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G. RAPTIS and J. ROSICKÝ

(communicated by J. Daniel Christensen)

Abstract
The proof of [6, Theorem 3.1(3)] turns out to be invalid due to

a recent correction [3] of a result from [1] which was used in our
proof. We revise the definition of a strictly cofibrantly generated
weak factorization system (L,R) in a cocomplete category M
by requiring that the codomains of the generator X ⊆ L are also
strictly small relative to X . Using this slightly stronger definition,
we give a new proof of [6, Theorem 3.1(3)] and explain that the
rest of the results of [6] hold with essentially the same proofs.

1. Recollections

We recall that our article [6] had two main and related goals.
The first main goal was concerned with the problem of finding small presentations

of model categories. Our strategy for addressing this problem was based on the work of
Dugger [4] who proved that combinatorial model categories admit small presentations.
Dugger’s method was revisited and formulated more abstractly in [6, Subsection 4.1].

Our main theorem [6, Theorem 4.5] formulated two such existence results for
small presentations of model categories. Assuming that Vopěnka’s principle holds,
the first result [6, Theorem 4.5(1)] claimed that a model category (M, Cof,W,Fib)
admits a small presentation if the weak factorization system (Cof,W ∩Fib) is strictly
cofibrantly generated (in the sense of [6, Definition 2.9]). We recall that a strictly cofi-
brantly generated weak factorization system is also cofibrantly generated in the stan-
dard sense – the more refined notion was inspired by the fat small-object argument
(see [6, Section 2] for more details).

The second existence result for small presentations [6, Theorem 4.5(2)] required
stronger assumptions on M, but it is independent of Vopěnka’s principle. The present
note is not concerned with this second existence result.

A model category which admits a small presentation is clearly Quillen equiva-
lent to a combinatorial model category – the converse is also true. The problem
of whether a general cofibrantly generated model category is Quillen equivalent to a
combinatorial model category was addressed in previous articles by the authors [5, 7].
Specifically, the first author had claimed in [5] that, assuming Vopěnka’s principle,
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every cofibrantly generated model category is Quillen equivalent to a combinatorial
model category. The proof in [5] contained a mistake and is only valid under further
additional assumptions.

The second main goal of our article [6] was to point out the mistake in [5] and revise
the statement in [5] accordingly – this was done in [6, Section 5]. The original claim
in [5] remains open; the closely related aforementioned result [6, Theorem 4.5(1)],
which is obtained using different methods, appears to be slightly weaker in general
(cf. [6, Corollary 4.6, Remark 4.7]). The present note is not concerned with the results
of [6, Section 5].

2. Colimit–dense subcategories

The proof of [6, Theorem 4.5(1)] is heavily based on the technical results of [6,
Section 3] in order to ensure that Dugger’s general method can be applied. Specifi-
cally, it is based on [6, Theorem 3.1(3)], either directly, or via one of its important
consequences (for example, [6, Corollary 3.14]).

Among other things, this theorem [6, Theorem 3.1(3)] (or [6, Corollary 3.4(3)])
claimed that the full subcategory of cofibrant objects Mc ⊆ M is preaccessible – or,
equivalently, every cofibrant object is presentable in Mc. The proof of this claim in
[6, Theorem 3.1(3)] used [1, 6.35] which asserts that, assuming Vopěnka’s principle,
every category with a small colimit–dense subcategory has a small dense subcategory.
Unfortunately, it has recently turned out that this result [1, 6.35] is false in this
generality. This was discussed in [3] and a corrected weaker statement was obtained
[3, Theorem 2.2].

Thus, due to our application of [1, 6.35] in the proof of [6, Theorem 3.1(3)], the
proof of the first claim in [6, Theorem 3.1(3)] is rendered invalid. The present note
is concerned with a correction of [6, Theorem 3.1(3)], and consequently of those
statements in [6] which made use of this result (e.g., [6, Theorem 4.5(1)]).

3. Corrections

For the conclusion of [6, Theorem 3.1(3)] to hold, we consider the following
strengthening of [6, Definition 2.9(d)]:

Definition 3.1. Let (L,R) be a weak factorization system in a cocomplete category
M and let λ be a regular cardinal. We say that (L,R) is strictly (λ-)cofibrantly
generated if there is a generator X ⊆ L forR such that the domains and the codomains
of the morphisms in X are strictly (λ-)small relative to X .

With this definition, the statement of [6, Proposition 2.11] does not apply for
obvious reasons, but it can be revised as follows (with the same proof):

Proposition 3.2. Let (L,R) be a cofibrantly generated weak factorization system in
M generated by a set of morphisms X whose domains and codomains are ℵ0-small
relative to X . Then (L,R) is strictly ℵ0-cofibrantly generated.

Moreover, with the above strengthening of [6, Definition 2.9(d)], we also recover
the first claim in [6, Theorem 3.1(3)] as follows (we refer to [6, p. 311] for the details
about terminology and notation):
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Theorem 3.3. Let M be a cocomplete category and (L,R) a strictly κ-cofibrantly
generated weak factorization system in M with generating set X , where κ is regular
cardinal. Then, assuming that Vopěnka’s principle holds, Mc is preaccessible.

Proof. Since the domains and the codomains of the generator X are strictly κ-small
relative to X , every object in ˜A(X , κ) (= the closure of the collection of domains
and codomains of the morphisms in X under κ-small colimits [6, Subsection 3.1]) is
again strictly κ-small. To see this, consider a κ-small colimit M = colimi Mi in M,
where each Mi is strictly κ-small, and let N = colimj Nj be the colimit of a κ-directed
good diagram in M whose links are X -cellular morphisms. Then note the canonical
isomorphisms:

M(M,N) ∼= M(colimi Mi, colimj Nj) ∼= limi M(Mi, colimj Nj)
∼= limi colimj M(Mi, Nj) ∼= colimj limi M(Mi, Nj)
∼= colimj M(colimi Mi, Nj) ∼= colimj M(M,Nj).

Note that we used here that κ-small limits commute with κ-directed colimits in Set.
In particular, every object in the full subcategory A(X , κ) ⊆ ˜A(X , κ), which consists
of those objects which are cofibrant, is strictly κ-small.

Let Mce denote the full subcategory of X -cellular objects in M. The proof of
[6, Theorem 3.1(1)] showed that every X -cellular object in M is a κ-directed good
colimit of a diagram in M consisting of objects in A(X , κ) and X -cellular morphisms.
Thus, A(X , κ) is consistently colimit–dense in Mce in the sense of [3, Definition 2.1].
By [3, Theorem 2.2], it follows that Mce has a small dense subcategory. Since the
category of cofibrant objects Mc is the closure of Mce under split idempotents, it
follows that Mc also has a small dense subcategory (see the proof at the end of [3,
Remark 3.10(b)]). Therefore, assuming Vopěnka’s principle, it follows also that Mc

is preaccessible by [2, Theorem 1].

Remark 3.4. We mention that [6, Theorem 3.1(1)] remains valid – without the
stronger definition above in place of [6, Definition 2.9(d)]. We do not know if [6,
Theorem 3.1(3)] is false as originally stated, that is, using the original [6, Defini-
tion 2.9(d)].

With the definition given above in place of [6, Definition 2.9(d)], the rest of the
statements in [6, Section 3] remain valid with the same proofs. More specifically,
this applies to the following statements in [6]: Corollary 3.3(1), Corollary 3.4(3+4),
Lemma 3.9, Proposition 3.12 and Corollary 3.14.

Lastly, with the definition given above in place of [6, Definition 2.9(d)], our main
result [6, Theorem 4.5(1)] is valid with the same proof. The statement of [6, Corollary
4.6(2)] must be modified as follows (cf. Proposition 3.2 above):

Corollary 3.5. Let (M, Cof,W,Fib) be a cofibrantly generated model category. Sup-
pose that (Cof,W ∩Fib) admits a generating set X whose domains and codomains
are ℵ0-small relative to X . Then, assuming Vopěnka’s principle, M admits a small
presentation.
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