
Homology, Homotopy and Applications, vol. 24(1), 2022, pp.55–70

THE HOMOTOPY TYPES OF SU(n)-GAUGE GROUPS OVER S2m
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Abstract
Let m and n be two positive integers such that m � n.

Denote by Pn,k the principal SU(n)-bundle over S2m with
Chern class cm(Pn,k) = (m− 1)!k and let Gk,m(SU(n)) be the
gauge group of Pn,k classified by kε′, where ε′ is a generator
of π2m(B(SU(n)) ∼= Z. In this article we partially classify the
homotopy types of Gk,m(SU(n)), by showing that if there is
a homotopy equivalence Gk,m(SU(n)) � Gk′,m(SU(n)) then in
case m is odd and m � 3, ( 2

(m−1)!p2, k) = ( 2
(m−1)!p2, k

′) and

in case m is even and m � 4, ( 1
2(m−1)!p2, k) = ( 1

2(m−1)!p2, k
′),

where p2 = (n+ 2)(n+ 1)n(n− 1) · · · (n−m+ 2). We study
the group [Σ2n

CPn−1, SU(n)]. Also we discuss the order of the
Samelson product S2m−1 ∧ ΣCPn−1 → SU(n) when m < n.

In memory of Professor Mohammad Ali Asadi-Golmankhaneh.

1. Introduction

Let G be a compact connected Lie group and let P → B be a principal G-bundle
over a connected finite CW -complex B. The gauge group G(P ) of P is the group
of G-equivariant automorphisms of P which fix B. Crabb and Sutherland [3] have
shown that if B and G are as above, then the number of homotopy types amongst
all the gauge groups of principal G-bundles over B is finite. This is in spite of the
fact that the number of isomorphism classes of principal G-bundles over B is often
infinite.

It has been a subject of recent interest to determine the precise number of homo-
topy types in special cases. Precise enumerations of the homotopy types have been
made in the following cases:
SU(2)-bundles over S4 [9]; SU(3)-bundles over S4 [6]; SU(5)-bundles over S4 when
localized at any prime p or rationally [15]; Sp(2)-bundles over S4 when localized at
any prime p or rationally [16]; Sp(3)-bundles over S4 when localised at an odd prime
[2]; G2-bundles over S

4 [11] and in a non-simply-connected case, SO(3)-bundles over
S4 [10]; SU(3)-bundles over S6 [7] and in the general case, SU(n)-bundles over S6

[14]; Sp(2)-bundles over S8 [8]; SU(4)-bundles over S8 [13].
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In [14], we gave a lower bound for the number of homotopy types of the gauge
groups of principal SU(n)-bundles over S6 and showed that if there is a homotopy
equivalence Gk � Gk′ then ((n− 1)n(n+ 1)(n+ 2), k) = ((n− 1)n(n+ 1)(n+ 2), k′).
In this paper, in general case, we study the classification of the homotopy types of
the gauge groups of principal SU(n)-bundles over S2m and we give a lower bound for
the number of homotopy types and do not prove the converse, which is realistically
out of reach. The method is the same as in [13, 14] but pushed to its limit, and so
is technically more demanding. The earlier papers avoided doing this as they were
equally concerned with proving the converse direction. For integers a and b let (a, b) be
the greatest common divisor of |a| and |b|, also p1 = (n+ 1)n(n− 1) · · · (n−m+ 3)
and p2 = (n+ 2)(n+ 1)n(n− 1) · · · (n−m+ 2). Let Pn,k be the principal SU(n)-
bundles over S2m with Chern class cm(Pn,k) = (m− 1)!k and Gk,m(SU(n)) be the
gauge group of Pn,k classified by kε′, where ε′ is a generator of π2m(B(SU(n)) ∼= Z.
We prove the following theorems.

Theorem 1.1. If there is a homotopy equivalence Gk,m(SU(n)) � Gk′,m(SU(n)) then
the following hold:
(a) if m is an odd integer and m � 3, then

(
2

(m− 1)!
p2, k) = (

2

(m− 1)!
p2, k

′),

(b) if m is an even integer and m � 4, then

(
1

2(m− 1)!
p2, k) = (

1

2(m− 1)!
p2, k

′).

Theorem 1.2. Let d be the order of the Samelson product S2m−1 ∧ ΣCPn−1 →
SU(n). Then the following hold:

d =

{
5! if n = 5,m = 2,
1
4!7! if n = 6,m = 2.

Remark 1.3. The result of gauge groups does not depend on the parity of n,
despite the proof needing to be broken into n odd and even cases.

Theorem 1.1 recovers the known case in [14] when m = 3.

2. Preliminaries

Let G be a compact connected Lie group and suppose that P → S2m is a principal
G-bundle classified by a map f : S2m → BG. Let Mapf (S

2m, BG) be the component
of the space of continuous unbased maps from S2m to BG which contains the map
f , similarly let Map∗f (S

2m, BG) be the space of pointed continuous maps from S2m

and BG which contains the map f . We know that there is a fibration

Map∗f (S
2m, BG)→Mapf (S

2m, BG)
ev−→ BG,

where the map ev is evaluation map at the basepoint of S2m. Let BGf be the classi-
fying space of Gf . By Atiyah–Bott [1], there is a homotopy equivalence

BGf �Mapf (S
2m, BG).
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The evaluation fibration therefore determines a homotopy fibration sequence

G
α−→Map∗f (S

2m, BG)→ BGf ev−→ BG.

It is well known that there is a homotopy equivalence Map∗f (S
2m, BG) �Map∗0(S

2m,

BG), we write Ω2m−1
0 G for Map∗0(S

2m, BG). Let εm,n : S
2m−1 → SU(n) be the rep-

resents the generator of π2m−1(SU(n)) and 1: SU(n)→ SU(n) is the identity map
on SU(n). For an H-space X, let k : X → X be the kth-power map. By [12] we have
the following lemma.

Lemma 2.1. The adjoint of the connecting map SU(n)
αk−→ Ω2m−1

0 SU(n) is homo-

topic to the Samelson product S2m−1 ∧ SU(n)
〈kεm,n,1〉−→ SU(n).

The linearity of the Samelson product implies that 〈kεm,n, 1〉 � k〈εm,n, 1〉. Taking
adjoints therefore implies the following.

Corollary 2.2. The connecting map αk satisfies αk � k ◦ α1.

By adjunction, we have

[Σ2n−(2m−1)
CP 2,Ω2m−1

0 SU(n)] ∼= [Σ2n
CP 2, SU(n)],

and applying the functor [Σ2n−(2m−1)
CP 2, ] to the map αk we get the following

map:

(αk)∗ : [Σ
2n−(2m−1)

CP 2, SU(n)]→ [Σ2n
CP 2, SU(n)]

a 	→ 〈a, kεm,n〉.
The organization of this article is as follows. In Section 3, in cases where n is an

odd integer and n � 3 and n is an even integer and n � 4, we first calculate [Σ2n
CP 2,

U(n+ 1)] and then, regarding [Σ2n
CP 2, SU(n)] as a subgroup of [Σ2n

CP 2, U(n+ 1)],
we study the group [Σ2n

CP 2, SU(n)]. In Section 4 we compute the order of the
cokernel of αk∗ and prove Theorem 1.1. In Section 5, we study the group [Σ2n

CPn−1,
SU(n)]. In Section 6, we study the order of the Samelson product S2m−1 ∧ΣCPn−1 →
SU(n) when m < n and prove Theorem 1.2.

3. The group [Σ2n
CP 2, SU(n)]

Put X = Σ2n
CP 2 � S2n+2 ∪η e

2n+4, where η is the generator of π2n+3(S
2n+2) ∼=

Z. We denote the infinite Stiefel manifold U(∞)/U(n) byWn and [X,U(n)] by Un(X).
By applying [X, ] to the fibration sequence

ΩU(∞)
Ωp−→ ΩWn

δ−→ U(n)
j−→ U(∞)

p−→Wn,

we obtain the exact sequence

K̃0(X)
(Ωp)∗−→ [X,ΩWn]

δ∗−→ Un(X)
j∗−→ K̃1(X)

p∗−→ [X,Wn],

where K̃0(X) ∼= [X,ΩU(∞)] and K̃1(X) ∼= [X,U(∞)]. Since K̃1(X) = 0 thus we get
the following exact sequence:

K̃0(X)
(Ωp)∗−→ [X,ΩWn]

δ∗−→ Un(X)→ 0.

Therefore for group U(n+ 1) we get the following lemma.
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Lemma 3.1. The group [X,U(n+ 1)] is isomorphic to Coker(Ωp)∗.

It is well known that the cohomology of BU(∞) as an algebra is given by

H∗(BU(∞)) = Z[c1, c2, . . .],

where ci is the universal i-th Chern class and

H∗(U(∞)) = Λ(x1, x3, . . .), x2i−1 = σ(ci),

where σ is the cohomology suspension. The cohomology of Wn is given by

H∗(Wn) = Λ(x̄2n+1, x̄2n+3, . . .), p∗(x̄2i−1) = x2i−1 ∈ H∗(U(∞)).

We know that when n is even then

Wn+1 � S2n+3 ∪η′ e
2n+5 ∪ e2n+7 ∪ e2n+9 ∪ · · · ,

where η′ is the generator of π2n+4(S
2n+3) and

ΩWn+1 � S2n+2 ∪ e2n+4 ∪ e2n+6 ∪ e2n+8 ∪ · · · .
Note that when n is odd then

Wn+1 � (S2n+3 ∨ S2n+5) ∪ e2n+7 ∪ e2n+9 ∪ · · · .
Let a2n+2 and a2n+4 be generators of H2n+2(ΩWn+1) ∼= Z and H2n+4(ΩWn+1) ∼= Z

respectively and α ∈ [X,ΩWn+1]. We define a homomorphism

λ : [X,ΩWn+1]→ H2n+2(X)⊕H2n+4(X)

by λ(α) = (α∗(a2n+2), α
∗(a2n+4)).

Case one: If n is an odd integer and n � 3.

Since Wn+1 is (2n+ 2)-connected, for i � 2n+ 2 we have πi(Wn+1) = 0. By the

homotopy sequence of the fibration U(n+ 1)
j−→ U(∞)

p−→Wn+1 we have

π2n+3(Wn+1) ∼= Z, π2n+4(Wn+1) ∼=
{

0 if n is even,
Z/2Z if n is odd.

As in [14, Lemma 3.2], we have the following lemma.

Lemma 3.2. The map of λ : [X,ΩWn+1]→ H2n+2(X)⊕H2n+4(X) is monic and
Imλ = {(a, b) | a ≡ 0 mod 2}.

Put u1 = (2, n+ 2) and u2 = (0, 1), then u1, u2 ∈ Imλ and generate Imλ. The
following lemma was proved in [14, Lemma 3.3].

Lemma 3.3. Imλ ◦ (Ωp)∗ is generated by 1
2 (n+ 1)!u1 and (n+ 2)!u2.

Therefore according to the Lemmas 3.1 and 3.3 we get the following theorem.

Theorem 3.4. The group [X,U(n+ 1)] is isomorphic to Z 1
2 (n+1)! ⊕ Z(n+2)!.

Since we can consider the group [X,SU(n)] as a subgroup of [X,U(n+ 1)], we will
study the group [X,SU(n)].
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Consider the map αk : SU(n)→ Ω2m−1
0 SU(n). By adjunction we have

[Σ2n−2m+1
CP 2,Ω2m−1

0 SU(n)] ∼= [Σ2n
CP 2, SU(n)].

Applying the functor [Σ2n−2m+1
CP 2, ] to the map αk gives

(αk)∗ : [Σ
2n−2m+1

CP 2, SU(n)]→ [Σ2n
CP 2, SU(n)]

a 	→ 〈a, kεm,n〉.
Recall that H∗(CP 2) = Z[t]/(t3), where |t| = 2 and K(CP 2) = Z[x]/(x3). Let ζn a
generator of K̃0(S2n). According to the map αk∗ we have

[Σ2n−2m+1
CP 2, SU(n)] = K̃0(Σ2(n−m)+2

CP 2) = Z〈ζn−m+1⊗̂x, ζn−m+1⊗̂x2〉,
where Z〈a, b〉 denote the free abelian group generated by a and b. LetH1

m,n be the sub-
group of [X,U(n+ 1)] generated by i ◦ 〈	1, εm,n〉 and i ◦ 〈	2, εm,n〉, where i : SU(n)→
U(n+ 1) is the inclusion, 	1 is the adjoint of ζn−m+1 ⊗ x and 	2 is the adjoint of
ζn−m+1 ⊗ x2. Let γ be the commutator map U(n+ 1) ∧ U(n+ 1)→ U(n+ 1). Since
U(∞) is an infinite loop space it is homotopy commutative. Therefore γ composed
to U(∞) is null homotopic, implying that there is a lift γ̃ : U(n+ 1) ∧ U(n+ 1)→
ΩWn+1 such that δ ◦ γ̃ � γ.

Let H2
m,n be the subgroup of [X,ΩWn+1] generated by γ̃(i ◦ 	1 ∧ i ◦ εm,n) and

γ̃(i ◦ 	2 ∧ i ◦ εm,n). Then by Lemma 3.1 we have H1
m,n

∼= H2
m,n/(Im (Ωp)∗ ∩H2

m,n).
By using the method in [5] we have

γ̃∗(a2n+2) =
∑

i+j=n

x2i+1 ⊗ x2j+1, γ̃∗(a2n+4) =
∑

i+j=n+1

x2i+1 ⊗ x2j+1.

Note that

cn−m+2(ζn−m+1 ⊗ x) = (n−m+ 1)!σ2n−2m+2t,

cn−m+3(ζn−m+1 ⊗ x) =
1

2
(n−m+ 2)!σ2n−2m+2t2,

cn−m+2(ζn−m+1 ⊗ x2) = 0,

cn−m+3(ζn−m+1 ⊗ x2) = (n−m+ 2)!σ2n−2m+2t2.

Let s be a generator of H2m−1(S2m−1). We have

(γ̃(i ◦ 	1 ∧ i ◦ εm,n))
∗(a2n+2) = (i ◦ 	1 ∧ i ◦ εm,n)

∗(γ̃)∗(a2n+2)

= (i ◦ 	1 ∧ i ◦ εm,n)
∗(x2m−1 ⊗ x2n−2m+3)

= (m− 1)!s(n−m+ 1)!σ2n−2m+2t,

and also

(γ̃(i ◦ 	1 ∧ i ◦ εm,n))
∗(a2n+4) = (i ◦ 	1 ∧ i ◦ εm,n)

∗(γ̃)∗(a2n+4)

= (i ◦ 	1 ∧ i ◦ εm,n)
∗(x2m−1 ⊗ x2n−2m+5))

=
1

2
(m− 1)!s(n−m+ 2)!σ2n−2m+2t2.

Therefore according to the map of λ we have

λ(γ̃(i ◦ 	1 ∧ i ◦ εm,n)) = ((m− 1)!(n−m+ 1)!,
1

2
(m− 1)!(n−m+ 2)!).
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Similarly we can show that

λ(γ̃(i ◦ 	2 ∧ i ◦ εm,n)) = (0, (m− 1)!(n−m+ 2)!).

Therefore H2
m,n is generated by

α = ((m− 1)!(n−m+ 1)!,
1

2
(m− 1)!(n−m+ 2)!),

β = (0, (m− 1)!(n−m+ 2)!).

We recall p1 = (n+ 1)n(n− 1) · · · (n−m+ 3) and p2 = (n+ 2)(n+ 1)n(n− 1) · · ·
(n−m+ 2), we have the following proposition.

Proposition 3.5. Let n be odd and n � 3. Then the following hold:
(a) if m is odd and m � 3, then there is a isomorphism

H1
m,n

∼= Z 1
2(m−1)!

p1
⊕ Z 2

(m−1)!
p2
,

(b) if m is even and m � 4, then there is a isomorphism

H1
m,n

∼= Z 2
(m−1)!

p1
⊕ Z 1

2(m−1)!
p2
.

Proof. For part (a), since
∣∣∣ 2(n−m+2) m

0 1
2(n−m+2)

∣∣∣ = 1, the subgroup H2
m,n is also gener-

ated by 2(n−m+ 2)α+mβ = (m− 1)!(n−m+ 2)!u1 and 1
2(n−m+2)β = 1

2 (m− 1)!

(n−m+ 1)!u2. Thus

H1
m,n

∼= 〈(m− 1)!(n−m+ 2)!u1,
1
2 (m− 1)!(n−m+ 1)!u2〉

〈 12 (n+ 1)!u1, (n+ 2)!u2〉
∼= Z 1

2(m−1)!
p1
⊕ Z 2

(m−1)!
p2
.

For part (b), since
∣∣∣ 1

2 (n−m+2) 1
4m

0 2
(n−m+2)

∣∣∣ = 1, the subgroup H2
m,n is also generated by

1
2 (n−m+ 2)α+ 1

4mβ = 1
4 (m− 1)!(n−m+ 2)!u1 and 2

(n−m+2)β = 2(m− 1)!(n−
m+ 1)!u2. Thus

H1
m,n

∼= Z 2
(m−1)!

p1
⊕ Z 1

2(m−1)!
p2
.

Case two: If n is an even integer and n � 4.

Similarly we define a homomorphism

λ′ : [X,ΩWn+1]→ H2n+2(X)⊕H2n+4(X),

by λ′(α) = (α∗(a2n+2), α
∗(a2n+4)). As in [6, Lemma 2.1], we have the following

lemma.

Lemma 3.6. The map of λ′ : [X,ΩWn+1]→ H2n+2(X)⊕H2n+4(X) is monic and
Imλ′ = {(a, b) | a ≡ b mod 2}.

The following lemma was proved in [6, Lemma 2.2].

Lemma 3.7. Imλ′ ◦ (Ωπ)∗ is generated by ((n+ 1)!, 1
2 (n+ 2)!) and (0, (n+ 2)!).
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We have the following theorem that was proved in [6, Theorem 2.4].

Theorem 3.8. The following holds.

(a) if n+ 1 ≡ 1 mod 4, then [X,U(n+ 1)] ∼= Z/ 1
2 (n+ 2)!⊕ Z/(n+ 1)!,

(b) if n+ 1 ≡ 3 mod 4, then [X,U(n+ 1)] ∼= Z/(n+ 2)!⊕ Z/ 1
2 (n+ 1)!.

In what follows we study the group [X,SU(n)].

If n+ 1 ≡ 1 (mod 4), we put u1 = (0, 2) and u2 = (1, 1
2 (n+ 2)). Then u1, u2 ∈

Imλ′ and are generators of Imλ′. Similarly letH ′1
m,n be the subgroup of [X,U(n+ 1)]

generated by i ◦ 〈	1, εm,n〉 and i ◦ 〈	2, εm,n〉. Let H ′2
m,n be the subgroup generated by

γ̃(i ◦ 	1 ∧ i ◦ εm,n) and γ̃(i ◦ 	2 ∧ i ◦ εm,n). Arguing as for Proposition 3.5, by defini-
tion of λ′

λ′(γ̃(i ◦ 	1 ∧ i ◦ εm,n)) = ((m− 1)!(n−m+ 1)!, 1
2 (m− 1)!(n−m+ 2)!),

λ′(γ̃(i ◦ 	2 ∧ i ◦ εm,n)) = (0, (m− 1)!(n−m+ 2)!).

Therefore H ′2
m,n generated by

α = ((m− 1)!(n−m+ 1)!,
1

2
(m− 1)!(n−m+ 2)!),

β = (0, (m− 1)!(n−m+ 2)!).

We have the following proposition.

Proposition 3.9. Let n be even and n � 4. Then the following hold:
(a) if m is odd and m � 3, then there is a isomorphism

H ′1
m,n

∼= Z 2
(m−1)!

p2
⊕ Z 1

2(m−1)!
p1
,

(b) if m is even and m � 4, then there is a isomorphism

H ′1
m,n

∼= Z 1
2(m−1)!

p2
⊕ Z 2

(m−1)!
p1
.

Proof. For part (a), since
∣∣∣ 2(n−m+2) m

0 1
2(n−m+2)

∣∣∣ = 1, the subgroup H ′2
m,n is also gen-

erated by 2(n−m+ 2)α+mβ = 2(m− 1)!(n−m+ 2)!u2 and 1
2(n−m+2)β = 1

4 (m−
1)!(n−m+ 1)!u1. Thus

H ′1
m,n

∼= 〈 14 (m− 1)!(n−m+ 1)!u1, 2(m− 1)!(n−m+ 2)!u2〉
〈 12 (n+ 2)!u1, (n+ 1)!u2〉

∼= Z 2
(m−1)!

p2
⊕ Z 1

2(m−1)!
p1
.

For part (b), since
∣∣∣ 1

2 (n−m+2) 1
4m

0 2
(n−m+2)

∣∣∣ = 1, the subgroup H ′2
m,n is also generated

by 1
2 (n−m+ 2)α+ 1

4mβ = 1
2 (m− 1)!(n−m+ 2)!u2 and 2

(n−m+2)β = (m− 1)!(n−
m+ 1)!u1. Thus

H ′1
m,n

∼= Z 1
2(m−1)!

p2
⊕ Z 2

(m−1)!
p1
.
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Similarly when n+ 1 ≡ 3 (mod 4), we can show that H ′2
m,n is generated by α =

((m− 1)!(n−m+ 1)!, 1
2 (m− 1)!(n−m+ 2)!) and β = (0, (m− 1)!(n−m+ 2)!),

therefore if m is odd and m � 3, then H ′1
m,n is also isomorphic to

Z 2
(m−1)!

p2
⊕ Z 1

2(m−1)!
p1
,

and if m is even and m � 4, then H ′1
m,n is also isomorphic to

Z 1
2(m−1)!

p2
⊕ Z 2

(m−1)!
p1
.

The following lemma was proved in [14, Lemma 3.10].

Lemma 3.10. The map i∗ : [X,SU(n)]→ [X,U(n+ 1)] is a monomorphism.

Let Jm,n be the subgroup of [X,SU(n)] generated by 〈	1, εm,n〉 and 〈	2, εm,n〉,
then we have the following theorem.

Theorem 3.11. There is an isomorphism

Jm,n
∼=

{
Z 1

2(m−1)!
p1
⊕ Z 2

(m−1)!
p2

if m is an odd and m � 3,

Z 2
(m−1)!

p1
⊕ Z 1

2(m−1)!
p2

if m is an even and m � 4,

where Z 1
2(m−1)!

p1
is generated by 〈2(n−m+ 2)	1 +m	2, εm,n〉 and Z 2

(m−1)!
p2

is

generated by 〈 1
2(n−m+2)	2, εm,n〉. Also Z 2

(m−1)!
p1

is generated by 〈 12 (n−m+ 2)	1 +
1
4m	2, εm,n〉 and Z 1

2(m−1)!
p2

is generated by 〈 2
(n−m+2)	2, εm,n〉.

Proof. By definition of Jm,n and H1
m,n we have i∗(Jm,n) = H1

m,n. By Lemma 3.10,
the map i∗ is a monomorphism so i∗ send Jm,n isomorphically onto H1

m,n. When n
is odd the statement follows from Proposition 3.5 and when n is even the statement
follows from Proposition 3.9.

4. Proof of Theorem 1.1

Consider the homotopy fibration sequence

Gk,m(SU(n))→ SU(n)
αk−→ Ω2m−1

0 SU(n)→ BGk,m(SU(n))
ev−→ BSU(n).

Applying the functor [Σ2n−2m+1
CP 2, ], we get the following exact sequence:

[Σ2n−2m+1
CP 2,Gk,m(SU(n))]

(Ωev)∗−→ [Σ2n−2m+1
CP 2, SU(n)]

(αk)∗−→ [X,SU(n)]

−→ [Σ2n−2m+1
CP 2, BGk,m(SU(n))]

−→ [Σ2n−2m+1
CP 2, BSU(n)].

Since [Σ2n−2m+1
CP 2, BSU(n)] ∼= K̃0(Σ2n−2m+1

CP 2) = 0, exactness implies that

[Σ2n−2m+1
CP 2, BGk,m(SU(n))] ∼= Coker(αk)∗.

We know that [Σ2n−2m+1
CP 2, SU(n)] is generated by 	1 and 	2. Equivalently, if m is

an odd andm � 3 then [Σ2n−2m+1
CP 2, SU(n)] is generated by 2(n−m+ 2)	1 +m	2

and 1
2(n−m+2)	2 and if m is an even and m � 4, is generated by 1

2 (n−m+ 2)	1 +
1
4m	2 and

2
(n−m+2)	2. By definitions of αk and Jm,n, the image of (αk)∗ is Jm,n. Write
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|G| for the order of a group G. If A is the order of [X,SU(n)], then by exactness of
the sequence we have∣∣[Σ2n−7

CP 2, BGk,m(SU(n))]
∣∣ = ∣∣Coker(αk)∗

∣∣

=

⎧⎪⎪⎨
⎪⎪⎩

A

( 1
2(m−1)!p1, k)(

2
(m−1)!p2, k)

if m is an odd and m � 3,

A

( 2
(m−1)!p1, k)(

1
2(m−1)!p2, k)

if m is an even and m � 4.

Now suppose that Gk,m(SU(n)) � Gk′,m(SU(n)). Then there is an isomorphism of
groups

[Σ2n−2m+1
CP 2, BGk,m(SU(n))] ∼= [Σ2n−2m+1

CP 2, BGk′,m(SU(n))],

thus
∣∣[Σ2n−2m+1

CP 2, BGk,m]
∣∣ = ∣∣[Σ2n−2m+1

CP 2, BGk′,m]
∣∣. That is, if m is an odd

and m � 3 then

A

( 1
2(m−1)!p1, k)(

2
(m−1)!p2, k)

=
A

( 1
2(m−1)!p1, k

′)( 2
(m−1)!p2, k

′)
,

and if m is an even and m � 4 then

A

( 2
(m−1)!p1, k)(

1
2(m−1)!p2, k)

=
A

( 2
(m−1)!p1, k

′)( 1
2(m−1)!p2, k

′)
.

Therefore if Gk,m(SU(n)) � Gk′,m(SU(n)) in case m is an odd and m � 3, we get the
equation

(
1

2(m− 1)!
p1, k)(

2

(m− 1)!
p2, k) = (

1

2(m− 1)!
p1, k

′)(
2

(m− 1)!
p2, k

′),

note that p2 = (n+ 2)p1(n−m+ 2). We need to show that ( 2
(m−1)!p2, k) =

( 2
(m−1)!p2, k

′). It suffices to prove it after p-localization for all primes p. For any

number m and prime p, the p-component of m is the power pr such that pr divides
m but pr+1 does not. So we may assume k = pr and k′ = ps for some non-negative
numbers r and s. Denote the p-components of p1/2(m− 1)! and 2p2/(m− 1)! by pa

and pb respectively. Then the equation (5) says the following relation

min{pa, pr} ×min{pb, pr} = min{pa, ps} ×min{pb, ps}. (∗)
We need to show that min{pb, pr} = min{pb, ps} (∗∗). Relabeling if necessary, we may
assume a � b and r � s. Then there are 6 cases:

1. a � b � r � s,

2. a � r � b � s,

3. a � r � s � b,

4. r � a � b � s,

5. r � a � s � b,

6. r � s � a � b.

Except for cases 4 and 5, the relation (∗) implies (∗∗) directly. For case 4, the relation
(∗) implies 2r = a+ b. It follows that r = a = b, otherwise 2r < a+ b = 2r leading
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to contradiction. So min{pb, pr} = pb = min{pb, ps}. For case 5 we can use a similar
argument to show (∗∗). Similarly in case m is an even and m � 4, we can conclude
that ( 1

2(m−1)!p2, k) = ( 1
2(m−1)!p2, k

′).

5. Calculation of [Σ2n
CP n−1, SU(n)]

In this section, we will study the group [Σ2n
CPn−1, SU(n)]. Consider the fibre

sequence

ΩU(∞)
Ωπ−→ ΩWn+1

δ−→ U(n+ 1)
j−→ U(∞)

π−→Wn+1.

Applying the functor [X = Σ2n
CPn−1, ] to (6), there is an exact sequence of groups:

[X,ΩU(∞)]
(Ωπ)∗−→ [X,ΩWn+1]

δ∗−→ Un+1(X)
j∗−→ [X,U(∞)]

π∗−→ [X,Wn+1].

Since Σ2n+1
CPn−1 is a CW-complex consisting only of odd dimensional cells, there-

fore we have

[Σ2n
CPn−1, U(∞)] ∼= [Σ2n+1

CPn−1, BU(∞)] ∼= K̃0(Σ2n+1
CPn−1) ∼= 0,

therefore [X,U(∞)] = 0 and we get the following exact sequence

K̃0(X)
(Ωπ)∗−→ [X,ΩWn+1]

δ∗−→ Un+1(X)→ 0.

Therefore we have the following lemma.

Lemma 5.1. Un+1(X) ∼= Coker(Ωπ)∗.

Define a homomorphism

λ : [X,ΩWn+1]→ H2n+2(X)⊕H2n+4(X)⊕ · · · ⊕H4n−2(X)

by λ(α) = (α∗(a2n+2), α
∗(a2n+4), . . . , α

∗(a4n−2)), where α ∈ [X, ΩWn+1] and a2n+2,
a2n+4, . . . , a4n−2 are generators of H2n+2(ΩWn+1) ∼= H2n+4(ΩWn+1) ∼= · · · ∼=
H4n−2(ΩWn+1) ∼= Z, respectively.

Recall thatH∗(CPn−1)=Z[t]/(tn), where |t| = n− 1 andK(CPn−1) = Z[x]/(xn).
Note that K̃0(X = Σ2n

CPn−1) ∼= K̃0(CPn−1) is a free abelian group generated by
ζn⊗̂x, ζn⊗̂x2, . . . , ζn⊗̂xn−1, where ζn a generator of K̃0(S2n). We have

chx = t+
1

2!
t2 +

1

3!
t3 + · · ·+ 1

(n− 1)!
tn−1,

chx2 = t2 +
1

2!
t3 + · · ·+A,

...

chxn−1 = B,

where

A = chn−1(x
2) =

∑
i+j=n−1,

1�i�[n−1
2 ]

chi x chj x =

[n−1
2 ]∑

k=1

1

k!(n− k − 1)!
tn−1 = A′tn−1,
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chn(x
n) = ch1 x

∑
i1+···+in−1=n−1,
0�i1�i2�···�in−1

chi1 x
i1 · · · chin−1

xin−1

+ ch2 x
2

∑
i1+···+ik=n−2,k=[n−2

2 ],
2�i1�i2�···�ik

chi1 x
i1 · · · chik xik

+ ch3 x
3

∑
i1+···+ik=n−3,k=[n−3

3 ],
3�i1�i2�···�ik

chi1 x
i1 · · · chik xik + · · ·

+ chk x
k

∑
i1=n−k,k=[n2 ]

chi1 x
i1 ,

and B = chn−1(x
n−1) = B′tn−1. We have the following lemma.

Lemma 5.2. Imλ ◦ (Ωπ)∗ is generated by α1, α2, . . . , αn−1 where

α1 = ((n+ 1)!,
1

2
(n+ 2)!, . . . ,

1

(n− 1)!
(2n− 1)!),

α2 = (0, (n+ 2)!,
1

2
(n+ 3)!, . . . , (2n− 1)!A′),

...

αn−1 = (0, 0, 0, . . . , (2n− 1)!B′).

Proof. According to the definition of the map λ, we have

λ ◦ (Ωπ)∗(ζn⊗̂x) = ((Ωπ ◦ (ζn⊗̂x))∗(a2n+2), (Ωπ ◦ (ζn⊗̂x))∗(a2n+4), . . . ,

(Ωπ ◦ (ζn⊗̂x))∗(a4n−2)).

The calculation of the first component is as follows

(Ωπ ◦ (ζn⊗̂x))∗(a2n+2) = a2n+2 ◦ Ωπ(ζn⊗̂x)
= (n+ 1)! chn+1(ζn⊗̂x)
= (n+ 1)!σ2nt,

the calculation the second component is as follows

(Ωπ ◦ (ζn⊗̂x))∗(a2n+4) = a2n+4 ◦ Ωπ(ζn⊗̂x)
= (n+ 2)! chn+2(ζn⊗̂x)
=

1

2
(n+ 2)!σ2nt2

and the calculation the last component is as follows

(Ωπ ◦ (ζn⊗̂x))∗(a4n−2) = a4n−2 ◦ Ωπ(ζn⊗̂x)
= (2n− 1)! ch2n−1(ζn⊗̂x)
=

1

(n− 1)!
(2n− 1)!σ2ntn−1.
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Therefore

λ ◦ (Ωπ)∗(ζn⊗̂x) = ((n+ 1)!,
1

2
(n+ 2)!, . . . ,

1

(n− 1)!
(2n− 1)!).

Similarly we can show that

λ ◦ (Ωπ)∗(ζn⊗̂x2) = (0, (n+ 2)!,
1

2
(n+ 3)!, . . . , (2n− 1)!A′),

...

λ ◦ (Ωπ)∗(ζn⊗̂xn−1) = (0, 0, . . . , (2n− 1)!B′).

Let γ be the commutator map U(n+ 1) ∧ U(n+ 1)→ U(n+ 1). Since U(∞) is
an infinite loop space it is homotopy commutative. Therefore the Samelson product
〈j, j〉 is null homotopic, implying that there is a lift

ΩWn+1

δ

��
U(n+ 1) ∧ U(n+ 1)

γ̃
��

γ �� U(n+ 1)

j

��
U(∞)

for some map γ̃ such that δ ◦ γ̃ � γ. By using the method in [5, Proposition 5.2],
similarly we have γ̃ so that

γ̃∗(a2n+2) =
∑

i+j=n

x2i+1 ⊗ x2j+1,

γ̃∗(a2n+4) =
∑

i+j=n+1

x2i+1 ⊗ x2j+1.

In the following, we bring an application that also by Hamanaka and Kono has been
studied in [7].

• n = 3.

As in [7, Lemma 2.1], we have the following lemma.

Lemma 5.3. In case n = 3, the map λ : [X,ΩWn+1]→ H2n+2(X)⊕H2n+4(X)⊕
· · · ⊕H4n−2(X) is monic.

By Lemma 5.2, Imλ ◦ (Ωπ)∗ is generated by α1 = (4!, 1
25!) =

1
24!υ1 and α2 =

(0, 5!) = 5!υ2, where υ1 = (2, 5), υ2 = (0, 1) ∈ Imλ and υ1 and υ2 generate Imλ.
Therefore by Lemma 5.1 we get the following theorem.

Theorem 5.4. There is an isomorphism [X,U(4)] ∼= Z120 ⊕ Z12.

Let 	1 : ΣCP
2 ↪→ SU(3) the inclusion map and ε1 : S

5 −→ SU(3) is a generator of
π5(SU(3)) ∼= Z. Also let 	2 be the composition

	2 : ΣCP
2 q1−→ S5 ε1−→ SU(3),
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where q1 is projection map. Let N be the subgroup of [X,U(4)] generated by i ◦
〈	1, ε1〉 and i ◦ 〈	2, ε1〉, where i : SU(3)→ U(4) is the inclusion map. Note that

ε1
∗(x3) = 0, ε1

∗(x5) = 2s1,

	1
∗(x3) = σ(t), 	1

∗(x5) = σ(t2),

	2
∗(x3) = 0, 	2

∗(x5) = 2σ(t2),

where s1 and t be the generators of H5(S5) and H2(CP 2) respectively. Let M be the
subgroup generated by γ̃ ◦ (i ◦ 	1 ∧ i ◦ ε1) and γ̃ ◦ (i ◦ 	2 ∧ i ◦ ε1). So according to the
Lemma 5.1, N is isomorphic to M/ Im(Ωπ∗). We show that

λ(γ̃ ◦ (i ◦ 	1 ∧ i ◦ ε1)) = (2, 2),

λ(γ̃ ◦ (i ◦ 	2 ∧ i ◦ ε1)) = (0, 4).

According to the definition of the map λ, we have

λ(γ̃ ◦ (i ◦ 	1 ∧ i ◦ ε1)) = ((γ̃ ◦ (i ◦ 	1 ∧ i ◦ ε1))∗(a8), (γ̃ ◦ (i ◦ 	1 ∧ i ◦ ε1))∗(a10).
The calculation of the first component is as follows:

(γ̃ ◦ (i ◦ 	1 ∧ i ◦ ε1))∗(a8) = (i ◦ 	1 ∧ i ◦ ε1)∗ ◦ γ̃∗(a8)
= (i ◦ 	1 ∧ i ◦ ε1)∗(x3 ⊗ x5)

= 	1
∗(x3)⊗ ε1

∗(x5) = 2!s1σ(t),

the calculation of the second component is as follows:

(γ̃ ◦ (i ◦ 	1 ∧ i ◦ ε1))∗(a10) = (i ◦ 	1 ∧ i ◦ ε1)∗ ◦ γ̃∗(a10)
= (i ◦ 	1 ∧ i ◦ ε1)∗(x5 ⊗ x5)

= 	1
∗(x5)⊗ ε1

∗(x5) = 2!s1σ(t
2).

Therefore λ(γ̃ ◦ (i ◦ 	1 ∧ i ◦ ε1)) = (2, 2). Similarly we can show that λ(γ̃ ◦ (i ◦ 	2 ∧ i ◦
ε1)) = (0, 4). Therefore the subgroup M is generated by ρ1 = (2, 2) and ρ2 = (0, 4),

since
∣∣∣ 4 3
0 1

4

∣∣∣ = 1, the subgroup M is also generated by 4ρ1 + 3ρ2 = 4(2, 5) and 1
4ρ2 =

(0, 1), therefore we get the following lemma.

Lemma 5.5. N isomorphic to Z120 ⊕ Z3.

Let P1 be the subgroup of [Σ6
CP 2, SU(3)] generated by 〈	1, ε1〉 and 〈	2, ε1〉, then

we get the following theorem.

Theorem 5.6. There is an isomorphism P1
∼= Z120 ⊕ Z3, where Z3 generated by

〈4	1 + 3	2, ε1〉 and Z120 generated by 〈 14	2, ε1〉.

6. The Samelson product 〈εm,n, k.jn〉 when m < n

Let jn : ΣCP
n−1 → SU(n) be the canonical map. In this section, we will study the

order of the Samelson product 〈εm,n, k.jn〉 : S2m−1 ∧ ΣCPn−1 → SU(n) whenm < n.

This gives a lower bound on the order of the boundary map SU(n)
αk−→ Ω2m−1

0 SU(n)
which is important for determining the homotopy types of gauge groups. In the general
case, the calculation of the order of the Samelson product S2m−1 ∧ ΣCPn−1 → SU(n)
by use of unstable K-theory is not possible and is out of reach.
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Consider the fibre sequence

ΩU(∞)
Ωπ′−→ ΩWn

δ′−→ U(n)
j′−→ U(∞)

π′−→Wn.

Applying the functor [X = Σ2m
CPn−1, ] to (8), there is an exact sequence of groups:

[X,ΩU(∞)]
(Ωπ′)∗−→ [X,ΩWn]

δ′∗−→ Un(X)
j′∗−→ [X,U(∞)]

π′∗−→ [X,Wn].

Since [X,U(∞)] = 0 we get the following exact sequence

K̃0(X)
(Ωπ′)∗−→ [X,ΩWn]

δ′∗−→ Un(X)→ 0.

Therefore we have the following lemma.

Lemma 6.1. Un(X) ∼= Coker(Ωπ′)∗.

Define a homomorphism

λ′ : [X,ΩWn]→ H2n(X)⊕H2n+2(X)⊕ · · · ⊕H2n+2m−2(X)

by λ(α) = (α∗(a2n), α∗(a2n+2), . . . , α
∗(a2n+2m−2)), where α ∈ [X,ΩWn] and a2n,

a2n+2, . . . , a2n+2m−2 are generators of H2n(ΩWn) ∼= H2n+2(ΩWn) ∼= · · · ∼=
H2n+2m−2(ΩWn) ∼= Z, respectively. We know K̃0(X = Σ2m

CPn−1) ∼= K̃0(CPn−1) is
a free abelian group generated by ζm⊗̂x, ζm⊗̂x2, . . . , ζm⊗̂xn−1, where ζm a generator
of K̃0(S2m). We have the following lemma.

Lemma 6.2. Imλ′ ◦ (Ωπ′)∗ is generated by β1, β2, . . . , βn−1 where

β1 = (
n!

(n−m)!
,

(n+ 1)!

(n−m+ 1)!
, . . . ,

(n+m− 1)!

(n− 1)!
),

β2 = (n!A1
′, (n+ 1)!A2

′, . . . , (n+m− 1)!A3
′),

...

βn−1 = (n!B1
′, (n+ 1)!B2

′, . . . , (n+m− 1)!B3
′),

where

A1 = chn−m(x2) = A1
′tn−m, B1 = chn−m(xn−1) = B1

′tn−m,

A2 = chn−m+1(x
2) = A2

′tn−m+1, B2 = chn−m+1(x
n−1) = B2

′tn−m+1,

A3 = chn−1(x
2) = A3

′tn−1, B3 = chn−1(x
n−1) = B3

′tn−1.

Proof. The proof is similar to the proof of Lemma 5.2.

In the following we give some applications. As in [6, Lemma 2.1], we have the
following lemma.

Lemma 6.3. If m = 2, then the map λ′ : [X,ΩWn]→ H2n(X)⊕H2n+2(X)⊕ · · · ⊕
H2n+2m−2(X) is monic.

• n = 3,m = 2.

Imλ′ ◦ (Ωπ′)∗ is generated by

β1 = (3!,
1

2
4!), β2 = (0, 4!),
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also λ′ ◦ (Ωπ′)∗ is generated by 4β1 − β2 = 24(1, 1), therefore we can deduce the fol-
lowing result:

Proposition 6.4. The order of the Samelson product S3 ∧ ΣCP 2 → SU(3) is equal
to 24.

• n = 4,m = 2.

Imλ′ ◦ (Ωπ′)∗ is generated by

β1 = (
1

2
4!,

1

3!
5!), β2 = (4!,

1

2
5!), β3 = (0, 2.5!)

also λ′ ◦ (Ωπ′)∗ is generated by 15β1 − 5β2 +
1
4β3 = 1

25!(1, 1), therefore we can deduce
the following result:

Proposition 6.5. The order of the Samelson product S3 ∧ ΣCP 3 → SU(4) is equal
to 1

25!.

The previous two cases have also been studied in [6] and [4], respectively.

• n = 5,m = 2.

Imλ′ ◦ (Ωπ′)∗ is generated by

β1 = (
1

3!
5!,

1

4!
6!), β2 = (

1

2
5!,

5

12
6!), β3 = (2.5!,

3

2
6!), β4 = (0, 5.6!),

also λ′ ◦ (Ωπ′)∗ is generated by (2β2 − 1
6β4) + ( 16β3 − 2β1) = 5!(1, 1), therefore we can

deduce the following result:

Proposition 6.6. The order of the Samelson product S3 ∧ ΣCP 4 → SU(5) is equal
to 5!.

• n = 6,m = 2.

Imλ′ ◦ (Ωπ′)∗ is generated by

β1 = (
1

4!
6!,

1

5!
7!), β2 = (

5

12
6!,

3

4!
7!), β3 = (

3

2
6!,

15

12
7!),

β4 = (5.6!,
9

2
7!), β5 = (0, 12.7!),

also λ′ ◦ (Ωπ′)∗ is generated by ( 76β3 − 35β1 − 7
3.4!β5) + ( 1

3.4!β4 − 1
6β2) =

1
4!7!(1, 1),

therefore we can deduce the following result:

Proposition 6.7. The order of the Samelson product S3 ∧ ΣCP 5 → SU(6) is equal
to 1

4!7!.

Proof of Theorem 1.2. By Propositions 6.6 and 6.7 we conclude Theorem 1.2.
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