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SYMMETRIC HOCHSCHILD COHOMOLOGY OF
TWISTED GROUP ALGEBRAS

TIBERIU COCONET AnND CONSTANTIN-COSMIN TODEA
(communicated by Claude Cibils)

Abstract

We show that there is an action of the symmetric group on
the Hochschild cochain complex of a twisted group algebra with
coeflicients in a bimodule. This allows us to define the symmet-
ric Hochschild cohomology of twisted group algebras, similarly
to Staic’s construction of symmetric group cohomology. We give
explicit embeddings and connecting homomorphisms between
the symmetric cohomology spaces and symmetric Hochschild
cohomology of twisted group algebras.

1. Introduction

With a topological motivation in mind, Staic defined in [10] the symmetric coho-
mology of groups by constructing an action of the symmetric group 3,1 on C"(G, M)
(here G is a group, M a G-module and n a nonnegative integer). Since this action
gives a subcomplex C'S™(G, M) = (C™(G, M))*»+1, of the classical group cohomol-
ogy cochain complex, Staic obtained a new cohomology theory HS™(G, M), called
the symmetric cohomology and a natural map HS"(G, M) — H"(G, M). Further,
in [11] the author managed to characterize the extensions of G by M which corre-
spond to HS?(G, M). In [9] Singh provides a similar construction for the topological
groups and for the Lie groups. Under some restrictions we were able to prove in [12]
that the symmetric cohomology of groups has the structure of a Mackey functor.
There is a growing interest in the study of symmetric cohomology in the last years.
We mention [6], where Pirashvili investigates the relation with the so-called exterior
cohomology; we also mention [1] and [7].

Let G be a finite group, let k be a field and consider o € Z%(G, k), a 2-cocycle.
Here k* is the multiplicative group of units in k. Let koG be the twisted group
algebra corresponding to [a] € H?(G, k*) and let M be a (koG koG)-bimodule. The
Hochschild cohomology of algebras is an important invariant used in various settings.
After reviewing, in Section 3, basic facts about Hochschild cohomology and group
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cohomology, we show in Section 4 that there is a well-defined action (12) of the sym-
metric group X,1 on the Hochschild cochain complex C*(k,G, M). By considering
the invariants we obtain the symmetric Hochschild cochain complex

CS* (koG M) = (C* (ko G, M))==+1.

Its homology is called symmetric Hochschild cohomology of k.G with coefficients in
M and is denoted HHS*(k,G, M). These results are presented in Proposition 4.1
and Definition 4.2. We choose B = {g | g € G}, a k-basis of the twisted group algebra
koG and, we denote by “” the multiplication in this twisted group algebra which is
extended k-linearly from g - h = a(g, h)gh, for all g, h € G. The same notation is used
for the right or for the left action of the twisted group algebra on bimodules.

For group algebras, the Hochschild cohomology admits an additive centralizers
group cohomology decomposition. This decomposition was first introduced by
Burghelea [2], see [5] and [8] for more details with respect to this decomposition.
A similar additive decomposition for HH" (k,G) can be given in terms of some group
cohomology spaces (with non-trivial coefficients), indexed by a system of representa-
tives of the conjugacy classes of G, which we denote by X. Based on this decompo-
sition we explicit two k-linear maps between Hochschild cohomology of our twisted
group algebra and these group cohomology spaces. These maps will be denoted v¢, ,, ,,
with z € Z(G); and 7, , , where z runs in X, see Section 5. We denote by 1 the
trivial 2-cocycle, that is 1x(x,y) = 1j for all z,y € G. If o = 1}, the above maps are
denoted wf; . and vg ., respectively. In this case both maps can be defined for any
x € X, as we can notice from 5.3. If « = 1, then kZ is denoted kx and is clear that
it can be identified to k as trivial kCg(z)-module.

In Section 6 we will show that these maps can be defined between the symmetric
cohomology of groups and the symmetric Hochschild cohomology of twisted group
algebras. We denote these maps by ngm, wgia and, wgi, l/gfc, respectively. One of
the proposed goals of the paper was to obtain an additive decomposition for the sym-
metric Hochschild cohomology of twisted group algebras. In Section 6 we prove our
first main result, Theorem 2.1. In statement a) of this theorem we describe explicitly
an embedding of additive decomposition (indexed by all elements of Z(G)) of symmet-
ric cohomology spaces (with non-trivial coefficients) into the symmetric Hochschild
cohomology of twisted group algebras. Statement b) is about the similar embed-
ding applied to the case a = 1j; but, in this situation the additive decomposition is
indexed by all elements of G and, the symmetric cohomology spaces are with trivial
coefficients.

For the rest of the Introduction, of the second part of Section 2 and, throughout
Section 7 we allow k to be any commutative ring; also, we consider G-modules.
Theorem 2.1 statement b) and the definitions of VG TG I/gi,ﬁgi can be stated
without any restrictions for any commutative ring k.

In [9, Proposition 5.3] Singh developed a method to construct long exact sequences
for symmetric cohomology. However the construction of long exact sequences is made
under quite strong restriction of short exact sequences which possess a symmetric
section compatible with the actions, see [6, Section 5]. Recall that, for f: M — N
a surjective homomorphism of G-modules, we say that a set map s: N — M is a
symmetric section of f, if (fos)(n) =n,s(—n) = —s(n) for any g € G,n € N; it is
compatible with the actions, if s(gn) = gs(n), for any g € G,n € N. In subsection 2.1
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we recall an explicit description of the connecting homomorphism which appears in
the long exact sequence of classical group cohomology. Proposition 2.2 gives an alter-
native, more explicit, definition of the connecting homomorphism which appears in
the long exact sequence of symmetric cohomology. But, we are still forced to construct
these long exact sequences for short exact sequences which admits a symmetric action
compatible the actions. We denote these homomorphisms by 55’5, see Proposition 2.2,
where the group G and the G-modules will be obvious in the respective context.

Starting with three commutative rings and with a short exact sequence of their
abelian groups (which has a symmetric section), we are able to construct a short
exact sequence of G-modules which admits a symmetric action compatible with the
actions, see (4), (5). Now, the same machinery like in 2.1 and Proposition 2.2, allow
us to obtain in the second main result of this paper, Theorem 2.3, a connecting
homomorphism between symmetric Hochschild cohomology of some of group algebras.
In Theorem 2.3 we show that this connecting homomorphism, denoted B, (see (6)),
is compatible with ﬂc @) (defined in (8)), through wgi, where x € X.

We end Section 7 with the proof of Proposition 2.2, Theorem 2.3 and with further
remarks. In these remarks we mention examples of a short exact sequences for which
we can apply Theorem 2.3.

It is our strong belief that, although the modern approach of homological algebra
is about derived functors and derived categories, explicit description of cochain com-
plexes and various cohomology maps could have future applications. These methods,
although technical and sometimes lengthier, should not be forgotten.

2. Main results

With the notations from the Introduction, we collect all the main results, explained
in the first part of Introduction. For k,G there is an additive decomposition similar
to HH*(kG), which can be recovered from [13, Lemma 3.5]:

HH" (ko G) = @) H" (Co(2), kz), (1)
zeX

where X is a system of representatives of the conjugacy classes of G and kZ is the
kCq(x)-module given by

hi = a(h,z)(a(z,h)) 'z
for any h € Cg(z).
For any choice of X, we have Z(G) C X hence, we consider an embedding
P H"(Co(x), kx) — HH" (ko). (2)
zeZ(Q)

In Section 5 we define some k-linear maps between cochain complexes which determine
k-linear maps, mentioned in Introduction, between the following cohomology spaces

Vi zo: H(G, kT) — HH* (ko G)
it x € Z(G) and,
TG o HH"(k,G) - H*(Cq(x), kT)
if x € X (see Proposition 5.3). The first theorem of this paper is the following.
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Theorem 2.1. Letn € Z,n > 0 and o € Z*(G, k>).
a) There is an embedding of cohomology vector spaces
v oo € HSY(G kz) — HHS" (kaG)
2€Z(G) € Z(Q)
with its left inverse
P #s.: HHS"(kG) -~ @D HS™(G, k).
z€Z(G) z€Z(QG)
b) In the case o = 1y, there is an embedding of cohomology vector spaces
vis: @ HS™(Ca(x), k) — HHS™ (kG)
reX reX
with its left inverse

e HHS™ (kG) — €D HS™(Ca(x), k).
z€X zeX

Recall that for the rest of section we allow to work with commutative ground
rings and we use G-modules. The construction which we expose in the next subsec-
tion is considered folklore by experts, but we need to present the details for further
application. Let n € Z,n > 0.

2.1. Connecting homomorphism in group cohomology, defined explicitly
Let

0 A—t>B-"sC 0 (3)

be a short exact sequence of G-modules. Since ¢ is injective, the isomorphism of kG-
modules ¢1: A — Kerm, 11(a) = t(a) for any a € A, has an inverse, which we denote by
r,: Kerm — A; hence r, is an isomorphism of kG-modules, such that (r, o¢)(a) = a
for any a € A and, (1or,)(b) =0 for any b € Ker . Similarly, since 7 is surjective,
it has a section (right inverse set map) which we denote by s,: C — B. We will
work with group cohomology and various coefficient modules. For this reason we
denote by 94 the differential which gives H*(G, A), respectively 0p, O etc. With the
notations above it is easy to prove that if ¢ € Ker 97 then Im 9% (s, o ¢) C Ker 7 and
7, 0 0% (sx 0 ) € Ker .
By the Long Exact Sequence Theorem applied to (3) there is a connecting homo-
morphism, which we denote by

pe: H*(G,C) — H"TH(G, A).
The above statements allow us to define 3¢ explicitly, as follows
Ba([e]) = [B&(@)],  Balp) =r 0 0p(sx o),
for any ¢ € Ker 0.

Proposition 2.2. Let (3) be a short exact sequence of G-modules admitting a sym-
metric section compatible with the actions. Then there is a connecting homomorphism
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in symmetric cohomology
w5 HS™M(@G, C) — HS"HH(G, A)
given by ﬁg’s([go]) = [B&(p)] for any ¢ € Kerog N CS™(G,C).

In order to obtain a connecting homomorphism in symmetric Hochschild coho-
mology we need the following setup. Let ki,ky and k3 be commutative rings and
let

00— (k1,+) — (k2,+) —— (k3,+) —=0 (4)

be a short exact sequence of abelian groups which admits a symmetric section
Sq: ks — ko and r,: Kerm — ki constructed like in subsection 2.1. Next, there is
a short exact sequence of G-modules

where G acts by conjugation and vg(a19) = t(a1)g, g (azg) = m(ag)g, for all a1 € kq,
as € ko, g € G. It is not difficult to see that we can choose r, : Kermg — k1 G, given
by 1.6 (X e @99) = D e Ti(ag)g for all finite sums }©  ; agg € Ker 7. In the same
way Sr.: k3G — koG is a symmetric section of mg given by s, (asg) = s(as)g for
all a3 € k3,9 € G. The maps r,, and s, are compatible with the left actions. But,
T,a»Sne are also compatible with the right G-action and, they are homomorphisms
of (G — G)-bimodules. The same arguments as in the proof of Proposition 2.2 will
assure us that the following homomorphism

By: HHS' (5G) — HES™(1,G),  Bi(le)) = B
BE(@) =T © 51:26‘(57?0 o 50)’

(6)

for any ¢ € CS™(k3G, k3G), is a well-defined homomorphism; here 0k,c is the
Hochschild differential of HH* (k2G), see 3.1. This homomorphism will be called the
connecting homomorphism in symmetric Hochschild cohomology. Let z € X be a rep-
resentative of conjugacy classes of G. We can also verify that the following short exact
sequence of trivial Cg(x)-modules

with ¢z (a12) = t(ay)x, 7 (asx) = w(az)x, for all a; € ki,as € ko, is a short exact
sequence which possess a symmetric section s,, compatible with the actions and, an
isomorphism 7, defined as in subsection 2.1; here s, (asz) = s, (as)x for all az € ks
and similarly for r, . We apply Proposition 2.2 to (7) to obtain a homomorphism

855 4y S (Cala), kaz) — HS™ (Co(x), ha). ®)

The above maps fit in the second main result of this paper.

Theorem 2.3. Let n € Z,n > 0. With the above notations consider a short exact

sequence like in (4). Then there exists a connecting homomorphism in symmetric
Hochschild cohomology BY,: HHS" (k3G) — HHS" ™! (k1 G), defined in (6), making the
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following diagram commutative

HHS" (ks Q) ——¢ HHS™ (k1 Q)

n,S n+1,S
TrG,m TrG,m
n,S

B
HS"(Cg(), ksz) —2SHS" Y (Ca(2), k).

3. Reminder on Hochschild cohomology and symmetric coho-
mology of groups

3.1. The Hochschild cohomology
With the above notations we know that Hochschild cohomology is

HH" (ko G, M) = H"(C*(koG, M)) = Ker " /Im "', n > 0,
where
C* (ko G, M) = {C™(koG, M) }y>0 and C" (ko G, M) = Homy, ((koG)®™, M), n > 0.
If n = 0 then C°(k,G, M) is identified with M. The cochain complex C*(k,G, M) is
given by:

CO (koG M) L o e O (kG M) e O (ko G, M) =2 O7 Y (G, M) - -

§": C™ (ko Gy M) — C™ (ko G, M)
(p: (ko)™ = M) = (67 () (kaG)®" D — M)

"(p)a1 @ @ant1) = a1 - (a2 @ -+ @ any1)
+ Z(—l)jﬁﬂ(al R Qaj 041 ® @ Any1)

+ (_1)n+1@(a1 ® - ap) - Gny1,

for all ay,...,a,41 € koG, if n > 0.
In the case n = 0 the differential §o: M — C'(ko,G, M) is given by §o(m)(a1) =
a1 -m—m-ay for any m € M, ay € k,G. It follows that

HH® (k,G, M) = {m € M|am = ma for all a € A}.

Remark 3.1. In general, the following notations are frequently used:

n+1

"(0) = Y_(~1)d;(¢),

=0
do(p)(a1 ® -+ @ any1) = a1 - p(ag @ -+ @ any1);
di(p)a1® - @ any1) = p(@1 @@ ®aj - aj41 @+ ® ang1);
dnt1(9)(a1 ®@ - @ apy1) = p(a1 @ -+ @ ap) - Gny1;
forall j € {1,...,n}, p € C"(koG, M) and ay,...an4+1 € kaG.
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3.2. The symmetric cohomology of groups
Let n € Z, n > 0. For any group G and any kG-module A, we recall the classical
n-th cohomology of G with coefficients in A. Explicitly

H"(G, A) = H*(C*(G, A)) = Ker 9" /Im 0" !,
where
C*(G,A) = {C"(G, A) }p>0 and C" (G, A) = Maps(G*", A).
The cochain complex C*(G, A) is given by

(G, A) —L CV(G, A) - —= (G, A) L on(G, A) =% ot (@, A) -

o": C™(G, A) — C"TH(G, A)
(p: G = A) = (0"(9): G — A)

3“(@)(91, e 7gn+1) = gl@(gQa v agn+1) + Z(i]‘)]@(gla <o 9595+15 - - ,gn+1)
j=1

+ (_l)nJrl@(gh s 7gn)7
for all g1,...,9n41 € G.

If n =0 then C°(G, A) = A and 3°: C°(G, A) — CH(G, A) is given by 3°(a)(g) =
ga —a for any a € A, g € G; thus H°(G, A) = A%, the subgroup of G-invariants ele-
ments of A.

In [10, Section 5] Staic defined an action of the symmetric group X,+1 on C™(G, A)
which is compatible with the differential 9*; see [10, Proposition 5.1]. The subcomplex
of ¥, +1-invariant elements, denoted

CS™(G, A) = (C™(G, A))¥+,

is called the symmetric cochain complex. Its homology, denoted HS" (G, A), is called
the symmetric cohomology of G with coefficients in A; see [10, Definition 5.2].

4. The symmetric Hochschild cochain complex of twisted
group algebras

Since a: G x G — kX is a 2-cocycle, it is known that

a(z,yz)aly, 2) = aley, z)a(z,y), 9)
for all x,y, z € G. In particular
alz,z7 ) =alz™hz), alz,1)=all,z)=1; (10)
and
(@) =(algg™") g, (11)

for all g € G.



100 TIBERIU COCONET aND CONSTANTIN-COSMIN TODEA

4.1. An action of ¥,,1; on C"(k,G, M)
Recall the Coxeter presentation of the symmetric group on n + 1 letters, X, 41:
Ypi1 = (o5,i€{1,...,n} |6} =eforic{l,...n},
0;0i1+10; = 0;+10;0;41 fori e {1, cee,n — 1},
oio; =00, for |i—j|>2).
We define an action of ¥,, 11 on C"™(k,G, M) by describing the action of the trans-
positions o; = (4,1 + 1), 1 <i < n.
Let ¢ € C™(koG, M). For each i we define o, € C™(koG, M) using its restriction
on the k-basis BE" of (ko,G)®™ and, after this, we extend by k-linearity:
(1)@ ® - ©F) =01 9@ QT RO OFn),
()G ® - @F) =9I ® OG22 ®Fi1 Gi®F  ®Fi Jirt
QG2 ® - Q7y) for 1 <i<n,

—1

(O2p) T @ OTn) = (TR FHE - OGa1 Gu®Fn ) T,

(12)

for any g1,...,9, € B.

Proposition 4.1. The above relations determine an action of ¥, 11 on C"(koG, M),
which is compatible with the differential §*.

Proof. Consider g1, ...,0, € B and ¢: (k,G)®" — M a k-linear map. We start with
the square identity relations.

(01(01@)(@@'”(397)
=-01 (1)1 'O RO D)
=—a(gr,97 ") (gl,gz) (1) O TFE® - D Fn)
= a(g1, g2)a(g1, 91 ) (g, g Delgr o) ralgr L 9192) (TR B R © )
=alg; ', 192)a(g1, 92)a(9rH01) PG BR R @ Fn)
= a(gy "g1,92)a(gr s gn)algr o) oG © G © - @ gn)
=01 G - @Gn).
Let 1 < i < n, then
(0i(0:0)) (T ® -+ © Fn)
~(i)@® QTR HOF O T Oz ® - ©Fa)
= —a(gi—1,9:) (g, 97 ") g, giv1)(030)
X([A@ Q720G 1009, ©Gigin ®Gia® - ®Fn)

= algi-1,9)(gi19i,9; Nalgi giyr)alg; s gigira)algi g, ) eyt gi) T
XS0(971®"‘®E®"'®97)
= a(gi—1, Dalgi,g; alg; . gi) (L, gig1)algi, g7 1) regr t gi) 7!

X@(E@"'@@@"'@%)
:SD(971®"'®E®"'®97)-
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Next we have

(on(0n®))(G1 @ -+ @ Gn)

= ()T @ OTa T Tu®Fn ) Tn

= —(gn-1.90)Gn, 97 ) N On Q)T @+ @ FoiGn @ gn ) T
= gn—1,9n)(gn-19n: g (g, g0 ") algnt gn) 7!

X @ @G T ®@Tn) gn' - Tn

=0 @ @ Gn1 @ Gn)-
We continue with the cubic relations, that is
0i(0it1(0ip)) = oir1(0i(0i119)),

forie {1,...,n—1}. We only verify the case i = n — 1, the other are similar,

On—1(0n(0n-19))(GT @ - Gn)

—1
= —0p(0n-19)(T1  @Fn—2 " Fn-19Fn-1 @Fn-1"Jn)
= a(gn-2, Gn-1)(Gn—-1, 9 21) " (gn—1, Gn),

1

(09-10) (T ® Gn20n—1 ® gy ' 1 * Tn=1Gn @ Gn=1Gn ) Gn-10n
= a(gn—2: Gn-1)(95, 2 1+ Gn—19)(Gn—1, Gn)(Gn—1, 9 1) " (Gn-19n g5, "9 1) ",

(On19) (T @+ @ Tn=2Gn-1 @ Tn @ g 9y 1) Tn=10n
= —a(gn-2,9n-1)(g, 1, gn—1)(1, gn)(gn-1,9,11) " (gn-19n: 95 90 11) 7",
<p(97®---®m~97®9771 ®97'9519;i1) “Gn—19n
= —a(gn-2,9n-1)(Gn-29n-1, 9n)(gn, 9 " 95, 21)(Gns 95 ) " Gn—19m: 9 "0 1) T
P(TL D @ Ga3Gn—10n @ g © 95 11) - Gui0n
= —a(gn—1,9n)(gn-2: gn—19n)(gn> 95y ) lGr—19n> 9 90 1) " (Gns 9 0 1),
P(TL D @ Ga=3Gn=10n @ g © 9 1) - Gu=i0n
= —Aalgn. g, 'gp ) algn g0 ) edgn g k)T
X QT ®  ® Ga—2Gn—10n @ gn' © g 11) - Tn=in
= —a(gn—1, 9n)U(gn—-2 Gn—190)0(Gn—19n> G 90 -1) ralgnt g k)T
X QT @ © Ga2Gn=10n @ g’ © g 11) - T im;
where, in the sixth equality we used the notation

A= a(gn—la gn)a(gn—Qa gn—lgn)a(gna grjl)ila(gn—lgna 9;1952)71-

On the other hand we have

1

On(0n-1(0n@))(G1 Q- @Gn) = =0n-1(0n@) (@1 ® - @G 1-Gn @Gn ) Tn
= —a(gn—1,9n)(Gn—2: Gn—19n)(Gn—19n g5 ' 9, 21) " (gn, g )
X a(gn—lgna gvzl)a(grzlg;ilagn—l)a



102 TIBERIU COCONET aND CONSTANTIN-COSMIN TODEA

A gn-1,9.2) " a(Gn-1,90)0(FTT @ - @ Gr—2Gn—1Gn @ gn @921 - Gni0n
- 7a(gn—17gn)a(gn—23 gn—lgn)a(gn—lgna grjlg;iﬂila(g;la gr:il)il
X PG ® @ 200100 @ gn @ g "1) - Gn=1n-

The relations o;(0j¢) = oj(0;p) for |i— j|> 2 are easily checked. In most of the
above equalities we applied heavily the identities (9), (10) and (11).

We also have to verify that the above action is compatible with §*, that is
§"(p) € (C™ Y (kaG, M) ™" if @ € (C(kaG, M)+ .

Recall that §" = Z?:&(—l)jdj. The same formulas as in [10, Proposition 5.1] hold:

ldy(e)) = { 90k <

i(oic1p), ifi>j+2
If i = j we have (7,7 + 1)d;(¢) = 0:(di(¢)) = —di—1(p)
If i = j + 1 we have 0;(d;—1(¢)) = —d;(p).

The only formal differences with respect to symmetric group cohomology case are
for i =n+ 1 (see the last formula of 12) or j =n + 1 (see dp4+1 in Remark 3.1). We
exemplify with some of these situations.

Set i =n-+1and j =n+ 1, then

O'n+1(dn+1(<)0))(m R gn+1)

=—dpt1(©)GI® - @Fn * Int1 ®gn+17 ) Ont1

1

=—0(@I®  ®Fn Gnr1)Inti  Tnil
= —dn(P) (1@ @ Fng1)-

Let i =n+1 and j = n, then

On+1(dn(9)) (91 ® - ® Gni1)

= —dn(P)([ A @ ®Gn  Gnp1 OFnrt ) Gt
=@ ®  @Gn—1@Gn)  Int+1
=—dp1(P)GT R R Gn—1 R Gn, @ Grg1)-

Finally, if we choose i =n and 7 = n + 1, then

On(dni1(0) (1@ @ Gn @ Gry1)
= —dpt1(Q)(TT®  OTn=1 Gn®Fn @ Jn - Gnr1)

1

= @@ QFn1 Gn®Gn ) Tn il
(0n) (1 ® - @ Gn) - Jnt1
=dp11(0,0)(GT D - @G @ Grg1)- O
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Definition 4.2. The symmetric Hochschild cohomology of k,G with coefficients
in M, denoted

HHS" (k. G, M),

is the homology of CS™(kaG, M) = (C™(kaG, M))™"+", the subcomplex of Y, -
invariants of C"(k,G, M).

5. Additive centralizers decomposition of Hochschild coho-
mology of twisted group algebras

We continue with the notations from Introduction. We define the k-linear maps
between cohomology spaces which allow to describe (1) and (2) explicitly in terms
of cochain maps. This approach is similar to that of [5, Remark 5.2, b)] or [5, Theo-
rem 6.3], presented for group algebras.

5.1.
Let z € X. We define the k-linear maps 7, , , between cochain complexes as
LG C" (koG koG) = C™"(Cq(x), kT)
(p: (kaG)" = kaG) = (76 4.a(9): (Calw)™ = k)
TG o) (h1, hay oo hy) = a1 .7, for all hy, hy, ... hy € Co(x),

—1 —1 -1

where a; , is the coefficient of Z in p(h1 @ hg ® -+ ®@ hp) - hy  ~hp_y - o+ Iy

5.2.
Let z € Z(G). We define the k-linear maps v(; , , between cochain complexes as

ez C"(G kT) = C" (koG kaG)
(: G*™ — k) — (l/gv"m’a(’l/)): B — k,G)
Vg,:v,a(w)(ﬁ@g?@@gin) :1/1(917,971) g1 Gns for all giy---19n € G.

5.3.
Let x € X and a = 1. In this case we identify B with G and renounce the “over-

line” notation. Recall that v¢, , , is denoted v, , and, we define

Ve o O™(G, k) — C™(kG, kG) by
Voo ()1 @ @ gn) =D (hja,. . i)t g1 gn
j=1

for all v € C"(Cq(x),kx) and g1,...,9, € G. Here hj1,...hj, € Cg(x) are deter-
mined by the sequence {g1,...,¢,} and the elements x;, with j € {1,...,n,}, are
given as we explain below.
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Let C, = {gzg~' | g € G}. We choose a right coset decomposition of Cg(z) in G
G =Ca(@)yaU- UCa(@)Vn, s = 1aCalz)U--- Uy, Calz)
such that
Co ={2,%5 T %201 Tna & Yoo}
Then we set x; := fy]_; xyjzforallje{l,...ny}andy , =1.Letj € {1,...,n,}.
Since 7,291 € G it follows that there is a unique sjl e {1,...,n,} such that
Viwdt = Ni1Yst @
with h;1 € Cg(z). By the same arguments there are indexes (uniquely determined)

s%,...,87 €{l,...,n,} such that hjs,...h;, € Cg(x) are determined by the se-

quence ¢go, . .., gy, as follows
Vstad2 = M2V s -5 Vgnt p G = Ry sy o

Remark 5.1. For a twisted group algebra, if we attempt a similar definition to that
given in 5.3, it will not be clear how to verify the commutativity of v¢, , , with the
differential. If z € Z(G) and o = 1, then 5.3 agrees with 5.2.

Lemma 5.2. Let n € Z,n > 1. The following hold:

a) Let x € X. Then w(; ., commutes with the differentials. That is, the next dia-
gram s commutative

OV (koG kaG) —2 o O™ (ka G, kaG)

n—1 n
TrG,m,al \Lﬂ-G,z,a

O (Ca (), kz) —2— = C"(Ce(x), k7).

b) Let x € Z(G). Then v¢, , , commutes with the differentials. That is, the next
diagram is commutative

O (kG kaG) —2 o O" (kG ko G)

n—1 n
VG,."::,(XT TVG,:L',(;
On—l

Cn=Y(G, kz) C™(G, k).

¢) We have:

n n _ :
@ TGza | © @ Vaza | = @ 1dC"(G,kf)~

z€Z(G) z€Z(G) z€Z(Q)
d) Consider x € X and o = 1. The following diagram is commutative

671,—1

C"1(kG, kG)

n—1
DG,$ T

C" Y Cq(x), kx)

C"(kG, kG)

n
TVG,J

" on(Calx), kx).
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e) And
(@ 775,95> o <@ V?m) = @ den(cg (@) ko)
zeX zeX zeX

where ¢, . stands for 7, 4, -
Proof. a) Let hy,...,h, € Cg(x) and the k-linear map ¢: (k,G)®™ Y = k,G.
According to 5.1 and to the definitions of 6"~ and 9"~ ! we obtain

ﬂg,m,a(anil(so))(hl’ B hn) - al,xjv

where a; ; is the coefficient of z in

—1 —1

@) (A @ @ Pp) Py e T

Consequently, a; , is the coefficient of  in

(h1-pho ®--- +Z p(h1 @ @hi1-hi ©-- @ hy)
-1 -1
+(-1)"p(h @ @ hp1) “hy ) hy - By
Hence a1, = b , + >0 LD, + (—1)" 1z, where bY  is the coefficient of Z in
hl'QO(hQ@"'@E)'hnil'""h7171
Further, for i € {1,...,n — 1}, bﬁmis the coefficient of Z in

a(hi—y, hi)a(hi—y, b )" tahs, by ) " ralh b))
-1 - -1

Sp(hil®"'®hi71hi®"'®ﬂ)'ﬂ .h?lh;_ll. -

7

- - I § —1
and b7, is the coefficient of T in ph1 @ - Qhp_1) hp_1 -+ hy_q

On the other hand we have
8n_1(7era( ))(h17"'7h) thera( )(th"‘vhn)

+Z Vit (@) (b, hicah, . hy) + (D) gt (@) (b, hii)

)+ Z a1 LT+ (=1)"af 7.

Here a(l),m is the coefficient of Z in

(p(}TQ@@H)H ceeochy
ai,z is the coefficient of Z in

_ . -1 [ -1
a(hi_1hi, by 1h )" lo(hi @ - @hi_1hi® - @hp) by - -+ 'hi_lhi_—ll' -

and af , is the coefficient of Z in
.

—1 —1

(i @+ @hp_1) By - By
It follows that afw = b’f@



106 TIBERIU COCONET aND CONSTANTIN-COSMIN TODEA

The following equality holds
h’l(a(l),;vj) = Oé(hl,.lf)a(l', hl)_la%mi‘ - b(l) z,

since bY , is the coefficient of Z in

_ . | I T |

By (p(he @ ®@hp) - hy - -hy )-hy
It is easily checked that a} , = b} , for alli € {1,...,n — 1} since (1, h; ) = 1. This
concludes the proof of the first statement.

b) Consider the map t: G*™ — kZ and the elements g1,...,g, € G. According
to 5.2 we have

6"—1@8;1&(1/}))(97@--@97) =G0 092 0n) T T
+Z (i1, 9)0(G1s -+ Gi1Gir---1Gn) Gi- - GiiGi o Gn
+(—1) (g1, s9n) g1 Gt Gn-
On the other hand we get
V?;,x,a(anfl(iﬁ))(gT@“-@%) =" )G, 9n) TT- G

(911/1 925---59n +Z glw--;gilgia---;gn)_’_(_l)nw(glw--)gn1)) gT

“n
+Z gz lagl)¢(gla"'7giflgia"'7gn)'gT' 0 Gi—1Gi 0 97
+(_1) ¢(gl7vgn)gil 'gTL—l'%'

¢) Let v: G*™ = kx, x € Z(G) and g1, ..., g, € G. Notice that

ﬂ-g,x,a(yg,m,a(w))(gh s 7gn) = al,xfiv

where a; , is the coefficient of z in

-1 -1

Ve aa )@@ ®Fn) Gu 01
. )
=0(g1,-s9n)-

We obtain 7¢; ., o VG . o = iden (G ka)-

Statement d) is a consequence of [5, Theorem 6.3], since the definition of v¢, , is
similar to the general one.

e) We will show that TGz O VG = Mdon(cg(a) ke) for some x € X. Let
Y: (Ca(x))*™ — kx be a set map and hq,...,h, € Cg(x). By 5.1 we obtain that

76,0 (VG () (B hn) = a1 5,
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where a; ; is the of coefficient of z in

Vg,z(w)(hl(@"‘@hn) Zﬂ’ s hyn)TT 137]

The last above equality follows from 5.3. If j = 1 then 21 =« and ~; , = 1 thus
Yehr = hiYs o

with Vst = 150 hi,1 = hi. We continue with the equations from 5.3 to obtain h; 2 =
ha,...,h1n = hy. Since if j € {2,...,n,} then x; # z, we obtain that a;, is the
coefficient of x in ©¥(hq, ..., h,), which is what we need. O

Lemma 5.2 above is useful for the following proposition.

Proposition 5.3. Letn € Z,n > 0.
a) Letx € X. Then n(;, , , induces the well-defined maps in cohomology

TGwo: HH (kaG) — H (Ca(z), k7).
b) Letx € Z(G). Then v, , induces the well-defined maps in cohomology
Ve wot B (G, kT) — HH (ko Q).

¢) There is an embedding of cohomology spaces

P vé... @ H'G kz)— HH"(k,G),

zeZ(@) z€Z(G)
with

P &, HH"(kG) » @ H'(G kz

z€Z(QG) z€Z(Q)

its left inverse.

d) If G is abelian then there is an additive centralizers group cohomology decom-

position
P v PH(G, kz) ~ HH" (kG).

zeG zeG

Proof. The first three statements follow immediately from statements a), b) and ¢)
of Lemma 5.2. From statement c) of the same lemma, we know that @, o V5 ., is a
k-linear monomorphism. Since the isomorphisms given in (1) determine the equality

dimy (HH"( = P dim,,(H"(G, kx)),
zelG
the result of d) is obvious since G is abelian. O

Remark 5.4. a) For the trivial 2-cocyle o = 1y, by Lemma 5.2 statement ¢), we
obtain the splitting k-monomorphism

VGx Hn(CG( ) )—>HH”(}{ZG),

for any x € X. We identified here kz to k as trivial kCq(x)-modules. Con-
sequently, we recover the explicit additive centralizers decomposition from [5,
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Remark 5.2 or Theorem 6.3]
HH" (kG) ~ @D H"(Cc(2), k)
zeX
by applying the same arguments as in Proposition 5.3, statement d).

b) In [3, Theorem 2.1] Cibils and Solotar obtained an isomorphism of graded
rings between Hochschild cohomology ring of a group algebra HH*(kG) and
kG @ H*(G, k), if G is abelian. Explicit formulas were further developed, for
non-commutative groups also, in [8] and more recently in [5]. Proposition 5.3,
statement d) can be viewed as an additive version of this result for twisted group
algebras. We ask if someone can develop a graded ring isomorphism explicit for-
mula in this case?

6. An embedding of additive centralizers decomposition of
symmetric cohomology into symmetric Hochschild coho-
mology

The aim of this section is to prove that 7 . ., V& ., and v§ , are ¥, i-maps.

Proposition 6.1. Let n € Z, n > 0 and consider the twisted group algebra k,G. The
following statements hold.

a) Let x € X and ¢ € C"(koG, ko G). Then
ﬂ-g,x,a (T<)O) = Tﬂ-g‘,x,a ((p)a
for any T € ¥ 41;
b) Let x € Z(G) and ¢ € C"(G,kz). Then
Vs (T0) = T 0 (),
for any T € ¥ 41;
¢) Let x € X and ¢ € C"(Cq(x), kx). Then
VG2 (T) = 106 . (¥),
for any T € ¥, 41.
Proof. Tt suffices to verify the statements for the generators (i,i+ 1) € X,, 11, where
ie{l,...,n}.
a) Let hq,..., h, € Cg(z). For i =1 we have
ﬂ-g,x}a((L 2)90) = al,wj»

where a; , is the coefficient of z in

- —1 —1 —1

—_ 71 [ — —

If ¢’ is the coefficient of T in
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then
a1, = —a'a(hy, )z, hy) ™"
and
(L2)7G 4a(9)) (B, o) = —hi7E 4 (@) (AT @ hha ® - @ hn)
= —hi(ay ,7)
= —a’17xoz(h1,x)a(x, hi)~'z.
Here a} ,, is the coefficient of Z in

1 -1

- - L
ohi'@hihy® - ®hy)-hy - -hiha -hit
= a(hy, hyHa(hy, he) ta(hTt hy) " ta(hihg, hy thit) La(hg, hy P a(hy thit hy) A
= (a(h1, hy Halha, hy'hit)) " talhy Ayt hy)a(ha, hy ')A
= (a(hy, hy a(he, hy hy Dalhy ' hi ') " talhy ' by athy thyt ha)a(he, hy ') A
= A7

hence a} , = a'.

For 1 < i < n we similarly verify that
TG w,a((i 0+ 1)) = (i + )76 4 o ().

Set i = n. We have

Wg,m,a((nv n+ 1)30)(h17 sy hn) = a1,27,

where af . is the coefficient of T in

—1 —1

(nn+ D) @ @) -+ -
=l @ @hythy @ ha') het - hy o alhaoy, ha)a(ha, by ) 7h
Further we get
(7 4 D7 (@)1, ) = =7 g0 (B, ety B ) = a3,

where a’_ is the coefficient of T in

-1 -1 -1

— (@ @l thy @ha') hn' R thy T

-1
chy byt b)) a(hy 1, hy).
Thus ay , = ay’,.
b) The cases i = 1 and i = n are easily verified. For 1 < i < n we check the equality

Ve wa((ii+ 1)) = (60 + 1) 4 a(¥),
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for all v € C™(G, kz). Let ¢1,...,9n, € G. Then
Vel i+ DY) (1 ® - @ Fn)
= ((i i+ D)Y)(g1s---19n) "Ti- -+ Gn
= (91, -, 91191297 3 9iGit1s -1 Gn) "G1- - - T
On the other hand we get:

((iai + l)yg,x,a)(gT @ ® 97)

= Vo) T ® T HOT T FH O O Fn)
= =g, Gi-19i29; 5 GiGit1s- - Gn) G1 T

x a(gi—1,9:)0(gi, 9, ") (9, giv1)(gi-19i 97 )i, gigr)
= =g, 919029 5 9iGit1s - Gn) TL- o Gn-

¢) Let ¢1,...,9n € G. For i = 1 we have

= Z((la 2)7/})(}77',17 ceey hj,n)xilxjgl - Gn
j=1

== Z(hj,1¢(hj_,il7 hjahja, .- hjn)z™ " )zig1- - gn,

j=1

where hj1,...,hj, are determined as in 5.3. Here, for later use, we set
Ny
B=> (hjap(hi1 hjahja, ... hjn)z™")a;.
j=1

On the other hand have

(1,2)vg. (V)1 @+ ® gn)
= —91V8,1(1/1)(9f1 ®09192 @ -+ @ gn)

== g1 (B, ) r aiga - gn.
i=1
We need to verify the equality
B=> g1y, )a wigr !, (13)
i=1

where, for i € {1,...,n,}, the elements A ,,...,h;, € Cg(x) are determined by the
relations
%,ib gl_l = hé,lf}/t%,za
Vil 9192 = h;,27t%,xv

g
Pytrfl’m 9n = hi,nfyt?@'
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Since when j runs through the elements of {1,...,n,}, sj1 runs through the elements
of the same set, we obtain that the right hand member of the equality (13) is

Mg
Zgl (7/’(}1/5%,1, ey h;;,n)xil)xs}gl_la
j=1

by replacing i := s}. Next, using 5.3 again we get
—1 —1 -1
Tsta91 = hj,1'7j,ac = hlsjll = hj717

!
Vw192 = hjahiane o = W o = hjihyo,

p— . / — .
’ys;.l_l,zg” - h]m')/s;?,z = hs},n - h]yn'

Moreover
— — 1 — —
T = Vg T Wk = 90 Vgw Hia TR Ve g1 =91 T 1
and then
N
Zgl(w(hlgjlla LRI h2}7n)x_1)xéjgl_l
j=1
Mg
_ -1 —1y,-1 —1
= 291(¢(hj,17hj,1hj,2, v hin)TT )9y w019y
j=1
€k
Ny
= Z ”([J(h;ll, hj,lhj,Qa ceey hj,n)xilxj = B.
j=1
Similar arguments work in any of the cases 1 < i < n. O

Proof of Theorem 2.1. a) Let x € Z(G). According to Lemma 5.2 assertion b), v§; ,,
commutes with the differentials. Consequently, Proposition 6.1 implies

Im (V&x,a|csn (G’M)) C OS™ (koG kaG),

where v,
map

CSm(G.k3) is the restriction of v¢ , , to CS™(G, kx). It follows that the

VS (0] = [Vl om0

for any ¢ € Ker 9" N CS™(G, k), is well defined. The analogous statements are ful-
filled by the first assertions of Proposition 6.1 and of Lemma 5.2 respectively. The fact
that @,z () Vg’ia is an embedding, admitting @, ,(q) ’/Tg”ia as its left inverse,
is a consequence of Lemma 5.2 statement ¢). The proof of the assertion b) is similar
to that of a), taking into account the remaining affirmations of Lemma 5.2 and of
Proposition 6.1. O]
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7. Proof of Proposition 2.2 and Theorem 2.3
Proof of Proposition 2.2. By 2.1 and some arguments of [9, Proposition 5.3] it is
enough to verify that 3%(¢) € CS™"1(G, A) for any ¢ € CS™(G, O).

Let ¢ € CS™(G,C) and (i,i+1) € Spy1,i € {1,...,n+1}.

For 7 = 1 we obtain

((1,2)B&(©)(g15 - -+ Gnt1)

= —91(r. (95 (sx 0 ) (97 "+ 9192 -, Gn11)))

=7, [—91 (91 "sx(2(9192, 93, - -+ gn+1)) — 5x(2(92, 93 - - - Gny1))
+ 52 (@(gr ", 919295, - gng1)) + -+ (1) s (0(91 " 9192, - - -, GnGn+1))
H(=1)"sn (091t 9192, -+ 90)))]

=71, [sx(—0(9192, 93, -, Gn+1)) — Sx(=910(92, 93, -+, Gn+1))
+ sx(—g10(91 ' 919298, - - > gnt1))
+o At (—D) sx(—910(91 5 91925 - -5 Gngnt1))
H(=1)"sn(—g10(91 ' 9192, - 9n))]

=71.[g1(57 ©©)(92,93, - -+, Gnt1) — (Sx 0 9) (9192, 93, - - - s Gn+1))
+ (57 09)(91,9293, - - -, gn41) + -+ (=1)"(sx 0 ©) (91,92, - - -, gnGn+1))
+(=1)"" (sx 0 ©) (91,92, -+, 9n))]

=7, (0(sx o 9)(g15- -, 9n+1))

= Ba(@) (g1, s In1),

where in the third equality we used that s, is a symmetric section, compatible with
the actions; in the fourth equality we reversed the first and second term and we used
that ¢ is a symmetric n-cochain from C'S™(G,C). For i = n + 1 we have

((nn+1)B&(9)(91, - -+ gnt1)

= —1,[05(sx 0 9)(91, 92, .- ,9n9n+179;i1))]

= =7, [01(sx((92, 93, -, GnGnt1:9r 1)) — 5x(2(9192, 93, - - - InGnt15 Gri1))
o () sx(0(91,92, -, 90)) + (1) s (0(91, 92, -5 Gngnt))]

=7, [sx(=10(92, 93, - -+ s gnGns1, G i1)) + 57 (—0(9192, 93, - -+ Ingnt1, 9ni1))
o= (1) (0(g1, 9255 9n) — (1) s (g1, 92, - agngnJrl))}

=71,[g1(87 0 9)(92, 935 - - -, Gn+1) — (7 ©©)(9192, 93, - - - s Gn+1))
o (=) (sr 0 0) (91,92, -+ gngny1)) + (1) sz 0 0) (91,92, -+ 9n))]

=7, (05 (87 0 ©) (915 Gn+1))

= Ba(e) (g1, -, gnt1),

where in the fourth equality we reversed the last two terms and for the other terms
we used ¢ € CS™(G,C).
The other cases, 1 < i < n + 1, are verified similarly. ]
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Proof of Theorem 2.3. We show that the diagram is commutative in terms of cochain
complexes. Let hq,..., hpy1 € Ca(z) and ¢ € CS™(ksG, ksG). We fix the notations

QO(hQ ®--® hn—&-l)h;_H _1 = Z a0,y Y,

yeG
@(h1 @+ @ hihip1 @ hy1)h iy bt = Z iy Yy 1€{1,...,n}, (14)
yeG
(P(hl R ® hn)h;1 .. h;l = Z Ont1,p0,y Y-
yeG

We have
BCG o (™6 ( Ny shpir) = (1o, 0 O, (Sr, 0 Té 1 (0))) (M1, Bngr)
=T, (h’lsﬂ'x (ﬂ-g m( )(h27 ) hn—i—l))

) S, (Mg 2 (@) (P, Bihiga, - Bng1))

M:

+

=1

+ (1) s, (78 4 (9) (B, -, 1))

n+1 )
=r, (Z(—l)zsm(ai,%z x))

=0

n+1 .
=7, (Z(_l)zs"(ai»%x)> .

=0

~.

On the other hand, by 5.1
Wgt:l S(Bg((p))(hl, ceey thrl) =01z T,
where a; , is the coefficient of z in

(rig © 0,6 (sme 0 @)) (M @ - ® hn+1)h;+1 hyt
:Tbc(hl(Sﬂ,G O(p)(hg,... n+1 +Z STK'G (hl,...,hihi+1,...,hn+1)

+ (=) (555 0 @) (R, .. .,hn))h;Jrl byt

=T Z hl aO R y h_ + Z 571-(; Z Aj,py Y

yeG yeG
1
+ n+ E Un41,0,y Y
ye@
n+1
=T § (angh yhi +§ : Sﬂaw’y) Y
yed

n+1
= Z < (%@h iy +Z ) 5x a,#,y)) v,

yed@
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where the above equalities are true by 3.1, (14) and the definitions of r,, Sz . It
follows that

n+1 n+1
A1,z =T, (sﬂ'(a’o,@,hl_lajhl) + Z(—l)ls.,,(ai,%z)> =" <Z(_1)15ﬂ(ai,%r)>
i=1

i=0
since hy € Cg(x). O

Remark 7.1. The construction of B, is obtained by using a trick. We reinterpret the
map from Proposition 2.2 and an isomorphism

F*: HS*(G, koG) — HHS™ (k,G)
applied for o = 1; here G acts on koG by 9m =g-m-g—* for any g € G and m €

koG. This isomorphism F™: CS™(G, koG) — CS™(kaG, koG) can be easily described
by

Fr ) @ @Fn) = ¢(g1,--29n) G1- -+ Tns
for any ¢ € CS™(G, kaG), g1,...,9n € G. This isomorphism is obtained as a con-
sequence of [4, Theorem 3.2.4] where the general case of Hopf crossed products is

investigated. As a matter of fact the same trick is applied to obtain the action of the
symmetric group on the Hochschild cochain complex in (12).
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