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THE HOMOTOPY TYPES OF SU(n)-GAUGE GROUPS OVER S#™
SAJJAD MOHAMMADI
(communicated by Charles A. Weibel)

Abstract

Let m and n be two positive integers such that m < n.
Denote by P, the principal SU(n)-bundle over S*™ with
Chern class ¢, (Pyx) = (m — 1)k and let Gy, (SU(n)) be the
gauge group of P, classified by ke’, where €’ is a generator
of mo (B(SU(n)) = Z. In this article we partially classify the
homotopy types of Gi ,,(SU(n)), by showing that if there is
a homotopy equivalence Gy, (SU(n)) ~ Gy 1, (SU(n)) then in
case m is odd and m > 3, (ﬁpg,k) = (ﬁpg,k’) and
in case m is even and m > 4, (mpg,k) = (mpmk/),
where po = (n+2)(n+1)n(n—1)---(n —m+2). We study
the group [X2"CP"~ !, SU(n)]. Also we discuss the order of the
Samelson product $?™~1 A XCP"~! — SU(n) when m < n.

e

In memory of Professor Mohammad Ali Asadi-Golmankhaneh.

1. Introduction

Let G be a compact connected Lie group and let P — B be a principal G-bundle
over a connected finite CW-complex B. The gauge group G(P) of P is the group
of G-equivariant automorphisms of P which fix B. Crabb and Sutherland [3] have
shown that if B and G are as above, then the number of homotopy types amongst
all the gauge groups of principal G-bundles over B is finite. This is in spite of the
fact that the number of isomorphism classes of principal G-bundles over B is often
infinite.

It has been a subject of recent interest to determine the precise number of homo-

topy types in special cases. Precise enumerations of the homotopy types have been
made in the following cases:
SU(2)-bundles over S* [9]; SU(3)-bundles over S* [6]; SU(5)-bundles over S* when
localized at any prime p or rationally [15]; Sp(2)-bundles over S* when localized at
any prime p or rationally [16]; Sp(3)-bundles over S* when localised at an odd prime
[2]; Go-bundles over S* [11] and in a non-simply-connected case, SO(3)-bundles over
S% [10]; SU(3)-bundles over S® [7] and in the general case, SU(n)-bundles over S6
[14]; Sp(2)-bundles over S® [8]; SU(4)-bundles over S® [13].
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In [14], we gave a lower bound for the number of homotopy types of the gauge
groups of principal SU(n)-bundles over S® and showed that if there is a homotopy
equivalence G, ~ Gy then ((n — D)n(n+ 1)(n+2),k) = (n — 1)n(n+ 1)(n + 2), k).
In this paper, in general case, we study the classification of the homotopy types of
the gauge groups of principal SU(n)-bundles over S?™ and we give a lower bound for
the number of homotopy types and do not prove the converse, which is realistically
out of reach. The method is the same as in [13, 14] but pushed to its limit, and so
is technically more demanding. The earlier papers avoided doing this as they were
equally concerned with proving the converse direction. For integers a and b let (a, b) be
the greatest common divisor of |a| and |b], also p; = (n+ 1)n(n —1)---(n —m + 3)
and ps = (n+2)(n+ 1)n(n—1)--- (n —m+2). Let P, be the principal SU(n)-
bundles over S$?™ with Chern class ¢, (P, ;) = (m — 1)k and Gy, ., (SU(n)) be the
gauge group of P, ;. classified by ke’, where ¢’ is a generator of ma,, (B(SU(n)) = Z.
We prove the following theorems.

Theorem 1.1. If there is a homotopy equivalence Gy m (SU(n)) =~ Gy m (SU(n)) then
the following hold:
(a) if m is an odd integer and m > 3, then

2 2 ,
(mpz,k) = (mpzak )s

(b) if m is an even integer and m > 4, then

1 1

)|p27k) = (

(2(7’7’L—l | )lvak/)'

2(m —1)!

Theorem 1.2. Let d be the order of the Samelson product S*™~1 AXCP" ! —
SU(n). Then the following hold:

d— 5! ifn=>5m=2,
Tl E7 ifn=6,m=2.

Remark 1.3. The result of gauge groups does not depend on the parity of n,
despite the proof needing to be broken into n odd and even cases.
Theorem 1.1 recovers the known case in [14] when m = 3.

2. Preliminaries

Let G be a compact connected Lie group and suppose that P — S?™ is a principal
G-bundle classified by a map f: S?*™ — BG. Let Map;(S*™, BG) be the component
of the space of continuous unbased maps from S?™ to BG which contains the map
[, similarly let Map} (S?™, BG) be the space of pointed continuous maps from S
and BG which contains the map f. We know that there is a fibration

Map}(S®™, BG) = Mapy(S*™, BG) — BG,

where the map ev is evaluation map at the basepoint of S*™. Let BG be the classi-
fying space of G;. By Atiyah-Bott [1], there is a homotopy equivalence

BG; ~ Map;(S*™, BG).
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The evaluation fibration therefore determines a homotopy fibration sequence
G — Map};(S*™, BG) — BGy — BG.

It is well known that there is a homotopy equivalence M ap}(SQm, BG) ~ Map(S*™,
BG), we write ng_lG for Map}(S*™, BG). Let &y, S*™~1 — SU(n) be the rep-
resents the generator of ma,,—1(SU(n)) and 1: SU(n) — SU(n) is the identity map
on SU(n). For an H-space X, let k: X — X be the k'"-power map. By [12] we have
the following lemma.

Lemma 2.1. The adjoint of the connecting map SU(n) —% Q2™~1SU(n) is homo-
topic to the Samelson product S*™~1 A SU(n) them 1) SU(n).

The linearity of the Samelson product implies that (ke ., 1) ~ k(€ n, 1). Taking
adjoints therefore implies the following.

Corollary 2.2. The connecting map oy, satisfies oy, ~ ko aq.
By adjunction, we have
[(p2n-Cm=bep? 02m-180(n)] = [R2CP?, SU(n)),
and applying the functor [%2"~(m=DCP2 | to the map a; we get the following
map:
(o), : (22~ Cm=DCP? SU(n)| — [£2"CP2, SU(n)]
a v (a, ke n).

The organization of this article is as follows. In Section 3, in cases where n is an
odd integer and n > 3 and n is an even integer and n > 4, we first calculate [S2"CP?,
U(n + 1)] and then, regarding [¥2"CP?, SU(n)] as a subgroup of [X*"CP? U(n + 1)],
we study the group [X2"CP? SU(n)]. In Section 4 we compute the order of the
cokernel of ay,, and prove Theorem 1.1. In Section 5, we study the group [X?"CP"~ 1,

SU(n)]. In Section 6, we study the order of the Samelson product $?™~* AXCP" 1 —
SU(n) when m < n and prove Theorem 1.2.

3. The group [X?"CP? SU(n)]

Put X = X2"CP?% ~ §2n2 U, 2"t where 7 is the generator of ma,+3(5?"2) =
Z. We denote the infinite Stiefel manifold U(c0) /U (n) by W, and [X, U (n)] by U, (X).
By applying [X, | to the fibration sequence

QU(c0) 22 QW,, 2 U(n) - U(co) -2 Wy,

we obtain the exact sequence

RO (X, 0] 5 0,(X) L5 KX L5 (X, 0],
where K°(X) 22 [X, QU (c0)] and K'(X) 2 [X,U(c0)]. Since K(X) = 0 thus we get
the following exact sequence:

(

ROx) 2 x,aw,] 25 U, (X) 0.

Therefore for group U(n + 1) we get the following lemma.
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Lemma 3.1. The group [X,U(n + 1)] is isomorphic to Coker(2p)..

It is well known that the cohomology of BU(c0) as an algebra is given by
H*(BU(0)) = Z[cy, ca, - . ],
where ¢; is the universal i-th Chern class and
H*(U(OO)) :A(ZL'l,(Eg,...), T2;—1 :U(Ci),
where o is the cohomology suspension. The cohomology of W, is given by
H*(Wy) = AMZTont1, Tanys,---), P (T2im1) = 251 € H*(U(00)).
We know that when n is even then
Wn+1 ~ 52n+3 UT]' e2n+5 U 62n+7 U 62n+9 U---
where 7 is the generator of mo, 4(S?"*+3) and
QWn+1 ~ S2n+2 U e2n+4 U e2n+6 U €2n+8 U--- .
Note that when n is odd then
Wn+1 ~ (S2n+3 V, 52n+5) U e2n+7 U 62n+9 U---.

Let aoy, 12 and as, 14 be generators of H2"2(QW,, 1) =2 Z and H* 4 (QW,, 1) = Z
respectively and « € [X, QW,,11]. We define a homomorphism

A (X, QW] = H"P(X) @ H*™T(X)

by Aa) = (" (azn+2), @ (azn+4))-
Case one: If n is an odd integer and n > 3.
Since W, 41 is (2n + 2)-connected, for i < 2n + 2 we have 7;(W,+1) = 0. By the

homotopy sequence of the fibration U(n + 1) < U(co) =+ W41 we have

0 if n is even,

TontaWat) 22, Tansa(Wnir) = { )22 if nis odd.
As in [14, Lemma 3.2], we have the following lemma.

Lemma 3.2. The map of \: [X,QW, 1] — H?"2(X) @ H?>"*4(X) is monic and
ImA = {(a,b) | a =0 mod 2}.

Put w1 = (2,n +2) and ug = (0,1), then uz,us € Im X\ and generate Im \. The
following lemma was proved in [14, Lemma 3.3].

Lemma 3.3. Im A o (Qp), is generated by %(n+ 1)luy and (n + 2)lus.
Therefore according to the Lemmas 3.1 and 3.3 we get the following theorem.
Theorem 3.4. The group [X,U(n +1)] is isomorphic to Zy 11y @ Z(n+2):-

Since we can consider the group [X, SU(n)] as a subgroup of [X,U(n + 1)], we will
study the group [X, SU(n)].
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Consider the map ax: SU(n) — Q§"1SU(n). By adjunction we have
[Z2n=2mHCp?, QT SU (n)] 2 (22 CP?, SU(n)).
Applying the functor [X27=2"+ICP2 ] to the map «ay gives
(o), : [Z22mTICP? SU(n)| — [E2"CP?,SU(n))
a v (a, kemn).

Recall that H*(CP?) = Z[t]/(t?), where |t| =2 and K(CP?) = Z[z]/(z®). Let ¢, a
generator of K°(S%"). According to the map ay, we have

[E2n72m+1(cp2’ SU(n)] _ X0(22(nfm)+2(cp2) _ Z<Cn7m+1®.’[, Cn7m+1®x2>a
where Z{a, b) denote the free abelian group generated by a and b. Let H}, . be the sub-

group of [X, U(n + 1)] generated by i o (€1, ) and i o (€3, €, ), where i: SU(n) —
U(n+ 1) is the inclusion, ¢; is the adjoint of (,,—t+1 ® x and ¢y is the adjoint of
Cr—m+1 ® 22, Let v be the commutator map U(n + 1) AU(n + 1) — U(n + 1). Since
U(co) is an infinite loop space it is homotopy commutative. Therefore v composed
to U(oo) is null homotopic, implying that there is a lift 5: U(n + 1) AU(n+ 1) —
QW41 such that § o5 ~ .

Let H?, , be the subgroup of [X,QW, 1] generated by F(ioly Aioepy,) and
Y(ioly Nioepy). Then by Lemma 3.1 we have H), , = H?  /(Im(Qp), NHZ, ).
By using the method in [5] we have

Y (a2n42) = E Toi+1 ® Toj41, Y (a2nta) = g Toi41 ® Tojq1-
itien P —
Note that

Cnemt2(Cromir @ ) = (n —m + 1)lg2n2m+2¢,

1
i(n —m+ 2)!0_2n72m+2t2’
Cn—m+2 Cnferl ® .’EQ) = 0,

cn—m+3(<n—m+1 oy xz) = (Tl —m+ 2)'0’

Let s be a generator of H?™~1(5?m~1), We have

(
Cn—m+3(Cn—m+1 ® .T) -
(

2n—2m+2t2

(Y(ioly Nioemn)) (aznt2) = (i0ly Nioemn) (7)" (azn+2)
=(10l1 NioEmn) (Toam-1 @ Ton—2m+3)

=(m—1)!s n—m—i—l!oQ" Zm 2t
( ) )
and also

(:Y(Z o gl Nio Em,n))*(a2n+4) = (7/ o Kl ANio Em,n)*(’?)*(a2n+4)
= (10l Niogmm) (Tam—1® T2n—2m+5))
1

=3 (m —1)ls(n —m + 2)lg?n—2m+242,
Therefore according to the map of A we have

AA(Goly Nioepmyn)) = ((m—1Dl(n—m+ 1), %(m —Dl(n—m+2)!).
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Similarly we can show that
MA@ oly Nioey ) = (0,(m—1)(n—m+2)!).

Therefore H?,  is generated by

a=(m-1n—-—m+1), %(m —Dl(n—m+2)!),
B =(0,(m—1)l(n—m+2)!).

We recall py =(n+1)n(n—1)---(n—m+3) and po = (n+2)(n+ L)n(n—1)---
(n —m + 2), we have the following proposition.

Proposition 3.5. Let n be odd and n > 3. Then the following hold:

(a) if m is odd and m > 3, then there is a isomorphism

H}Mgzz 1 ®Z

(m—1)1P1 (mil)ﬂb’

(b) if m is even and m = 4, then there is a isomorphism

H}Mgz( > ®Z

1 .
m—1)1P1 2(m—1)1P2

2(n—m+2) m

Proof. For part (a), since 0 = 1, the subgroup anln is also gener-

2(n—m+2)

ated by 2(n — m + 2)a+mpS = (m — 1)!(n — m + 2)lu; and mﬁ =Z(m—1)!
(n —m + 1)lus. Thus

((m =D (n—m+2)lug, £(m — 1)l(n —m+ 1)lug)

Hy, o = ;
' (3(n+ Dlug, (n 4 2)luz)
= Lo O Lz
. T(n—m+2)  im 9 .
For part (b), since 0 2 =1, the subgroup H, ,, is also generated by
(n—m+2) ’

in—m+2)a+imB=1(m-1)!(n—m+2)u; and mﬂzﬂm—l)!(n—

m + 1)lug. Thus
=2

S Z O

2 1 .
(m—1)1P1 2(m—1)1P2

Case two: If n is an even integer and n > 4.
Similarly we define a homomorphism

N [X, QW] — HP(X) @ H>" (X)),

by XN (a) = (a*(aznt2), @*(a2n44)). As in [6, Lemma 2.1], we have the following
lemma.

Lemma 3.6. The map of \': [X,QW,, 1] — H?*"*2(X) ® H*"™*(X) is monic and
Im X\ = {(a,b) | a = b mod 2}.

The following lemma was proved in [6, Lemma 2.2].

Lemma 3.7. Im X o (Qn), is generated by ((n+ 1)!, £(n+2)!) and (0, (n + 2)!).
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We have the following theorem that was proved in [6, Theorem 2.4].

Theorem 3.8. The following holds.
(a) if n+1=1mod 4, then [X,U(n+1)] = Z/%(n +2)!®Z/(n+ 1),
(b) if n+1=3mod 4, then [X,U(n+1)]2Z/(n+2)!®Z/3(n+1).
In what follows we study the group [X, SU(n)].
If n+1=1(mod4), we put u; =(0,2) and up = (1, 3(n +2)). Then uy,us €
Im )\ and are generators of Im )\'. Similarly let H’:n,n be the subgroup of [ X, U(n + 1)]

generated by i o ({1, e, ) and i o (la,p,.0). Let H’fmn be the subgroup generated by
F(ioly Nioey,y,) and (i oly Aioey,,). Arguing as for Proposition 3.5, by defini-
tion of \

NF(ioly Nioemn)) = ((m—1(n—m+1), 3(m—1){(n —m+2)!),
NAFA(Eoly Nioemy)) = (0,(m—1)(n—m+2)!).
Therefore H' fnn generated by
a=((m-=1n-—m+1), %(m - Dl(n—m+2),
B =(0,(m—1)l(n—m+2)!).
We have the following proposition.

Proposition 3.9. Let n be even and n > 4. Then the following hold:
(a) if m is odd and m > 3, then there is a isomorphism

Hy\ 2L 2 &L

1
(m—D)1P2 3(m 1P’

(b) if m is even and m > 4, then there is a isomorphism

Hy o201 &L

2 .
I(m—1)1P2 (m—1D)1P1

2(n—m+2) m

Proof. For part (a), since 0 ot | T 1, the subgroup H'fn’n is also gen-

erated by 2(n —m + 2)a+ mpf = 2(m — 1)I(n — m + 2)luy and mﬁ =I(m-—

D!I(n —m + 1)luy. Thus

(A(m = 1D)l(n —m+ 1)y, 2(m — 1)I(n — m + 2)lus)
(A(n+2)lug, (n + 1)luy)

2
H m,n

~
- Z(m,il)!p2 ® Zz(ml—l)!pl'
. L (n—m+2 im 2 .
For part (b), since 2 o ) <n_43n+2> = 1, the subgroup H'}, , is also generated

by 2(n—m+2)a+ tmpB = 1(m—1)/(n — m+ 2)luy and mﬁ =(m—-1l(n-
m ~+ 1)luy. Thus

O

Hy 2L . &L

2 .
2(m—1)1P2 (m—1)1P1
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Similarly when n+ 1 =3 (mod 4), we can show that H'fn . is generated by a =

(m—=1D!(n—m+1)!,3(m 1)(n—m+2).) and [ =(0,(m—1)!(n—m+2)!),

therefore if m is odd and m > 3, then H'} m,n 18 also isomorphic to

D Z

2 1
(m—_1)1P2 3(m-_1)1P1’

and if m is even and m > 4, then H'} m,n 18 also isomorphic to

mpz @ Zﬁ}h :
The following lemma was proved in [14, Lemma 3.10].
Lemma 3.10. The map i.: [X,SU(n)] — [X,U(n + 1)] is a monomorphism.

Let J,.n be the subgroup of [X, SU(n)] generated by (€1,em. ) and (¢, €m n),
then we have the following theorem.

Theorem 3.11. There is an isomorphism

‘]7'7’L7'lg

s

if m is an even and m > 4,

{ Zz(mﬂmpl @Z(mimm if m is an odd and m > 3,
7

2 7Z_
(m—1D)1P1 @ 3(m—1)1P2

where Z2<m171)11’1 is generated by (2(n —m +2)l; +mls, ) and Z 2 18

generated by <m£2,€m7n>. Also mel)zpl is generated by (3 (n—m+2)€1 +

%m€2,€m7n> and Zz(ml_l)!pz is generated by <m£2,€m’n>.

Proof. By definition of Jy, ,, and H}, , we have i,(Jpm,) = H}, ,,. By Lemma 3.10,

the map 7, is a monomorphism so i, send Jm,n isomorphically onto H#n When n
is odd the statement follows from Proposition 3.5 and when n is even the statement
follows from Proposition 3.9. L]

4. Proof of Theorem 1.1
Consider the homotopy fibration sequence
Grm(SU(n)) — SU(n) =5 Q218U (n) — BGj.m(SU(n)) % BSU(n).
Applying the functor [X2"=2"+FICP2 ] we get the following exact sequence:

(52024l p? G (SU(n (Sﬂ;* [220-2m+LC P2, S ()]

X, SU)
— [Z2" 2 HCP?, BGy, i (SU(n))]
— [22" 7 HICP?, BSU(n)).
Since [R2"—2mH1ICP2, BSU(n)] = K°(X2"~2"+1CP?) = 0, exactness implies that
(22 =2mHLC P2 BGy, 1 (SU(n))] =2 Coker(ay ).
We know that [$27=2mFLC P2 SU(n)] is generated by ¢1 and /5. Equivalently, if m is

an odd and m > 3 then [X2"~2m+1CP2 SU(n)| is generated by 2(n — m + 2)¢; + mly

and mfg and if m is an even and m > 4, is generated by 1(n—m+2)¢; +

%mﬁg and T

ﬁﬁ)ﬁg. By definitions of ay, and Jy, »,, the image of (o)« is Jp, . Write
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|G| for the order of a group G. If A is the order of [X, SU(n)], then by exactness of
the sequence we have

|[£*"77CP?, BG,m (SU(n))]| = | Coker(ay).

A

| pee——r
A

((m niP1s K (2(m l.pz,k)
(

Now suppose that G ., (SU(n)) =~ G m,
groups

if m is an odd and m > 3,

( (ml 1)Ip17

if m is an even and m > 4.

SU(n)). Then there is an isomorphism of

[E2n—2m+1CP27ng’m(SU(n))] ~ [ZQn_Qm—HCPQ,ng/,m(SU(TL))L
thus |[S2"=2mHCP2, BGy ]| = |[22" 2" TLCP?, BGy |- That is, if m is an odd
and m > 3 then
A A

(z(ml,l)!]?lak)((mzl)gpmk) a (mphkl)(ﬁp%k/)’
and if m is an even and m > 4 then
A B A
((mzl)!Plak)(z(ml,l)gpmk) ; (ﬁpl,k')(mp%k/).
Therefore if Gy, ,, (SU(n)) =~ Gps 1, (SU(n)) in case m is an odd and m > 3, we get the

equation
/ 2 ,
(2(m — 1)!p1’k)((m — 1)!p2,k) = (2(m — 1)!p1,k )((m P k),

note that py = (n+2)pi(n—m+2). We need to show that (ﬁpg,k) =
(ﬁpg,k’ ). It suffices to prove it after p-localization for all primes p. For any
number m and prime p, the p-component of m is the power p” such that p” divides
m but p"+! does not. So we may assume k = p” and k' = p® for some non-negative

numbers r and s. Denote the p-components of p; /2(m — 1)! and 2py/(m — 1)! by p*
and p® respectively. Then the equation (5) says the following relation

1 2 1

min{p®, p"} x min{p’, p"} = min{p®,p*} x min{p®, p*}. (%)

We need to show that min{p®, p"} = min{p®, p*} (*#). Relabeling if necessary, we may
assume a < b and r» < s. Then there are 6 cases:

1. a<b<r<s,
2. a<r<b<s,
3. a<r<s<hb,
4. r<a<bgs,
5. r<a<s<b,
6. r<s<a<hb.
Except for cases 4 and 5, the relation (x) implies (xx) directly. For case 4, the relation

() implies 2r = a +b. It follows that r = a = b, otherwise 2r < a + b = 2r leading
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to contradiction. So min{p®, p"} = p® = min{p®, p*}. For case 5 we can use a similar
argument to show (xx). Similarly in case m is an even and m > 4, we can conclude

that (mp27k) = (mpz,k/).

5. Calculation of [X*"CP" ! SU(n)]

In this section, we will study the group [X2"CP"~!, SU(n)]. Consider the fibre
sequence

QU (00) 25 QWyy1 —2 Un + 1) =5 U(co) 5 Wi

Applying the functor [X = %2"CP"~1,] to (6), there is an exact sequence of groups:

Q) * P T
[X, QU (00)] 2% [X, QWy1] 25 Upir (X) 225 [X, U(00)] =25 [X, Winga].

Since X2" 1 CP" ! is a CW-complex consisting only of odd dimensional cells, there-
fore we have

[(22"CP" ! U(0)] = (22 FICP™ Y, BU(00)] = KO(X22HICPr 1) 2 0,

therefore [ X, U(o0)] = 0 and we get the following exact sequence
ROX) O (X, QWoi1] 25 Upar (X) — 0.

Therefore we have the following lemma.

Lemma 5.1. U,+1(X) = Coker(Qm),..

Define a homomorphism
A (X, QW] = H* (X)) @ HP4(X) @ - @ H2(X)

by Ma) = (a*(agn+2), a*(agnt4a), - - .y a*(agn—2)), where a € [X, QW,, 1] and agp 42,
A2n4d, -y Q4n_o are generators of HZ*F2(QW,.1) = H> H(QW, ) = .- =
H"=2(QW,, 1) = Z, respectively.

Recall that H*(CP"~ 1) =Z[t]/(t"), where |t| = n — 1 and K(CP"~ ') = Z[z]/(z").
Note that K9(X = %2"CP"~ 1) = KO(CP" 1) is a free abelian group generated by
Cn®, C®22, ..., (u®x" 1, where ¢, a generator of K°(S?"). We have

1 1 1
he =t+ —t2+ —t3 4+ ... tnt
B T TE A e DL
1
chx2zt2+5t3+---+A,
chz" ! = B,
where
(%54] 1
_ 2\ . . o -1 _ Iyn—1
A_chn,l(:v)—‘ Z chlmch]x_zik!(nikil)!t" = A",
i+j=n—1, k=1

1< 252
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ch,(z") = chyx E
it 1=n—1,
041 <2< Sin—1

+ chy 22 Z

i1+ tig=n—2,k=[252],

2<i1 <ia <

+ chy 2® Z

i1+ tipg=n—3k=["252],

3<i1<ie<

+ chy, aF Z

i1=n—k,k=[%]

ch;, " ---ch

i

ceLig

ch;, 2",

Chi 1

) in—1
Tn—1 T

x' - chy, 2

ch;, 't ---ch;, " + .-

and B = ch,,_1(2" 1) = B't"~1. We have the following lemma.

Lemma 5.2. Im Ao (Qn), is generated by aq, s, ..

o1 = ((n+ 1)!,%(n+2)!,...7

.,y 1 where

1

as = (0, (n +2)1, %(n 3),.. (20— 1)14),

Ap—1 = (0,070, ceey (Qn _ 1)!3/).

Proof. According to the definition of the map A, we have

Ao (QW)*(Cn@)x) = ((Qmo (<n®x))*(a2n+2)v (Qmo (<n®x))*(a2n+4)7 cees

(Qm 0 (G &))" (aan—2))-

The calculation of the first component is as follows

(Qﬂ- © (Cn®m))*(a2n+2) = A2n+42 © QW(Cn®I)

= (0 + 1)) chy 1 (Gu&2)
= (n+1)lo*"t,

the calculation the second component is as follows

(QW © (Cn®m)>*(a2n+4) = A2p+4© Qﬂ'((né@x)

= (n+2)! chyy2(¢ &)
1
= i(n + 2)lo%"t?

and the calculation the last component is as follows

(Qm 0 (¢u®)) (aan—2) = Ggn_20 QW(Cn®$>

= (2n — 1)' Ch2n—1(<n®m)

1
1 (2n — 1)!02"1?"_1.
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Therefore

Ao (Qm) . (¢u®z) = ((n+ 1)), %(n +2)1..., (2n — 1)!).

1
(n—1)!

Similarly we can show that

Ao (). (Cud7?) = (0, (n +2)1, %(n +3)L . (2n— 1)1A),

Ao (Qm)u (@2 1) = (0,0,...,(2n — 1)!B). O

Let 4 be the commutator map U(n+ 1) AU(n+ 1) = U(n+ 1). Since U(0) is
an infinite loop space it is homotopy commutative. Therefore the Samelson product
(4,7) is null homotopic, implying that there is a lift

— QWi
/ l‘;

Un+1)AUn+1) —=U(n+1)
e

for some map ¥ such that 6 o5 ~ . By using the method in [5, Proposition 5.2],
similarly we have 4 so that

A (a2n42) = E T2i41 ® X541,
1+j=n

x N

A (a2n44a) = E T2i4+1 @ Toj41-
i+j=n+1

In the following, we bring an application that also by Hamanaka and Kono has been
studied in [7].
e n=23J.

As in [7, Lemma 2.1], we have the following lemma.

Lemma 5.3. In case n =3, the map \: [X,QW, 1] — H*"T3(X)® H*(X) @
@ H¥2(X) is monic.

By Lemma 5.2, ImAo (Qn), is generated by a; = (4!,35!) = 34lu; and ap =
(0,5!) = 5lug, where vy = (2,5),v3 = (0,1) € Im A and v; and vy generate Im A.
Therefore by Lemma 5.1 we get the following theorem.

Theorem 5.4. There is an isomorphism [X,U(4)] & Z120 @ Z12.

Let ¢1: XCP? — SU(3) the inclusion map and e : S5 — SU(3) is a generator of
m5(SU(3)) =2 Z. Also let ¢3 be the composition

ly: XCP? 24 85 Z4 SU(3),
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where ¢; is projection map. Let N be the subgroup of [X,U(4)] generated by io
(l1,e1) and i o (l,e1), where i: SU(3) — U(4) is the inclusion map. Note that
e1’(z3) =0, e1"(w5) = 2s1,
0 (x3) = o(t), 0 (x5) = a(t?),
62*(1‘3) = O, Zg*(a)‘5) = 20’(t2),
where s; and ¢ be the generators of H®(S°) and H?(CP?) respectively. Let M be the
subgroup generated by Yo (iofy Aioey)and o (ioly Aioey). So according to the
Lemma 5.1, N is isomorphic to M/ Im(Qr,). We show that

AFo(ioly Nioer)) =(2,2),
AFo(ioly Nioey)) = (0,4).
According to the definition of the map A, we have
AFo(iolyANioer))=((Fo(ioly Nioey)) (ag),(Fo(ioly Aioer))*(ap)-
The calculation of the first component is as follows:
(Yo (ioly Nioer)) (ag) = (ioly Nioer)" oy (as)
=(ioly Nioey)" (x5 @ x5)
= 01" (x3) @ 1" (x5) = 2ls10(),
the calculation of the second component is as follows:
(Fo(ioly Nioer)) (arp) = (ioly Nioer) o3 (arg)
=(ioly Nioey)" (x5 @ x5)
= 01" (w5) @ e1%(25) = 2!s10(?).

Therefore A(Yo (i ol Aioey)) = (2,2). Similarly we can show that A(yo (ioly Ado
1)) = (0,4). Therefore the subgroup M is generated by p1 = (2,2) and ps = (0,4),
since ‘é z ’ = 1, the subgroup M is also generated by 4p; + 3p2 = 4(2,5) and in =

(0,1), therefore we get the following lemma.
Lemma 5.5. N isomorphic to Zi20 @ Zs3.

Let P be the subgroup of [SCP?, SU(3)] generated by (¢1,e1) and (f2,e1), then
we get the following theorem.

Theorem 5.6. There is an isomorphism Py = Zyo0 ® Z3, where Z3 generated by
(401 4 3ls,e1) and Zyoo generated by &62,61).

6. The Samelson product (¢, ,, k.j,) when m <n

Let j,: SCP"~t — SU(n) be the canonical map. In this section, we will study the
order of the Samelson product (€., 5, k-jin): S*™ 1 AXCP"! — SU(n) when m < n.
This gives a lower bound on the order of the boundary map SU(n) % Q2™ 1SU(n)
which is important for determining the homotopy types of gauge groups. In the general
case, the calculation of the order of the Samelson product S?™~1 A XCP"~! — SU(n)
by use of unstable K-theory is not possible and is out of reach.
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Consider the fibre sequence

OU(00) 255 QW, 5 Un) 25 U(s0) =5 W

Applying the functor [X = X?"CP"~ 1] to (8), there is an exact sequence of groups:

X, QU (00)] T3 [X, QW] 25 U, (X) L5 [X, U(00)] 25 [X, W],

Since [X, U(c0)] = 0 we get the following exact sequence

Rox) L x,ow,) D5 U,(x) 0.
Therefore we have the following lemma.
Lemma 6.1. U, (X) = Coker(Q7')..
Define a homomorphism
N[ X, QW,] = H(X) e H*"P(X) @ --- @ H*" P 2(X)

by Ma) = (a*(az,), a*(azni2), - .., & (a2n+2m—2)), where a € [X,QW,] and as,,
A2n42;- -+ ,A2n+2m—2 are generators of H?"(QW,) = H?"F2(QW,) = ... =
H?"H2m=2(QW,,) = Z, respectively. We know K0(X = ¥?"CP" 1) = KO(CP" 1) is
a free abelian group generated by (,,®x, (@22, . .., @zt where (,, a generator
of K°(52™). We have the following lemma.

Lemma 6.2. Im X o (Qn'), is generated by By, Ba, ..., Bn_1 where
n! (n+1)! (n+m—1)!

A :((n—m)!’ (n—m+1)"""" (n—1) )
Ba = (A", (n+ )14y ... (n+m — 1)IA43"),

Brno1 =B, (n+1)!By,...,(n+m—1)!B3"),
where
Ay = chy,_p,(2?) = At By = ch,_, (2" ) = B//t"™™,
Ay = chy_py1(2?) = A/t By = chy_pppr (271 = Byt
Az = ch,, (%) = A3"t" Bz = ch,,_i(2" ') = Bs/t" L.
Proof. The proof is similar to the proof of Lemma 5.2. O

In the following we give some applications. As in [6, Lemma 2.1], we have the
following lemma.

Lemma 6.3. If m = 2, then the map \': [X,QW,] - H>**(X) o H"P2(X) @ --- @
H?2mH2m=2(X) s monic.

e n=3m=2.

Im A o (Qn'), is generated by

Bi=(3L34),  fa=(0,4),
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also M o ('), is generated by 451 — B2 = 24(1, 1), therefore we can deduce the fol-
lowing result:

Proposition 6.4. The order of the Samelson product S* AN SCP? — SU(3) is equal
to 24.

e n=4m=2.
Im A o (Qn'), is generated by

1 .1

also X o ('), is generated by 1581 — 53, + %53 = %5!(1, 1), therefore we can deduce
the following result:

Proposition 6.5. The order of the Samelson product S® A XCP? — SU(4) is equal
to %5!.

The previous two cases have also been studied in [6] and [4], respectively.

e n=>5m=2.
Im X\ o (Qn'), is generated by

1 1 1 5 3
= (=51, —6! = (=5!, —6! = (2.5!, =6! = (0,5.6!
61 (3' T )a 62 (2 192 )a 63 ( D) )7 64 ( s )a

also N o (Q'), is generated by (282 — £84) + (§8s — 2B1) = 5!(1,1), therefore we can
deduce the following result:

Proposition 6.6. The order of the Samelson product S* AN SCP* — SU(5) is equal
to 5!.
e n==6m=2.
Im X o (Q7'). is generated by
1.1 5 3 3. 15
Br=(

—6! =7 = (—¢p!. =17 = (=6!. —17!
9

Ba= (564, 37),  Bs = (0,12.7),

also N o (Qn'), is generated by (%53 — 3506, — ﬁﬁs) + (ﬁ@; — %52) = 171(1,1),
therefore we can deduce the following result:

Proposition 6.7. The order of the Samelson product S* N SCP°% — SU(6) is equal
to L7

Proof of Theorem 1.2. By Propositions 6.6 and 6.7 we conclude Theorem 1.2. O
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