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RATIONALLY ELLIPTIC SPACES AND ALGEBRAIC VARIETIES
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Abstract

We discuss inequalities between the values of homotopical
and cohomological Poincaré polynomials of the self-products of
rationally elliptic spaces. For rationally elliptic quasi-projective
varieties, we prove inequalities between the values of generating
functions for the ranks of the graded pieces of the weight and
Hodge filtrations of the canonical mixed Hodge structures on
homotopy and cohomology groups. Several examples of such
mixed Hodge polynomials and related inequalities for rationally
elliptic quasi-projective algebraic varieties are presented. One of
the consequences is that the homotopical (resp. cohomological)
mixed Hodge polynomial of a rationally elliptic toric manifold
is a sum (resp. a product) of polynomials of projective spaces.
We introduce an invariant called stabilization threshold pp(X;e)
for a simply connected rationally elliptic space X and a positive
real number e, and we show that the Hilali conjecture implies
that pp(X;1) < 3.

1. Introduction
A rationally elliptic space is a simply connected topological space X such that
dim (7,(X) ® Q) < 0o and dim H*(X; Q) < oo,

where 7, (X) @ Q := 32,5, m(X) ® Q and H*(X;Q) := 3,5 H/(X;Q). This inter-
esting class of spaces has received considerable attention, but a complete picture of
structure, geometry or invariants of spaces in this class appears to be far from clear.
Very strong restrictions on the ranks of homotopy group were found a long time ago
by J. B. Friedlander and S. Halperin (see [16] and also [14] or [15]). To recall them,
let z; (resp. y;) denote a basis of Toad(X) @ Q (resp. Teven(X) ® Q) and let n be the
formal dimension of the space X, i.e., the maximal degree n such that H™(X;Q) # 0.
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We set
Weven(X) ® Q = Z 7T2k(X) ® Q7 7Todd(*Xv) ® Q = Z 7T2k+1(X) ® @7
k>1 k>0
and
Heven(X; Q) = Z H2k(X; @)7 HOdd(X; Q) = Z H2k+1(X; Q)
k>0 k>0

Then we have the following:

(a) > ;degz; <2n—1,5° degy; < n.

(b) n=>",degw; — > (degy; — 1).

(¢) x™(X) := dim (Teyen(X) @ Q) — dim (7mo44(X) ® Q) < 0.

(d) 0< x(X) = dim Hv*"(X; Q) — dim H°M(X; Q).

(e) x(X)>0<«= x"(X)=0.

(f) Betti numbers b; = dim H;(X; Q) of X satisfy Poincaré duality [14, §38 Poincaré

Duality]. In particular b, =1 and b,y = b; = 0.

(g) Betti numbers satisfy inequalities:' b, < £(),m # 0,n (cf. [27, Corollary to

Theorem 1]).

Moreover, the Hilali conjecture [20] (also see [21, 22]), which is still open, suggests
that:

dim (m.(X) ® Q) < dim H*(X; Q). (1.1)

The present paper, instead of (1.1), shows different types of inequalities between the
ranks of homotopy and cohomology groups of rationally elliptic spaces (cf. [30]). They
are stated in terms of the cohomological Poincaré polynomial and the homotopical
Poincaré polynomial. For a simply connected rationally elliptic space X we put

Px(t):=) dim H*(X;Q)t* and PF(t):=» dim(m,(X) @ Q)t*.
k>0 k>2

In [30] the second named author showed that there exists a positive integer ngy such
that for all n > ng one has P%.(1) < Pxn(1). Here X™ = X x --- x X is the Carte-
—_———

sian product of n copies of X. Below we show the following (announced in [31]):

Theorem 1.2. Let X be a simply connected rationally elliptic space. For any positive
real number e there exists a positive integer n(e) such that for all n > n(e) and all
t>¢

PZ.(t) < Pxa(t). (1.3)

Remark 1.4. Note that, since X is simply connected, Px(t) = 1 implies that X is
rationally homotopy equivalent to a point (cf. [14, Theorem 8.6]), and hence PT = 0.
In particular, the inequality (1.3) is satisfied with n(g) = 1,Ve > 0. Therefore, in
Theorem 1.2 we assume that Px(t) > 1. We also note that the formal dimension of
a simply connected space is bigger than or equal to 2.

I This inequality implies that dim H* (X;Q) < 2"~1 4 1, which is sharper than dim H* (X;Q) <
2™ ([15, Theorem 2.75]).
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Theorem 1.2 suggests the following invariant of a rationally elliptic homotopy type:

Definition 1.5. The stabilization threshold is the smallest integer n(e) such that
inequality (1.3) takes place for all n > n(e).

We denote the stabilization threshold by pp(X;e), where pp stands for “Poincaré
polynomial”. For example, for ¢ = 1 we have

L opp(S*"h1) =1,

2. pp(57";1) =3,

3. pp(CPY, 1) =3 and pp(CP",1) =2 if n > 2.

In terms of this invariant, the inequality of Theorem 1.2 implies the following:

Corollary 1.6. For any e > 0 and r > pp(X;e) we have

n l r
r (Z dim (m;(X) ® Q) si> < (1 + Z dim H*(X, @)gl) ,
=2 1=2
where n (resp. 1) is the degree of homotopical (resp. cohomological) Poincare polyno-
mial.

Note that inequality (1.1) is a special case of Corollary 1.6 for the spaces with
stabilization threshold pp(X;1) =1, but not for the spaces with pp(X;1) > 2. The
argument used in the proof of Theorem 1.2 is an elementary calculus observation and
based only on the difference in behavior of homotopy groups and cohomology groups
in products.

Several results on stabilization threshold and specific values in some examples are
presented in Sections 2, 3 and 4 respectively, but let us point out that we have the
following result about the upper bound of the stabilization threshold pp(X;1):

Theorem 1.7. Let X be a simply connected rationally elliptic space of formal dimen-
stonn > 3. Then

pp(X;1) < n.

We also show that the Hilali conjecture implies sharp bound, independent of dimen-
sion:

Theorem 1.8. If a simply connected rationally elliptic space X satisfies the Hilali
conjecture, then we have

pp(X;1) < 3.

In particular, the question if 3 is an unconditional bound of the threshold pp(X; 1)
is a weakening of the Hilali conjecture. Note (see Corollary 3.6) that the threshold
pp(X; 1) does not exceed 3 if the formal dimension does not exceed 20 since the Hilali
conjecture is verified up in this range (see [7]). The Hilali conjecture is also valid for
formal spaces (see [21]), hence the stabilization threshold pp(X;1) does not exceed 3
also for, e.g., the following spaces, which are formal:

e compact Kéhler manifolds [12],

e projective varieties with isolated normal singularities with high connectivity of
links [8], and
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e smooth quasi-projective manifolds with pure Hodge structure (by Dupont’s
“purity implies formality” theorem [13]).

Now, let X be a quasi-projective algebraic variety. Both the homotopy and the
cohomology groups carry mixed Hodge structures ([10], [11], [25], [17], [18], [26]),
which are functorial for regular maps. An invariant of these mixed Hodge structures
is given by the generating functions for the dimensions of graded pieces of Hodge and
weight filtrations as follows:

MHx(t,u,v) Z dlm(GrF.GrZ[j_’qu(X (C))tkupvq, (1.9)

k,p,q

where (W,, F'*) is the mixed Hodge structure of the cohomology groups.

MH%(t,u,v) := Z dlm(Grp~ Grp+q(( 1(X) ®(C)V)>tkupvq,

k.p,q

where (W,, F *) is the mixed Hodge structure of the dual of homotopy groups. They
will be called respectively the cohomological mixed Hodge polynomial and the homo-
topical mized Hodge polynomial of X. A refinement of Theorem 1.2 (announced in
[31]) for algebraic varieties is as follows:

Theorem 1.10. Let € and r be positive real numbers such that € < r and define
C.r = [g,7] X [e,7] X [g,7] T (Rs0)? to be the cube of sizer — . Let X be a rationally
elliptic quasi-projective variety. Then there exists a positive integer ne , such that for
all n > ng , the following strict inequality holds:

MH;r(n (t, 'U/, U) < MHXn (t, 'LL, U)
for V(t,u,v) € €. .

Similarly to pp(X;1), we can consider the smallest integer ng such that for ¥n > ng
the following holds

MHS. (t,u,v) < MHxn(t,u,v) Vt=a,Vu>=b Vv >

We denote it by mbhp(X;a, b, ¢), where mhp stands for “mixed Hodge polynomial”.

Actual calculations of homotopy and cohomology groups of rationally elliptic quasi-
projective varieties are rather sparse with the main focus being on low dimensional
cases (e.g., see [1], [3] and [19] where such rationally elliptic spaces are identified) and
even less is known about their mixed Hodge theory refinements. Therefore, besides
inequalities, we include several examples, in particular toric varieties and arrange-
ments of linear subspaces and calculate the stabilization thresholds for them.

It would be interesting to find non-trivial®> examples of singular algebraic vari-
eties which are rationally elliptic and study for their mixed homotopy and homology
polynomials and their stabilization thresholds.

In §2 we prove Theorems 1.2 and 1.10 and several results on stabilization thresh-
olds. Theorems 1.7 and 1.8 are proven in §3. In the final §4 we give explicit calculations
of the homotopical and cohomological mixed Hodge polynomials of several compact

2A trivial example is X X C' where X is any rationally elliptic smooth or singular variety and C' is
a rational cuspidal curve (which is homeomorphic to S 2.
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and open manifolds, including some toric varieties and complement to arrangements
of linear subspaces in affine space. In this section we also introduce and discuss homo-
topical E-function which is an analog of classical cohomological E-function.
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2. Proofs of the main results
The isomorphism 7;(X xY) = m(X) ® m;(Y) along with the Kiinneth isomor-
phism H"(X xY,Q)=3%_,,,_, HY(X;Q)® H/(Y;Q) imply that the homotopical
Poincaré polynomial P%(¢) and the cohomological Poincaré polynomial Px(t) are
respectively additive and multiplicative, i.e.,
P v () =P%(t)+ Py(t) and Pxxy(t) = Px(t) x Py(t),
which imply that Theorem 1.2 is an immediate consequence of the following:

Lemma 2.1. Let ¢ be a positive real number. Let P(x) and Q(x) be two polynomials
of the following types:

P q
P(z) = Zakxk7 ar, =0, Qz)=1+ Zbkxk, b, =0, by # 0.
k=2 k=2

Then there exists a positive integer ng such that for ¥n = ng
nP(z) < Q(z)" (Vx> e¢). (2.2)

Remark 2.3. For our purpose it is sufficient to consider b, = 1, but we do not assume
it.
Proof of Lemma 2.1. To begin, select a positive integer Ny such that deg (Q(z)"°) >
deg (NoP(z)) and take sq > 1,89 € R such that Q(z)N° > NoP(x) for any z > so.
Then R(s,r) defined by R(s,r) := Q(s)" — rP(s) we have the following for all r > Nj
and all s > sq:
OR(s,r -
ORET) _ 10g Q(s) - QUs)" — Pls) > 108Q(s) - NoP(s) ~ P(s)
which is positive for all s > max(sg,e) since logQ(s) > 1, because Q(s) > Q(e) =
1+ Y1 , be® > e since by # 0. Thus for all s > max(sp,e) the function R(s,r) is
increasing with respect to 7 and R(s, Ng) = Q(s)N0 — Ny P(s) > 0, thus, in particular
R(z,n) = Q(z)" —nP(x) > 0 for all x > max(sp, e) and for all n > Ny. Therefore we
have that

nP(z) < Q(x)" for all z > max(sp,e) and for all n > Np.

Now, we have the following

im 2P _p

n
¢) lim —0
2 e~ T gl
for any fixed £ € [e, s¢], since Q(&) > 1 for £ > 0. Therefore, we see that there exists




98 ANATOLY LIBGOBER aND SHOJI YOKURA

an integer n(&) such that for all n > n(€) one has nP(§) < Q(§)™. Having such an
integer n(§) for each &, we can find ¢ such that for | — §| < d¢ and n > n(§) one
has nP(§) < Q(&)™. Selecting a finite set of & such that the intervals of length J¢,
centered at &; cover [e, sg], we see that for N > max{n(&;), No} one has (2.2) for all
T > e. O

Remark 2.4. Let n(e, P, Q) be the smallest integer ng satisfying conditions of Lem-
ma 2.1. We can find an upper bound u of the threshold n(e, P, Q), i.e., n(e, P,Q) < u,
as follows.

(A) First we consider the case when 0 < e < 1: Let m be the number of the
monomials a;, 2% (1 <i < m) in P(z) and b,x? be the top degree term of Q(z).
Let u; be an upper bound of the stabilization threshold n(s,malixli, 14 bgz?), ie.,
n(e, mayz', 1+ byx?) < u;, and let u := max{uy,- -+, }. Then for Vn > u we have
for all 4:

n(mag, ') < (1+b,az)" Vo >e

and hence

m m

1 n
nP(z) = % Zmalixl"’ < Z(l + bgz?)" < (1 + bk + - - bex?)" = Q(x)".
i=1 1

Therefore we get that n(e, P, Q) < u.

Now, each upper bound u; of the threshold n(e, may,x', 1+ b,x9) is obtained as
follows, by considering the inequality n(ma;z") < (1 + b,z9)™ for each of the two
cases (a) x > 1l and (b) e <z < 1
(a) x> 1:

1. Find an integer s such that sq > ¢; and s > 2 (condition used in the next step),

~ . may, 1 (7n
2. Find an integer 7ig (depending on ay;, by, l;, s) such that bsl’ < A( O) for
no S
q
mai,
b
L(™) =1 for Vn, in which case there might not exist such an integer fip, depend-
ing on the integers m, a;,, by.)

Then, for Vn > ng:

n(may, ') < (Z) begi < <Z> byr?® = (Z) (bgz?)® < (14 bgz?)™ for x > 1.

(bye<z<L:
First we observe that % < 1 for e < < 1, hence it suffices to consider the inequal-
ity n(may,) < (14 byz?)™, which implies that n(ma;, ') < (1 + bgz?)™.

~ . . . 1/n =N
No = s, which implies that < -~ (s) for Yn >ng > s. (If s=1, then

3. Find a positive integer ny which is larger than the largest of the roots of the
following equation:

(mar,)y = (14 bye?)V.

In order to show the inequality n(ma;,) < (1 + byz?)” for Vn > ng and for x € [e, 1],
for a fixed u we consider the line z = elog(u)y, which as direct calculation readily

shows, is tangent to the curve z =¥ at the point y.(u) = @. Any other line
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through the origin of (z,y)-plain either does not intersect z = u¥ or intersects it at
two points. Taking u =1+ bya?, we conclude that if ma;, < elog(l+ byx?), then
(may,)y < (1 + bgx?)¥ for Vy, in particular, n(mag,) < (1 + byz?)™ for Vn. Otherwise,
n(may;) < (14 byz?)™ is satisfied for Vn > yo(z) where yo(x) is the largest coordinate
of intersection of the line z = (may,)y and exponential curve z = (1 + b,z9)¥. To
get an upper bound on yo(z),z € [¢,1], note that the largest y-coordinate of the
intersection of the line z = (may, )y with the exponential curve z = u¥, is increasing
when u is getting smaller and its minimal value is (1 + b,e?),i.e. for = €. Hence the
upper bound of yo(x) is the largest of the roots of the equation (may, )y = (1 + be?)v.
Therefore, we have that n(may,) < (14 byz?)™ for ¥n > nig., i.e.,
n(may,x") < (14 bgaz?)" for Yz € [¢,1].
Finally, we let u; = max{ng, no}, then for ¥n > u; we have
n(mag, ') < (1+bgz?)*  for Vo > e.

(B) In the case when ¢ > 1: We do the same thing as in (a), just by replacing x > 1
by x > €. Then we let u; := ng.

Remark 2.5. We have the following inequality for the stabilization thresholds:
pp(X x Yie) < max{pp(X;e), pp(Y;e)} (2.6)

for a positive real number ¢ such that Px(¢) > 2 and Py (e) > 2. Indeed, we let
pp(X;e) :=nx and pp(Y;e) := ny, then we have

nP%(t) < Px(t)" Yn >=nx,Vt>e,
and

nPy(t) < Py(t)", Yn >=ny,Vt>e.
Then for Vn > max{nx,ny} and Vt > £ we have

n(P%(t) + Py(t)) < Px(t)™ + Py (t)™. (2.7)
Since Px(t) and Py (t) are increasing functions and Px(g) > 2 and Py (g) > 2,
Px(t) > 2 and Py (t) > 2 for ¥t > . Hence we have

Px ()" + Py ()" < Px(t)" - Pr(t)" = (Px(t) - Py(t))" . (2.8)
Px ()™ + Py (t)™ < Px(t)™ - Py ()" follows from that
Px ()" - Py(t)" — Px ()" — Py ()" = (Px(t)" = 1) (Py(1)" =1) =1>0

because Px (t)" —1 > 1 and Py ()™ — 1 > 1 for Vt > . Therefore it follows from (2.7)
and (2.8) that nP%. .y (t) < Pxxy(t)" for Vn > max{nx,ny} and V¢ > . Therefore
we get pp(X x YV;e) < max{pp(X;e),pp(Y;e)}. However, note that in general one
has inequality, pp(X x Y;e) # max{pp(X;e), pp(Y;e)}. For example, we can see that
pp(S?7;1) = 3, but pp(S?™ x S27;1) = 2.

Now we will turn to comparison of the homotopical and cohomological mixed
Hodge polynomials.
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In fact the cohomological mixed Hodge polynomial is also multiplicative just like
the (cohomological) Poincaré polynomial Py (t)

MHxxy (t,u,v) = MHx (t,u,v) X M Hy (t,u,v),

which follows from the fact that the mixed Hodge structure is compatible with the
tensor product (e.g., see [28]). On the other hand the homotopical mixed Hodge
polynomial is additive just like the homotopical Poincaré polynomial P% (¢)

MHY oy (t,u,v) = MHX (8, u,v) + MH (¢, u,v)

since T (X XY) = m(X) @ 7 (Y) and the category of mixed Hodge structures is
abelian and the direct sum of a mixed Hodge structure is also a mixed Hodge struc-
ture. In this paper the following special multiplicativity and additivity are sufficient:

MHxn(t,u,v) = {MHx(t,u,v)}", (2.9)

and
MHS . (t,u,v) = nMH%(t,u,v). (2.10)
In fact, in a similar way to that of Theorem 2.1, using multiplicativity and addi-

tivity relations (2.9) and (2.10), we can show the following proposition. Let R be
the set of positive real numbers.

Proposition 2.11. Let (s,a,b) € (Rso)3. Let X be a rationally elliptic quasi-projec-
tive variety. Then there exists a positive integer n(s o) such that for Vn = n 4 p) the
following strict inequality holds

MH% . (t,u,v) < MHxn(t,u,v)
for|t—s| < 1,Ju—a|l < 1,|v—bl <« 1.

Proof. For the sake of completeness and/or the sake of the reader, we give a proof,
which is similar to the proof of Lemma 2.1. We set

k
MH% (t,u,v) = E Ap,qt" uPVY,
k>2,p20,920
and

MHx (t,u,v) =1+ Z br gt uPve.
k>1,p20,g20

If all the coefficients by, = 0, then H*(X;Q) = Q = H*(pt; Q), which implies (as in
Remark 1.4) that X is rationally homotopy equivalent to the point, hence 7,(X) = 0.
The above strict inequality automatically holds. So we can assume that by, p,,q0 7 0
for some (ko, po, qo). Then for (s,a,b) € (Rsg)* we have

MHx(s,a,b) =1+ Z brep.gsTalPb? = 14 by po g0 8™0aP0b% > 1.
k>1,p20,q20

Therefore whatever the value of M H%(s,a,b) is, by the same argument as in the
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proof of Theorem 2.1,

. n(MH%(s,a,b)) ) n
lim NN GO) (s a,b) lim 0.
A A Ho (5,0, b)) K(sa.0) i

Hence there exists a positive integer ]m) such that for Vn > @>

n(MH%(s,a,b))

—(MHX(s,a,b))" <1 (2.12)

Equivalently, we have for Vn > m)
nMH%(s,a,b) < MHx(s,a,b)".

Now the proof is concluded as the proof of Lemma 2.1 using openness of condi-
tion (2.12). O

The following theorem follows from the above proposition and the compactness of
the cube % .

Theorem 2.13. Let € and r be positive real numbers such that € < r and define
Ceri=[e,7] X [g,7] X [g,7] C (Rx0)3. Let X be a rationally elliptic quasi-projective
variety. Then there exists a positive integer ne , such that for alln = n , the following
strict inequality holds:

MH;r(n (t, 'U,, U) < MHXn (t, U, U)
for¥(t,u,v) € C.r.

Remark 2.14. In a similar manner to the proof of (2.6) in Remark 2.5, we can see
the following inequality as to the threshold mbp:

mhp(X x Y;a,b,¢) < max{mph(X;a,b,c), mhp(Y; a,b, ¢)}
for positive real numbers a, b, ¢ such that M Hx (a,b,c) > 2 and M Hy (a,b,c) > 2.

Remark 2.15. We defined in Introduction the stabilization threshold pp(X;e) as
the smallest integer ng such that for all n > ng the following inequality (1.3) holds:
PZ.(t) < Pxn(t)(Vt > ). In particular, it takes place for the product space XPP(Xie),
On the other hand this inequality is equivalent to nP% (t) < (Px(t))" (Vt > ), study
of which is a key ingredient for our results. This inequality can be considered without
assuming that n is an integer, but for n being a positive real number. The same
applies to the stabilization threshold mph(X;a,b,c). Thus we can consider the real
stabilization thresholds ppgr(X;e) and mphg(X;a,b,c), which are more subtle invari-
ants than the integral ones and are more difficult to analyze. For details on properties
and calculation of these invariants of pairs of polynomials, rational elliptic homotopy
types and quasi-projective varieties, we refer to [23].

3. Bounds for stabilization thresholds

We will start with a conditional result, which yields unconditional bound in small
dimensions.
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Theorem 3.1. If a simply connected rationally elliptic space X satisfies the Hilali
conjecture, then we have pp(X;1) < 3.

Proof. Let X be a simply connected rationally elliptic space of formal dimension n.
Let the homotopical and cohomological Poincaré polynomials of X be
PL(t) = ast® + -+ a;it’ + - + agt’,
and
Px(t) =1+bot® + -+ bt + -+ ™.

(Note that ag = be by the Hurewicz theorem and recall that b, = 1 and b,,_1 = by =
0.)
First we observe that in order to prove that for a positive integer m > 2

pp(X;1) < m,
it suffices to show that
mPL(t) < Px()™ (Vt=1). (3.2)
Which implies that
(m+1)PE(t) < Px(t)™" (vt >1) (3.3)

and by induction we get mP% (t) < Px ()™ (vt > 1) for Ym > m. Indeed, the inequal-
ity (3.2) implies

(m+ 1)PE(t) < (m+1) (iPX(t)m) . (3.4)

>0 (sinc

Hence we obtain (3.3) by the inequality (3.4).
Now, we show that

3P%(t) < Px(t)> Vt>1.

First, we need to observe that it follows from [14, Theorem 32.15] that we have the
following bound for the degree ¢ of PZ(t):

< 2n — 1. (3.5)
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(Px())® = 3P (1)
= (t" + byot™ 2 4+ bot® +1)% = 3(apt’ + - - + aat?)
> (" 4 byot™ 2 bot? + 1) = 3t (ag + -+ az)
(since t7 > t%(j > 2) for Vt > 1)
> (" 4 by ot" 4 bot? + 1) =3t g+ - +ag)  (by (3.5)).
The Hilali conjecture is dim (7, (X) ® Q) < dim H,(X;Q), i.e. P(1) < Px (1), or
art - tas <l4bpo+ - +b+1.

Before going furthermore, for the presentation below we point out the following about
14+bpo+---+by+ 1
1. If n =2, Px(t) =1+t (thus, PZ(t) =t>+---). As a consequence, it follows
that 1 4+bp,—2+ -+ by +1=1+1, thus, the part b,_o + --- + b2 = 0.

2. If n = 3, then Px(t) =1+ ¢3 (thus, P¥(¢) =3 +--+), since it follows from the
Poincaré duality of Betti numbers (see (f) in Introduction) that by = b; = 0.
Hence 1 + b, o+ ---+ by +1=1+1, thus, the part b, o+ ---+ by = 0.

3. If n =4, then Px(t) =1+ bot? +t*, since b3 = by = 0. Hence, it follows that
1+b, 9+ ---+by+1=1+by+ 1, thus, the part b,_1 + --- + by = bs.

With the part b,,_o + - - - + bg in the cases when n = 2, 3, 4 being understood as above,
the above sequence of inequalities continues as follows:

> (" by ot" P bt +1)° =3P (L o+ b+ 1)
— {1 + (bpot™ 24+ 0ot?)} = 32" {24 (b g+ + Do)}
"+ 1) + 30" + 1)%(byot™ 2 + - + bot?) — 6" = 32" (byg + - -+ + ba)
" +1)% — 62"+ 3(t" +1)*(bp—2 + -+ b2) — 37" H(by—o + -+ - + ba)
(" +1)° — 6" + 32 (o + -+ + bo) — 3" N (bp_o 4 -+ + b2)
(using (" + 1) > +2")

="+ 1)2 —6t2 L £ 3t — 2 ) (b + - + by)
> (1" +1)3 — 62! (since 2" — =1 = 2"~ 1(t — 1) > 0)
> (t" +1)% — 6t*" (again, since t*" > "~ for t > 1)
= (")} = 3(t")2 + 3" + 1
=({t"—1)3+2
>0
Therefore, 3P (t) < Px(t)® Vt > 1. O

Combining Theorem 3.1 with the result of [7] we obtain:

Corollary 3.6. For a rationally elliptic space X of homological dimension not exceed-
ing 20, the stabilization threshold pp(X;1) is at most 3.

The next proposition gives unconditional bound on the stabilization threshold,
depending, however, on the homological dimension.
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Proposition 3.7. Let X be a simply connected rationally elliptic space of formal
dimension n > 3. Then we have
pp(X;1) < n.

The argument below uses, in addition to (3.5), the following bound (cf. [14, The-
orem 32.15]):

Pi(1)=as+az+ - +ap < n. (3.8)
Proof. In order to prove the proposition, it suffices to show that

nPL(t) < Px(t)" Vit > 1.

> (t" +1)" —n(agt’ + -+ ast?)
> (" +1)" — nt(ag + - + ag)
> (t" 4+ 1)" = 2"t (by (3.5) and (3.8))
> (t" 4+ 1)" —n2t*" (since t2" >t for t > 1)
— Z <Z> tnk ?’L2t2n

k=0

~ n

> ];2 (k) tnk n2t2n

k
k=2

_ {Z @ n}

k=2

" /n n n
__42n _ _ 2
12 0)-(0)-6) -

k=0
=t {2" - (n®*+n+1)}
>0

assuming that n > 5. For n = 3,4 the claim follows from Corollary 3.6 above. O

Remark 3.9. For n = 2 the above proposition does not hold since the formal dimen-
sion of CP! is 2, but pp(CPY;1) = 3.

We conclude this section with the question on “mixed Hodge polynomial” version
of Theorem 3.1 and Proposition 3.7. More precisely:

1. Does there exist a fixed integer a(> 3) such that mhp(X;1,1,1) < a for any
rationally elliptic quasi-projective variety X satisfying the Hilali conjecture?

2. Does there exist an integer a(n)(> n) such that mhp(X;1,1,1) < a(n) for any
rationally elliptic quasi-projective variety X of formal dimension n?
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4. Examples and concluding remarks

Here we present several explicit calculations of thresholds and introduce and discuss
some property of homotopical E-function which is an analog of classical cohomological
E-function.

4.1. Examples
The purpose of this section is to provide examples of calculations of exact values
of stabilization thresholds.

4.1.1. C"t1\0

Here n > 0. This is a smooth quasi-projective variety, for which the mixed Hodge
structures on cohomology and homotopy can be constructed using log-forms (cf. [10]
and [25] resp.). Since this space can be retracted on S?"*! and the Hurewicz iso-
morphism preserves the Hodge structure (cf. [17]) and calculating the mixed Hodge
structure on H,,(C"*1\ 0) (for example using Gysin exact sequence for the homology
of the complement to smooth divisor on the blow up of P**! at a point) we obtain:

M Henin qoy (8, u,v) = 14 27+ (o)t
and
MHG i1\ (o3 (8, u,v) = 2+ (o)L
Hence we have
MHen+n (o (¢, u,v) = 1+ MHGw oy (8,0, 0).
4.1.2. Projective spaces
Example 4.1. We start with X = CP". We have
Pepn(t) =142+ -+t and Pfp.(t) =2 + "1
One easily verifies that

pp(CP";1) = {i Zj: Z;
The mixed Hodge polynomials are as follows:
M Hepn(t,u,v) = 14 Puv + tH(uv)? + - + 12 (wv)" + -+ + 2" (wv)",
and

MHZ p (t,u,v) = Puv + 27T ()"

The cohomological case is trivial and the claim in the homotopical case follows using
the Hurewicz isomorphism for ms and for higher homotopy groups the locally trivial
fibration C* — C"*1\ {0} — CP", the calculation in §4.1.1 and the corresponding
exact sequence

e — 7r2n+1(CX) — 7r2n+1((C"+1 \ {0}) — 71'2n+1((CPn> — 7T2n((c><) — e,

which is an exact sequence of mixed Hodge structures [17, Theorem 4.3.4].
One easily verifies that:
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1. mhp(CPY;1,1,1) = 3.

2. If n > 2, then mhp(CP™;1,1,1)

= 2. In fact, this can be made to the following
a bit sharper statement: for Vm > 2

MH (G pnym (t,u,v) < MHcpnrym(t,u,v) for Vt >1,V(u,v) such that uv > 1.

4.1.3. Compact toric manifolds

In [3, Theorem 3.3] I. Biswas, V. Mufloz and A. Murillo show that the homological
Poincaré polynomial of a rationally elliptic toric manifold coincides with that of a
product of complex projective spaces. Below, using a recent result due to M. Wiemeler
[29] we show that the same thing holds for the homotopical Poincaré polynomial, in
fact, for the homotopical mixed Hodge polynomial, and furthermore we also show
that the homological mixed Hodge polynomial of a rationally elliptic toric manifold
coincides with that of a product of complex projective spaces, which is a stronger
version of the above result of Biswas—Munoz—Murillo:

Theorem 4.2. The homotopical and cohomological mized Hodge polynomials of a
rationally elliptic toric manifold of complexr dimension n coincides with those of a
product of complex projective spaces. To be more precise, if X is the quotient of

k

[T\ {op

i=1
by a free action of commutative algebraic groups, i.e., (C*)*. Heren = Zle n;. Then
we have

1. MH%(t,u,v) = MHT (t,u,v) = Zle MHZpn, (t,u,v), i.e.,

IT; cpPri
k k
MH% (t,u,v) = Z (tzuv + tQ"iH(uv)”iH) = kt*uv + Z 2t ()it
i=1 i=1

2. MHx(t,u,v) = MHppe cpn, (t,u,0) = [[1_ MHepn (tu,0), e,

k
MHX(t’u7U):H<1+t2uv+"'+t2j(uv)j+"'+t2ni(uv)ni),
=1

Proof. In [29] M. Wiemeler shows that there is an algebraic isomorphism X 2 X'
where X’ is the quotient described above:

k

x' = ([T \{op) /). (4.3)

i=1
(1) First we observe that
k Qe---6Q j=2n;+1,

([ o) ee=4""—
i=1 0 J#2n; +1.



RANKS OF HOMOTOPY AND COHOMOLOGY GROUPS 107

Here a is the number of the same integer n;.

Qa---2Q 7 =1,
Wj(((cx)k) ®Q: k
0 j# L
Hence, since each 2n; + 1 > 3, it follows from the long exact sequences of homotopy
groups that there is an isomorphism of mixed Hodge structures:

mj HL(C““\{O}))@@ j=2n;+1,
(X)) ®Q={ M (CX)’“>®Q:Q€B-“€BQ, j=2
k
0 JA2,j=2n;+1.

Then it follows from the proof in the above Example 4.1 that we have the isomorphism
of mixed Hodge structures

([l CPv)©Q  j=22n+1,

Wj(X)®Q%’{ . .
0 J#£2,5=2n;+1.

Therefore we have
k
MH% (t,u,v) = MH[px cpn, (t,u,0) = > MHZEpn, (t,u,0).
i=1
(2) Tt follows from [29] that X’ is a so-called Bott manifold, i.e., there is a sequence

of fiber bundles over complex projective spaces with a complex projective space as a
fiber:

X' =B, 2 B,_1— =B B_, —»---By 2 B, - By = {pt},

where p1: B1 = Cnl+1 — BO = {pt} and each pi: ]P)((CniJrl X Bi—l) — Bi—l is the
projection map of the projectivization P(C™*! x B;_1) of the product C**! x B;
or a Whitney sum of trivial complex line bundles over B;_;. This sequence is some-
times called a Bott tower. Note that the fiber space of p; is nothing but the complex
projective space CP™ . Then it follows from Deligne’s degeneration of Leray spectral
sequence (see [28]) that for each projection map p;: B; — B;_1 the cohomology of B;
with mixed Hodge structure is the tensor product of the cohomology of the base B;_1
and the fiber CP™ with mixed Hodge structures. Therefore the mixed Hodge poly-
nomial M Hx (t,u,v) coincides with that of the product of these complex projective
spaces:
k
MHx (t,u,v) = MHH;C cpni (tu,v) = HMHCPW (t,u,v).
i=1

O

It follows from the above Theorem 4.2 that the cohomological and homotopical
Poincaré polynomials of a rationally elliptic toric manifold are the same as those of
a product of complex projective spaces, thus as explained in the introduction we get
the following:
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Corollary 4.4. The Hilali conjecture holds for rationally elliptic toric manifolds.

Proof. Since a rationally elliptic toric manifold is formal, thus it follows that the
Hilali conjecture holds (see [3]). Here we give another simple direct proof, using the
above calculation. Let X be a rationally elliptic toric manifold described as (4.3).
Then it follows from the above Theorem 4.2 that we have

k k
PE(1) = MH%(1,1,1) = > (1+41) =2k, Px(1) = MHx(1,1,1) = [ J(1 +n).
i=1 1=1
Since each n; > 1, we have
k
H(l +n;) > 2",
=1

1. If k=1, then 2k = 2 = 2! < 1+ ny, thus PE(1) < Px(1).
2. If k=2, then 2k = 4 = 22 < [[7_, (1 + ny), thus PE(1) < Px(1).
3. If k > 3, then 2k < 2% < [X_, (1 + n;), thus PE(1) < Px(1).
Therefore, in any case we do have PZ(1) < Px(1). O

Corollary 4.5. Let X be a rationally elliptic toric manifold and let

MHx (t,u,v) = MHpr cpn; (8, u,0), MH% (t,u,v) = MHT

[Tt cprs (t, u,v).

If each n; = 2, then mhp(X;1,1,1) =2, and if n; = 1 for some i, then it will be the
case that mhp(X;1,1,1) = 3.

Proof.
k
MHx (t,u,v) = MHH? cpni (tu,v) = HMH(CPni (t, u,v),
i=1
and
k
MH% (t,u,v) = MHl’l[A cpm (bu,v) = ZMHEPW (t,u,v).
i=1

(1) If each m; > 2, then it follows from Example 4.1 that
2
OMHE po, (£, u,v) < (MHC o (b, v)) :

hence we have
k

k k
2(2 MHZ o, (t, u, v)) =3 eMHZp., (tuv) < Z(MHcpni (t,u, U)>2.
=1 =1 i=1

Now, for Vt > 1,Vu > 1 and Vv > 1 we have

Ek: (MHCP"i (t, u, v))2 < ﬁ (MH(CPni (t, u, v))z.
i=1

i=1
To show this, first we note that each M Hcpn: (t,u,v) > 2 for V&t > 1,Vu > 1 and
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Vv > 1. Then it suffices to show that if each d; > 4(1 < i < k), then
dy+do+ -+ dp <didg---dy.
Indeed, this follows by induction. Clearly a; + a2 < ajas since
araz — (a1 +az) =(a; —1)(ag—1)—1>23x3-1>0.
Suppose that dy +da + -+ + dg—1 < dids -+ - di—1. Then
ditdo+---+dpy+dp=(dy+do+ -+ dpr) +di
<didy---dy—1 +dyg
< djdy - dp—1dy .

Therefore we have

2 (zk: MH{pn,; (t, u, v)) < (ﬁ M Hgcpni (t, u, v))z.
i=1 i=1

(2) If n; = 1 for some i, then it follows from Example 4.1 that mhp(CP;1,1,1) = 3,
e, SMHZp: (t,u,v) < (MH(CPI (t, u, v))?’. Surely for the other ones we have

SMH{ pn; (t,u,v) < (MH(CP"J' (t, u, v))s.

Hence by the same argument as above we have

3 (zk: MH pn, (t, u, v)) < (ﬁ M Hcpni (t, u, v))3.
i=1 i=1

Hence mhp(X;1,1,1) = 3. O

Remark 4.6. Even if we fix u = 1 and v = 1 in the above proof of Corollary 4.5, we
have the same proof, therefore we have that if each n; > 2, then pp(X;1) = 2, and if
n; = 1 for some 4, then pp(X;1) = 3.

4.1.4. Arrangements of linear subspaces

G. Debongnie (cf. [9]) described the structure of arrangements of subspaces in C™
which complements are rationally elliptic. If follows that such complements are prod-
ucts of [, (C™**\ 0). Combining this with calculation in §4.1.1, we obtain:

Theorem 4.7. The homotopical and cohomological mized Hodge polynomials of a
simply connected rationally elliptic complement X of an arrangement of linear sub-
spaces are as follows:

1. MH% (t,u,v) = MHIE[?(CM_H\O)(t,u,v) ZZ \MHZ,, +1\0(t,u, v), i.e.,

k
MH;T((L u, U) — ZtQm_H(’Lw)m—H.
i=1

2. MHx(t,u,v) = MHH,’;((CMH\O) (t,u,v) = Hle M Hgni+1\o(t, u,v), i.e.,

MHx (t,u,v) =

m?r

(1+t2n1+1 uv)n +1)
i=1
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In particular, we obtain:

Corollary 4.8. In notations of Theorem 4.7, we have

pp(X;1) =1 and mhp(X;1,1,1)=1.

4.2. Homotopical F-function

Specialization ¢ = —1 of the homotopical Poincare polynomial M H% (¢, u,v) is a
homotopical analog of E-functions (cf. [2]) and is well behaved in several constructions
described below.

Definition 4.9. The homotopical E-polynomial E™ (X, u,v) of a complex algebraic
variety X which is rational elliptic is defined as follows:

E™(X,u,v) == MH%(—1,u,v).
Recall that the homological E-function is defined as E(X, u,v) := MH% (-1, u,v),

where one uses in (1.9) the compactly supported cohomology. F (X, u,v) satisfies the
additivity relation: for an algebraic subvariety ¥ C X one has (cf. [2])

E(X,u,v) = E(Y,u,v) + E(X\Y,u,v). (4.10)
This follows from the long exact sequence of compactly supported cohomology groups:
= HENX\Y) - HNX) - HEY) - HFY(X\Y) = -

Additivity relation for the homotopical E-polynomials comes in the context of locally
trivial fibrations

F—-FE—B (4.11)

of pointed complex algebraic varieties of rationally elliptic E, F, B, which induces
a long exact sequence of homotopy groups with mixed Hodge structures (see [17,
Theorem 4.3.4]):

w3 m(F) = mp(E) = m(B) = mp—1(F) — -+ - . (4.12)
The sequence (4.12) yields the following:

Proposition 4.13. Let E, F, B be simply connected pointed complex algebraic vari-
eties forming a locally trivial fibration (4.11) such that any two of them are rationally
elliptic. Then we have

E™(E,u,v) = E™(F,u,v) + E™(B, u,v).

In the case of homological E-polynomials one has multiplicativity in the case of
locally trivial fibrations (4.11).3

Theorem 4.14 (see [4, 5, 6, 24]). Let F < E — B be a smooth complex algebraic
fiber bundles. If the fundamental group 71 (B) of the base space B acts trivially on
the cohomology H*(F; Q) of the fiber space F, then,

E(E,u,v) = E(F,u,v) - E(B,u,v).

3For which one does not need to assume that spaces are rationally elliptic.
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This is a reformulation of the relation between the Euler characteristics of bigraded
components:
(X)) = 3 (~1)" dim (Gr;:.ar;i-qﬂk(x; (C))
k

discussed on p. 935 of [6] (the multiplicativity relation is stated in this paper for
Xy-genus which is a specialization of E(X,u,v)).

Finally we note that a homotopy theoretical analog of additivity relation (4.10)
holds. To state it, recall (cf. [17], [18]) that if (X,Y) is a pair of pointed complex
algebraic varieties, the homotopy groups support a mixed Hodge structure such that
the homotopy exact sequence of the pair (X,Y) is an exact sequence of the mixed
Hodge structures. This sequence implies that for rationally elliptic spaces X and Y
such that m;(X,Y) = 0 for large i

E™(X,Y,u,v) = MH{x y)(—1,u,v)
= 2(71)’6 dim<Gr§,GrZ‘j;q((7rk(X, Y)® (C)V))upvq
k

is well-defined and the following additivity relation holds:
E™(X,u,v) = E™(Y,u,v) + E"(X,Y,u,v). (4.15)

Let X be a compact complex algebraic variety and Y be a closed subvariety of X
such that X \ Y is smooth, then for homological E-functions one has:

E(X\Y,u,v) = E(X,Y,u,v),
which shows that additivity (4.15) corresponds to (4.10).
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