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STRONG VERSION OF SNAKE LEMMA
IN EXACT CATEGORIES

SHI RONG anND PU ZHANG

(communicated by Claude Cibils)

Abstract
We prove the strong version of Snake Lemma, and its equiv-
alence to the other two versions of Snake Lemma, in weakly
idempotent complete exact categories.

1. Introduction

An exact category in this paper is in the sense of Quillen [15, §2]. Keller [12,
Appendix] has simplified its axioms; see also [6, Appendix]. For homological algebra
in exact categories we refer to Biihler [4].

Snake Lemma is a fundamental and widely used theorem in homological algebra,
which has interests in various categories (see e.g. [3], [5], [11], [18]). In his book [10,
1.6, p.4], Iversen has given a strong version of Snake Lemma in a category A which
has zero object, kernels and cokernels, such that the canonical morphism Coim f —
Im f is always an isomorphism, but A is not necessarily an additive category. For
convenience we call such a category a generalized abelian category.

The aim of this paper is to prove the strong version of Snake Lemma in weakly
idempotent complete exact categories, by using the simple version of Snake Lemma.
Note that the simple version and the classic version of Snake Lemma in weakly idem-
potent complete exact categories have been proved in [4]. Hence the three versions of
Snake Lemma are equivalent in weakly idempotent complete exact categories. Since
the morphism category of a weakly idempotent complete exact category is again a
weakly idempotent complete exact category, all the versions of Snake Lemma, as well
as other diagram lemmas on exactness, are functorial. Examples of weakly idempotent
complete exact categories which are not generalized abelian can be found in [4, 13.2]
from functional analysis. We also provide a class of such examples from representation
theory of algebras via Gorenstein-projective modules.
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2. Weakly idempotent complete exact category

2.1. Exact category
Let A be an additive category. An exact pair (i,d) is a sequence of morphisms

X -5 Y % Z in A such that i is a kernel of d, and d is a cokernel of i. The following
definition given by Keller is equivalent to the original one in Quillen [15, §2].

Definition 2.1 ([12, Appendix A]). An exact category is a pair (A, &), where A is
an additive category, and £ is a class of exact pairs satisfying the axioms (E0), (E1),
(E2) and (E2°P), where an exact pair (i,d) € € is called a conflation, i is called an
inflation, and d is called a deflation.

(E0) €& is closed under isomorphisms, and Idy is a deflation.
(E1) The composition of two deflations is a deflation.

(E2) For each deflation d: Y — Z and each morphism f: Z' — Z, there is a
pullback square

y! d’ -7

I if (1)
Vo4
Y ——7

such that d’ is a deflation.

(E2°P) For each inflation i: X — Y and each morphism f: X — X', there is a
pushout square

Xt oy

/ 2
fj/ R ¥ (2)
X/ T )Y/

such that ¢’ is an inflation.

Fact 2.2. Let (A, E) be an exact category. Then
(1) The composition of inflations is inflation.

(2) All the identity morphisms are deflations and inflations. For any object X, the
morphism 0 — X is an inflation and the morphism X — 0 is a deflation.

(3) A morphism f is an isomorphism if and only if f is a deflation and f is an
inflation.

(4) The opposite category (A°P,E°P) of an exact category (A, E) is again an exact
category.
Lemma 2.3 ([4, 2.15]). Let (A,E) be an exact category.

(1) Let (1) be a pullback square with d a deflation. If f is an inflation, then so is f’.
(1) Let (2) be a pushout square with i an inflation. If f is a deflation, then so is f'.
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2.2. Exactness in exact categories
A morphism f: X — Y in an exact category (A, E) is admissible, if f has a
deflation-inflation-decomposition as f = ff, as the diagram

f

X—Y

7

shows, where f is a deflation and fis an inflation.

Clearly, the zero morphisms, deflations and inflations are admissible.

Let f: X — Y be an admissible morphism with deflation-inflation-decomposition
f = ff. Since f is a deflation, the kernel Ker f of f exists. Since f = ff and f is
a monomorphism, the kernel of f also exists and Ker f = Ker f. Dually, Coker f
exists and Coker f = Coker f. Namely, the kernel and the cokernel of an admissible
morphism always exist.

A sequence of admissible morphisms X oy %5 7 is said to be E-ezact at Y,
or ezxact at Y, provided that for the deflation-inflation-decompositions f = ff and
g = gg, one has that (f,g) is a conflation. See the diagram

X ! Y d Z
?\ . /f' g\ . /ﬁ'
By definition, a sequence of admissible morphisms

X, fs X, fi-1 X; fi Xi+1 fe—1 X,

(t > s+2)is an exact sequence, provided that it is exact at each X;, s+1<j <
t —1, i.e., for the deflation-inflation-decompositions f; = d;i;, one has (i;_1,d;) € £
fors+1<j<t—1.

In particular, a sequence of admissible morphisms 0 — X Ty 47 0 is
an exact sequence, provided that (f,g) € €.

Lemma 2.4 ([4, 2.12]). Let (A, E) be an exact category.
(1) Consider the commutative square (A, E)

d’

B/ C/
f’i if
B—*.(C

with deflations d and d'. Then the following are equivalent.
(i) The square is a pullback square.
d/
) ()
(ii) The sequence 0 =B ——=C" & B
(iil) The square is a pullback - pushout square.

fid .
!> C — 0 is an exact sequence.
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(iv) There is a commutative diagram

0 A B —L s 0
R
0 A B C 0
with exact rows.
onsider the commutative square in (A,
1) C der th A€
A—">B
I
A _ B

with inflations i and i'. Then the following are equivalent.

(i) The square is a pushout square.

) (%) ()

(i") The sequence 0 = A ——>B® A’ —> B’ =0 is an ezact sequence.
(iil") The square is a pushout - pullback square.
(iv') There is a commutative diagram

0 A—" B C 0
oo H
0 A — > P C 0

with exact rows.

The unique difference between Lemma 2.4 and the corresponding result in abelian
categories is that, for example in (1), the condition that d’' is also assumed to be a

deflation. This is to guarantee that the morphisms (_d},) and (f,d) are admissible.

2.3. Weakly idempotent complete exact categories

In order to study various diagram lemmas on exactness in an exact category, one
needs

Lemma 2.5 ([6, Appendix|; [4, 7.2, 7.6]). Let A be an exact category. Then the

following are equivalent:
(i) Any splitting epimorphism in A has a kernel.
(ii) Any splitting monomorphism in A has a cokernel.
(iii) If de is a deflation, then so is d.
)

(iv) If ki is an inflation, then so is i.

In fact, the assertions (i) and (ii) are equivalent for any additive category (see [4,
7.1]). Following [4] and [17, 1.11.5], we call an exact category satisfying the above
equivalent conditions in Lemma 2.5 a weakly idempotent complete exact category.
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2.4. The morphism category of an exact category

Let A be an additive category. Recall that an object in the morphism category
Mor(A) of A is a triple (X, a, V'), or simply o, where a: X — Y is a morphism in A4;
and a morphism (X,a,Y) — (X',a/,Y”’) in Mor(A) is a pair (f,g) of morphisms
with f: X — X’ and g: Y — Y’ in A, such that the diagram

X —2sY
fi ig
X’ L> Y’

commutes. The following fact is well-known and the proof is straightforward.
Lemma 2.6. Let A be an additive category.

(1) Let (f1,f2): B — « and (dy,ds): v — « be two morphisms in the morphism
category Mor(A). If fi and di admit a pullback in A, and fo and dy admit a
pullback in A, then (f1, f2) and (d1,ds2) admit a pullback in Mor(A).

(1) Let (f1, f2): @« — B and (i1,i2): « — v be two morphisms in the morphism
category Mor(A). If fi and iy admit a pushout in A, and fo and iz admit a
pushout in A, then (f1, f2) and (i1,i2) admit a pushout in Mor(A).

Let (A, E) be an exact category. Denote by Envior the class of a pair ((i,4'), (d,d"))
of morphisms in Mor(A), such that both (i,d) and (i',d’) are conflations, i.e.,
(i,d), (i',d") € €. Thus, one has the commutative diagram

X—2—=Y
X/ # Y’
d\L \Ld'
X// a” Y//
with (¢,d), (¢/,d') € £. The proof of the following fact is straightforward.

Lemma 2.7. If (A,€&) is an exact category, then so is (Mor(A), Enor); and if (A, E)
is a weakly idempotent complete exact category, then so is (Mor(A), Emor)-

3. The strong version of Snake Lemma with applications

3.1. The strong version of Snake Lemma in weakly idempotent complete
exact categories
We will prove the strong version of Snake Lemma from the simple version, in
weakly idempotent complete exact categories.

Lemma 3.1 (The simple version of Snake Lemma, [4, 8.13]). Consider the commu-
tative diagram in a weakly idempotent complete exact category (A, E)

Z1 Z2

0 X1 X9 X3 0
fl‘L fzjl \Lfa (3)
Y1 Y2
0 Y Y, Y3 0

with exact rows and vertical admissible morphisms. Then one has a canonical sequence
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of admissible morphisms
0 — Ker f; — Ker fo — Ker f3 — Coker f; — Coker fo — Coker f3 — 0

such that it is exact.

Theorem 3.2 (The strong version of Snake Lemma). Assume the following diagram
with exact rows and vertical admissible morphisms in a weakly idempotent complete
exact category (A, E)

Zo Z1 Z2 3

Xo X 1 X2 X3 X4
S N

commutes, where fy is a deflation and fy is an inflation. Then there is a canonical
sequence of admissible morphisms

Ker fi — Ker fo — Ker f3 — Coker f; — Coker fo — Coker f3

such that it is exact.
Moreover, if x1 is an inflation, then so is the induced morphism Ker f; — Ker f5;
and if yo is a deflation, then so is the induced morphism Coker fo — Coker f3.

Proof. Step 1. Consider the deflation-inflation-decompositions

T =TT, Yi =Y, 0<i<3
Thus, T and go are deflations, (z;,7;) are conflations for 1 < i < 3, and z; and gy
are inflations.

It is clear that there are morphisms g; for 0 < i < 3, such that all the trapezoids
in the following diagram commute, i.e., one has

Yir19i = fix1Tit1, 9T =Tifi, 0<i<3.

X X X X3
A N A A I

4
fo\L 9o fli/ g1 fz\L 92 \l/fs 93 \Lf4
Yo Y1 Y2 Y3
Yy Yy Yy Y3 Y,
YO Yl Y2 Y3

Step 2. It is clear that gg is a deflation. Dually, g3 is an inflation.

In fact, by assumption fy and 7o are deflations, so is goTg = ¥o fo. Thus g is a
deflation, by Lemma 2.5(iii).

Step 3. We claim that g; and g» are admissible morphisms.

We will only show that g; is admissible. By duality, g» is also admissible. By
assumption 7gfo is epic. Since m1y1%ofo = m1yofo = m1fixo = 0, one has w1y = 0.
Since (y1,71) is a conflation, there is a unique morphism «: Y; — Coker f; such




STRONG VERSION OF SNAKE LEMMA IN EXACT CATEGORIES 157

that 71 = ag71. See the following diagram. Since 7 is a deflation, by Lemma 2.5(iii),
a is a deflation, say, with conflation (&, «).

_ Xo _ _ Xy _

To z1 z1 - x
i B % i ’Y o e

__F
fo 90 7 B f1 . ?1 a £

YO Yo Yl \ Y1 Y2

o o o 7 N %

Y m . T
Coker f

Let fi = o1p1 is the deflation-inflation-decomposition. Since ayio; = w101 = 0,

there is a unique morphism (: Z; — Y; such that &B = Fio1. Thus one gets the
commutative diagram with exact rows

g1 1

0 Z1 Y1 Coker fl ——0
noow H
0 Yi a Y, —2> Coker fi—0.

By Lemma 2.4(1"), the left square of the diagram above is in particular a pullback
square, hence 3 is a deflation, by (E2). Since

Y20 3p121T0 = Y2U101P171T0 = Y1170 = faz170 = 0,
and since Tg is epic and ga& monic, one has Bp;x; = 0. Since (r7,Z7) is a conflation,
there is a unique morphism v: X; — Y7 such that 4Z7 = Bp:. Note that ~ is a
deflation, by Lemma 2.5(iii). Thus

Y2911 = Y2U1 f1 = y2Y101p1 = Y2aSp1 = Y2071

Since 77 is epic and g, is monic, it follows that g; = a~y is admissible.

Step 4. Since gq is a deflation, Coker gg = 0. Applying Lemma 3.1 to the commu-
tative diagram

0 Xy X, X, 0
QO\L flj/ QI\L
0 Yo Y1 Y 0

one gets Coker f; = Coker g; and the exact sequence

0 — Kergy — Ker f; — Kerg; — 0.

Step 4’. Dually, one has Ker g = Ker f3 and an exact sequence

0 — Coker g1 — Coker f3 — Coker g3 — 0.
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Step 5. Applying Lemma 3.1 to the following commutative diagram

0 X1 X X, 0
91 le/ g2
L
0 Y Ys Yz 0

one gets an exact sequence
0 — Ker g; — Ker fy — Ker g5 — Coker g; — Coker fo — Cokergo — 0.  (6)
Connecting (4) and (5) with (6), one gets the desired exact sequence

Ker fi ———— Ker fy — Ker f3 —= Coker f; — Coker fo ——— Coker f3

N e S 7
Ker g4 Coker go
This completes the proof. ]

3.2. Consequences of the strong version of Snake Lemma

Corollary 3.3 (the classic version of Snake Lemma, [4, 8.15]). Assume that the fol-
lowing diagram in a weakly idempotent complete exact category (A, E) commules, with
exact rows and admissible vertical morphisms.

Z1 Z2

X1 Xo X3 0
f f: f
N S

Then there is the canonical sequence of admissible morphisms
Ker fi — Ker fo — Ker f3 — Coker f; — Coker fo — Coker f3

such that it is exact.

Moreover, if x1 is an inflation, then so is the induced morphism Ker f; — Ker f5;
if y2 is a deflation, then so is the induced morphism Coker fo — Coker f3.

Proof. One has the following diagram with £-exact rows and admissible vertical mor-
phisms:

Z1

Kerzy —2—> X, X5 X3 0

T

0 Y Y Y, v2 Y3 > Coker y

Since y1 fio =0 and y; is an monomorphism, it follows that fio = 0. Dually, one
has 7 f3 = 0. That is, the diagram above commutes. Thus, the desired exact sequence
follows from Theorem 3.2, the strong version of Snake Lemma. O

Corollary 3.4 (Four Lemma). Let (A,E) be a weakly idempotent complete exact
category.
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(1) Assume that the following diagram in (A,E) commutes, with £-exact rows

] 2 T3

X, X5 X3 Xy
fléil " 102}%2 " f3}£ " iﬁ

where f1 is a deflation, fo and fy are inflations, and f3 is admissible. Then f3
is an inflation.

(2) Assume that the following diagram in (A,E) commutes, with £-exact rows

r1

o xr3

X, Xy X3 Xy
fl&r1 " fzi2 v fa)i " }£f4

where fy is an inflation, fi and f3 are deflations, and fo is admissible. Then fo
is a deflation.

Proof. By duality one only needs to prove (1). From the Step 2 in the proof of
Theorem 3.2, one has the following commutative diagram

X1 Xo X3 Coker g ——=0
fli/ fz\L fsi/ QB\L \L
Y1 Yo Y3 Cokeryg —— 0

with g3 an inflation (this needs that f; is an inflation). Since by assumption fy is
an inflation, by applying Theorem 3.2 one sees that 0 — Ker f3 — 0 is an exact
sequence, i.e., f3 is an inflation. O

Corollary 3.5 (Five Lemma, [4, 8.9]). Assume that the following diagram in a weakly
idempotent complete exact category (A, E) commutes, with E-exact rows and admis-
sible vertical morphisms.

X1 Xo X3 Xy X;
fli/ f2\L f3\L f4\L \Lfs
Y Yo Y3 Y, Y;

(1) If f1 is a deflation, and fo and fy are inflations, then f3 is an inflation.
(2) If f5 is an inflation, and fo and fy are deflations, then f3 is a deflation.
(3) If f1, fa, f4, [5 are isomorphisms, then so is f3.

Proof. The assertions (1) and (2) follow from Corollary 3.4(1) and Corollary 3.4(2),
respectively. By Fact 2.2(3), the assertion (3) follows from of (1) and (2). O

3.3. Remarks

Remark 3.6. From the proofs above, the simple version (of Snake Lemma) = the
strong version = the classic version = the simple version, i.e., the three versions
are equivalent.
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Remark 3.7. The strong version of Snake Lemma, and all the other exact diagram
lemmas, are functorial: this can be precisely seen in Mor(A) (cf. Lemma 2.7).

Remark 3.8. Let A be a small abelian category. Freyd-Mitchell Embedding Theorem
(see e.g. [8, p.150]) asserts that there is a fully faithful and exact functor F': A — R-
Mod for a ring R, so that F' reflects the exactness. By this, Snake Lemma in an abelian
category can be seen from the one in module category. See [19], [9], [16]. Since one
needs Snake Lemma quite early, it is also reasonable to have an independent proof.
See in [10] and [14].

Let (A, &) be a small exact category. Gabriel-Quillen Embedding Theorem ([12,
A.2]; [17, A.7.1]) claims that there is a fully faithful exact functor F': A — B for
an abelian category B, such that Im F' is closed under extensions, and F' reflects

the exactness (i.e., if 0 — F'X S Fy £% FZ — 0 exact in B, then (f,g) € &).
However, Snake Lemma in an exact category is not a direct consequence of the one
in abelian categories and Gabriel-Quillen Embedding Theorem.

For example, consider the simple version of Snake Lemma in a weakly idempo-
tent complete exact category (A, £). Using Gabriel-Quillen Embedding Theorem and
applying F' to diagram (3), by Snake Lemma in abelian category, one gets a canonical
exact sequence in B

0 — Ker F'f; = Ker F'fo — Ker F'f3 — Coker F'f; — Coker F f — Coker F f3 — 0.

Since all f; are admissible and F' is exact, one indeed has Ker F'f; =2 F Ker f; and
Coker F'f; = F Coker f;, i.e., one has a canonical exact sequence in B (the existence
of a; is by F being full)

Fay Fas

0

FXer fi FKer fo FXKer f3 (7)
Fllg

T P Coker fi ——™> F Coker f» — > F Coker f3 — 0.

So we get a sequence of morphisms in (A, E)

0 > Ker f1 22> Ker fo 22> Ker f3 —> Coker f; “> Coker fo —2> Coker f3 = 0. (8)

But, F reflects the exactness does not imply that (8) is exact in (A, £). The reason
is that each a; is not yet known to be admissible in (A, &). Indeed, if it is, with
deflation-inflation-decomposition a; = i,;d; (this is true if (A, ) is abelian; but it
needs to be proved in an exact category)

aj

then by the exactness of F' we would have the epimorphism-monomorphism-decom-
positions Fa; = Fi;Fd;, and by the exactness of (7) and the fact that F' reflects the
exactness, one indeed gets the exactness of (8). Although Fa; has the epimorphism-
monomorphism-decomposition Fa; = 3;0;

Faj
Fe Fe

Y
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but the problem is that whether or not V; is in Im F'.

In fact, the proof of that all a; are admissible in (A, £) needs heavily the axioms of
an exact category. This explains that Snake Lemma in weakly idempotent complete
exact categories needs a direct proof.

4. Weakly idempotent complete exact categories and Iversen’s
exact categories

A category with zero object, kernels and cokernels, such that the canonical mor-
phism Coim f — Im f is an isomorphism for each morphism f, is called an ezact
category by Iversen in his book [10, Definition 1.1]. To avoid confusions and for con-
venience, we call such a category a generalized abelian category. Thus, a category
is abelian if and only if it is additive and generalized abelian. Typical examples of
non-abelian generalized abelian categories are the category of cyclic groups and the
category of A-modules with dimension lower than a fixed integer, where A is an
algebra over a field.

Iversen [10, 1.6, p.4] has given the strong version of Snake Lemma in generalized
abelian categories. To justify the necessity of the strong version of Snake Lemma in
weakly idempotent complete exact categories, one needs examples of weakly idempo-
tent complete exact categories which are not generalized abelian. Such examples can
be found in [4, 13.2] from functional analysis. Below we will provide a class of such
examples from representation theory of algebras.

Gorenstein-projective modules are introduced by Auslander and Bridger [1] (under
the name of modules of G-dimension zero). We quickly recall an equivalent definition
from Enochs and Jenda [7]. Let A be an Artin algebra, and A-mod the category
of finitely generated left A-modules. A complete A-projective resolution is an exact
sequence

dO

P P PO P!

of finitely generated projective (left) A-modules, such that Homa4(P®, A) is again
an exact sequence. A left A-module M is Gorenstein-projective, if there is a com-
plete A-projective resolution P*® such that M = Kerd®. Let P(A) be the full sub-
category of A-mod consisting of projective modules, and GP(A) the full subcategory
of A-mod consisting of Gorenstein-projective modules. Then P(A) C GP(A) C +A =
{X € A-mod | Ext'(X,A) =0, Vi > 1} and GP(A) is an extension-closed subcate-
gory of A-mod, thus the embedding of GP(A) into A-mod gives an exact structure
on GP(A), and GP(A) is a weakly idempotent complete exact category.

The dominant dimension dom.dim M of a module M (]2, p.211]) is the maximal
integer ¢ (or 0o) such that in a minimal injective resolution 0 — M — Iy — [} —
- — Iy — -+ of M, all the modules I; with j <t are projective. Here one sets
dom.dim M = 0 if the injective envelope Iy of M is not projective. Thus, if M is
projective-injective, then dom. dim M = oo.

The following result is due to Kong.

Lemma 4.1 ([13,2.1]). Let A be an Artin algebra. Then GP(A) is an abelian category
if and only if inj.dim 4 A < 2 and dom.dim 4A > 2.
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By this result one gets a class of examples of weakly idempotent complete exact
categories which are not generalized abelian.

Corollary 4.2.

(1) Let A be an Artin algebra. Then GP(A) is a weakly idempotent complete exact
category; and it is not generalized abelian if and only if either inj.dim 4 A > 3 or
dom.dim 4 A < 1.

(2) Let A be the path algebra of a finite acyclic quiver Q. Then P(A) is a weakly
idempotent complete exact category and not generalized abelian.

Proof. Since GP(A) is additive, the assertion (1) follows immediately from Lemma4.1.

(2) In this case P(A) = GP(A).

If Q is not of type A,, with linear orientation, then there are no non-zero projective-
injective A-modules. Thus dom.dim4 A = 0. It follows from (1) that P(A) = GP(A)
is a weakly idempotent complete exact category and not generalized abelian.

If A is the path algebra of the quiver 1 — -+ — n (n > 1), then dom.dim4 A =
1. Again by (1), P(A) = GP(A) is a weakly idempotent complete exact category and
not generalized abelian. However, in this case we give a direct justification, only using
the definition.

Write the connection of paths from right to left. Then P(1) = I(n) is the unique
left indecomposable projective-injective module with rad P(1) = P(2). Consider the
embedding o: P(2) — P(1). In P(A), it is clear that Kero = (0 — P(2)), and that
Coker(0 — P(2)) = (Idp(2): P(2) — P(2)). So

Coim o = Coker(Kero) = (Idp(ay: P(2) — P(2))
or simply Coimo = P(2). On the other hand, in P(A), Cokero = (P(1) — 0), and
Ker(P(l) — O) = (Idp(l): P(l) — P(l)) So
Imo = Ker(Coker o) = (Idp(1y: P(1) — P(1))

or simply Imo = P(1). Thus Coimo 2 Imo in P(A), which shows that P(A) is not
generalized abelian. ]
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