree 2g — 1.

The polynomial growth of the Betti numbers was already established in [DCK,
Corollary 4.9].

The cases of genera 0,1 have already been studied in [S4,S1,S3] and in [S2, MCF,
P1], respectively. The Euler characteristic of the configuration spaces of any even-
dimensional orientable closed manifold M was computed by Félix and Thomas in
[FT2] and it is given by the formula:

D X(ECa(M))u" = (1 + )X,

n=0

In the case of surfaces, this formula can be obtained from eq. (1) by settingt = s = —1
and taking the dimension of the representations.
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2. Models for H*(C,)

Given a graded vector space V we denote by sV the same vector space with
the degree shifted by one, i.e. for any v € V of degree i, the element sv € sV has
degree i + 1. We fix a symplectic base of H*(3,) whose elements are 1 € H'(Z,),
a1y...y0g,b1,...,bg € HY(Z,), p € H*(X,). The cup product — in H*(X,) is given
by a;—b;=0fori#janda; —b;=pforali=1,...,¢.

Definition 2.1. Let (), be the bigraded vector space

5]
C DA™ (H(Ey) & A (sH(Sy))
r=0
where the bigrade of H*(Z,) is (k,0), the bigrade of sH*(X,) is (k,1), and the
graded-symmetric algebra is constructed with respect to the total degree. We endow

Q.
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deg; | deg, | degs
a;, b, 1 0 1
P 2 0 1
sl 0 1 2
sa;, sb; 1 1 2
sp 2 1 2

Table 1: The degree of the generators of B,.

C,, with the product:

(3101/\~~/\xn,gr<}§>syl/\...syr)-(zl/\~~/\zn,2t®sw1/\...sw,5)Gl:ef

1
m Z tagr @ (Be Ar),
€S, _2r
TES 2t

where:

g, = (-To—(l) ~ Z’T(l)) ARERA (xa(n727‘72t) ~ Z‘r(n727‘72t))
ﬁa = S(mcy(n—Qr—Qt—i—l) ~ To(n—2r—2t4+2) wl) ASERVA s(xa(n—Qr—l) ~ Lo(n—2r) wt)

Vr = 8(Zr(n—2r—2t41) ~ Zr(n—2r—2t42) — Y1) A= A 8(Zr(n—2t—1) ~ Zr(n—2t) = Yr),
and the sign =+ is given by the Koszul rule. We consider the differential
d: A" (H(E,) © A (sH(Z,)) = A" 22 (H(S,)) © A7 (sH(Z,))

of degree (2, —1) defined on the generators by

o 1
d(l/\---/\1®sy)d:fg(l/\n#\l/\y/\p—&-l/\n-Al/\(yvp)
g g
—Zl/\---/\l/\(yvai)/\bi+21/\---A1/\(yvbi)/\ai).
=1 =1

For the sake of notation, in the following we will write 1 A -+ A xp ® sy; A ... Sy,
for the element x1 A+ - Axp ATA--- A1® sy; A...sy, where the number of 1 omit-
ted is n — 2r — k.

Theorem 2.2 ([FT1, Theorems 1, 14]). The triple (Cy,e,d) is a differential graded
algebra and it is isomorphic to the &, -invariants of the first page E1 of the Cohen—
Taylor spectral sequence for C,,(X4):

(Ela dl)Gn = (Cnvd)
Definition 2.3. Let B = B, = A"(H*(Z,) ® sH*(X,)) be the graded-symmetric al-

gebra on the trigraded vector space H*(3,) @ sH*(X,), where the grading is given
in Table 1 and the total degree is |z| = deg; (z) + degy(x). We endow B, with the
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following differential:

d(z) =0 forzec H*(,)
g
d(sp) =p*, d(s))=p— Y aib; (2)
i=1
d(sa;) = a;p, d(sb;) =b;p fori=1,...,g9.

Remark 2.4. The elements of C,, (resp. of B) can be interpreted geometrically as
follows. Generators a; and b; for ¢ =1,...,¢g are an average over all particles (i.e.
points of the configuration) of the motion of that particle along the curve a; (resp.
b;). The element p is the average over all particles of the motion of that particle
on the entire surface. The generator sl is the average over all pairs of particles of
the rotation of one particle around the other. Similar description holds for the other
generators.

In order to describe cohomological classes we need to resolve the collision problems
of the moving particle with the other particles in the configuration. This is possible
only if its differential is zero.

The only difference between the generators in B and in C, consists in the multi-
plication by a numerical coefficients, as shown in the following Lemma 2.5.

Notice that the differential d is compatible with deg; and deg, of degree (2, —1),
but not with the third grading since d(s1) =p—>.7_, a;b;. For all n € N consider
the morphisms ¢,,: B — C,, defined by

onla;) = ai,  @n(sa;) = (n—1)"2n—1)(n—14+g)sa; fori=1,...g,
On(b) =bi,  @nl(sb) =(n—1)1?n—-1)(n—1+g)sb; fori=1,...g,
on@) = —=DI(n—149)p, @n(sp)=2(n—1)1*n—1)(n—1+g)?sp,
en(sl)=(n—1)!(n—1)sl.

Lemma 2.5. The map ¢,: B — C, is a morphism of differential graded algebras.

Proof. We verify the compatibility between ¢,, and the differential. We first compute
products in Cy:

1
a;eb; = ] Z aor=(n—11n—1)a; ANb;+ (n—1)p,
oe6,
TEG,
analogously we have

ajep = (n—1n—1)a; Ap,
biep=(n—1)!(n—1)b; Ap,
pep=(n—1!(n—-1)pAp.

Now we prove the equalities d(¢n(z)) = ¢, (d(z)) for all the generators a: for
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z = sl we have

d(en(s1)) = d((n —1l(n - 1)s1)

=(n—1)(n—1)( Zaz/\b
=n—-1l(n—1)p Zapb (n—1lp
=(n—-D(n—14+g)p Zaﬂb

Zal i) = d(sl)),

for x = sp
d(pn(sp)) = d(2(n — DF(n — 1)(n — 1+ g)*sp)
=2n—1)Bn—-1)n-—-1+ g)2%p/\p
=(n—1P(n—1+g)°pep
= ¢u(p?) = en(d(sp)),
forx=sa;,1=1,...,9g

d(pn(sa;)) =d((n —1)1*(n —1)(n — 1 + g)sa,)
=(n-D2%n-1)(n-14g)a;Ap
=n—-1)l(n—-1+g)a;ep
= pn(aip) = pn(d(sai)),
and analogously for sb;. For all other generators = = a;, b;, p we have
d(pn(z)) = 0 = pn(d(z)).
O

Definition 2.6. Let {Fy B}, be the filtration of B defined by the third grading,
i.e FpB = EBing""i.

Notice that the inclusion d(FyB) C FyB holds since it holds for all generators of B.

Lemma 2.7. Letn — 14+ ¢ #0 and k+2r <n. For all x1,... 2k, y1,...yr € H(X,)
we have in C, the following equality

TN ALTAZI A AXp @ sYyr A=+ A\ Sy,
=App(z1)e ... eon(xk)epn(syr)e ... eon(sy,) + 2

for some X € Q* and some z € @, (Fyi2r—1B). In particular ¢,: F,B — C,, is sur-
Jective.
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Proof. We first consider the case k = 0: we prove the statement by induction on r.
The base step for r =1 follows from the definition of ¢, and from n —1+ g # 0.
Suppose r > 2 and consider the product sy; A -+ A sy,_1 ¢ sy, in Cy:

1
SYr N+ N sYyr—108Yr = m Z Bor AN Yo,r
f0€G, _ar
Tres )

—2r+2)I(n = 2)!
:(n r+2)!(n )syl/\-“/\syr—l/\SyT'
(n —2r)!

By inductive hypothesis we have sy; A -+ A sy,—1 = Nop(sy1)e ... e on(sy,—1),
S0 sy1 A+ A Ssyr = Apn(sy1) e ... en(sy,) for some A € Q*.

Now we proceed by induction on k, the base step k = 0 is already been proved.
Suppose k£ > 0, we have

1
1/\~'/\1/\x1/\~~/\xk_1®sy1/\~~/\syroxk:m > o ®Bor
" 0EG,_ar

TEG,

k—1
:(n—l)!leA-~~/\(in:ck)/\o~~/\xk_1®sy1/\~-/\syr
i=1

(s
F2n =D @y A Azpg ®@syr A As(y; Uzg) A A syr
j=1

+(n=—Dln—k=2r+Dz A Az @Sy1 A+ A SYr.
The first two sums belong to ¢, (Fk+2,—1B) by inductive hypothesis. We also have
TN ANTp—1 @ SYyp AN+ N\ Syr
= N'pn(@1)e ... opn(zr_1) e @n(syr) e ... e@nlsy,) + 2

for some N’ € Q* and z € ¢, (Fgt2r—2B). Using that x) is a multiple of ¢, () and
that z e v, (k) € @n(Frior—1B), we obtain the claimed equality. O

Lemma 2.8. The restricted chain map p,: F,B — C, is an isomorphism.

Proof. Lemma 2.5 ensures that ¢, is a homomorphism of chain complexes and
Lemma 2.7 gives the surjectivity. We complete the proof with a dimensional argument.

Let S(t) be the formal power series ((11+_?;j and R(t) = %, they are the Poincaré
series of A"(H (X,)) and of A°(sH(X,)) with respect to the cohomological degree. For
any power series K (t), we denote the coefficient of t* by [t*]K (). The dimension of

C,, is

Lz
dim C, = S [ FS() - [FIR(E) = (S RE)).
r=0
By definition of F;, B, we have

—

dim F,, B = zn:dim Bt = Zn:[ti] <(1 +4)%(1 + t2)2> .

P = (1—-1t)(1—1t2)%
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Let K (t)be the power series % The equality

(L 029(1 4 12
] ((1 TR t?)?g)

[t (S(OR(#*))

i{t”—ﬂ (155 o

completes the proof. O

Consider the ideal I of B generated by sp and p? and define A as the quotient
B/I. Since d(I) C I, A is a differential graded algebra. The filtration {F, B} induces
two filtrations {F,, I} and {F, A} on I and A, respectively.

Lemma 2.9. The ideal I is acyclic, i.e. H(I,d) = 0. Moreover the chain complexes
(FI,d) are acyclic for alln, i.e. H(F,I,d) = 0.

Proof. First, notice that the filtration F,,I is induced by the third grading degs; of B
and that p and sp are homogeneous elements of degrees deg;(p) = 1 and degs(sp) = 2,
hence:

F,I:=F,BNI=F,_op®>+ F,_ssp. (3)

Since B is an exterior algebra, we have that (p?) N (sp) = (p?sp) and, keeping track
of the gradation, (p?) N (sp) N F,, B = p?spF,,_4B.

Consider a generic element xp? + ysp of F,I homogeneous with respect to deg;
and deg,, and suppose that xp? + ysp belongs to kerd, in which case we will prove
that xp? + ysp € d(F,,I). Since d preserves the first two degrees, we can assume x
and y to be homogeneous with respect to deg; and deg,. By eq. (3) we can suppose
that x and y are in F,,_oB. We use the hypothesis d(xp? + ysp) = 0:

d(zp? + ysp) = d(2)p* + (-=1)lyp* + d(y)sp = 0.

The element d(z)p? + (—1)¥lyp? belongs to (p?) N (sp) N F, B, hence there exists
z € F,,_4B such that d(z)p? + (=1)I¥lyp? = 2p?sp. We use again the fact that B is
an exterior algebra to obtain d(z) + (—1)1¥ly = zsp. Therefore, we have

zp® + ysp = ap® — (~1)¥ d(x)sp = p*x — spd(z) = d(spa).

Since x € F,,_2B, then spx € F,,I. We have proven that H(F,I,d) = 0, the vanishing
of H(I,d) follows from I = U, F,I. O

Notice that A is isomorphic to A° (ﬁ(Eg) D 3H<1(29)> /(p?).

3. Some facts of representation theory

Let X, be a Riemann surface, I'; be its mapping class group, and Tor(X,) the
Torelli subgroup. Recall the short exact sequence

0 — Tor(X,) - Ty — Sp(2g;Z) — 0.
Consider the weight filtration W, of the cohomology of the algebraic variety C,, (%),
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definition and properties of this filtration can be found in [D]. We define the module
gtV H*(C,(2,)) as the quotient W;H*(C,(2,))/Wi—1H*(Cn(E,)) and their direct
sum gr!¥ H*(C,(Z,)) = @i grl¥ H*(C(X,)) is a bigraded ring.

The natural action of the subgroup Tor(¥,) on H*(C,(X,)) may be non-trivial,
but the induced action on gr!¥ H*(C,(3,)) is trivial. Indeed, since %, is a compact
algebraic variety, Totaro proved in [T, Theorem 3] that the Leray filtration for the in-
clusion F,(¥,) < X coincides with the weight filtration on H*(F,(X,)). Therefore,
each homeomorphism of the pair (F,(%,),%}) preserves the Leray filtration, and
thus the weight filtration W,. In particular this applies to each element in I'; acting
on the pair (F,(%,),E2). Indeed, grl¥ H*(C, (%)) ~ H(ES", d,) functorially, hence
the isomorphism is I'j-equivariant. The action of I'y on the algebra El6 ™ is clearly
symplectic thus Tor(3,) acts trivially on gr!¥ H*(C,(X,)). The action of the Torelli
group is studied in [B] in the case of once punctured surfaces and it is non-trivial on
Hy(Cr (24 \ {*})); the case of compact surfaces is similar.

Remark 3.1. From Theorem 4.11, we deduced that the filtration W, is trivial in co-
homological degrees 0,1,2 and also in degree 3 if g =2, since the graded module
grV H'(C,(X,)) is concentrated in a unique degree for i =0,1,2 (and i = 3,4 if
g = 2). Thus in these cases the action of the mapping class group is symplectic.

Looijenga in [L2] proves that the action of Tor(¥,) on H?(C3(¥,)) is non-trivial
for g > 3 and so in these cases the action is not symplectic.

We consider gr!¥ H*(C,(%,); C) as a representation of the Lie algebra sp(2g) as-
sociated to the complex symplectic group. If we denote the fundamental weights of
sp(2g) by wi,...,wy, the irreducible representations of sp(2g) are the highest weight
representation Vy for all dominant weights A = >~7 | A\;w;, A; € N. The cohomology
of ¥, in degree one is given by the standard representation, i.e. H'(X,) = V.

Let V be the sp(2g)-representation = H*(3,) ~ V,,,. Before computing the co-
homology of (A,d) we need to know the cohomology of (A"V & S* V,(;l)7 where the
differential d is defined by d(1®v) =v® 1 and d(v® 1) = 0 for all v € V. The stan-
dard action of sl(2g) on V induces an action on (A" V ® S° V,d), since the differential
d is sl(2g)-equivariant.

We will call wi, ..., wsg—1 the fundamental weights of s[(2g) and W, its irreducible
representations associated to a dominant weight p = Zfi Il m;w;, m; € N.

Lemma 3.2. The sl(2g)-representation NV @SV decomposes, for j < 2g, as
NV &SV = Winytu; ® Wimt)u o,

Proof. 1t is known that St Wy, = Wi, and A Wo, =Wy, Let o = (1,7 +1) € Gy

be an element of the Weyl group of s[(2g). The element iw1 + o (w;) = (1 — 1)w1 + wjy1

is a dominant weight for ¢ > 0. By the Parthasarathy-Ranga-Rao—Varadarajan con-

jecture (see [L1,K3]) Wiy, +w; and W1y, 4w,,, are contained in the tensor product
Wiw, @ Wy,.. Use the Weyl dimension formula to find

. 14+j—1\[i+2g
d1mWiw1+wj = < i ><'L—|—] .

The equality (iﬂ;l) (’;fjg) + (ﬁi;l) (Hif;l) = (21:‘7) (”2571) completes the proof. [
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Lemma 3.3. The differential complez (A°V ® S°V, a) is exact in positive degree.
Proof. The differential
d: Wiw1+wj @ W(i—l)w1+wj+1 — W(i—l)w1+wj+1 53] W(i—2)w1+wj+2

is a non-zero morphism of representations. Therefore, we have Wi, 1., = (ker (~1)“
and Wi _1)u, 4,4, = (imd)? 11 for j > 0. Obviously (imd)®? = 0, so the equality

H'(A'V®SV,d)=C
completes the proof. O

Remark 3.4. The complex (A*V ® S°V, (~i) is the Koszul resolution of the trivial S* V-
module C, hence it is an exact complex.

Since the Lie algebra s[(2g) does not act on A,, we need to present a branching
rule for sp(2¢g) C s1(2¢g). For the sake of an uniform notation, we define V) = 0 if A is
not a dominant weight.

Lemma 3.5 (Branching rule). The sl(2g)-module Wi, 1., decomposes as an sp(2g)-
module in the following ways:

L5 1452
Wiw1+wj = @ ‘/Yiw1+wj,2k @ @ ‘/v(ifl)w1+w_7‘_2k_1 if2 < j < g,

k=0 k=0
Lﬂ%Fij Lﬂ;%ﬁj

Wilerwj - @ ‘/ilerwgg_j_Qk 5> @ ‘/v(i—l)LIJl—‘rWQg,j,zk,l 1f] > g.
k=0 k=0

Proof. We apply the result of [ST, Theorem 1]. The diagram associated to iw; + w;
has a hook shape with row length ¢ + 1 and column length j. Fill each box with labels
in the ordered set {1 < --- < g < g < --- < 1}, such that it becomes a semi-standard
Young tableau (SSYT) i.e. the rows are non-decreasing and columns are increasing.
The word w(T') — associated to a SSYT T — is the word obtained by reading the
tableaux from right to left and from top to bottom. By convention, ez = —e,. A word
w(T) = ajas ... ag is admissible if for each r < k the element Z;Zl €q. is a dominant
weight for sp(2g). The decomposition of Wi, ., into sp(2g)-representations is given
by

Wiwr+w; = @ Vi)
w(T) admissible
where \(T) = Sl e,
Suppose w(T) is admissible, then the first row of T is labelled only by ones. For
j < g, all possible labels of the first column of T', from top to bottom, are the following;:

e 1,2.....9—k,j—k,j—k—1,...,7—2k+ 1, where k is an integer such that
0<2k<j—-1

e 1,2,...,j—k—1,j—k—1,...,7 — 2k, 1, where k here is an integer such that
0<2%k<j—2andi>0.

Our decomposition follows, the case j > g being analogous. O
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Let w be the element Y 7_, a; Ab; € A"H'(3,) C A. The differential d of A involves
the multiplication by w (see eq. (2)). Thus we need to study the operator

L,: NVeS' Vs NP2y es Vv

defined by left multiplication by w.

Lemma 3.6 ([FH, Theorem 17.5]). The sp(2g)-representation ANV is isomorphic to
A*979V and decomposes, for j < g, as

5]
NV =W, =PV, o,
k=0
Moreover, (ker L,,)?9~1 =V, C A*979V and (coker L, )7 = Vi, C NV,

We denote by R, the Grothendieck ring of sp(2g), i.e. Ry is the free Z-module with
basis the irreducible (finite dimensional) representations of sp(2¢). The ring structure
on R, is induced by the tensor product of representations, however we do not need
the multiplicative structure.

Lemma 3.7. Fori >0 and 1 < j < g, we have

VUJJ & SZ V= ‘/iwl+wj D Vr(i—l)wl-‘rwprl D ‘/(i—l)wl-i-wj,l D Vv(i—2)w1+w]- . (4)

Proof. We use Lemmas 3.2, 3.5 and 3.6:
Vo, ®S8'V=NVeSVeN?Ves'V
= Wiwitw; © Wi tywr+wsin © Wier+w; 2 © Wii-Dwi 4w,
= Viortw; © Vii-Dwnr+wisn @ Vli-Dwr w1 © Vii-2)wn +w;
where the symbol © is the negation in the Grothendieck ring R,. O

Definition 3.8. Let W = @; ; W%J be a bigraded representation of the symplectic
Lie algebra sp(2g). The Hilbert—Poincaré series of W is the formal power series

Py (t,s) = Z[Wi’j]tisj € Ry[[t, s]].

.7
Recall that the bidegree of v ® 1 is (1,0) and the one of 1 ® vis (1,1), for allv € V.

Corollary 3.9. The Hilbert—Poincaré series of the representation A°V ® S*V is
2ot 1 29 ]

P t = t
AV®SV(7S) t2—1 + St2—1+
t2(g—i+1) _q it
+ (14 s)(1+ %) Z [Viwﬁwﬁﬁt st
1<jsyg

i>0
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Proof. We first notice that Lemma 3.6 implies

29 g 9-J g tQ(g_j+1) 1
DIV =D Y Vi 0 = Y Vil —g =,
=0 =0 k=0 =0 -

where we set [V,,] =1 € R,. For 1 < j < g, Lemma 3.7 implies that
Z[ij @ Sz V] (tS)Z = Z[‘/iw1+wj](t3)i(1 + t252) + Z“/iw1+wj+1](t8)i+l+
>0 i>0 >0

+ Z[‘/iw1+wj—1](ts)i+1'

i>0
We want to compute Py vgs v (¢, s):
$2(9—3+1) _ 1

Pavesv(t,s)= Y [NVeS Vs = " [V, @S'V] = st
1<5<g 0<j<g a
i>0 i>0
()
In this last sum, the addendum for j = 0 is:
$2(g+1) _ 1 . $2(g+1) t2(9+1) —1 )
Z[Viwl]ﬁt% + Z i+ | 1 ——— s
=0 120
and the addenda for j > 0 are:
20g—3+1) 1 . ..
Z [‘/iwl—i-wj] t2 _71 tj+151(1 + t282)
ENAY
i>0
t 29—+ 1 .,
+ Z Viwr +wj i1 t27_1ﬁ+1+151+1
1<j<g—-1
>0
t2(g*j+1) —1
+ Z Viws+w;_1 Wtﬂrﬂrlgwrl.
1<j<yg
i>0
Thus, eq. (5) is equal to
$2(g+1) _q t29 -1 29—+ _ 1 .
a1 tEortet 2 Vi, (Wﬂﬂsz(l +1%5%)+
1<5<
ziOg
$209=9) —1 . . . . t209—3+2) _ 1 . . .
JHi+2 git1 JHigitl
H o T e ),
Since the last factor is equal to (1 4 s)(1 + t2s %t’”s we have proven the
2—1
claimed equality. O

Lemma 3.10. Fori >0 and 1 < j < g, we have

2g+z+1> 29+2-25 j

1,7 29+2+1—j5147 (6)

dim ‘/;Lw1+wj = (
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Proof. Recall that the positive roots of the Lie algebra sp(2g) are
extep for 1<k<h<g and 2 for 1<k<yg.

Moreover, the half-sum of the positive rootsis p = >7_, (g + 1 — k)ey,. Now, we apply
the Weyl dimension formula:

H (tw1 +wj + p, ex, — en) _ (g+1)!

ish {p,ex —en) illg = NG —DIE+ )

H (iwy +wj+pex+en)  (29+i4+1)g+1—75)(29 + 2 —27)
i (p;ex + en) (g+i+DI29+1 )29 +i+2—7)

ﬁ (iwr +w; +p,2ex) g+ 1+i
Pt (p, 2ex) g+1-j

We obtain eq. (6) by multiplying the right hand sides of the above identities. O

4. The cohomology of configuration spaces

The case of the sphere (g = 0) is essentially different from the case g > 0 and our
approach is useless since sp(2g) is trivial for g = 0. We refer to [S4] for the following
theorem.

Theorem 4.1. The rational homology of C,,(S?) is:

H°(C,(5%);Q) = Q for all n,
H*(C:(57);Q) = Q

H?(Co(5%);Q) = Q for n > 3,
H*(C,(5%);Q) =0 otherwise.

From now on we assume g > 0 and so w = >_7_; a;b; # 0.

Lemma 4.2. For g > 0 the filtration F,, A is strictly compatible with the differential.
Therefore, grf™ H*(A,d) ~ H*(grf* A, gr’ d).

Proof. We need to prove that imdNF,, A C d(F,A) for all n > 0. Consider a generic
element zsl 4+ ypsl + z + wp in F,, A with z,y,z,w € AV ® SV. Since the filtration
F, A is induced by degs, we can assume that € F,,_2A, y € F,,_3A, z € F, A, and
w € F,,_1A. Suppose that d(zsl + ypsl + z + wp) € F,,_1 A, then we have

d(wsl + ypsl + 2+ wp) = d(x)psl + (=1)"lz(p — w) — (=1)lypw + d(2)p.
By looking at the third degree of the element in the right hand side, it follows that
d(z) € F—4A, d(2) —wy € F,,_2A and wz € F,,_1 A. Since on A°V ® S°V the third

grading coincides with the total degree (i.e. degs(z) = |z|), we can suppose z,y, z
being homogeneous of total degree n — 2, n — 3, and n respectively. So we have

d(z)=0, d(z)—wy=0, and wz=0.

From wz = 0 and d(z) = 0 we deduce that deg(z) > 0 and = = d(z’) for some 2’ of
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total degree n — 1. It follows that
d(zsl + ypsl + z + wp) = d(z')
for 2’ € F,_1A and so imdNF,,_1A C d(F,—1 A). O
From now on we will work in grp A with the differential gry d. The only difference
between d and grpd is that (grpd)(sl) = —w. By an abuse of notation we denote
the differential of grp A = A by d.

For any bigraded vector space W we denote by Wa, b] the same vector space with
the bigraded shifted by (a,b).

Lemma 4.3. The kernel of the differential d is the direct sum of the following vector
spaces:

1. (kerd Nker L,)[0,1],
2. (imd Nker L,,)[2, 2] @ kerd[2,1],
3. ker a,
4. NV @S VI[2,0].
Proof. Consider a generic element xsl + ypsl + z + wp with x,y,z,v € AV ® S*V:
its differential is
d(zsl + ypsl + z 4+ vp) = d(z)psl — (=1)1*lzw — (=D)¥ypw 4+ d(2)p. (7)

Therefore d(zsl + ypsl + z + wp) = 0 if and only if wz =0 = d(z) and (—1)Wyw =
d(z). The equations wz = 0 = d(z) imply that x € (kerd Nker L,). The condition
yw € imd is equivalent to d(yw) = d(y)w = 0, thus

y € kerd ® (imd N ker L,,)[0,1].

Let 2" = 2/(y) be a fixed element such that wy = d(2'): then z is of the form 2’ + 2"
for some 2" € kerd and v can be any element in AV ® S* V. O

Lemma 4.4. The image of the differential d is the direct sum of the following vector
spaces:

1. 0,

2. imd[2,1],

3. wker El,

4. im L [2,0] 4 imd[2, 0].
Proof. Eq. (7) implies that the image of d has trivial intersection with the submodule
s1A*V ®S* V. Consider x such that d(z) # 0, then the element (=)l zw + d(z)psl
gives the addendum im d[2, 1]. Now suppose d(x) = 0 and xw # 0, then zw is in the
image and generates a submodule isomorphic to w ker d.

Finally,

imd N pA'V®S'V  coincides with  im L,[2,0] + im d[2, 0]

(in general this is not a direct sum). O

Let @ € A'V ®S'V be the unique sp(2g)-invariant element such that d(@) = w.
The following lemma is an immediate consequence of Lemmas 4.3 and 4.4.
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Lemma 4.5. The cohomology H*(A,d) is generated by:
1. zsl forz € kerd Nker L,
2.1. psl+w,
2.2. ypsl +z if dy € kerd Nker Ly, and (—1)lyw = dz,
3. y fory € ker a/w kerd,
4. yp fory e AV ®S°V/(imd + im L,).
Lemma 4.6. The cohomologies of ker L,,, im L, and coker L., with respect to the
differential d are given by:

H%Y(coker L,,) = (1), (8)
H"!(coker L,,) = (w), (9)
H?°(im L) = (), (10)
H9"(coker L) = HI*H 7 (im Ly,) = HY' " ?(ker Ly,) =~ Vii 9)u, 4w, (11)
H7 (coker L) = HI*H ! (im L) = B/ (ker L)) = 0, (12)

Proof. Consider the two short exact sequences
0—kerL, A" V®S'V—->imL,[2,0] =0
0—-imL, A V®S'V — coker L, — 0.

By Lemma 3.3
H?"(coker Ly,) ~ H/*'" 1 (im L) for (j,1) # (0,0)
Hj’i(im L) ~ Hj_l’i_l(ker Lw) for (172) # (2a0)-

Eq. (8), (9) and (10) follow immediately from the long exact sequence in cohomology.
Since (ker L, )?* =0 for j < g and (coker L, )?* =0 for j > g, we deduce eq. (12).
The only representation that can appear in

HY(coker L,,) ~ H%*~2(ker L)

i8 V{i—2)w; tw, - 1t is easy to see that the subspace Viy, +w, C Vo, @ SV is contained
in ker L, Nkerd, but cannot lie in d(ker L) since (ker L, )¢~ 1! = 0. This proves
eq. (11). O

Lemma 4.7. The Hilbert—Poincaré series of kerd Nker Ly, is
Pevirierp, (t:8) =29+ (14+128) Y [V 4o, 12977050

1<j<g
i>0

Proof. Notice that kerd Nker L,, = ker(&‘ ker L,,) and
Prerr,(t:8) = D [Viwy 1) 29778 (14 5) (1 + t75)+

1<j<g
i20

F 129 4 195+ Vi, o, 1787 (1 + £25 4 £257),
i>0

Py(erL,)(t,8) = Z[%w1+wg]tg+i8i.
>0
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Using the formula (s + l)Pker(&lkerL y(t,8) = Prer L, (t,8) + $Pr(ier L, (t, 8) we ob-
tain the claimed equality. O

Lemma 4.8. The Hilbert-Poincaré series of ker Ei/w kerd is

Pkcra/w kcra(t7 S) =1+ (1 + t28) Z [‘/iw1+wj}tj+i5i'
1Sy
i>0
Proof. Consider the exact sequence

kerd

O—>keraﬂkeer—>keraL—“>kera—> /wkera_>0'

We have
Pkera/w kera(t’ S) = (1 - t2)Pkera(t’ 5) + tzpkeraﬁker L, (t7 8)’

and from Lemma 4.7 we obtain the claimed equality. O

Lemma 4.9. The Hilbert-Poincaré series of A°V ©S°V/im L, + imd is

Py vesv)imp,tima(tss) = (1+ t?s)(1+s Z [Vien e, 7 1s").
N
i>0
Proof. Let K be the quotient A*V ® S* V/im L, + im d. Consider the exact sequence
0—imdNimL, — imd®imL, - A°V®S'V = K -0
and observe that imd Nim L., = kerd Nim L, = ker(a| im L,,)- We compute the series
P, ) using the formula

er(a| im

(1+5)P.a (t,8) = P, (t,8) + sPr(im 1.,)(t, 5)

er(d|imr,,)
applied to the bigraded complex (im L,,, &| im L., )- Notice that
Pyvesv(t,s) = (1+s)P,5+1
by Lemma 3.3, so we obtain
(1 + S)PK = <1 + S) (PA Vesv — Pima = P, + Pker(a“mLu))
=sPyvesv +1—8Pmr, +5Pr(imL.)
= SPcokcer +1+ SPH(ime)~
The equalities
Pri(imr,)(t,s) = >+ s Z[‘/iw1+wg]tg+isia
i>0
Peoker L, = 14175+ (14 8)(1+128) > [Vi, o, ]/ T's'+
e

(145 +257) ) [Viey oo, 17T

i>0

complete the proof. O
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Theorem 4.10. The Hilbert-Poincaré series Py(a(t,s) € Ry[[t,s]] of H(Ag,d) is

(L4 28)(L+ 2+ 179) + (1+£79)° Y [Viey 4o, /8" (1 4 207 7)5),
ENAY
i>0
Proof. By Lemma 4.5:

_ 2.2 2 2
PH(A) - ($+t s )Pkeraﬁkeer +1 S+Pkera/wkergl+t PA Vs V/‘ L=t
im L,,+imd

The computations of Lemmas 4.7 to 4.9 complete the proof. O
Let Q4(t, s, u) be the following series in the Grothendieck ring of sp(2g):
def i+j i.j,m
Qult,5,u) S grll o, HH(C(S,)]ti s,
1,7,m

Theorem 4.11. If g > 0, the polynomial Q4(t,s,u) € Ryl[t, s, u]] is equal to

Qylt, ) = —

((1 + 25u®) (1 + t2u) + (1 4 t2su?)t29su9+D) 4
—u

+(1+ t28u2)(1 + t28u3) [X/iwl+wj]tj+isiuj+2i(1 + t2(g_j)su2(g_j+1))).
1

VA
S/N

JSY
z

~

Proof. Use Lemma 4.2 and notice that Qx (¢, s,u) = Pk (tu, su) for any sub-quotient
K of A°V ®S*V, thus:

(1 - U)Qg :SUQPker dnker L, + t28U3 + t282u4pker dnker Lw+ (13)
2
+ Pkcra/w kerd T U UP) yeg V/im L,+imd-
Lemmas 4.7 to 4.9 complete the proof. O

Theorem 4.11 and Lemma 3.10 give a formula for the mixed Hodge numbers and
for the Betti numbers of C,,(2,). We use this formula to give a different proof of the
result in [DCK, Corollary 4.9] about the polynomial growth of the Betti numbers,
and to extend it to the mixed Hodge numbers.

Corollary 4.12. Forn > k> 0, the weights h that appear in H*(C,,(2,)) are in the
range

min{l,g — 1} < 3k —2h < max{g+2,2g} and h > k.

Moreover, in this range the dimension of gr})) H*(C,,(X,)) is polynomial in k of degree
2g — 1.

Proof. For i > 0 the dimension of Vj,, 4w, is polynomial in i of degree 2g — 1 (see
Lemma 3.10). Theorem 4.11 implies gr}’ H*(C,(2,)) = 0 for h < k or outside the
range min {1, g — 1} < 3k — 2h < max {g + 2, 2g}. For such h and k, gr} H*(C,,(%,))
is the direct sum of at most 8 irreducible representations Vj,, 4w, for some i, j such
that i = k + O(1). It follows that dim(gr})¥ H*(C,,(2,))) ~ i29~! ~ k?9~! has polyno-
mial growth in k. Notice that, for any fixed k the weights h that appear in H*(C,,(%,))
are at most g + 1. The claim about the Betti numbers follows since they are the sum
of g + 1 positive numbers (i.e. dim(gr}’ H*(C,(3,)))) that grow polynomially in & of
degree 2g — 1. O
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Notice that the growth of Betti numbers of the unordered configuration space of
the torus (g = 1) is polynomial in n of degree 2k — 2. Indeed in [P2] it is proven that
Br(Fn(E1)) ~ (21@712)'

The same techniques can be applied to compute the invariants of configuration
spaces of algebraic surfaces with zero irregularity.

Comparison with [DCK]

Our work is dual to the previous one by Drummond-Cole and Knudsen, we briefly
compare the two articles. The Chevalley-Eilenberg complex CE(gs,) ([DCK, Def-
inition 2.1]) is dual to our differential algebra B,y. Indeed, Lemma 2.8 and [FT1,
Theorems 1.14] imply that H*(F,By,d) ~ H*(C,,(X4)). Dually, the main result of
[K1, Theorem 1.1] asserts that for M =3,

@ H.(C.(2,)) = H.(CE(gs,)-

n>=0

In [DCK, Lemma 5.1] is proven that a complex Z G vZ is a deformation re-
tract of CE(gs,); the dual of Z @ vZ is the algebra A, and the analogous state-
ment is given by Lemma 2.9. The submodule K4 of [DCK] is dual to our mod-
ule Py o5 v)/im o +imd (See Lemma 4.3). The last part of the proofs, in which the

Poincaré polynomial of K, (resp. of AV ® SV/im L,, +im c~1) is computed, are es-
sentially different: ours uses the representation theory of the symplectic group while
theirs uses homotopy and auxiliary spaces V(g, n).

Drummond-Cole and Knudsen identified a stable range for H;(C,(X,)) for n >4
and it is known that H;(C,(X,)) = 0 for n < i — 1. Hence the unstable (non-trivial)
range is for n =i and n =i — 1. We observe the same phenomenon: in eq. (1) the
total degree in ¢ and s differs from the degree in u by at most one. More precisely, the
unstable polynomial Py (t) of [DCK, Theorem 4.2] is the Poincaré polynomial of the
summand t>u AV ® S V/im L,, + imd of eq. (13) (corresponding to n =i — 1). The
other unstable polynomial Py(t) of [DCK, Theorem 4.2] is the Poincaré polynomial
of the summands

2.3 | 42,2 4 B < <42 -
"su” +t7s7u Pkerdﬂkeer + +Pkerd/wkerd +t 7‘l"PA V®S V/im L,+imd

of eq. (13) (corresponding to n = 7).

Notice that their work provides a uniform treatment for any genus g > 0, but ours
excludes the case g = 0 because we need w # 0.

Taking the dimension of both sides of our main eq. (1), we obtain a new formula
for the Poincaré polynomial that is essentially different from the one given by cases
in [DCK, Corollary 4.5, 4.6 and 4.7].

We do not have a direct proof that our formula coincides with the one given in
[DCK], but both provide the Betti numbers of configuration spaces on ¥4, and a
computational check shows that they agree in a very big range. The code is available
on request. The following example shows in few cases that our formula for Betti
numbers agrees with the exceptional value given in [DCK, Corollary 4.5, 4.6, 4.7].

Ezample 4.13. Consider g = 2 i.e. the case of genus two surface, the first terms (with
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respect the total degree in ¢t and s) of eq. (1) are:
1

- (1 + Voo Jtu + t2u 4 [V, [t2u? + t2su® 4 [Vau, |t2su® + [V, ]2 su’ +

Vi, J83503 + [Vio, [E3 56t + [V, sy J£350% + [Vio, [350° + . .. ) (14)

The dimension of the sp,-representations involved can be computed using eq. (6) and
they are:

dimV,,, = 4,
dimV,,, = 5,
dim Vo, = 10,

dim V,, 4o, = 16.

We deduce dim H*(C,,(X2)) from eq. (14) by setting s =t and by considering the
dimension of the coefficient of t'u™:

o dim H'(C,(X2)) =4 forn > 1,

e dim H%(C1(¥3)) = 1 and dim H?(C,,(32)) = 6 for n > 2,

o dim H3(C2(32)) =0, dim H3(C5(X2)) = 11, and dim H3(C,,(32)) = 16 for n > 4,
o dim H%(C3(X3)) =4, dim H*(C4(32)) =24, and dim H*(C,,(X2)) = 28 for n > 5.

These numbers coincide with the one provided in [DCK, Corollary 4.5, 4.6, 4.7].
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