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SYMMETRIC HOCHSCHILD COHOMOLOGY OF
TWISTED GROUP ALGEBRAS

TIBERIU COCONET, and CONSTANTIN-COSMIN TODEA

(communicated by Claude Cibils)

Abstract
We show that there is an action of the symmetric group on

the Hochschild cochain complex of a twisted group algebra with
coefficients in a bimodule. This allows us to define the symmet-
ric Hochschild cohomology of twisted group algebras, similarly
to Staic’s construction of symmetric group cohomology. We give
explicit embeddings and connecting homomorphisms between
the symmetric cohomology spaces and symmetric Hochschild
cohomology of twisted group algebras.

1. Introduction

With a topological motivation in mind, Staic defined in [10] the symmetric coho-
mology of groups by constructing an action of the symmetric group Σn+1 on Cn(G,M)
(here G is a group, M a G-module and n a nonnegative integer). Since this action
gives a subcomplex CSn(G,M) = (Cn(G,M))Σn+1 , of the classical group cohomol-
ogy cochain complex, Staic obtained a new cohomology theory HSn(G,M), called
the symmetric cohomology and a natural map HSn(G,M) → Hn(G,M). Further,
in [11] the author managed to characterize the extensions of G by M which corre-
spond to HS2(G,M). In [9] Singh provides a similar construction for the topological
groups and for the Lie groups. Under some restrictions we were able to prove in [12]
that the symmetric cohomology of groups has the structure of a Mackey functor.
There is a growing interest in the study of symmetric cohomology in the last years.
We mention [6], where Pirashvili investigates the relation with the so-called exterior
cohomology; we also mention [1] and [7].

Let G be a finite group, let k be a field and consider α ∈ Z2(G, k×), a 2-cocycle.
Here k× is the multiplicative group of units in k. Let kαG be the twisted group
algebra corresponding to [α] ∈ H2(G, k×) and let M be a (kαG, kαG)-bimodule. The
Hochschild cohomology of algebras is an important invariant used in various settings.
After reviewing, in Section 3, basic facts about Hochschild cohomology and group

This work was supported by a grant of the Ministry of Research, Innovation and Digitization,
CNCS/CCCDI-UEFISCDI, project number PN-III-P1-1.1-TE-2019-0136, within PNCDI III.
Received August 12, 2020, revised November 30, 2020; published on March 30, 2022.
2010 Mathematics Subject Classification: 16E40, 20J06.
Key words and phrases: Hochschild cohomology, symmetric group, group cohomology, connecting
homomorphism, twisted group algebra.
Article available at http://dx.doi.org/10.4310/HHA.2022.v24.n1.a5
Copyright © 2022, International Press. Permission to copy for private use granted.



94 TIBERIU COCONET, and CONSTANTIN-COSMIN TODEA

cohomology, we show in Section 4 that there is a well-defined action (12) of the sym-
metric group Σ∗+1 on the Hochschild cochain complex C∗(kαG,M). By considering
the invariants we obtain the symmetric Hochschild cochain complex

CS∗(kαG,M) = (C∗(kαG,M))Σ∗+1 .

Its homology is called symmetric Hochschild cohomology of kαG with coefficients in
M and is denoted HHS∗(kαG,M). These results are presented in Proposition 4.1
and Definition 4.2. We choose B = {ḡ | g ∈ G}, a k-basis of the twisted group algebra
kαG and, we denote by “·” the multiplication in this twisted group algebra which is
extended k-linearly from ḡ · h̄ = α(g, h)gh, for all g, h ∈ G. The same notation is used
for the right or for the left action of the twisted group algebra on bimodules.

For group algebras, the Hochschild cohomology admits an additive centralizers
group cohomology decomposition. This decomposition was first introduced by
Burghelea [2], see [5] and [8] for more details with respect to this decomposition.
A similar additive decomposition for HHn(kαG) can be given in terms of some group
cohomology spaces (with non-trivial coefficients), indexed by a system of representa-
tives of the conjugacy classes of G, which we denote by X. Based on this decompo-
sition we explicit two k-linear maps between Hochschild cohomology of our twisted
group algebra and these group cohomology spaces. These maps will be denoted ν∗G,x,α,
with x ∈ Z(G); and π∗

G,x,α where x runs in X, see Section 5. We denote by 1k the
trivial 2-cocycle, that is 1k(x, y) = 1k for all x, y ∈ G. If α = 1k the above maps are
denoted π∗

G,x and ν∗G,x, respectively. In this case both maps can be defined for any
x ∈ X, as we can notice from 5.3. If α = 1k then kx̄ is denoted kx and is clear that
it can be identified to k as trivial kCG(x)-module.

In Section 6 we will show that these maps can be defined between the symmetric
cohomology of groups and the symmetric Hochschild cohomology of twisted group
algebras. We denote these maps by ν∗,SG,x,α, π

∗,S
G,x,α and, π∗,S

G,x, ν
∗,S
G,x, respectively. One of

the proposed goals of the paper was to obtain an additive decomposition for the sym-
metric Hochschild cohomology of twisted group algebras. In Section 6 we prove our
first main result, Theorem 2.1. In statement a) of this theorem we describe explicitly
an embedding of additive decomposition (indexed by all elements of Z(G)) of symmet-
ric cohomology spaces (with non-trivial coefficients) into the symmetric Hochschild
cohomology of twisted group algebras. Statement b) is about the similar embed-
ding applied to the case α = 1k; but, in this situation the additive decomposition is
indexed by all elements of G and, the symmetric cohomology spaces are with trivial
coefficients.

For the rest of the Introduction, of the second part of Section 2 and, throughout
Section 7 we allow k to be any commutative ring; also, we consider G-modules.
Theorem 2.1 statement b) and the definitions of ν∗G,x, π

∗
G,x, ν

∗,S
G,x, π

∗,S
G,x can be stated

without any restrictions for any commutative ring k.
In [9, Proposition 5.3] Singh developed a method to construct long exact sequences

for symmetric cohomology. However the construction of long exact sequences is made
under quite strong restriction of short exact sequences which possess a symmetric
section compatible with the actions, see [6, Section 5]. Recall that, for f : M → N
a surjective homomorphism of G-modules, we say that a set map s : N → M is a
symmetric section of f , if (f ◦ s)(n) = n, s(−n) = −s(n) for any g ∈ G,n ∈ N ; it is
compatible with the actions, if s(gn) = gs(n), for any g ∈ G,n ∈ N . In subsection 2.1
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we recall an explicit description of the connecting homomorphism which appears in
the long exact sequence of classical group cohomology. Proposition 2.2 gives an alter-
native, more explicit, definition of the connecting homomorphism which appears in
the long exact sequence of symmetric cohomology. But, we are still forced to construct
these long exact sequences for short exact sequences which admits a symmetric action
compatible the actions. We denote these homomorphisms by β∗,S

G , see Proposition 2.2,
where the group G and the G-modules will be obvious in the respective context.

Starting with three commutative rings and with a short exact sequence of their
abelian groups (which has a symmetric section), we are able to construct a short
exact sequence of G-modules which admits a symmetric action compatible with the
actions, see (4), (5). Now, the same machinery like in 2.1 and Proposition 2.2, allow
us to obtain in the second main result of this paper, Theorem 2.3, a connecting
homomorphism between symmetric Hochschild cohomology of some of group algebras.
In Theorem 2.3 we show that this connecting homomorphism, denoted B

∗
G (see (6)),

is compatible with β∗,S
CG(x) (defined in (8)), through π∗,S

G,x, where x ∈ X.

We end Section 7 with the proof of Proposition 2.2, Theorem 2.3 and with further
remarks. In these remarks we mention examples of a short exact sequences for which
we can apply Theorem 2.3.

It is our strong belief that, although the modern approach of homological algebra
is about derived functors and derived categories, explicit description of cochain com-
plexes and various cohomology maps could have future applications. These methods,
although technical and sometimes lengthier, should not be forgotten.

2. Main results

With the notations from the Introduction, we collect all the main results, explained
in the first part of Introduction. For kαG there is an additive decomposition similar
to HH∗(kG), which can be recovered from [13, Lemma 3.5]:

HHn(kαG) ∼=
⊕
x∈X

Hn(CG(x), kx̄), (1)

where X is a system of representatives of the conjugacy classes of G and kx̄ is the
kCG(x)-module given by

hx̄ = α(h, x)(α(x, h))−1x̄,

for any h ∈ CG(x).
For any choice of X, we have Z(G) ⊆ X hence, we consider an embedding⊕

x∈Z(G)

Hn(CG(x), kx̄) � HHn(kαG). (2)

In Section 5 we define some k-linear maps between cochain complexes which determine
k-linear maps, mentioned in Introduction, between the following cohomology spaces

ν∗G,x,α : H∗(G, kx̄) � HH∗(kαG)

if x ∈ Z(G) and,

π∗
G,x,α : HH∗(kαG) � H∗(CG(x), kx̄)

if x ∈ X (see Proposition 5.3). The first theorem of this paper is the following.
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Theorem 2.1. Let n ∈ Z, n � 0 and α ∈ Z2(G, k×).

a) There is an embedding of cohomology vector spaces⊕
x∈Z(G)

νn,SG,x,α :
⊕

x∈Z(G)

HSn(G, kx̄) � HHSn(kαG)

with its left inverse⊕
x∈Z(G)

πn,S
G,x,α : HHSn(kαG) �

⊕
x∈Z(G)

HSn(G, kx̄).

b) In the case α = 1k, there is an embedding of cohomology vector spaces⊕
x∈X

νn,SG,x :
⊕
x∈X

HSn(CG(x), k) � HHSn(kG)

with its left inverse⊕
x∈X

πn,S
G,x : HHSn(kG) �

⊕
x∈X

HSn(CG(x), k).

Recall that for the rest of section we allow to work with commutative ground
rings and we use G-modules. The construction which we expose in the next subsec-
tion is considered folklore by experts, but we need to present the details for further
application. Let n ∈ Z, n � 0.

2.1. Connecting homomorphism in group cohomology, defined explicitly

Let

0 �� A
ι �� B

π �� C �� 0 (3)

be a short exact sequence of G-modules. Since ι is injective, the isomorphism of kG-
modules ι1 : A → Kerπ, ι1(a) = ι(a) for any a ∈ A, has an inverse, which we denote by
rι : Kerπ → A; hence rι is an isomorphism of kG-modules, such that (rι ◦ ι)(a) = a
for any a ∈ A and, (ι ◦ rι)(b) = b for any b ∈ Kerπ. Similarly, since π is surjective,
it has a section (right inverse set map) which we denote by sπ : C → B. We will
work with group cohomology and various coefficient modules. For this reason we
denote by ∂A the differential which gives H∗(G,A), respectively ∂B , ∂C etc. With the
notations above it is easy to prove that if ϕ ∈ Ker ∂n

C then Im ∂n
B(sπ ◦ ϕ) ⊆ Kerπ and

rι ◦ ∂n
B(sπ ◦ ϕ) ∈ Ker ∂n+1

A .

By the Long Exact Sequence Theorem applied to (3) there is a connecting homo-
morphism, which we denote by

βn
G : Hn(G,C) → Hn+1(G,A).

The above statements allow us to define βn
G explicitly, as follows

βn
G([ϕ]) := [βn

G(ϕ)], βn
G(ϕ) = rι ◦ ∂n

B(sπ ◦ ϕ),
for any ϕ ∈ Ker ∂n

C .

Proposition 2.2. Let (3) be a short exact sequence of G-modules admitting a sym-
metric section compatible with the actions. Then there is a connecting homomorphism
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in symmetric cohomology

βn,S
G : HSn(G,C) → HSn+1(G,A)

given by βn,S
G ([ϕ]) := [βn

G(ϕ)] for any ϕ ∈ Ker ∂n
C ∩ CSn(G,C).

In order to obtain a connecting homomorphism in symmetric Hochschild coho-
mology we need the following setup. Let k1, k2 and k3 be commutative rings and
let

0 �� (k1,+)
ι �� (k2,+)

π �� (k3,+) �� 0 (4)

be a short exact sequence of abelian groups which admits a symmetric section
sπ : k3 → k2 and rι : Kerπ → k1 constructed like in subsection 2.1. Next, there is
a short exact sequence of G-modules

0 �� (k1G,+)
ιG �� (k2G,+)

πG �� (k3G,+) �� 0, (5)

where G acts by conjugation and ιG(a1g) = ι(a1)g, πG(a2g) = π(a2)g, for all a1 ∈ k1,
a2 ∈ k2, g ∈ G. It is not difficult to see that we can choose rιG : KerπG → k1G, given
by rιG(

∑
g∈G agg) =

∑
g∈G rι(ag)g for all finite sums

∑
g∈G agg ∈ KerπG. In the same

way sπG
: k3G → k2G is a symmetric section of πG given by sπG

(a3g) = s(a3)g for
all a3 ∈ k3, g ∈ G. The maps rιG and sπG

are compatible with the left actions. But,
rιG , sπG

are also compatible with the right G-action and, they are homomorphisms
of (G−G)-bimodules. The same arguments as in the proof of Proposition 2.2 will
assure us that the following homomorphism

B
∗
G : HHS∗(k3G) →HHS∗+1(k1G), B

∗
G([ϕ]) := [B∗

G(ϕ)],

B
∗
G(ϕ) = rιG ◦ δ∗k2G(sπG

◦ ϕ), (6)

for any ϕ ∈ CS∗(k3G, k3G), is a well-defined homomorphism; here δ∗k2G
is the

Hochschild differential of HH∗(k2G), see 3.1. This homomorphism will be called the
connecting homomorphism in symmetric Hochschild cohomology. Let x ∈ X be a rep-
resentative of conjugacy classes of G. We can also verify that the following short exact
sequence of trivial CG(x)-modules

0 �� (k1x,+)
ιx �� (k2x,+)

πx �� (k3x,+) �� 0, (7)

with ιx(a1x) = ι(a1)x, πx(a2x) = π(a2)x, for all a1 ∈ k1, a2 ∈ k2, is a short exact
sequence which possess a symmetric section sπx compatible with the actions and, an
isomorphism rιx defined as in subsection 2.1; here sπx(a3x) = sπ(a3)x for all a3 ∈ k3
and similarly for rιx . We apply Proposition 2.2 to (7) to obtain a homomorphism

β∗,S
CG(x) : HS∗(CG(x), k3x) → HS∗+1(CG(x), k1x). (8)

The above maps fit in the second main result of this paper.

Theorem 2.3. Let n ∈ Z, n � 0. With the above notations consider a short exact
sequence like in (4). Then there exists a connecting homomorphism in symmetric
Hochschild cohomology B

n
G : HHSn(k3G) → HHSn+1(k1G), defined in (6), making the
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following diagram commutative

HHSn(k3G)

πn,S
G,x

��

B
n
G �� HHSn+1(k1G)

πn+1,S
G,x

��
HSn(CG(x), k3x)

βn,S
CG(x)�� HSn+1(CG(x), k1x).

3. Reminder on Hochschild cohomology and symmetric coho-
mology of groups

3.1. The Hochschild cohomology
With the above notations we know that Hochschild cohomology is

HHn(kαG,M) = Hn(C∗(kαG,M)) = Ker δn/ Im δn−1, n > 0,

where

C∗(kαG,M) = {Cn(kαG,M)}n�0 and Cn(kαG,M) = Homk((kαG)⊗n,M), n > 0.

If n = 0 then C0(kαG,M) is identified with M . The cochain complex C∗(kαG,M) is
given by:

C0(kαG,M)
δ0 �� · · · �� Cn−1(kαG,M)

δn−1
���� Cn(kαG,M)

δn ���� Cn+1(kαG,M) · · ·

δn : Cn(kαG,M) → Cn+1(kαG,M)

(ϕ : (kαG)⊗n → M) �→ (δn(ϕ) : (kαG)⊗(n+1) → M)

δn(ϕ)(a1 ⊗ · · · ⊗ an+1) = a1 · ϕ(a2 ⊗ · · · ⊗ an+1)

+

n∑
j=1

(−1)jϕ(a1 ⊗ · · · ⊗ aj · aj+1 ⊗ · · · ⊗ an+1)

+ (−1)n+1ϕ(a1 ⊗ · · · an) · an+1,

for all a1, . . . , an+1 ∈ kαG, if n > 0.
In the case n = 0 the differential δ0 : M → C1(kαG,M) is given by δ0(m)(a1) =

a1 ·m−m · a1 for any m ∈ M,a1 ∈ kαG. It follows that

HH0(kαG,M) ∼= {m ∈ M |am = ma for all a ∈ A}.
Remark 3.1. In general, the following notations are frequently used:

δn(ϕ) =

n+1∑
j=0

(−1)jdj(ϕ),

d0(ϕ)(a1 ⊗ · · · ⊗ an+1) = a1 · ϕ(a2 ⊗ · · · ⊗ an+1);

dj(ϕ)(a1 ⊗ · · · ⊗ an+1) = ϕ(a1 ⊗⊗ · · · ⊗ aj · aj+1 ⊗ · · · ⊗ an+1);

dn+1(ϕ)(a1 ⊗ · · · ⊗ an+1) = ϕ(a1 ⊗ · · · ⊗ an) · an+1;

for all j ∈ {1, . . . , n}, ϕ ∈ Cn(kαG,M) and a1, . . . an+1 ∈ kαG.
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3.2. The symmetric cohomology of groups

Let n ∈ Z, n > 0. For any group G and any kG-module A, we recall the classical
n-th cohomology of G with coefficients in A. Explicitly

Hn(G,A) = Hn(C∗(G,A)) = Ker ∂n/ Im ∂n−1,

where

C∗(G,A) = {Cn(G,A)}n�0 and Cn(G,A) = Maps(G×n, A).

The cochain complex C∗(G,A) is given by

C0(G,A)
∂0

�� C1(G,A) · · · �� Cn−1(G,A)
∂n−1

���� Cn(G,A)
∂n
���� Cn+1(G,A) · · ·

∂n : Cn(G,A) → Cn+1(G,A)

(ϕ : G×n → A) �→ (∂n(ϕ) : G×(n+1) → A)

∂n(ϕ)(g1, . . . , gn+1) = g1ϕ(g2, . . . , gn+1) +
n∑

j=1

(−1)jϕ(g1, . . . , gjgj+1, . . . , gn+1)

+ (−1)n+1ϕ(g1, . . . , gn),

for all g1, . . . , gn+1 ∈ G.

If n = 0 then C0(G,A) = A and ∂0 : C0(G,A) → C1(G,A) is given by ∂0(a)(g) =
ga− a for any a ∈ A, g ∈ G; thus H0(G,A) = AG, the subgroup of G-invariants ele-
ments of A.

In [10, Section 5] Staic defined an action of the symmetric group Σn+1 on Cn(G,A)
which is compatible with the differential ∂∗; see [10, Proposition 5.1]. The subcomplex
of Σn+1-invariant elements, denoted

CSn(G,A) = (Cn(G,A))Σn+1 ,

is called the symmetric cochain complex. Its homology, denoted HSn(G,A), is called
the symmetric cohomology of G with coefficients in A; see [10, Definition 5.2].

4. The symmetric Hochschild cochain complex of twisted
group algebras

Since α : G×G → k× is a 2-cocycle, it is known that

α(x, yz)α(y, z) = α(xy, z)α(x, y), (9)

for all x, y, z ∈ G. In particular

α(x, x−1) = α(x−1, x), α(x, 1) = α(1, x) = 1k (10)

and

(ḡ)−1 = (α(g, g−1))−1 g−1, (11)

for all g ∈ G.
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4.1. An action of Σn+1 on Cn(kαG,M)
Recall the Coxeter presentation of the symmetric group on n+ 1 letters, Σn+1:

Σn+1 = 〈σi, i ∈ {1, . . . , n} |σ2
i = e for i ∈ {1, . . . n},

σiσi+1σi = σi+1σiσi+1 for i ∈ {1, . . . , n− 1},
σiσj = σjσi for | i− j |� 2〉.

We define an action of Σn+1 on Cn(kαG,M) by describing the action of the trans-
positions σi = (i, i+ 1), 1 � i � n.

Let ϕ ∈ Cn(kαG,M). For each i we define σiϕ ∈ Cn(kαG,M) using its restriction
on the k-basis B⊗n of (kαG)⊗n and, after this, we extend by k-linearity:

(σ1ϕ)(g1 ⊗ · · · ⊗ gn) = −g1 · ϕ(g1−1 ⊗ g1 · g2 ⊗ · · · ⊗ gn),

(σiϕ)(g1 ⊗ · · · ⊗ gn) = −ϕ(g1 ⊗ · · · ⊗ gi−2 ⊗ gi−1 · gi ⊗ gi
−1 ⊗ gi · gi+1

⊗ gi+2 ⊗ · · · ⊗ gn) for 1 < i < n,

(σnϕ)(g1 ⊗ · · · ⊗ gn) = −ϕ(g1 ⊗ g2 ⊗ · · · ⊗ gn−1 · gn ⊗ gn
−1

) · gn,

(12)

for any g1, . . . , gn ∈ B.
Proposition 4.1. The above relations determine an action of Σn+1 on Cn(kαG,M),
which is compatible with the differential δ∗.

Proof. Consider g1, . . . , gn ∈ B and ϕ : (kαG)⊗n → M a k-linear map. We start with
the square identity relations.

(σ1(σ1ϕ))(g1 ⊗ · · · ⊗ gn)

= −g1 · (σ1ϕ)(g1
−1 ⊗ g1 · g2 ⊗ · · · ⊗ gn)

= −α(g1, g
−1
1 )−1α(g1, g2) g1 · (σ1ϕ)(g

−1
1 ⊗ g1g2 ⊗ · · · ⊗ gn)

= α(g1, g2)α(g1, g
−1
1 )−1α(g1, g

−1
1 )α(g−1

1 , g1)
−1α(g−1

1 , g1g2)ϕ(g1 ⊗ g2 ⊗ · · · ⊗ gn)

= α(g−1
1 , g1g2)α(g1, g2)α(g

−1
1 , g1)

−1ϕ(g1 ⊗ g2 ⊗ · · · ⊗ gn)

= α(g−1
1 g1, g2)α(g

−1
1 , g1)α(g

−1
1 , g1)

−1ϕ(g1 ⊗ g2 ⊗ · · · ⊗ gn)

= ϕ(g1 ⊗ g2 ⊗ · · · ⊗ gn).

Let 1 < i < n, then

(σi(σiϕ))(g1 ⊗ · · · ⊗ gn)

= −(σiϕ)(g1 ⊗ · · · ⊗ gi−2 ⊗ gi−1 · gi ⊗ gi
−1 ⊗ gi · gi+1 ⊗ gi+2 ⊗ · · · ⊗ gn)

= −α(gi−1, gi)α(gi, g
−1
i )−1α(gi, gi+1)(σiϕ)

× (g1 ⊗ · · · ⊗ gi−2 ⊗ gi−1gi ⊗ g−1
i ⊗ gigi+1 ⊗ gi+2 ⊗ · · · ⊗ gn)

= α(gi−1, gi)α(gi−1gi, g
−1
i )α(gi, gi+1)α(g

−1
i , gigi+1)α(gi, g

−1
i )−1α(g−1

i , gi)
−1

× ϕ(g1 ⊗ · · · ⊗ gi ⊗ · · · ⊗ gn)

= α(gi−1, 1)α(gi, g
−1
i )α(g−1

i , gi)α(1, gi+1)α(gi, g
−1
i )−1α(g−1

i , gi)
−1

× ϕ(g1 ⊗ · · · ⊗ gi ⊗ · · · ⊗ gn)

= ϕ(g1 ⊗ · · · ⊗ gi ⊗ · · · ⊗ gn).
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Next we have

(σn(σnϕ))(g1 ⊗ · · · ⊗ gn)

= −(σnϕ)(g1 ⊗ · · · ⊗ gn−1 · gn ⊗ gn
−1

) · gn
= −α(gn−1, gn)α(gn, g

−1
n )−1(σnϕ)(g1 ⊗ · · · ⊗ gn−1gn ⊗ g−1

n ) · gn
= α(gn−1, gn)α(gn−1gn, g

−1
n )α(gn, g

−1
n )−1α(g−1

n , gn)
−1

× ϕ(g1 ⊗ · · · ⊗ gn−1 ⊗ gn) · g−1
n · gn

= ϕ(g1 ⊗ · · · ⊗ gn−1 ⊗ gn).

We continue with the cubic relations, that is

σi(σi+1(σiϕ)) = σi+1(σi(σi+1ϕ)),

for i ∈ {1, . . . , n− 1}. We only verify the case i = n− 1, the other are similar,

σn−1(σn(σn−1ϕ))(g1 ⊗ · · · gn)
= −σn(σn−1ϕ)(g1 · · · ⊗ gn−2 · gn−1 ⊗ gn−1

−1 ⊗ gn−1 · gn)
= α(gn−2, gn−1)α(gn−1, g

−1
n−1)

−1α(gn−1, gn),

(σn−1ϕ)(g1 · · · ⊗ gn−2gn−1 ⊗ g−1
n−1 · gn−1gn ⊗ gn−1gn

−1

) · gn−1gn

= α(gn−2, gn−1)α(g
−1
n−1, gn−1gn)α(gn−1, gn)α(gn−1, g

−1
n−1)

−1α(gn−1gn, g
−1
n g−1

n−1)
−1,

(σn−1ϕ)(g1 ⊗ · · · ⊗ gn−2gn−1 ⊗ gn ⊗ g−1
n g−1

n−1) · gn−1gn

= −α(gn−2, gn−1)α(g
−1
n−1, gn−1)α(1, gn)α(gn−1, g

−1
n−1)

−1α(gn−1gn, g
−1
n g−1

n−1)
−1,

ϕ(g1 ⊗ · · · ⊗ gn−2gn−1 · gn ⊗ gn
−1 ⊗ gn · g−1

n g−1
n−1) · gn−1gn

=−α(gn−2, gn−1)α(gn−2gn−1, gn)α(gn, g
−1
n g−1

n−1)α(gn, g
−1
n )−1α(gn−1gn, g

−1
n g−1

n−1)
−1,

ϕ(g1 ⊗ · · · ⊗ gn−2gn−1gn ⊗ g−1
n ⊗ g−1

n−1) · gn−1gn

= −α(gn−1, gn)α(gn−2, gn−1gn)α(gn, g
−1
n )−1α(gn−1gn, g

−1
n g−1

n−1)
−1α(gn, g

−1
n g−1

n−1),

ϕ(g1 ⊗ · · · ⊗ gn−2gn−1gn ⊗ g−1
n ⊗ g−1

n−1) · gn−1gn

= −Aα(gn, g
−1
n g−1

n−1)α(g
−1
n , g−1

n−1)α(g
−1
n , g−1

n−1)
−1

× ϕ(g1 ⊗ · · · ⊗ gn−2gn−1gn ⊗ g−1
n ⊗ g−1

n−1) · gn−1gn

= −α(gn−1, gn)α(gn−2, gn−1gn)α(gn−1gn, g
−1
n g−1

n−1)
−1α(g−1

n , g−1
n−1)

−1

× ϕ(g1 ⊗ · · · ⊗ gn−2gn−1gn ⊗ g−1
n ⊗ g−1

n−1) · gn−1gn;

where, in the sixth equality we used the notation

A = α(gn−1, gn)α(gn−2, gn−1gn)α(gn, g
−1
n )−1α(gn−1gn, g

−1
n g−1

n−1)
−1.

On the other hand we have

σn(σn−1(σnϕ))(g1 ⊗ · · · ⊗ gn) = −σn−1(σnϕ)(g1 ⊗ · · · ⊗ gn−1 · gn ⊗ gn
−1

) · gn
= −α(gn−1, gn)α(gn−2, gn−1gn)α(gn−1gn, g

−1
n g−1

n−1)
−1α(gn, g

−1
n )−1

× α(gn−1gn, g
−1
n )α(g−1

n g−1
n−1, gn−1),
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α(gn−1, g
−1
n−1)

−1α(gn−1, gn)ϕ(g1 ⊗ · · · ⊗ gn−2gn−1gn ⊗ g−1
n ⊗ g−1

n−1) · gn−1gn

= −α(gn−1, gn)α(gn−2, gn−1gn)α(gn−1gn, g
−1
n g−1

n−1)
−1α(g−1

n , g−1
n−1)

−1

× ϕ(g1 ⊗ · · · ⊗ gn−2gn−1gn ⊗ g−1
n ⊗ g−1

n−1) · gn−1gn.

The relations σi(σjϕ) = σj(σiϕ) for | i− j |� 2 are easily checked. In most of the
above equalities we applied heavily the identities (9), (10) and (11).

We also have to verify that the above action is compatible with δ∗, that is

δn(ϕ) ∈ (
Cn+1(kαG,M)

)Σn+2
if ϕ ∈ (Cn(kαG,M))

Σn+1 .

Recall that δn =
∑n+1

j=0 (−1)jdj . The same formulas as in [10, Proposition 5.1] hold:

σi(dj(ϕ)) =

{
dj(σiϕ), if i < j

dj(σi−1ϕ), if i � j + 2

If i = j we have (i, i+ 1)di(ϕ) = σi(di(ϕ)) = −di−1(ϕ)

If i = j + 1 we have σi(di−1(ϕ)) = −di(ϕ).

The only formal differences with respect to symmetric group cohomology case are
for i = n+ 1 (see the last formula of 12) or j = n+ 1 (see dn+1 in Remark 3.1). We
exemplify with some of these situations.

Set i = n+ 1 and j = n+ 1, then

σn+1(dn+1(ϕ))(g1 ⊗ · · · ⊗ gn+1)

= −dn+1(ϕ)(g1 ⊗ · · · ⊗ gn · gn+1 ⊗ gn+1
−1

) · gn+1

= −ϕ(g1 ⊗ · · · ⊗ gn · gn+1)gn+1
−1 · gn+1

= −dn(ϕ)(g1 ⊗ · · · ⊗ gn+1).

Let i = n+ 1 and j = n, then

σn+1(dn(ϕ))(g1 ⊗ · · · ⊗ gn+1)

= −dn(ϕ)(g1 ⊗ · · · ⊗ gn · gn+1 ⊗ gn+1
−1

) · gn+1

= −ϕ(g1 ⊗ · · · ⊗ gn−1 ⊗ gn) · gn+1

= −dn+1(ϕ)(g1 ⊗ · · · ⊗ gn−1 ⊗ gn ⊗ gn+1).

Finally, if we choose i = n and j = n+ 1, then

σn(dn+1(ϕ))(g1 ⊗ · · · ⊗ gn ⊗ gn+1)

= −dn+1(ϕ)(g1 ⊗ · · · ⊗ gn−1 · gn ⊗ gn
−1 ⊗ gn · gn+1)

= −ϕ(g1 ⊗ · · · ⊗ gn−1 · gn ⊗ gn
−1

) · gn · gn+1

= (σnϕ)(g1 ⊗ · · · ⊗ gn) · gn+1

= dn+1(σnϕ)(g1 ⊗ · · · ⊗ gn ⊗ gn+1).
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Definition 4.2. The symmetric Hochschild cohomology of kαG with coefficients
in M , denoted

HHSn(kαG,M),

is the homology of CSn(kαG,M) = (Cn(kαG,M))
Σn+1 , the subcomplex of Σn+1-

invariants of Cn(kαG,M).

5. Additive centralizers decomposition of Hochschild coho-
mology of twisted group algebras

We continue with the notations from Introduction. We define the k-linear maps
between cohomology spaces which allow to describe (1) and (2) explicitly in terms
of cochain maps. This approach is similar to that of [5, Remark 5.2, b)] or [5, Theo-
rem 6.3], presented for group algebras.

5.1.

Let x ∈ X. We define the k-linear maps π∗
G,x,α between cochain complexes as

πn
G,x,α : C

n(kαG, kαG) → Cn(CG(x), kx̄)

(ϕ : (kαG)⊗n → kαG) �→ (πn
G,x,α(ϕ) : (CG(x))

×n → kx̄)

πn
G,x,α(ϕ)(h1, h2, . . . , hn) = a1,xx̄, for all h1, h2, . . . , hn ∈ CG(x),

where a1,x is the coefficient of x̄ in ϕ(h1 ⊗ h2 ⊗ · · · ⊗ hn) · hn

−1

· hn−1

−1

· · · · · h1

−1

.

5.2.

Let x ∈ Z(G). We define the k-linear maps ν∗G,x,α between cochain complexes as

νnG,x,α : C
n(G, kx̄) → Cn(kαG, kαG)

(ψ : G×n → kx̄) �→ (νnG,x,α(ψ) : B⊗n → kαG)

νnG,x,α(ψ)(g1 ⊗ g2 ⊗ · · · ⊗ gn) = ψ(g1, . . . , gn) · g1 · · · · · gn, for all g1, . . . , gn ∈ G.

5.3.

Let x ∈ X and α = 1k. In this case we identify B with G and renounce the “over-
line” notation. Recall that ν∗G,x,α is denoted ν∗G,x and, we define

νnG,x : C
n(G, kx) → Cn(kG, kG) by

νnG,x(ψ)(g1 ⊗ · · · ⊗ gn) =

nx∑
j=1

ψ(hj,1, . . . , hj,n)x
−1xjg1 · · · gn

for all ψ ∈ Cn(CG(x), kx) and g1, . . . , gn ∈ G. Here hj,1, . . . hj,n ∈ CG(x) are deter-
mined by the sequence {g1, . . . , gn} and the elements xj , with j ∈ {1, . . . , nx}, are
given as we explain below.
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Let Cx = {gxg−1 | g ∈ G}. We choose a right coset decomposition of CG(x) in G

G = CG(x)γ1,x ∪ · · · ∪ CG(x)γnx,x = γ−1
1,xCG(x) ∪ · · · ∪ γ−1

nx,xCG(x)

such that

Cx = {x, γ−1
2,x x γ2,x, . . . , γ

−1
nx,x x γnx,x}.

Then we set xj := γ−1
j,x x γj,x for all j ∈ {1, . . . nx} and γ1,x = 1. Let j ∈ {1, . . . , nx}.

Since γj,xg1 ∈ G it follows that there is a unique s1j ∈ {1, . . . , nx} such that

γj,xg1 = hj,1γs1j ,x,

with hj,1 ∈ CG(x). By the same arguments there are indexes (uniquely determined)
s2j , . . . , s

n
j ∈ {1, . . . , nx} such that hj,2, . . . hj,n ∈ CG(x) are determined by the se-

quence g2, . . . , gn as follows

γs1j ,xg2 = hj,2γs2j ,x, . . . , γsn−1
j ,x gn = hj,nγsnj ,x.

Remark 5.1. For a twisted group algebra, if we attempt a similar definition to that
given in 5.3, it will not be clear how to verify the commutativity of ν∗G,x,α with the
differential. If x ∈ Z(G) and α = 1k then 5.3 agrees with 5.2.

Lemma 5.2. Let n ∈ Z, n � 1. The following hold:

a) Let x ∈ X. Then π∗
G,x,α commutes with the differentials. That is, the next dia-

gram is commutative

Cn−1(kαG, kαG)

πn−1
G,x,α

��

δn−1
�� Cn(kαG, kαG)

πn
G,x,α

��
Cn−1(CG(x), kx̄)

∂n−1
�� Cn(CG(x), kx̄).

b) Let x ∈ Z(G). Then ν∗G,x,α commutes with the differentials. That is, the next
diagram is commutative

Cn−1(kαG, kαG)
δn−1

�� Cn(kαG, kαG)

Cn−1(G, kx̄)

νn−1
G,x,α

��

∂n−1
�� Cn(G, kx̄).

νn
G,x,α

��

c) We have: ⎛
⎝ ⊕

x∈Z(G)

πn
G,x,α

⎞
⎠ ◦

⎛
⎝ ⊕

x∈Z(G)

νnG,x,α

⎞
⎠ =

⊕
x∈Z(G)

idCn(G,kx̄) .

d) Consider x ∈ X and α = 1k. The following diagram is commutative

Cn−1(kG, kG)
δn−1

�� Cn(kG, kG)

Cn−1(CG(x), kx)

νn−1
G,x

��

∂n−1
�� Cn(CG(x), kx).

νn
G,x

��
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e) And (⊕
x∈X

πn
G,x

)
◦
(⊕

x∈X

νnG,x

)
=

⊕
x∈X

idCn(CG(x),kx),

where πn
G,x stands for πn

G,x,1k
.

Proof. a) Let h1, . . . , hn ∈ CG(x) and the k-linear map ϕ : (kαG)⊗(n−1) → kαG.
According to 5.1 and to the definitions of δn−1 and ∂n−1 we obtain

πn
G,x,α(δ

n−1(ϕ))(h1, . . . , hn) = a1,xx̄,

where a1,x is the coefficient of x̄ in

δn−1(ϕ)(h1 ⊗ · · · ⊗ hn) · hn

−1

· · · · · h1

−1

.

Consequently, a1,x is the coefficient of x̄ in

(h1 · ϕ(h2 ⊗ · · · ⊗ hn) +

n−1∑
i=1

(−1)iϕ(h1 ⊗ · · · ⊗ hi−1 · hi ⊗ · · · ⊗ hn)

+(−1)nϕ(h1 ⊗ · · · ⊗ hn−1) · hn

) · hn

−1

· · · · · h1

−1

.

Hence a1,x = b01,x +
∑n−1

i=1 (−1)ibi1,x + (−1)nbn1,x, where b01,x is the coefficient of x̄ in

h1 · ϕ(h2 ⊗ · · · ⊗ hn) · hn

−1

· · · · · h1

−1

.

Further, for i ∈ {1, . . . , n− 1}, bi1,x is the coefficient of x̄ in

α(hi−1, hi)α(hi−1, h
−1
i−1)

−1α(hi, h
−1
i )−1α(h−1

i , h−1
i−1)

ϕ(h1 ⊗ · · · ⊗ hi−1hi ⊗ · · · ⊗ hn) · hn

−1

· · · · · h−1
i h−1

i−1 · · · · · h1

−1

and bn1,x is the coefficient of x̄ in ϕ(h1 ⊗ · · · ⊗ hn−1) · hn−1

−1

· · · · · hn−1

−1

.
On the other hand we have

∂n−1(πn−1
G,x,α(ϕ))(h1, . . . , hn) = h1π

n−1
G,x,α(ϕ)(h2, . . . , hn)

+

n−1∑
i=1

(−1)iπn−1
G,x,α(ϕ)(h1, . . . , hi−1hi, . . . , hn) + (−1)nπn−1

G,x,α(ϕ)(h1, . . . , hn−1)

= h1(a
0
1,xx̄) +

n−1∑
i=1

(−1)iai1,xx̄+ (−1)nan1,xx̄.

Here a01,x is the coefficient of x̄ in

ϕ(h2 ⊗ · · · ⊗ hn) · hn

−1

· · · · · h2

−1

,

ai1,x is the coefficient of x̄ in

α(hi−1hi, h
−1
i h−1

i−1)
−1ϕ(h1 ⊗ · · · ⊗hi−1hi ⊗ · · · ⊗hn) · hn

−1

· · · · · h−1
i h−1

i−1 · · · · · h1

−1

and an1,x is the coefficient of x̄ in

ϕ(h1 ⊗ · · · ⊗ hn−1) · hn−1

−1

· · · · · h1

−1

.

It follows that an1,x = bn1,x.
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The following equality holds

h1(a
0
1,xx̄) = α(h1, x)α(x, h1)

−1a01,xx̄ = b01,xx̄,

since b01,x is the coefficient of x̄ in

h1 · (ϕ(h2 ⊗ · · · ⊗ hn) · hn

−1

· · · · · h2

−1

) · h1

−1

.

It is easily checked that ai1,x = bi1,x for all i ∈ {1, . . . , n− 1} since α(1, h−1
i−1) = 1. This

concludes the proof of the first statement.

b) Consider the map ψ : G×n → kx̄ and the elements g1, . . . , gn ∈ G. According
to 5.2 we have

δn−1(νn−1
G,x,α(ψ))(g1 ⊗ · · · ⊗ gn) = g1 · ψ(g2, . . . , gn) · g2 · · · · · gn

+

n−1∑
i=1

(−1)iα(gi−1, gi)ψ(g1, . . . , gi−1gi, . . . , gn) · g1 · · · · · gi−1gi · · · · · gn

+ (−1)nψ(g1, . . . , gn) · g1 · · · · · gn−1 · gn.
On the other hand we get

νnG,x,α(∂
n−1(ψ))(g1 ⊗ · · · ⊗ gn) = ∂n−1(ψ)(g1, . . . , gn) · g1 · · · · · gn

=

(
g1ψ(g2, . . . , gn)+

n−1∑
i=1

(−1)iψ(g1, . . . , gi−1gi, . . . , gn)+(−1)nψ(g1, . . . , gn−1)

)
· g1

· · · · · gn
= g1 · ψ(g2, . . . , gn) · g2 · · · · · gn

+

n−1∑
i=1

(−1)iα(gi−1, gi)ψ(g1, . . . , gi−1gi, . . . , gn) · g1 · · · · · gi−1gi · · · · · gn

+ (−1)nψ(g1, . . . , gn) · g1 · · · · · gn−1 · gn.
c) Let ψ : G×n → kx̄, x ∈ Z(G) and g1, . . . , gn ∈ G. Notice that

πn
G,x,α(ν

n
G,x,α(ψ))(g1, . . . , gn) = a1,xx̄,

where a1,x is the coefficient of x̄ in

νnG,x,α(ψ)(g1 ⊗ · · · ⊗ gn) · gn−1 · · · · · g1−1

= ψ(g1, . . . , gn) · g1 · · · · · gn · gn−1 · · · · · g1−1

= ψ(g1, . . . , gn).

We obtain πn
G,x,α ◦ νnG,x,α = idCn(G,kx̄).

Statement d) is a consequence of [5, Theorem 6.3], since the definition of ν∗G,x is
similar to the general one.

e) We will show that πn
G,x ◦ νnG,x = idCn(CG(x),kx) for some x ∈ X. Let

ψ : (CG(x))
×n → kx be a set map and h1, . . . , hn ∈ CG(x). By 5.1 we obtain that

πn
G,x(ν

n
G,x(ψ))(h1, . . . , hn) = a1,xx,
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where a1,x is the of coefficient of x in

νnG,x(ψ)(h1 ⊗ · · · ⊗ hn)h
−1
n · · ·h−1

1 =

nx∑
j=1

ψ(hj,1, . . . , hj,n)x
−1xj .

The last above equality follows from 5.3. If j = 1 then x1 = x and γ1,x = 1 thus

γ1,xh1 = h1γs11,x,

with γs11,x = 1 so h1,1 = h1. We continue with the equations from 5.3 to obtain h1,2 =
h2, . . . , h1,n = hn. Since if j ∈ {2, . . . , nx} then xj 
= x, we obtain that a1,x is the
coefficient of x in ψ(h1, . . . , hn), which is what we need.

Lemma 5.2 above is useful for the following proposition.

Proposition 5.3. Let n ∈ Z, n � 0.

a) Let x ∈ X. Then π∗
G,x,α induces the well-defined maps in cohomology

π∗
G,x,α : HH∗(kαG) → H∗(CG(x), kx̄).

b) Let x ∈ Z(G). Then ν∗G,x,α induces the well-defined maps in cohomology

ν∗G,x,α : H∗(G, kx̄) → HH∗(kαG).

c) There is an embedding of cohomology spaces⊕
x∈Z(G)

νnG,x,α :
⊕

x∈Z(G)

Hn(G, kx̄) � HHn(kαG),

with ⊕
x∈Z(G)

πn
G,x,α : HHn(kαG) �

⊕
x∈Z(G)

Hn(G, kx̄)

its left inverse.

d) If G is abelian then there is an additive centralizers group cohomology decom-
position ⊕

x∈G

νnG,x,α :
⊕
x∈G

Hn(G, kx̄) � HHn(kαG).

Proof. The first three statements follow immediately from statements a), b) and c)
of Lemma 5.2. From statement c) of the same lemma, we know that

⊕
x∈G νnG,x,α is a

k-linear monomorphism. Since the isomorphisms given in (1) determine the equality

dimk(HHn(kαG)) =
⊕
x∈G

dimk(H
n(G, kx̄)),

the result of d) is obvious since G is abelian.

Remark 5.4. a) For the trivial 2-cocyle α = 1k, by Lemma 5.2 statement e), we
obtain the splitting k-monomorphism

νnG,x : Hn(CG(x), k) → HHn(kG),

for any x ∈ X. We identified here kx to k as trivial kCG(x)-modules. Con-
sequently, we recover the explicit additive centralizers decomposition from [5,
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Remark 5.2 or Theorem 6.3]

HHn(kG) �
⊕
x∈X

Hn(CG(x), k)

by applying the same arguments as in Proposition 5.3, statement d).

b) In [3, Theorem 2.1] Cibils and Solotar obtained an isomorphism of graded
rings between Hochschild cohomology ring of a group algebra HH∗(kG) and
kG⊗H∗(G, k), if G is abelian. Explicit formulas were further developed, for
non-commutative groups also, in [8] and more recently in [5]. Proposition 5.3,
statement d) can be viewed as an additive version of this result for twisted group
algebras. We ask if someone can develop a graded ring isomorphism explicit for-
mula in this case?

6. An embedding of additive centralizers decomposition of
symmetric cohomology into symmetric Hochschild coho-
mology

The aim of this section is to prove that π∗
G,x,α, ν

∗
G,x,α and ν∗G,x are Σ∗+1-maps.

Proposition 6.1. Let n ∈ Z, n � 0 and consider the twisted group algebra kαG. The
following statements hold.

a) Let x ∈ X and ϕ ∈ Cn(kαG, kαG). Then

πn
G,x,α(τϕ) = τπn

G,x,α(ϕ),

for any τ ∈ Σn+1;

b) Let x ∈ Z(G) and ψ ∈ Cn(G, kx̄). Then

νnG,x,α(τψ) = τνnG,x,α(ψ),

for any τ ∈ Σn+1;

c) Let x ∈ X and ψ ∈ Cn(CG(x), kx). Then

νnG,x(τψ) = τνnG,x(ψ),

for any τ ∈ Σn+1.

Proof. It suffices to verify the statements for the generators (i, i+ 1) ∈ Σn+1, where
i ∈ {1, . . . , n}.

a) Let h1, . . . , hn ∈ CG(x). For i = 1 we have

πn
G,x,α((1, 2)ϕ) = a1,xx̄,

where a1,x is the coefficient of x̄ in

−h1 · (ϕ(h1

−1

⊗ h1 · h2 ⊗ · · · ⊗ hn) · hn

−1

· · · · · h2

−1

) · h1

−1

.

If a′ is the coefficient of x̄ in

A := ϕ(h1

−1

⊗ h1 · h2 ⊗ · · · ⊗ hn) · hn

−1

· · · · · h2

−1

,
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then

a1,x = −a′α(h1, x)α(x, h1)
−1

and

((1, 2)πn
G,x,α(ϕ))(h1, . . . , hn) = −h1π

n
G,x,α(ϕ)(h

−1
1 ⊗ h1h2 ⊗ · · · ⊗ hn)

= −h1(a
′
1,xx̄)

= −a′1,xα(h1, x)α(x, h1)
−1x̄.

Here a′1,x is the coefficient of x̄ in

ϕ(h−1
1 ⊗ h1h2 ⊗ · · · ⊗ hn) · hn

−1

· · · · · h1h2

−1

· h−1
1

−1

= α(h1, h
−1
1 )α(h1, h2)

−1α(h−1
1 , h1)

−1α(h1h2, h
−1
2 h−1

1 )−1α(h2, h
−1
2 )α(h−1

2 h−1
1 , h1)A

= (α(h1, h
−1
1 )α(h2, h

−1
2 h−1

1 ))−1α(h−1
2 h−1

1 , h1)α(h2, h
−1
2 )A

= (α(h1, h
−1
1 )α(h2, h

−1
2 h−1

1 )α(h−1
2 , h−1

1 ))−1α(h−1
2 , h−1

1 )α(h−1
2 h−1

1 , h1)α(h2, h
−1
2 )A

= A,

hence a′1,x = a′.
For 1 < i < n we similarly verify that

πn
G,x,α((i, i+ 1)ϕ) = (i, i+ 1)πn

G,x,α(ϕ).

Set i = n. We have

πn
G,x,α((n, n+ 1)ϕ)(h1, . . . , hn) = a1,xx̄,

where a′′1,x is the coefficient of x̄ in

((n, n+ 1)ϕ)(h1 ⊗ · · · ⊗ hn) · hn

−1

· · · · · h1

−1

= −ϕ(h1 ⊗ · · · ⊗ hn−1hn ⊗ h−1
n ) · hn−1

−1

· · · · · h1

−1

α(hn−1, hn)α(hn, h
−1
n )−1.

Further we get

((n, n+ 1)πn
G,x,α(ϕ))(h1, . . . , hn) = −πn

G,x,α(h1, . . . , hn−1hn, h
−1
n ) = a′1,xx̄,

where a′′′1,x is the coefficient of x̄ in

− ϕ(h1 ⊗ · · · ⊗ hn−1hn ⊗ h−1
n ) · h−1

n

−1

· hn−1hn

−1

· · · · · h1

−1

= −ϕ(h1 ⊗ · · · ⊗ hn−1hn ⊗ h−1
n ) · hn · hn

−1

· hn−1

−1

· · · ·
· h1

−1

α(h−1
n , hn)

−1α(hn−1, hn).

Thus a′′1,x = a′′′1,x.
b) The cases i = 1 and i = n are easily verified. For 1 < i < n we check the equality

νnG,x,α((i, i+ 1)ψ) = (i, i+ 1)νnG,x,α(ψ),
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for all ψ ∈ Cn(G, kx̄). Let g1, . . . , gn ∈ G. Then

νnG,x,α((i, i+ 1)ψ)(g1 ⊗ · · · ⊗ gn)

= ((i, i+ 1)ψ)(g1, . . . , gn) · g1 · · · · · gn
= −ψ(g1, . . . , gi−1gi, g

−1
i , gigi+1, . . . , gn) · g1 · · · · · gn.

On the other hand we get:

((i, i+ 1)νnG,x,α)(g1 ⊗ · · · ⊗ gn)

= −νnG,x,α(ψ)(g1 ⊗ · · · ⊗ gi−1 · gi ⊗ gi
−1 ⊗ gi · gi+1 ⊗ · · · ⊗ gn)

= −ψ(g1, . . . , gi−1gi, g
−1
i , gigi+1, . . . , gn) · g1 · · · · · gn

× α(gi−1, gi)α(gi, g
−1
i )−1α(gi, gi+1)α(gi−1gi, g

−1
i )α(gi, gi+1)

−1

= −ψ(g1, . . . , gi−1gi, g
−1
i , gigi+1, . . . , gn) · g1 · · · · · gn.

c) Let g1, . . . , gn ∈ G. For i = 1 we have

νnG,x((1, 2)ψ)(g1 ⊗ · · · ⊗ gn)

=

nx∑
j=1

((1, 2)ψ)(hj,1, . . . , hj,n)x
−1xjg1 . . . gn

= −
nx∑
j=1

(hj,1ψ(h
−1
j,1 , hj,1hj,2, . . . , hj,n)x

−1)xjg1 · · · gn,

where hj,1, . . . , hj,n are determined as in 5.3. Here, for later use, we set

B =

nx∑
j=1

(hj,1ψ(h
−1
j,1 , hj,1hj,2, . . . , hj,n)x

−1)xj .

On the other hand have

((1, 2)νnG,x(ψ))(g1 ⊗ · · · ⊗ gn)

= −g1ν
n
G,x(ψ)(g

−1
1 ⊗ g1g2 ⊗ · · · ⊗ gn)

= −
nx∑
i=1

g1(ψ(h
′
i,1, . . . , h

′
i,n)x

−1)xig2 · · · gn.

We need to verify the equality

B =

nx∑
i=1

g1(ψ(h
′
i,1, . . . , h

′
i,n)x

−1)xig
−1
1 , (13)

where, for i ∈ {1, . . . , nx}, the elements h′
i,1, . . . , h

′
i,n ∈ CG(x) are determined by the

relations

γi,x g−1
1 = h′

i,1γt1i ,x,

γt1i ,x g1g2 = h′
i,2γt2i ,x,

...

γtn−1
i ,x gn = h′

i,nγtni ,x.
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Since when j runs through the elements of {1, . . . , nx}, s1j runs through the elements
of the same set, we obtain that the right hand member of the equality (13) is

nx∑
j=1

g1(ψ(h
′
s1j ,1

, . . . , h′
s1j ,n

)x−1)xs1j
g−1
1 ,

by replacing i := s1j . Next, using 5.3 again we get

γs1j ,xg
−1
1 = h−1

j,1γj,x ⇒ h′
s1j ,1

= h−1
j,1 ,

γj,xg1g2 = hj,1hj,2γs2j ,x ⇒ h′
s1j ,2

= hj,1hj,2,

...

γsn−1
j ,xgn = hj,nγsnj ,x ⇒ h′

s1j ,n
= hj,n.

Moreover

xs1j
= γ−1

s1j ,x
x γs1j ,x = g−1

1 γ−1
j,x hj,1 x h−1

j,1 γj,x g1 = g−1
1 xj g1

and then
nx∑
j=1

g1(ψ(h
′
s1j ,1

, . . . , h′
s1j ,n

)x−1)xs1j
g−1
1

=

nx∑
j=1

g1(ψ(h
−1
j,1 , hj,1hj,2, . . . , hj,n)x

−1︸ ︷︷ ︸
∈k

)g−1
1 xjg1g

−1
1

=

nx∑
j=1

ψ(h−1
j,1 , hj,1hj,2, . . . , hj,n)x

−1xj = B.

Similar arguments work in any of the cases 1 < i � n.

Proof of Theorem 2.1. a) Let x ∈ Z(G). According to Lemma 5.2 assertion b), ν∗G,x,α

commutes with the differentials. Consequently, Proposition 6.1 implies

Im
(
νnG,x,α

∣∣
CSn(G,kx̄)

)
⊆ CSn(kαG, kαG),

where νnG,x,α

∣∣
CSn(G,kx̄)

is the restriction of νnG,x,α to CSn(G, kx̄). It follows that the
map

νn,SG,x,α([ψ]) :=
[
νnG,x,α

∣∣
CSn(G,kx̄)

(ψ)
]
,

for any ψ ∈ Ker ∂n ∩ CSn(G, kx̄), is well defined. The analogous statements are ful-
filled by the first assertions of Proposition 6.1 and of Lemma 5.2 respectively. The fact
that

⊕
x∈Z(G) ν

n,S
G,x,α is an embedding, admitting

⊕
x∈Z(G) π

n,S
G,x,α as its left inverse,

is a consequence of Lemma 5.2 statement c). The proof of the assertion b) is similar
to that of a), taking into account the remaining affirmations of Lemma 5.2 and of
Proposition 6.1.
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7. Proof of Proposition 2.2 and Theorem 2.3

Proof of Proposition 2.2. By 2.1 and some arguments of [9, Proposition 5.3] it is
enough to verify that βn

G(ϕ) ∈ CSn+1(G,A) for any ϕ ∈ CSn(G,C).

Let ϕ ∈ CSn(G,C) and (i, i+ 1) ∈ Σn+1, i ∈ {1, . . . , n+ 1}.
For i = 1 we obtain

((1,2)βn
G(ϕ))(g1, . . . , gn+1)

= −g1(rι(∂
n
B(sπ ◦ ϕ)(g−1

1 , g1g2, . . . , gn+1)))

= rι
[−g1

(
g−1
1 sπ(ϕ(g1g2, g3, . . . , gn+1))− sπ(ϕ(g2, g3, . . . , gn+1))

+ sπ(ϕ(g
−1
1 , g1g2g3, . . . , gn+1)) + · · ·+ (−1)nsπ(ϕ(g

−1
1 , g1g2, . . . , gngn+1))

+(−1)n+1sπ(ϕ(g
−1
1 , g1g2, . . . , gn))

)]
= rι [sπ(−ϕ(g1g2, g3, . . . , gn+1))− sπ(−g1ϕ(g2, g3, . . . , gn+1))

+ sπ(−g1ϕ(g
−1
1 , g1g2g3, . . . , gn+1))

+ · · ·+ (−1)nsπ(−g1ϕ(g
−1
1 , g1g2, . . . , gngn+1))

+(−1)n+1sπ(−g1ϕ(g
−1
1 , g1g2, . . . , gn))

]
= rι [g1(sπ ◦ ϕ)(g2, g3, . . . , gn+1)− (sπ ◦ ϕ)(g1g2, g3, . . . , gn+1))

+ (sπ ◦ ϕ)(g1, g2g3, . . . , gn+1) + · · ·+ (−1)n(sπ ◦ ϕ)(g1, g2, . . . , gngn+1))

+(−1)n+1(sπ ◦ ϕ)(g1, g2, . . . , gn))
]

= rι (∂
n
B(sπ ◦ ϕ)(g1, . . . , gn+1))

= βn
G(ϕ)(g1, . . . , gn+1),

where in the third equality we used that sπ is a symmetric section, compatible with
the actions; in the fourth equality we reversed the first and second term and we used
that ϕ is a symmetric n-cochain from CSn(G,C). For i = n+ 1 we have

((n,n+ 1)βn
G(ϕ))(g1, . . . , gn+1)

= −rι[∂
n
B(sπ ◦ ϕ)(g1, g2, . . . , gngn+1, g

−1
n+1))]

= −rι
[
g1(sπ(ϕ(g2, g3, . . . , gngn+1, g

−1
n+1))− sπ(ϕ(g1g2, g3, . . . , gngn+1, g

−1
n+1))

+ · · ·+ (−1)nsπ(ϕ(g1, g2, . . . , gn)) + (−1)n+1sπ(ϕ(g1, g2, . . . , gngn+1))
]

= rι
[
sπ(−g1ϕ(g2, g3, . . . , gngn+1, g

−1
n+1)) + sπ(−ϕ(g1g2, g3, . . . , gngn+1, g

−1
n+1))

+ · · · − (−1)nsπ(ϕ(g1, g2, . . . , gn))− (−1)n+1sπ(ϕ(g1, g2, . . . , gngn+1))
]

= rι [g1(sπ ◦ ϕ)(g2, g3, . . . , gn+1)− (sπ ◦ ϕ)(g1g2, g3, . . . , gn+1))

+ · · ·+ (−1)n(sπ ◦ ϕ)(g1, g2, . . . , gngn+1)) + (−1)n+1(sπ ◦ ϕ)(g1, g2, . . . , gn))
]

= rι (∂
n
B(sπ ◦ ϕ)(g1, . . . , gn+1))

= βn
G(ϕ)(g1, . . . , gn+1),

where in the fourth equality we reversed the last two terms and for the other terms
we used ϕ ∈ CSn(G,C).

The other cases, 1 < i < n+ 1, are verified similarly.
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Proof of Theorem 2.3. We show that the diagram is commutative in terms of cochain
complexes. Let h1, . . . , hn+1 ∈ CG(x) and ϕ ∈ CSn(k3G, k3G). We fix the notations

ϕ(h2 ⊗ · · · ⊗ hn+1)h
−1
n+1 · · ·h−1

2 =
∑
y∈G

a0,ϕ,y y,

ϕ(h1 ⊗ · · · ⊗ hihi+1 ⊗ hn+1)h
−1
n+1 · · ·h−1

1 =
∑
y∈G

ai,ϕ,y y, i ∈ {1, . . . , n},

ϕ(h1 ⊗ · · · ⊗ hn)h
−1
n · · ·h−1

1 =
∑
y∈G

an+1,ϕ,y y.

(14)

We have

βn,S
CG(x)(π

n,S
G,x(ϕ))(h1, . . . , hn+1) = (rιx ◦ ∂n

k2
(sπx

◦ πn
G,x(ϕ)))(h1, . . . , hn+1)

= rιx(h1sπx
(πn

G,x(ϕ)(h2, . . . , hn+1))

+
n∑

i=1

(−1)isπx
(πn

G,x(ϕ)(h1, . . . , hihi+1, . . . , hn+1))

+ (−1)n+1sπx
(πn

G,x(ϕ)(h1, . . . , hn)))

= rιx

(
n+1∑
i=0

(−1)isπx
(ai,ϕ,x x)

)

= rι

(
n+1∑
i=0

(−1)isπ(ai,ϕ,x)

)
x.

On the other hand, by 5.1

πn+1,S
G,x (Bn

G(ϕ))(h1, . . . , hn+1) = a1,x x,

where a1,x is the coefficient of x in

(rιG ◦ δnk2G(sπG
◦ ϕ))(h1 ⊗ · · · ⊗ hn+1)h

−1
n+1 · · ·h−1

1

= rιG(h1(sπG
◦ ϕ)(h2, . . . , hn+1) +

n∑
i=1

(−1)i(sπG
◦ ϕ)(h1, . . . , hihi+1, . . . , hn+1)

+ (−1)n+1(sπG
◦ ϕ)(h1, . . . , hn))h

−1
n+1 · · ·h−1

1

= rιG

⎛
⎝sπG

⎛
⎝∑

y∈G

h1(a0,ϕ,y y)h−1
1

⎞
⎠+

n∑
i=1

(−1)isπG

⎛
⎝∑

y∈G

ai,ϕ,y y

⎞
⎠

+(−1)n+1sπG

⎛
⎝∑

y∈G

an+1,ϕ,y y

⎞
⎠
⎞
⎠

= rιG

⎛
⎝∑

y∈G

(
sπ(a0,ϕ,h−1

1 yh1
) +

n+1∑
i=1

(−1)isπ(ai,ϕ,y)

)
y

⎞
⎠

= rι

⎛
⎝∑

y∈G

(
sπ(a0,ϕ,h−1

1 yh1
) +

n+1∑
i=1

(−1)isπ(ai,ϕ,y)

)⎞
⎠ y,
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where the above equalities are true by 3.1, (14) and the definitions of rιG , sπG
. It

follows that

a1,x = rι

(
sπ(a0,ϕ,h−1

1 xh1
) +

n+1∑
i=1

(−1)isπ(ai,ϕ,x)

)
= rι

(
n+1∑
i=0

(−1)isπ(ai,ϕ,x)

)

since h1 ∈ CG(x).

Remark 7.1. The construction of B∗
G is obtained by using a trick. We reinterpret the

map from Proposition 2.2 and an isomorphism

F ∗ : HS∗(G, kαG) → HHS∗(kαG)

applied for α = 1k; here G acts on kαG by gm = ḡ ·m · ḡ−1 for any g ∈ G and m ∈
kαG. This isomorphism Fn : CSn(G, kαG) → CSn(kαG, kαG) can be easily described
by

Fn(ψ)(ḡ1 ⊗ · · · ⊗ gn) = ψ(g1, . . . , gn) · g1 · · · · · gn,
for any ψ ∈ CSn(G, kαG), g1, . . . , gn ∈ G. This isomorphism is obtained as a con-
sequence of [4, Theorem 3.2.4] where the general case of Hopf crossed products is
investigated. As a matter of fact the same trick is applied to obtain the action of the
symmetric group on the Hochschild cochain complex in (12).
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