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HIGHER STRUCTURE IN THE UNSTABLE
ADAMS SPECTRAL SEQUENCE

SAMIK BASU, DAVID BLANC anpD DEBASIS SEN
(communicated by Brooke Shipley)

Abstract
We describe a variant construction of the unstable Adams
spectral sequence for a space Y, associated to any free simplicial
resolution of H*(Y; R), for R = F,, or Q. We use this construc-
tion to describe the differentials and filtration in the spectral
sequence in terms of appropriate systems of higher cohomology
operations.

1. Introduction

The original Adams spectral sequence of [Ada] calculates the stable homotopy
groups of a space Y at a prime p, starting with its F,-cohomology. Later, several
unstable versions of this were proposed (see [Cu, Re, MP, BC, BK1]), all shown
in [BK2, X, 6] to agree for reasonable spaces Y. There are also variants for computing
. map(X,Y), as well as for more general coefficients, but for simplicity we restrict
attention here to the original version, for coefficients in R =IF,, or Q.

The Es-terms of both the stable and unstable spectral sequences for Y can be iden-
tified as certain graded Ext groups associated to H*(Y; R), equipped with an action
of the (stable or unstable) primary R-cohomology operations (cf. [Ada, BK1]). These
can be computed from any resolution V, of H*(Y; R), in an appropriate category of
Op-algebras (for R = F: these are modules or unstable algebras, respectively, over
the mod p Steenrod algebra).

We show here how, as in the stable case, the unstable Adams spectral sequence for
Y can be obtained from a realization of any such algebraic resolution Vo — H*(Y; R)
by a cosimplicial space W*, constructed inductively through successive approxima-
tions W['n] which we think of as forming an unstable Adams resolution of Y.

1.1. Systems of higher cohomology operations

In [BS2], we showed how this construction of W[’n] can be used to define certain
“universal higher cohomology operations” associated to each R-good space Y, which
can be used to distinguish it from other spaces Z having H*(Z; R) = H*(Y; R) (as
Ogr-algebras). We further proved there that similar higher operations can also be
used to distinguish among homotopy classes of maps fy, f1: X — Y between R-good
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spaces which induce the same map fi = fi: H*(Y; R) - H*(X; R) in cohomology
(see [BS2, 5]).

Our second goal in this paper is to show that analogous higher operations define the
differentials in the unstable Adams spectral sequence for Y, as well as the filtration
index of each element in 7.Y.

The notion of secondary operations in homotopy theory goes back at least to the
1950’s, when Massey products, Toda brackets, and Adem’s secondary cohomology
operations first appeared (in [Mas, T1, T2, Ade]). Since then, there have been
several attempts to give general definitions of higher order operations (see [Sp, Mau,
W, BM, BJT1]), but none have been completely satisfactory.

Rather than trying to give one definition covering all variants, we will describe the
basic properties we expect of a general n-th order homotopy operation ((X)), for
n > 2:

(a) It serves as the final obstruction to rectifying a homotopy-commutative diagram
X: I — hoM — or equivalently, making it oco-homotopy commutative — where
M is a pointed simplicial model category and I is a suitable finite directed
diagram of length n + 1 (see [BM] or [BJT3]).

(b) Tts wvalue, for an appropriate choice of initial data G=1  is a homotopy class
in [ X (vinit), Q"1 X (vgn)], where vy is weakly initial in I and vg, is weakly
terminal (cf. [BM, 2.1]). This value is zero (the operation vanishes) if and only
if the diagram can be rectified for this choice of initial data.

(c) It has an associated system of lower order operations (((X|r,))x)}—y, corre-
sponding to the filtration of I by initial (or final) segments I}, of length k + 1.
The initial data G*) for ((X))41 is determined by a rectification of X |;, made
fibrant or cofibrant (in an appropriate model category structure on MZ*) — thus
assuming in particular that ((X|,))s vanishes.

(d) Two n-th order operations (for different indexing categories I and J) are equiv-
alent if the corresponding rectification problems are equivalent — so there is a
bijective correspondence of the initial data for the two, and the resulting value
for one vanishes if and only if it does so for the other.

We say that they are strongly equivalent if the correspondence induces a bijection
of values in [X (vinit), Q"1 X (vga)] (so in particular the two diagrams have the
same initial and final objects in M).

(e) When M is a category of spaces or spectra, we say that ((X)), is an n-th
order R-cohomology operation, and that (((X|r,))x)}i_o is a system of higher
R-cohomology operations, if Y (v) is an R-GEM for all v € Obj (J) \ {init }, for
some strongly equivalent system associated to Y: J — ho M.

Note that the spaces in the chosen diagram X : I — ho M itself need not all be
R-GEMs — only those in some equivalent system. See last paragraph in 3.2
below (but compare [BBS]).

1.2. Main results

This paper continues the project begun in [BS2], intended to show how higher
cohomology operations serve as a unifying setting for describing finer homotopy invari-
ants of (the R-completion of) topological spaces.
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This principle is applied here to the unstable Adams spectral sequence, but in fact
Theorems B and C below apply equally to the stable Adams spectral sequence (since
the former agrees with the latter in the stable range).

In Section 3 we recall from [BS2] how to associate to any CW resolution V, of the
Ogr-algebra H*(Y; R) (for any R-good space Y) an unstable Adams resolution: that
is to say, a cosimplicial space W*, obtained as the limit of a tower of fibrations:

e Wi 1 Wi, 1 Sl N Wi, g — o — Wy (1)

Each stage an] in this tower realizes the corresponding skeleton sk,, V, of the alge-
braic resolution V4; this in turn is obtained from sk, _1 Vs by attaching a free © -
algebra V,, by a suitable map (as in the usual construction of a CW complex). We
can realize V,, by an R-GEM W ™.

In Section 5 we then show:

Theorem A. The homotopy spectral sequence for the tower (1) coincides with the
usual unstable Adams spectral sequence for Y.

See Theorem 5.6.

In Section 6, we associate to any such unstable Adams resolution W*® of Y a
sequence of higher cohomology operations ((—)),: Ty, W™ = Tpynir1 W (see
Definition 6.3), and show:

Theorem B. Each value (7)), € Tpynir_1 W = EPTRIFTT=0 ot ihe r-th order
operation ((—)), represents the result of applying the differential d, to the element of
EMRn represented by 4 € mpyn W™ = EJFT

See Theorem 6.4.
Finally, in Section 7 we produce another sequence of higher cohomology operations

(=) ™Y = Ty W', and prove

Theorem C. For any 0 # v € Y, the operation (()),,_, vanishes while ({y)), # 0
if and only if v is represented in the unstable Adams spectral sequence in filtration n
by the value of ({(y))!, € Q"W ™.

See Theorem 7.5.
A simple example of the secondary cohomology operation associated to an element
in Adams filtration 1 is given in  7.6.

Notation 1.1. The category of finite ordered sets and order-preserving maps will
be denoted by A (cf. [May, 2|), with objects [n]=[0<1<---n] (n€N), so a
cosimplicial object A® in a category C is a functor A — C, and a simplicial object
A, in C is a functor AP — C. Write ¢C = C* for the category of cosimplicial objects
in C, and sC = C2™ for that of simplicial objects. There is a natural embedding
¢(—=)®: C — ¢C (the constant cosimplicial object), and similarly ¢(—)e: C — sC.

If Ay denotes the subcategory of injective maps in A, a functor A, — C will be
called a restricted cosimplicial object.

A chain complex in a pointed category C is a sequence of maps 0,,: A, — A,_1
with 0,, 0 0,41 = 0 for each n > 1. The category of such will be denoted by Che. The
category of cochain complezes in C, defined dually, is denoted by Ch°.
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The category of simplicial sets will be denoted by S = sSet, and that of pointed
simplicial sets (here called simply “spaces”) by S. = sSet.. Write map(X,Y) for the
standard function complex in a simplicial model category C (see [GJ, I, 1.5] or [GS,

4.2]).

The half-smash of X and Y, where (Y,y) € S, is pointed, but X € S is not, is
denoted by X x Y := (X xY)/(X x {y}) € S«. In particular, the (unreduced) cone
on X is OX := X x [0, 1], where the interval [0, 1] has base point 1, while the reduced
coneonY is CY :=Y A[0,1].
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2. Background

We first recall some background material on cohomology algebras, their resolutions,
and the realizations of these resolutions.

Definition 2.1. For any ring R and limit cardinal \, let O = ©% denote (a skeleton
of) the full subcategory of ho S, spanned by finite products of objects of the form
{K(V,n) : n € Nyo}, where V is an R-module generated by a set of cardinality < A.
This is a (multi-sorted) theory, in the sense of Lawvere (see [L] and [E]). A product-
preserving functor I': ©p — Set, will be called a O -algebra (cf. [Bor, 5.6]). Since
each B € Op is an R-module object, all © g-algebras take values in R-modules, and
their category will be denoted by © r-Alg.

In particular, a ©Og-algebra I' is realizable if it is represented by a space Y €
S, with T{K(R,n)} := [Y, K(R,n)]. By abuse of notation, we denote such a I by
H*(Y;R). Thus H*(Y;R) is just the R-cohomology algebra of Y, equipped with the
action of the primary R-cohomology operations.

A Op-algebra of the form H*(B;R) for B € ©% is called free. Note that this
definition depends on our choice of cardinal A (cf. [BS2, 1.25]).

Ezample 2.2. If A = Xy and R = ), O consists of finite B-GEMs, and a © p-algebra
is an unstable algebra over the mod p Steenrod algebra, as in [Sc, 1.4]. When R = Q,
a Op-algebra is just a graded-commutative Q-algebra.

2.1. Algebraic resolutions

As in [Q, II, 4], there is a model category structure on the category s©pg-Alg
of simplicial © g-algebras, so there is a notion of a free simplicial resolution V4 of a
Og-algebra I'.

We shall be interested in a particular kind, known as a C'W-resolution (cf. [Bl,
3.10]), defined as follows
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Definition 2.3. Recall that for any simplicial object V, over a complete pointed
category M, the n-th Moore chains object (n > 0) is

CpVe = ﬂ Ker(d;)
i=1
with differential 9,, := dy satisfying 9,, 0 9,11 = 0. The n-th Moore cycles object is
Zn Ve = Ker(0,).
If M is cocomplete, the n-th latching object L, Vs is defined to be colimg. ) m) Vi
(where the colimit is taken over the maps in A°P from [k] to [n] (see 1.1), with

k < n). This is equipped with the obvious canonical map 6: V,, — L, Vs (see [GJ,
VII, 1]).

Definition 2.4. We say that V, € sM is a CW object if it is equipped with a CW
basis (V)5 in M such that V,, =V, 11 L, V,, and di|Vn: 0 for 1 < i < n. In this

=Vn — . . — . ..
case 0, = d0|Vn : Vi, — V,—1 is called the attaching map for V,,. By the simplicial

. .. wVa Vo
identities 9, factors as 9" : V,, = Zp_1Ve C V1.
In this case we have an explicit description

L.oVe:= ] 11 Ve

0<E<n 0K < <dp—p—1<n—1

for its n-th latching object, in which the iterated degeneracy map s;, , , - Si,5i,
restricted to the basis V}, is the inclusion into the copy of V} indexed by
(i17...,in,k,1). B

In particular, if in M = ©r-Alg we set Z_1V, :=T € M and require that V', be
free and that 52)/": Vo — Zn_1Vs be surjective for each n > 0, we call the resulting
augmented free simplicial O g-algebra Vo — T a CW resolution (compare [GS, 4]).

Definition 2.5. Dually, for a cosimplicial object V'® over a cocomplete pointed cat-
egory M and n > 0, the n-th Moore cochains object is

n—1 )
C"V* := Cof <]_[ yrol il vn1> :

i=1

with differential §"~!: C"~1V* — C"V* induced by d°_,, and structure map
v V" — C"V*. We denote the cofiber of §"~! by Z"V*®, with structure map
w: OV = 2PV,
If M is complete, the n-th matching object for V* is
M"V®:= lim V"
¢: [n]—[K]

where ¢ ranges over the surjective maps [n] — [k] in A, with the obvious natural
map ¢": V" — M"~'V* (through which all codegeneracies factor). If M is a model
category, we say V® is (Reedy) fibrant if each map (" is a fibration (see [BK2, X, *4]).

2.2. Cosimplicial resolutions
Let W* be a weak R-resolution of Y (see [Bou, "6.1]) — that is, a cosimplicial space
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with each W" an R-GEM, equipped with a coaugmentation €: Y — W?* which is an
R-equivalence (cf. [Bou, £3.2]). We assume for simplicity that W* is Reedy fibrant(see
[H, 15.3]), so Tot W*® ~ ?, the R-completion of Y, by [Bou, Theorem 6.5]. Such a
resolution may be constructed functorially using a suitable monad, as in [BK2, I, Z2]
(see also [BS1, 22-3])

3. Realizing CW resolutions

Our main technical tool in this paper is the construction of appropriate cosimplicial
resolutions of an (R-good) space Y, realizing a given algebraic resolution of H*(Y; R).
These are the unstable analogue of the Adams resolution of a space or spectrum (see,
e.g., [Ra, £2.2]).

3.1. Cosimplicial CW resolutions
In [BS2, 2] we showed that, given a space Y with I' := H*(Y; R), any CW reso-

lution Vs € sOg-Alg of T' with CW basis (V)52 (£ 2.4) can be realized by a coaug-
mented cosimplicial space Y — W?*. This W* is the limit of a tower of Reedy fibrant
and cofibrant Y-coaugmented cosimplicial spaces:

° Tin] . Tn—1] °

o Wiy —— W ——— Wy — - — W, (2)

in ¢S, = 82, with each T[] @ Reedy fibration.
The passage from W['nfl] to W['n] is as follows:

(a) Choose an R-GEM W?" realizing the free ©g-algebra V, (this is possible
because of our choice of A in £ 2.1).

(b) The n-th attaching map dy: V,, — C,_1V* defines a unique map
¢: V@8 = Csky_1 Ve

of chain complexes in ©z-Alg, where V ® S"~! is the chain complex with V in
dimension n — 1, and 0 elsewhere.

Evidently, one can realize V ® S™! by a cochain complex in S,; we choose a
realization D* which is a Reedy fibrant cochain complex in S, in the sense of
[BS2, 2.4(i)], by setting

DF .= pQnFrWr (3)

for each k >0, where PQ™IW" := W" and PQFW™ := % for k < —1. The
differential is ¢ o p, where p: PX — X is the appropriate path fibration and
t: X — PX is the inclusion.

(¢) Note that the Moore cochains define a functor C*: S2+ 5 ChS* into the cate-
gory of cochain complexes of spaces (£ 1.1), with right adjoint &, so if we can
realize ¢ by a cochain map F: C* ['n_l] — D* (see Proposition 3.2 below),
it induces F: UW}, ) — ED™ (where U: SA 5 82 is the forgetful functor —
see & 1.1)
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. =oAL . . N < .
Taking the fiber of Fin S " yields a restricted cosimplicial space VV['n] with

Wi,

= Wi,y x PQ"TTIW (4)

We add the missing codegeneracies to form a full cosimplicial space \/V\’['n}, as

follows: set M T\/A\/['n} =M TW['n 1y X ﬁfn], where

Afn] — H H PQn-i-k—r—an (5)
0<k<Sr 0 < <ip<r

for each » > 0. We then set

W, = Wi x M = Wi Myt x PQRor oL wn
_ (6)
o r n+k—r n
= Wi, x H H PQ w",

0<k<r 0<iy < <ip<r—1

and the codegeneracy map s' W+1 — VV’["] is defined into the factor @ :=
PQrtE—r—IW™n of VV’["] indexed by the k-tuple I = (41,...,4x) by projecting
VV[”?;']r onto the copy of @) indexed by the unique (k 4 1)-tuple J = (j1,. .., jk+1)

satisfying the cosimplicial identity s’ o s* = s”.

This defines a functor F: S&% — S2 (“add codegeneracies”), with F( [n])
\/7\\7[‘n], right adjoint to U: 8> — S*AJ’. By adjunction we therefore have a map

F[n—l]: W[n 1] — .FED = D[TL]

determined by F': C*W[.nfl] — D* and the codegeneracies.

Note that (assuming the objects W™ are all fibrant) the cosimplicial space
{7\\7['71] we have constructed is Reedy fibrant, and from (6) we see that the dimen-
sionwise projection defines a Reedy fibration ry,: W['] — W[’n 1" We write

i) ED[n] — W[' ] for the inclusion of the fiber ED[' = = FEXD* of T[n]-

Here Y~D* is the obvious Reedy fibrant cochain complex in S, realizing V ®
S™. Note that the unique non-zero coface map into the non-codegenerate part
PQrk=IW™ of EDfn] is d', not d°.

Finally, we factor x — \/i’['n] as a cofibration followed by trivial (Reedy) fibra-

tion  qpp: W['n] — ‘/7\\7['”] ; 8O Tp] 1= T[] © q[p) is the required Reedy fibration

of (2).

Remark 3.1. In step (b), we construct the map F': C*W[.n—l] — D* by a downward
induction on the dimension k£ < n — 1, starting with

Frl O W, o DV =W

which exists by [BS2, Lemma 2.19].
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At the k-th stage in the induction we have 'F¥*! and 'F* in the following diagram:

cHwe, parkswn _ phe
s Qr-k-2Wn s
Wt e P2 Wn )y = (7)
k=1 Qn—k—an 6’5‘1
ak—1 - 7 T
Ck—lw[o y - >PQn—k—1Wn — Dk’—l
n /Fk—l

We see that F* induces a map a*~! as indicated, which must be nullhomotopic in

order for F*~1 to exist. In fact, we have:

Proposition 3.2. Let R=F, or Q and I' = H*(Y;R), and let Vo =T be a CW
resolution. Assume we have an (n — 1)-stage coaugmented realization Y — W['n_l]
of Ve as above, with D* a Reedy fibrant cochain complex, as well as a cochain map
T C’*W['nfl] — D* asin (7), defined in degrees > k. Then one can modify the choice

of 'F* so that a1 defined as above is nullhomotopic.
Proof. This follows from the proof of [BS2, Theorem A.11]. O

Corollary 3.3. ForT'= H*(Y; R), any CW resolution Vo — T" as above is realizable
by a coaugmented cosimplicial space Y — W* obtained as a limit of a tower (2) as
above.

3.2. Higher cohomology operations

We think of a*~! as the value of a (n — k)-th order cohomology operation; [BS2,
Theorem A.11(b)] then shows that, given Y, this higher order operation vanishes, so
F exists.

However, given another R-good space Z with H*(Z; R) =2 H*(Y; R), we can try to
construct a coaugmentation €: Z — W* inducing a weak equivalence to Tot W*® ~ Y:
this is possible if and only if Z and Y are R-equivalent. This will be carried out by
inductively attempting to produce successive lifts ej): Z — W[.k}’ starting with the
obvious gjg): Z — Wi, = (WO,

Given €,_), consider the composite § of

z Swo L pr W L r W L POTSW, (8)

[n
which represents the component of the iterated coface map d' o d® o E[n—1) from Z
into PQ"*W™. Since d' od’oep,_1) = d*> od og[,_1) and d* = 0 into the factor
PQ"3W", we see that ¢ is zero. Since ¢ is monic, this means that p o 'F o E[n—1] I8
already zero, so 'FY o €[n—1) factors through the fiber Q" 1W™ of the path fibration p.
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We denote the resulting map by a=!: Z — Q* 'W™. This is the obstruction to lifting
E€[n—1] tO €} (see [BS2, Lemma 4.5)).

Since all but the first map in (8) are R-GEMSs, from the discussion in [BS2, 4]
we see that [a~1] can indeed be interpreted as the value of an appropriate n-th order
cohomology operation.

Note that in (7) the various spaces C” W['nf 1] are not R-GEMs. Nevertheless, that

realization problem which we solve by the vanishing of the classes a*~1, for the chain
map ¢: V,, @ S"" ' — C,sk,_1 Vs of ~ 3.1(b), is equivalent to that of realizing the
n-skeletal augmented simplicial object sk, Vo — I' in s© -Alg, which can be thought
of as an n-skeletal augmented cosimplicial object in cho S, for which indeed all but
one object are R-GEMs.

Remark 3.4. Note that because we are mapping into R-GEMs, from the universal
property of the R-completion we see that the value of [a~!] depends only on the
R-type of Z (that is, up to zigzags of maps inducing isomorphisms in H*(—; R)).
In particular, since the spaces in (2) are all coaugmented out of Y, all these higher
operations indeed vanish for Y — and thus also for its R-completion Y ~ Tot W*.
Thus Y too is coaugmented into (2), and thus into W*.

This is a somewhat unusual situation, since Tot W* is a homotopy limit, and
we would not generally expect a map A® — W?* to lift through the natural map
lim — holim to an actual cone for W*® — that is, to a map * — W*.

4. The homotopy spectral sequence of a cosimplicial space

For any fibrant pointed cosimplicial space W*, Bousfield and Kan construct a
spectral sequence as follows:

4.1. The Tot tower

In the version of [BK2, X, 6], this is just the homotopy spectral sequence of the
tower of fibrations:

<o+ — Tot,11 W* L Tot,, W* , Tot,—1 W® — ... = Tot_; W* =%, (9)
with (homotopy) limit Tot W*.

Recall that Tot W*® := map_g(A®, W*) (the simplicial enrichment of ¢S), where
A* is the cosimplicial space with A* (the standard k-simplex) in dimension k, and
similarly Tot, W* := map_g(sk, A®, W*). One should think of a map Z — Tot W*
as an oo-homotopy commutative diagram mapping Z into the A-indexed diagram W?*.

We shall use A[k] as an alternative notation for the standard k-simplex in S, when
we think of it as representing k-simplices in simplicial sets. In particular, a k-simplex
in Tot, W* is a sequence of maps f™: sk, A™ x A[k] - W™ (m =0,1,...) such
that

fIo(skpA(p) x Id) = W(¢) o f™: sk, A™ x Alk] — W/ (10)
for every morphism ¢: [m] — [j] in A. Therefore, for each k > 1 we have f"~% =

sty o frodk, where dy = diA’“ o--- diA1 is an iterated coface map of A, and s is the
corresponding iterated codegeneracy map of W* (since s’ o d! = Id). Moreover, since
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sk, AN = colim;¢,, A’ for N > n, the map f% is determined by the (compatible)
maps f! for i < n. Thus (Tot,, W*), € Hom(A"™ x Alk], W") and in fact

Tot, W*® C mapg(A”™, W"), (11)

where the subspace is the limit given by (10).

Note that because sk, A"t! = JA"*! and each of the coface maps d: W™ —
W7t has a retraction, the compatibility conditions mean that also

Tot,, W* C mapg(0A™ T, W), (12)

As in [BK2, X, 6.3], the map ¢ of (9) fits into a fibration sequence
Q"N"W* s Tot, W* —“s Tot,_; W*, (13)

where
N"W* .= W"NnKer(s”) N - NKer(s" )

(and thus Q"N"W* = N"Q"W?*).
Furthermore, by (11) and (12), the sequence (13) is just the restriction of the
fibration sequence:

mapg (A" /DA™, W) —" mapg(A™, W") —"— mapg(dA™, W")

induced by the cofibration sequence

L

DA™ sy A™ My AT /DA™

Remark 4.1. Since W* is pointed, mapg(A™, W) has a chosen basepoint, and
an element in 7 Tot, W* is represented by a suitable pointed map f: Sk —
mapg(A™, W"), or by its (pointed) adjoint f: A" x S¥ — W" (cf. = 1.1). Note
that the maps into W7 (0 < j < n) are encoded by maps into the appropriate code-
generacies in W,

Thus a class a € Q" N"W* C ;, Tot,, W* is represented by a: 0A™ 1 x A[k] —
W™t which vanishes on OA™! x 9A[k]. Such an « represents an element v €
7 Tot W* if and only if jj(«) lifts to all levels of (9), where jj: mQ"N"W* —
7, Tot, W* is induced by the inclusion. The successive obstructions to lifting 7" («)
represent the differentials in the spectral sequence.

4.2. The spectral sequence
The Ej-exact couple of the homotopy spectral sequence for the Tot tower (9) may
be presented as in Figure 4.1, with E7""** .= 7, Q" N"W* and d;-differential given
by
n—1
Ayt =m0 = (<)l men NTWS — e NTTW (14)
t=0

by [BK2, X, 6.3] again.
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-n+1

n n+1
Tos1 Tot, W 25 mQrt i NnHIWe L ) Tot, g W & QU2 NTH2We

lqn lqn«}l
n—1 -1

g1 Tot,_y W* &y m QP NP W* — L5 7 Tot, W* —2 s 7, QL N+l

Figure 4.1: Exact couple for Tot tower

5. The unstable Adams spectral sequence

From now on we restrict attention to the case R =T, (although most results
are valid also for R = Q). When W* is an Fj-resolution of a p-good space Y, the
homotopy spectral sequence of Section 4 is the unstable Adams spectral sequence of
[BK2], converging to 7, Y (where Y = R,Y is the p-completion, equipped with the
natural H*(—; R)-equivalence n: Y — Y). In this case we can say a little more about
the structure of the spectral sequence:

5.1. Using the CW structure

From now on, we assume that W*® has been constructed as in § 3.1 to realize a
given CW resolution V, of I' = H*(Y; R). From (4) and (6), and the fact that g,
is an acyclic Reedy fibration, we see that the maps 7, q): W[nﬂ} — W[‘n] in (2)
induce weak equivalences in Toty for all 0 < k < n. Since W[ ] is n-coskeletal, we
have a tower of fibrations:

Tot,, ['n] % - — Toty W[1] —)> Totg W[(] :
15

(Tn41))
- Totp41 W[n+1] [n+1]
obtained by combining (9) and (2).

In order to better understand the tower (15), we recall a (somewhat simplified)
version of a construction introduced in [BS2, £5.10]:

Definition 5.1. For each n > 1 and 1 < k < n+ 1, the n-th folding polytope P is
obtained from a union of k disjoint n-simplices A(n fp1)r A?n) by identifying the
j-th facets of A7 i) and A7 for each 0 < j < n. See Figure 6.2 below for an

(n— (n—j—1)
example.

Remark 5.2. By induction on 1 < k < n we readily see that P}’ is PL-equivalent to
an n-ball, so its boundary 0P}’ is PL-equivalent to an (n — 1)-sphere.

Lemma 5.3. For W*, D[‘n], and ED['n] as in § 3.1, TotD' ~ Q"W and

Tot ED[' | = Q"W™n.

4.1

Proof. Since D} is (n — 1)-coskeletal, Tot D}, = Tot,—1 D}, Moreover, by
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and £ 3.1(d), for any Z € S,, a pointed map g: Z — Tot,,_1 D[°n] is completely deter-
mined by a sequence of maps ¢7: A x Z — PQ"772W" (0 < j <n — 1), making

Alwz T por-i-2yyn

50T~T51 Lop_d{m To—di (i=1) (16)
j—1

Atz 7\ pori-lWn

commute for each 0 < j < n — 1 (where the coface maps &° on the left are induced by
those of A®). See Remark 4.1 and (3).

Note that the cone functor in S, is left adjoint to P, so if we include each PQ'W ™
into PPT'W ™, and identify CAJ with AJT! we see that for each 0 < j < n — 1 the
adjoint of ¢/ is a map ¢7: A" ! x Z — W". We arrange the adjunction between
¢’ and ¢’ in such a way that the coface maps 6°,...,8" 773 of A™! correspond
to the loop directions of PQ"7=2W" (counted outwards from W™), and §" 72
corresponds to the path direction. Finally, as long as 7 > 0, the remaining j + 1
coface maps into A”~! are the original coface maps of A7, re-indexed by n — j — 1.

The fact that (16) commutes implies that these adjoints satisfy the relations

Lpg? for i=n—3j—2 andj<n-—1
g’ 06" = pgi-1 for i=n—j—1 andj>0 (17)
0 otherwise.

By Definition 5.1, the maps ¢/ thus induce a single map §: P? ' x Z — W"
Moreover, (17) also implies that g| apr—1,z= 0, so g factors uniquely through a map
(Pr=1/oPn=1) ANZ — W™, By Remark 5.2, P?~1 /P! is a PL (n — 1)-sphere, so
setting Z = S* we see that Tot D’nfl] is weakly equivalent to Q*"'W™.

Similarly, ED['n] is n—coskeletal7 so Tot ED['n} = Tot, ED['n], and a map of simpli-
cial sets g: Z — Tot,, ED['n] is determined (via the codegeneracies) by maps g’ : A7 x
Z — PQ"7~'W™" making the following diagram commute:

Al Z i PQri-lyn
50]..%]' wp—lem To_di (i#1)
Ai-l w7 9’ PO IW™.

See £ 3.1(d). o
Taking adjoints g/: A" x Z — W™ (0 < j < n) as above, (17) is replaced by:
L;avgj for i=n—j7—1 andj<n
G o8 = ipgi-l for i=n—j+1 andj >0 (18)
0 otherwise,

and as before we deduce that

Tot, XD}, = Tot D}, ~ Q"W ™. (19)
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Remark 5.4. We see from (18) that the folding polytopes used to show that (19) holds
are different from those defined in § 5.1, since we need to identify the j-th facet of

A?n 1) with the (5 — 1)-facet of A" for each 0 < j < k. We denote this variant

by Pk, which we called a modified foldmg polytope. See Figure 7.3 below for an
example.

Proposition 5.5. For W* as above, the sequence of maps of & 3.1(d) induce a quasi-
fibration sequence

Tn) Tot Fiy—1)

Tot,, ©D}, %Totnvv; TN, o, T WLy Tot,,_1 D}, (20)

Proof. As noted in § 3.1, ZD[ ] j]—> ‘/7\\/'[' ] LN W[° 1) is a Reedy fibration sequence

of Reedy fibrant cosimplicial sets, and W[ s (n — 1)-coskeletal, so applying Tot

n—1
yields exactness at the left three terms of (20)]

For the right three terms, note that for any pointed space Z a map ¢: Z —
Tot,,_1 W[.n71] is described by ¢*: A*¥ x Z — anfl] for 0 <k <n-—1, as in the
proof of Lemma 5.3. Moreover, the reduced cone on the half-smash: C'(X x Y) (where
Y € S, is pointed, but X € § is not) is isomorphic to CX AY (the smash product
with the unreduced cone on X —cf. § 1.1).

So a mnullhomotopy H: Fp,_jjog~0 is determined by a sequence of maps
HF: AF x Z — PQ"*IW™" for 1 < k < n, and the following diagram must com-
mute for each k, as in (16):

"
CAFAZ 1
k k __
Zg? gg:+1 AF x 7 9 N vanfl] F . pPQr—k=2yWn
(21)
CAk‘ 1/\Z lp—k—10pP :do 0 :dj

(3>0)

Ak MZ%W{C 11]%139” FIWn

Here we think of A* as the (unreduced) cone CA*~! with §°: AF~1 — AF the
inclusion of the base, and 87 the cone on d?~!: AF=2 5 A*1 for 1 <j<k. We

write F* = Ff Wf“n_l] s PQ"F-2W" for the composite

WE_ s OMWe T ponEt W, (22)

See § 2.5 and § 3.1(c).
The maps H* must satisfy:

H¥ o0 =FFogk HYo06' =1, j_10poH" ' and H* 067 =0 for j > 2, (23)
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where ¢,: Q"W™ < PQ"W™ is the inclusion and p is the path fibration. Moreover,
H'os' =0, (24)

since H is a nullhomotopy.
On the other hand, a lift of g to h: Z — Tot,, VV[’n], is given by a sequence of maps

hF: AR x Z — PO F2W™ for 0 < k < n, with
hk o 6% = FF o g*, hF ot =1, _p_10opohF and h¥ 067 =0 for j > 2.

Thus, given H, we may set h¥ := H* for 1 < k < n. By (24), we then have 1,,_1 o
poh? =0 so h® must factor uniquely as Z 2 Q"W Ly pPOQPW R (since tp_1 is
monic).

From the description of g: Z — Tot ED[’H] in the proof of Lemma 5.3, we see that
for any 0 < m < n, any class in [Z, Tot ED['n]] may be represented by a collection of
maps (gr: A" x Z — W")}CLZO with g, = 0 for & # m and g |garxz= 0. For m =0,
this shows that the choices for the lift i, given H, are uniquely determined by the
image under (if,))« of [g] € [Z, Tot, ZD[:L]]. This completes the proof by showing the

o~

exactness at Tot,_1 W}, _,; in applying [Z, —] to (20). O
Theorem 5.6. For W* constructed as in ~ 3.1, the spectral sequence associated to

the tower of fibrations (15) agrees from the Es-term on with the unstable Adams
spectral sequence of [BK1, 4].

Proof. Because each of the cosimplicial spaces W*, W['n], and \/N\Tn] is Reedy fibrant,
and the maps 7], q[n), and 7,) of ~ 3.1 are Reedy fibrations, we have trivial fibrations

N"W* —=3 N"W?

- N”\/A\/Tn] =Ly Wr (25)

for each n > 0, since from (6) we see that N”\/ﬁ['n] =11 PQI"TIWT,

Moreover, by [BK2, X, 6.3(ii)] we have
71-*_" o ﬂ_*NnWo o~ N”ﬂ*W' -~ Cnﬂ_*wo

rzn

using the dual of [BJT2, Lemma 2.11] for the graded cosimplicial abelian group
T W°.

Finally, from the fact that H*(W*; R) = V, (a free Og-algebra resolution of I' =
H*(Y;R)), and that, as in [BK2, X, "7], the d;-differential of (14) reduces to do#7
coming from the CW attaching map of Vy (* 2.4), we conclude from [BK2, X,
"6.4] that we have a natural isomorphism between our Es-term and 7*m, W*, which
is isomorphic in turn to that of the unstable Adams spectral sequence by [BK1,
"10.2]. O

6. Differentials in the unstable Adams spectral sequence

In order to describe the differentials in the homotopy spectral sequence for the
tower (15), we associate to every (n,k) slot in the spectral sequence a sequence of
r-th order cohomology operations ((—)),: Ty n W™ = Thinir 1 W™ for r > 1, as
described in ~ 1.1.
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6.1. Differentials and higher cohomology operations

These operations are constructed inductively by a sequence of choices, starting with
(but independent of) a representative of v € 7y, W™, called the data for ((v)),. In
particular, for each > 1, ((7)),41 is defined only if ((7)), vanishes, and the data for
the former includes a choice of a nullhomotopy H, ] for the latter value.

The choice of H,, 4, defines a certain co-homotopy commutative diagram (in the

form of a map G,4,: A® x SF — ‘/N\[‘nJrr]

Gt A® x SF — W[.n+7“]>’ yielding an appropriate value for ({(y))41.

), which we then make cofibrant (as a map

6.2. The inductive construction

We want to associate to every (n, k) slot in the spectral sequence for W*® a sequence
of 7-th order cohomology operations ((—)),: Trn W™ = Tpynir 1 W for r > 1,
as described in & 1.1.

We start by representing v € E}"**" = 1, , W" = 1,Q"W" by a map h: S¥ —
Q" N™"W*, using (25). Postcomposing h with the inclusion (™ : Q" N"W* — Tot,, W['n]
from (13) and the identification Tot, W, = Tot W}, (cf. & 3.1), we obtain A’: Sk —
Tot W['n] and so by adjunction

Gy A® x S — WP .

By (13), we may assume that G, : A" x 8" — W1  is zero for i < n.

At the r-th stage, let NV :=n +r — 1, and assume by induction that we have lifted
7 (that is, Gp,) along (2) to G(n: A® x SF — Wy, again with G?N]: AV x SF —
W{N] equal to zero for j < n. By Proposition 5.5, G{y; can be lifted to G[N_H] (and
thus to Gin41)), up to homotopy, if and only if Fjy) o Gy ~ 0. We wish to identify
the obstruction to the existence of a nullhomotopy

Hiy: CA*AS" — Diy
as an r-th order cohomology operation.

Note that Hyj is completely determined by its projection on the non-codegenerate
factors of Dty ;;, namely, Hfy,: CAJ A Sk — PON=I=IWNFL (cf. (3) and (21)):

[N+1]
CAI NS
\
; ; i k {Nl J {N] N—j—13a7 N+1
Ccdo=st | | siti=cdi AJ xS W[N] PO I=IW
_— 5 tn—j—1°P | =4° 0 |=d’
CAJ='AS (i>1)
: Giv) i1 Fin p—
A]—l X Sk - Wf];] S N PQN—ij—H

with Fiy) given by (22).
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As in the proof of Lemma 5.3 (see also [BS2, #5]), by adjointing each of the path
or loop directions of PQN=7=1TW N+1 t0 a cone direction on A7, we can replace HfN]
by ﬁI[JN] ANFL S8k - WML for n < j < N (since G{N] =0 for j <n, we may
assume the same for H{N], and thus PNI[jN})

We retain the conventions of the proof of Proposition 5.5: thus the first facet of
ANTL ig the base of the cone CA7, the facets 1,...,N —j —1 of AN correspond
to the loop directions of PQN=7='WN*1 (counted outwards from W~ *1) with the
(N — j)-th facet corresponding to the path direction. As long as j > 0, the next j + 1
faces of ANT1 are the original faces of A7, re-indexed by N — j.

The fact that Hy) is a map of cosimplicial spaces then translates into the following
conditions:

FiGi fori =0
tpHI fori=N—jand j <N
tpHI=1 fori=N—j+1andj>0

0 otherwise,

o0 = (26)

for each n < j < N. B o
Thus we see that Hy defines a map Hyy,: PN+ Sk WNFL (cf. £ 5.1), since

the maps H’.. on Ag)ﬂ A SF agree on the identified facets.

[V]
Note that from (26) we see that the map Hjy,, when restricted to 9PN x S¥,

depends only on the given map F[y) and the chosen lift G|y, so we may denote it
by
(g P4 §F s WL

Moreover, ®( o is zero on {v} x S* for each of the cone vertices v of Aé\j’.)ﬂ in PN+L
(because our maps were defined on the smash product with the cone). Thus <I>’( F.G)
induces a map

CI)(F’G)Z 87)7].V+1 A Sk — WN+1.
Its domain is a topological (N + k)-sphere.

Ezample 6.1. The boundaries of the three constituent tetrahedra of P3, split open,
are illustrated in Figure 6.2, which also shows how each facet is mapped under

H[Jé]: A?j) — W23, and which facets are identified in Pj (dotted arrows). Here *

on a facet means that the facet maps to the base point.

Lemma 6.2. Given maps Fy] and G|y as above, ® (g cy: OPNTIASF - WNTL s
nullhomotopic if and only zf\I/’(F ok OPNFL x Sk — WHNH extends to FNI[N] : PN
Sk — WNHL implying the existence of Hn: Finyo Gy ~ 0 — and therefore of a
lift of G[N] to G[NJrl].

Proof. As noted in & 5.2, the cone COPN*! is homeomorphic to PN*! and the
quotient map ¢q: OPN*! x SF — 9PN+1 A S* extends naturally to ¢': PN+ x SF —
— COPN*L AS*. Thus a nullhomotopy for @) defines an extension of O r )

to ﬁ[N]: PN+ S8 5 WNFL Restricting ﬁ[N] to each of the (NN + 1)-simplices
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3 3
oA 0AY,

3
) 9A%,

Figure 6.2: The three tetrahedra of P35 mapped to W?

Ag,;rl of PN+1 defines a collection of maps HY

n ] (j=1,...,N +1) satisfying (26)
(with ¢pH? defined by restricting H (v) to the appropriate facets gluing the (N + 1)-
simplices together). As in the proof of Proposition 5.5, the nullhomotopy Hyyj defines
a lift of Gy to Gyt A® X Sk %‘WTN_H]. |

If we assume by induction that GfN} c Al x Sk WEN] is zero for ¢ < n, we may
assume the same for the maps H’[iN], and thus for (AS‘rfN e We then use the left lifting

property in the Reedy model category of cosimplicial spaces to obtain the required
lift:

° k 0 .
sk, 1 A® xS = Winiy
Ginga] .v éL
inc R a ~ | 4[N +1]
A® x Sk _ W
Gv1) DA
again with GfNH] =0 for i < n. O

Definition 6.3. Assume given an (R-good) space Y, a CW resolution V, € sOp-Alg
of H*(Y; R), and a realization W* of V, constructed by suitable choices of maps
Fp: W['n] — D[°n+1] for each n > 0, as in # 3.1. For each pair (k,n) we then have a
sequence of higher cohomology operations

(=) 7Tk+nW" — 7TN+kWN+1 = 7rk+n+r,1W"+T

for r > 1 and N =n +r — 1, which serve as obstructions to lifting v € m,Q"W" to

Grgri1): A® x SF — Wi, 1) The data for ({(—)), consists of compatible choices

of lifts Gp;): A® x 8% — Wi, for n <i < N as above, and the value of (7)), asso-
ciated to this data is the class of [®(r )] € T4 WV T constructed in # 6.2. The
indeterminacy of ((7)), is the subset of 74 W ¥+ consisting of all possible values,
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for all (compatible) choices of the data Gy;) (with the maps (Fi,;: Wi, — D['n_~_”),°L°:0
fixed). We say that the operation vanishes if there is a choice of the data Gp; with

value zero.
From the description above we deduce:

Theorem 6.4. Each value (7)), € Thpinir W = Ef”’lﬁnﬂ*l of the r-th
order operation ((—)), represents the result of applying the differential d, to the ele-
ment of EF+1 represented by y € mpn W™ = B The indeterminacy for (=),
is the same as that for the differential (as a map Ex — Ej ).

Remark 6.5. More generally, we can think of the maps F,,: W[’n+r] — D[n-&-r+1]

of £ 3.1(d) as providing a template for a system of higher operations
<<_>>T: [Z, Q"W”] — [Z7 QH+T‘—1WTL+T]

for r = 2,3,... (here we had Z = S*). By a “template” we mean that we can fix the
maps F[; once and for all, while the choices of the liftings G, ,) may need to be
changed if a particular value of ({7)), is non-zero.

From Theorem 6.4, and the fact that the unstable Adams spectral sequence is
unique up to isomorphism, it follows that any choice of this template yields equivalent
operations, in the sense that vanishing for one choice implies their vanishing for any
other choice of the maps F;; — for the right choice of data Gy.

7. Filtration in the unstable Adams spectral sequence

We now consider the question of determining the filtration index of a non-zero
element in the unstable Adams spectral sequence. Here we assume that the coaug-
mented cosimplicial space Y — W* is constructed as in ¥ 3 for an R-good space Y,
with R-completion Y ~ Tot W*, so we require that

7, Tot W® = lim 7, Tot W['n].
n

If we write pp,;: Tot W® — Tot, an] for the appropriate structure map in (15),
the filtration index for 0 # v € m, Tot W* is the least n for which (pp,))«y # 0. Thus
(T[n] © Pn))+Y = (Pin—=1))+7 = 0, 80 (p[n))«7 lifts to some element o € Q"W =
E™™ ¥ by Proposition 5.5. This « represents v in the spectral sequence.

In general, v is represented by a map of cosimplicial spaces I': A® x Sk — We,
as in ¥ 4.1. However, because Y is R-good, the R-completion Y ~ Tot W* is coaug-
mented to W*® by Remark 3.4. Therefore (replacing Y by Y, if necessary), we may
assume for simplicity that v is represented by a map ¢: S¥ — Y. The map I thus
factors in cosimplicial dimension j as the composite IV of

Al xSk Ly gk Iy DL Wi (27)

where D7 is the unique iterated coface map starting from the coaugmentation, say:
Di:=do-.-d'ce. (28)

For W* = \/7\\7?"], we denote the projection of D’ onto the factor PQ"7-1W" by

——

D’ =Dj,.
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7.1. The inductive process

We start with the map I'? given by €[] °Y: Sk — W?o]' If this is non-zero, g has
filtration index 0 (which means it is “visible to R-cohomology”, since €[y encodes all
cohomology classes of Y). Otherwise, we have a nullhomotopic map of cosimplicial
spaces I'jg): A® x Sk — W[.o} (of the simple kind given by (27), and we can choose a
nullhomotopy Gy for it.

In the induction step, until we reach the filtration index, assume we have
T A® X Sk — W[‘nfl] as in (27), with a nullhomotopy Gp,_1;: CA® A Sk —
W[.n—l]' The 0-th coface maps 6°: A < A+l = CAJ fit together to define a map
of cosimplicial spaces inc: A®* — CA®, with Gy,_jj oinc = I'f,,_y).

From (5) we see that to lift G,_q) to we

[n]?

Hi=H [jn] : CAI ASF — PO 7~IW™ making the following diagram commute:

for each 0 < j < n we must choose maps

CAJ NSk

s AT SE Ty gk Sy P Wi x  PQUEi-IWT

A=t A S (29)

JO—pi—1 |d'=up

Atust b sk Yy P Wil poriWn

where ¢: A7 x S¥ — S* is the projection. Note that we have chosen a different index-
ing for the coface maps under the identification of CAJ with CAJ*!,
The maps H7 must satisfy:
HioCd = Fi—loGi—t, HioCd' =t1opoHI™!,
Hi|pixgi= D’ ogogq, and HFo(Cd' = 0 fori > 2,
for 0 < j < n, as in (23).
Using the conventions of f 6.2, we let H7 = H[Jn] : A" — W™ denote the appro-
priate adjoint of HJ = HY ., and deduce from (30) that for each 0 < j < n:

[n]’

(30)

—

Equ fori =0
N tpHI fori=n—jand j<n-—1
H? 06" ={ Fi-1Gi-1 fori=n—j+1andj>0 (31)

tpHI—1 fori=n—j+2and j>0
0 otherwise,
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as in (26).

For(j ): 0 we may let H: CSF — PQ”*1W~" be the tautological nullhomotopy of
F~leg: SF — PQ"~'W™ (so that its adjoint H?: A"+l — W", depicted on the left
in Figure 7.3, has 2-facet L;;/HO = F~leg).

As before, we use (31) to glue the maps H and define a map H: P"H x SF — Wn
(see Remark 5.4). Its restriction to 8ﬁ"+1 x S¥ again depends only on F = F[,,; and

the chosen nullhomotopy G = G,,_1], so we may denote it by ¥ F G) apnﬂ x SF s
W . Moreover, \I/(F @) is zero on {v} x S* for any cone vertex v of Pﬁ“, so it induces

amap ¥(pq): 673"1'21 A Sk — W™ from a PL (n + k)-sphere.

Remark 7.1. If j > 2, the projection of d/ onto PQ"7~'W™" is zero, so D[n] =0
by (28), and thus HJ 06" =0 by (31). On the other hand, H[n] ot =

——

F90ec0gogq, and HO (5"+1 F~10g. Note that it is consistent with the descrip-
tion in ¥ 3.1 to thlnk of g: SF =Y as G', so more suggestively we may write this
last as F~1oG—1.

Example 7.2. The boundaries of the three constituent tetrahedra of 7333 are given in
Figure 7.3, including their identifications, showing how the facets are mapped to W2

j
under H o)

Figure 7.3: The three tetrahedra of 7/5§’, mapping to W?

Note that all 2-simplices of the boundary 8735’ map to W3 by zero or by a map

of the form FiGJ (—1 < j < 1), except for one mapping by Fgq. However, the fact
that we precompose this map with the projection ¢: A' x S* — S* indicates that
this 2- 81mplex in 6’P3 is degenerate (that is, it may be collapsed to its top edge, the

O-face of FOGO).

As in Lemma 6.2 we deduce:
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Lemma 7.3. Given maps ¥, and a nullhomotopy G, 1) as above, ¥ (g q): 5‘772111 A
S* = W?" is nullhomotopic if and only if \Ijl(F,G): OPN* x Sk - WN*L extends

to ﬁ[N}: PNFL x 8 — WNHL implying existence of a nullhomotopy Hy) - and
therefore of a lift of Gy to Giny1)-

Definition 7.4. By analogy with ¥ 6.3, given a space Y, a CW resolution V, €
5O g-Alg of H*(Y; R), and maps Fi,): Wi, =Dy (n > 0), yielding a realization
W?* of V, as in ¥ 3.1, we have a new sequence of higher cohomology operations
(=N Y — T W for each pair (k,n), which serve as obstructions to repre-

senting v € 7Y in higher Adams filtration by lifting nullhomotopies G (0 < i < n)
— the data for ((—));. — to a nullhomotopy G,

The value of ((v)) associated to this data is the class of [U(pg)] € Tt W"
constructed in ¥ 7.1. The indeterminacy of ({))’ is the subset of 7, 11, W™ consisting
of all possible values, for all (compatible) choices of the data Gp; (with the maps

(Fpn): Wi, — D['nJrl])ff:0 again fixed).

Remark 6.5 as to the independence of the operations ((—))/. from the “template”

maps F,: W['n] — D['n +1] applies here too, mutatis mutandis, because of the follow-
ing
Theorem 7.5. For any 0 # v € Y, the operation ((y)),,_, vanishes while {{y)), #
0 if and only if v is represented in the unstable Adams spectral sequence in filtration
n by the value of (7)Y, in mQ"W" = EP-"F,
Proof. By Lemma 7.3 ((7));,_; vanishes (for some choice of nullhomotopy G,—1))
if and only if we have a lift of G{,_;) to a nullhomotopy G, so v has Adams
filtration > n. Assume ((7));, is represented by ¥z q): oP L AS* - W™, induced
by H: P+l x Sk — W™ asin # 7.1.

For each 0 < j < n denote F7~1 o G/~ by ¢/: AJ x SF — PQ"=I=1W™", For j =
0 we let CA~L A S* := S* and W[:ll_l] :=Y (compare ¥ 3.1(b)), with G=1: CA~1 A

Sk - W,

[nl—l] equal to g as in ¥ 7.1.

Using the conventions of ¥ 7.1 for j > 1, we write 6° for the inclusion of the
base A7 x SF < CAJ ASF, and 6"t for Cd': CAT"'ASF .= CATASF (0<i <
7). From (29) and (30) we see that for each j > 1 and 0 < i < j, we have

P odt = Fl oG oCd =Flod oGV ' =d’odl o GV ' =d T 0d® 0 G771
(32)
into PQ"772W", which is d' o Fi=1 0 G7=! = d' 0 ¢/ when i = 0. When i > 1, the
projection of di*! onto PQ"~7~2W™ vanishes (cf. ¥ 3.1), so by (32) both ¢/+1 o §it!
and d't! o ¢7 are zero there.
Similarly, by (28) we have

¢j+1050:FjoG-7'|AjKSk:FjoDjogzdodj'-fogZd-j+1dj-~'EOg=0

into PQ"972W ™", and also d°| pyn_;— 157 IS zero.
Finally, for j = 0 we write §' for the inclusion of the base S* into C'S¥ = A A SF,



90 SAMIK BASU, DAVID BLANC aNpD DEBASIS SEN

and §° for the map collapsing S¥ to the cone point, so we have:

woFloG l=d'¢® ifi=1

1 5i::FO GO 512
¢ o °ome 0= d0%" ifi=0

into PQ"2W".
Thus for each j > 0 we have:
dogl =¢ o  foral0<i<j+1
(into PQ"—I=2W ™).
Therefore, by the proof of Lemma 5.3, the maps ¢/: AJ x ¥ — pQr—Ii—IWn
uniquely determine a pointed map ¢: S¥ — Tot ED[’H}. The inclusion () : ZDfn] —

o~ —~

VV['n] allows us to think of ¢ as a map (if,))«¢ = ¢: Sk — Tot,, VV['n],
zero to the factor W{nfl} of ‘/7\\73[;1] in (6).

Let t/: AJ x I — CAJ = AJ+! be the map collapsing the top of the prism, A7 x
{1}, to a point, and let ¢°: AJT! — AJ be the 0-the codegeneracy map of A®.

We then define a pointed homotopy K: I x S¥ — Tot,, W{n] by setting

Ki: (A xI)x S* — {7\\7?'”] equal to:

which maps by

GIotT INT(FI~1oGi1og 0td . — . .
(o) T TE D oW M x pn-i-1gn

(A7 x I) x Sk (n—1] [n]

for each 1 < j < n, where X7 is determined by the codegeneracies on G’ and F/~' o
Gi7'og%0ti. When j = 0 we have F([)n] =¥ into PQ""'W", with the third map
the identity homotopy.

The restriction K o 1y to the 0-end of I (the base of each prism A7 x I) is the given
map L', CA® x SF — W}, since Kiow=Dogogq: A7 x SF — Van] by (29).

On the other hand, K ot is zero into each factor anfl], since G’ is a nullho-
motopy, while the component into PQ?* 7~ TW™" is [7~1 0 GI=! = ¢/, Thus K o ¢, is
¢: S* — Tot, W/}, showing that [¢] € 7, Tot XDp, (the value of ((7));,_,) indeed

represents I'[,) (the lift of  to the n-th level in (15). O

7.2. The one-dimensional case
From the description in 3.1 we have

Y —
en] 0] F!
Wy o= W x PW!
dg <50 ) dy dg_dé_ldi/j = % = (\\)dg_dé_ld
w! WO X Wi X PW!

(1 -

where p is the path fibration, so F~! is a nullhomotopy for a=' := 88 o g[g], in the
notation of (7).
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If v e m—? has filtration index > 1, it can be represented by a map g: S' Y
with €[g) 0 g ~ *. Choosing a nullhomotopy G': St - PWY (withpo G = E[0] ©9), we
obtain a solid commutating diagram

G PW?O PW!
/ \ \‘
9 -7 dy
Sic - S OW! o wo s Wt (33)
gl \
/ p

Y PW!

-l

where the outer right pentagon is Cartesian, thus defining ) into the pullback, which
is a (non-standard model for) QW !. In fact, [J] is (one value of) the Toda bracket
@8, gpo], 9) € mi41 W1, and it is non-zero if and only if g has filtration 1, since QW ! =

QN'WP,, and j'[J] is the lift of g to Tot; W* =~ Tot; W, (cf. ” 5.1) in Figure 4.1.

Combining this with Theorem 7.5, we see that ~ has filtration index 1 if and only
if there is a secondary cohomology operation which acts on it non-trivially (that is,
cannot be made to vanish for any choice of nullhomotopies).

More generally, v has filtration index n if and only if there is an (n + 1)-th order
cohomology operation which acts on it non-trivially (where n is necessarily the highest
order for which this is possible).

Ezample 7.6. Consider the cofibration sequence S 2 §" 1% §n , ent1 Y, gn+l
for the mod 2 Moore space, fitting into the homotopy commutative diagram

S

Sn ¢y gny,entl Y sl 1 S K(Z,n+1)

2 R D

K(Fa,n) 2 s K(Fy,n + 1)

where p and ¢ are the appropriate Postnikov fibrations and ps is the reduction mod
2 map.

Therefore, we can realize a free simplicial resolution of the © p-algebra H*(S™;F5)
by Y =S” — W?* in cosimplicial dimensions < 1:

1
S™ s K(Fa,n) —2 s K(Fa,n + 1)

For simplicity we have omitted all factors K(Fs, ) for i > n + 1. Assuming that n > 3,
this means that we are in the stable range, so we can also omit the codegeneracies,
the contractible path space factors, and thus the coface maps other than d°, which
were shown in (33).

Since the map v = 2 in 7, S™ is invisible in H*(—;F5), it has Adams filtration > 1.
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However, the diagram

0

y=2 S inc gn Us en+1 v Sn+1

n n
S C
L
Idgn+1

CSTL

shows that one value of the Toda bracket (V,inc,v) is the pinch map XS™ 2
csm/s” =N S"H+1 which has degree 1. Post-composing with ps o ¢ of (34) we obtain
the value ¢, 41 € T, 11K (Fa,n + 1) for the associated secondary cohomology operation
(Sq*, tn,7) (see [T2, Ch. 1]), with indeterminacy

{0} = 2 71 K (B, + 1) + Sq m, K(Fy, ).

This shows that in fact v has filtration index 1, as expected. Note that as often
happens, we do not calculate with higher order operations from scratch, using any
available information to deduce the value. Nevertheless, it is sometimes possible to
produce infinite families of non-trivial higher operations: for an example, see [BBS,
i8], where for each n > 1, the Hopf map g, : S?"Tt — CP" is described as the value
of an explicit n-th order operation involving only Whitehead products.
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