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Abstract
We compare existence and equivariance phenomena for weak
moment maps and homotopy moment maps in multisymplectic
geometry.

1. Introduction

Multisymplectic (or n-plectic) geometry is a generalization of symplectic geom-
etry, where n =1 corresponds to the symplectic case. Just as symplectic geometry
has its origins in classical mechanics, multisymplectic geometry arose from classical
field theory in the works of Tulczyjew, Kijowski and Szczyrba (see [8] and [9]). In
[3], Cantrijn, Ibort, and de Ledn investigated multisymplectic manifolds from purely
geometric viewpoint. Since then, there have been multiple attempts at generalizing
the notion of a moment map from symplectic to multisymplectic geometry. Moment
maps are an important concept in symplectic geometry: they formalize the Noether
principle and have applications like the Marsden—Weinstein reduction, the Atiyah—
Guillemin—Sternberg convexity theorem, and classification of toric manifolds.

In this paper, we compare two generalizations of symplectic moment maps to n-
plectic geometry. One of them is the homotopy moment map introduced in [1] by
Callies, Fregier, Rogers and Zambon. This map is an L..-morphisms between the Lie
algebra g acting on (M,w) and the Lo-algebra L., (M,w) associated to (M,w). The
other map is the weak moment map introduced in [6, 7] by Herman, extending the
notion introduced by Madsen and Swann in [11] and [12]. Components of this map,
restricted to certain subspaces of A*g, are required to satisfy the first n equalities
satisfied by the components of a homotopy moment map. Hence, a homotopy moment
map induces a weak moment map. In this paper, we answer some questions posed in
[6], including the question of the reverse implication.

This paper is organized as follows. We begin with background material on mul-
tisymplectic geometry, Lie group/algebra actions and Cartan calculus in Section 2.
In Section 3, we investigate the question of whether the existence of a weak moment
map implies the existence of a homotopy moment map. This question is answered
in Theorem 3.8, which is the main result of Section 3. Section 4 addresses questions
of existence of equivariant homotopy (weak) moment maps using the framework of
Section 3 and reproves a result from [6] extending it to the case of homotopy moment
maps.

Received March 22, 2020, revised November 24, 2020; published on April 6, 2022.

2010 Mathematics Subject Classification: 53D20.

Key words and phrases: multisymplectic geometry, n-plectic geometry, moment map.

Article available at http://dx.doi.org/10.4310/HHA.2022.v24.n1.a8

Copyright © 2022, Leyli Mammadova and Leonid Ryvkin. Permission to copy for private use
granted.


http://intlpress.com/HHA/
http://intlpress.com/HHA/v24/
http://intlpress.com/HHA/v24/n1/

144 LEYLI MAMMADOVA aNp LEONID RYVKIN

Acknowledgments

We thank Marco Zambon for helpful conversations and comments. L. M. acknowl-
edges the support of the long term structural funding — Methusalem grant of the
Flemish Government. L. R. was supported by the Ruhr University Research School
PLUS, funded by Germany’s Excellence Initiative [DFG GSC 98/3] and the PRIME
programme of the German Academic Exchange Service (DAAD) with funds from the
German Federal Ministry of Education and Research (BMBF). The authors would
like to thank the anonymous referee for a careful reading of the manuscript and very
helpful suggestions.

2. Background

In this section, we recall the relevant notions and results from multisymplectic
geometry, Lie group/algebra actions and Cartan calculus.

2.1. Lie group and Lie algebra actions
Let G be a Lie group acting on a smooth finite-dimensional manifold M from the
left.

Definition 2.1. The vector field
d
Vp|m = pn exp(—tz) - mli—g, Vme M
is called the infinitesimal generator of the action corresponding to z € g.

Definition 2.2. Let v,, be the infinitesimal generator corresponding to z; € g. Then
for ;== a1 A--- Ay € AFg, we call v, = Vg, N -+ Ny, the infinitesimal generator
of the action corresponding to x.

Next, we briefly recall the Lie algebra homology differential, which we will need in
particular to define homotopy moment maps.

Definition 2.3. Let g be a Lie algebra. The map d;,: A*g — A¥~1g defined by

Op: T1 N ANxp — Z ZJ”azl,atj]/\321/\---/\a:A,»/\-~-/\a?}/\-~-/\x;€, (1)
1<i<j<k

where k > 1 and x; € g, is called k-th Lie algebra homology differential of g. We
will denote the space of k-cycles of this complex by Zj(g) = ker(dx) and the space

of all cycles by Z(g) := @dmg Zi(g). We will also be interested in the subspace

Z21(0) == " Zi(0)-

Remark 2.4. In the multisymplectic literature the space Zi(g) is typically called the
k-th Lie kernel of g and denoted by Py 4. The spaces A¥g are commonly denoted by
Cr(g) and their homology is the classical Lie algebra homology H(g).

Remark 2.5. Let g act on manifold M, and let &: AET(TM) — AL™'T(TM) be
defined analogously to (1). Then, as g — X(M) is a Lie algebra homomorphism,
we have §yv, = vs,, for z € A¥g. In particular, for x € Z(g), 04vs = vs.e = 0.
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The following formula is known as the “Extended Cartan Formula” and can be
found in [12, Lemma 3.4].

Lemma 2.6. Let « € Q™(M). Then for all k > 2 and all vector fields vy, ..., vy, we
have:

(=D)*de(vy A~ Aop)a =1(Ok(vL A -+ Aog))ax
k
Y (=D (vr A AT A Avg) £y,
i=1

+ (o1 A Avg)da,

where L(V1 A -+ A V) = Ly, -+ Ly, @, €lc.

2.2. Lie algebra cohomology

We briefly recall some notions from the realm of Lie algebra cohomology with
values in a module. For a more detailed and systematic exposition, we refer the
reader to [15].
Let g be a Lie algebra and M a g-module, i.e. a vector space equipped with a Lie
algebra homomorphism a: g — End(M), a+— a,. When no confusion is possible, we
will write = - m for a,(m). We equip the vector space C*(g, M) = Ag* ® M with a
differential dg r¢ as follows. For o € AFg* @ M, dﬁ,M (@) = dg,m(r) € A*Hg* @ M
is given by

dgm(@)(xr A Axgyr)
k+1
fa(tg(ivl/\ /\:Ek+1 +Z Z+1 1‘1/\ /\Zi'i/\~'~/\l‘k+1).

This differential squares to zero, so we can define its cohomology groups:

Definition 2.7. We define the k-th Lie algebra cohomology group of g with values in
M as
ker(df o)

im(ds;&[) .

The following two special cases will be of particular interest in the sequel.

H*(g, M) =

Ezample 2.8. In case M = R is the trivial g-module dgy := dgr is the dual of § and
we recover Chevalley-FEilenberg cohomology H*(g,R) = H*(g).

Ezample 2.9. The group H%(g, M) = ker(d;M) C M is just the subspace of M? of
g-invariant elements in M.

2.3. Multisymplectic geometry
In this subsection, we recall the relevant notions from multisymplectic geometry.
We begin with the definition of a multisymplectic manifold.

Definition 2.10. A pair (M, w) is an n-plectic manifold, if w is a closed nondegen-
erate n + 1 form, i.e.,

dw =20

and the map t.w: TM — A"T*M,v — 1,w is injective.
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Thus, a symplectic manifold is a 1-plectic manifold. As in symplectic geometry, in
n-plectic geometry there is also a notion of Hamiltonian vector fields.

Definition 2.11. An (n — 1)-form « on an n-plectic manifold (M,w) is Hamiltonian
if there exists a vector field v, € X(M) such that
da = —t,,w.

The vector field v, is the Hamiltonian vector field corresponding to a.

The space of smooth functions C*°(M) on a symplectic manifold forms a Lie
(Poisson) algebra. An n-plectic manifold is canonically equipped with a Lie n-algebra
Lo (M, w) defined in the following way [13, Thm. 5.2]:

Proposition-Definition 2.12. Given an n-plectic manifold, there is a corresponding
Lie n-algebra Lo (M,w) = (L, {[—, ..., —]}}) with underlying graded vector space

L [Han@D) =0
ColortiM) 1-n<i<o
and maps {[—,...,—]}: L®* = L |1 < k < oo} defined as
[a]] =da, if |a| <0
and, for k > 1,

o a]/—{<<kﬁ<%m~~mak>w if oy ®- - ® gl = 0
1y s Okl —

0 if a3 ®@---®@ag| <0,

where :g? is any Hamiltonian vector field associated to «; € QL (M), ((k) =
+1
—(-1) ' and t(—) denotes contraction with a multivector field.

Remark 2.13. A Lie n-algebra is an L.,-algebra concentrated in degrees 0, —1, ...
1 — n. For definition and properties of L..-algebras see [10].

)

Remark 2.14. For n =1 in the above definition, we get the Lie algebra C°°(M) asso-
ciated to a symplectic manifold (M,w).

2.4. Homotopy moment maps and weak moment maps

In this subsection, we introduce the main characters of this paper: the homotopy
moment map and the weak moment map.

Following [1], we recall:

Definition 2.15. Let g — X(M), z — v,, be a Lie algebra action on an n-plectic man-
ifold (M,w) by Hamiltonian vector fields. A homotopy moment map for this action
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is an Ls,-morphism
(fi): 8 = Loo(M,w)
such that
—ly,w = d(]?l(x)), Yz € g.
This is equivalent to a collection of n linear maps
fii g = Qi (M)
fi: AFg — Qv kM), 2<k<n
such that
— i1 (0x) = dfi (@) + C(k)en,w (2)
for 1 <k <n+1, where ﬁ), fnﬂ =0, and v, is the infinitesimal generator of the
action corresponding to = € AFg.

The next definition is taken from [7, Def. 3.11].

Definition 2.16. Let g — X(M), z — v, be a Lie algebra action on an n-plectic man-
ifold (M, w) by Hamiltonian vector fields. A weak moment map is a collection of linear
maps f: Z(g) — Q" F(M), where 1 < k < n, satisfying

dfi(x) = —C (K)o,
for k€ l,...,n and all z € Z(g).

Remark 2.17. We stress that we have n equations in the definition of a weak moment
map, while a homotopy moment map has to obey n + 1 equations.

3. Existence

Every homotopy moment map induces a weak moment map by restriction to the
“Lie kernel” Z51(g), i.e., if there is a homotopy moment map for a given Lie algebra
action, there is also a weak moment map. In this section, we will show that under an
additional assumption the converse is also true. Throughout this section, (M,w) is
an n-plectic manifold, and g acts on (M,w) preserving w.

3.1. Existence of homotopy moment maps
We recall the existence result for homotopy moment maps from [5] and [14]. We
consider the double complex

(AZ'g" ® Q(M), dg, d), 3)

where dj is the Chevalley-Eilenberg differential of g, and d is the de Rham differential
of M. Let C be the total complex with differential

diot == dg ®1+1@d. (4)
Define
wy: AFg — QTR

T by, W
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and

We recall the following result from [5] and [14].

Proposition 3.1. Let & := &y + - -+ + ap, with a, € A¥g* @ Q"=%(M). Then cﬁot& =
w if and only if

fr = C(K)ag: Afg— Q" F (M), k=1,...,n

are the components of a homotopy moment map for the action of G on (M,w).

In other words, a homotopy moment map for the action of g on (M,w) exists if
and only if the class [@] = 0 in H"'H(C')

By the Kuenneth theorem H"t1(C) = @ Hi(g) ® H™H' (M), where H'(g)
are the Lie algebra cohomology groups and H"*1=%(M) the de Rham cohomol-
ogy groups. In particular, the class [0] can be decomposed into individual classes
in H'(g) ® H"™'=%(M). The case of i = n + 1 will be of particular interest to us and
can be described in the following non-cohomological manner:

Lemma 3.2. If there exists a homotopy moment map for g acting on (M,w), then
the map

¢: Znia(g) = C™ (M)
T Ly, W
vanishes identically.

Proof. If there exists a homotopy moment map f for the action of g on (M,w), then
it has to satisfy equation (2) for k =n +1, i.e.,

—fa(62) = C(n + 1)1y, w

for all z € A"*1g. This means that for x € Z,,,1(g), we have ¢, ,w = 0. O

Remark 8.3. In [1, Cor. 9.3], the following map was introduced:

e A"lg SR,z (=1)"¢(n+ 1)y, @W|m, (6)

for some m € M. It was shown in [1] that this map is a (n + 1)-cocycle in Lie algebra
cohomology, and, for connected M, the cohomology class [c8] € H"™!(g) does not
depend on the point m € M. Moreover, [1, Prop. 9.5] states that if a connected
n-plectic manifold (M,w) is equipped with a G-action which induces a homotopy
moment map, then

e8] =0.

Up to sign, the class [c§,] can be interpreted as the evaluation at m of the H"*1(g) ®
H°(M) component of [@].
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Lemma 3.4. Let (M,w) be a connected n-plectic manifold equipped with a G-action
preserving w. Let ¢8, be defined as in equation (6), and ¢ be defined as in Lemma 3.2.
Then the condition

[eh] =0
s equivalent to ¢ = 0.
Proof. Indeed, assume ¢ = 0. Then, for € Z,,11(g)
() = (=1)"C(n + 1) (e, w)m = 0

for any m € M. That means that c¢8, € (Z,41(g))°, where (Z,41(g))° is the annihi-
lator of Z,,11(g). Therefore c}, € (Z,41(g))° = (ker 8,41)° = im dy, i.e., [c},] = 0.

Conversely, suppose [c8 ] = 0. Since M is connected, this holds at all m € M. Then
8, = dg& for some { € A"g*. For any = € Z,11(g) and m € M this means

to,Wlm = (=1)"C(n + D)ef, () = (=1)"C(n + 1)(dg€) (x) = (=1)"¢(n + 1)§(dz) = 0.

O
3.2. Existence of weak moment maps
We will need the following lemma.
Lemma 3.5. Forp € Z,(g),k=1,...,n+ 1, the form i, w is closed, i.e.,
d(ty,w) = 0.
In particular, x v 1, w induce well-defined maps Zi(g) — H" 1=%(M).
Proof. This follows from Remark 2.5 and Lemma 2.6. O

Lemma 3.6. A weak moment map exists if and only if the maps
Z(g) — H"F1F (M)
T (i, W)
are identically zero for 1 < k < n.

Proof. By definition of weak moment maps, for all z € Z;(g) and all k, the form ¢, w
has to be exact. O

Analogously to Proposition 3.1, we can encode weak moment maps as primitives
of a certain element in the double complex

(Z221(0)" © (M), 0,d) (7)

with zero differential on Z>1(g)* and de Rham differential on M. Let C be the total
complex with differential d;.; := 1 ® d. We define @ € C as

n

&= (=" Y(wrlz(g)-

k=1

From the discussion above, it follows that:
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Proposition 3.7. Let @ := Qy + -+ Qy,, with ay, € Z(g)* @ Q" k(M). Then
diota = @ if and only if

Fr = C(k)ax: Zx(g) » Q" H(M), k=1,...,n

are the components of a weak moment map for the action of G on (M,w). Le., the
existence of a weak moment map is equivalent to the vanishing of [©] € H"1(C).

3.3. Main result of the section
Theorem 3.8. Let g act on (M,w) by preserving w. The following statements are
equivalent:

1. The action admits a homotopy moment map.

2. The action admits a weak moment map and ¢ € Z,11(g)* @ C®°(M) as defined
in Lemma 3.2 vanishes identically.

Proof. The implication (1) — (2) is an immediate consequence of the fact that any
homotopy moment map restricts to a weak moment map and Lemma 3.2. To prove
the converse, we first observe that w|z_, (g) = @ + ¢. In other words, the restriction

(res®id): C = AZ'g* @ QM) — Z51(g)* @ QM) =C (8)

maps W to & + ¢. The restriction is a chain map, so to complete the proof we just have
to verify that its induced map in cohomology [res ® id]: H(C) — H(C') is injective.
By using the naturality of the Kuenneth isomorphism we get the following commu-

tative diagram:

H 1 (AZ1g* @ Q(M)) res  id] H"(2(g)* @ Q(M))

I
1

®k>1 Hkg ® Hn+1_k(M) [7’65] & [Zd}

D> Zr(a)" @ HHF(M)

Thus, to prove our claim it suffices to verify that [res]: H*(g) — Z,(g)* is injective.
To see this, consider the exact sequence

0 — Zi(g) LN Akg LN AF1g.

Dualizing it leads to the exact sequence

. dk—1
0« Zp(g)" < Argr = — AF-1g*,

Therefore,

Z,(9)" = A"g*/im(dg ") ¢ ker(dg)/im(dg™) = H"(g).
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Corollary 3.9. A weak moment exists if and only if the projection of the class [W] to
D H (o) @ B (M)
k=1

vanishes, where @ is the cocycle defined by (5).

Proof. Let a¥, where i =1,...,dim Z(g) be a basis of Z;(g). Then wy|z, (g can
be written as wi|z, () = > (2¥)* ® wi(2F). Note that, since each wy,(z¥) is closed by

Lemma 3.5, each wy|z, (g is also closed under c@ot = 1® d. Thus, the image of [@ + ¢]
under the Kuenneth isomorphism ¢ is

n

([ +¢]) s = D (1) odwn] 2, ()] + (1) 5[]
k=1
=> (! Z(fﬂf)* ® [wr(zf)] + (=1)" s[g]

k=1

so #([@ + ¢]) can be divided into two parts:

Z(—l)k_l}f[wk\zk(g)} € @Zk(g)* © H"*+1(01)
k=1 et

and
(—1)"s[¢] € Zny1(9)* © H(M).

In particular,

n n

(@) = Y ()" ez 0] € €D Zule)” @ HMHH(M),
k=1 k=1

Since [res] @ [id](x[@]) = 2([@]) + #([¢]), it is clear from the nature of the map
[res] @ [id] that the preimage of s([&0]) under [res] ® [id] is the projection of »([@]) to
D,_, H*(g) ® H"**1(M). Since the map [res] ® [id)] is injective, 3([&]) vanishes if
and only if that preimage vanishes. Noting that the Kuenneth map is an isomorphism,
we get the statement of the corollary. O

With this corollary, we can recover the following results from [6]:

Proposition 3.10 (5.12 in [6]). If H'(g) = --- = H"(g) = 0, then a weak moment
map exists.

Theorem 3.11 (5.6 in [6]). If H%(g, Z1(g)) = 0 fork = 1,...,n, then a weak moment
map exists, where the g-module structure on Zi(g) is induced by the adjoint action.

Proof. Recall that the zeroth Lie algebra cohomology H®(g, M) equals the sub-
space of g invariants M9 in M. As H*(g) C Zx(g)*, we have H*(g)? C (Zr(g)*)".
But H*(g)® = H*(g), so if H%(g, Zx(g)) = (Zk(g)*)® =0 for k = 1,...,n, then also
H*(g) = 0 and a weak moment exists. O
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Below we provide two examples illustrating the necessity of requiring ¢ to vanish
in the assumptions of Theorem 3.8. The first example deals with the more familiar
symplectic case:

Example 5.12. Let n = 1, i.e., consider a connected Lie group G acting on a connected
symplectic manifold (M,w). In this case, a weak moment map is a map f: g —
C°(M) that satisfies

~

df(x) = —ty,w,
and a homotopy moment map is a map f: g — C*° (M) that satisfies

Fle,y]) = {F (@), J)} = w(va,vy).

In symplectic geometry, the latter map is called an equivariant moment map. It is
then well-known (see, e.g., [2, §26 ]) that if there exists a weak moment map, then
the obstruction to the existence of an equivariant moment map lies in H?(g).

More specifically, let fbe a weak moment map. Consider

o~ ~ o~

M, y) = = {f(), f(y)} = f(z,9])

= w(va,vy) — f((z,y).

~

Since d(w(vz, vy)) = —L[, v, (W) = df([2,9]), it follows that h(z,y) is a constant func-
tion on M, and therefore it defines an element h € A%g*. Evaluating h(x,y) at any
point m € M, we get

h(z,y) = w(ve, vy)|m — ﬂm([x7 yl)

o~

=S (z,y) +dgf(z,9)|m.

If we assume that c$, is exact, then h € A%g* is exact, i.e., there exists b € g* such

that h = dgb. Then f := f — b is an equivariant moment map. Indeed,

flz, ) — w(ve, vy)

[x,y]) - b([xvy]) - W(Uﬂﬂﬂ vy)
[z,9]) + dgb(z,y) — w(ve, vy)
([z,y]) + h(z,y) — w(vs, vy)

(
(

I
hy h)

)

|
S =

Note that, by Lemma 3.4, the exactness of ¢, is equivalent to the vanishing of ¢.
Thus, if there exists a weak moment map for a Lie group acting on a symplectic
manifold, then there exists a homotopy moment map if and only if ¢ = 0.

Thus, the example above yields many instances in symplectic geometry where a
weak moment map exists, but a homotopy moment map does not. The next example
illustrates such a case in 2-plectic geometry.

Ezample 3.13 ([1]). Let G be a connected compact semi-simple Lie group acting on
itself by left multiplication. The Lie algebra g of G is equipped with a non-degenerate
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skew-symmetric form defined by

G(x,y, Z) = <1‘, [y7 Z]>7

where (_, _) is the Killing form. Let w be the left-invariant form which equals 6 at the
identity element e. This form is closed and non-degenerate, i.e., (G,w) is a 2-plectic
manifold. It is well-known that H'(g) = H?(g) = 0 (see, e.g., [4]), so a weak homotopy
moment map exists for this action. However, the map ¢ defined in Lemma 3.2 does
not vanish, hence, there is no homotopy moment map.

In the next example, we will explicitly construct a 2-plectic homotopy moment
map from a weak moment map.

Ezample 3.14. Consider the action of SO(3) on (M = R3 w = dx; A dxy A dx3) by
rotations. Note that, since H*(M) = 0, the first component of a weak moment map
for this action exists. The Lie algebra s0(3) is spanned by the following elements:
-1 -1 0 0 0
5 €3 = 0 0 -1
01 0

o

0 0 0 0
€1 = 1 0 s €9 = 0 0
0 0 10 O

These elements satisfy the following bracket relations:
[617 62] = €3, [617 63] = —€g, [627 63] = €1,

therefore, Ps o(3) = 0, Pj s0(3) = As0(3), and a weak homotopy moment map for
this action has only one component. Note further, that the orbits of this action are
of dimensions 0 and 2, hence ¢ € Py ) ® C*(M) = A350(3)* @ C°°(M) defined in
Lemma 3.2 vanishes. Therefore, by Theorem 3.8, there exists a homotopy moment
map for this action.

The infinitesimal generators v; corresponding to elements e; are given by

— o o _ 0 o _ 0 9
U1 = T2 Oxq — T Oxo V2 = T3 Oxq — 1 Ox3”’ U3 = T3 Oxo — X2 Oxsz”
Defining

~

filer) = w(va,vs), fi(e2) = —w(v1,v3), files) = w(vy, va)

on basis elements gives the weak moment map. R

Note that f = (f1 = f1, fo = 0) is a pre-image of f under the map (8). To construct
a homotopy moment map out of ]?7 note that zz =W — cﬁotfis C’i;ot-eXaCt and the sum
of any primitive with f gives a homotopy moment map. So, to construct a homotopy
moment map, we need to find a primitive of v, i.e., find a h = (hy, he) € C? that
satisfies the following equations:

—dh; =0
dghy + dhy = —wy — dg f1
dghg = Ww3.

Note that ws = 0. Also, evaluating —wsy — dgfl on basis elements, we get, using the
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definition of fl and bracket relations between the e;,

wa(eq, e5)—fi([ei ef]) = 0.

Therefore the equations above become:

—dhy =0
dghl + dhz = 0
dghg = 0.

Note that the last equation is satisfied for any ho€A%s0(3)" @ C>° (M), since Pj 50(3) =
A350(3). Therefore, the equations above become:

—dhy =0
dghy + dhy = 0.

It is easy to see that a trivial map hy = 0, hy = 0 satisfies this equation, and therefore,
f=(f1 = f1, f2=0) is a homotopy moment map for this action.

Remark 3.15. According to [1, Thm. 9.6], if G acts on a connected n-plectic manifold
(M, w) for which H(M) =0 for 1 <i<n—1, and

[eh] =0

for 8, defined in Remark 3.3, then there exists a homotopy moment map for this
action. In the above example ¢ = 0, hence, by Lemma 3.4, the assumptions of the
theorem stated above are satisfied, and a homotopy moment map exists. Thus, the
example above is consistent with [1, Thm. 9.6].

3.4. Strict extensions

The fact that, assuming ¢ = 0, the existence of weak moment maps implies the
existence of homotopy moment maps raises the following question: Given a weak
moment map and assuming ¢ = 0, does there always exist a homotopy moment map
that restricts to the given weak moment map? The following proposition answers this
question:

Proposition 3.16. Let f be_a weak moment map, and ¢ = 0. There exists a well-

defined class []g, = € H"(C) such that the following are equivalent:

1. [v]g,,, =0 and vy admits a primitive in @D,_, dg(A*g*) @ Q=F=1(M).

2. There exists a homotopy moment map f, such that ﬂg(g) = f

Proof. Let a=0a;+---+a, € C be a potential of & € C corresponding to fAunder
the bijection in Proposition 3.7. Let S € C be any preimage of @ under the map (8).
Such a preimage exists as the restriction C—Cis surjective. However, it might not
be a potential of w. We can thus consider the element v = w — d;o: 8 € C. Note that
v € ker(res @ id) = dg(AZ'g*) @ Q(M).

First of all, we w1ll show that v admitting a primitive in d a(Alg) @ Q"1 (M) does
not depend on the choice of . Indeed, if v =w — dtotﬁ dtot,u for p e d (A>1 I ®
Q(M) then choosing 3’ = 8+ b yields v/ =@ — dtot( N=w- d, tot(B+ D) = dtotu -
dtotb = dtot(u b). Now note that b € ker(res ® id) = dg(A AZlg*) @ Q(M).
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Now, let’s assume there exists a [ that corresponds to a homotopy moment
map restricting to @. Then v=w — ciotﬂ = 0. Choosing another 8’ = +0b, we
have vy = & — Jwtﬁ’ =w— Jtot(ﬁ +b) = —Jtotb. Again, note that b € ker(res ® id) =
dg(AZ1g*) @ Q(M).

Conversely, assume that for some §, v =w — Jtatﬂ = cﬁotu for p € dg(AZlg*) ®
Q(M). Then, w = c?tot(ﬁ + u), i.e,, B+ p corresponds to a homotopy moment map
that restricts to f, since y € ker(res @ id). O

Remark 3.17. Denote by 7,41 the component of v in dgA’g* ® Q"~*(M). Note that,
since diot = 1 ® d on dg(A>1g*) ® Q(M), it follows from di,y = 0 that dy; =0 for
all ;. Requiring y to have a primitive u € dg(A='g*) ® Q(M) is equivalent to saying
that each ;41 = dn;, where n; € dgA'g* @ Q" "1(M).

Indeed, suppose v = diotpt, where p € dg(AZ1g*) @ Q(M). Denote the component
of p in dgA'g* @ Q"1 (M) by ;. Then v;41 = (—1)"du,.

Conversely, let each ;11 satisfy v;+1 = dn; for some n; € dgA'g* ® Q"1 (M).
Then dtOt(Z(_l)i+1ni) =.

Also note that v,41 € dgA™g* @ C*°(M), and therefore v,,1 = dn if and only if
Ynt1 = 0.

Corollary 3.18. Let G act on an n-plectic manifold M, let f be a weak moment
map for this action, and let v be defined as in Proposition 3.16. If H'(M) =0 for
i €{1,...,n— 1}, then there exists a homotopy moment map restricting to f if and
only if Yn+1 = 0.

Definition 3.19. Let f be a weak moment map for an action of G on (M, w). A homo-
topy moment map f is called a strict extension of f if flz (5) = f, ie., if f restricts

to f.

Ezample 3.20. For n = 1, i.e., in symplectic geometry, P; 4 = g. Therefore, if a given
weak moment map is not already a homotopy moment map, there is no homotopy
moment map restricting to it. N

To see this in terms of the results of Proposition 3.16, let f be a symplectic weak
moment map. Note that in this case v =72, and so by Remark 3.17 and Proposi-
tion 3.16, there exists a homotopy moment map restricting to f if and only if

7(x7y) = _w2($>y) - dgf($>y)
= —w(ve,v) + [([2, )

vanishes, i.e., if and only if ]?is already an equivariant moment map, i.e., a homotopy
moment map.

For an example of a symplectic weak moment map that cannot be strictly extended
to a homotopy moment map, consider a Lie algebra g such that H'(g) = 0. If there
exists a homotopy moment map f for the action of g, then it is unique (see, e.g.,
[2, §26]). On the other hand, for an arbitrary nonzero £ € g* the map f:: f—!— &,
satisfies the condition df(sc) = —,,w for all x € g, i.e, is a weak moment map, but
not a homotopy moment map.
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Example 3.21. Consider the homotopy moment map fconstructedN in Example 3.14
for the action of SO(3) on (R3,w = dx1 Adxza Adxs), given by fi(e1) = w(va,v3),
files) = —w(vy,v3), files) = w(vy,vs) and fo = 0. This homotopy moment map coin-
cided with the original weak moment map, i.e., in this case the original weak moment
map admitted an obvious “strict extension” to a homotopy map. To see this in the
context of Proposition 3.16, note that in this case

’Y:wl—w2+w3—dgfl+df1
:(,U3

since in this case wg(ei,ej)—fl([ei,ej]) =0 and w3 = ¢ =0 (see the discussion in
Example 3.14), i.e., v = 73 vanishes in this example, and by Remark 3.17 there indeed
exists a strict extension of the weak moment map to a homotopy moment map.

Moreover, any weak moment map for this action can be strictly extended to a
homotopy moment map. Indeed, let f = (f1, fa = 0) be a weak moment map for this
action. The equations for a homotopy moment map are

d]?l = —ly,W
A, y)) = dfa(x,y) + w(ve, vy)
7f2(5(x7 Y, Z)) = 7(")(1}33’ Uy Uz)-

Note that any fo € A2%50(3)* @ C°°(M) restricts to f> = 0 and satisfies the third equa-
tion above, since P 5q(3) = 0, P3 50(3) = A350(3), and w3 = 0. Also note that, if the
first one of the above equations is satisfied, then dfi([z,y]) = —tjo, v,] = dw(va,vy),
and therefore the difference fi([z,y]) — w(vg,vy) is a closed 1-form on R3 for all
x,y € 50(3). Since H'(R3) = 0, this form is exact, and there exists a fo satisfying
the second of the equations above. Therefore, fi = (f1, f2), is a homotopy moment
map that restricts to the given weak moment map f = (f1, fo =0). This result is
consistent with Corollary 3.18 and the fact that v3 = ws — dgfo = 0, since both w3
and dg fo vanish.

4. Equivariance

Definition 4.1 ([1, 6]). Let G be a Lie group acting on (M, w) preserving w. A homo-
topy moment map f: g — Loo(M,w) is called equivariant if for all g € G,z € AFg,
and1<k<n

fi(Adgz) = @ fi.(x), (9)
where @7 denotes the pullback action. It is infinitesimally equivariant or g-equivariant
if and only if for all £ € g,z € A*Fgand 1 < k< n

fk(adgx) — £v§ fk(l‘) = 0, (10)

where ad denotes the adjoint action of g on A*¥g. In complete analogy, a weak homo-
topy moment map is equivariant if (9) holds for all x € Zi(g) resp. infinitesimally
equivariant if (10) holds for all £ € g,z € Z,(g) and 1 < k < n.
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Remark 4.2. For a connected Lie group G, a homotopy (or weak) moment map is
equivariant if and only if it is infinitesimally equivariant. We will treat the case of
infinitesimal equivariance in the sequel. The (globally) equivariant case works com-
pletely analogously.

Consider the complex C® = (A>!g* ® Q(M))8, consisting of all g-invariant ele-
ments of (3). The total differential (4) restricts to C9, because dy is g-equivariant
and d commutes with the Lie derivative. Since the adjoint action ad: g — End(Ag)
preserves the subspace of d-closed elements, it defines an action on Z(g) and thus on
C= Z(g)* ® Q(M). Again, the total differential dyop Testricts to a differential on C9.

Lemma 4.3. The element & (resp. &) lies in C® (resp. 69).

Proof. We will prove the statement for w, the statement for &, follows as the image of
a g-invariant element under the equivariant map (res ® id) is necessarily g-invariant.
Le., we have to show that for k € {1,...,n + 1} wy is g-invariant. We calculate

Lpewi () = diyety,w = digrew = (—1)de§/\zoJ @ —L5(enz)W ® Ladeaw = Wi (adeT),

where we used Lemma 2.6 for equality (a) and Cartan’s magic formula ad¢(z) =
d(ENx)—ENH(x) for equality (b). O

The correspondences between potentials and moment maps established in Propo-
sitions 3.1 and 3.7 carry over to the g-equivariant setting and we have the following:

Theorem 4.4. Let g act on (M,w) by preserving w. The action admits
1. a g-equivariant weak moment map if and only if [3] = 0 € H(C®);
2. a g-equivariant homotopy moment map if and only if [©] =0 € H(C~'g).

Moreover, the respective moments are in one-to-one correspondence with potentials
of the respective cohomology classes.

This theorem recovers the following result:

Corollary 4.5 (Proposition 7.3 and Theorem 7.4 in [6]). g-equivariant weak moment
maps are unique up to elements of @,_, (Zi(g)* ® QkaH(M))g. In particular, if
these groups vanish, then g-equivariant weak moment maps are unique.

4.1. Equivariantization

In this subsection, we will determine the condition that determines when homotopy
and weak moment maps can be made equivariant. We review Theorem 4.10 from [6]
in the terms of this paper and derive its analogue for homotopy moment maps. To
do this, we need some Lie algebra cohomology:

Let M be a g-module and A a g-submodule. Let o in M be an element satisfying
£ a e N forall £ € g. We can ask ourselves, whether o can be changed by an element
B in N such that (o — ) € M?. This is equivalent to finding 8 € N, such that
E-a=¢- B for all £ € g. The map § — § - « interpreted as the element dgy aq(x) in
g* ® N is closed with respect to the Lie algebra cohomology differential dg ar, and
potentials correspond to elements 8 € N such that dg () = dg a(B)-
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Now, take M = CandaeCa potential of @ corresponding to some weak moment
map. Then dg pm(a) € N, where N = Z51(g)* @ Qu(M) is the space of admissible
changes for weak moment maps (cf. Proposition 3.7). The above discussion implies:

Theorem 4.6 (Theorem 4.10 in [6]). Let & € C be a potential of @ correspond-
ing to a weak moment map f. Then dgﬁ(a) yields a well-defined cohomology class
in H'(g, 251(9)* © Qi (M)). Furthermore, [d a(a)] € H' (g, 2>1(g)" ® Qe (M)) van-
ishes if and only if there exists a g-equivariant weak moment map.

An analogous construction works for homotopy moment maps:

Proposition 4.7. Leta € Cbea potential of W corresponding to a homotopy moment
map f. Then C(a) yields a well-defined cohomology class in H'(g,N), where N

is the subspace of dyo-closed elements in A*21g @ Q(M). Furthermore, [dg nr(@)] €
HY(g,N) vanishes if and only if there exists a g-equivariant homotopy moment map.

Remark 4.8. We end the paper by noting that, in symplectic geometry, considering
actions of connected Lie groups, the conditions for being a homotopy moment map
and an equivariant moment map coincide, i.e., a symplectic homotopy moment map
is automatically equivariant.
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