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PATH HOMOLOGY OF DIRECTED HYPERGRAPHS

YURI MURANOV, ANNA SZCZEPKOWSKA anD VLADIMIR
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(communicated by Jelena Grbid)

Abstract
We describe various path homology theories constructed for
a directed hypergraph. We introduce the category of directed
hypergraphs and the notion of a homotopy in this category.
Also, we investigate the functoriality and the homotopy invari-
ance of the introduced path homology groups. We provide exam-
ples of computation of these homology groups.

1. Introduction

Directed hypergraphs are the generalization of digraphs and have been widely
used in discrete mathematics and computer science, see e.g. [1], [2], [5], and [7].
In particular, the directed hypergraphs give effective tools for the investigation of
databases and structures on complicated discrete objects.

Recently, the topological properties of digraphs, hypergraphs, multigraphs, and
quivers have been studied using various (co)homology theories, consult e.g. [3], [4],
6], [16], [15], [14], [10], [13).

In this paper, we construct several functorial and homotopy invariant homology
theories on the category of directed hypergraphs using the path homology theory
introduced in [8], [10], [12], [13], and [14].

A rich structure of a directed hypergraph gives a number of opportunities to define
functorially a path complex for the category of hypergraphs which we construct in
the paper. We describe these constructions in Section 3. We introduce also a notion of
a homotopy in the category of directed hypergraphs and describe functorial relations
between homotopy categories of directed hypergraphs, digraphs, and path complexes.

The essential difference from the situation of the category of digraphs is the exis-
tence of the notion of the density of the path complex that we introduce for the two of
the introduced path complexes of directed hypergraphs. This notion gives an oppor-
tunity to define a filtration on the corresponding path complex and hence a filtration
on its path homology groups. We consider all homology groups with coefficients in a
unitary commutative ring R.

In Section 2, we define a category of directed hypergraphs and introduce the notion
of homotopy in this category.
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In Section 3, we construct several path homology theories on the category of
directed hypergraphs.

2. Path complexes and homotopy of directed hypergraphs

Let II = (V, P) be a path complex with V' ={0,...,n} and J ={0,1} be a set,
see [10], [13]. Define a path complex II" = (V’/, P’) where V' ={0’,...,n'} and p' =
(i .. 1) € PP i p=(ig...in) € P. We identify V x J =V x {0} IV x {1} with
V IIV'. Define a path complex II" = (V' x J, P) where

P' = PUP U P,
P# = {qff = (ig...ipihifyy - i)q = (o . ikigs1- .. in) € P}.

We have morphisms i,: II — IIT and j,: IT — II" that are induced by the natural
inclusion V onto V' x {0} and onto V' x {1}, respectively.

Definition 2.1. (i) A hypergraph is a pair G = (V, E) consisting of a non-empty set
V and a set E = {ey,...,e,} of distinct and non-ordered subsets of V' such that
Ui, e; =V and every e; contains strictly more than one element. The elements of
V are called vertices and the elements of E are called edges.

(ii) A directed hypergraph G is a pair (V, E) consisting of a set V and a set E =
{e1,...,e,} where e; € E is an ordered pair (A;, B;) of disjoint non-empty subsets of
the set V' such that V' = J,,cp(Ai U B;). The elements of V' are called vertices and
the elements of E are called arrows. The set A = orig (A — B) is called the origin of
the arrow and the set B = end(A — B) is called the end of the arrow. The elements
of A are called the initial vertices of A — B and the elements of B are called its
terminal vertices.

For a finite set X let P(X) denote as usual the power set. We define a set
P(X) := {P(X)\ 0} x {P(X)\ 0} consisting of ordered pairs of non-empty sub-
sets of X. Every map of finite sets f: V — W induces a map P(f): P(V) — P(W).
For a directed hypergraph G = (V, E), by Definition 2.1, we have the natural map
ve: E — P(V) defined by pg(A — B) := (A4, B).

Definition 2.2. Let G = (Vig, Eg) and H = (Vy, Ey) be two directed hypergraphs.
A morphism f: G — H is given by a pair of maps fy: Vo — Vg and fg: Fg — Eg
such that the following diagram

Ec *% P(Vg)
\LfE \LP(fV)
Ey % P(Vy)

is commutative.
Let us denote by DH the category whose objects are directed hypergraphs and

whose morphisms are morphisms of directed hypergraphs.
For a directed hypergraph G = (V, E¢), we can consider subsets

Po(G) C P(VG) \@,Pl(G) C P(VG’) \@ and P01<G> = PQ(G) U Pl(G)
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by setting

Py(G)={AeP(Vg)\0|3BeP(Vg)\0: A— B € Eg},
Pi(G)={BePVg)\0FA€P(Vs)\0: A— B € Eg}.

Definition 2.3. Let G = (Vg, Eg) and H = (Vi, E) be directed hypergraphs. We
define the box product GOH as a directed hypergraph with the set of vertices Voog =
Vg x Vi and the set of arrows Egnpy consisting of the union of arrows {A x C — B X
C} with (A — B) € Eg, C € Py (H) and {A x C — A x D} with (C — D) € Ey,
Ae P01(G)

Every connected digraph H = (Vp, Ep) can be considered as a directed hyper-
graph with the same set of vertices and of a set of arrows of the form {v} — {w}
whith (v — w) € Ey. Hence, Definition 2.3 gives naturally a box product GOH of
a directed hypergraph G and a connected digraph H. Note that a line digraph I,
defined for example in [11, Sec. 3.1] is connected and that we have two digraphs I,
namely 0 — 1 and 1 — 0.

Definition 2.4. i) Two morphisms fo, f1: G — H of directed hypergraphs are called
one-step homotopic if there exists a line digraph I; and a morphism F': GOI; — H,
such that

Flangoy = fo: GO{0} — H, Flgogpy = fi: GO{1} — H.

If the appropriate morphism F called a one-step homotopy exists, we write fo ~1 f1.
ii) Two morphisms f,g: G — H of directed hypergraphs are called homotopic,
which we denote f ~ g if there exists a sequence of morphisms f;: G — H for i =
0,...,nsuch that f=fo>~1 f1~ -~ fn=g9.
iii) Two directed hypergraphs G and H are homotopy equivalent if there exist
morphisms f: G — H and g: H — G such that fg ~Idg and gf ~ Idg. In such a
case, we write G ~ H and call the morphisms f, g homotopy inverses of each other.

Proposition 2.5. Two morphisms f,g: G — H of directed hypergraphs are homo-
topic if and only if there is a line digraph I, with n > 0 and a morphism

F: GOI, — H such that
F|GD{0} = fo: GD{O} — H, F‘Gm{n} =g: GD{TL} —H 1

The relation “to be homotopic” is an equivalence relation on the set of morphisms
between two directed hypergraphs, and homotopy equivalence is an equivalence rela-
tion on the set of directed hypergraphs. Thus, we can consider a category hDH whose
objects are directed hypergraphs and morphisms are the classes of homotopic mor-
phisms. We shall call the category hDH by homotopy category of directed hypergraphs.

3. Path homology of directed hypergraphs

3.1. k-connective path homology

For a directed hypergraph G = (V,E) and ¢=1,2,3,... define a path complex
[13, S3.1] €¢(G) = (V¢, P§) where V¢ =V and a path (ig...i,) € Py lies in Pg iff
for any pair of consequent vertices (iy, ix11) of the path, we have i, = ix1 or there are
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at least ¢ different edges e; = (A1 — By1),...,e. = (4. = B.) such that the vertex
i, is the initial vertex and the vertex iy is the terminal vertex of every edge e;. The
number c is called the density of the path complex €¢(G). It is clear that we have a
filtration

¢(G) =eY(G) > e2(G) >3 (G) > ... . (1)

Proposition 3.1. For every morphism of directed hypergraphs f: G — H define a
morphism

¢(f) = (fv, f,): €(G) — €(H)
of path complexes putting f == fy and f; = fp|Pé: PL — P}, where f, is defined

by fpio...in) = (f(%0) ... f(in)). Then we have the functor € from the category DH
of directed hypergraphs to the category P of path complezes. M

The functor € provides the functorial path homology theory on the category DH of
directed hypergraphs. For any directed hypergraph G and k € N, we set Hy (k) (G) =
H.(¢*(@)) as regular path homology groups of path complex €¥(G), see [10, S2]. We
denote HS(G) = Hﬁ(l)(G).

We call these homology groups the connective path homology groups and for k > 2
the k-connective path homology groups of the directed hypergraph G, respectively.
The connective path homology theory is functorial by Proposition 3.1. However the
k-connective homology theory Hﬁ(k)(G) is not functorial for k > 2 as it follows from
Example 3.2 below. For any directed hypergraph G the filtration in (1) induces homo-
morphisms

HS(G) = HSV(G) +— HP(G) +— HO(G) +— ...

Let D be a category of digraphs without loops [11, S2]. A category G of graphs is
defined similarly [11, S6].

Let G = (V, E) be a directed hypergraph. Define a digraph &(G) = (V4, EZ) where
V& =V and an arrow v — w lies in EZ iff there is a hyperedge (A — B) € E such
that v € A,w € B.

Ezample 3.2. 1) Let G = (V, E) be a directed hypergraph such that V is the union
AU B of two non-empty sets with empty intersection and the set F consists of one
element e = (A — B). Then &(G) is a complete bipartite digraph with arrows from
vertices lying in A to vertices lying in B.

ii) Let G = (Vg, Eq) and H = (Vi, E) be two directed hypergraphs with

Vo ={1,2,3,4}, Ec = {e1 = ({1} = {2,3}),e2 = ({1} = {24})},

Ve = {a7bac}7EH = {ell = ({a} - {b7 C})}

The map fy: Vo — Vg, given by fi (1) = a, fy(2) = b, fv(3) = fr(4) = ¢, induces a
morphism f of directed hypergraphs. However the map f does not induce a morphism
from €%(Q) to €2(H).

For every morphism f = (fv, fg): G — H of directed hypergraphs, define a map
&(f): V&= VE by &(f) = fy. For any arrow (v — w) € E&, we have an arrow
(fv(v) = fv(w)) € E% and the morphism &(f) of digraphs is well defined. Thus we
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have a functor & from the category DH of directed hypergraphs to the category D of
digraphs. Regular path homology of digraphs was constructed in [9], [15]. It is based
on the natural functor ® from the category D of digraphs to the category P of path
complexes.

(a3

Theorem 3.3. For every directed hypergraph G there is an isomorphism HE(G)
H.(® o 6(Q)) of path homology groups.

Proof. The path complexes €(G) and D o &(G) coincide. O

Ezxample 3.4. The following example illustrates the technique of computations of the
connective path homology groups Hy (k)(G). For k£ > 3 in the presented case, there

is nothing to compute. Let R = R be the ring of coeflicients. Consider a hypergraph
G = (Vg, Eg) for which

VG = {1,2,3,4}, EG = {81762,63,64,65,66},
er = ({1} = {2}),e2 = ({2} = {3,4}),e3 = ({4} = {1}),
es = ({1} = {2,3}),es = ({2} = {3}).e6 = ({2} = {4}).

We compute homology of the path complex €¢(G) = (V¢, PS) as in [10]. We have
Rgeg = <1,2,3,4> = Qo, R?{eg = <€12,€13,€23,€24,€41>. We get 8(eij) S Rgeg for all
basic elements e;; € R1%, so Q; = R, Thus, Q; is generated by all directed edges
of the digraph &(G) presented below

Similarly, we obtain {23 = (e123). From the definition of &(G), it follows that ©; =0
for i > 3 and the homology of the chain complex €2, coincides with the regular path

homology &(G). Hence Hg(l)(G) = Hf(l)(G) =R and Hf(l)(G) =0 fori > 2.

For Hic(Z)(G), we have Qg = (1,2, 3,4) and by definition 0y = (€12, 23, €24). More-
over, Q; = 0 for i > 2. Thus, homology groups H; (2)(G) coincide with the homology
groups of the digraph which has the set of vertices Vi(g) and the set of arrows
obtained from Eg () by deleting arrows (1 — 3) and (4 — 1). Hence, Hg(z)(G) =R
and Hf(g)(G) =0 for i > 1. For k > 3 we have Hg(k) =R* and Hf(k)(G) =0 for
> 1.

Lemma 3.5. Let G = (V, E) be a directed hypergraph and I = (0 — 1). We have a
natural isomorphism €(GOI) = [€(G)]" of path complexes.

Proof. By Definition 2.3 a directed hypergraph GOI = (Vgar,, Ecor,) has the set
of vertices Voo, =V x J =V x {0,1} which we identify with VUV’ where V =
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{0,...,n}, V' ={0',...,n'} and the set of edges Egny, is the union E° U E* U B!
of sets

E' = {Ax{i} = B x {i}} with (A — B) € Eg for i =0,1,
and
E% = {C x {0} = C x {1}} with C € Sy1(G).

Let ¢ = (ig...i,) be a path lying in €(GOIy). It follows from definition, that there
are only three possibilities, namely

(1) all the vertices i; € V x {0} and, hence, ¢ determines the unique path in €(G),

(2) all the vertices i; € V x {1} and, hence, ¢ determines the unique path in
(€@,

(3) there exists exactly one pair (ix,ix+1) of consequent vertices in ¢ such that
i € C' X ‘{O},ik+1 e (C x {1} for C € Sol<G).

Thus, the union of paths from (1)—(3) on the set of vertices V' x J defines the path
complex [€(G)]" and vice versa. O

Theorem 3.6. For a directed hypergraph G, the connective path homology groups
H°(G) are homotopy invariant.

Proof. By Definition 2.4, it is sufficient to prove homotopy invariance for a one-step
homotopy. Then the result follows from Lemma 3.5 and [10, Th. 3.4]. O

3.2. Bold path homology

Let p = (ip...1,) and ¢ = (Jo . . . jm) be two paths of a path complex II with 4,, =
Jo- The concatenation p V g of these paths is a path given by pV ¢ = (o ... inj1 - - - Jm)-
The concatenation is well defined only if i,, = jg.

For a directed hypergraph G = (V, E), define a path complex B(G) = (V&, P%)
where Vg =V and a path ¢ = (i ...4,) € Py lies in Pg iff there is a sequence of
hyperedges (A9 — By), ..., (A, — B,)in Esuch that B;N A;4; #ffor0<i<r—1
and the path ¢ has the presentation

(po Vvowe Vp1 Vorwy Vs V-V p. VoweV prit), (2)

where pg € PAO, Pr+1 € PBM v; € A;, w; € By, p; € PB,;_l n PAi for 1 <i<randall
concatenations in (2) are well defined. Note, that in the case of empty sequence of
edges A; — B; every path ¢ € P4 and every path ¢ € Pp for an edge A — B lies in
P

Proposition 3.7. Let f: G = (Vg, Eq) = H = (Vi, Eg) be a morphism of directed
hypergraphs. Define a morphism of path complezes
B(f) = (fV fp): (V& P&) — (Vi Pir)

by f‘b/ = f: V(g =Vog—->Vyg= VIZ and le; = fp|P57 where f,, is defined as in Proposi-
tion 3.1. Thus, we obtain a functor B from the category DH of directed hypergraphs
to the category P of path complexes. M
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Let us define the bold path homology groups of directed hypergraph G by
HY(G) = H.(B(G)).
By Proposition 3.7, we obtain a functorial path homology theory on the category DH
of directed hypergraphs.

Ezample 3.8. Let G = (V,E) be a directed hypergraph such that for every edge
e = (A — B) € E the sets A and B are one-vertex sets, A = {v}, B = {w},v,w € V.
We can consider the hypergraph G as a digraph and HS(G) = HP(G). On the cat-
egory of connected digraphs that can be considered as the subcategory of directed
hypergraphs, the bold path homology groups are naturally isomorphic to the connec-
tive path homology groups and to the regular path homology groups H,(G) defined
in [9].

Ezample 8.9. Now we compute the bold path homology groups HP(G) of the directed
hypergraph G from Example 3.4 in dimensions 0,1,2 for R = R. First, we describe
the modules RI9(B(G)) for 0 < n < 4. We have

reg __ reg __

RQ — <€1,€2,€3,€4>, Rl - <612,€13,623,624,632,634,6437641>,
Rreg _

9 = <€1237 €124, €132, €232, €234, €241, €243, €323, €343, €434, €412, 6413>,

reg _
Rg = <€1232, €1234, €1241, €1243, €1323, €2323, €2343,
€2412, €2413, €2434, €3232, €3434, €4343, €4123, €4124, €4132) s

reg __
R4 = <612323, €12343, €12412, €12413, €12434, €13232, €23232, €23434,
€24123, €24132, €24343, €32323, €34343, €43434, €41232, €41234, €41243, 641323>,

Q, =R for n=0,1.

Thus € is generated by all the vertices and €2 is generated by all directed edges of

the digraph H on Fig. 1.
3 \
1 \ b j
4

Figure 1: The digraph H.

As it follows from the path homology theory of digraphs, the rank of the image
of 9: Q1 — Q is equal to 3, the rank of the kernel of 0 is equal to 5, and hence
HP(G)=R.
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By the direct computation {25 is the vector space with the following basis:

{6123, €132, €232, €234, €243, €323, €343, €434, e413}-

In this basis the matrix of the homomorphism 9: €5 — €21 has the form:

€12 €13 €23 €24 €32 €34 €43 €4]
€123 1 -1 1 0 0 0 0 0
€132 — 1 1 0 1 0 0 0
€339 0 0 1 0 1 0 0 0
€934 0 0 1 -1 0 1 0 0
€243 0 0 -1 1 0 0 1 0
€323 0 0 1 0 1 0 0 0
ez 0 0 0 0 0 1 1 0
€434 0 0 0 0 0 1 1 0
€413 0 1 0 0 0 0 -1 1

Its rank is equal to 5. Hence the rank of the image of 0 is equal to 5, the rank of the
kernel of 9 is equal to 4, and hence HP(G) = 0.

We have Q3 = (€1232, €1323, €2323, €2343, €2434, €3232, €3434, €4343) . Similar to the pre-
vious calculation, the rank of the image of 9: Q35 — €5 is equal to 4, the rank of the
kernel of 9 is equal to 4, and hence H?(G) = 0.

We have Q4 = (e12323, €13232, €23232, €23434, €24343, €32323, €34343, €43434) and, similar
to the previous calculation, the rank of the image of 9: Q4 — Q3 is equal to 4, the
rank of the kernel of 0 is equal to 4. Hence H?(G) = 0.

Lemma 3.10. Let G = (V, E) be a directed hypergraph and I; = (0 — 1) the digraph.
There is an inclusion \: [B(G)]T — B(GOI) of path complexes. The restrictions of
A to the images of the morphisms is and je, defined in Section 2, are the natural
identifications.

Proof. By definition in Section 2, we have
(BT = (V x J,[Pg]"),

where [P2]T = Pb U [PL]) U [PL]#. We have

Voor, =V xJ =V x{0,1} = VUV’ with

V=A0,...,n}, V' ={0,...,n"}

and Egor, is the union of sets E%U E'U E®, where

E'={Ax{i} - Bx{i}|(A— B) € Eg}
for + = 0,1 and

E% = {C x {0} = C x {1}|C € Py (G)}.
Now it follows that
B(G) = B(GO{0}),B(G) = B(GO{1}), where B(GO{0}), B(GO{1}) C B(GOL).

Let ¢ = (i .. .in) be n-path in B(G) = B(GO{0}). Consider its presentation in the
form (2) and let A;, B; be the corresponding sets of vertices. For 0 < k < n, consider a
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path q}f£ = (ig iy - ) € [P&]#. We will prove now that this path in PGDI
There are following p0851b1htles for the path q.

(1) Vertices i, ix4+1 € ps for 1 < s < r+ 1 in presentation (2). Then we write path
q};9£ in the form

355

Qf = (po# \ v#w# \/pfﬁ Vo foil v Uf+1wf+1 \/pf+2) (3)
putting
A; x {0} fori<s—1,
B; x {0 fori <s—1,
Af&: g1><{O} for i = s, BZ#: {0} oress
Bs_1 x {1} forizs.
As_1 x {1} fori>=s—+1,
We have the following arrows in Egoy,:
(A7 = B¥) = (A; x {0} = B; x {0}) for 0<i<s—1,
(AfE - B?&) = (Bs—l X {0} — By—1 X {1}),
(A¥ = BF) = (A1 x {1} = Bi_y x {1}) for s +1<i<r+2.
Using identifications B(G) = B(GO{0}), B(G) = B(GO{1}), we obtain
i for i <s—1,
Pl for s+2<i<r+2,
pf = : . (4)
(wWs—1...15) fori=s,
(il y...vy) fori=s+1,
where
(Ws—1...15) € PBfflﬁAf = Pp,_,x{0}>

-/ -/
(i4ilyy - v

Paths p? in (4) define vertices v]

# w i

§) € Ppraar = P ox(ipna.x (1)

w] in (3). Hence, (3) gives a presentation of qf

in the form (2) for the hypergraph GDI 1 and qf € Pgu 7, in the considered case.
(2) Vertices ig,ix+1 € po in presentation (2). Then we write path pk# in the form

(3) putting

(i ...

AF — Ao
‘ A,
p# — 4o
¢ B
and
i =1

/

Pi1

71—

x {0} for i =0,
1 x {1} forl<i<r+2,

x {1} fori=1,
1 x {1} for2<i<r+2

i) fori =0,

oo.vg) fori=1,
for 2 <i<r+2,
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where (ig ...1x) € Pa# (i) ... v) € Pp#taar = Pagxq1y Hence, (3) gives a presenta-
tion of q;f in the form (2) in the hypergraph GOI; and q,f € Pgml in the considered
case.

(3) Let i = vs,ig+1 = ws for 0 < s < r in the presentation (2). Then we write
path q?j in the form (3) putting

A; x {0} for i < s, B; x {0} fori <s—1,
AP = { Ay x {1} fori=s+1, Bf ={ A, x {1} for i = s,
Ag_1 x {1} fori > s+ 2, Bs_1 x {1} fori>s+1.

We have the following arrows in Egoy,:
(A* = B¥) = (A4; x {0} = B; x {0}) for 0<i<s—1,
(Af - Bﬁ) = (As X {0} — A, % {1})7

(A = BF) = (A1 x {1} = Biy x {1}) for s+1<i<r+2.
Similarly to case (1), we have

i for ¢ < s,
pF =<4 () fori=s+1,

pi_y fors+2<i<r+2,

#+1 = v.. Hence, (3) gives a presentation of q,f in the form

S

where w# = v, v¥ = v, w
(2) in the hypergraph GOI; and q,fk € Pgml in the considered case. O

Theorem 3.11. Let G be a directed hypergraph. The bold path homology groups
HP(G) are homotopy invariant.

Proof. By Definition 2.4, it is sufficient to prove homotopy invariance for the one-
step homotopy. Let fy, fi: G — H be one-step homotopic morphisms of directed
hypergraphs with homotopy F': GOI; — H, where I; = (0 — 1). Since B is a functor,
we obtain morphisms of path complexes

B(fo), B(f1): B(G) — B(H)
and
B(F): B(GOL) — B(H).
Consider the composition
B(G)T 2 B(GOR) 2 B(H),

which gives a homotopy between morphisms B(fy) and B(f;) of path complexes by
using identifications of the top and the bottom of [B(G)]" described in Lemma 3.10.
Now the result follows from [10, Th. 3.4]. O

3.3. Non-directed path homology

In this subsection, we describe several path homology theories on the category of
directed hypergraphs DH that are based on functorial relations between hypergraphs
and directed hypergraphs.
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For a hypergraph G = (Vg, Eg), we have a natural map ¢¢: Fg — P(Vg) \ 0.
A morphism of hypergraphs f: G — H = (Vg, Ey) is given by the pair of maps
fv: Vo = Vg and fg: Eq — Eg such that P(fy) o ¢¢ = ¢u o fg, where

P(fv): P(Va)\ 0 —=P(Vy)\ 0

is the map induced by fi. So we may turn to the category of hypergraphs #H in [10].

First, define a functor from category DH to category H. For a finite set X, define a
map ox: P(X) — P(X) by setting ox(A4,B) = AU B. Let G = (V, E) be a directed
hypergraph. Define a hypergraph €¢(G) = (V¢, E¢) where V¢ =V and

Ec={CeP(V)\W|C=AUB,(A— B) e E}. (5)
Recall that in Section 2, for a directed hypergraph G = (V, E) we defined a map
vg: E—=P(V) by ¢oc(A— B) = (A, B).
Proposition 3.12. Let f=(fv, fe): G=(Vg,Eg) - H= (Vy,Egn) be a morphism
of directed hypergraphs. Define a map
fe: B — P(Vy)

putting

f5(C) = [P(fv)I(C)
for every C = AU B € E&. Then the map f§, is a well defined map EE — Ef; and
the pair

(fv: f5) with f, = fv
defines a morphism

€(f): (V& Eg) = (Vi Ex)

of hypergraphs. Thus, we obtain a functor € from the category DH of directed hyper-
graphs to the category H of hypergraphs.

Proof. The map fg is well defined. Now we prove that its image lies in E. Let C' €
E¢,C =0y, 0pa(A— B)=AUB and fg (A — B) = (A" — B’) € Ey. Then, by
Definition 2.2, [P(fyv,)](4, B) = (4’,B") € P(V) and, hence, A’ = [P(fy)](A), B’ =
[P(fv)](B). We have

[P(fv)I(C) = [P(fv)I(AU B) ={[P(/n))(A)} U{[P(/v)I(B)} = A"U B".

However, A’UB’ =0y, ocpu(A’ — B’) € E% and the claim that morphism f§ is
well defined is proved. The functoriality is evident. O

For a hypergraph G = (V, E), define a path complex $9(G) = (V4, P{) of density
¢ >1 where V9=V and a path (i...4,) € Py lies € PZ iff every ¢ consequent
vertices of this path lie in a hyperedge e, see [10]. Thus, we obtain a collection
of functors $H¢ from the category H to the category P. Composition $H? o € gives
collection of functors from category DH to category P. For a directed hypergraph G
define

H:(Q)(g) = H.(H70¢(Q)) for ¢=1,2,...

We call these groups by the non-directed path homology groups of density q of a
directed hypergraph G. We denote HE(G) := Hf(l)(G).
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Proposition 3.13. Let G = (V, E) be a directed hypergraph and Iy be a path com-
plex of all paths on the set V. Then HE(G) = H,(Ily).

Proof. By Definition 2.1, V = Ue,ep(A; U B;) and every vertex v € V¢ =V lies in
an edge e € E°. So path complexes ITy, and $' o €(G) coincide. O

Ezxample 3.14. Now we compute path homology groups Hf(q) (G) of density ¢ = 1,2,3
with coefficients in R of the directed hypergraph G with

VG = {1727334a 576}, EG = {61762,83784705},

where
e = ({1} = {2}),e2 = ({1} — {3}),e5 = ({2} — {4,6}),

es = ({3} = {5}),e5 = ({4} — {5,6}).
Then the hypergraph &(G) has the set of vertices V& = {1,2,3,4,5,6} and the set of
hyperedges

Eg ={el ={1,2},e; = {1,3},e5 = {2,4,6}, €}, = {3,5} e5 = {4,5,6}}.

In the case of ¢ =1, the homology groups HE(G) coincide with the path homology
group of the complete digraph D = (Vp, Ep) which has six vertices and for every
two vertices v, w € Vp there are two arrows (v — w), (w — v) € Ep. This digraph is
contractible, and hence, see [11, S3.3], H§(G) = R and groups HE(G) are trivial for
i > 1.

Figure 2: The digraph D5 for ¢ = 2.

If ¢ = 2, homology groups Hy @ (G) coincide with path homology group of the digraph
D5 on Fig. 2, where two-sided arrow a <— b means that there are arrows a — b and
b — a. The digraph D is homotopy equivalent to the induced sub-digraph D) C Dy
with the set of vertices {1,2,3,4,5}. We compute directly the path homology of D)

and we obtain H§(2)(G) = Hf(Q)(G) = R and trivial groups HE(G) for i > 2.
Now we consider the case of e(3). We have 02 = 2@ for n = 0,1 and this
equality is also true for all n > 0. We have
RS

)T'Eg

= A® Aous © Asse,

where A = <€12176212,613176313,635376535> and Aabc is the module generated by all

regular paths with three vertices in the full digraph with vertices a, b, c. Hence Qg(?’) =
re

RE(S) ‘. Considering the digraph Dy, we obtain that 93(3) = Qg(z). The cases with

n > 4 are similar and 92(3) = Qz(z) for n > 4. Hence, HS(Q)(G) = HS(S)(G) forn > 0.
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Proposition 3.15. Let G = (V, E) be a directed hypergraph, I = (0 — 1), and I =
(Vi, Er) be the hypergraph with the set of vertices Vi = {0,1} and the set of edges
Er ={e), ={0},e} ={1},e, ={0,1}}. There is a natural inclusion of path complexes

HE(GONL)] C HYE(G) x 1] (6)

for g = 2. Moreover, in general case complezes in (6) are not equal.

Proof. Recall that the product “ x” of hypergraphs is defined in [5], [10]. Then
the directed hypergraph GOI1 = (Vgar,, Ecor,) has as its set of vertices Vgor, =
V x {0,1} and the set of edges that can be presented as the union Ey U Eq U Epy of
three pairwise disjoint sets

Ey={(C x {0} = D x {0})|(C = D) € E},

E, ={(Cx{1} - D x{1}H|(C — D) € E},

Epp ={Ax {0} > Ax {1}|]A C P (G)}.
Hence, the hypergraph

¢(GoL) = (Vecon): Eecon))

has the set of vertices Vie(gor,) = Vaor, =V x {0,1} and the set of edges that can
be presented as a union of three pairwise disjoint sets Ej U E U E{; where

Ey ={(C x{0}) u (D x{0h|(C = D) € E},
By ={(Cx{1}) U (D x {1}[(C — D) € E}, (7)
Ey = {(Ax {0}) U(Ax{1})[A C P (G)}.

By definition of a hypergraph €(G) = (V¢, E¢), we obtain that the hypergraph

€(G) x I = (Veayx1: Eea)xr)

has the set of vertices Ve(gyxr = V' x {0, 1} and the set of edges that can be presented
as a union of three pairwise disjoint sets Ef U E{ U E{; where

Ey ={((CuD)x{0},CcuD,{0})|(C — D)€ E},
EY ={((CuD)x{1},CuD,{0})|(C — D) € E}, (8)
El, ={(A,CuD,{0,1})|(C = D)e E,AcC (CUD) x{0,1}}.
Let p1: V x {0,1} = V,pa: V x {0,1} — {0, 1} be natural projections. Then p; (A) =
CUD and ps(A) ={0,1} by definition of the product of hypergraphs. Thus, path
complexes
H7[€(0n)]
and
H9€(G) x I]
have the same vertex set and, by (7) and (8), Ej = E{, E} = EY, E{, C E{, and (6)
follows.
Now we prove that in general case of (6) there is no equality. Let (C' — D) € E be

a directed edge and v € C,w € D be such vertices that the pair (v, w) does not lie in

a set A € Po1(G). Then the two vertex path (v x {0}), (w x {1}) € H?[&(G) x I] for
g = 2 lies in E{; and does not lie in Ej U Ef U E{;. O
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Lemma 3.16. Let G = (V, E) be a directed hypergraph, I, = (0 — 1). There is the
inclusion p: [$2 o €(Q)]T — H2 o €(GOI) of path complezes.

Proof. By definition of the hypergraph €(G) = (V¢ E°) and the functor 2, we
obtain that the set Pé(G) of $2 0 &(G) consists of paths p = (ig...4,) on the set
V' such that every two consequent vertices is,is4+1 € p lie in a common set of the
form {CUD|(C — D) € E}. By definition, the set of paths of the path complex
[$2 0 &(@)]" is a union of paths

#
Py UIPE o)) UIPEc)] (9)

on the set V x {0,1} =V UV’. A path p= (ig...%,) on the set V x {0,1} lies in
Pé(cu 1) if any two consequent vertices lie in the exactly one of the sets E, Ef, Ej,
defined in (7). From definition of the functor &, we conclude that in (9) any pair
of consequent vertices of a path from Pé(G) lies in an edge from Ej), any pair of

consequent vertices of a path from [PS(G)]’ lies in an edge from Ej, and any pair of

consequent vertices of a path from [Pé(c)]# lies in an edge from Ey U Ej U E},. O

Theorem 3.17. For a directed hypergraph G, the non-directed path homology groups
Hf(z)(G) of density two are homotopy invariant.

Proof. Tt is sufficient to prove homotopy invariance for the one-step homotopy. Let
fo, fi: G — H be one-step homotopic morphisms of directed hypergraphs with a
homotopy F: GOI;, — H. Since % o € is a functor, we obtain morphisms of path
complexes

920 &(fo), H2 0 E(f1): H° 0 E(G) = H° 0 E(H),
and
H% 0 &(F): H% 0 ¢(GOI) — H% o E(H).

Using Lemma 3.16, we can consider the composition

20 .
920 (@) 25 92 o e(Gory) V25 g2 0 e(m),
which gives a homotopy between morphisms $2 o &(fy) and $H% o &(f1). Now the
result follows from [10, Th. 3.4]. O

3.4. Natural path homology
Let G = (V, E) be a directed hypergraph. Define a digraph M(G) = (V4, E%) where

Ve ={C e P(V)\0|C € Pn(G)}
and
Et ={A— B|(A— B) € E}.

Thus a set X € P(V)\ 0 is a vertex of the digraph D91(G) iff X is an origin or an end
of an arrow e € E. Any arrow e = (A — B) € E gives an arrow (A — B) € E".
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Proposition 3.18. Every morphism of directed hypergraphs f: G — H defines a
morphism of digraphs

(N = (v, ) (V& Eg) — (Vi EF)
by

o (C) = [P(f)] o dc(C)

and

f5(A— B) = (fv(A) = fv(B)) € Ef.
Moreover, M is a functor from the category DH to the category D of digraphs. W

The composition © o N gives a functor from DH to the category of path com-
plexes. For a directed hypergraph G, we set H*(G) := H,(® o N(G)). These homol-
ogy groups will be called the natural path homology groups of G.

Ezample 3.19. Now we compute H(G) with coefficients in R of directed hypergraph
G = (Vg,Eq):

Vo =1{1,2,3,4,5,6,7,8}, Eg = {e1,eq,e3,€eq4,€5,€5,€7,€5,€9},
er = ({1} = {3,4}),e2 = ({1} = {5,6}),e3 = ({1} = {7,8}),
es = ({2} = {3,4}),e5 = ({2} — {5,6}),e6 = ({2} — {7.8}),

er = ({374} — {576})ae8 = ({5’6} — {758})799 = ({7a8} — {374})'

The groups H?(G) coincide with the regular path homology groups of the digraph
given on Fig. 3.

Figure 3: The digraph of Example 3.19.

Computation gives: H}(G) = H3(G) = R and H?(G) = 0 for other 3.

Lemma 3.20. Let G = (V, E) be a directed hypergraph and I, = (0 — 1). There is
an equality M(G)OI; = N(GOI) of digraphs.
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Proof. The digraph 9(G)0OI; has

and

where

Vaveyon, ={C x{0,1}|C € Pn(G)}

Excyon = Eo,1 U Eo1,

Eo1={Ax{i} = Bx{i}|]A—BeFE;i=0,1},

Bo1 = {C x {0} = C x {1}|C € Poy (G)}.

The digraph 91(GO1;) has the set of vertices

Viovgan) = {C x {0,1}|C € Py1(G)},

which coincides with Viyg)os, and the set of edges Ewcor,) = Eo1 U Eg—1 which
coincides with Ey(g)ar, - O

Theorem 3.21. For a directed hypergraph G, the natural path homology groups
H?(G) are homotopy invariant.

Proof. The path homology groups defined on the category of digraphs are homotopy

invariant [10], [11] and thus, the result follows from Lemma 3.20. O
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