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ON GENERALIZED PROJECTIVE PRODUCT SPACES AND
DOLD MANIFOLDS

SOUMEN SARKAR axD PETER ZVENGROWSKI
(communicated by Donald M. Davis)

Abstract

D. Davis introduced projective product spaces in 2010 as a
generalization of real projective spaces and discussed some of
their topological properties. On the other hand, Dold mani-
folds were introduced by A. Dold in 1956 to study the gen-
erators of the non-oriented cobordism ring. Recently, in 2019,
A. Nath and P. Sankaran made a modest generalization of Dold
manifolds. In this paper we simultaneously generalize both the
notions of projective product spaces and Dold manifolds, lead-
ing to infinitely many different classes of new smooth manifolds.
Our main goal will be to study the integral homology groups,
cohomology rings, stable tangent bundles, and vector field prob-
lems, on certain generalized projective product spaces and Dold
manifolds.

1. Introduction

Real projective space RP™ is the orbit space of the antipodal Zs-action on the
standard m-dimensional sphere S™. Extending this concept, D. Davis introduced
projective product spaces in [3] and studied several topological properties of these

spaces. In fact, if Zy acts on each S™1,... S™* antipodally then a projective product
space is the orbit space of the diagonal Zs-action on the product S™ x --- x Sk,
for some non-negative integers ms,...,my.

On the other hand, A. Dold in 1956 considered the diagonal Zs-action on the
space S™ x CP™ where Zs acts on S™ antipodally and on CP"™ by complex conjuga-
tion. The orbit space (S™ x CP™)/Zz is now known as a Dold manifold, denoted by
D(m,n). These manifolds were introduced to study the generators of the non-oriented
cobordism ring [6]. Since then several interesting properties of Dold manifolds have
been studied, see [9], [16], [14] and [8] for a few of them. Recently, in [15], A. Nath
and P. Sankaran made a slight generalization of Dold manifolds.

Motivated by the above two concepts, we consider the following. Let M be an
m-~dimensional manifold equipped with a free Zs-action and N an n-dimensional
Zo-manifold. Then the diagonal Zs-action on the product M x N is free. So the
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orbit space (M x N)/Zsy is an (m + n)-dimensional manifold. We call this manifold
a generalized projective product space and denote it by P(M,N). Note that Dold
manifolds [6], projective product spaces [3], and the generalized Dold manifolds [15],
are all examples of this class of manifolds, details are given below in Section 3. The
main goal of this paper is to study several topological properties like (co)homologies,
(stable) tangent bundles and (stable) spans of certain generalized projective product
spaces.

We start in Section 2 by recalling the definition of toric manifolds, small covers,
(real) moment angle manifolds and some relations among them, and discuss some
natural Zs-action on them.

In Section 3, we exhibit some interesting examples of generalized projective product
spaces which were not previously studied. One may find several other interesting
examples of generalized projective product spaces. However, we will be interested in
studying topological properties of the manifolds in Examples 3.1, 3.2 and 3.3.

In Section 4, we calculate the cohomology groups with integer coefficients and
describe the cohomology ring with Zs coefficients of certain generalized projective
product spaces defined in Examples 3.1, 3.2 and 3.3.

In Section 5, we describe canonical line bundles, study the (stable) tangent bundle
of these spaces, and compute the total Stiefel-Whitney characteristic classes of the
manifolds defined in Examples 3.1, 3.2 and 3.3.

In Section 6, we recall the definition of the span, denoted by span(X), of a smooth
manifold X. Note that the orbit map M x N — P(M, N) is a double cover. So we
have

span(P (M, N)) > span(M/Zs) (1)

by [16, Theorem 1.7]. We improve this lower bound for a wide class of the manifolds in
Examples 3.1 and 3.2. We also study stable parallelizability of some of these manifolds.
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2. Toric manifolds and small covers

Toric manifolds and small covers were introduced and studied by M.W. Davis and
T. Januszkiewicz in their pioneering paper [5]. These categories of manifolds are
topological generalizations of smooth projective toric varieties and real toric varieties,
respectively. In this section, we recall the definition of these manifolds following [5].
We also recall the definition of (real) moment angle manifolds equipped with a free
Zo action. We use these manifolds to construct infinitely many generalized projective
product spaces in Section 3.

An n-dimensional simple polytope in R™ is a convex polytope where exactly
n bounding hyperplanes meet at each vertex. For example, the n-simplex, the n-
cube, and their finite Cartesian products are simple polytopes. Let @@ be a simple
polytope. Then zero dimensional faces of ) are called vertices, denoted by V(Q),
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and codimension-1 faces of @ are called facets, denoted by F(Q). Let F(1) :=R,
F22):=C, T(1):=Zy={z € F(1):|z| =1} and T(2) := S = {2 € F(2) : |2| = 1}.

Definition 2.1. Let j =1 or j = 2. A smooth action of T'(j)™ on a jn-dimensional
smooth manifold N7" is said to be locally standard if every point y € N7 has a
T(j)™-invariant open neighbourhood U, and a diffeomorphism 1, : U, — V, where V'
is a T'(j)"-invariant open subset of F'(j)", and an isomorphism d,: T'(j)" — T(j)"
such that ¢, (¢ - x) = 0,(t) - ¥y (x) for all (¢,x) € T(5)" x U,.

We recall that such a map v, is known as a weakly equivariant map and, in addi-
tion, if d, is identity then it is called an equivariant map, or also a T'(j)"-equivariant
map to emphasize the group action.

Definition 2.2. Let j = 1 or j = 2. A closed smooth jn-dimensional T'(j)"™-manifold
NI™ is called a T(j)"-manifold over a simple polytope @Q if the following conditions
are satisfied:

1. the T'(j)™ action is locally standard,

2. the orbit map q;: N7 — @ sends an (-dimensional orbit to a point in the
interior of an ¢-dimensional face of Q).

We note that the manifold in Definition 2.2 is known as a small cover when j =1
and is known as a toric manifold when j = 2. They are different classes of manifolds,
although in [5] they are nicely combined to study some of their topological properties.
But here we will deal with them separately.

Ezample 2.3.
1. All complex projective spaces and their finite products are toric manifolds.

2. All real projective spaces and their finite products are small covers.

Now we recall two different types of manifolds which are also central objects in
toric topology. One is called the moment angle manifold and the other is called the
real moment angle manifold. We shall follow [5, Subsection 4.1] and show how they
are related to the toric manifold and to the small cover, respectively. Let Fi,..., F),
be the facets of an n-dimensional simple polytope @ and G;(j) be the subgroup
of T(j)* generated by the ith factor for ¢ =1,...,u and j =1,2. If F is a proper
face of @ of codimension-r, then F' = F;, N--- N F; for a unique collection of facets
Fi,...,F; . Let Tp(j) be the subgroup of T'(j)* generated by {G;,(j),...,Gi.(4)}
We fix Tg(j) = {1} € T(j)* for j = 1,2. We define an equivalence relation ~ on the
product T'(j)* x @ as follows,

(s,2) ~ (t,y) if and only if z = y and ts~* € Tr(j), (2)

where F' C @ is the unique face containing the point x in its relative interior. Then
the identification space

Zq(j) = (TG x Q) ~

is a manifold. This is called a real moment angle manifold if j =1 and called a
moment angle manifold if j = 2. So Zg(j) is a T'(j)"-space for j =1,2. We refer
to [2, Section 6] for a different construction and for further properties of moment
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angle complexes. Notice that Zy acts freely on Zg(j) via the subgroup generated by
(=1,...,—-1) eT@G)* for j =1,2.

Next, we discuss the relation between a small cover N™ over Q and the real moment
angle manifold Zg(1). Let q1: N™ — @ be the orbit map of a T'(1)"-manifold N™ and
F(Q) = {F1,...,F,} be the facets of Q. So the subset q; 1 (F;) is fixed by a subgroup
Z} = Zyof T(1)" fori = 1,..., . The subgroup Z} is determined by a unique element
A € T(1)™ = Z%. The assignment

fori=1,..., pisknown as a Zs-colouring on @. This assignment induces the following
short exact sequence
0 — ker(A) — T(1)* 2 22 — 0, (4)

where A(g;) == A; fori=1,...,pif {g1,...,9,} is the standard basis of T'(1)* over
Zs. From the discussion in [5, Subsection 4.1] one gets the following.

Proposition 2.4. The action of ker(A) on Zg(1) is free with Zg(1)/ker(A) = N™.

We note that any sphere and finite product of spheres are real moment angle
manifolds. Also each Zs subgroup of T'(1)™ gives an involution on N™.

Remark 2.5. Consider the free involution 7(1) on T'(1)* (or T'(1)™) defined by g — —g.
Then 7(1) induces an involution 7(1) on Zg(1) (or N™).

For the rest of this section we discuss the relation between a toric manifold N2"
over Q and the moment angle manifold Zg(2). Let q2: N?" — @ be the orbit map
of a T'(2)"-manifold N?" and F(Q) = {Fi,...,F,} the facets of Q. So the subset
q~1(F;) is fixed by a circle subgroup S} C T'(2)" for i = 1,..., u. The assignment

fori =1,...,uis known as the characteristic function of N2", see [2, (5.4)]. Note that
the circle subgroup S} is uniquely determined by an element (X;,,...,\;, ) € Z™ up
to sign, where Z™ is the integral lattice in the Lie algebra of T'(2)". The assignment
A F;— Ni= Ny, A,) for i =1,...,p is also known as the characteristic func-
tion on @. This assignment induces the surjective map, also denoted by A, Z* — Z'™
defined by e; — X; for i =1,...,p if {e1,...,e,} is the standard basis of Z* over Z
as module. Therefore, by Definition 2.2, one gets the following short exact sequence
of Lie groups

expA
—

0 — ker(expA) — T'(2)* T(2)" — 0. (6)

Proposition 2.6 ([2, Proposition 6.5]). The group ker(expA) is an (m — n)-dimen-
sional torus subgroup of T'(2)* and it acts freely on Zg(2) with Zg(2)/ker(expA) =
N2,

Throughout the paper, for simplicity, we let T#~" := ker(expA). We note that any
odd-dimensional sphere and finite products of odd-dimensional spheres are moment
angle manifolds. Each Zy subgroup of T'(2)" gives an involution on N2". In this paper,
we shall consider the involution on toric manifolds given in the following example.
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Ezample 2.7. The complex conjugation on each coordinate of T'(2)* commutes with
ker(expA). So, this gives a conjugation 7(2) on the toric manifold N?". In particular,
if N2" is the complex projective space CP™, then 7(2) is the complex conjugation on
CP" defined by [z0:...:2p] = [Z0: ... : Zn)-

Moreover, 7(2) preserves the relation in (2). Therefore, any T'(2)"-invariant subset
of N2" is also invariant under the conjugation 7(2).

3. Some generalized projective product spaces

In this section, we discuss some examples of generalized projective product spaces
and compare them with projective product spaces and (generalized) Dold manifolds.
Of course, one can construct many other classes of generalized projective product
spaces but our interests will focus on certain subclasses of the following examples. In
many of these examples, just as in the definition of a Dold manifold, we use the fact
that if o is a free involution on X and 7 any involution on Y, then o X 7 is a free
involution on X x Y.

Ezxample 3.1. Let S™ and S™ be spheres for i =1,...,k and j=1,...,¢. Con-
sider the antipodal Zs-action on S™ for ¢ = 1,..., k. Then the diagonal Zs-action
on S(mi,...,mg) = 8m x---x 8™ is free. Consider the action o; on the n;-
dimensional sphere

nJ+1
S"i = {(yh...,yanrl S R™ 1 ‘ Z ys = 1}

defined, for 1 < j < 4, by

0j: (y17"'7ypj7ypj+17"' aynj+1) = (yla"'7ypj57ypj+1a"'77ynj+l) (7)
for some 0 < p; < n;. It follows that Zy acts on S(ng,...,ne) == 5™ X --- x S™ via
o1 X -+ X og. Thus the Zs-action on S(myq,...,mg) X S(ny,...,ng) defined by

(Xla v 7Xk¢)a (YL cee 7}’6) — (_Xla ) _Xk)> (Ul(yl)a oo 7UZ(YZ)) (8)

is free. The orbit space is a generalized projective product space. We denote it
by P(mu,...,mg; (n1,p1),...,(ne,pe)) (or by P mp) where m = (mq,...,my) and
(m,p) = ((n1,p1), .-, (ne, pe)))- _

In particular, if m = (mq,...,my) and (7,0) = ((n1,0),..., (ng,0)) then the man-
ifold P 7 5) is called a projective product space in [3] where it is denoted by Pg with
S= (M1, .., Mp, N1,y ).

More generally, let o be a free action on S(mq,...,m;) and 7 an involution on
S(ni,...,n¢). In that case, one can define the generalized projective product space
P(S(mq,...,my),S(n,...ng)) using o and 7.

Ezample 3.2. Let X?" be a 2n-dimensional toric manifold and 7(2) an involution
on X?" as defined in Example 2.7. In that case, one can define a Zs-action on
S(mq,...,mg) x X?" by

(X1 XE, y) = (=X, =Xk, 7(2) (y)).

This action is free and the orbit space is a generalized projective product space. We
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denote it by P(S(m1,...,ms), X?"). Note that the orbit map

S(my,...,my) x X?" — P(S(my,...,my), X*") (9)
is a double covering. The projection S(my,...,my) x X?* — S(my,...,my) induces
a smooth fibre bundle:

X2 — P(S(my,...,mp), X*") — Pp, (10)
where Pr; is a projective product space of [3] for m = (my,...,mg).

In particular, if X2" is CP™ then P(S™,CP") is the classical Dold manifold of [6]
denoted by D(m,n).

If X?" = CP™ x --- x CP™, which is a toric manifold, then we denote the man-
ifold P(S(mq,...,mg), X>) by Pr(may,...,mg;n1,...,ng).

Moreover, if M is a manifold with free Zs-action then P(M, X?") = (M x X?")/Z,
is a generalized projective product space.

Ezample 3.3. Let Y™ be an n-dimensional small cover with an involution 7(1) as
defined in Remark 2.5. Then the Zs-action on S(myq,...,my) X Y™ defined by send-
ing (X1,...,Xk,y) = (—x1, ..., =Xk, 7(1)(y)) is free, so the orbit space is a generalized
projective product space, denoted by P(S(myq,...,mg),Y™). Note that the orbit map

S(ml,...,mk)xY"—)P(S(ml,...,mk),Y") (11)

is a double covering. The projection S(my,...,mg) x Y™ — S(mq,...,my) induces
a smooth fibre bundle:

Y" — P(S(mq,...,mg),Y") — Pm, (12)

where M = (mq,...,my). Let Y = RP™ x --- x RP™ which is a small cover. Then
we will henceforth denote the corresponding generalized projective product space by
Ps(ma,...,mp;ny,...,ng).

Example 8.4. A generalization of Dold manifolds was introduced by A. Nath and
P. Sankaran in [15]. Let X be a smooth manifold with an involution 7. Then Z
acts freely on S™ x X via the map (x,y) — (—x,7(y)). They called the orbit space
a generalized Dold manifold, denoted by P(m, X), and studied several topological
properties for various X. This is also the reason we call our manifolds generalized
projective product spaces.

One can construct many possibly interesting generalized projective product spaces.
Some further ones are listed below, but will not be studied in this paper.

Ezample 3.5. Let My, ..., My be (real) moment angle manifolds. Then Z, acts on
each M; freely for i = 1,...,k by Section 2. Thus Zs acts freely on My X -+ x My,
via diagonal action. So the orbit space (M X --- X M})/Zs is a generalized projective
product space. We remark that a finite product of (real) moment angle manifolds is
again a (real) moment angle manifold. So this example may look artificial, however,
the projective product spaces of [3] belong to this class of manifolds.

Ezample 3.6. Let M be a (real) moment angle manifold corresponding to a simple
polytope and N an almost complex manifold with an involution, or a toric manifold,
or a homogeneous space with an involution. Then Zs acts freely on M x N where
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Zs acts freely on M. The orbit space (M x N)/Zs is then a generalized projective
product space.

Ezample 3.7. Let G be a subgroup of the general linear group GL(n,R) or GL(n,C),
such that Zs acts freely on G. Let N be an almost complex manifold with an involution
or a toric manifold or a homogeneous space with an involution. Then Z, acts freely
on G x N, and the orbit space (G x N)/Zs is a generalized projective product space.

Ezample 3.8. Let G be a subgroup of the general linear group GL(n,R) or GL(n,C)
such that m1(G) = Zy. Let N be an almost complex manifold with an involution, or
a toric manifold, or a homogeneous space with an involution. Then Zj acts freely
on G x N where G is the universal cover of G. The orbit space (G x N)/Zy is a
generalized projective product space. For example, 71(SO(n)) = Zq if n > 3.

4. Cohomology of some manifolds in Section 3

In this section, we first compute the cohomology ring with Z, coefficients and Q
coefficients of the manifolds in Example 3.1. Then we construct a cell structure on
the generalized projective product space P(S™, N), where N is a toric manifold, and
describe the cohomology of this space with Z and Q coefficients. We also compute
the cohomology of manifolds in Examples 3.2 and 3.3 with Z, coefficients.

4.1. Cohomology of some manifolds in Example 3.1

In [3, Section 1], the author showed that P(mq,...,my) is a sphere bundle over
P(my,...,mi_1) for k > 2 where P(m;) :=RP™. We show that the generalized
projective product space P(myq,...,mg; (n1,p1),.- ., (ng,pe)) defined in Example 3.1
is an iterated sphere bundle over P(myi,...,my). Then we compute its cohomology
ring with Zs and Q coefficients. The calculation is somewhat similar to that of the
cohomology with Zy coefficients and Q coefficients of projective product spaces in [3,
Section 2]. We consider the trivial sphere bundle

S(ma,...,mg) x S(ny,...,mg—1) x S™ i S(my,...,mg) X S(ny,...,ne_1).
The group Zs acts on its total space by
(X1 ey Xby Y15+ Y1, ¥0) = (X150 =Xp, 01(Y1)5 -+ o, 00-1(Ye-1), 0e(ye))
and on its base by
(X1, Xpy Y150 Ye—1) > (=X15 oo, =Xk, 01(Y1), - 00—1(Ye—1))s

where the actions o1, ...,04_1 and oy are defined in (7). So gis a Zg-equivariant map.

Since Zs acts freely on the base, £ induces a sphere bundle

P(mla ceey, Mg, (n17p1)7 ey (n€7p€)) — P(m17 cee, Mg (n17p1)7 ey (nfflapffl))
(13)
for any ¢ > 2. By similar arguments we can show that

P(ma,...,mg;(n1,p1)) = P(mq,...,mg)



272 SOUMEN SARKAR anp PETER ZVENGROWSKI
is a sphere bundle with fibre S™*. For simplicity of notation we let this bundle corre-
spond to £ = 1. Next, we consider the trivial line bundle
S(ma,...,mg) X Sny,...,ne—1) x R = S(mq,...,mg) x S(n1,...,ne—1).
The group Zs acts on its total space by
(X1ye ey Xy Y1y e s Yo—1,7) = (=X1, 0oy —Xpey 01(Y1)y -+ oy 00—1(Fo—1), —7).

This induces a line bundle

Ne - E— P(mh ceey Mg (n17p1)7 ey (nffhp@fl)) (]-4)
So the bundle E(ng,py) := pee & (ng — pe + 1)1, is a vector bundle with fibre R™¢+!
over P(my,...,mg; (n1,p1),-..,(ne—1,pe—1)) where ¢ is the trivial line bundle. From

the action oy in (7), we can conclude that the sphere bundle

S(pee ® (ng — pe + 1)ne) — P(ma, ..., my; (n1,01), -+, (Ne—1,pe-1))

is the sphere bundle in (13). We denote the associated disk bundle by D(E(ne,pe))
(or by D(pee & (ne — pe + 1)n¢)), for any £ > 1.

We denote an exterior algebra over Zs by A(—) and the total Steenrod square by
Sq=73,505¢" The mod 2 Steenrod algebra is denoted by A. If « € HI(X), then
we write |a| = ¢ for the degree of a.

Theorem 4.1. Let m; < --- <my <ny--- < ng, my < My, or my is odd, and p; >
1,1 <j<t Then H*(P(m1,...,mg;(n1,01), .., (ne,pe)); Zo) is isomorphic as a
graded A-algebra to

Lola]/(@™Fh) @ Maz, ..., ax) @ A, ., Be),
where |a] =1, |a;| = my, for 2 <i <k and |Bj] =nj, for 1 <j <Y,
Sq(a;) = (L+a)™ oy, Sq(B)) = (1+a)™ 778 and Sq(a) = a(l +a).
Otherwise, suppose my 1is even and mi = ma, also that some p; = 1. Then a? =
o™y for all i > 2 with m; = mq, and ﬂ? = " B; for those j withp; =1 and n; =
my. For those j with p; > 1, BJZ =0, and for those i with m; > my, a? = 0.

Proof. This is similar to the proof of [3, Theorem 2.1], but some clarifications are
needed. The author in [3] shows that

H*(P(mla v 7mk);ZQ) ~ Z2[O‘}/(am1+1) ® A(O@a .. '7ak)

as a graded A-algebra, and the corresponding relations among «, s, . . ., ag hold. So
the result is true for £ = 0, which starts the proof by induction. We next prove the
claim when ¢ =1, i.e. for H*(P(myq,...,mg; (n1,p1)); Zs2). Since the inductive step
from ¢ to £+ 1, ¢ > 1, is similar to that from 0 to 1, this will complete the proof.

We have shown that P(my,...,mg;(n1,p1)) 2 SP1e® (n1+1—p1)m) as a
sphere bundle over P(my,...,my). This gives the cofibration

P(mla ceey MES (nlapl)) i> P(mla v 7mk) L> T(E(nlapl)) = M(Q)v

where the first map is given by q([x1, ..., Xk, ¥1]) = [X1, .-, Xk, T(E(n1,p1)) denotes
the Thom space of the bundle E(nq,p;) defined after (14), and M (q) is the mapping
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cone of q. Hence one gets the following long exact sequence with coefficients in Zso

= HY(T(E(ny,p1))) 5 H*(Pr) 5 B (Par ) 2 BT (E(ny,p1))) —,

where Pg = P(my,...,mg) as well as P (75 = P(mi,...,mg;(n1,p1)). Since our
assumption is my < -+ < my < ny, we have the map ¢: Py — Py (mp) defined by
sending [x1,...,Xk| — [X1,...,Xk,Xg]. So the composition map g o ¢ gives the iden-

tity on Ps. Thus we get the splitting
H* (P (np); L) = H*(Pryy Zo) @ H* VY (T(E(na, p1)); Zo).
)

Let 31 be the image of the Thom class in H™*(T(E(ny,p;))) under this iso-
morphism. Note that the Thom isomorphism establishes H**Y(T(E(ny,p1)); Zs) ~
H*(Ps;Z2) - B1. Then one can say that

H* (P, np); L2) = H* (Pm; L2) © H* (Pr; L) - B

The projection pr: Pg p) — P(my) =~ RP™ gives pr*(no) = n1 by naturality,
where 79 is the canonical line bundle on RP™ and 7y is defined in (14) for £ > 1.
Therefore the total Steenrod square and the total Stiefel-Whitney class have the
following relation in our setting, using the arguments in [12, Page 94].

Sq(B1) =W(p1e® (n1 +1—p1)m)b
= (1 + a)n1+1—p1517

where o = wy (1), the canonical generator of H'(RP™;Zy), and |3;| = n;. Then
B3 = (”H'l_pl)oﬂ“ﬂl and hence 37 is zero for p; > 1 and the theorem holds in this

ni
case. For p; = 1, we get the same structure with 82 = o™ 3. O

We recall that if F = Q, or Z, for an odd positive prime p, then

F[él,...,&,'yh...,'yg]

H (S(m17"'7mk)XS(nla"'?nE);F)z(51;2772_ . 1<'L<k,1<]<£)

with |0;] = m; and || = n; for 1 <@ < k,1 < j < £. The proof of the next proposition
is very similar to [3, Theorem 2. 8] so we omlt the details.

Proposition 4.2. Let Hle S™i x ngl Sni 4, Py mp) be the orbit map of the Z-
action and F = Q, or Z, for an odd positive prime p, with m = (mq,...,my) and
(m,p) = (n1,p1),-- ., (ne,pe)). Then the image of the map

H*(Pm mp): F) L H*(S(my,...,my) x S(ny,...,ng):;F)
is the F-span of the products &y, - - 6, - 4, -+ V4, Such that

u

Z(mir +1)+ Z(ng —pj, +1) is even.
s=1

r=1

We note that the class of projective product spaces is a proper subset of the class
of manifolds defined in Example 3.1, but one can extend most of the results of the
paper [3] to this new class of manifolds.
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Figure 1: An orientation on the edges of a prism.

4.2. Cohomology of some manifolds in Example 3.2

First we recall an invariant cell structure and describe the cohomology ring of a
toric manifold following [5]. Then we give a cell structure on P(S™, X)) where X is a
2n-dimensional toric manifold. We shall compute the integral homology and rational
cohomology of these spaces.

Let @ be an n-dimensional simple polytope and f: @ C R™ — R the restriction of
a linear map which distinguishes the vertices V(Q) of Q. This induces an ordering
on the vertices of (), and consequently an orientation on each edge of @) so that f is
an increasing map along it. Thus the union of all edges E(Q) C Q forms a directed
graph, see Figure 1 for an example. The index of v € V(Q) is the number of edges
in E(Q) orienting towards v. For example, in Figure 1, the index of vy is one. Let h;
be the number of vertices of index ¢ for 0 < 7 < n. Let F,, be the maximal face of @
containing only the inward edges at v and U, be the open subset of F,, obtained by
deleting all the faces of F, not containing the vertex v. Then @ = U, U,,.

Let X be a 2n-dimensional toric manifold and q: X — @ the orbit map as in
Definition 2.2. Then U, := q~(U,) is a torus invariant subset of X and it is weakly
equivariantly homeomorphic to CHm(F») | where the torus action is standard. So U,
is 2dim(F,)-dimensional and invariant under the involution considered in Exam-
ple 2.7. Therefore, X = I_I,le, gives an invariant cell structure where there is no odd-
dimensional cell. The authors in [5] showed that number of 2i-dimensional cells in X
is h; for 0 <7 < n.

Let F(Q) := {F1,..., F,} be the facets of Q. Recall the assignment \(F;) = \; :=
(Niys--oy i, ) €Z™ for each i € {1,...,u} determined by (5). Let I and J be the
ideals of Z[us, ..., u,] generated by the sets

{uj, - ujy, ﬂi-‘;l Fj, =¢} and {M,u1+---+ A, u,: 1 <s<n} (15)

respectively. The ideal I is known as Stanley—Reisner ideal. Then by [5, Theorem 4.14]

we have the following.

Zlug, ..., u,l
I+J

where u; is the Poincaré dual of q=1(F;) for i =1,..., p.

H*(X;Z) ~ (16)
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Let
B-+:{<$1,._.,$i,0,...0)65m ‘ x1>0}

K2

and similarly let
B; = {(561,...7.%‘i70,...0) esm | x; < 0}

So, {B}*,B; | i=0,...,m} give a cell structure on S™ such that B;f — B, and
B — Bj are homeomorphisms under the antipodal action on S . Therefore the
collection

{Bjx[j’v,B;x[}v|i:0,...,mandv€V(Q)} (17)

gives a cell structure on S™ x X which is invariant under the Zs-action considered
in Example 3.2. So this induces a cell structure on P(S™, X). More precisely, sup-
pose ¢: S™ x X — P(S™, X) is the orbit map as in (9) and we denote (B;,U,) :=
&(B x U,). Then

{(Bi7(7v)]izO,...,mandveV(Q)} (18)

gives a cell structure on P(S™, X).
Note that the boundary map for the chain complex determined by the cells in (17)
is given by the following;:

a(zagxﬁv) :()anda(Biix(Z,):i<Bit1xl7v+B;1xl7@>

fori=1,...,mand v € V(Q). Let —1 be the non-trivial element in Zy. Thus, we have
—1: 8" x X — 8™ x X a homeomorphism which preserves the above cell structure.
Therefore, on the chain complex, it induces the following

-1 (Bf X ﬁv) = (—1)+dim(U)+1 (BfF X ﬁv) .
So the boundary map for the chain complex determined by (18) is given by
0 (Bo x ﬁv) —0andd (Bi x ﬁv) - (1 n (—1)i+dim<Uv>) (BH x ﬁv)

fori=1,...,m and v € V(Q). Let b'ud™(U) be the cochain dual to (B; x ﬁv) The
corresponding coboundary map is given by

5 (biudim(UU)) _ (1 + (_1)i+dim(U1,)+1) pi+1,,dim(U,)
fori =0,...,m and v € V(Q). Therefore one can obtain the following.

Proposition 4.3. The integral cohomology group of P(S™,X) is given as follows,
withi=1,...,[m/2] and 0 < dim(U,) < n, dim(U,) being even.

1. For m even, it is the abelian group generated by

udim(UU)7 bmudim(Uv)-i-l’ b2iudim(U,U) and b2i—1udim(UU)+1’

where ud™U) gnd by dimUoO)+1 have infinite order, while instead b*udm™(Uv)
and b1y dim(U)+ have order 2.
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2. Form odd, it is the abelian group generated by

udlm(UU) , bmudlm(U,,) , b2iud1m(U1,) b2i71ud1m(U,,)+1

and

)

where ud™U) gnd by dimUD)+L have infinite order, while instead b*ud™(Uv)
and b*~ 13U+ haye order 2.

We note that CP™ is an example of a toric manifold. So, Proposition 4.3 generalizes
[7, Proposition 1.6]. The result is similar, however several crucial facts about toric
manifolds are needed here.

The next proposition gives the cohomology of P(my,...,mg; X) with coefficients
in F=Q, or in Z, for an odd positive prime p.

Proposition 4.4. Let S(mq,...,my) x X EN P(my,...,mg; X) be the orbit map as
in (9) and F = Q, or Z, for an odd positive prime p. Then

H*(P(my,...,mi; X);F) =~ A® H*(X;F),

where A is the F-span of the products 0;, - - 8;, in H*(S(m1,...,my);F) such that
S (my, + 1) is even.

r=1
Proof. The map g is a double cover. So there is a map P(my,...,myg; X) — RP> giv-
ing the fibration S(mq,...,mg) x X EN P(ma,...,mg; X) = RP*>. The Serre spec-
tral sequence with local coefficients now has the following F>-page in the first quad-
rant: By = H"(RP>; H*(S(m,...,my) x X;F)) which converges to the cohomol-
ogy H*(P(my,...,mg; X)). As F is a field of characteristic not equal to 2, one has

k k . .
T 00, 1/8 m; . _ (HS(Hi:]_ S x X,F))Z2 ifr= 0,
H (RP i H (ZI:IlS XX,IF>>_{ 0 i 0,

where the 71 (RP>) = Zy action on H*(S(mq,...,my) x X;F) is induced from the
m1(RP>) action on the fibre. The non-trivial element of Zs acts on §;, ---d;, €
H*(S(my,...,my);F) by multiplication with the product (—1)™i1F1...(=1)mitl,
Since the Zs-action on X is locally isomorphic to the complex conjugation by Exam-
ple 2.7, the non-trivial element of Zsy acts on each generator of H*(X;TF) trivially.
Therefore, the conclusion follows from the Kiinneth theorem and the degeneracy of

the spectral sequence at Es-page. ]
In the rest of this subsection, we compute the cohomology ring of the generalized

projective product space P(mq,..., my; X) with Zs coefficients.

Theorem 4.5. Let mq,...,my be positive integers greater than one. Then

H*(P(ma,...,mg; X);Zs) =~ H* (P(my,...,mg);Z2) @ H* (X; Zs).

Proof. Recall the fibre bundle in (10). By hypothesis w1 (P(my, ..., my)) = Z2. From
the definition of P(myq, ..., my; X), we get that the group Zs acts on the fibre X
by complex conjugation locally. Hence it acts on H*(X;Zs) trivially. Note that the
cohomology groups of the fibre and base of this bundle have finite dimension over the
field Zy. Also both the fibre X and the base P(mq,...,my) are path connected. By
[5, Theorem 3.1], H*(X;Zs) is concentrated in even degrees with H?(X;Zy) = Z4
fori=20,...,n. So, by applying [11, Proposition 5.5] one gets that the corresponding
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spectral sequence collapses at E5. Hence X is totally non-homologous to zero in
P(my,...,mg; X) with respect to Zy. Thus by [11, Theorem 5.10], one gets the
result. O

4.3. Cohomology of some manifolds in Example 3.3

Let Y be a small cover over an n-dimensional simple polytope @ and 7(1) an
involution on Y as in Remark 2.5. In this subsection, we compute the cohomology ring
of the generalized projective product space P(myq, ..., mg;Y) with Zy coefficients. The
computation is similar to that of Theorem 4.5. For completeness we briefly summarize
the arguments.

Let gq: Y — @ be the orbit map corresponding to the small cover Y as in Def-
inition 2.2. The set U, := q~}(U,) is a Z3-invariant subset of Y and it is weakly
equivariantly homeomorphic to R¥™(F) with respect to the Zgim(F”)—action. So ﬁv
is a dim(F,)-dimensional subset of Y and invariant under the involution considered
in Remark 2.5. Therefore, Y = uvﬁ‘v gives an invariant cell structure. By [5, Theo-
rem 4.14] we have the following.

Zg[ul,...,uu]
I+J 7

where the ideals I, J are defined as in (15) with A; :== (A;,,..., \;, ) € Z7, for each
1€ {1,...,u}. The proof of the next proposition is similar to the proof of Theorem 4.5,
so we omit the details. We note here H*(Y;Zy) ~ Zg“ fori=0,...,n.

H*(Y;Z) ~ (19)

Proposition 4.6. Let mq, ..., my be positive integers greater than one. Then
H*(P(mq,...,m;Y);Z2) = H*(P(mq,...,my); Zo) @ H (Y; Zs).

We remark that it might be interesting to study the torsion in the integral coho-
mology of the manifolds in Example 3.3.

5. Tangent bundles of some spaces in Section 3

In this section, we study some natural bundles on the generalized projective prod-
uct spaces considered in Section 3. Then we compute their Stiefel-Whitney charac-
teristic classes. Moreover, we give a nice upper bound for the immersion dimension of
the manifolds in Example 3.1. The immersion dimension of a manifold M, denoted
by imm(M), is the smallest d such that there is an immersion M — R<.

5.1. Stable tangent bundle on some manifolds in Example 3.1
We follow the notation used in Example 3.1. The tangent bundle on the product
S(ma,...,mg) X S(ny,...,ne) is given by

k 14 k 4
()_(,}_f,l_l,\_f) € HS"“ X HS”]’ X HRmi+1 X Han+1 ‘ u Lx; & vi Ly,

i=1 j=1 i=1 j=1

where X = (x1,...,Xk), ¥ = (¥1,.--,¥y¢), u= (uy,...,ux), v =(vy,...,vy), when
1<i<kand 1< j </ We consider the equivalence relation ~ on the tangent space

T(S(mla v amk) X S(nlv R 7”@)) defined by ()_(a y,uq, ‘7) ~ (_)_(a 0(5’)7 —u, 0-(‘7))’
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where o(V) = (01,...,0¢0)(V) = (01(v1),...,00(ve)) and the actions o;’s are defined
in (7).
So the tangent space on P(my,...,mg; (n1,p1), .., (ne, pe)) is given by the equiv-

alence classes
{xy u,v]: (x,y,0,v) € T(S(m1,...,my) x S(ni,...,ne))}.

We have the following isomorphism of vector bundles

¢ ¢
<HS’”L><HS”J> k+€)s~Zmz+1 Z j — 1)e Z —pj+2)e
=1 j=1 j=1
k ¢
Zml—l—l Z(nj+1)8,
i=1 j=1
where ¢ represents the trivial line bundle on S(mi,...,mg) x S(n1,...,ns). Now

consider the natural Zs-actions on the both sides where Zs acts on the tangent
space T(S(mq,...,mg) x S(ny,...,ng)) by =1(x,y,0,V) = (—X,0(¥), —a,0(V)), on
(k + £)e trivially, on each (m; + 1)e antipodally, on each (p; — 1)e trivially, and on
each (n; — p; + 2)e antipodally. This implies that the following bundle map is Zo-
equivariant.

¢
(H g™ % HSm) (k+0)e —— Z m; + )EGSZ(nj +1)e

i=1 i=1 j=1
S(my,...,mg) X S(ny,...,ng) ——— S(mq,...,mg) x S(ny,...,ng).
This is induced from the Zs-action on S(my,...,mg) x S(ny,...,ng). So we get that

the tangent bundle T (P(my,...,mg;(n1,p1),-..,(ne,pe))) is stably isomorphic to
the bundle

k 4 14
D mi+ 1)@ (nj—pi+2) | nes1 @) (p) -
i=1 j=1 j=1

Here the line bundle 7,44 is defined on P(my,...,mg; (n1,01),- .-, (ne, pe)) for £ >
0, see Subsection 4.1. We note that the stable tangent bundle of P(mg,...,myg) is
discussed in [3].

The next result gives an upper bound for the immersion dimensions of some
P(my,...,mg; (n1,p1),...,(ng,pe)). We recall that the geometric dimension of a vec-
tor bundle n: E — M is the smallest positive integer gd(n) such that 7 is stably
isomorphic to a vector bundle of rank gd(n) on M. The proof of the following propo-
sition is similar to the proof of [3, Theorem 3.4], so we omit the details.

Proposition 5.1. Let miy <m; and my <nj for 1 <i<kand1<j <L Then
imm(P(my, ..., mg; (n1,p1), - -, (N, pe))) = d+max{gd((—(d +k+20+p))m), 1},

where d = dim(P(myq, ..., mg; (n1,p1), ..., (ne,pe))) and p = Zﬁzlpj.
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Remark 5.2. From the stable tangent bundle isomorphism, one can compute the
total Stiefel-Whitney class of P(mq,...,mg; (n1,p1), ..., (ne, pe)) where the Stiefel-
Whitney class of 7 is given by w(ng) = (1 + wy(ne)).

5.2. Stable tangent bundle of some manifolds in Example 3.2

In this subsection, we construct several line and plane bundles on the generalized
projective product spaces defined in Example 3.2. Then we show that the stable
tangent bundle of P(myq, ..., my; X) is a Whitney sum of these bundles, where X =
CP™ x ... x CP™.

Let X be a toric manifold over a simple polytope ¢ which has p many facets.
Consider the line bundle S(my,...,mg) x X x R = S(mq,...,my) x X and the Zy-
action on the total space defined by

(X1, Xp, Yy ) = (=X1, ..., =Xk, T(2)(y), —1),
where 7(2) is as in Example 2.7. So the bundle map is Zs-equivariant, and it induces
the following line bundle

n: (S(my,...,mg) x X xR)/Zy — P(ma,...,my; X).

The fixed point set of the involution 7(2) on X is non-empty by definition. Let yo be a
fixed point of this involution on X. Then S(mq,...,mg) X yo C S(mq,...,mi) x X.
The inclusion ¢ : P(mq,...,my) C P(mq,...,my; X) then gives the following com-
mutative diagram.

(S(ma,....mx) x {yo} x R)/Zs —— (S(ma,...,mx) x X x R)/Z,

lm ln (20)

P(my,...,mg) L P(my,...,mg; X).

Then +*(n) = 1 where 7, is defined in (14) for £ = 1. By naturality, the total Stiefel—
Whitney class of 7 is given by w(n) = 1 4+ w1(n), where

c:=wy(n) = Fwi(n). (21)

Recall from Section 2 that Zg(2) is the moment angle manifold corresponding
to X and the group T+~ ™ = ker(expA) in (6) is a subtorus of T(2)* such that
Zg(2)/T* ™ = X. We denote the natural action

TH™™ x ZQ(Q) — ZQ(Q)

by v. Let m;: T(2)* — S* be the projection onto the ith factor. The torus T(2)"
acts on C via this projection by complex multiplication. So T#~" acts on C via the
composition TF~" — T(2)* =5 S*. We denote this one dimensional representation
of TH~" by C; and the associated action by p; for i =1,..., u.

Now define an identification on S(ma,...,mg) x Zg(2) x C; defined by

(x%,y,2) ~ (=%, 7(2)y, Z) ~ (x,v(y), pi(2)) ~ (=%, 7(2u(y), pi(2)),  (22)

where Z represents complex conjugation on z. Then the identification space gives a
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real 2-plane bundle
Ci: (S(ml,...,mk) X ZQ(Q) X (CZ)/TM_H — P(ml,...,mk;X)

on P(my,...,mg; X), denoted by ¢; fori=1,...,p.

Next, we recall some canonical 2-plane bundles on X, following [2]. The trivial
complex line bundles Zg(2) x C; — Zg(2) are equivariant with respect to the action
of TH#~™, Each such bundle induces a real 2-plane bundle

L;: ZQ(Q) Xpp—n (Cz — X = ZQ(Q)/T“in
The second Stiefel-Whitney class of the bundle L; is given by wa(L;) = u; mod 2,
where u; € H?(X;Z) is the Poincaré dual to the characteristic submanifold q=1(F;),
see [5, Section 6], and F; is the ith facet of Q. Let a = (e1,,...,e1,) € S(m1,...,my)
where e;; is the first vector in the standard basis of R™i+1 Then both a,—a €
S(mi,...,mg). So we get the inclusion

to: X = P({a,—a}, X) C P(mq,...,my;X).

Then the pull-back of ¢; under ¢g is L; for ¢ =1,..., u. By naturality tfw2((;) = u;
mod 2 fori=1,..., u.

Let X = CP™ x --- x CP™ henceforth. Then the moment angle manifold Zg(2)
corresponding to this X is STt x ... x §2F1 and the corresponding T*~™ can
be identified with (S')¢. Also, the action v for this case is the coordinate-wise action
of (S1)f on S§2m+1 x ... x §2m+L For each j € {1,...,£}, the identification in (22)
reduces to

(X, Yy, Z) ~ (_Xa Y, Z) ~ (X7 V(Y): h]Z) ~ (_X7 V(Y))@))
where h; belongs to the jth coordinate circle of (S )¢, This induces a real 2-plane

bundle ¢} over Pr(mai,...,mg;n1,...,ne). The fixed point set of the involution 7(2)
on X is non-empty. Therefore, the map

¢ ‘
S(ma, ..., mi) x 1_[527”+1 x R* = S(my,...,my) x HS%J'“ x C
j=1 et

defined by (x,y,71,72) — (X,¥,71 + v/ —1r2) induces the bundle map

Lj

E(e®m) E(¢)
lni l(; (23)
P(my,...,my) —— Pr(my,...,mi;nq,...,ng),

where E(x) represents the total space of the corresponding bundle and j =1,... ¢
So t*(¢}) = € @ n1. On the other hand, ¢5((}) is a real 2-plane bundle over the product
CP™ x ---x CP™ for j =1,...,£. Note that for this case

Zoldy] _ Zs[dy]

H*(X;Zs) = d;L1+1 . d;“f‘*‘l \

where d; is the canonical generator of H*(CP™;Zs). If mq,...,my > 1, then by
Theorem 4.5 and the cohomology of X, we get w1((}) = c=wi(n) (see (21)) and
'LUQ(CJ/) = dj for ] = 1, ce ,K.
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Using the above discussion and the proof of [17, Theorem 1.5], one gets the fol-
lowing. We omit the details.

Theorem 5.3. The bundle T(PT(ml7 ce MmNy, .., ng)) ® Iy @ (k + £)e is isomor-
phic to 3"y (mi + 1) @ (n1 + 1) @ -+ @ (ng + 1)}

Corollary 5.4. If my,...,my are greater than 1, then the total Stiefel-Whitney class
of Pr(my,...,mg;ny,...,ng) is given by

¢
w(PT(ml,...,mk;nl,...,nk)):(1+c Elm1+k Z H 1+C+d n7+1.

5.3. Stable tangent bundle of manifolds in Example 3.3

In this subsection, we construct several line bundles on the generalized projective
product spaces defined in Example 3.3. Then we show that the stable tangent bundle
of P(mq,...,my;Y)is a Whitney sum of these bundles when Y = RP™ x --- x RP™.
Most of the discussion and calculations are similar to Subsection 5.2 except for a few
important observations related to small covers. We keep similar (but contextual)
notation.

Let Y be a small cover over a simple polytope ) which has u many facets. By argu-
ments similar to those beginning Subsection 5.2 one has the following commutative
diagram:

(S(ml,...,mk) X {yl}’ X R)/ZQ 4Z> (S(ml,...,mk) XY x R)/ZQ

b | s

P(my,...,mg) L Pimy,...,mg;Y).

Here 7 is the canonical line bundle defined in (14) for ¢ = 1. Then ¢*(n) = ;. By
naturality, the total Stiefel-Whitney class of 1 is given by w(n) = 1 + wi(n), where

¢ =wi(m) = " (wi(n)).

Recall from Section 2 that Zg(1) is the real moment angle manifold corresponding
to Y and the group ker(A) in (4) is a real subtorus of T'(1)* such that Zg(1)/ ker(A) =
Y. We denote the natural action

ker(A) x Zo(1) — Zo(1)

by v. Let m;: T(1)* — Z2 be the projection onto the ith factor. The real torus T'(1)#
acts on R via this projection. As a consequence, ker(A) acts on R via the composition
ker(A) < T(1)* =% Z,. We denote this one dimensional representation of ker(A) by
R; and the associated action by p; for i =1,..., u.

Now define an identification on S(mq,...,mg) x Zg(1) x R; by

(%,y,2) ~ (=%, 7(1)y, =2) ~ (X, v(y), pi(2)) ~ (=%, 7(Dr(y), —pi(2)).  (25)
Then the identification space gives a line bundle
Gt (S(ma,...,my) x Zg(1) x R;)/ker(A) = P(mq,...,my;Y)
on P(my,...,my;Y), denoted by (; fori=1,..., p.
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Next, we recall some canonical line bundles on Y following [5]. The trivial line
bundle Zp(1) x R; — Zp(1) is equivariant with respect to the action of ker(A). This
induces a line bundle

L;: ZQ(].) Xker(A) R, > X & ZQ(l)/ker(A)

The Stiefel-Whitney characteristic class of the line bundle L; is given by w(L;) =
1+ u; where u; € H(Y;Z3) is the Poincaré dual to the characteristic submanifold
q 1(F;), see [5, Section 6], and F; is the ith facet of Q. Let a = (e1,,...,e1,) €
S(mi,...,my) where ey, is the first vector in the standard basis of R™T!. Then
a,—a € S(mq,...,my). So we get the inclusion

:Y =P({a,—a},Y) C P(my,...,my;Y).

Then the pull-back of {; under ¢g is L; for i = 1,..., u. By naturality (w1 () = u;
fore=1,...,pu.

Henceforth, let Y = RP™ x --- x RP™. Then the real moment angle manifold
Zg(1) corresponding to this Y is S™T1 x ... x §™*T1 and the corresponding ker(A),
can be identified with (Z3)?. The action v for this case is thus the coordinatewise
action of (Zz)? on S™H1 x ... x S™t+l where Z, acts on each S™*! antipodally. For
each j € {1,...,¢}, the identification in (25) reduces to

(Xa Yy, Z) ~ (7Xa -y, *Z) ~ (X7 V(Y)v h]Z) ~ (7X, 71/(}’)’ 7hjz)

where h; belongs to the jth coordinate of (Z3)*. This induces a line bundle ¢ over
Ps(my,...,my;ni,...,ng). Then the pull-back of (; under ¢ is L;; for some i; €

{1,...,u}

Note that for this case,

R ZLs|di] Zo|de]
H*(Y;Zs) ~ d?l“ d?e-%l ,
where d; is the canonical generator of H*(RP™;Zs). If mq, ..., my, are greater than 1,

then by Proposition 4.6 and the cohomology of Y, we get w1 ((}) = d; for j =1,..., L.
Using the above discussion and the proof of [17, Theorem 1.5] one can also get the
following. We omit the details.

Theorem 5.5. The vector bundle T(Ps(m1,...,mg;n1,...,n)) ® (k+ e is iso-
morphic to Y1 (m; + 1) @ (n1 + 1)¢] @ -+ @ (ng + 1)/

Corollary 5.6. If my,...,my are greater than 1, then the total Stiefel-Whitney class
of Ps(my,...,mg;ny,...,ng) is given by

14
w(PS(mb ey M N1,y e 7nk)) = (1 + C)E,f(mﬁ_l) H(l + dj)nj+1'

j=1

6. Bounds for the span of the spaces in Section 3
Let M be a finite dimensional smooth manifold and the map

T TM— M
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the tangent bundle on M. The vector field problem studies the tangent bundle 7 by
seeking continuous nowhere zero sections s: M — TM of w. The maps {s} are called
non-zero vector fields on M. A family of r such vector fields, that are point-wise
linearly independent at each x € M, is called an r-field. The maximum r such that
M admits an r-field is called the span of M and it is denoted by span(M). It is
an invariant of M and its smoothness structure. The celebrated work [1] of Adams
gives the complete solution of the vector field problem for any sphere S™ and any
projective space RP™. However, in general, these problems are open for most other
smooth manifolds, e.g. even on the product of two real projective spaces [4]. We
refer the reader to [9] and [16] for some motivational background on the vector field
problems. We note that if S admits an r-field, it also admits a linear r-field which
is equivariant with respect to antipodal action. An even stronger result is shown in
[13] by Milgram and the second author, that every r-field on any sphere is homotopic
(through r-fields) to an r-field that is equivariant with respect to the antipodal action.
Novotny in [14] showed that if S admits & many linearly independent vector fields
which are equivariant with respect to the antipodal action, then the Dold manifold
D(m,1) admits at least k + 1 many linearly independent vector fields.

For the generalized projective product spaces or generalized Dold manifolds, we
have the following observation. If M, N are Zs-spaces and Zs acts on M freely, then
the Euler characteristic of P(M, N) is given by

X(P(M,N)) = %X(M)X(N). (26)

So span(P(M,N)) > 1 if and only if at least one of X (M), X(N) is zero, by [16,
Theorem 1.7]. Since span(E) > span(B) for a smooth fibre bundle F — E — B, then
we have span(P(M, N)) > span(M/Zs).

We recall that if M is a smooth manifold then the stable span of M is the maximum
integer r such that TM @ ke ~ (k + r)e @ n for some k > 1 and some vector bundle
7 on M. The manifold M is called stably parallelizable if T M & ke is trivial for some
k > 1. We denote the stable span of M by span®(M) (also written stabspan(M) in
the literature).

In this section, we compute lower and upper bounds for the span and stable span
of several generalized projective product spaces defined in Section 3 and improve
this lower bound for certain generalized projective product spaces. In particular, we
extend the result of [14] to a broader class of manifolds.

6.1. Vector fields on manifolds in Example 3.1

In this subsection, we study the vector fields problems on the generalized projec-
tive product spaces defined in Example 3.1. We follow the notation of Example 3.1.
Note that the corresponding orbit map S(mi,...,my) x S(n1,...,n) = Pm @mp) is
a double covering.

So the Euler characteristic of this generalized projective product space is given by

2FH=1if all m;, n; are even,

X (Prip) = { 0 if one of m; or n; is odd. (27)

Then, by [10, Theorem 20.1] we have the following.
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Proposition 6.1. If Z’f m; + Zf n; s even and at least one of m; or my; is odd,
then span(Pm, m.p5)) = spanO(Pm(ﬁ@).

Note that span(Ppg (7,5)) = 0 if and only if all m;, n; are even. Consider the antipo-
dal action of Zy on each S™: and S™. Then the coordinate-wise action of Z& x Z4
on the product S(my,...,mg) x S(ny,...,ng) is free with the orbit space being
Hle RP™ x H§=1 RP™. So the following maps are coverings.

k ¢
S(ma,...,me) x S(n1,...,n0) = Pz — [[RP™ x [[RP™.  (28)
i=1 j=1
Therefore, if [m| =mq +--- +my, [7| =n1 +--- 4+ ny, and at least one of m; or n;
is odd, then

k 14 4

k ‘
Zspan(Smi) + Z span(S™) < span H RP™i x H RP™i
1 1

i=1 j=1

< span( P (m.5)) < M| + |7l

The parallelizability problem for the projective product spaces has been completely
solved in [3, Theorem 3.12]. One can ask this problem for the generalized projective
product space P(mq,...,mg; (n1,p1), ..., (ne,pe)) when 1 < p;j <njforj=1,... L
From the definition of this space, we have the fibre bundle:

S(nl,...,n[) — Pﬁ,(ﬁ,ﬁ) — Pﬁ7

where Pg is a projective product space. Thus span(Pg, 75 ) = span(FPr). In the
remaining of this subsection we improve this lower bound.

Theorem 6.2. If m is odd and p > 1, then span(P(m; (n,p))) > span(S™) +p — 1.

Proof. Since S™ is an odd sphere, then by a theorem of Hopf, we have r = span(S™) >
1. So by [13], S™ admits r many linearly independent vector fields which are equivari-
ant with respect to the antipodal action. Let vy, ..., v, be r many linearly independent
Zs-equivariant vector fields on S". Now we define the vector fields wy ..., wp4p—1 ON
S™ x S™ as follows.

wi(i’ (yla s 7yn+1)) =

(vi(X), (0,...,0)), if1<ig<r—1,
(W50r(X), W15 - Yi—1955 ¥ — Lyie1Ys - Unsryy)), ifr<i<r+p—1,
where j =147 —r+ 1.
We show that wy, ..., w,1p—1 are linearly independent at each point on S™ x S™.
Suppose there are scalars by,...,b._1,a1,...,a, such that
r—1 p
Z biwi(X,y) + Z ajwr4j-1(X,¥) =0
i=1 j=1

at some point (X,y) € S™ x S™. Since vy, ..., v, are linearly independent, we get the
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following.

p
Zajyj =0 and bi:0

j=1
fori=1,...,r—1. Also

P P
0=ay; — a1+ Zajylyj = yl(z a;y;) — a1,

j=2 Jj=1
p—1 P
2
0=apy, —ap+ Zajypyj = yp(z a;y;) — ap.

j=1 j=1
From the above equations, we also get a; =0 for j =1,...,p. Therefore wy,...,
Wi4p—1 are linearly independent vector fields on S™ x S™.

To show that wi, ..., wrip—1 are equivariant vector fields under the Zs-action on

S™ x S™ as defined in Example 3.1, one can argue as in the proof of [14, Theorem 4.2].

O

Corollary 6.3. If at least one of m1,...,my is odd and1 < p; <nj forj=1,...,¢,
then span( P (7 5)) = span(Pr) + Zj:Q(pj —1).

Proof. Let r = span(Py). Since S(my,...,mg) — P is a double covering, obtained
from the antipodal action on the spheres, there are r Zy-equivariant linearly indepen-
dent vector fields on S(m, ..., ms). Using the fact that P 7 5) is an iterated sphere
bundle over Pr; and applying Theorem 6.2 repeatedly one obtains the corollary. [

6.2. Vector fields on the manifolds in Example 3.2

Let M be a manifold equipped with a free Zs-action and X a toric manifold over a
simple polytope P equipped with an involution as considered in Example 2.7. In this
subsection we study the vector field problem on P(M, X) when M = S(mq,...,my)
has some Zs-equivariant linearly independent vector fields. Let V(Q) be the set of
vertices of a simple polytope Q. Then X(X) = |V(Q)], see [5]. Hence by (9) the Euler
characteristic of P(M, X) is given by

X(P(M, X)) = ZX(M)X(X) = S XODV(Q)] (29)

In particular, since X'(S™) =1+ (—=1)™, we get

X(P(S(ma,. ... my), X)) = { 2F=1V(Q)| if my,. .., my are even, (30)

0 if at least one m; is odd.
Since (10) is a smooth fibre bundle, by [9, 3.1.6 (1) |, we have the following,
span’(P(S(my,...,mg), X)) = span(P(S(m1,...,my), X)) = span(Py), (31)

where m = (mq,...,mg).
The next proposition and corollary discuss the stable parallelizability of the man-
ifolds P(M, X).



286 SOUMEN SARKAR anNpD PETER ZVENGROWSKI

Proposition 6.4. If the manifold Pr(mq,...,mg;ny,...,ng) is stably parallelizable,
then nj € {0,1} for j=1,...,L.

Proof. Since P(my,...,mg;n,...,ng) is stably parallelizable, then so is its dou-
ble cover Hle S™i X H§:1 CP™. Each S™ is stably parallelizable. The product

H?:l CP"™ is stably parallelizable if and only if each n; € {0, 1}, since the first Pon-
tryagin class pl(]_[ﬁzl CpPm™) = Zi (nj + 1)a3, where a; is the canonical generator of
H?(CPm™) for j=1,...,L. O

Moreover, by similar arguments, we get the following.

Proposition 6.5. If the first Pontryagin class of X is nonzero, then P(M, X) is not
parallelizable.

We recall the cohomology ring structure of X from (16). By [5, Corollary 6.8], the
first Pontryagin class of X is given by p1 (X) = Y"1, u?, where u;’s are the generators
in (16). If > | u? # 0, then X is not stably parallelizable. Also note that Y f* | u? = 0
if X is the product of some CP!. In this case P(S(my ..., my), CPt x --- x CP1) is
P(my,...,mg;(2,2),...,(2,2)) of Example 3.1 where the number of (2,2) pairs is
same as the number of CP'’s. Now we compute the first Pontryagin class of the

4-dimensional toric manifold X* over a square in the following.

Example 6.6. Let X* be a toric manifold over a square. So the characteristic function
is given either by Figure 2 (a) or by Figure 2 (b) up to sign, see [5, Example 1.19].
For Figure 2 (a) we have the following from the definition of J in (16).

r1+x3=0, and xzo+rzz+ x4 =0.

So,
o3+ a3 4 23 + o) = 207 + 225 + 22l 4 2raexs
= (24 7r%)a? + 222 — 2ray a0
=223 — 2rxyxy, as x? = 0.
If 7 =0, then 23 = 0, otherwise ¥3 = —rx1z2 # 0. So, % + 23 + 2% + 25 # 0 if and

only if r # 0. Hence P(M, X%) is not stably parallelizable if r # 0. For r = 0, X* =
CP! x CP?, and therefore P(S™,CP! x CP!) is stably parallelizable if m = 1,3, 7.
For Figure 2 (b), X* is CP?#CP?. Then we have

1 — 22 +x3 =0= 23 =12 — T1,
and
Tog —2x3+ x4 =0= 14 = —9 + 2(x3 — 1) = T2 — 2171.
Therefore,
o]+ 23+ 23+ 27 =27 + 25 + (21 — 22)? + (271 — 32)?
=207 + 222 — 22120 + 42t — dayay + 22
= 622 + 322 — 62125 .

This is non-zero in H*(CP?#CP?). Therefore, if M is a manifold equipped with a
free Zs-action then P(M,CP?#CP?) is not stably parallelizable.
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(1, r) (1,-2)
F3 F3

(0,1)| Fy F>|(0,1) (0,1)| Fy Fy|(-1,1)

F1 Fl
(1,0) (1,0)
(a) (b)

Figure 2: Characteristic functions on a square.

To conclude, we improve the lower bound of (31) under some additional hypothe-
ses.

Theorem 6.7. Let vy,...,v: M — TM be Zs-equivariant pointwise linearly inde-
pendent vector fields where Zy acts freely on M. Then

span(P(M,CP")) > k + 1.

Proof. This result can be obtained by arguments similar to those in the proof of [14,
Theorem 4.2]. We simply exhibit the vector fields. Identify CP! with S? as in [14,
Proposition 4.1]. We define (k + 1) vector fields on M x CP! as follows:

wi(xv (y17y27y3)) = ((Iv (y17y27y3 ; (’Ui(x)a (07070)))5 for 1 < { < k — 1;
wk(m7 (y17y27y3)) = (('T7 (y17y27y3 ) (ylvk(x)7 (y% - 17 y1y27y1y3)))7
wi1(2, (Y1, 92, ¥3)) = (@, (Y1, 92, ¥3)), (y2vk(2), (yly2ay§ —1,9293))).

Using Novotny’s argument, one can show that these are Zs-equivariant pointwise
linearly independent vector fields on M x CP*. O

)
)

Corollary 6.8. Let vy,...,v5: M — TM be Zy-equivariant pointwise linearly inde-
pendent vector fields where Zy acts freely on M. Then

¢
span | P M,I_I(CP1 > k44

j=1
-1
Proof. Since Zo acts freely on M it acts freely on M X H CP', and hence the corol-
j=1
lary follows from Theorem 6.7. O
Corollary 6.9. If at least one m; is odd in {my,...,my}, then

¢
span | P | S(my,...,mg), H cp! > span(Pr) + ¢. (32)
j=1
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We note that the span and the stable span of P(m;1)(= P(S™,CP!)) are com-
pletely determined by Novotny [14] and Korbas [8]. At this point we do not know if
equality in (32) holds in general.

References

[1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]
[9]

[10]

[11]

[12]

[13]
[14]
[15]

[16]

J. F. Adams, Vector fields on spheres. Ann. of Math. (2) 75 (1962), 603-632.
MRO0139178

V. M. Buchstaber and T. E. Panov, Torus actions and their applications in
topology and combinatorics. Univ. Lecture Ser., 24. American Mathematical
Society, Providence, RI, 2002. MR1897064

D. M. Davis, Projective product spaces. J. Topol. 3 (2010), no. 2, 265-279.
MR2651360

D. M. Davis, Vector fields on RP™ x RP™. Proc. Amer. Math. Soc. 140
(2012), no. 12, 4381-4388. MR2957228

M. W. Davis and T. Januszkiewicz, Convex polytopes, Coxeter orbifolds
and torus actions. Duke Math. J. 62 (1991), no. 2, 417-451. MR1104531

A. Dold, Erzeugende der Thomschen Algebra 9. (German) Math. Z. 65
(1956), 25-35. MR0079269

M. Fujii, Ky-groups of Dold manifolds. Osaka Math. J. 3 (1966), 49-64.
MR0202131

J. Korbag, On parallelizability and span of the Dold manifolds. Proc. Amer.
Math. Soc. 141 (2013), no. 8, 2933-2939. MR3056583

J. Korbas and P. Zvengrowski, The vector field problem: a survey with
emphasis on specific manifolds. Fzposition. Math. 12 (1994), no. 1, 3-30.
MR1267626

U. Koschorke, Vector fields and other vector bundle morphisms — a sin-
gularity approach. Lecture Notes in Math., 847. Springer, Berlin, 1981.
MR0611333

J. McCleary, A user’s guide to spectral sequences. Second edition. Cam-
bridge Stud. Adv. Math., 58. Cambridge University Press, Cambridge, 2001.
MR1793722

J. W. Milnor and J. D. Stasheff, Characteristic classes. Ann. of Math. Stud.,
76. Princeton University Press, Princeton, N. J.; University of Tokyo Press,
Tokyo, 1974. MR0440554

R. J. Milgram and P. Zvengrowski, Skewness of r-fields on spheres. Topology
15 (1976), no. 4, 325-335. MR0420648

P. Novotny, Span of Dold manifolds. Bull. Belg. Math. Soc. Simon Stevin
15 (2008), no. 4, 687-698. MR2475492

A. Nath and P. Sankaran, On generalized Dold manifolds. Osaka J. Math.
56 (2019), no. 1, 75-90. MR3908778

P. Sankaran, The wvector field problem for homogeneous spaces. Algebraic
topology and related topics, 223-264, Trends Math., Birkhauser/Springer,
Singapore, 2019. MR3991185



ON GENERALIZED PROJECTIVE PRODUCT SPACES AND DOLD MANIFOLDS 289

[17] J. J. Ucci, Immersions and embeddings of Dold manifolds. Topology 4
(1965), 283—-293. MR0187250

Soumen Sarkar soumen@iitm.ac.in

Department of Mathematics, Indian Institute of Technology, Madras, Sardar Patel
Road, Chennai, Tamil Nadu-600036, India

Peter Zvengrowski zvengrow@gmail.com

Department of Mathematics and Statistics, University of Calgary, Calgary, AB T2N
1N4, Canada


mailto:soumen@iitm.ac.in
mailto:zvengrow@gmail.com

	1 Introduction
	2 Toric manifolds and small covers
	3 Some generalized projective product spaces
	4 Cohomology of some manifolds in Section 3
	4.1 Cohomology of some manifolds in Example 3.1
	4.2 Cohomology of some manifolds in Example 3.2
	4.3 Cohomology of some manifolds in Example 3.3

	5 Tangent bundles of some spaces in Section 3
	5.1 Stable tangent bundle on some manifolds in Example 3.1
	5.2 Stable tangent bundle of some manifolds in Example 3.2
	5.3 Stable tangent bundle of manifolds in Example 3.3

	6 Bounds for the span of the spaces in Section 3
	6.1 Vector fields on manifolds in Example 3.1
	6.2 Vector fields on the manifolds in Example 3.2


