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ON GENERALIZED PROJECTIVE PRODUCT SPACES AND
DOLD MANIFOLDS

SOUMEN SARKAR and PETER ZVENGROWSKI

(communicated by Donald M. Davis)

Abstract
D. Davis introduced projective product spaces in 2010 as a

generalization of real projective spaces and discussed some of
their topological properties. On the other hand, Dold mani-
folds were introduced by A. Dold in 1956 to study the gen-
erators of the non-oriented cobordism ring. Recently, in 2019,
A. Nath and P. Sankaran made a modest generalization of Dold
manifolds. In this paper we simultaneously generalize both the
notions of projective product spaces and Dold manifolds, lead-
ing to infinitely many different classes of new smooth manifolds.
Our main goal will be to study the integral homology groups,
cohomology rings, stable tangent bundles, and vector field prob-
lems, on certain generalized projective product spaces and Dold
manifolds.

1. Introduction

Real projective space RPm is the orbit space of the antipodal Z2-action on the
standard m-dimensional sphere Sm. Extending this concept, D. Davis introduced
projective product spaces in [3] and studied several topological properties of these
spaces. In fact, if Z2 acts on each Sm1 , . . . , Smk antipodally then a projective product
space is the orbit space of the diagonal Z2-action on the product Sm1 × · · · × Smk ,
for some non-negative integers m1, . . . ,mk.

On the other hand, A. Dold in 1956 considered the diagonal Z2-action on the
space Sm × CPn where Z2 acts on Sm antipodally and on CPn by complex conjuga-
tion. The orbit space (Sm × CPn)/Z2 is now known as a Dold manifold, denoted by
D(m,n). These manifolds were introduced to study the generators of the non-oriented
cobordism ring [6]. Since then several interesting properties of Dold manifolds have
been studied, see [9], [16], [14] and [8] for a few of them. Recently, in [15], A. Nath
and P. Sankaran made a slight generalization of Dold manifolds.

Motivated by the above two concepts, we consider the following. Let M be an
m-dimensional manifold equipped with a free Z2-action and N an n-dimensional
Z2-manifold. Then the diagonal Z2-action on the product M ×N is free. So the

Received October 16, 2021, revised November 22, 2021; published on August 24, 2022.
2020 Mathematics Subject Classification: 57R25, 55R25, 57R20, 57R42, 55N10.
Key words and phrases: Dold manifold, projective product space, toric manifold, small cover, homol-
ogy group, cohomology ring, vector field, tangent space, Stiefel–Whitney characteristic class.
Article available at http://dx.doi.org/10.4310/HHA.2022.v24.n2.a13
Copyright © 2022, International Press. Permission to copy for private use granted.

http://intlpress.com/HHA/
http://intlpress.com/HHA/v24/
http://intlpress.com/HHA/v24/n2/


266 SOUMEN SARKAR and PETER ZVENGROWSKI

orbit space (M ×N)/Z2 is an (m+ n)-dimensional manifold. We call this manifold
a generalized projective product space and denote it by P (M,N). Note that Dold
manifolds [6], projective product spaces [3], and the generalized Dold manifolds [15],
are all examples of this class of manifolds, details are given below in Section 3. The
main goal of this paper is to study several topological properties like (co)homologies,
(stable) tangent bundles and (stable) spans of certain generalized projective product
spaces.

We start in Section 2 by recalling the definition of toric manifolds, small covers,
(real) moment angle manifolds and some relations among them, and discuss some
natural Z2-action on them.

In Section 3, we exhibit some interesting examples of generalized projective product
spaces which were not previously studied. One may find several other interesting
examples of generalized projective product spaces. However, we will be interested in
studying topological properties of the manifolds in Examples 3.1, 3.2 and 3.3.

In Section 4, we calculate the cohomology groups with integer coefficients and
describe the cohomology ring with Z2 coefficients of certain generalized projective
product spaces defined in Examples 3.1, 3.2 and 3.3.

In Section 5, we describe canonical line bundles, study the (stable) tangent bundle
of these spaces, and compute the total Stiefel–Whitney characteristic classes of the
manifolds defined in Examples 3.1, 3.2 and 3.3.

In Section 6, we recall the definition of the span, denoted by span(X), of a smooth
manifold X. Note that the orbit map M ×N → P (M,N) is a double cover. So we
have

span(P (M,N)) ⩾ span(M/Z2) (1)

by [16, Theorem 1.7]. We improve this lower bound for a wide class of the manifolds in
Examples 3.1 and 3.2. We also study stable parallelizability of some of these manifolds.
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2. Toric manifolds and small covers

Toric manifolds and small covers were introduced and studied by M.W. Davis and
T. Januszkiewicz in their pioneering paper [5]. These categories of manifolds are
topological generalizations of smooth projective toric varieties and real toric varieties,
respectively. In this section, we recall the definition of these manifolds following [5].
We also recall the definition of (real) moment angle manifolds equipped with a free
Z2 action. We use these manifolds to construct infinitely many generalized projective
product spaces in Section 3.

An n-dimensional simple polytope in Rn is a convex polytope where exactly
n bounding hyperplanes meet at each vertex. For example, the n-simplex, the n-
cube, and their finite Cartesian products are simple polytopes. Let Q be a simple
polytope. Then zero dimensional faces of Q are called vertices, denoted by V (Q),
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and codimension-1 faces of Q are called facets, denoted by F(Q). Let F (1) := R,
F (2) := C, T (1) := Z2 = {x ∈ F (1) : |x| = 1} and T (2) := S1 = {z ∈ F (2) : |z| = 1}.

Definition 2.1. Let j = 1 or j = 2. A smooth action of T (j)n on a jn-dimensional
smooth manifold N jn is said to be locally standard if every point y ∈ N jn has a
T (j)n-invariant open neighbourhood Uy and a diffeomorphism ψy : Uy → V , where V
is a T (j)n-invariant open subset of F (j)n, and an isomorphism δy : T (j)

n → T (j)n

such that ψy(t · x) = δy(t) · ψy(x) for all (t, x) ∈ T (j)n × Uy.

We recall that such a map ψy is known as a weakly equivariant map and, in addi-
tion, if δy is identity then it is called an equivariant map, or also a T (j)n-equivariant
map to emphasize the group action.

Definition 2.2. Let j = 1 or j = 2. A closed smooth jn-dimensional T (j)n-manifold
N jn is called a T (j)n-manifold over a simple polytope Q if the following conditions
are satisfied:

1. the T (j)n action is locally standard,

2. the orbit map qj : N
jn → Q sends an ℓ-dimensional orbit to a point in the

interior of an ℓ-dimensional face of Q.

We note that the manifold in Definition 2.2 is known as a small cover when j = 1
and is known as a toric manifold when j = 2. They are different classes of manifolds,
although in [5] they are nicely combined to study some of their topological properties.
But here we will deal with them separately.

Example 2.3.

1. All complex projective spaces and their finite products are toric manifolds.

2. All real projective spaces and their finite products are small covers.

Now we recall two different types of manifolds which are also central objects in
toric topology. One is called the moment angle manifold and the other is called the
real moment angle manifold. We shall follow [5, Subsection 4.1] and show how they
are related to the toric manifold and to the small cover, respectively. Let F1, . . . , Fµ

be the facets of an n-dimensional simple polytope Q and Gi(j) be the subgroup
of T (j)µ generated by the ith factor for i = 1, . . . , µ and j = 1, 2. If F is a proper
face of Q of codimension-r, then F = Fi1 ∩ · · · ∩ Fir for a unique collection of facets
Fi1 , . . . , Fir . Let TF (j) be the subgroup of T (j)µ generated by {Gi1(j), . . . , Gir (j)}.
We fix TQ(j) = {1} ∈ T (j)µ for j = 1, 2. We define an equivalence relation ∼ on the
product T (j)µ ×Q as follows,

(s, x) ∼ (t, y) if and only if x = y and ts−1 ∈ TF (j), (2)

where F ⊆ Q is the unique face containing the point x in its relative interior. Then
the identification space

ZQ(j) := (T (j)µ ×Q) / ∼

is a manifold. This is called a real moment angle manifold if j = 1 and called a
moment angle manifold if j = 2. So ZQ(j) is a T (j)µ-space for j = 1, 2. We refer
to [2, Section 6] for a different construction and for further properties of moment
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angle complexes. Notice that Z2 acts freely on ZQ(j) via the subgroup generated by
(−1, . . . ,−1) ∈ T (j)µ for j = 1, 2.

Next, we discuss the relation between a small cover Nn over Q and the real moment
angle manifold ZQ(1). Let q1 : N

n → Q be the orbit map of a T (1)n-manifold Nn and
F(Q) = {F1, . . . , Fµ} be the facets of Q. So the subset q−1

1 (Fi) is fixed by a subgroup
Z1
i ≈ Z2 of T (1)

n for i = 1, . . . , µ. The subgroup Z1
i is determined by a unique element

λi ∈ T (1)n = Zn
2 . The assignment

Fi → λi := λ(Fi) (3)

for i = 1, . . . , µ is known as a Z2-colouring onQ. This assignment induces the following
short exact sequence

0 → ker(Λ) → T (1)µ
Λ−→ Zn

2 → 0, (4)

where Λ(gi) := λi for i = 1, . . . , µ if {g1, . . . , gµ} is the standard basis of T (1)µ over
Z2. From the discussion in [5, Subsection 4.1] one gets the following.

Proposition 2.4. The action of ker(Λ) on ZQ(1) is free with ZQ(1)/ ker(Λ) ∼= Nn.

We note that any sphere and finite product of spheres are real moment angle
manifolds. Also each Z2 subgroup of T (1)n gives an involution on Nn.

Remark 2.5. Consider the free involution τ̄(1) on T (1)µ (or T (1)n) defined by g 7→ −g.
Then τ̄(1) induces an involution τ(1) on ZQ(1) (or N

n).

For the rest of this section we discuss the relation between a toric manifold N2n

over Q and the moment angle manifold ZQ(2). Let q2 : N
2n → Q be the orbit map

of a T (2)n-manifold N2n and F(Q) = {F1, . . . , Fµ} the facets of Q. So the subset
q−1(Fi) is fixed by a circle subgroup S1

i ⊆ T (2)n for i = 1, . . . , µ. The assignment

Fi → S1
i (5)

for i = 1, . . . , µ is known as the characteristic function of N2n, see [2, (5.4)]. Note that
the circle subgroup S1

i is uniquely determined by an element (λi1 , . . . , λin) ∈ Zn up
to sign, where Zn is the integral lattice in the Lie algebra of T (2)n. The assignment
Λ: Fi → λi = (λi1 , . . . , λin) for i = 1, . . . , µ is also known as the characteristic func-
tion on Q. This assignment induces the surjective map, also denoted by Λ, Zµ → Zn

defined by ei 7→ λi for i = 1, . . . , µ if {e1, . . . , eµ} is the standard basis of Zµ over Z
as module. Therefore, by Definition 2.2, one gets the following short exact sequence
of Lie groups

0 → ker(expΛ) → T (2)µ
expΛ−−−→ T (2)n → 0. (6)

Proposition 2.6 ([2, Proposition 6.5]). The group ker(expΛ) is an (m− n)-dimen-
sional torus subgroup of T (2)µ and it acts freely on ZQ(2) with ZQ(2)/ ker(expΛ) ∼=
N2n.

Throughout the paper, for simplicity, we let Tµ−n := ker(expΛ). We note that any
odd-dimensional sphere and finite products of odd-dimensional spheres are moment
angle manifolds. Each Z2 subgroup of T (2)n gives an involution on N2n. In this paper,
we shall consider the involution on toric manifolds given in the following example.
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Example 2.7. The complex conjugation on each coordinate of T (2)µ commutes with
ker(expΛ). So, this gives a conjugation τ(2) on the toric manifold N2n. In particular,
if N2n is the complex projective space CPn, then τ(2) is the complex conjugation on
CPn defined by [z0 : . . . : zn] → [z0 : . . . : zn].

Moreover, τ(2) preserves the relation in (2). Therefore, any T (2)n-invariant subset
of N2n is also invariant under the conjugation τ(2).

3. Some generalized projective product spaces

In this section, we discuss some examples of generalized projective product spaces
and compare them with projective product spaces and (generalized) Dold manifolds.
Of course, one can construct many other classes of generalized projective product
spaces but our interests will focus on certain subclasses of the following examples. In
many of these examples, just as in the definition of a Dold manifold, we use the fact
that if σ is a free involution on X and τ any involution on Y , then σ × τ is a free
involution on X × Y .

Example 3.1. Let Smi and Snj be spheres for i = 1, . . . , k and j = 1, . . . , ℓ. Con-
sider the antipodal Z2-action on Smi for i = 1, . . . , k. Then the diagonal Z2-action
on S(m1, . . . ,mk) := Sm1 × · · · × Smk is free. Consider the action σj on the nj-
dimensional sphere

Snj =

{
(y1, . . . , ynj+1) ∈ Rnj+1

∣∣∣ nj+1∑
s=1

y2s = 1

}
defined, for 1 ⩽ j ⩽ ℓ, by

σj : (y1, . . . , ypj
, ypj+1, . . . , ynj+1) 7→ (y1, . . . , ypj

,−ypj+1, . . . ,−ynj+1) (7)

for some 0 ⩽ pj ⩽ nj . It follows that Z2 acts on S(n1, . . . , nℓ) := Sn1 × · · · × Snℓ via
σ1 × · · · × σℓ. Thus the Z2-action on S(m1, . . . ,mk)× S(n1, . . . , nℓ) defined by

(x1, . . . ,xk), (y1, . . . ,yℓ) 7→ (−x1, . . . ,−xk), (σ1(y1), . . . , σℓ(yℓ)) (8)

is free. The orbit space is a generalized projective product space. We denote it
by P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ)) (or by Pm,(n,p) where m = (m1, . . . ,mk) and
(n, p) = ((n1, p1), . . . , (nℓ, pℓ))).

In particular, if m = (m1, . . . ,mk) and (n, 0) = ((n1, 0), . . . , (nℓ, 0)) then the man-
ifold Pm,(n,0) is called a projective product space in [3] where it is denoted by Ps with

s = (m1, . . . ,mk, n1, . . . , nℓ).
More generally, let σ be a free action on S(m1, . . . ,mk) and τ an involution on

S(n1, . . . , nℓ). In that case, one can define the generalized projective product space
P (S(m1, . . . ,mk), S(n1, . . . nℓ)) using σ and τ .

Example 3.2. Let X2n be a 2n-dimensional toric manifold and τ(2) an involution
on X2n as defined in Example 2.7. In that case, one can define a Z2-action on
S(m1, . . . ,mk)×X2n by

(x1, . . . ,xk, y) 7→ (−x1, . . . ,−xk, τ(2)(y)).

This action is free and the orbit space is a generalized projective product space. We
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denote it by P (S(m1, . . . ,mk), X
2n). Note that the orbit map

S(m1, . . . ,mk)×X2n −→ P (S(m1, . . . ,mk), X
2n) (9)

is a double covering. The projection S(m1, . . . ,mk)×X2n → S(m1, . . . ,mk) induces
a smooth fibre bundle:

X2n −→ P (S(m1, . . . ,mk), X
2n) −→ Pm, (10)

where Pm is a projective product space of [3] for m = (m1, . . . ,mk).
In particular, if X2n is CPn then P (Sm,CPn) is the classical Dold manifold of [6]

denoted by D(m,n).
If X2n = CPn1 × · · · × CPnℓ , which is a toric manifold, then we denote the man-

ifold P (S(m1, . . . ,mk), X
2n) by PT (m1, . . . ,mk;n1, . . . , nℓ).

Moreover, ifM is a manifold with free Z2-action then P (M,X2n) = (M ×X2n)/Z2

is a generalized projective product space.

Example 3.3. Let Y n be an n-dimensional small cover with an involution τ(1) as
defined in Remark 2.5. Then the Z2-action on S(m1, . . . ,mk)× Y n defined by send-
ing (x1, . . . ,xk, y) 7→ (−x1, . . . ,−xk, τ(1)(y)) is free, so the orbit space is a generalized
projective product space, denoted by P (S(m1, . . . ,mk), Y

n). Note that the orbit map

S(m1, . . . ,mk)× Y n −→ P (S(m1, . . . ,mk), Y
n) (11)

is a double covering. The projection S(m1, . . . ,mk)× Y n → S(m1, . . . ,mk) induces
a smooth fibre bundle:

Y n −→ P (S(m1, . . . ,mk), Y
n) −→ Pm, (12)

where m = (m1, . . . ,mk). Let Y
n = RPn1 × · · · × RPnℓ , which is a small cover. Then

we will henceforth denote the corresponding generalized projective product space by
PS(m1, . . . ,mk;n1, . . . , nℓ).

Example 3.4. A generalization of Dold manifolds was introduced by A. Nath and
P. Sankaran in [15]. Let X be a smooth manifold with an involution τ . Then Z2

acts freely on Sm ×X via the map (x, y) 7→ (−x, τ(y)). They called the orbit space
a generalized Dold manifold, denoted by P (m,X), and studied several topological
properties for various X. This is also the reason we call our manifolds generalized
projective product spaces.

One can construct many possibly interesting generalized projective product spaces.
Some further ones are listed below, but will not be studied in this paper.

Example 3.5. Let M1, . . . ,Mk be (real) moment angle manifolds. Then Z2 acts on
each Mi freely for i = 1, . . . , k by Section 2. Thus Z2 acts freely on M1 × · · · ×Mk

via diagonal action. So the orbit space (M1 × · · · ×Mk)/Z2 is a generalized projective
product space. We remark that a finite product of (real) moment angle manifolds is
again a (real) moment angle manifold. So this example may look artificial, however,
the projective product spaces of [3] belong to this class of manifolds.

Example 3.6. Let M be a (real) moment angle manifold corresponding to a simple
polytope and N an almost complex manifold with an involution, or a toric manifold,
or a homogeneous space with an involution. Then Z2 acts freely on M ×N where
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Z2 acts freely on M . The orbit space (M ×N)/Z2 is then a generalized projective
product space.

Example 3.7. Let G be a subgroup of the general linear group GL(n,R) or GL(n,C),
such that Z2 acts freely onG. LetN be an almost complex manifold with an involution
or a toric manifold or a homogeneous space with an involution. Then Z2 acts freely
on G×N , and the orbit space (G×N)/Z2 is a generalized projective product space.

Example 3.8. Let G be a subgroup of the general linear group GL(n,R) or GL(n,C)
such that π1(G) = Z2. Let N be an almost complex manifold with an involution, or
a toric manifold, or a homogeneous space with an involution. Then Z2 acts freely
on G̃×N where G̃ is the universal cover of G. The orbit space (G×N)/Z2 is a
generalized projective product space. For example, π1(SO(n)) = Z2 if n ⩾ 3.

4. Cohomology of some manifolds in Section 3

In this section, we first compute the cohomology ring with Z2 coefficients and Q
coefficients of the manifolds in Example 3.1. Then we construct a cell structure on
the generalized projective product space P (Sm, N), where N is a toric manifold, and
describe the cohomology of this space with Z and Q coefficients. We also compute
the cohomology of manifolds in Examples 3.2 and 3.3 with Z2 coefficients.

4.1. Cohomology of some manifolds in Example 3.1

In [3, Section 1], the author showed that P (m1, . . . ,mk) is a sphere bundle over
P (m1, . . . ,mk−1) for k ⩾ 2 where P (m1) := RPm1 . We show that the generalized
projective product space P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ)) defined in Example 3.1
is an iterated sphere bundle over P (m1, . . . ,mk). Then we compute its cohomology
ring with Z2 and Q coefficients. The calculation is somewhat similar to that of the
cohomology with Z2 coefficients and Q coefficients of projective product spaces in [3,
Section 2]. We consider the trivial sphere bundle

S(m1, . . . ,mk)× S(n1, . . . , nℓ−1)× Snℓ
ξ̃−→ S(m1, . . . ,mk)× S(n1, . . . , nℓ−1).

The group Z2 acts on its total space by

(x1, . . . ,xk,y1, . . . ,yℓ−1,yℓ) 7→ (−x1, . . . ,−xk, σ1(y1), . . . , σℓ−1(yℓ−1), σℓ(yℓ))

and on its base by

(x1, . . . ,xk,y1, . . . ,yℓ−1) 7→ (−x1, . . . ,−xk, σ1(y1), . . . , σℓ−1(yℓ−1)),

where the actions σ1, . . . , σℓ−1 and σℓ are defined in (7). So ξ̃ is a Z2-equivariant map.
Since Z2 acts freely on the base, ξ̃ induces a sphere bundle

P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ)) → P (m1, . . . ,mk; (n1, p1), . . . , (nℓ−1, pℓ−1))
(13)

for any ℓ ⩾ 2. By similar arguments we can show that

P (m1, . . . ,mk; (n1, p1)) → P (m1, . . . ,mk)
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is a sphere bundle with fibre Sn1 . For simplicity of notation we let this bundle corre-
spond to ℓ = 1. Next, we consider the trivial line bundle

S(m1, . . . ,mk)× S(n1, . . . , nℓ−1)× R −→ S(m1, . . . ,mk)× S(n1, . . . , nℓ−1).

The group Z2 acts on its total space by

(x1, . . . ,xk,y1, . . . ,yℓ−1, r) 7→ (−x1, . . . ,−xk, σ1(y1), . . . , σℓ−1(yℓ−1),−r).

This induces a line bundle

ηℓ : E → P (m1, . . . ,mk; (n1, p1), . . . , (nℓ−1, pℓ−1)). (14)

So the bundle E(nℓ, pℓ) := pℓε⊕ (nℓ − pℓ + 1)ηℓ is a vector bundle with fibre Rnℓ+1

over P (m1, . . . ,mk; (n1, p1), . . . , (nℓ−1, pℓ−1)) where ε is the trivial line bundle. From
the action σℓ in (7), we can conclude that the sphere bundle

S(pℓε⊕ (nℓ − pℓ + 1)ηℓ) → P (m1, . . . ,mk; (n1, p1), . . . , (nℓ−1, pℓ−1))

is the sphere bundle in (13). We denote the associated disk bundle by D(E(nℓ, pℓ))
(or by D(pℓε⊕ (nℓ − pℓ + 1)ηℓ)), for any ℓ ⩾ 1.

We denote an exterior algebra over Z2 by Λ(−) and the total Steenrod square by
Sq =

∑
n⩾0 Sq

n. The mod 2 Steenrod algebra is denoted by A. If α ∈ Hq(X), then
we write |α| = q for the degree of α.

Theorem 4.1. Let m1 ⩽ · · · ⩽ mk ⩽ n1 · · · ⩽ nℓ, m1 < m2, or m1 is odd, and pj >
1, 1 ⩽ j ⩽ ℓ. Then H∗(P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ));Z2) is isomorphic as a
graded A-algebra to

Z2[α]/(α
m1+1)⊗ Λ(α2, . . . , αk)⊗ Λ(β1, . . . , βℓ),

where |α| = 1, |αi| = mi, for 2 ⩽ i ⩽ k and |βj | = nj , for 1 ⩽ j ⩽ ℓ,

Sq(αi) = (1 + α)mi+1αi, Sq(βj) = (1 + α)nj+1−pjβj and Sq(α) = α(1 + α).

Otherwise, suppose m1 is even and m1 = m2, also that some pj = 1. Then α2
i =

αmiαi for all i ⩾ 2 with mi = m1, and β
2
j = αnjβj for those j with pj = 1 and nj =

m1. For those j with pj > 1, β2
j = 0, and for those i with mi > m1, α

2
i = 0.

Proof. This is similar to the proof of [3, Theorem 2.1], but some clarifications are
needed. The author in [3] shows that

H∗(P (m1, . . . ,mk);Z2) ≈ Z2[α]/(α
m1+1)⊗ Λ(α2, . . . , αk)

as a graded A-algebra, and the corresponding relations among α, α2, . . . , αk hold. So
the result is true for ℓ = 0, which starts the proof by induction. We next prove the
claim when ℓ = 1, i.e. for H∗(P (m1, . . . ,mk; (n1, p1));Z2). Since the inductive step
from ℓ to ℓ+ 1, ℓ ⩾ 1, is similar to that from 0 to 1, this will complete the proof.

We have shown that P (m1, . . . ,mk; (n1, p1)) ∼= S(p1ε⊕ (n1 + 1− p1)η1) as a
sphere bundle over P (m1, . . . ,mk). This gives the cofibration

P (m1, . . . ,mk; (n1, p1))
q−→ P (m1, . . . ,mk)

ι−→ T (E(n1, p1)) ≃M(q),

where the first map is given by q([x1, . . . ,xk,y1]) = [x1, . . . ,xk], T (E(n1, p1)) denotes
the Thom space of the bundle E(n1, p1) defined after (14), and M(q) is the mapping
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cone of q. Hence one gets the following long exact sequence with coefficients in Z2

→ H∗(T (E(n1, p1)))
ι∗−→ H∗(Pm)

q∗−→ H∗(Pm,(n,p))
δ−→ H∗+1(T (E(n1, p1))) →,

where Pm = P (m1, . . . ,mk) as well as Pm,(n,p) = P (m1, . . . ,mk; (n1, p1)). Since our
assumption is m1 ⩽ · · · ⩽ mk ⩽ n1, we have the map ϕ : Pm → Pm,(n,p) defined by
sending [x1, . . . ,xk] 7→ [x1, . . . ,xk,xk]. So the composition map q ◦ ϕ gives the iden-
tity on Pm. Thus we get the splitting

H∗(Pm,(n,p);Z2) ≈ H∗(Pm;Z2)⊕H∗+1(T (E(n1, p1));Z2).

Let β1 be the image of the Thom class in Hn1+1(T (E(n1, p1))) under this iso-
morphism. Note that the Thom isomorphism establishes H∗+1(T (E(n1, p1));Z2) ≈
H∗(Pm;Z2) · β1. Then one can say that

H∗(Pm,(n,p);Z2) ≈ H∗(Pm;Z2)⊕H∗(Pm;Z2) · β1.

The projection pr : Pm,(n,p) → P (m1) ≈ RPm1 gives pr∗(η0) = η1 by naturality,
where η0 is the canonical line bundle on RPm1 and ηℓ is defined in (14) for ℓ ⩾ 1.
Therefore the total Steenrod square and the total Stiefel–Whitney class have the
following relation in our setting, using the arguments in [12, Page 94].

Sq(β1) =W (p1ε⊕ (n1 + 1− p1)η1)β1

= (1 + α)n1+1−p1β1,

where α = w1(η0), the canonical generator of H1(RPm1 ;Z2), and |β1| = n1. Then
β2
1 =

(
n1+1−p1

n1

)
αn1β1 and hence β2

1 is zero for p1 > 1 and the theorem holds in this

case. For p1 = 1, we get the same structure with β2
1 = αn1β1.

We recall that if F = Q, or Zp for an odd positive prime p, then

H∗(S(m1, . . . ,mk)× S(n1, . . . , nℓ);F) ≈
F[δ1, . . . , δk, γ1, . . . , γℓ]

(δ2i , γ
2
j : 1 ⩽ i ⩽ k, 1 ⩽ j ⩽ ℓ)

with |δi| = mi and |γj | = nj for 1 ⩽ i ⩽ k, 1 ⩽ j ⩽ ℓ. The proof of the next proposition
is very similar to [3, Theorem 2.8], so we omit the details.

Proposition 4.2. Let
∏k

i=1 S
mi ×

∏ℓ
j=1 S

nj
q−→ Pm,(n,p) be the orbit map of the Z2-

action and F = Q, or Zp for an odd positive prime p, with m = (m1, . . . ,mk) and
(n, p) = ((n1, p1), . . . , (nℓ, pℓ)). Then the image of the map

H∗(Pm,(n,p);F)
q∗−→ H∗(S(m1, . . . ,mk)× S(n1, . . . , nℓ);F)

is the F-span of the products δi1 · · · δiu · γj1 · · · γjv such that

u∑
r=1

(mir + 1) +

v∑
s=1

(njs − pjs + 1) is even.

We note that the class of projective product spaces is a proper subset of the class
of manifolds defined in Example 3.1, but one can extend most of the results of the
paper [3] to this new class of manifolds.
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Figure 1: An orientation on the edges of a prism.

4.2. Cohomology of some manifolds in Example 3.2
First we recall an invariant cell structure and describe the cohomology ring of a

toric manifold following [5]. Then we give a cell structure on P (Sm, X) where X is a
2n-dimensional toric manifold. We shall compute the integral homology and rational
cohomology of these spaces.

Let Q be an n-dimensional simple polytope and f : Q ⊂ Rn → R the restriction of
a linear map which distinguishes the vertices V (Q) of Q. This induces an ordering
on the vertices of Q, and consequently an orientation on each edge of Q so that f is
an increasing map along it. Thus the union of all edges E(Q) ⊂ Q forms a directed
graph, see Figure 1 for an example. The index of v ∈ V (Q) is the number of edges
in E(Q) orienting towards v. For example, in Figure 1, the index of v2 is one. Let hi
be the number of vertices of index i for 0 ⩽ i ⩽ n. Let Fv be the maximal face of Q
containing only the inward edges at v and Uv be the open subset of Fv obtained by
deleting all the faces of Fv not containing the vertex v. Then Q = ⊔vUv.

Let X be a 2n-dimensional toric manifold and q : X → Q the orbit map as in
Definition 2.2. Then Ũv := q−1(Uv) is a torus invariant subset of X and it is weakly

equivariantly homeomorphic to Cdim(Fv), where the torus action is standard. So Ũv

is 2 dim(Fv)-dimensional and invariant under the involution considered in Exam-

ple 2.7. Therefore, X = ⊔vŨv gives an invariant cell structure where there is no odd-
dimensional cell. The authors in [5] showed that number of 2i-dimensional cells in X
is hi for 0 ⩽ i ⩽ n.

Let F(Q) := {F1, . . . , Fµ} be the facets of Q. Recall the assignment λ(Fi) = λi :=
(λi1 , . . . , λin) ∈ Zn for each i ∈ {1, . . . , µ} determined by (5). Let I and J be the
ideals of Z[u1, . . . , uµ] generated by the sets

{uj1 · · ·ujk : ∩k
i=1 Fji = ϕ} and {λ1su1 + · · ·+ λµs

uµ : 1 ⩽ s ⩽ n} (15)

respectively. The ideal I is known as Stanley–Reisner ideal. Then by [5, Theorem 4.14]
we have the following.

H∗(X;Z) ≈ Z[u1, . . . , uµ]
I + J

, (16)

where ui is the Poincaré dual of q−1(Fi) for i = 1, . . . , µ.
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Let

B+
i = {(x1, . . . , xi, 0, . . . 0) ∈ Sm | xi > 0}

and similarly let

B−
i = {(x1, . . . , xi, 0, . . . 0) ∈ Sm | xi < 0}.

So, {B+
i , B

−
i | i = 0, . . . ,m} give a cell structure on Sm such that B+

i → B−
i and

B−
i → B+

i are homeomorphisms under the antipodal action on Sm. Therefore the
collection {

B+
i × Ũv, B

−
i × Ũv

∣∣ i = 0, . . . ,m and v ∈ V (Q)
}

(17)

gives a cell structure on Sm ×X which is invariant under the Z2-action considered
in Example 3.2. So this induces a cell structure on P (Sm, X). More precisely, sup-

pose ϕ : Sm ×X → P (Sm, X) is the orbit map as in (9) and we denote (Bi, Ũv) :=

ϕ(B+
i × Ũv). Then {

(Bi, Ũv)
∣∣ i = 0, . . . ,m and v ∈ V (Q)

}
(18)

gives a cell structure on P (Sm, X).

Note that the boundary map for the chain complex determined by the cells in (17)
is given by the following:

∂
(
B±

0 × Ũv

)
= 0 and ∂

(
B±

i × Ũv

)
= ±

(
B+

i−1 × Ũv +B−
i−1 × Ũv

)
for i = 1, . . . ,m and v ∈ V (Q). Let −1 be the non-trivial element in Z2. Thus, we have
−1: Sm ×X → Sm ×X a homeomorphism which preserves the above cell structure.
Therefore, on the chain complex, it induces the following

−1
(
B±

i × Ũv

)
= (−1)i+dim(Uv)+1

(
B∓

i × Ũv

)
.

So the boundary map for the chain complex determined by (18) is given by

∂
(
B0 × Ũv

)
= 0 and ∂

(
Bi × Ũv

)
=
(
1 + (−1)i+dim(Uv)

)(
Bi−1 × Ũv

)
for i = 1, . . . ,m and v ∈ V (Q). Let biudim(Uv) be the cochain dual to (Bi × Ũv). The
corresponding coboundary map is given by

δ
(
biudim(Uv)

)
=
(
1 + (−1)i+dim(Uv)+1

)
bi+1udim(Uv)

for i = 0, . . . ,m and v ∈ V (Q). Therefore one can obtain the following.

Proposition 4.3. The integral cohomology group of P (Sm, X) is given as follows,
with i = 1, . . . , [m/2] and 0 ⩽ dim(Uv) ⩽ n, dim(Uv) being even.

1. For m even, it is the abelian group generated by

udim(Uv), bmudim(Uv)+1, b2iudim(Uv) and b2i−1udim(Uv)+1,

where udim(Uv) and bmudim(Uv)+1 have infinite order, while instead b2iudim(Uv)

and b2i−1udim(Uv)+1 have order 2.
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2. For m odd, it is the abelian group generated by

udim(Uv), bmudim(Uv), b2iudim(Uv) and b2i−1udim(Uv)+1,

where udim(Uv) and bmudim(Uv)+1 have infinite order, while instead b2iudim(Uv)

and b2i−1udim(Uv)+1 have order 2.

We note that CPn is an example of a toric manifold. So, Proposition 4.3 generalizes
[7, Proposition 1.6]. The result is similar, however several crucial facts about toric
manifolds are needed here.

The next proposition gives the cohomology of P (m1, . . . ,mk;X) with coefficients
in F = Q, or in Zp for an odd positive prime p.

Proposition 4.4. Let S(m1, . . . ,mk)×X
g−→ P (m1, . . . ,mk;X) be the orbit map as

in (9) and F = Q, or Zp for an odd positive prime p. Then

H∗(P (m1, . . . ,mk;X);F) ≈ A⊗H∗(X;F),

where A is the F-span of the products δi1 · · · δiu in H∗(S(m1, . . . ,mk);F) such that∑u
r=1(mir + 1) is even.

Proof. The map g is a double cover. So there is a map P (m1, . . . ,mk;X) → RP∞ giv-

ing the fibration S(m1, . . . ,mk)×X
g−→ P (m1, . . . ,mk;X) → RP∞. The Serre spec-

tral sequence with local coefficients now has the following E2-page in the first quad-
rant: Er,s

2 = Hr(RP∞;Hs(S(m1, . . . ,mk)×X;F)) which converges to the cohomol-
ogy H∗(P (m1, . . . ,mk;X)). As F is a field of characteristic not equal to 2, one has

Hr

(
RP∞;Hs

(
k∏

i=1

Smi ×X;F

))
=

{
(Hs(

∏k
i=1 S

mi ×X;F))Z2 if r = 0,
0 if r ̸= 0,

where the π1(RP∞) = Z2 action on Hs(S(m1, . . . ,mk)×X;F) is induced from the
π1(RP∞) action on the fibre. The non-trivial element of Z2 acts on δi1 · · · δiu ∈
H∗(S(m1, . . . ,mk);F) by multiplication with the product (−1)mi1

+1 · · · (−1)miu+1.
Since the Z2-action on X is locally isomorphic to the complex conjugation by Exam-
ple 2.7, the non-trivial element of Z2 acts on each generator of H∗(X;F) trivially.
Therefore, the conclusion follows from the Künneth theorem and the degeneracy of
the spectral sequence at E2-page.

In the rest of this subsection, we compute the cohomology ring of the generalized
projective product space P (m1, . . . ,mk;X) with Z2 coefficients.

Theorem 4.5. Let m1, . . . ,mk be positive integers greater than one. Then

H∗(P (m1, . . . ,mk;X);Z2) ≈ H∗(P (m1, . . . ,mk);Z2)⊗H∗(X;Z2).

Proof. Recall the fibre bundle in (10). By hypothesis π1(P (m1, . . . ,mk)) = Z2. From
the definition of P (m1, . . . ,mk;X), we get that the group Z2 acts on the fibre X
by complex conjugation locally. Hence it acts on H∗(X;Z2) trivially. Note that the
cohomology groups of the fibre and base of this bundle have finite dimension over the
field Z2. Also both the fibre X and the base P (m1, . . . ,mk) are path connected. By
[5, Theorem 3.1], H∗(X;Z2) is concentrated in even degrees with H2i(X;Z2) = Zhi

2

for i = 0, . . . , n. So, by applying [11, Proposition 5.5] one gets that the corresponding
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spectral sequence collapses at E2. Hence X is totally non-homologous to zero in
P (m1, . . . ,mk;X) with respect to Z2. Thus by [11, Theorem 5.10], one gets the
result.

4.3. Cohomology of some manifolds in Example 3.3
Let Y be a small cover over an n-dimensional simple polytope Q and τ(1) an

involution on Y as in Remark 2.5. In this subsection, we compute the cohomology ring
of the generalized projective product space P (m1, . . . ,mk;Y ) with Z2 coefficients. The
computation is similar to that of Theorem 4.5. For completeness we briefly summarize
the arguments.

Let q : Y → Q be the orbit map corresponding to the small cover Y as in Def-
inition 2.2. The set Ũv := q−1(Uv) is a Zn

2 -invariant subset of Y and it is weakly

equivariantly homeomorphic to Rdim(Fv) with respect to the Zdim(Fv)
2 -action. So Ũv

is a dim(Fv)-dimensional subset of Y and invariant under the involution considered

in Remark 2.5. Therefore, Y = ⊔vŨv gives an invariant cell structure. By [5, Theo-
rem 4.14] we have the following.

H∗(Y ;Z2) ≈
Z2[u1, . . . , uµ]

I + J
, (19)

where the ideals I, J are defined as in (15) with λi := (λi1 , . . . , λin) ∈ Zn
2 , for each

i ∈ {1, . . . , µ}. The proof of the next proposition is similar to the proof of Theorem 4.5,
so we omit the details. We note here Hi(Y ;Z2) ≈ Zhi

2 for i = 0, . . . , n.

Proposition 4.6. Let m1, . . . ,mk be positive integers greater than one. Then

H∗(P (m1, . . . ,mk;Y );Z2) ≈ H∗(P (m1, . . . ,mk);Z2)⊗H∗(Y ;Z2).

We remark that it might be interesting to study the torsion in the integral coho-
mology of the manifolds in Example 3.3.

5. Tangent bundles of some spaces in Section 3

In this section, we study some natural bundles on the generalized projective prod-
uct spaces considered in Section 3. Then we compute their Stiefel–Whitney charac-
teristic classes. Moreover, we give a nice upper bound for the immersion dimension of
the manifolds in Example 3.1. The immersion dimension of a manifold M , denoted
by imm(M), is the smallest d such that there is an immersion M → Rd.

5.1. Stable tangent bundle on some manifolds in Example 3.1
We follow the notation used in Example 3.1. The tangent bundle on the product

S(m1, . . . ,mk)× S(n1, . . . , nℓ) is given by(x̄, ȳ, ū, v̄) ∈
k∏

i=1

Smi ×
ℓ∏

j=1

Snj ×
k∏

i=1

Rmi+1 ×
ℓ∏

j=1

Rnj+1
∣∣∣ ui ⊥ xi & vj ⊥ yj

 ,

where x̄ = (x1, . . . ,xk), ȳ = (y1, . . . ,yℓ), ū = (u1, . . . ,uk), v̄ = (v1, . . . ,vℓ), when
1 ⩽ i ⩽ k and 1 ⩽ j ⩽ ℓ. We consider the equivalence relation ∼ on the tangent space

T (S(m1, . . . ,mk)× S(n1, . . . , nℓ)) defined by (x̄, ȳ, ū, v̄) ∼ (−x̄, σ(ȳ),−ū, σ(v̄)),
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where σ(v̄) = (σ1, . . . , σℓ)(v̄) = (σ1(v1), . . . , σℓ(vℓ)) and the actions σj ’s are defined
in (7).

So the tangent space on P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ)) is given by the equiv-
alence classes

{[x̄, ȳ, ū, v̄] : (x̄, ȳ, ū, v̄) ∈ T (S(m1, . . . ,mk)× S(n1, . . . , nℓ))}.

We have the following isomorphism of vector bundles

T

(
k∏

i=1

Smi ×
ℓ∏

i=1

Snj

)
⊕ (k + ℓ)ε ≈

k∑
i=1

(mi + 1)ε⊕
ℓ∑

j=1

(pj − 1)ε⊕
ℓ∑

j=1

(nj − pj + 2)ε

≈
k∑

i=1

(mi + 1)ε⊕
ℓ∑

j=1

(nj + 1)ε ,

where ε represents the trivial line bundle on S(m1, . . . ,mk)× S(n1, . . . , nℓ). Now
consider the natural Z2-actions on the both sides where Z2 acts on the tangent
space T (S(m1, . . . ,mk)× S(n1, . . . , nℓ)) by −1(x̄, ȳ, ū, v̄) = (−x̄, σ(ȳ),−ū, σ(v̄)), on
(k + ℓ)ε trivially, on each (mi + 1)ε antipodally, on each (pj − 1)ε trivially, and on
each (nj − pj + 2)ε antipodally. This implies that the following bundle map is Z2-
equivariant.

T

(
k∏

i=1

Smi ×
ℓ∏

i=1

Snj

)
⊕ (k + ℓ)ε

k∑
i=1

(mi + 1)ε⊕
ℓ∑

j=1

(nj + 1)ε

S(m1, . . . ,mk)× S(n1, . . . , nℓ) S(m1, . . . ,mk)× S(n1, . . . , nℓ).

∼=

=

This is induced from the Z2-action on S(m1, . . . ,mk)× S(n1, . . . , nℓ). So we get that
the tangent bundle T (P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ))) is stably isomorphic to
the bundle  k∑

i=1

(mi + 1)⊕
ℓ∑

j=1

(nj − pj + 2)

 ηℓ+1 ⊕
ℓ∑

j=1

(pj − 1)ε.

Here the line bundle ηℓ+1 is defined on P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ)) for ℓ ⩾
0, see Subsection 4.1. We note that the stable tangent bundle of P (m1, . . . ,mk) is
discussed in [3].

The next result gives an upper bound for the immersion dimensions of some
P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ)). We recall that the geometric dimension of a vec-
tor bundle η : E →M is the smallest positive integer gd(η) such that η is stably
isomorphic to a vector bundle of rank gd(η) on M . The proof of the following propo-
sition is similar to the proof of [3, Theorem 3.4], so we omit the details.

Proposition 5.1. Let m1 ⩽ mi and m1 ⩽ nj for 1 ⩽ i ⩽ k and 1 ⩽ j ⩽ ℓ. Then

imm(P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ))) = d+max{gd((−(d+ k + 2ℓ+ p))η1), 1},

where d = dim(P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ))) and p =
∑ℓ

j=1 pj.
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Remark 5.2. From the stable tangent bundle isomorphism, one can compute the
total Stiefel–Whitney class of P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ)) where the Stiefel–
Whitney class of ηℓ is given by w(ηℓ) = (1 + w1(ηℓ)).

5.2. Stable tangent bundle of some manifolds in Example 3.2

In this subsection, we construct several line and plane bundles on the generalized
projective product spaces defined in Example 3.2. Then we show that the stable
tangent bundle of P (m1, . . . ,mk;X) is a Whitney sum of these bundles, where X =
CPn1 × · · · × CPnℓ .

Let X be a toric manifold over a simple polytope Q which has µ many facets.
Consider the line bundle S(m1, . . . ,mk)×X × R → S(m1, . . . ,mk)×X and the Z2-
action on the total space defined by

(x1, . . . ,xk, y, t) 7→ (−x1, . . . ,−xk, τ(2)(y),−t),

where τ(2) is as in Example 2.7. So the bundle map is Z2-equivariant, and it induces
the following line bundle

η :
(
S(m1, . . . ,mk)×X × R

)
/Z2 → P (m1, . . . ,mk;X).

The fixed point set of the involution τ(2) on X is non-empty by definition. Let y0 be a
fixed point of this involution on X. Then S(m1, . . . ,mk)× y0 ⊆ S(m1, . . . ,mk)×X.
The inclusion ι : P (m1, . . . ,mk) ⊆ P (m1, . . . ,mk;X) then gives the following com-
mutative diagram.(

S(m1, . . . ,mk)× {y0} × R
)
/Z2

(
S(m1, . . . ,mk)×X × R

)
/Z2

P (m1, . . . ,mk) P (m1, . . . ,mk;X).

η1

ι

η

ι

(20)

Then ι∗(η) = η1 where η1 is defined in (14) for ℓ = 1. By naturality, the total Stiefel–
Whitney class of η is given by w(η) = 1 + w1(η), where

c := w1(η1) = ι∗w1(η). (21)

Recall from Section 2 that ZQ(2) is the moment angle manifold corresponding
to X and the group Tµ−n = ker(expΛ) in (6) is a subtorus of T (2)µ such that
ZQ(2)/T

µ−n ∼= X. We denote the natural action

Tµ−n × ZQ(2) → ZQ(2)

by ν. Let πi : T (2)
µ → S1 be the projection onto the ith factor. The torus T (2)µ

acts on C via this projection by complex multiplication. So Tµ−n acts on C via the
composition Tµ−n ↪→ T (2)µ

πi−→ S1. We denote this one dimensional representation
of Tµ−n by Ci and the associated action by ρi for i = 1, . . . , µ.

Now define an identification on S(m1, . . . ,mk)× ZQ(2)× Ci defined by

(x,y, z) ∼ (−x, τ(2)y, z) ∼ (x, ν(y), ρi(z)) ∼ (−x, τ(2)ν(y), ρi(z)), (22)

where z represents complex conjugation on z. Then the identification space gives a
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real 2-plane bundle

ζi : (S(m1, . . . ,mk)× ZQ(2)× Ci)/T
µ−n → P (m1, . . . ,mk;X)

on P (m1, . . . ,mk;X), denoted by ζi for i = 1, . . . , µ.
Next, we recall some canonical 2-plane bundles on X, following [2]. The trivial

complex line bundles ZQ(2)× Ci → ZQ(2) are equivariant with respect to the action
of Tµ−n. Each such bundle induces a real 2-plane bundle

Li : ZQ(2)×Tµ−n Ci → X ∼= ZQ(2)/T
µ−n.

The second Stiefel–Whitney class of the bundle Li is given by w2(Li) = ui mod 2,
where ui ∈ H2(X;Z) is the Poincaré dual to the characteristic submanifold q−1(Fi),
see [5, Section 6], and Fi is the ith facet of Q. Let a = (e11 , . . . , e1k) ∈ S(m1, . . . ,mk)
where e1i is the first vector in the standard basis of Rmi+1. Then both a,−a ∈
S(m1, . . . ,mk). So we get the inclusion

ι0 : X = P ({a,−a}, X) ⊂ P (m1, . . . ,mk;X).

Then the pull-back of ζi under ι0 is Li for i = 1, . . . , µ. By naturality ι∗0ω2(ζi) = ui
mod 2 for i = 1, . . . , µ.

Let X = CPn1 × · · · × CPnℓ henceforth. Then the moment angle manifold ZQ(2)
corresponding to this X is S2n1+1 × · · · × S2nℓ+1 and the corresponding Tµ−n can
be identified with (S1)ℓ. Also, the action ν for this case is the coordinate-wise action
of (S1)ℓ on S2n1+1 × · · · × S2nℓ+1. For each j ∈ {1, . . . , ℓ}, the identification in (22)
reduces to

(x,y, z) ∼ (−x,y, z) ∼ (x, ν(y), hjz) ∼ (−x, ν(y), hjz),

where hj belongs to the jth coordinate circle of (S1)ℓ. This induces a real 2-plane
bundle ζ ′j over PT (m1, . . . ,mk;n1, . . . , nℓ). The fixed point set of the involution τ(2)
on X is non-empty. Therefore, the map

S(m1, . . . ,mk)×
ℓ∏

j=1

S2nj+1 × R2 → S(m1, . . . ,mk)×
ℓ∏

j=1

S2nj+1 × C

defined by (x,y, r1, r2) 7→ (x,y, r1 +
√
−1r2) induces the bundle map

E(ε⊕ η1) E(ζ ′j)

P (m1, . . . ,mk) PT (m1, . . . ,mk;n1, . . . , nℓ),

η′
1

ιj

ζ′
j

ι

(23)

where E(∗) represents the total space of the corresponding bundle and j = 1, . . . , ℓ.
So ι∗(ζ ′j) = ε⊕ η1. On the other hand, ι∗0(ζ

′
j) is a real 2-plane bundle over the product

CPn1 × · · · × CPnℓ for j = 1, . . . , ℓ. Note that for this case

H∗(X;Z2) ≈
Z2[d1]

dn1+1
1

⊗ · · · ⊗ Z2[dℓ]

dnℓ+1
ℓ

,

where dj is the canonical generator of H∗(CPnj ;Z2). If m1, . . . ,mk > 1, then by
Theorem 4.5 and the cohomology of X, we get w1(ζ

′
j) = c = w1(η1) (see (21)) and

w2(ζ
′
j) = dj for j = 1, . . . , ℓ.
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Using the above discussion and the proof of [17, Theorem 1.5], one gets the fol-
lowing. We omit the details.

Theorem 5.3. The bundle T (PT (m1, . . . ,mk;n1, . . . , nk))⊕ ℓη ⊕ (k + ℓ)ε is isomor-

phic to
∑k

1(mi + 1)η ⊕ (n1 + 1)ζ ′1 ⊕ · · · ⊕ (nℓ + 1)ζ ′ℓ.

Corollary 5.4. If m1, . . . ,mk are greater than 1, then the total Stiefel–Whitney class
of PT (m1, . . . ,mk;n1, . . . , nℓ) is given by

w(PT (m1, . . . ,mk;n1, . . . , nk)) = (1 + c)(
∑k

1 mi+k−ℓ)
ℓ∏

j=1

(1 + c+ dj)
nj+1.

5.3. Stable tangent bundle of manifolds in Example 3.3
In this subsection, we construct several line bundles on the generalized projective

product spaces defined in Example 3.3. Then we show that the stable tangent bundle
of P (m1, . . . ,mk;Y ) is a Whitney sum of these bundles when Y = RPn1 × · · · ×RPnℓ .
Most of the discussion and calculations are similar to Subsection 5.2 except for a few
important observations related to small covers. We keep similar (but contextual)
notation.

Let Y be a small cover over a simple polytope Q which has µ many facets. By argu-
ments similar to those beginning Subsection 5.2 one has the following commutative
diagram:(

S(m1, . . . ,mk)× {y1} × R
)
/Z2

(
S(m1, . . . ,mk)× Y × R

)
/Z2

P (m1, . . . ,mk) P (m1, . . . ,mk;Y ).

η1

ι

η

ι

(24)

Here η1 is the canonical line bundle defined in (14) for ℓ = 1. Then ι∗(η) = η1. By
naturality, the total Stiefel–Whitney class of η is given by w(η) = 1 + w1(η), where
c = w1(η1) = ι∗(w1(η)).

Recall from Section 2 that ZQ(1) is the real moment angle manifold corresponding
to Y and the group ker(Λ) in (4) is a real subtorus of T (1)µ such that ZQ(1)/ ker(Λ) ∼=
Y . We denote the natural action

ker(Λ)× ZQ(1) → ZQ(1)

by ν. Let πi : T (1)
µ → Z2 be the projection onto the ith factor. The real torus T (1)µ

acts on R via this projection. As a consequence, ker(Λ) acts on R via the composition

ker(Λ) ↪→ T (1)µ
πi−→ Z2. We denote this one dimensional representation of ker(Λ) by

Ri and the associated action by ρi for i = 1, . . . , µ.
Now define an identification on S(m1, . . . ,mk)× ZQ(1)× Ri by

(x,y, z) ∼ (−x, τ(1)y,−z) ∼ (x, ν(y), ρi(z)) ∼ (−x, τ(1)ν(y),−ρi(z)). (25)

Then the identification space gives a line bundle

ζi : (S(m1, . . . ,mk)× ZQ(1)× Ri)/ ker(Λ) → P (m1, . . . ,mk;Y )

on P (m1, . . . ,mk;Y ), denoted by ζi for i = 1, . . . , µ.
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Next, we recall some canonical line bundles on Y following [5]. The trivial line
bundle ZP (1)× Ri → ZP (1) is equivariant with respect to the action of ker(Λ). This
induces a line bundle

Li : ZQ(1)×ker(Λ) Ri → X ∼= ZQ(1)/ ker(Λ).

The Stiefel–Whitney characteristic class of the line bundle Li is given by w(Li) =
1 + ui where ui ∈ H1(Y ;Z2) is the Poincaré dual to the characteristic submanifold
q−1(Fi), see [5, Section 6], and Fi is the ith facet of Q. Let a = (e11 , . . . , e1k) ∈
S(m1, . . . ,mk) where e1i is the first vector in the standard basis of Rmi+1. Then
a,−a ∈ S(m1, . . . ,mk). So we get the inclusion

ι0 : Y = P ({a,−a}, Y ) ⊂ P (m1, . . . ,mk;Y ).

Then the pull-back of ζi under ι0 is Li for i = 1, . . . , µ. By naturality ι∗0w1(ζi) = ui
for i = 1, . . . , µ.

Henceforth, let Y = RPn1 × · · · × RPnℓ . Then the real moment angle manifold
ZQ(1) corresponding to this Y is Sn1+1 × · · · × Snℓ+1, and the corresponding ker(Λ),
can be identified with (Z2)

ℓ. The action ν for this case is thus the coordinatewise
action of (Z2)

ℓ on Sn1+1 × · · · × Snℓ+1, where Z2 acts on each Snj+1 antipodally. For
each j ∈ {1, . . . , ℓ}, the identification in (25) reduces to

(x,y, z) ∼ (−x,−y,−z) ∼ (x, ν(y), hjz) ∼ (−x,−ν(y),−hjz)

where hj belongs to the jth coordinate of (Z2)
ℓ. This induces a line bundle ζ ′j over

PS(m1, . . . ,mk;n1, . . . , nℓ). Then the pull-back of ζ ′j under ι0 is Lij for some ij ∈
{1, . . . , µ}.

Note that for this case,

H∗(Y ;Z2) ≈
Z2[d1]

dn1+1
1

⊗ · · · ⊗ Z2[dℓ]

dnℓ+1
ℓ

,

where dj is the canonical generator ofH
∗(RPnj ;Z2). Ifm1, . . . ,mk are greater than 1,

then by Proposition 4.6 and the cohomology of Y , we get w1(ζ
′
j) = dj for j = 1, . . . , ℓ.

Using the above discussion and the proof of [17, Theorem 1.5] one can also get the
following. We omit the details.

Theorem 5.5. The vector bundle T (PS(m1, . . . ,mk;n1, . . . , nk))⊕ (k + ℓ)ε is iso-

morphic to
∑k

1(mi + 1)η ⊕ (n1 + 1)ζ ′1 ⊕ · · · ⊕ (nℓ + 1)ζ ′ℓ.

Corollary 5.6. If m1, . . . ,mk are greater than 1, then the total Stiefel–Whitney class
of PS(m1, . . . ,mk;n1, . . . , nℓ) is given by

w(PS(m1, . . . ,mk;n1, . . . , nk)) = (1 + c)
∑k

1 (mi+1)
ℓ∏

j=1

(1 + dj)
nj+1.

6. Bounds for the span of the spaces in Section 3

Let M be a finite dimensional smooth manifold and the map

π : TM →M
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the tangent bundle on M . The vector field problem studies the tangent bundle π by
seeking continuous nowhere zero sections s : M → TM of π. The maps {s} are called
non-zero vector fields on M . A family of r such vector fields, that are point-wise
linearly independent at each x ∈M , is called an r-field. The maximum r such that
M admits an r-field is called the span of M and it is denoted by span(M). It is
an invariant of M and its smoothness structure. The celebrated work [1] of Adams
gives the complete solution of the vector field problem for any sphere Sn and any
projective space RPn. However, in general, these problems are open for most other
smooth manifolds, e.g. even on the product of two real projective spaces [4]. We
refer the reader to [9] and [16] for some motivational background on the vector field
problems. We note that if Sm admits an r-field, it also admits a linear r-field which
is equivariant with respect to antipodal action. An even stronger result is shown in
[13] by Milgram and the second author, that every r-field on any sphere is homotopic
(through r-fields) to an r-field that is equivariant with respect to the antipodal action.
Novotný in [14] showed that if Sm admits k many linearly independent vector fields
which are equivariant with respect to the antipodal action, then the Dold manifold
D(m, 1) admits at least k + 1 many linearly independent vector fields.

For the generalized projective product spaces or generalized Dold manifolds, we
have the following observation. If M,N are Z2-spaces and Z2 acts on M freely, then
the Euler characteristic of P (M,N) is given by

X (P (M,N)) =
1

2
X (M)X (N). (26)

So span(P (M,N)) ⩾ 1 if and only if at least one of X (M),X (N) is zero, by [16,
Theorem 1.7]. Since span(E) ⩾ span(B) for a smooth fibre bundle F ↪→ E → B, then
we have span(P (M,N)) ⩾ span(M/Z2).

We recall that ifM is a smooth manifold then the stable span ofM is the maximum
integer r such that TM ⊕ kε ≈ (k + r)ε⊕ η for some k ⩾ 1 and some vector bundle
η on M . The manifold M is called stably parallelizable if TM ⊕ kε is trivial for some
k ⩾ 1. We denote the stable span of M by span0(M) (also written stabspan(M) in
the literature).

In this section, we compute lower and upper bounds for the span and stable span
of several generalized projective product spaces defined in Section 3 and improve
this lower bound for certain generalized projective product spaces. In particular, we
extend the result of [14] to a broader class of manifolds.

6.1. Vector fields on manifolds in Example 3.1

In this subsection, we study the vector fields problems on the generalized projec-
tive product spaces defined in Example 3.1. We follow the notation of Example 3.1.
Note that the corresponding orbit map S(m1, . . . ,mk)× S(n1, . . . , nℓ) → Pm,(n,p) is
a double covering.

So the Euler characteristic of this generalized projective product space is given by

X (Pm,(n,p)) =

{
2k+ℓ−1 if all mi, nj are even,
0 if one of mi or nj is odd.

(27)

Then, by [10, Theorem 20.1] we have the following.
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Proposition 6.1. If
∑k

1 mi +
∑ℓ

1 nj is even and at least one of mi or nj is odd,
then span(Pm,(n,p)) = span0(Pm,(n,p)).

Note that span(Pm,(n,p)) = 0 if and only if all mi, nj are even. Consider the antipo-

dal action of Z2 on each Smi and Snj . Then the coordinate-wise action of Zk
2 × Zℓ

2

on the product S(m1, . . . ,mk)× S(n1, . . . , nℓ) is free with the orbit space being∏k
i=1 RPmi ×

∏ℓ
j=1 RPnj . So the following maps are coverings.

S(m1, . . . ,mk)× S(n1, . . . , nℓ) → Pm,(n,p) →
k∏

i=1

RPmi ×
ℓ∏

j=1

RPnj . (28)

Therefore, if |m| = m1 + · · ·+mk, |n| = n1 + · · ·+ nℓ, and at least one of mi or nj
is odd, then

k∑
1

span(Smi) +

ℓ∑
1

span(Snj ) ⩽ span

 k∏
i=1

RPmi ×
ℓ∏

j=1

RPnj


⩽ span(Pm,(n,p)) ⩽ |m|+ |n|.

The parallelizability problem for the projective product spaces has been completely
solved in [3, Theorem 3.12]. One can ask this problem for the generalized projective
product space P (m1, . . . ,mk; (n1, p1), . . . , (nℓ, pℓ)) when 1 ⩽ pj ⩽ nj for j = 1, . . . , ℓ.
From the definition of this space, we have the fibre bundle:

S(n1, . . . , nℓ) ↪→ Pm,(n,p) → Pm,

where Pm is a projective product space. Thus span(Pm,(n,p)) ⩾ span(Pm). In the
remaining of this subsection we improve this lower bound.

Theorem 6.2. If m is odd and p ⩾ 1, then span(P (m; (n, p))) ⩾ span(Sm) + p− 1.

Proof. Since Sm is an odd sphere, then by a theorem of Hopf, we have r = span(Sm)⩾
1. So by [13], Sm admits r many linearly independent vector fields which are equivari-
ant with respect to the antipodal action. Let v1, . . . , vr be r many linearly independent
Z2-equivariant vector fields on S

m. Now we define the vector fields w1 . . . , wr+p−1 on
Sm × Sn as follows.

wi(x, (y1, . . . , yn+1)) ={
(vi(x), (0, . . . , 0)), if 1 ⩽ i ⩽ r − 1,

(yjvr(x), (y1yj , . . . , yj−1yj , y
2
j − 1, yj+1yj , . . . , yn+1yj)), if r ⩽ i ⩽ r + p− 1,

where j = i− r + 1.
We show that w1, . . . , wr+p−1 are linearly independent at each point on Sm × Sn.

Suppose there are scalars b1, . . . , br−1, a1, . . . , ap such that

r−1∑
i=1

biwi(x,y) +

p∑
j=1

ajwr+j−1(x,y) = 0

at some point (x,y) ∈ Sm × Sn. Since v1, . . . , vr are linearly independent, we get the
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following.
p∑

j=1

ajyj = 0 and bi = 0

for i = 1, . . . , r − 1. Also

0 = a1y
2
1 − a1 +

p∑
j=2

ajy1yj = y1(

p∑
j=1

ajyj)− a1,

...

0 = apy
2
p − ap +

p−1∑
j=1

ajypyj = yp(

p∑
j=1

ajyj)− ap.

From the above equations, we also get aj = 0 for j = 1, . . . , p. Therefore w1, . . . ,
wk+p−1 are linearly independent vector fields on Sm × Sn.

To show that w1, . . . , wk+p−1 are equivariant vector fields under the Z2-action on
Sm × Sn as defined in Example 3.1, one can argue as in the proof of [14, Theorem 4.2].

Corollary 6.3. If at least one of m1, . . . ,mk is odd and 1 ⩽ pj ⩽ nj for j = 1, . . . , ℓ,

then span(Pm,(n,p)) ⩾ span(Pm) +
∑ℓ

j=2(pj − 1).

Proof. Let r = span(Pm). Since S(m1, . . . ,mk) → Pm is a double covering, obtained
from the antipodal action on the spheres, there are r Z2-equivariant linearly indepen-
dent vector fields on S(m1, . . . ,mk). Using the fact that Pm,(n,p) is an iterated sphere
bundle over Pm and applying Theorem 6.2 repeatedly one obtains the corollary.

6.2. Vector fields on the manifolds in Example 3.2
LetM be a manifold equipped with a free Z2-action and X a toric manifold over a

simple polytope P equipped with an involution as considered in Example 2.7. In this
subsection we study the vector field problem on P (M,X) when M = S(m1, . . . ,mk)
has some Z2-equivariant linearly independent vector fields. Let V (Q) be the set of
vertices of a simple polytope Q. Then X (X) = |V (Q)|, see [5]. Hence by (9) the Euler
characteristic of P (M,X) is given by

X (P (M,X)) =
1

2
X (M)X (X) =

1

2
X (M)|V (Q)|. (29)

In particular, since X (Sm) = 1 + (−1)m, we get

X (P (S(m1, . . . ,mk), X)) =

{
2k−1|V (Q)| if m1, . . . ,mk are even,
0 if at least one mi is odd.

(30)

Since (10) is a smooth fibre bundle, by [9, 3.1.6 (1) ], we have the following,

span0(P (S(m1, . . . ,mk), X)) ⩾ span(P (S(m1, . . . ,mk), X)) ⩾ span(Pm), (31)

where m = (m1, . . . ,mk).
The next proposition and corollary discuss the stable parallelizability of the man-

ifolds P (M,X).
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Proposition 6.4. If the manifold PT (m1, . . . ,mk;n1, . . . , nℓ) is stably parallelizable,
then nj ∈ {0, 1} for j = 1, . . . , ℓ.

Proof. Since P (m1, . . . ,mk;n1, . . . , nℓ) is stably parallelizable, then so is its dou-

ble cover
∏k

i=1 S
mi ×

∏ℓ
j=1 CPnj . Each Smi is stably parallelizable. The product∏ℓ

j=1 CPnj is stably parallelizable if and only if each nj ∈ {0, 1}, since the first Pon-

tryagin class p1(
∏ℓ

j=1 CPnj ) =
∑ℓ

1(nj + 1)a2j , where aj is the canonical generator of

H2(CPnj ) for j = 1, . . . , ℓ.

Moreover, by similar arguments, we get the following.

Proposition 6.5. If the first Pontryagin class of X is nonzero, then P (M,X) is not
parallelizable.

We recall the cohomology ring structure of X from (16). By [5, Corollary 6.8], the
first Pontryagin class of X is given by p1(X) =

∑µ
i=1 u

2
i , where ui’s are the generators

in (16). If
∑µ

i=1 u
2
i ̸= 0, thenX is not stably parallelizable. Also note that

∑µ
i=1 u

2
i = 0

if X is the product of some CP 1. In this case P (S(m1 . . . ,mk),CP 1 × · · · × CP 1) is
P (m1, . . . ,mk; (2, 2), . . . , (2, 2)) of Example 3.1 where the number of (2, 2) pairs is
same as the number of CP 1’s. Now we compute the first Pontryagin class of the
4-dimensional toric manifold X4 over a square in the following.

Example 6.6. Let X4 be a toric manifold over a square. So the characteristic function
is given either by Figure 2 (a) or by Figure 2 (b) up to sign, see [5, Example 1.19].

For Figure 2 (a) we have the following from the definition of J in (16).

x1 + x3 = 0, and x2 + rx3 + x4 = 0.

So,

x21 + x22 + x23 + x24 = 2x21 + 2x22 + r2x23 + 2rx2x3

= (2 + r2)x21 + 2x22 − 2rx1x2

= 2x22 − 2rx1x2, as x21 = 0.

If r = 0, then x22 = 0, otherwise x22 = −rx1x2 ̸= 0. So, x21 + x22 + x23 + x24 ̸= 0 if and
only if r ̸= 0. Hence P (M,X4) is not stably parallelizable if r ̸= 0. For r = 0, X4 =
CP 1 × CP 1, and therefore P (Sm,CP 1 × CP 1) is stably parallelizable if m = 1, 3, 7.

For Figure 2 (b), X4 is CP 2#CP 2. Then we have

x1 − x2 + x3 = 0 ⇒ x3 = x2 − x1,

and

x2 − 2x3 + x4 = 0 ⇒ x4 = −x2 + 2(x2 − x1) = x2 − 2x1.

Therefore,

x21 + x22 + x23 + x24 = x21 + x22 + (x1 − x2)
2 + (2x1 − x2)

2

= 2x21 + 2x22 − 2x1x2 + 4x21 − 4x1x2 + x22

= 6x21 + 3x22 − 6x1x2 .

This is non-zero in H4(CP 2#CP 2). Therefore, if M is a manifold equipped with a
free Z2-action then P (M,CP 2#CP 2) is not stably parallelizable.
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(a)

(1,0)

(0,1) (0,1)

(1, r)

F1

F4 F2

F3

(b)

(1,0)

(0,1) (-1,1)

(1,-2)

F1

F4 F2

F3

Figure 2: Characteristic functions on a square.

To conclude, we improve the lower bound of (31) under some additional hypothe-
ses.

Theorem 6.7. Let v1, . . . , vk : M 7→ TM be Z2-equivariant pointwise linearly inde-
pendent vector fields where Z2 acts freely on M . Then

span(P (M,CP 1)) ⩾ k + 1.

Proof. This result can be obtained by arguments similar to those in the proof of [14,
Theorem 4.2]. We simply exhibit the vector fields. Identify CP 1 with S2 as in [14,
Proposition 4.1]. We define (k + 1) vector fields on M × CP 1 as follows:

wi(x, (y1, y2, y3)) = ((x, (y1, y2, y3)); (vi(x), (0, 0, 0))), for 1 ⩽ i ⩽ k − 1,

wk(x, (y1, y2, y3)) = ((x, (y1, y2, y3)), (y1vk(x), (y
2
1 − 1, y1y2, y1y3))),

wk+1(x, (y1, y2, y3)) = ((x, (y1, y2, y3)), (y2vk(x), (y1y2, y
2
2 − 1, y2y3))).

Using Novotný’s argument, one can show that these are Z2-equivariant pointwise
linearly independent vector fields on M × CP 1.

Corollary 6.8. Let v1, . . . , vk : M 7→ TM be Z2-equivariant pointwise linearly inde-
pendent vector fields where Z2 acts freely on M . Then

span

P
M,

ℓ∏
j=1

CP 1

 ⩾ k + ℓ.

Proof. Since Z2 acts freely on M it acts freely on M ×
ℓ−1∏
j=1

CP 1, and hence the corol-

lary follows from Theorem 6.7.

Corollary 6.9. If at least one mi is odd in {m1, . . . ,mk}, then

span

P
S(m1, . . . ,mk),

ℓ∏
j=1

CP 1

 ⩾ span(Pm) + ℓ. (32)
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We note that the span and the stable span of P (m; 1)(= P (Sm,CP 1)) are com-
pletely determined by Novotný [14] and Korbaš [8]. At this point we do not know if
equality in (32) holds in general.
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